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Abstract

We study confinement in 4d N = 1 theories obtained by deforming 4d N = 2 theories
of Class S. We argue that confinement in a vacuum of the N = 1 theory is encoded in the
1-cycles of the associated N = 1 curve. This curve is the spectral cover associated to a
generalized Hitchin system describing the profiles of two Higgs fields over the Riemann
surface upon which the 6d (2, 0) theory is compactified. Using our method, we reproduce
the expected properties of confinement in various classic examples, such as 4d N = 1
pure Super-Yang-Mills theory and the Cachazo-Seiberg-Witten setup. More generally, this
work can be viewed as providing tools for probing confinement in non-Lagrangian N = 1
theories, which we illustrate by constructing an infinite class of non-Lagrangian N = 1
theories that contain confining vacua. The simplest model in this class is an N = 1
deformation of the N = 2 theory obtained by gauging SU(3)3 flavor symmetry of the E6
Minahan-Nemeschansky theory.
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1 Introduction

This paper is devoted to the study of confinement in a large class of 4d N = 1 theories. We
begin by reviewing the definition of confinement that we use in this paper. A vacuum r of
a quantum field theory (QFT) T is called confining if the vacuum expectation value (vev) of
some genuine1 line operator in T exhibits area law in r. This is correlated with the existence of
confining strings in the spectrum which can end on such line operators and are responsible for
giving rise to the linear potential that gives rise to the area law. A classic example is provided
by 4d N = 1 pure Super-Yang-Mills (SYM) theory with gauge group SU(n). This theory has
n vacua and in each vacuum, the Wilson line operator in the fundamental representation of
SU(n) exhibits area law. Thus, each vacuum is confining.

Confinement can be characterized in terms of the 1-form symmetry groupO ofT [1], which
captures equivalence classes of line operators with two line operators L1 and L2 considered

1A non-genuine line operator is one which lives at the boundaries or corners of higher-dimensional extended
operators. A genuine line operator exists independently of any higher-dimensional extended operator.

2

https://scipost.org
https://scipost.org/SciPostPhys.12.1.040


SciPost Phys. 12, 040 (2022)

to be in the same class if there exists a local operator living at the junction of L1 and L2. For
the theories that are studied in this paper, these equivalence classes form an abelian group Λ
under OPE and characterize different charges under the 1-form symmetry group O = bΛ, which
is the Pontryagin dual of Λ. If a line operator L1 shows area or perimeter law, then another
line operator L2 in the same equivalence class shows the same law. Thus confinement can
be characterized by dividing Λ into two subsets: those showing area law and those showing
perimeter law. Furthermore, the classes exhibiting perimeter law form a subgroup Λr of Λ
which depends on the vacuum r under consideration [2].

Consider a line operator L that exhibits perimeter law in vacuum r. Then, any element of
the 1-form symmetry group O under which L is non-trivially charged is spontaneously broken
in the vacuum r, because we can set the vev of L to a non-zero constant by introducing a
counter-term along the location of L, which cancels the perimeter dependence [1, 3]. Thus,
the 1-form symmetry group Or preserved in vacuum r can be written as2

Or =
Ø

�

Λ

Λr

�

⊆ bΛ=O . (1)

In other words, the data of the preserved 1-form symmetry group Or is equivalent to the data
of the set Λ − Λr of line operators that exhibit area law. The confining strings are charged
under Or and their charges take values in its Pontryagin dual Λ/Λr .

The goal of this paper is to study confinement in N = 1 deformations of 4d N = 2 Class S
theories [4], i.e. those 4d N = 2 theories that can be obtained via compactification of the 6d
(2, 0) theories on Riemann surfaces with a partial topological twist. We only consider those
Class S theories that can be obtained by compactifying 6d N = (2,0) theory of An−1 type on
a Riemann surface with untwisted punctures and no closed twist lines [5]. It should be noted
that, though in practice we will largely consider such Class S constructions with irregular
punctures, our considerations apply to general setups involving both regular and irregular
punctures.

Much like the 4d N = 2 Class S theories have a description in terms of Higgs bundles that
are solutions to a Hitchin system [6], their N = 1 deformations are similarly related to a set
of BPS equations, which form a generalized Hitchin-like system, involving two Higgs fields.
Akin to the spectral curve (or the Seiberg-Witten curve) in the N = 2 case, one can associate
a spectral curve, known as the N = 1 curve, to the generalized Hitchin system [7, 8]. The
N = 1 curve has appeared in various forms in the literature [7–28]. The N = 1 deformation
is realized by turning on singular behaviors of the second Higgs field at the locations of the
punctures on the Riemann surface, which we dub as a “rotation” of the involved punctures. The
profile of the second Higgs field is solved in terms of its asymptotic behavior by the generalized
Hitchin system, which also constrains the profile of the N = 2 Higgs field. Ultimately, the
different solutions for the two Higgs field capture N = 1 vacua of the deformed theory.

One can also study a generalization of the above setup, where one starts with a topologi-
cal twist that only preserves 4d N = 1 supersymmetry. The BPS equations are a generalized
Hitchin system, where the two Higgs fields are now on an equal footing and can have sin-
gularities at mutually distinct locations on the Riemann surface. One can again associate an
N = 1 curve to a vacuum of the resulting 4d N = 1 theory, which now does not have an
interpretation as a deformation of a 4d N = 2 Class S theory. In M-theory, the two twists are
distinguished as follows: the Class S construction is obtained by wrapping M5-branes on the
Gaiotto curve embedded in a local K3-surface. The N = 1 twists arise by instead embedding
the curve into a local Calabi-Yau threefold. These setups are discussed in sections 3.3 and 3.4.

The 1-form symmetry group O of a Class S theory is encoded in the 1-cycles of the punc-
tured Riemann surface as discussed in detail in the recent work [29] (which is based on [30],

2Hats denote Pontryagin duals, i.e. bΛ := Hom(Λ, U(1)).
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also see [31, 32] and the study of line operators in [33]), which we review in our context in
section 3.2. In a similar spirit, we argue in section 3.5 that the preserved 1-form symmetry
group Or in a vacuum r is encoded in the 1-cycles of the N = 1 curve Σr associated to the
vacuum r. Our work can thus be viewed as a part of the recent surge of activity in the study of
generalized symmetries of QFTs via compactifications of string theory and higher-dimensional
QFTs [29,31,32,34–43].

To explain and test our framework we first consider pure N = 1 SYM as well as an exten-
sion to the setup studied in Cachazo-Seiberg-Witten (CSW) [20–22, 44], which corresponds
to turning on a superpotential for the adjoint chiral superfield that lives in the N = 2 vector
multiplet. Both instances have well-documented confining vacua and we use them to test our
general framework and to showcase how to go from the N = 1 curve to the area/perimeter
law of line operators.

The most exciting application of this work is to the realm of non-Lagrangian theories –
which are ubiquitous in Class S constructions. We identify, in section 6, a family of N = 1
theories, and show that this class of theories exhibits confinement! We argue – based on the
curve and associated line operators that these theories have confining vacua. Clearly numerous
generalizations of this can be considered, opening up a vast arena for studying confinement
in theories with no apparent Lagrangian.

The plan of this paper is as follows:
In section 2 we will whet the appetite of the reader by discussing in detail the su(2) SYM

theory and its confining vacua using the Class S and N = 1 perspective.
The main conceptual background of the paper will be explained in section 3, which includes

the N = 1 curve and associated Hitchin system. We then apply this general approach to two
well-known instances of theories with confining vacua: in section 4 we study the N = 1 curves
for 4d N = 1 su(n) SYM , and use it to recover the well-known properties of confinement in
this model. In section 5, we discuss the CSW model, whose confinement properties are also
well-known in the literature. These two models provide extensive consistency checks of our
proposed method of computing confinement, and also for testing our methodology.

In section 6, it comes time to reap the rewards as we use our method to find an infinite
class of non-Lagrangian 4d N = 1 theories that contain confining vacua. The simplest the-
ory in this class can be described as an N = 1 deformation of the N = 2 asymptotically
conformal theory obtained by gauging su(3)3 flavor symmetry subgroup of the famous E6
Minahan-Nemeschansky theory (or the T3 trinion theory) [45]. Other theories in this class
can be described as N = 1 deformations of N = 2 asymptotically conformal theories obtained
by gauging su(n)n flavor symmetry group of the 4d N = 2 SCFT obtained by compactifying
An−1 N = (2, 0) theory on a sphere with n maximal regular untwisted punctures.

The appendices contain a summary of notation and nomenclature in appendix A, details
on a rotation, involving a non-generic superpotential, that is only possible at Argyres-Douglas
points (appendix B), and a comprehensive discussion of the su(3) and su(4) CSW setups (ap-
pendix C and D, which contains a Mathematica code for computing the monodromies explic-
itly). In appendix E we discuss the relation to the Dijkgraaf-Vafa curve.

2 Appetizer: Confinement in su(2) N = 1 SYM Theory

In this section, we discuss confinement in N = 1 pure super-Yang-Mills (SYM) theories with
gauge algebra su(2). As we review in subsection 2.1, there are three such theories: one with
gauge group SU(2) and two with gauge group SO(3). The two theories with gauge group
SO(3) are distinguished by a discrete theta parameter, and correspondingly are referred to as
SO(3)+ and SO(3)− theories. All these theories have two massive vacua. Both of these vacua
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are confining for the SU(2) theory, while only one of them is confining for the SO(3)± theories.
In subsection 2.2, we discuss a construction of these 4d N = 1 theories involving compact-

ification of the 6d A1 N = (2, 0) theory. The construction involves transitioning through 4d
N = 2 pure SYM theories with gauge algebra su(2). Compactifying the 6d theory on a sphere
with two irregular punctures provides a Class S construction for these 4d N = 2 theories.
One can then further “rotate” one of the punctures to softly break N = 2 supersymmetry to
N = 1. Field theoretically, this corresponds to adding a small superpotential proportional to
the Coulomb branch (CB) parameter u to the 4d N = 2 theories (viewed as N = 1 theories).
As is well-known, all the CB vacua are lifted under this deformation, except the monopole and
dyon points, giving rise to two massive vacua. As the rotation parameter is taken to infinity,
these theories reduce to the pure su(2) N = 1 SYM theories, with the above two vacua being
identified as the vacua of the pure N = 1 theories.

We then proceed in subsection 2.3 to explain the above field theory results about con-
finement from the point of view of this compactification and properties of the 6d N = (2, 0)
theory.

2.1 Result from Field Theory

In this subsection, we review the discussion in [2,46] about confinement in pure su(2) N = 1
SYM theories. A massive vacuum is called confining if a non-trivial subgroup of the 1-form
symmetry group of the theory is left unbroken in that vacuum [1]. Thus we need to study
the 1-form symmetry group in the SU(2), SO(3)± versions of the theory, and its spontaneous
breaking in each of the two vacua.

The 1-form symmetry group acts on the line operators in the theory. For pure su(2) gauge
theories, the set L of line operators modulo screenings forms a group

L' Z2 ×Z2 , (2)

under fusion. The two Z2 factors are generated by a fundamental Wilson line W and a ’t Hooft
line H, with their sum W + H (the sum operation represents fusion) being a dyonic Wilson-’t
Hooft line operator.

These line operators are not all mutually local with respect to the Dirac pairing. For exam-
ple, if W is taken around H, or if H is taken around W , then the correlation function changes
sign. This non-locality is captured in a Z2 valued pairing defined on L as follows

〈W, W 〉= 0 ,

〈H, H〉= 0 ,

〈W, H〉=
1
2

.

(3)

The change in phase of a correlation function as an element α ∈ L is taken around β ∈ L is
then

exp
�

2πi〈α,β〉
�

. (4)

This means that not all the line operators in L are genuine line operators. If α,β ∈ L are such
that 〈α,β〉 6= 0, then either α or β lives at the boundary of a topological surface operator which
acts on the other line operator, and this action is responsible for producing the phase (4). Thus
specifying a theory T (also called as an “absolute” theory) specifies a maximal subgroup Λ of
mutually commuting line operators in L which are genuine in T. The line operators in L−Λ
are non-genuine line operators of T.

Consequently, a theory can only contain one out of W , H and W + H in its spectrum of
genuine line operators. Choosing W to lie in the spectrum gives rise to a pure 4d gauge theory
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with gauge group SU(2). On the other hand, choosing H or W +H give rise to pure 4d gauge
theories with gauge group SO(3). The two SO(3) theories are differentiated by a discrete theta
parameter3. The theory containing H is called the SO(3)+ theory and the theory containing
W +H is called the SO(3)− theory.

The 1-form symmetry in each of these three theories is Z2. The charged operator is the
non-trivial element of L lying in the spectrum of genuine line operators of the theory. Notice,
for future purposes, that the above analysis regarding L, different global forms of the gauge
group, discrete theta parameters and 1-form symmetry is independent of the amount of su-
persymmetry. In particular, it applies equally well to pure 4d su(2) SYM theories with N = 1
and N = 2 supersymmetry.

To probe confinement in 4d su(2) pure N = 1 SYM theories, we realize them as deforma-
tions of 4d su(2) pureN = 2 SYM theories. Let us deform theN = 2 theory by a superpotential
µTrφ2 where µ is a mass parameter and φ is an N = 1 adjoint chiral superfield inside the
N = 2 vector multiplet. For masses µ� ΛN=2 much smaller than the N = 2 scale the super-
potential is represented as µU where U is an N = 1 chiral superfield whose scalar component
corresponds to the CB modulus u. It is well-known [47] that this superpotential lifts the en-
tire CB except for the monopole and dyon points, and thus the theory has two massive vacua,
which we refer to as the monopole vacuum and the dyon vacuum respectively. The super-
potential leads to condensation of monopoles at the monopole point and the condensation of
dyons (whose charges align with W+H) at the dyon point. This has the following consequence
for confinement in the three theories:

• For the SU(2) theory, since the charge of the chosen line operator W does not align
with the charges of condensing monopoles or dyons, W exhibits area law in both vacua.
Hence, both vacua are confining and preserve the Z2 1-form symmetry.

• For the SO(3)+ theory in the monopole vacuum, the charge of the chosen line operator
H aligns with the charge of condensing monopoles, and hence H exhibits perimeter law
in the monopole vacuum. On the other hand, the charge of H does not align with the
charge of condensing dyons in the dyon vacuum, and hence H exhibits area law in the
dyon vacuum. Thus, the monopole vacuum is not confining and spontaneously breaks
theZ2 1-form symmetry, while the dyon vacuum is confining and preserves theZ2 1-form
symmetry.

• For the SO(3)− theory in the dyon vacuum, the charge of the chosen line operator W+H
aligns with the charge of condensing dyons, and hence W +H exhibits perimeter law in
the dyon vacuum. On the other hand, the charge of W+H does not align with the charge
of condensing monopoles in the monopole vacuum, and hence W +H exhibits area law
in the monopole vacuum. Thus, the dyon vacuum is not confining and spontaneously
breaks the Z2 1-form symmetry, while the monopole vacuum is confining and preserves
the Z2 1-form symmetry.

In a confining vacuum there are massive confining strings which are charged under the 1-form
symmetry, while in a non-confining vacuum there are no such strings.

For µ� ΛN=2 we can rely on the UV description of the N = 2 theory to integrate out Φ
thus leading to the pure N = 1 SYM theory at low-energies, which is expected to admit two

3The SO(3)+ theory is obtained from the SU(2) theory by gauging its Z2 1-form symmetry, while the SO(3)−
theory is obtained by gauging the diagonal Z2 1-form symmetry of the SU(2) theory stacked with an SPT phase for
the Z2 1-form symmetry. After gauging, the SPT phase is understood as a discrete theta-like parameter which when
added to the Lagrangian of the SO(3)+ theory leads to the SO(3)− theory and vice versa. The above construction in
terms of the SU(2) theory allows us to call the SO(3)+ theory as the theory with discrete theta parameter “turned
off”, and the SO(3)− theory as the theory with discrete theta parameter “turned on” [2].
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NS5 NS5

2 × D4

log(t)

v

Figure 1: The Hanany-Witten setup realizing in Type IIA string theory the pure N = 2
su(2) SYM theories.

massive vacua. This ties in neatly with the two vacua found for µ� ΛN=2 and suggests that
there is no phase transition as we vary µ/ΛN=2. Moreover, we are lead to the prediction that
both the vacua of the SU(2) pure N = 1 SYM are confining, while for the SO(3)± pure N = 1
SYM only one of the vacua is confining.

2.2 Construction from 6d A1 N = (2, 0) Theory

The pure N = 2 theory admits a Hanany-Witten type brane construction in terms of NS5 and
D4 branes in Type IIA superstring theory [48, 49], which is shown in figure 1. This allows us
to read off the Seiberg-Witten curve (SW curve) of the theory

v2 =
Λ2

t
+ u+Λ2 t , (5)

where we have used the notation of [48] and we have shortened ΛN=2 used in the previous
subsection to Λ.

Now, following [4, 6], one can use the above SW curve to phrase the construction of the
pure N = 2 theory as a compactification of 6d A1 N = (2, 0) superconformal field theory
(SCFT). The (2,0) theory contains a chiral operator4 that we denote as TrΦ2 which trans-
forms in an irreducible representation of the so(5)R symmetry. Vevs of this chiral operator
parametrize the moduli space of supersymmetric vacua of the (2,0) theory.

To construct the pure 4d N = 2 theory, we need to compactify the A1 (2, 0) theory on a
sphere C with two punctures whose coordinate is t and the punctures are located at t = 0,∞.
C is the Gaiotto curve for this Class S construction. We need to perform a topological twist along
C which decomposes so(5)R→ so(3)R ⊕ so(2)R and identifies so(2)R with the so(2) holonomy
group of C, while identifying so(3)R as the R-symmetry of the descendant 4d N = 2 theory.
This decomposes TrΦ2 into various operators, out of which we single out an operator Trφ2

which is charged only under the so(2)R subalgebra of so(5)R and transforms as a quadratic
differential on C due to the twist. The vevs

φ2 := 〈Trφ2〉 , (6)

are quadratic meromorphic differentials on C and parametrize the CB of the resulting 4dN = 2
theory. To fully specify the space of φ2(t), we need to specify their behavior at the punctures
t = 0,∞. This can be read off by identifying the SW curve as

φ2 =
v2

t2
d t2 =

�

Λ2

t3
+

u
t2
+
Λ2

t

�

d t2 , (7)

4It should be noted that while TrΦ2 is a genuine local operator in the 6d theory, Φ is not.
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NS5 NS5

2 × D4

log(t)

v w

µ→∞

NS5 NS5

2 × D4·

µ 6= 0

Figure 2: Rotation of the branes in the Hanany-Witten setup, which results in break-
ing N = 2 to N = 1 supersymmetry. Again we show the construction for su(2) pure
SYM.

from which follows that φ2 has poles of order 3 at both punctures. The corresponding Higgs
field φ has a pole of order 3

2 at each puncture. Since this is higher-order singularity than a
simple pole of order 1, it is called as an irregular singularity of the Higgs field. Thus, the 4d
pure su(2) N = 2 SYM is constructed by compactifying the 6d A1 (2,0) theory on a sphere
with two irregular punctures where the Higgs field has a pole of order 3

2 at each puncture.
Now, to reach the 4d N = 1 SYM theory, we would like to deform the 4d N = 2 SYM theory

by the superpotential discussed in the previous subsection. In the Type IIA brane construction,
this corresponds to rotating one of the NS5 branes in two of the transverse directions denoted
by a complex coordinate w [10,11,50]. The µ→∞ limit which leads to the 4d N = 1 SYM
theory is obtained when the NS5 brane has been completely rotated. See figure 2.

To achieve this deformation from the point of view of the 6d A1 (2,0) theory, we start by
choosing an so(2)w inside so(3)R which corresponds to choosing an operator Trϕ2 inside TrΦ2

which is charged only under so(2)w subalgebra of so(5)R. Then we turn on vevs

ϕ2 := 〈Trϕ2〉 , (8)

which are meromorphic functions on C. Since Trϕ2 is charged under so(3)R, its vevs break the
N = 2 R-symmetry in 4d, and hence the resulting theory only has 4d N = 1 supersymmetry.
The asymptotic values of the Higgs field5 ϕ are

ϕ ∼ µV as t →∞
ϕ ∼ c as t → 0

, (9)

where c is a constant and V is a Higgs field defined via

V
d t
t
= φ . (10)

Thus ϕ has a singularity only at t =∞ but not at t = 0, which encodes the fact that we are
“rotating” the puncture at t =∞ but not the puncture at t = 0.

Turning on vevs for Trφ2 and Trϕ2 also turns on vevs for operator Trφϕ sitting inside TrΦ2,
which is charged under both so(2)R and so(2)w. The vevs

(φϕ)2 := 〈Trφϕ〉 , (11)

are meromorphic 1-forms on C due to the topological twist.

5Notice that the Higgs field ϕ is a function on C, while the Higgs field φ is a 1-form.
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t =∞ t = 0

v :

t =∞

w :

Figure 3: The figure displays the sheet structures of v-curve and w-curve over the
Gaiotto curve C with the coordinate t. A star denotes a singular point where the
corresponding curve escapes to infinity, × denotes a non-singular branch-point, and
the dashed lines denote branch cuts.

The SW curve can now be transformed to an “N = 1 curve” specified by

v2 d t2

t2
= φ2 ,

w2 = ϕ2 ,

vw
d t
t
= (φϕ)2 ,

(12)

with (t, v, w) ∈ C∗ ×C×C, which is a 2-fold cover of the Gaiotto curve C. In particular, the
last equation in the above set of equations combines the double covers associated to v and w
into a single double cover. This equation can be imposed because φ and ϕ are simultaneously
diagonalizable and hence Tr(φϕ) defines a consistent profile for vw d t

t .
It turns out that the set of equations (12) is consistent only for two values of the CB pa-

rameter u [8]. To see this, we first write down the most general form of w2 compatible with
the boundary condition (9)

w2 = µ2Λ2 t + c . (13)

Now the well-defined-ness of vw requires us to impose that the product of (5) and (13) is a
perfect square, that is

v2w2 =

�

Λ2 t2 + ut +Λ2
��

µ2Λ2 t + c
�

t
=

P2(t)
Q2(t)

. (14)

Keeping Λ fixed, the only way to achieve the perfect square condition is by requiring

c = 0 ,

u= ±2Λ2 .
(15)

Thus, we rediscover that after a rotation only two vacua survive, which are the monopole and
the dyon points in the N = 2 CB. The N = 1 curves for these two vacua are

v2 = Λ2
�

1
t
± 2+ t

�

,

w2 = µ2Λ2 t ,

vw= µΛ2 . (t ± 1)

(16)

The perfect square condition, which is equivalent to vw being well-defined, can be under-
stood in a more topological/group-theoretical way that will be very useful for further general-
izations later in the paper. If we only consider (5) and (13), we find that in general there are 4
values of (v, w) associated to a fixed value of t. That is, we are describing two separate double
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t =∞ t = 0

v :

t =∞ t = 0

=

t =∞

w :

Figure 4: A possible movement and collision of branch points that ensures that the
branch structures of v and w curves coincide. However, as explained in the text, this
branch structure is not possible.

t =∞ t = 0

v :

t =∞ t = 0

w :

Figure 5: A possible movement and collision of branch points that ensures that the
branch structures of v and w curves coincide. This configuration gives rise to a con-
sistent N = 1 curve.

covers v, w of the Gaiotto curve C parametrized by t. Instead, we would like to combine these
two double covers into a single double cover of C, and the combined curve is the N = 1 curve
we are after. We can represent the sheet structures of the two double covers (5) and (13) in
terms of branch points and the branch lines (i.e. branch cuts) joining them, as shown in figure
3.

To combine these two double covers, we need to move the branch points and potentially
collide them such that the resulting branch structure of the two double covers is the same.
One such possible movement of branch points is shown in figure 4. From the point of view of
(5), this movement requires that t = 0 is a root of Λ2 t2 + ut +Λ2 which is not possible for a
fixed Λ, and requires us to change our starting N = 2 theory. Thus, we reject this movement
of branch points.

However, there is another possible movement of the branch points which results in the
same branch structure for the two double covers. See figure 5. From the point of view of (5),
this movement requires colliding the two branch points of Λ2 t2+ut +Λ2; and from the point
of view of (13), this movement requires sending the branch point of (13) located at finite t to
be moved to t = 0. Thus, this movement enforces precisely the conditions (15) which lead to
the N = 1 curve (16).

Now, even though both the N = 1 curves (16) have the same structure of branch points,
they have different structure of branch lines. This can be seen easily by analyzing the behavior
of vw as t → 0. In this limit we can write

vw= ±µΛ2 . (17)
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t =∞ t = 0 t =∞ t = 0
Σ+ : Σ− :

Figure 6: Branch-cut structure for the two N = 1 curves for su(2) SYM. The figures
show the projections of the N = 1 curves onto the Gaiotto curve (parametrized by
t). The right hand figure is related to the left by a Dehn twist. These two curves
characterize the two vacua of the theory.

So, for a fixed asymptotic value of v, the two curves have asymptotic values of w having oppo-
site signs. From the equation w2 = µ2Λ2 t, we see that we can change the sign of asymptotic
value of w by encircling once the t = 0 point. Thus, the branch cuts of the two N = 1 curves
(seen as double covers of C) are related by a Dehn twist around the puncture at t = 0. If we
choose to represent the branch cut for the N = 1 curve (16) with plus sign as in the left side
of figure 6, then the branch cut for the N = 1 curve (16) with minus sign is as shown on the
right side of figure 6.

Taking an appropriate µ →∞ limit of (16) leads to N = 1 curves for the two vacua of
pure su(2) N = 1 SYM [11]. Under this limit, the following quantities are kept fixed

Λ3
N=1 := µΛ2 ,
et := µt ,

(18)

and after the limit we obtain the following N = 1 curves

v2 =
Λ3
N=1

et
,

w2 = Λ3
N=1

et ,

vw= ±Λ3
N=1 .

(19)

Notice that the structure of branch points and cuts of the above two N = 1 curves (viewed
as double covers of the et plane) is exactly the same as in figure 6, i.e. the structure of branch
points and cuts is left unchanged in the µ→∞ limit.

2.3 Confinement from the 6d Construction

In this subsection, we apply our results from [29], and first discuss how the group of line
operators L (2) is encoded in the cycles on the Gaiotto curve C. Different theories SU(2)
and SO(3)± correspond to different subgroups Λ of L. The 1-form symmetry group is then
identified with the Pontryagin dual6 bΛ of Λ. Let Ir ⊆ L be defined as

Ir = {projections of 1-cycles on the N = 1 curve Σr for vacuum r onto C} . (20)

Then we propose that the 1-form symmetry group Or preserved in the vacuum r can be iden-
tified with

Or =
Û

�

Λ

Ir |Λ

�

⊆ bΛ , (21)

6Pontryagin dual group bG of an abelian group G is the group formed by 1-dimensional representations of G
under tensor product operation.
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t =∞ t = 0

H

W

Figure 7: The Wilson (W , red) and ’t Hooft (H, blue) lines in the Class S realization
of the 4d N = 2 su(2) pure SYM theories.

where Ir |Λ := Ir ∩Λ and a hat on top of a group denotes the Pontryagin dual of that group. If
Or is trivial, then the vacuum r is not confining. On the other hand, if Or is non-trivial then
the vacuum r is confining.

The group L in the 4d N = 2 su(2) SYM theory descends from a similar group bZ ' Z2
formed by dimension-2 surface operators (modulo screenings) in the 6d A1 (2, 0) theory. Let
us denote the non-trivial element of bZ by f , which is non-local with itself

〈 f , f 〉=
1
2

. (22)

As proposed in [29], after compactifying on C, the set L (2) descends from bZ as shown in
figure 7. Compactifying f on the cycle W (which encircles both punctures) leads to the element
named W ∈ L, and compactifying f on the cycle H (which extends between the two punctures)
leads to the element named H ∈ L. The pairing (3) on L is obtained by combining the pairing
(22) on bZ with the intersection pairing on C.

As we discussed earlier, the various global forms of the gauge group are distinguished as
follows, where [W ] denotes the subgroup generated by W ∈ L, etc:

• SU(2) theory is obtained by choosing Λ= [W ] ⊂ L,

• SO(3)+ theory is obtained by choosing Λ= [H] ⊂ L,

• SO(3)− theory is obtained by choosing Λ= [W +H] ⊂ L.

As we deform the N = 2 theory, the sets Λ and L remain same. That is, our encoding of Λ and
L into the Gaiotto curve C should hold even after rotating one of the punctures. This should
continue to hold even as we take the limit µ→∞, with the role of C played by the et-plane.

We can now study the subgroups Ir for the two vacua obtained after the deformation. For
the vacuum r = + with the plus sign in (16), this is encoded in the left side of figure 6 which
depicts the projection of the corresponding N = 1 curve Σ+ onto C. Because of the branch cut
extending between the two punctures, one must go around a puncture twice to obtain a cycle
on Σ+. This cycle projects to 2W ≡ 0 ∈ L. Traveling from one puncture to the other along one
side of the branch cut, we obtain another cycle on Σ+ which projects to H ∈ L. Thus, we find
that

I+ = [H] . (23)

For the vacuum r = − with the minus sign in (16), I− is encoded in the right side of figure 6
which depicts the projection of the corresponding N = 1 curve Σ− onto C. Again, because of
the branch cut, one must go around a puncture twice to obtain a cycle on Σ− which projects
to 2W ≡ 0 ∈ L. On the other hand, traveling from one puncture to the other along one side
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of the branch cut, now we obtain a cycle on Σ− which projects to W + H ∈ L. Thus, we find
that

I− = [W +H] . (24)

From these, we readily compute for the SU(2) theory the 1-form symmetry that is preserved
in each of the vacua is

O+ ' Z2 ,

O− ' Z2 .
(25)

That is, both vacua r = ± are confining for the SU(2) theory. For the SO(3)+ theory, we find

O+ ' 0 ,

O− ' Z2 .
(26)

That is, the monopole vacuum r = + is not confining, while the dyon vacuum r = − is confin-
ing. For the SO(3)− theory, we find

O+ ' Z2 ,

O− ' 0 .
(27)

That is, the monopole vacuum r = + is confining, while the dyon vacuum r = − is not confin-
ing. Thus, our proposal (21) recovers the field theory results discussed in subsection 2.1.

Since the branch structure (over the et-plane) of the N = 1 curves (19) in the µ→∞ limit
is also described by the figure 6, the above results about O± remain the same even after the
µ→∞ limit.

3 N = 1 Hitchin Systems and Confinement

3.1 Confinement, 1-form Symmetries, and Relative and Absolute Theories

In this paper we study 4d “relative” theories which are not genuine 4d theories as they live at
the boundaries of some genuine 5d topological theories. These 4d theories admit a set L of
line operators modulo screenings and flavor charges, with the key property that not all line
operators in L are mutually local with each other7. We will only study theories for which L
is an abelian group under OPE of line operators8. The group L carries a “pairing” which is a
bihomomorphism

〈·, ·〉 : L×L→ R/Z . (28)

The pairing 〈α,β〉 captures the non-locality between two line operators α,β ∈ L. As we move
α and β around each other such that the starting and ending configurations are the same, the
correlation function returns back to itself times the phase factor

exp
�

2πi〈α,β〉
�

. (29)

An “absolute” 4d theory is a genuine 4d theory that chooses a maximal subgroup9 Λ ⊂ L
of line operators such that the pairing 〈·, ·〉 restricted to Λ vanishes10 [46]. This is done by
specifying a topological boundary condition of the 5d topological theory, and reducing the
5d theory on a segment with one end occupied by the relative 4d theory and the other end

7It is also possible for the relative theory to also have operators of other dimensions which are non-local to each
other, but they are not the focus of this work.

8The group L of line defects modulo screenings may not form an abelian group, but an algebra like structure if
the theory carries non-invertible 1-form symmetries. An example is provided by the O(2) gauge theory [51].

9Such a subgroup is often referred to as “maximal isotropic subgroup” or as “polarization”.
10An absolute theory also chooses maximal mutually local subsets of operators of other dimensions.
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occupied by the chosen boundary condition. The resulting absolute 4d theory T has a group
of genuine line operators (modulo screenings) given by Λ while the other line operators in
L remain as non-genuine line operators constrained to live at the ends of topological surface
operators generating the 1-form symmetry bΛ of T, where is the Pontryagin dual of Λ. The
action of the 1-form symmetry is then responsible for the phase factor (29).

The vacua are independent of the choice of Λ and so the vacua can be associated to the
relative 4d theory. A vacuum r of a relative theory divides line operators in L into two distinct
sets: those showing perimeter law and those showing area law. The subset of line operators
exhibiting perimeter law form a subgroup Ir ⊆ L. For an absolute QFT having (genuine) line
operators specified by a polarization Λ, the subgroup Λr := Ir ∩Λ ⊆ Λ of line operators show
perimeter law. Then, the vacuum r preserves a subgroup

Or :=
Ø

�

Λ

Λr

�

⊆ bΛ , (30)

of the 1-form symmetry group bΛ. If Or is trivial, it is said that the vacuum r is not confining.
On the other hand, if Or is non-trivial, the vacuum r is said to be confining. Moreover, if
Or ' Zt , then t is called the confinement index of the vacuum r [21,52].

3.2 1-form Symmetry for An−1 Class S Theories

The class of 4d theories we study in this paper are related to 4d N = 2 theories of Class S
obtained by compactifying 6d An−1 (2,0) SCFT on a punctured Riemann surface Cg of genus
g with arbitrary (untwisted) punctures but without any outer-automorphism twists. The line
operators L in this class of theories arise by wrapping dimension-2 surface operators along
1-cycles of Cg . For An−1 (2, 0) theory, the dimension-2 surface operators modulo screenings
form a group bZ ' Zn. The group bZ carries a non-trivial pairing 〈·, ·〉 capturing the non-locality
between the dimension-2 surface operators. Choosing a generator f ∈ bZ , this pairing can be
written as

〈 f , f 〉=
1
n

. (31)

Thus the (2, 0) theory is a relative QFT in the language of section 3.1. Its compactification on
Cg gives rise to a relative 4d N = 2 Class S theory.

Apriori, the possible ways of wrapping dimension-2 operators along 1-cycles of Cg are
described by H1(Cg , bZ ,∗), which is the homology group of 1-cycles (with coefficients in bZ)
that are allowed to end on punctures, indicated by ∗. See figure 8. On the other hand, let
H1(Cg , bZ) denote the homology group of 1-cycles (with coefficients in bZ) that do not end
on punctures. Clearly H1(Cg , bZ) ⊆ H1(Cg , bZ ,∗). Now, it is not possible for all dimension-2
operators to end on every puncture. Given a specific puncture p of type P , only a subgroup
ZP ⊆ bZ of dimension-2 surface operators can end at p. So, let S be the subgroup of H1(Cg , bZ ,∗)
such that the coefficient α ∈ bZ associated to a 1-cycle in S ending at a puncture of type P is
such that α ∈ ZP . See figure 9. The physical interpretation of S is the subgroup of 1-cycles
that can be wrapped by the dimension-2 operators.

S is not straightforwardly identified with the group L of 4d line operators, as S also cap-
tures flavor charges of 4d line operators but the flavor charges are not part of the data tracked
by L. The data of flavor charges is modded out by identifying certain elements of S resulting
in a projection map

π : S → L . (32)

The elements of S that are modded are described as follows. Consider a 1-cycle Lp encir-
cling a puncture p of type P . Wrapping dimension-2 surface operators along Lp we generate

14

https://scipost.org
https://scipost.org/SciPostPhys.12.1.040


SciPost Phys. 12, 040 (2022)

α

α

α

α=

Figure 8: Top: The cycles in H1(Cg , bZ ,∗) are allowed to end on punctures. α denotes
some element of bZ . Bottom: Composition rule for cycles that end on punctures.

α

P1 P2

∈ S =⇒ α ∈ ZP1
, α ∈ ZP2

Figure 9: If a 1-cycle in S carrying α ∈ bZ ends on punctures of types P1 and P2, then
we must have α ∈ ZP1

and α ∈ ZP2
.

a subgroup Z̄p ' bZ of S. Then, depending on the type P of the puncture p, a subgroup
Z̄P ,p ⊆ Z̄p ⊆ S is modded out where Z̄P ,p ' Z̄P and Z̄P is a subgroup of dimension-2 operators
bZ . See figure 10.

The pairing on L can be determined in terms of pairing on bZ and the intersection
pairing of 1-cycles. First of all, combining these two pairings we obtain a pairing on
H1(Cg , bZ ,∗) ' H1(Cg ,Z,∗) ⊗ bZ . For two elements a ⊗ α, b ⊗ β ∈ H1(Cg ,Z,∗) ⊗ bZ the pair-
ing is written as

〈a⊗α, b⊗ β〉= 〈a, b〉〈α,β〉 , (33)

with 〈a, b〉 determined using the intersection pairing and 〈α,β〉 determined using the pair-
ing on bZ . The above pairing is then extended by linearity to all of H1(Cg , bZ ,∗). Since
S ⊆ H1(Cg , bZ ,∗), we obtain a pairing on S by simply restricting the pairing on H1(Cg , bZ ,∗).
Now we would like to push-forward the pairing on S to a pairing on L using the projection
map (32). This can only be done consistently if

〈α,β〉= 0 , (34)
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α ∈ Z̄P ⊆ bZ

=
P P

Figure 10: A 1-cycle surrounding a puncture of type P and carrying α ∈ Z̄P ⊆ bZ is
trivial in L.

β ∈ Z̄P

=
P

α ∈ ZP

P

α ∈ ZP

=⇒ 〈α,β〉= 0

Figure 11: A consistent pairing on L exists only if the mutual pairing between ele-
ments of Z̄P and ZP vanishes.

for all α ∈ ZP ⊆ bZ and β ∈ Z̄P ⊆ bZ , and for all P . See figure 11. Thus, the well-defined-ness
of pairing on L imposes the above constraint on the subgroups ZP , Z̄P for all puncture types
P . Once this condition is satisfied, we obtain a pairing on L as a push-forward of (33).

This determines L and pairing 〈·, ·〉 on L for the relative Class S theory arising from the
above compactification. As discussed in section 3.1, an absolute Class S theory arising from
this compactification chooses a maximal subgroup Λ ⊂ L such that the pairing restricted to Λ
is trivial. The 1-form symmetry of such an absolute Class S theory is bΛ which is the Pontryagin
dual of Λ.

3.2.1 Data Associated to Various Punctures

Let us now collect information about ZP , Z̄P for various types of punctures that can arise in
untwisted compactifications of 6d An−1 (2,0) theory. The punctures can be divided into two
types: the regular punctures for which the N = 2 Hitchin field φ has at most a simple pole,
and the irregular punctures for which φ has higher-order poles.

For regular punctures, it was argued in [29] that in this case we have11

ZP = 0 ⊂ bZ ,

Z̄P = bZ .
(35)

The constraint (34) is trivially satisfied. In other words, no element of bZ can end on a regular

11A first-principles way to see that this must be the case is to realize the puncture as a boundary condition of 5d
N = 2 su(n) SYM theory. A surface operator of the 6d theory wrapping a loop encircling the puncture becomes a
gauge Wilson line of the 5d theory. For a regular puncture, the associated boundary condition is such that the 5d
dynamical gauge field becomes a background gauge field at the 4d boundary. Consequently, every gauge Wilson
line of the 5d theory reduces to a flavor Wilson line at the 4d boundary, which does not contribute to L and hence
Z̄P = bZ . ZP = 0 is now fixed by (34).
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NS51 NS52 NS53 NS5k−1 NS5k

n
n1

n2 nk−1

nk

−→

t = 0

Irregular Puncture of type Pn1,n2,··· ,nk

Figure 12: Top: k ≥ 1 parallel NS5 branes in Type IIA superstring theory with D4
branes stretched between them. All the branes share a common 4-dimensional space-
time, and the preserved supersymmetry is N = 2. Here, n, ni denote numbers of D4
branes. The stacks of n D4 branes on the left and nk D4 branes on the right are semi-
infinite. Bottom: If n1 < n, then the above brane construction can be associated to
an irregular puncture of An−1 (2, 0) theory compactified on a cigar parametrized by
a complex coordinate t with the puncture being located at t = 0. This puncture is
referred to be of the type Pn1,n2,··· ,nk

.

puncture and all elements of bZ are trivial when inserted along a loop encircling a regular
puncture.

More interesting values for ZP and Z̄P occur for irregular punctures. For general irreg-
ular punctures, this information about ZP , Z̄P is not known. However, this information can
be deduced using Lagrangian field theory for a special class of irregular punctures that can be
constructed using Hanany-Witten type brane constructions in Type IIA superstring theory. Con-
sider a brane configuration of the form shown in figure 12, where the following inequalities
are satisfied

n1 ≤ n− 1 ,

n+ n2 ≤ 2n1 ,

ni−1 + ni+1 ≤ 2ni , for 2≤ i ≤ k− 1

nk−1 ≥ 2 .

(36)

At t = 0, this constructs an irregular puncture for An−1 (2, 0) theory which we call to be of
type Pn1,n2,··· ,nk

.
Let us first consider a sphere with two punctures of type P0. This corresponds to the brane

configuration shown in figure 13. The resulting 4d N = 2 theory can be read from the brane
configuration to be pure SYM theory with gauge algebra su(n). This theory has

L' ZW
n ×Z

H
n , (37)
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NS5 NS5

n
P0 P0

Figure 13: The Type IIA brane construction associated to 6d An−1 (2,0) theory com-
pactified on a sphere with 2 irregular punctures of type P0.

H

W

Figure 14: The generators W and H of 1-cycles on a 2-punctured sphere. The inter-
section number between them is 〈W, H〉= 1.

with the sub-factor ZW
n arising from Wilson lines and the sub-factor ZH

n arising from ‘t Hooft
lines. The pairing on L is

〈Wg , Hg〉=
1
n

, (38)

where Wg is a generator of ZW
n and Hg is a generator of ZH

n . On the other hand, as can be seen
from figure 14, we also have

H1(Cg , bZ ,∗)' ZW
n ×Z

H
n , (39)

where ZW
n sub-factor is generated by wrapping f ∈ bZ ' Zn along the cycle denoted W in the

figure 14, and ZH
n sub-factor is generated by wrapping f ∈ bZ ' Zn along the cycle denoted H.

We can read the pairing between the generators of ZW
n and ZH

n to be

〈W ⊗ f , H ⊗ f 〉=
1
n

. (40)

Matching with the gauge theory results (37), (38) we find that

L= S = H1(Cg , bZ ,∗) , (41)

which implies that for a puncture of type P = P0 the associated data is

ZP = bZ ,

Z̄P = 0 ,
(42)

which also trivially satisfies (34). In other words, every element of bZ can end on a type P0
irregular puncture and no element of bZ is trivial, when inserted along a loop encircling a type
P0 irregular puncture.
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NS51 NS52 NS53 NS5k−1 NS5k

n
n1

n2 nk−1

nk

P0 Pn1,...,nk

Figure 15: The Type IIA brane construction associated to 6d An−1 (2,0) theory com-
pactified on a sphere with 2 irregular punctures, one of type P0, and the other of
type Pn1,n2,··· ,nk

.

Now let us consider a sphere with a puncture of type P0 and a puncture of general type
Pn1,n2,··· ,nk

. This corresponds to the brane configuration shown in figure 15. The resulting 4d
N = 2 theory is the following quiver

su(n2)su(n) su(n1) · · · su(nk−1) nkF , (43)

where there is a bifundamental hyper for any two adjacent gauge algebras, plus nk funda-
mental hypers for su(nk−1). For nk > 0, all electric charges for all su(ni) are screened by the
fundamentals and bifundamentals. This implies that there are no magnetic charges that are
simultaneously unscreened and mutually local with all the electric charges. Thus, using the
Lagrangian description we find that

L= 0 (44)

for nk > 0. This implies that any element of bZ wrapped along the 1-cycle W must be trivial in
L. We know that this triviality does not arise at the location of P0 puncture. So it must be the
case that for a puncture of type P = Pn1,n2,··· ,nk

with nk > 0, we have

Z̄P = bZ . (45)

Moreover, for (44) to hold, it should not be possible to insert any element of bZ along the 1-
cycle H. Since there are no restrictions on the elements of bZ that can end on a puncture of
type P0, we learn that for a puncture of type P = Pn1,n2,··· ,nk

with nk > 0, we have

ZP = 0 . (46)

Notice that this is just as for regular punctures, and the constraint (34) is trivially satisfied.
Now let us consider the nk = 0 case. Before accounting for bifundamental matter the

electric charges form Zn×
∏k−1

i=1 Zni
group. Let W be the generator of Zn sub-factor and Wi be
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the generators for Zni
sub-factors. Accounting for the bifundamentals, we obtain the relations

Wi =W for all i. Thus, we have

gcd(n, n1, n2, · · · , nk−1)W = 0 , (47)

and the contribution of Wilson operators to L is Zgcd(n,n1,n2,··· ,nk−1). Similarly, before accounting

for the bifundamental matter, the magnetic charges also form Zn ×
∏k−1

i=1 Zni
group. Let H be

the generator of Zn sub-factor and Hi be the generators for Zni
sub-factors. The subgroup

mutually local with the bifundamentals is spanned by

n
gcd(n, n1, n2, · · · , nk−1)

H +
k−1
∑

i=1

ni

gcd(n, n1, n2, · · · , nk−1)
Hi . (48)

Thus, the contribution of ‘t Hooft operators to L is also Zgcd(n,n1,n2,··· ,nk−1). In total, we have

L' ZW
gcd(n,n1,n2,··· ,nk−1)

×ZH
gcd(n,n1,n2,··· ,nk−1)

. (49)

From this, we read that for an irregular puncture of type P = Pn1,n2,··· ,nk−1,0, we have

ZP =
�

n
gcd(n, n1, n2, · · · , nk−1)

f
�

⊆ bZ ,

Z̄P =
�

gcd(n, n1, n2, · · · , nk−1) f
�

⊆ bZ ,
(50)

where [α] denotes the subgroup of bZ generated by α ∈ bZ . The pairing between the generators
of ZP and Z̄P is



n
gcd(n, n1, n2, · · · , nk−1)

f , gcd(n, n1, n2, · · · , nk−1) f
·

= 0 , (51)

as required by the constraint (34).

3.3 Rotation and N = 1 Higgs Bundles

We next discuss constructions of N = 1 theories by compactification of 6d (2,0) theories on a
Riemann surface with a partial topological twist. This includes both general N = 1 theories,
and the N = 1 theories of interest that can be obtained by deforming N = 2 theories of Class
S. Along the way, we would encounter key notions of generalized Hitchin system and N = 1
curve which characterize vacua of these N = 1 theories.

3.3.1 Topological Twists for 4d N = 2 and N = 1

Start with 6d (2, 0) theory of type g = A, D, E compactified on a Riemann surface Cg,n of
genus g, with n punctures. We want to perform a partial topological twist along C which
preserves at least 4d N = 1 supersymmetry. The global symmetries of the 6d theory are the
local Lorentz and R-symmetry so(6)L ⊕ so(5)R which are broken to so(4)L ⊕ u(1)L ⊕ so(5)R
by the background M4 × C. To preserve N = 2 supersymmetry, we would decompose the R-
symmetry as so(5)R→ su(2)R ⊕ u(1)1 and twist u(1)L by u(1)1. For a more general twist that
in general preserves N = 1 supersymmetry, we further reduce su(2)R to u(1)2 and both u(1)1
and u(1)2 are used to twist u(1)L . The supercharges Q and scalars12 Φ decompose as

so(6)L ⊕ so(5)R → (so(4)L ⊕ u(1)L)⊕ (u(1)1 ⊕ u(1)2)

Q : (4,4) → ((2,1)+1 ⊕ (1,2)−1)⊗ (1++ ⊕ 1+− ⊕ 1−+ ⊕ 1−−)

Φ : (1,5) → 10 ⊗
�

12,0 ⊕ 1−2,0 ⊕ 10,2 ⊕ 10,0 ⊕ 10,−2

�

.

(52)

12These scalars are not genuine local operators in the 6d (2,0) SCFT, but the Casimirs built out of these scalars
are genuine local operators in the 6d theory.
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The twists giving N = 1 supersymmetry are parametrized by an integer parameter α which
sets the charge qtw of the preserved diagonal combinination of the three u(1) factors

qtw = qL + (1−α)q1 +αq2 . (53)

For α = 0,1, we recover the usual N = 2 twist. For other values of α, only 4 supercharges
are preserved and hence the twist is N = 1. It should be noted that one can obtain N = 1
supersymmetry from the N = 2 twist, as we discuss below.

The scalars Φ of the 6d theory transform with charges qtw = ±2(1−α),±2α, 0. The twisted
scalars carrying charges ±2α and ±2(1−α) are sections of two line bundles L1 and L2 with

deg(L1) + deg(L2) = deg(KC) , (54)

where KC is the canonical line bundle on C. We denote these by φ and ϕ respectively.
The above setup preserves 4d N = 1 supersymmetry for α 6= 0, 1 since the twist only

preserves a maximum of 4 supercharges. But for α= 0,1 one can have either 4d N = 1 or 4d
N = 2 supersymmetry. To understand this, without loss of generality, consider the case α= 0,
for which φ must be singular, and hence non-zero, but ϕ (which is a function on C) can be
zero or non-zero. For zero ϕ, we inherit su(2)R ⊂ so(5)R R-symmetry in 4d and thus 4d N = 2
supersymmetry. On the other hand, if ϕ is non-zero, then the su(2)R R-symmetry is broken by
the non-zero profile of ϕ, and we only obtain 4d N = 1 supersymmetry.

3.3.2 Generalized Hitchin System and Rotation of Codim-2 Defects

The profiles of φ,ϕ over C satisfy a set of BPS equations that were determined in [7] and yield
what is known as the N = 1 Hitchin system

D̄φ = D̄ϕ = 0 ,

[φ,ϕ] = 0 ,

F + [ϕ,ϕ∗] + [φ,φ∗] = 0 .

(55)

Here the star denotes conjugation and F abbreviates the field strength of a connection on C.
In this paper, we always restrict ourselves to the special case where the Higgs fields φ and ϕ
are diagonalizable (at each point in C), and therefore the third BPS equation in (55) imposes
F = 0.

The punctures on C are characterized by singularities of the two Higgs fields φ,ϕ. From
the point of view of the 6d (2,0) theory, punctures with different singularities are identified
as different codimension-2 defects inserted along the locations of punctures. Such defects
preserve 4d N = 1 supersymmetry in general. In the standard N = 2 Class S case, we have
α= 0 and ϕ = 0. The codimension-2 defects are then characterized by singularities of φ and
preserve a mutual N = 2 supersymmetry. Now, one can “rotate” such an N = 2 codimension-2
defect to an N = 1 codimension-2 defect13 by turning on a singular ϕ at the location of the
corresponding puncture. As we will discuss in section 3.4, the second equation in (55) allows
us to write the behavior of ϕ near the defect, placed at t = 0, as

ϕ ∼
m
∑

k=0

rk

t bk
φk
ζ , (56)

13It is also possible that the resulting defect actually preserves an N = 2 supersymmetry but it would be a
different N = 2 supersymmetry than the N = 2 supersymmetry preserved by the unrotated defect. That is, in
such a situation, inserting both the rotated and unrotated defects would only preserve N = 1 supersymmetry.
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where φζ is the contraction of φ with a holomorphic vector field ζ that is non-singular at
t = 0, and bk ∈ Z. Let the most singular piece of φζ be of order t−q for some q > 0. Let

S = {k ∈ {0,1, 2, · · · , m} : bk + kq > 0} . (57)

The terms in the sum (56) that correspond to k ∈ S capture the singular pieces of ϕ near p.
Consequently, rk for k ∈ S are interpreted as deformation parameters rotating the codimension-
2 defect. We refer to a puncture associated to a rotated codimension-2 defect as a rotated
puncture.

3.3.3 Rotation of a 4d N = 2 to a 4d N = 1 Theory

Consider a situation in which all the punctures on C are rotated punctures. If we replace all
the rotated punctures by their unrotated versions, and take a zero area limit of C, then we
obtain a (not necessarily conformal) 4d N = 2 Class S theory which is UV complete in 4d. In a
similar way, from the original situation having rotated punctures, one would want to obtain a
UV complete 4d N = 1 theory by taking the zero area limit of C. For small non-zero area A, the
compactified 6d system can be described at energy scales E� 1/A by 4d N = 2 Class S theory
deformed by rotation parameters rk ∈ S coming from each puncture, defined at a cutoff scale
1/A. In general, these parameters may contain relevant, marginal and irrelevant deformation
parameters of the 4d N = 2 Class S theory. If all the deformation parameters are relevant or
marginal, then one can consistently take a zero area limit, thus lifting the cutoff and obtaining
a UV complete 4d N = 1 theory which is defined as relevant and marginal deformation of the
initial 4d N = 2 Class S theory. However, on the other hand, if any of the rotation parameters
is irrelevant, then one runs into the usual issues of non-renormalizability and it is not clear if
the zero area limit can be consistently taken, and if it can be taken then what the resulting 4d
N = 1 theory is. Irrespective of these subtleties, we can still study the confinement properties
of the 4d N = 1 theory with a cutoff imposed by the area of C, as it is not impacted by the
cutoff and the precise details of 4d UV completion (if it exists). We will study examples of both
kinds of situations later in this paper.

In either case, different profiles on C of φ,ϕ satisfying the generalized Hitchin equations
(55) (for a fixed structure of singularities) characterize different 4d vacua. For a 4d N = 2
Class S theory, we have ϕ = 0 and the various profiles of φ form a moduli space which can
be identified with the Coulomb branch (CB) of vacua of the 4d N = 2 theory. After an N = 1
rotation which switches on a non-zero ϕ, only a subset of profiles of φ satisfy the second
condition in (55). This means that the CB vacua corresponding to other profiles of φ are
lifted by the N = 1 deformation, and the CB vacua corresponding to the profiles of φ that
satisfy (55) remain as vacua of the resulting 4d N = 1 theory (which may have a UV cutoff as
discussed above). It should be noted that there can also be other vacua arising from the Higgs
branch of the unrotated 4d N = 2 theory, which we do not study in this paper.

3.4 The N = 1 Curve

3.4.1 Spectral Curve

To a generic-enough profile of diagonalizable φ,ϕ satisfying (55), one can associate an N = 1
curve which lives in L1 ⊕L2 and is an N -sheeted cover of C. We start by picking two generic
meromorphic sections ζ and η of L−1

1 and L−1
2 respectively. The contractions

φζ ≡ φ(ζ) , ϕη ≡ ϕ(η) , (58)

are meromorphic functions on C. By the second equation in (55), the Higgs fields ϕη and
φζ commute. If at generic points on the curve C the eigenvalue spectrum of φζ and ϕη are
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distinct, then each Higgs field can be expressed as a polynomial of the other Higgs field

ϕη =R(φζ) =
∑

k

rk(t)φ
k
ζ ,

φζ = S(ϕη) =
∑

k

sk(t)ϕ
k
η .

(59)

By the first BPS equation in (55) the coefficient functions rk, sk are meromorphic functions on
the compact curve C. We diagonalize (59) and find

w=R(v) =
∑

k

rk(t)v
k ,

v = S(w) =
∑

k

sk(t)w
k ,

(60)

solved by pairs of eigenvalues (w, v) of (ϕη,φζ).
The above pairing of eigenvalues allows us to combine the spectral covers associated to

ϕη,φζ into a single N -sheeted cover Σ ⊂ L1 ⊕ L2 of C known as the N = 1 curve. In more
detail, the two characteristic equations14

det(v −φζ) = 0 ,

det(w−ϕη) = 0 ,
(61)

for ϕη and φζ define two spectral covers

P(v) =
∑

l

pl(t)v
l = 0 , Q(w) =

∑

l

ql(t)w
l = 0 . (62)

The coefficients pl , ql are again meromorphic functions. Each spectral curve (62) is an N -
sheeted covering of C with the number of sheets N depending on the type g = A, D, E of the
(2, 0) theory. Consider the monodromy of the N sheets of P(v) around a branch point p ∈ C
or around a cycle C ∈ H1(C), which is given by some element of the permutation group SN
permuting the N sheets. Now, the monodromy of Q(w) around p or C must be the same as
the sheets (which are described by the eigenvalues) of P(v) and Q(w) are paired. Thus, the
monodromies of P(v) must match the monodromies of Q(w). Furthermore, the pairs (v, w)
define a combined N -fold cover eΣ ⊂OC⊕OC of C whose monodromies match the monodromies
of P(v) and Q(w). The N = 1 curve Σ ⊂ L1 ⊕L2 is then identified as the N -sheeted cover of
C spanned by pairs (vζ−1, wη−1). The N = 1 curve Σ can also be thought of as being cut out
by

det(λ−φ) = 0 , det(σ−ϕ) = 0 , det(λσ−φϕ) = 0 , (63)

where λ ∈ L1 and σ ∈ L2.
In conclusion, for each vacuum r of a 4d N = 1 theory that can be characterized by profiles

φr ,ϕr of N = 1 Higgs fields satisfying at least one of the equations15 (60), we can associate
a curve Σr ⊂ L1 ⊕L2 which is an N -fold cover of C.

3.4.2 Algorithm for Determining the N = 1 Curve

In this paper, we focus on the study of the N = 1 curves with α = 0 with ϕ 6= 0, and in
particular those cases which can be understood as “rotations” of standard N = 2 Class S
setups. For these cases, we provide an algorithm to determine the N = 1 curves for those
vacua of the N = 1 theory (obtained after rotation) that arise from the N = 2 Coulomb
branch:

14To write down the characteristic equations, we represent φζ,ϕη as matrices acting in the fundamental repre-
sentation, vector representation, 27, 56 and 248 for the Lie algebras An, Dn, E6, E7 and E8 respectively.

15Later, we will see an example where only one of the two equations in (60) is satisfied, but not both.
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1. Unrotated Theory: Choose an N = 2 Class S theory (which need not be conformal)
by specifying the singularities of φ at the locations of punctures. We can determine
the profile of φ away from the punctures by using holomorphicity. Different profiles of
φ parameterize Coulomb branch of N = 2 vacua, and the Seiberg-Witten (SW) curve
associated to each vacuum is obtained by inserting the corresponding profile of φ into
the characteristic equation det(λ−φ) = 0. The SW curve is an N -sheeted cover P(λ) = 0
of the Gaiotto curve Cg,n.

2. Rotation: Fix the singularities of ϕ at each puncture p. This can be done by specifying
r(p)k and b(p)k arising in (56) for k ∈ S. This determines the deformation parameters
used to deform the Class S N = 2 theory chosen above. Write down the generic mero-
morphic profile of ϕ having singularities determined by the above imposed boundary
conditions. This generic profile determines another N -sheeted cover Q(w) = 0 of Cg,n
via the characteristic equation det(w−ϕ) = 0.

3. Topological Factorization: Determine all possible topological degenerations by moving
and colliding the branch points of both the N -sheeted covers P(λ) and Q(w) of C, such
that the monodromies for P(λ),Q(w)match after the degeneration. Each such topologi-
cal degeneration determines a potential factorization of the discriminants of P(λ),Q(w)
as N -sheeted covers of C.

4. “Holomorphic” Factorization: After determining all possible topological degenerations
for which monodromies of P(λ),Q(w) match, one needs to check that the correspond-
ing potential factorizations of the discriminants of P(λ),Q(w) are realizable without
changing the singularities of φ,ϕ which defined the parent N = 2 theory and its N = 1
rotation. If this is possible, then one also needs to check that all the monodromies are as
determined by the topological degeneration. If the monodromies also match, then the
CB moduli for which the factorization is possible determine a vacuum of the descendant
N = 1 theory. It is possible that one finds multiple possible choices of CB parameters
for a fixed topological degeneration leading to multiple N = 1 vacua whose correspond-
ing N = 1 curves have the same set of branch points and monodromies. However, the
branch lines connecting the branch points for these different vacua might be topologi-
cally distinct from each other. This difference reflects in the difference of the images of
the map (65) for these different vacua, that we discuss in the next subsection.

3.5 Confinement from the N = 1 Curve

Consider a relative 4d N = 1 theory that has been obtained as a rotation of a relative 4d N = 2
Class S theory of above type. We propose that the defect group L of line operators remains
invariant under the rotation. Thus, L for the resulting 4d N = 1 theory is the same as for the
4d N = 2 theory determined in section 3.2.

Consider a vacuum r of the 4d N = 1 theory that descends from a Coulomb branch vacuum
of the parent 4d N = 2 theory. As we discussed in the previous subsection, if certain conditions
are met, we can associate to this vacuum r an N = 1 curve Σr ⊂ T ∗C ×C which is an N -fold
cover of C characterized by a projection map

πr : Σr → C . (64)

We can use this map to define a pushforward map

πr
∗ : H1(Σr , bZ ,∗)→ H1(C, bZ ,∗) , (65)
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from 1-cycles on Σr (that are allowed to end on punctures) to 1-cycles on C (that are allowed
to end on punctures). We further argue (see below) that the line operators Ir ⊆ L that exhibit
perimeter law can be identified with

Ir = π∗

�

S ∩πr
∗

�

H1(Σr , bZ ,∗)
�

�

, (66)

where π is the projection map from S to L defined in (32), and π∗ is the associated pushfor-
ward.

As discussed in section 3.1, an absolute 4d N = 1 theory specifies a polarization Λ ⊂ L,
and then the preserved 1-form symmetry group Or for this absolute theory in the vacuum r is
determined to be

Or =
Ø

�

Λ

Λr

�

, (67)

where Λr := Ir ∩Λ.
Our argument for (66) is a generalization of the argument appearing in [10]where confine-

ment for N = 1 SYM was studied in this setup, which can be understood as a compactification
of M-theory as follows. We can realize a CB vacuum of the 4d N = 2 Class S theory before
rotation as M-theory compactified on T ∗C with M5 branes wrapping a curve Σ ⊂ T ∗C, which is
identified as the SW curve for that vacuum. Σ is an n-fold cover of C under the projection map
T ∗C → C and is cut out by the characteristic equation det(λ−φ) = 0, where φ is the N = 2
Higgs field discussed above and λ is a coordinate along the fiber of T ∗C. Once we rotate the
N = 2 theory to N = 1, then a vacuum r of the resulting N = 1 theory is realized by M5
branes wrapping a curveΣr ⊂ T ∗C×C, which is identified as theN = 1 curve associated to that
vacuum. The projection of Σr to T ∗C is cut out by the characteristic equation det(λ−φ) = 0
and the projection of Σr to C is cut out by the characteristic equation det(w−ϕ) = 0, where
ϕ is the other Higgs field discussed above and w is a coordinate along C.

To study confinement, we study the charges of confining strings in this setup. The confining
strings are realized by compactifying M2 branes along 1-cycles of Y = T ∗C × C. A crucial
addition to the argument of [10] is that we need to also include 1-cycles in Y whose projections
onto C contain 1-cycles included in H1(C,Z,∗) (see section 3.2) which end at punctures of C.
After including such 1-cycles we obtain a homology group H1(Y,Z,∗), which is isomorphic to
H1(C,Z,∗) under the projection map. Thus, as a first step, the possible charges of confining
strings are characterized by H1(Y,Z,∗) ' H1(C,Z,∗). Now, we need to account for the fact
that M2 branes can end on M5 branes, which implies that M2 branes characterized by different
elements of H1(Y,Z,∗) can be related by topological moves, which split and join the M2 branes
along the M5 brane locus Σr . All such identifications are captured by the fact that a confining
string arising from an element i∗H1(Σr ,Z,∗) ⊆ H1(Y,Z,∗) is topologically equivalent to a
trivial string and hence must have trivial charge. Here i : Σr ,→ Y denotes the inclusion map
and i∗ denotes the associated pushforward map which embeds the cycles of Σr into Y . See
figures 16 and 17.

We can use this fact to constrain the possible charges of confining strings to lie in

H1(Y,Zn,∗)
i∗H1(Σr ,Zn,∗)

, (68)

since any cycle of the form nC with C ∈ H1(Y,Z,∗)' H1(C,Z,∗) lies in i∗H1(Σr ,Z,∗) because
Σ is an n-fold cover of C. In other words, at this step, the possible charges of confining strings
are characterized by modding out H1(C, bZ ,∗) by the image of H1(Σr , bZ ,∗) under the projection
map (64)

H1(C, bZ ,∗)
πr
∗H1(Σr , bZ ,∗)

, (69)

25

https://scipost.org
https://scipost.org/SciPostPhys.12.1.040


SciPost Phys. 12, 040 (2022)

= =

= =

Figure 16: The figure shows various configurations of M2 branes wrapping 1-chains
inside M5 branes. An M5 branes is depicted as a surface, which shows a local region
of Σr . In the top-left configuration, we consider an M2 brane stretched between two
punctures on Σr . The subsequent configurations depict that we can get rid of this M2
brane by splitting it into two by creating its end-points (shown with a black dot) on
the M5 brane. Similarly, in the bottom-left configuration, we consider an M2 brane
wrapping a compact 1-cycle on Σr . As shown in the subsequent configurations, we
can get rid of this M2 brane again by creating its end-points on the M5 brane.

where bZ ' Zn.
We can further reduce the set of possible charges by recalling that different punctures allow

different subgroups of bZ to end on them. As we discussed in section 3.2, this means that the
allowed charges of line operators take values in a subgroup S of H1(C, bZ ,∗). Consequently, at
this step, the possible charges of confining strings are characterized by

S
S ∩πr

∗

�

H1(Σr , bZ ,∗)
� . (70)

Finally, we take into account the fact that not all charges in S are independent charges of line
operators. As discussed in section 3.2, we need to mod out a subgroup of S to obtain the true
group of charges L of line operators, resulting in a projection map π : S → L. Thus, finally
the possible charges of confining strings are characterized by

L
Ir

, (71)

with Ir given in (66). Once we choose an absolute theory with charges of line operators
specified by subgroup Λ ⊂ L fixing the 1-form symmetry group O = bΛ, the confining strings
are chosen to have charges

Λ

Ir ∩Λ
, (72)

and the preserved 1-form symmetry group is Or ⊆ O where Or is the Pontryagin dual of the
above group formed by charges of confining strings.
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Σr :

C

Figure 17: The N = 1 curve Σr ⊂ Y as a covering of the Gaiotto curve C. The dashed
sheet denotes a branch cut connecting two sheets. The green and blue line segments
denote 1-cycles wrapped by M2 branes and give rise to potential confining strings.
The green cycle is contained in the M5 brane locus and is of the type depicted in
figure 16. The confining strings associated to it are trivial and uncharged under the
1-form symmetry. The blue cycle stretches between the sheets, is contained in Y , and
is an element of the relative homology group H1(Y,Σr). These are charged under the
1-form symmetry.

4 Confinement in 4d N = 1 SYM

In this section we consider the well studied case of 4d N = 1 su(n) SYM and determine the
1-form symmetry groups and their spontaneous breakings in various vacua for various global
forms of the gauge group and discrete theta parameters. We do so using the machinery devel-
oped in section 3, and in particular using our main proposal in section 3.5 about reading off
confinement from the N = 1 curve. This problem was previously studied field-theoretically
in [2] without using the modern language of 1-form symmetry and its spontaneous breaking.
We enhance their description at various points by providing explicit results for the UV 1-form
symmetry groups for various polarizations and the preserved 1-form symmetry groups in var-
ious vacua for various polarizations. Our main purpose is to use this example as a test ground
to verify and demonstrate our more general prescription.

We begin with a Class S construction of 4d N = 2 su(n) SYM discussed in section 3.2,
where the defect group L of the theory was also discussed. We then perform a rotation µ of
the 4d N = 2 theory such that 4d N = 1 SYM is obtained as the µ →∞ limit. Following
the algorithm of section 3.4.2, we determine various N = 1 vacua and their corresponding
N = 1 curves for finite µ. Then we use the topological structure of N = 1 curves to determine
the group Ir of line operators showing perimeter law in each vacuum r. This allows us to
present our main result, i.e. the computation of the preserved 1-form symmetry group Or in
the vacuum r (for various choices of polarization Λ). These results remain unchanged as we
take the limit µ→∞ and recover pure 4d N = 1 su(n) SYM theory.

4.1 N = 2 Curve and Line Operators

A Class S construction of 4d N = 2 su(n) SYM was discussed in section 3.2. It involves
compactifying 6d An−1 (2,0) theory on a compactification manifold C which is a sphere with
two punctures, both of type P0 (see figure 13). As discussed there, the defect group L is
identified with the group of 1-cycles H1(C, bZ ,∗)

L= H1(C, bZ ,∗)∼= ZW
n ×Z

H
n , (73)

with coefficients in bZ ∼= Zn. The factors labelled W, H are associated with the Wilson and ’t
Hooft lines of the field theory and geometrically with the 1-cycles encircling a puncture and
running between the punctures respectively, as depicted in figure 14 in section 3.2.
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The SW curve is [48]

P(v) = Pn(v)−Λn
�

t +
1
t

�

= 0 , (74)

where (v, t) ∈ C × C∗ with Pn(v) = vn + u2vn−2 + · · ·+ un where uk are combinations of CB
parameters. The SW differential is λ = vd t/t. The dynamically generated scale is denoted
ΛN=2 ≡ Λ. The asymptotics of the Higgs field approaching the punctures at t = 0,∞ can be
derived from (74) and are taken to define the Higgs field φ profile characterizing punctures of
type P0. At the two P0 punctures t = 0,∞ the Higgs field φ = φζ(d t/t) therefore diverges
as

t → 0 : φζ ∼
Λ

t1/n
diag

�

1,ω,ω2, · · · ,ωn−1
�

+ · · · ,

t →∞ : φζ ∼ Λt1/ndiag
�

1,ω,ω2, · · · ,ωn−1
�

+ · · · ,
(75)

with the n-th root of unity ω = exp(2πi/n). We have made the choice ζ = t∂t for which the
coordinate v = λ(ζ) = x8 + i x9 has the interpretation of two flat space-time coordinates in
the weakly coupled IIA brane picture (see figure 13).

4.2 Constraints from Rotation

We rotate to N = 1 by turning on the Higgs field ϕ subject to the boundary conditions

t →∞ : ϕ→ µφζ . (76)

The puncture at t = 0 is not rotated and ϕ is required to be regular everywhere except t =∞.
At t =∞ we therefore prescribe the asymptotics

t →∞ : ϕ ∼ µΛt1/ndiag
�

1,ω,ω2, · · · ,ωn−1
�

+ · · · . (77)

This constitutes a boundary value problem with bulk equations given by the BPS equations
(55). Field theoretically, we are turning on a superpotential W (Φ) = µ

2 TrΦ2 in the N = 2 su(n)
SYM theory, where Φ is an N = 1 chiral multiplet living inside the N = 2 vector multiplet.
This deformation has been studied before and one expects only those points in N = 2 Coulomb
branch to survive, where all A-cycles of the SW curve (74) pinch to develop a nodal singularity.
It is known that there are n such points. Thus, we expect the existence of n solutions to (55)
corresponding to the n points of the N = 2 CB that are not lifted by the deformation (76).

Using (77), we deduce that

Tr ϕk = ck 2≤ k ≤ n− 1

Tr ϕn = nµnΛn t + cn
. (78)

The above form of the Casimirs is valid over the whole sphere C for some constants ci . Thus
we can write the spectral equation det(w−ϕ) = 0 as

Q(w) = wn −
n
∑

k=2

ckwn−k −µnΛn t = 0 , (79)

for some constants ci .

4.3 Topological Factorization

As discussed in section 3.4, the solutions to the N = 1 BPS equations (55) are curves
Σr ⊂ KC ⊕OC(0) constituting n-fold coverings of C. They are parametrized by λ, w and com-
bine the spectral curves of the Higgs fieldsφ,ϕ into a single covering. Contracting with ζ= t∂t
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we equivalently study the n-fold coverings parametrized by v, w for the Higgs fieldsφζ,ϕ. Cru-
cially, the branch cut structures of the coordinates v, w are required to match as otherwise the
sheets of the spectral curves for φζ,ϕ can not be consistently combined into an n-fold cov-
ering. This allows us to describe a set of curves, which are topologically consistent, thereby
improving on the constraints in section 4.2. Which of these also holomorphically satisfy the
BPS-equations is then determined by computation with an ansatz derived from the branch cut
structure of the candidate curves.

We begin by deriving the generic branch cut structures for the coordinate v from the SW
curve (74) and for the coordinate w from the curve (79). The coordinate v has in total two
Zn branch cuts emanating from the punctures at t = 0,∞. The coordinate w has a single Zn
branch cut emanating from the rotated puncture at t =∞. The number of branch points for
each cover is given by the degree in t of the respective discriminants

deg∆(P , v) = 2n− 2 , deg∆(Q, w) = n− 1 . (80)

Here∆(P , v) denotes the discriminant of the polynomial P with respect to the variable v. The
branch points are given by the roots of (80). In the generic case, the discriminants (80) have
isolated zeros and are associated with monodromy actions of order 2.

The SW curve is symmetric with respect to t → 1/t and the 2n− 2 branch points come in
pairs with identical monodromy action. We denote the cyclic permutation of the n sheets as
a ∈ Sn and the transposition of the i-th and j-th sheet by bi, j ∈ Sn. The generic branch cut
structure for the coordinates (v, w) can be described as16:

v :
a

b1,2

bn−1,n

t =∞

b1,2

bn−1,n

a

t = 0

2n− 2

w :
a

b1,2

bn−1,n

t =∞
n− 1

. (81)

Now we implement the topological factorization condition. The CB moduli uk and con-
stants ck must be tuned such that the branch cut structures of v, w coincide. The n−1Z2-valued
branch points of w must collide at t = 0 to match the Zn branch point of P(v) at t = 0. After
implementing this, the branch cut structures of v and w can be described as:

16A summary of our notation for curves is given in appendix A.
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w :
at =∞

n− 1

t = 0

v :

a

2n− 2

b1,2 bn−1,n

t =∞ t = 0

(82)

where we have rearranged the branch cuts for v to match with branch cuts of w at t = 0 and
t =∞, and we have denoted the collision of n− 1 branch points by a circle surrounding the
points. Since there are no more branch points for w, the v curve cannot have any monodromy
at t 6= 0,∞ either. Thus, we find that the 2n− 2 Z2-valued branch points of v must collide in
pairs, eliminating all branch cuts not terminating at punctures. The final configurations for v
and w are as follows:

v :
a

2n− 2

w :
a

t =∞ t = 0

t =∞
n− 1

t = 0

. (83)

Here we have denoted the collision of branch points by a circle enclosing them.

4.4 Holomorphic Factorization

The topology (83) for P(v),Q(w) constrains the coefficients uk, ck in (74) and (79). It
is known [15, 53] that the degeneration for v in (83) fixes the CB parameters such that
P(r)n (v) = 2ΛnT (r)n (v/2Λ) with T (r)n (x) = Tn(e2πir/2n x) where Tn is the n-th Chebyshev poly-
nomial of the first kind. Due to the Weyl invariance v → −v this gives in total n physically
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distinct solutions. On the other hand, the degeneration for w in (83) fixes all ci = 0, otherwise
the n sheets for Q(w) cannot come together at t = 0. With this we find n distinct solutions for
P(v),Q(w) associated to the topological degeneration (83) at finite values of µ to be

P(r)n (v)−Λ
n
�

t +
1
t

�

= 0 , wn = µnΛn t , (84)

parametrized by r = 0, . . . , n − 1. We solve these equations for v. First, for r = 0, we find
v = Λ

�

t1/n + t−1/n
�

which follows from the properties of the Chebyshev polynomials. For
general r, we send v → ve2πir/2n followed by a coordinate transformation eπir t → t. This
gives

v = Λ
�

t1/n +ωr t−1/n
�

, (85)

where ω= exp(2πi/n). We can pair the n values of v with n values of w by requiring

vw= µΛ2
�

t2/n +ωr
�

. (86)

Overall we find
v = Λ

�

t1/n +ωr t−1/n
�

,

w= µΛt1/n ,
(87)

where the n different values of t1/n parametrize the n sheets of the N = 1 curve Σr . In total,
we have n different N = 1 curves corresponding to the n different vacua of the rotated N = 1
theory. The curves of these n vacua are related via Dehn twists. Consider the pairing condition
(85) near t = 0 where it reads vw= µΛ2ωr . Going between the r-th and (r+1)-th vaccum the
pairing between the sheets is cyclically permuted. From w= µΛt1/n we see that this shift can
be realized by circling once around origin. It follows that the branch cuts of curves associated
with neighbouring vacua are related by a Dehn twist and we therefore depict the branch cut
structure of the curve Σr as:

Σr :
a

t =∞

t = 0

r

ZN

. (88)

The v-curve becomes singular and displays double points at those points in the CB that ad-
mit rotation (83). These singularities are removed in the N = 1 curve as the double points are
resolved to two points with distinct w-coordinates. The difference of the value for w between
these points encodes the vev of glueball superfield [10, 11, 13]. We redefine the coordinates
to make this dimensionally manifest

v → v/Λ , w → wΛ , (89)

and introduce the N = 1 strong coupling scale Λ3
N=1 = µΛ

2. The new coordinates (v, w) carry
charges (0, 2) under the Z2N R-symmetry and are of mass dimension (0, 3). The former now
makes the cyclic rotation between the sheets paired in (88) clear, as the vacua are manifestly
rotated into each other by the R-symmetry. Further we make the redefinition v→ v− t1/n and
find

vn = t , wn = Λ3n
N=1 t , vw= Λ3

N=1ω
r , (90)
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giving the n curves described in [48]. Taking the limit µ →∞ keeping ΛN=1 constant we
are left with 4d N = 1 su(n) SYM [11]. Crucially the branch cut structure of the associated
N = 1 curves is not altered from (88) which correctly captures the topology of the N = 1
curves associated with each SYM vacuum.

4.5 Line Operators and Confinement from the Curve

To discuss 1-form symmetry preserved in each of the n vacua, we need to first choose a po-
larization Λ ⊂ L which determines the 1-form symmetry group bΛ of the absolute UV theory.
Recall that for pure su(n) SYM we have

L' Zn ×Zn . (91)

The two factors are generated by W and H, respectively, with the pairing

〈W, W 〉= 〈H, H〉= 0 , 〈W, H〉=
1
n

. (92)

Let us choose Λ such that it contains Wilson line operators ikW with i ∈ {0,1, · · · , l−1} where
1≤ k, l ≤ n are integers such that kl = n. Then the gauge group of the corresponding absolute
theory is

G = SU(n)/Zk , (93)

where Zk is the order k subgroup of the center Zn of the simply connected group SU(n) asso-
ciated to the gauge algebra g= su(n). To make Λ maximal, we can add to it the line operator
lH +mW where m ∈ {0, 1, · · · , k − 1} is known as the discrete theta parameter associated to
the absolute theory. Then

Λ= [kW, lH +mW ] ⊂ L , (94)

is the subgroup of L generated by kW and lH +mW .
The group structure of polarisation Λ can be obtained by computing the Smith normal

form of the following matrix associated to the generators of Λ

Mklm =

�

k 0
m l

�

. (95)

A diagonal matrix D is the Smith normal form of Mklm if we find invertible integral matrices
S, T such that if SMklmT = D. The form of D is fixed to be D = diag(d, N/d). We find that
d = gcd(k, l, m) and correspondingly

Λ∼= Zd ×Zn/d , (96)

is the group structure of Λ.
Now we compute the line operators Ir exhibiting perimeter law in vacuum r from the

topological structure (88) of the associated N = 1 curve Σr . We can see that we need to
encircle a puncture n times to obtain a cycle on Σr implying that nW exhibits perimeter law,
but nW = 0 in L. On the other hand, following the branch cut, we see that H + rW exhibits
perimeter law, which is a non-trivial element of L. Thus, Ir = [H + rW ] is the subgroup of
L generated by H + rW . The intersection Λr = Ir ∩ Λ determines the line operators of the
chosen absolute theory that exhibit perimeter law and we can compute it to be

Λr
∼= Zbr

, (97)

where br = gcd(k, m − l r). The 1-form symmetry group Or preserved in r-th vacuum
is now given by the Pontryagin dual of Λ/Λr and crucially depends on the embedding
ιr : Λr

∼= Zbr
,→ Zd ×Zn/d

∼= Λ.
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To compute Or we denote the order d, n/d generators of Λ by F, G respectively. Then
we have the relation of bases (F, G) = DT−1(W, H). From (97) we find the generator of Λr
to be Br = (n/br)(H + rW ). We expand this generator as Br = pr F + qr G with coefficients
(pr , qr) ∈ Zd × Zn/d . These coefficients follow in turn from (pr , qr) = (n/br)(r, 1)T D−1. The
quotient Λ/Λr is computed using the Smith normal form (SNF) of the matrix

Mr =





d 0
0 n/d
pr qr





SNF
−−→





sr 0
0 tr
0 0



 . (98)

With this we find the 1-form symmetry group of the r-th vacuum to be

Or = Zsr
×Ztr

, (99)

where the integers sr , tr can be computed form the minors of Mr and are given by

sr = gcd
�

d,
n
d

, pr , qr

�

, tr = gcd
�

n,
npr

d
, dqr

�

. (100)

Note that even if sr , tr agree for two different vacua they are physically distinct if the associated
embeddings ιr : Zbr

,→ Zd × Zn/d differ. The embedding ιr is determined by Br ∈ Λ, that is
the confining properties of two vacua r1, r2 differ if and only if Br1

6= Br2
.

Before ending with two examples we give a simplification of the formula (99) for the case
of d = 1 often encountered at low rank. In this case sr = 1 and from pr = 0 and qr = n/br it
follows

d = 1 : Or = Ztr
(101)

with tr = gcd(n, n/br) = n/br = n/gcd(k, m− l r).

Example: Consider the gauge algebra su(4). There are seven different choices for the spec-
trum of line operators [2]

SU(4) : Λ= Z4 = [W ] ,

SU(4)/Z2 :

¨

SO(6)+ : Λ= Z(1)2 ×Z
(2)
2 = [2W, 2H] ,

SO(6)− : Λ= Z4 = [W + 2H] ,

SU(4)/Z4 :



















�

SU(4)/Z4

�

0 : Λ= Z4 = [H] ,
�

SU(4)/Z4

�

1 : Λ= Z4 = [W +H] ,
�

SU(4)/Z4

�

2 : Λ= Z4 = [2W +H] ,
�

SU(4)/Z4

�

3 : Λ= Z4 = [3W +H] .

(102)

The line operators exhibiting perimeter law in each vacuum are given by the intersection Ir∩Λ
and computed mod 4 for r = 0, 1,2, 3 respectively to be

SU(4) : Ir ∩Λ= 0, 0,0, 0 ,

SO(6)+ : Ir ∩Λ= [2H], [2W + 2H], [2H], [2W + 2H] ,

SO(6)− : Ir ∩Λ= 0, 0,0, 0 ,
�

SU(4)/Z4

�

0 : Ir ∩Λ= [H], 0, [2H], 0 ,
�

SU(4)/Z4

�

1 : Ir ∩Λ= 0, [W +H], 0, [2W + 2H] ,
�

SU(4)/Z4

�

2 : Ir ∩Λ= [2H], 0, [2W +H], 0 ,
�

SU(4)/Z4

�

3 : Ir ∩Λ= 0, [2W + 2H], 0, [3W +H] .

(103)
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The 1-form symmetry preserved in each vacuum is given by the Pontryagin dual of the quotient
Λ/ (Ir ∩Λ)

SU(4) : Or = Z4 ,

SO(6)+ : Or = Z
(1)
2 , Z(3)2 , Z(1)2 , Z(3)2 ,

SO(6)− : Or = Z4 ,
�

SU(4)/Z4

�

0 : Or = 0, Z4, Z2, Z4 ,
�

SU(4)/Z4

�

1 : Or = Z4, 0, Z4, Z2 ,
�

SU(4)/Z4

�

2 : Or = Z2, Z4, 0, Z4 ,
�

SU(4)/Z4

�

3 : Or = Z4, Z2, Z4, 0 .

(104)

Here Z(3)2 is the diagonal subgroup of Z(1)2 ×Z
(2)
2 . The 1-form symmetries of

�

SU(4)/Z4

�

k are
cyclic permutations of each other induced by shifts of the theta angle θ → θ + 2π.

Note that the SO(6)+ theory is obtained from the SU(4) theory by gauging the Z2 sub-
group of the Z4 1-form symmetry of the SU(4) theory. The resulting Z2 × Z2 1-form sym-
metry thus has a mixed anomaly [54], which is captured by the Bockstein of the extension
1→ Z2 → Z4 → Z2 → 1. It would be interesting to see this anomaly from a direct reduction
starting with the 6d anomaly polynomial.

Example: Consider the gauge algebra su(12)with the polariztationΛ= [6W, 4W+2H]. Using
(96) we find Λ ∼= Z2 × Z6. The generators of each factor are (F, G) = (6H, 4H + 2W ). There
are 12 vacua labelled by r = 0, . . . , 11 and with respect to the basis F, G the generators of Λr
have the coordinates





r 0 1 2 3 4 5 6 7 8 9 10 11
pr 1 1 1 1 1 1 1 1 1 1 1 1
qr 0 3 2 3 0 5 0 3 2 3 0 2



 . (105)

The 1-form symmetry Or preserved in each vacuum now follows from appending the columns
of (105) as a row to the diagonal matrix diag(2,6) and computing the diagonal entries of its
Smith normal form. The 1-form symmetries preserved in each vacuum are isomorphic to:

r 0 1 2 3 4 5 6 7 8 9 10 11

Or Z6 Z6 Z2 Z6 Z6 Z2 Z6 Z6 Z2 Z6 Z6 Z2
. (106)

The set of line operators displaying perimeter and area law differ for vacua with distinct (pr , qr)
even if their confinement indices agree. As in the previous example, there is a mixed 1-form
symmetry anomaly associated to the extension 1→ Z6→ Z12→ Z2→ 1 [55].

5 Confinement Index for N = 1 SYM with Adjoint Chiral

In this section we consider another rotation of N = 2 SYM with gauge algebra g = su(n).
This rotation corresponds to turning on a generic tree-level cubic superpotential for the N = 1
adjoint chiral multiplet living in the N = 2 vector multiplet

W (Φ) =
g
3

TrΦ3 +
µ

2
TrΦ2 . (107)

We also briefly discuss rotations corresponding to generic superpotentials of higher order

W (Φ) =
k
∑

i=2

gi

i
TrΦi , (108)
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for k ≤ n, which are analyzed similarly. Note that the mass dimension of gi is negative for
i ≥ 4, so the higher order superpotentials are non-renormalizable and the resulting N = 1
theory needs a UV cutoff to be well-defined (see the related discussion in section 3.3.3).

Field theoretically the confining properties of the theory after turning on these superpo-
tentials was studied in [21], which we briefly review before turning to the main discussion
deriving these properties from N = 1 curves. Classical vacua are given by diagonal config-
urations of Φ with eigenvalues extremizing the superpotential. Classical vacua are therefore
labelled by k − 1 integers (n1, n2, · · · , nk−1) (such that n1 + n2 + · · ·+ nk−1 = n) counting the
number of eigenvalues fixed to the k−1 different critical points of the superpotential. In such
a vacuum the gauge symmetry is broken as

su(n) → su(n1)⊕ su(n2)⊕ · · · ⊕ su(nk−1)⊕ u(1)k−2 . (109)

At low energies the non-abelian factors decouple and individually confine, and the system
settles in one of n1n2 · · ·nk−1 quantum vacua, leaving an abelian gauge theory. We label these
vacua by integers (r1, r2, · · · , rk−1) where ri ∈ {0, . . . , ni − 1}. The Wilson and ‘t Hooft lines
Wi , Hi of each non-abelian factor su(ni) are identified as Wilson and ‘t Hooft lines W, H of the
initial su(n), which can be used to read the confining properties. We expect niWi , Hi + riWi
for each i to exhibit perimeter law, implying perimeter laws for niW, H + riW for each i. Thus
the set of lines exhibiting perimeter law in vacuum (r1, r2, · · · , rk−1) can be written as

Ir1,r2,··· ,rk−1
= [H + r1W, gcd(n1, n2, · · · , nk−1, r1 − r2, r2 − r3, · · · , rk−2 − rk−1)W ] , (110)

which is a subgroup of L ' ZW
n × Z

H
n . The confining properties of each vacuum can now be

determined once one chooses a polarization. For instance, if one chooses the purely electric
polarization Λ = ZW

n , then the 1-form symmetry group preserved in vacuum (r1, r2, · · · , rk−1)
is

Or1,r2,··· ,rk−1
= Zt ; t = gcd(n1, n2, · · · , nk−1, r1 − r2, r2 − r3, · · · , rk−2 − rk−1) , (111)

where t is known as the confinement index of the vacuum.

5.1 Constraints from Rotation to N = 1

The starting point is the Seiberg-Witten curve for g= su(n) N = 2 SYM

P(v) = det(v −φζ) = Pn(v)−Λn
�

t +
1
t

�

= 0 . (112)

Here φζ denotes the contraction of the Higgs field φ with the vector ζ = t∂t and
Pn(v) = vn +

∑n
i=2 ui v

n−i with the ui parametrizing the CB. Irregular punctures of type P0
are located at t = 0,∞. The cubic superpotential (107) can be turned on by rotating the
puncture at t =∞ such that the Higgs field ϕ is subject to the boundary conditions

t →∞ : ϕ→ gφ2
ζ +µφζ . (113)

The asymptotics of the Higgs field φ at the puncture t =∞ read

t →∞ : φζ = Λt1/ndiag
�

1,ω,ω2, · · · ,ωn−1
�

+ . . . , (114)

at the puncture t =∞, which follows from (112). Here ω= exp(2πi/n). The eigenvalues of
φζ grow as Λ|t|1/n whereby those of ϕ grow as gΛ2|t|2/n as t →∞. This restricts the w-curve
Q(w) = det(w−ϕ) = 0 to take the form

Q(w) = wn + bt2 + t
bn/2c
∑

k=0

dkwk +
n−1
∑

k=0

ckwk , (115)

35

https://scipost.org
https://scipost.org/SciPostPhys.12.1.040


SciPost Phys. 12, 040 (2022)

for some complex constants b, ck, dk. The boundary condition (113) fixes the terms of maximal
growth O(t2), i.e. the coefficients b, dn/2 or b when n is even or odd respectively. This follows
by substituting the asymptotics (114) into the boundary condition (113) and collecting all
terms of the w-curve which do not receive contributions from the lower order terms. For even
n we find

Q(w) =
�

wn/2 − gn/2Λn t
�2
+ t

n/2−1
∑

k=0

dkwk +
n−1
∑

k=0

ckwk , (116)

while for odd n we have

Q(w) = wn − gnΛ2n t2 + t
(n−1)/2
∑

k=0

dkwk +
n−1
∑

k=0

ckwk . (117)

This form of the w-curve follows purely from the prescribed behavior of ϕ at the puncture
t =∞. We can improve on this ansatz for even n with n1 = n2 and r1 = r2 where a sponta-
neously broken R-symmetry is restored. While select, these cases display interesting screening
effects, as seen from the confinement index (111). We finish this section with a discussion
of this symmetry enhancement before improving on the above Ansätze by prescribing branch
points and cuts away from the punctures.

The superpotential (107) has two critical points associated to su(n1) and su(n2) gauge
algebras arising at low energies. The exchange of these two critical points is an R-symmetry
of the theory17 which acts on the quantum vacua by n1 ↔ n2 and r1 ↔ r2. Thus, this
symmetry is spontaneously preserved only in the vacua characterized by n1 = n2 and r1 = r2.
The symmetry changes the sign of v while leaving w invariant and we therefore expect the
eigenvalues of ϕ to come in identical pairs. The w-curve must only have double roots and this
improves the ansatz (116) to

Q(w) =

 

wn/2 − gn/2Λn t +
n/2−1
∑

k=0

ekwk

!2

, (118)

introducing the complex constants ek. The sheets of the v-curve on the other hand must
come in pairs related by the symmetry v ↔ −v, in particular there must be an involutive
renumbering of the sheets which leaves the branch cuts structure invariant. The v-curve is an
n-fold cover of the Gaiotto curve and the w-curve is an n-fold cover which degenerated to an
(n/2)-fold cover as seen from the perfect square (118). We call latter as the reduced w-curve.
By the above the branch cut structure of the reduced w-curve is the Z2 quotient of that of the
v-curve. We discuss this very interesting R-symmetry for g= su(4) at length in section C.2.

5.2 Topological Factorization

We begin by determining the ramification structure of the generic v- and w-curves from (112)
and (116) or (117). The v-curve has two Zn branch cuts emanating from the punctures at
t = 0,∞. Further there are deg∆(P , v) = 2n− 2 branch points terminating Z2 branch cuts.
The w curves (116), (117) have a single Zn branch cut emanating from the rotated puncture
at t =∞. The discriminant ∆(Q, w) has order

deg∆(Q, w) =

¨

2n− 3 , n even and r1 6= r2 whenever n1 = n2

2n− 2 , n odd,
(119)

17To see this, shift v→ v −µ/2g for which we have W ′(v) = gv2 −µ2/4g. The symmetry is now implemented
by v→−v which changes the sign of the superpotential, and hence the symmetry is an R-symmetry.
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which is equal to the number of branch points terminating Z2 branch cuts. The generic branch
cut structure therefore takes the form18

v :
a

b1,2

bn−1,n

t =∞

b1,2

bn−1,n

a

t = 0

2n− 2

w :
a

b1,2

bn−1,n

t =∞
n− 1

n− 2

n− 1
or

(120)

with n−2 and n−1 branch points not connected to t =∞ in the w-curve for n even and odd
respectively. When n is even and n1 = n2 and r1 = r2 the w-curve takes the form (118). We
remove the doubling up of roots by considering the (n/2)-fold cover Q1/2(w) = 0 for which
we find to have the branch cut structure:

w :
ã

b̃1,2

b̃n/2−1,n/2

t =∞
n/2− 1

, (121)

where ã denotes the cyclic permutation of the n/2 sheets and b̃i j a transposition of the i-th
and j-th sheet.

We now implement the factorization condition topologically. The gauge symmetry break-
ing to su(n1) ⊕ su(n2) ⊕ u(1) demands the presence of n1 + n2 − 2 = n − 2 mutually local
massless monopoles. We need to restrict to the CB sublocus on which the SW curve degener-
ates to genus one (here ϕ can be turned on). Therefore this condition is addressed at the level
of the v-curve and met by colliding all but one pair of branch points of the v-curve, which are
related by the t ↔ 1/t, at t = ±1. When n is even/odd there are three/two possibilities for
the number of branch points colliding in at t = ±1. This follows from considering the limit
Λ→ 0, which does not change the topology of the SW curve (or the N = 1 curve after rota-
tion). In this limit the dynamics of the su(ni) factors decouple and each subsector is described
by its own SW curve Pni

= Pni
(v)−Λni (t+1/t) = 0. The polynomials Pni

(v) are the Chebyshev
polynomials. The discriminant of these SW curves then takes the form

∆(Pni
, v)∼ (t + 1)2ki,−(t − 1)2ki,+ , (122)

18We remind the reader that a summary of our notation is in appendix A.
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where ki,− = ki,+ + 1 = ni/2 and ki,− = ki,+ = (ni − 1)/2 for even and odd ni , respectively
For example when ni = 2,3, 4 we have ki,− = 1, 1,2 and ki,+ = 0, 1,1 respectively. Here ki,±
denotes the number of branch points collided at t = ±1. Naively this suggests that a given
partition n= n1+ n2 fixes the number of branch points collided at t = ±1 to k± = k1,±+ k2,±.
However taking the chiral symmetry t →−t and Λn →−Λn of the su(n) theory into account
we find that for every factorization of the discriminant∆(P , v) characterized by (k+, k−) there
must also exist one with (k−, k+) in the N = 2 CB as the chiral symmetry maps k+ ↔ k−.
Therefore the discriminant of the rank n SW curve takes one of the three possible forms

∆(P , v)∼











(t + 1)n/2(t − 1)n/2−1

(t + 1)n/2(t − 1)n/2

(t + 1)n/2−1(t − 1)n/2
, (123)

for even n, while taking one of the two forms

∆(P , v)∼

¨

(t + 1)(n−3)/2+1(t − 1)(n−3)/2

(t + 1)(n−3)/2(t − 1)(n−3)/2+1 , (124)

for odd n along loci of complex dimension one in the N = 2 CB at which the gauge symmetry
enhances to su(n1) ⊕ su(n2) ⊕ u(1). These loci are not irreducible in general. However, in
the low rank examples with gauge algebra g = su(3), su(4) considered appendix C we have
precisely 2, 3 such irreducible subloci characterized by (124), (123), respectively.

When the unbroken gauge symmetry is su(n1)⊕ su(n2)⊕ u(1) the deformed N = 1 gauge
theory has n1n2 vacua. Each such vacuum is associated with an N = 1 curve which in turn
follows from a rotation of the v-curve described above. Different v-curves are related by partial
Dehn twists, which result from movements of branch-points on the base curve. This follows
again from studying the topology of the SW curve in the limitΛ→ 0, where the dynamics of the
su(ni) factors decouple. There are ni −1 massless monopoles associated with each factor and
correspondingly ni−1 pairs of branch points colliding at t = ±1. These are in correspondence
with a subset of the branch points of the full su(n) theory. The problem essentially factorizes
and we can determine for each su(ni) the set of branchpoint movements associated to different
Dehn twists, and then superpose them.

We therefore need to understand the movement of the branch points for the Chebyshev
polynomials when going between the monopole points of the su(ni) SW curve via the phase
rotation v→ eπi/ni v. These are precisely the Dehn twists discussed in section 4.

Consider the v-curve preparing the rotation to the vacuum labelled (r1, r2) = (0,0) with
the integer double (n1, n2). We have the branch cut structure

v :
a

∞ a 0

c

1/c

bn1

bn2

bn1+1,1

bn,n1

, (125)

where bn1
and bn2

act via cyclic permutation on the first n1 and last n2 sheets respectively,
i.e. the central branch lines are commuting and of monodromy type Zn1

and Zn2
. The branch

lines connecting to t = c, 1/c are Z2 branch lines. For clarity we depict (125) once more, now
labelling the branch cuts by their monodromy subgroups
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v :
Zn

∞ Zn 0

c

1/c

Zn1

Zn2

Z2

Z2

. (126)

From (125) we generate a total of n1n2 branch cut structures, labelled by integers (r1, r2),
by wrapping the Zn1

and Zn2
branch lines r1 and r2 times around the vertical equator of

the Gaiotto curve respectively. We call the move individually increasing or decreasing r1, r2
by one a positive or negative partial Dehn twist respectively, while the move simultaneously
increasing or decreasing r1, r2 by one is referred to as an overall positive or negative Dehn
twist respectively. For instance, the (1,0) and (0, 1) configurations respectively are

v :
a

t =∞ a t = 0

c

1/c

bn1

bn2

bn1+1,1

bn1+1,1

v :
a

∞ a 0

c

1/c

bn2

bn1

bn1+1,1

bn1+1,1

, (127)

where the dotted lines depict a branch cut wrapping around the twice punctured sphere C .
Wrapping the Zni

branch line ni times around the sphere the ni loops can be stacked and
trivialize, i.e. we have the equivalence of configurations (r1, r2) ∼ (r1 + n1, r2) ∼ (r1, r2 + n2)
for a given partition n= n1+ n2. Therefore we restrict to the labels to run as ri = 0, . . . , ni −1
and for every partition n= n1 + n2 we therefore have n1n2 branch cut structures of the type

v :
Zn

∞ Zn 0

c

1/c

Zn1

Zn2

Z2

Z2

(r1, r2)
loops

Zn2

Zn1

. (128)
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We turn to the w-curve. The branch points of the generic w-curve (120) must be moved
to match the branch cut structure of the v-curve (128). The v-curve has a Zn branch line
terminating at t = 0. The w-curve is therefore required to have a branch point at t = 0
similarly terminating a Zn branch line. This follows by colliding branch points on the lhs of
(120) at t = 0. This move is realized by setting ck = 0 in (116) and (117) improving the
ansätze for the w-curve to

Q(w) = wn + gnΛ2n t2 − 2gn/2Λnwn/2 t +
n/2−1
∑

k=0

dkwk t , (129)

for even n and to

Q(w) = wn − gnΛ2n t2 +
dn/2e−1
∑

k=0

dkwk t , (130)

for odd n as otherwise total ramification at t = 0 is not possible. For cases with n1 = n2 and
r1 = r2 this move sets ek = 0 in (118) which fully fixes the curve to

Q(w) =
�

wn/2 − gn/2Λn t
�2 . (131)

The remaining dn/2e complex constants dk in (129) and (130) are determined, up to discrete
choices, by colliding all but a pair of the n−2 or n−1 branch points shown on the rhs in (120)
and moving the two unpaired branch points to t = c, 1/c. The former fixes dn/2e−2 parameters
and the latter the remaining 2. For a given v-curve with branch points at t = c, 1/c we must
pick the w-curve with the same branch cut structures of this discrete set of solutions. This
finally determines the unique w-curve to a given v-curve, both share the branch cut structure
shown in (128). In the cases with n1 = n2 and r1 = r2 the w-curve (121) however simply
takes the form

0
ã

∞ r1 = r2
loops

ã

w : Zn/2

Zn/2

. (132)

This w-curve is the Z2 quotient of the corresponding v-curve (128) via identification of the
sheets related through the unbroken Z2 R-symmetry.

The N = 1 curve is now the diagonal of the v, w-curves. If both curves are given by (128)
the N = 1 curve is given by the n pairs (vi , wi) sweeping out its i-th sheet. For the cases with
n1 = n2 and r1 = r2 with v-curve (128) and w-curve (132), the Z2 R-symmetry maps the
j-th sheet of the v-curve to the ̃ -th sheet where we number the sheets as j = 1, . . . , n/2 and
̃= n/2+1, . . . , n. The N = 1 curve in these cases is given by the two sets of n/2 pairs (v j , w j)
and (v ̃, w j). In both cases the N = 1 curve is an n-fold cover of the Gaiotto curve.

5.3 Line Operators, Confinement and Higher-order Superpotentials

Consider the CSW N = 1 curve associated to the (r1, r2) vacuum for partition n = n1 + n2
given by
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Σr1,r2
:

Zn

∞ Zn 0

c

1/c

Zn1

Zn2

Z2

Z2

(r1, r2)
loops

Zn1

Zn2

. (133)

We now determine, using the curve (133) and following the procedure of section 3.5, the set
Ir1,r2

of line operators that would exhibit perimeter law in the N = 1 vacuum described by
the curve (133). The central Zn1

,Zn2
monodromy actions commute and act on a disjoint set of

sheets. Starting from a point lying along the equator and on the sheet acted upon by the Zni

action, we return to the same sheet if we go around the equator ni times. Thus niW ∈ Ir1,r2

for i = 1,2. Now, start from the puncture at infinity from a sheet acted upon by the Zn1
action,

and follow the Zn, Zn1
branch cuts to reach the puncture at t = 0. On this path, one is allowed

to cross the Zn2
branch cut, but not the Zn, Zn1

,Z2 branch cuts. Since Zn2
does not act on this

sheet, one remains on the same sheet and obtains a cycle on the N = 1 curve Σr1,r2
which

projects to the cycle H+ r1W on the Gaiotto curve C. Similarly, there is a cycle on Σr1,r2
which

projects onto the cycle H + r2W on C. Thus, in total,

I(r1,r2) = [n1W, n2W, H + r1W, H + r2W ] = [H + r1W, gcd(n1, n2, r1 − r2)W ] , (134)

matching the field theory expectation (110).
In a similar fashion, one can study the theory deformed by a general higher-order super-

potential (108). This deformation can be achieved by performing the rotation

t →∞ : ϕ→
k
∑

i=2

giφ
i−1
ζ . (135)

Consider a vacuum specified by partition n1+n2+ · · ·+nk−1 = n and integers (r1, r2, · · · , rk−1)
with ri ∈ {0, . . . , ni − 1}. The N = 1 curve Σr1,r2,··· ,rk−1

has the following branch cut structure

Σr1,r2,··· ,rk−1
:

Zn

∞ Zn 0

c1

1/c1

Zn1

Znk−1

(r1, r2, · · · , rk−1)
loops

Zn1

Znk−1

· · ·
ck−2

· · ·
1/ck−2

· · ·

· · ·

, (136)

where dashed lines carry (in general, different) Z2 monodromies whose associated branch
cuts combine with the Zn branch line and split it into Zni

branch lines with each Zni
acting on

mutually different ni number of sheets. The Zni
branch line wraps the sphere ri number of

times along the equator. The branch points at ci and 1/ci carry the same Z2 monodromy.
Let us study the cycles on this N = 1 curve. If we start at a point on equator and along

a sheet acted upon by the Zni
line, then traversing the equator ni times brings us back to the
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same sheet. Thus niW exhibits perimeter law for each i. Moreover, starting at t =∞ along
a sheet acted upon by Zni

and running along the Zn branch line and Zni
branch line to reach

t = 0, we obtain the cycle H + riW , which implies that the associated line exhibits perimeter
law. The full set of line operators exhibiting perimeter law can be written as

Ir1,r2,··· ,rk−1
= [H + r1W, gcd(n1, n2, · · · , nk−1, r1 − r2, r2 − r3, · · · , rk−2 − rk−1)W ] , (137)

matching the field theory expectation (110).

6 Confinement in Non-Lagrangian Theories

Because of the lack of available tools, confinement is typically studied only in Lagrangian
theories. The main advantage of the method outlined in this paper is that it allows to study
confinement for N = 1 deformations of Class S theories, which are typically non-Lagrangian.
Thus, in this section, we discuss a class of non-Lagrangian theories and apply our method to
show that they contain vacua exhibiting confinement.

We discuss an infinite class of such theories. The simplest theory in this class is related to
the famous E6 Minahan-Nemeschansky theory. More precisely, it is an N = 1 deformation of
the asymptotically conformal 4d N = 2 theory obtained by gauging an su(3)3 subalgebra of
the e6 flavor algebra of the E6 Minahan-Nemeschansky SCFT. Other examples in the class are
N = 1 deformations of the asymptotically conformal 4d N = 2 theory obtained by gauging
su(n)n flavor symmetry of the 4d N = 2 SCFT obtained by gluing n−2 copies of Tn trinions, or
in other words, the 4d N = 2 SCFT obtained by compactifying An−1 (2,0) theory on a sphere
with n maximal regular untwisted punctures.

The first few subsections are devoted to the n = 3 example, while the last subsection
discusses briefly the generalization to general n.

6.1 The 4d N = 2 Setup: Sphere with three P0 Punctures

Consider compactification of 6d N = (2,0) theory of type An−1 on a sphere with three irregular
punctures of type P0. We will refer to these theories by Pn,3, and more generally we define

Pn,α = 6d (2,0) An−1 theory on a sphere with α irregular P0 punctures . (138)

Though our interest is in the case n= 3, we keep n general in this subsection. This constructs
a 4d N = 2 theory described by a quiver of the form

TnPn,3 :

n

n n , (139)

i.e. the Tn theory with its su(n)3 flavor symmetry gauged and no additional matter. For n= 3,
the T3 theory is the same as the E6 Minahan-Nemeschansky theory.

Placing the punctures at t = 0,1,∞ the v-curve takes the form

P(v) = vn −
n−2
∑

k=1

Pn−k(t)vk

(t − 1)n−k
−

Pn+3(t)
t(t − 1)n+1

= 0 , (140)
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where the polynomials Pk(t) are polynomial of degree k. These contain

3+ 3(n− 1) +
(n− 2)(n− 1)

2
, (141)

complex parameters with 3(n − 1) of them being the CB parameters associated to the three
su(n) gauge algebras, (n− 2)(n− 1)/2 of them being the CB parameters associated to the Tn
theory, and 3 of them being mass parameters associated to the strong-coupling scales of the
three su(n) gauge algebras which can be identified via the asymptotics

t → 0 : φζ ∼ Λ0 t−1/ndiag
�

1,ω,ω2, · · · ,ωn−1
�

+ · · · ,

t → 1 : φζ ∼ Λ1 (t − 1)−(n+1)/ndiag
�

1,ω,ω2, · · · ,ωn−1
�

+ · · · ,

t →∞ : φζ ∼ Λ∞ t1/ndiag
�

1,ω,ω2, · · · ,ωn−1
�

+ · · · .

(142)

From this we learn

Λn
0 = (−1)n+1Pn+3(0) , Λn

1 = (−1)n+1Pn+3(1) , Λn
∞ =

Pn+3(t)
tn+3

�

�

�

t=∞
. . (143)

Let us now turn to the study of the defect group of line operators in this 4d N = 2 the-
ory. Inserting the surface defect f ∈ bZ ' Zn along the cycles encircling the three punctures
gives rise to three line operators Wi , and inserting f along cycles stretching between the three
punctures gives rise to line operators Hi j , as shown below

∞

v :

1

0

W1

W2

W3

H32H21

H13

. (144)

Wi can be identified with the Wilson line associated to su(n)i and Hi j can be identifed with
‘t Hooft line Hi − H j where Hi is the ‘t Hooft line associated to su(n)i . These lines are not
independent but sum to zero

W1 +W2 +W3 = 0 , H21 +H32 +H13 = 0 . (145)

Thus the defect group is

L=
�

Wi , H jk

	

/ {W1 +W2 +W3 = 0, H21 +H32 +H13 = 0} . (146)

The pairing on these line operators is

〈Wi , Hi j〉= 1/n , 〈Wj , Hi j〉= −1/n , (147)

and zero otherwise. One can choose various polarizations, but we will be particularly con-
cerned with the purely electric polarizationΛ= {Wi}/ {W1 +W2 +W3 = 0}which corresponds
to choosing the global form of the gauge symmetry groups to be SU(n)i for each i. The 1-form
symmetry group for this polarization is bΛ' Zn ×Zn.
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6.2 Rotating to N = 1: P3,3

We now deform the n = 3 version of the above discussed N = 2 theory to N = 1, which is
the theory P3,3 defined in (138). We do this by rotating the two punctures at t = 0,∞. The
specific form of the rotation is discussed later. This rotation is only possible at certain points
in the CB of N = 2 vacua, whose branch cut structure we first discuss. At a generic point in
the CB, the v-curve (148) has 12 branch points of Z2 monodromy. Thus, we can represent the
branch cut structure as

∞
v :

1

0

a

b1,2

b2,3 a

b1,2 b2,3

a

b1,2

b2,3

. (148)

The CB vacua that survive are obtained by colliding the two sets of 6 branch points together
at t = t1, t2 with the v-curve being The v-curve after taking the above limit is written as

v3 −Λ3 (t − t1)3(t − t2)3

t(t − 1)4
= 0 . (149)

From this we see that all the CB parameters have been fixed, and the scale Λ and the locations
t1, t2 of collided branch points are determined in terms of Λi computed in (143). There is no
monodromy as one encircles the two points t1 and t2, while the three punctures still have a
Z3 monodromy. Thus the branch cut structure has to be

∞
v :

1

0

a

aa

. (150)

The rotation that we perform is specified by the boundary conditions

t → 0 : ϕ→ µ0φζ ,

t →∞ : ϕ→ µ∞φζ .
(151)

The generic w-curve compatible with these asymptotics is

w3 −
1
∑

k=0

c3−kwk −
d0

t
− d∞ t = 0 , (152)

for some complex constants c2, c3, d0, d∞. The associated branch cut structure can be displayed
as

∞
w :

0

a

b1,2

b2,3

a

b1,2

b2,3

. (153)
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The w-curve (189) has the symmetry

t↔ d0/td∞ , (154)

which pairs branch points of identical Z2 monodromy. To match the Z3 monodromy of the
v-curve about t = 1 we need to collide 2 branch points of the w-curve with Z2 monodromy at
t = 1. Necessarily the remaining 2 branch points collide at t = d0/d∞ ≡ d. The point t = 1 is
a branch point and necessarily fully ramified, i.e. all sheets must come together at w= 0. Thus
we require that substitution of t = 1 into the w-curve (189) results in the equation w3 = 0.
This implies c3 = d0 + d∞ with c2 vanishing. Further we have

, t → 0 : w3→ µ3
0v3 = µ3

0Λ
3
0/t + . . .

t →∞ : w3→ µ3
∞v3 = µ3

∞Λ
3
∞ t + . . . ,

(155)

from which d0 = µ3
0Λ

3
0 and d∞ = µ3

∞Λ
3
∞ follow. The w-curves potentially matched by the

v-curve simplify to

w3 −µ3
0Λ

3
0

�

1−
1
t

�

−µ3
∞Λ

3
∞ (1− t) = 0 . (156)

The structure of this curve is determined by two disjoint branch cuts of Z3 monodromy and
takes the form

∞
w :

1

0

d

. (157)

We further take the limit d = 1, which constrains the two parameters µ0,µ∞ in terms of each
other (and Λi) and the final w-curve is then

∞
w :

1

0

a

aa

. (158)

In equations, the w-curve becomes

w3 −µ3Λ3
�

t +
1
t
− 2

�

= 0 , (159)

where µ3 = −µ3
∞.

The N = 1 curve is specified by the diagonal combination of (150) and (158). The cycles
on the N = 1 curves project to Hi j and 3Wi . Thus Hi j show perimeter law while Wi show area
law. Thus, in the electric polarization Λ, the preserved 1-form symmetry group in this vacuum
is

O = bΛ' Z3 ×Z3 . (160)

That is, akin to the case of a vacuum of N = 1 SYM in electric polarization, no element of the
1-form symmetry group is broken in this vacuum.
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6.3 Generalizations: Pn,n

The above discussed example falls into an infinite class of theories which contain similar con-
fining vacua. The N = 2 theory Pn,α=n, defined in (138), that we begin with is obtained by
compactifying An−1 (2,0) theory on a sphere with n irregular punctures of type P0. Notice
that the number of punctures is correlated to the type of (2,0) theory. This N = 2 theory Pn,n
can be understood as being obtained by gauging the su(n)n flavor symmetry algebra of the
4d N = 2 SCFT Sn obtained by compactifying An−1 (2, 0) theory on a sphere with n maximal
regular punctures. Each su(n) factor in the resulting su(n)n gauge algebra has non-vanishing
beta function such that the associated gauge couplings asymptote to zero in the UV. Thus, the
4d N = 2 theory Pn,n under consideration asymptotes in the UV to the 4d N = 2 SCFT Sn
described above.

If we label the punctures by i ∈ {1,2, · · · , n}, then the un-screened line operators can be
written as Wi , Hi j , where Wi arises by wrapping the surface defect f along a loop encircling the
i-th puncture, and Hi j arises by wrapping f along a 1-cycle going from puncture j to puncture
i. We can write the defect group as

L= LW ×LH , (161)

such that
LW = {Wi}/

¦∑

Wi = 0
©

' Zn−1
n (162)

and
LW =

�

Hi+1,i , H1n

	

/
¦∑

Hi+1,i +H1n = 0
©

' Zn−1
n . (163)

The non-trivial pairings are

〈Wi , Hi j〉= 1/n , 〈Wj , Hi j〉= −1/n . (164)

We call the polarization Λ= LW as the electric polarization.
Let the punctures be located at t = 0,∞, 1, p1, p2, · · · , pn−3. We rotate all punctures except

the one located at t = 1 such that the asymptotics of ϕ are

t → 0 : ϕ→ µ0φζ ,

t →∞ : ϕ→ µ∞φζ ,

t → pi : ϕ→ µiφζ .

(165)

We take specific limits of the v and w curves such that they become

vn −
Λn(t − t v

n−2)
n(t − t v

n−1)
n

t(t − 1)n+1

n−3
∏

i=1

(t − t v
i )

n

(t − pi)n+1
= 0 ,

wn −
dn(t − 1)n−1

t

n−3
∏

i=1

(t − tw
i )

n

(t − pi)n+1
= 0 ,

(166)

where Λ, t v
i capture the strong coupling scales associated to su(n)n gauge algebra and d, tw

i
capture the rotation parameters µi . Since we have n−1 number of µi but only n−2 number of
parameters d, tw

i , there is a constraint the rotation parameters have to satisfy for the vacuum
described by the above solution to exist. From the above expressions, we see that there is no
monodromy around t v

i for the v-curve, and there is no monodromy around tw
i for the w-curve.

On the other hand, there is a Zn monodromy around pi , 1, 0,∞ for both v and w curves. Thus,
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we can write the branch structure of the N = 1 curve Σ as

∞
Σ :

1

0

a

aa

· · ·p1

p2
pn−3

a a
a

. (167)

From this curve we see that Hi j show perimeter law, while Wi show area law. It should be

noted though that some combinations of Wi also show perimeter law. For example, pick a
positive integer k that divides n. Choose any set Sk comprising of k punctures. Then the line
operator

n
k

∑

i∈Sk

Wi , (168)

shows perimeter law. In any case, since Wi show area law, this vacuum exhibits non-trivial
confinement for the electric polarization Λ = LW . The preserved 1-form symmetry group
depends on the divisors of n. If n is prime, then the preserved 1-form symmetry group is easily
computed to be

O = bΛ' Zn−1
n . (169)

Clearly this class of non-Lagrangian confining theories deserve further investigation. In a sim-
ilar way, using the methods described in this paper, one can construct a large number of other
classes of examples of N = 1 theories that contain confining vacua.

7 Conclusion and Future Directions

In this paper, we studied confinement in 4d N = 1 theories that can be obtained by deforming
4d N = 2 theories of Class S. The line operators of the theory are encoded in 1-cycles on the
Gaiotto curve used to compactify the 6d (2, 0) theory. The line operators exhibiting perimeter
law in a vacuum r are deduced as the subgroup of 1-cycles that arise as projections of 1-cycles
living on the N = 1 curve Σr associated to the vacuum r, under the projection map provided
by the fact that the N = 1 curve is an N -fold cover of the Gaiotto curve. In this way, the
1-cycles on the N = 1 curve Σr encode confinement in the vacuum r. One point to be noted
is that, in this paper, we have only considered situations in which the 4d N = 2 Class S theory
(before deformation) arises by an untwisted compactification of 6d (2, 0) theory of type An−1.
The generalization to (2, 0) theories of other types and the inclusion of twists is an interesting
future direction.

The N = 1 curve is obtained as the spectral curve associated to a generalized Hitchin
system comprising of two Higgs fields φ,ϕ. φ is the standard N = 2 Higgs field associated to
the parent N = 2 Class S theory. On the other hand, the asymptotic behavior of the other Higgs
field ϕ at the locations of punctures encodes the deformation parameters used to deform the
parent N = 2 theory to N = 1 theory. However, the dictionary between the two has not been
made explicit in this paper, and would be interesting to explore futhre. In this context, it would
be interesting to understand the implications of turning on asymptotics of ϕ that correspond
to turning on irrelevant deformation parameters in the N = 2 theory (see the discussion in
section 3.3.3).
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Another interesting direction to pursue following from this paper is to study ’t Hooft anoma-
lies of the global symmetries of these theories, in particular the 0- and 1-form symmetries. E.g.
the SYM theories have a mixed anomaly between the chiral symmetry and 1-form symmetry,
which in [56] was determined for N = 1 SYM theory starting with the Little String anomaly
polynomial. It would be very interesting to derive the anomalies, and the IR TQFTs describing
various vacua, starting with the 6d (2, 0) theory, and generalizing this to other theories that
have a realization in terms of the class S inspired approach we have taken in this paper.

The class S theories can have in certain instances a description in terms of Type IIB compact-
ified on a singular Calabi-Yau three-fold, constructed as an ALE-fibration over C. The fibration
structure is encoded in the N = 2 Higgs field and it can be shown that the one-form symmetry
from the class S description maps nicely to the IIB picture, where the 1-form symmetry is en-
coded in the boundary data of the Calabi-Yau [29]. It would be very interesting to determine
the N = 1 analog, i.e. how the pair of Higgs fields φ and ϕ of the generalized Hitchin system,
encode data of a IIB or F-theory background (one realization of 4d N = 1 theories is in terms
of elliptic Calabi-Yau four-folds).

The most exciting direction that this paper opens up is the study of confinement in non-
Lagrangian theories. This is exemplified in section 6, where we provide construction of a family
of non-Lagrangian N = 1 theories that contain confining vacua. These confinement properties
can be read off from the associated N = 1 curves and the spectrum of line operators of the
theory, that we also determine. In general, we hope that this work would act as a stepping
stone to a more general study of phases of N = 1 theories and possibly uncover interesting
physical phenomena in these theories.
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A Summary of Notation

• Gaiotto Curve: C

• Higgs fields: φ,ϕ

• Relative vector field: ζ

• N = 1 Curve: Σ,Σr

• v-curve: det(v −φζ) = 0

• w-curve: det(w−ϕ) = 0

Summary of notation in figures of v- and w-curves.

• The picture shows the Gaiotto curve parametrized by t and the branch cuts for v, w as
n-fold cover over it.

• Punctures and branch points are denoted by stars and crosses, respectively.
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• Branch lines are labelled by a monodromy element in the symmetric group Sn.

• Cyclic permutation (123 · · ·n)→ (234 · · ·n1) is denoted by a.

• Transposition of i j is denoted by bi j .

• Dashed lines are associated with Z2 branch cuts and solid oriented lines are associated
with Zn>2 branch cuts.

• Branch lines are oriented such that the labelled monodromy takes action along a closed
path γ(τ) when the cross product of the oriented line with the vector γ̇ points out of the
page.

• The circle |t| = 1 is located at the vertical equator with t = 1 on the front and t = −1
on the back.

B Rotation at Argyres-Douglas Points

In this appendix we discuss the rotation of 4d N = 2 SYM theories with gauge algebra su(n)
by the superpotential W (φ) = (g/n)φn. This superpotential is a degenerate case of the higher
order superpotentials for the CSW case discussed in section 5.3, as all critical points now
coincide (at the origin). This case is of some interest because it provides an example showing
the difference between considering a generic and a non-generic superpotential. Moreover,
the N = 2 CB vacua which are left unlifted by this deformation are the two Argyres-Douglas
points, and so this case might have some interesting connections to N = 1 deformations of
the corresponding N = 2 Argyres-Douglas theories.

We follow the steps outlined in section 3.4.2 to determine theN = 1 curve. The topological
manipulations are of the type already encountered in the CSW curves (194) and in the novel
trinion-like curves (150) and (158) and are therefore worth isolated attention.

At the Argyres-Douglas points n − 1 mutually non-local dyons become massless. In the
N = 2 CB these points are characterized by the SW curve

vn −Λn
�

t +
1
t
± 2

�

= 0 . (170)

The discriminant ∆ = Λn(n−1)(t ± 1)2n−2/tn−1 shows that 2n − 2 branch points of Z2 mon-
odromy have been collided at t = ∓1. This collision is understood starting from the general
v-curve:

v :
a

b1,2

bn−1,n

∞

b1,2

bn−1,n

a

0

(171)

First collide all branch points at t = d, 1/d which now terminate Zn branch cuts
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v :
a

∞

a

0d 1/d

(172)

and subsequently we move both branch points to t = ±1. The branch cuts are oriented such
that the Zn monodromies add and we are left with a single non-singular branch point:

v :
a

∞

a

01

a

∞

a

0
−1

(173)
Solving (170) we find v = Λ(t ± 1)2/n t−1/n which matches the final picture in (173) having
Zn monodromy about t = 0,∞ and twice the monodromy about t = ∓1.

The w-curve follows from the rotation of the puncture t =∞ via boundary conditions
ϕ→ gφn−1

ζ
as t →∞. The Higgs field ϕ is required to be regular elsewhere. This implies for

the eigenvalues |w| ∼ |v|n−1 ∼ |t|
n−1

n when approaching the rotated puncture at infinity. This
bounds the growth of each summand in the spectral curve of ϕ by tn−1. With this we find the
w-curve constrained to

wn + p1(t)w
n−2 + p2(t)w

n−3 + · · ·+ pn−1(t) = 0 , (174)

for some polynomials pk(t) of degree k in t. This generic w-curve, prior to monodromy match-
ing, has following branch cut structure

w :
a

b1,2

bn−1,n

∞

(n− 1)(n− 2)

(175)

where (n− 1)(n− 2) branch points are not connected to the puncture at t =∞. We require
t = 0 to be a branch point with Zn monodromy in order to match the monodromy about the
P0 puncture on the v-curve. This requires all sheets to ramify and at t = 0 the w-curve must
reduce to wn = 0. The constant terms in all polynomials pk(t) must therefore vanish. The
terms of maximal growth are wn and the term in pn−1 of degree n − 1, the latter is there-
fore fixed by the boundary condition, we have pn−1 = −gnΛn(n−1) tn−1 +O(tn−2). Next we
match the branch points of the v-curve punctures. We require a branch point with an incom-
ing a2 monodromy at t = ∓1 and again total ramification. The curve must take the form
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wn − gnΛn(n−1) t(t ± 1)n−2 (. . .) = 0. The polynomials pk(t) vanish for k < n− 2. The degree
of t(t ± 1)n−2 is already n − 1 and therefore the dotted term is simply a factor of 1. These
manipulations correspond to colliding n− 1 and (n− 1)(n− 2) of the branch points displayed
in (175) at t = 0,∓1 respectively.

In summary the N = 1 curve is derived to be the diagonal curve of the following v- and
w-curves

vn = Λn
�

t +
1
t
± 2

�

, wn = gnΛn(n−1) t(t ± 1)n−2 . (176)

There is a unique v-curve for a given discriminant ∆ = Λn(n−1)(t ± 1)2n−2/tn−1, i.e we have
no Dehn twists around the punctures t = 0,∞. Topologically this follows from the branch
cuts running between punctures and branch points (rather than two punctures as for SYM). In
(172) we have a choice of wrapping the branch cuts arbitrarily many times around the equator
before colliding them at t = d = ±1. This results in a spiral centred at t = ±1 which can be
unwound at the branch point. The sheets of the curve are paired by locally pairing an arbitrary
pair (v, w) and then extending this pairing over all sheets via the Zn monodromy action. We
can redefine v, w by n-th roots of unity so any such pairing is equivalent. Thus, we find only
two N = 1 curves.

C CSW Examples

In this appendix we return to section 5 and consider the cases g= su(3), su(4) rotated by cubic
superpotentials in detail.

The example g = su(3) shows clearly how partial Dehn twists arise as one moves be-
tween two degenerate SW curves in the CB which in turn are perturbed to two distinct N = 1
vacua. Further, it serves as the simplest example for which we demonstrate how to match
monodromies when pairing v- and w-curves, see appendix D for details. As n = 3 is prime
there is no confinement and this example is only of technical interest.

The example g = su(4) is physically more exciting. Here we find vacua where a broken
R-symmetry is restored. This greatly simplifies the derivation of the w-curve which can now be
derived from the v-curve by a quotient. Additionally, g = su(4) is the lowest rank example at
which the duality between two different gauge theories discussed in [21] occurs. We interpret
this duality topologically and discuss further how the family of N = 1 curves project onto the
N = 2 CB.

C.1 Dehn Twists and Monodromies for g= su(3)

In this subsection, we illustrate the case of n = 3 in detail. For n1 = 2, n2 = 1, the v-curves
are given by

0=
�

v +
µ

3g

�2�

v −
2µ
3g

�

−
Λ3 (t ∓ 1)2

t
, (177)

while the w-curves are given by

0= w3 +µgΛ3 tw− g3Λ6 t (t ∓ 1) . (178)

This corresponds to breaking su(3)→ su(2)⊕ u(1). The two N = 1 curves are associated to
vacua arising from the su(2) factor, while the fact that both curves are genus one reflects the
presence of a low-energy u(1) gauge field which corresponds to the u(1) factor in the above
breaking.
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We begin by deriving the v-curve given in (177). The SW curve of the N = 2 theory takes
the form

P(v) = v3 + u2v + u3 −Λ3
�

t +
1
t

�

= 0 . (179)

The CB is complex two-dimensional, the SW curve has genus two. Along a codimension one
subspace the curve degenerates to genus one and a single monopole becomes massless. Prior
to this degeneration the v-curve has following branch cut structure:

v :
a

b1,2

∞

a

0

b1,2

b2,3

b2,3

1

. (180)

Pairs of branch points with identical monodromy are related via t → 1/t and can therefore
only collide at t = ±1. Such degenerations result in the discriminant

∆(P , v) = (t ∓ 1)2p2(t)
1
t2

, (181)

where p2(t) = −27Λ6(t−c)(t−1/c) is a polynomial of degree two in t with zeros at t = c, 1/c.
These values are the location of the unpaired Z2-valued branch points of the SW curve. There
are seemingly four distinct ways to achieve this degeneration. We can collide either pair of
branch points at t = ±1. This gives the four branch cut structures:

a

b12
∞ a 0

b12

b23

1/c

c

a

b12
∞ a 0

b12

1/c

c

a

b23

∞

a

0
b23

b12

1/c

c

b23

a

b23

∞

a

0
b23

b12

1/c

c
.

(182)
Here the central branch cuts in the right hand figures wrap around the back and equator
of the Gaiotto curve C ∼= S2. Rows are related by a Dehn twist, columns describe identical
configurations. For example consider the top left configurations and wrap the b23 branch
line around c, 1/c. Upon renumbering the sheets the bottom left configuration emerges. The
relative Dehn twist is seen by say considering the degeneration for which branch points collide
at t = +1, as shown in the left hand figures. Resolving this collision and moving the two branch
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points to t = −1 along the equator |t| = 1 the symmetry t → 1/t moves the branch points
through the upper and lower half-plane. The configurations therefore differ by a Z2 branch
line along the equator. This configuration is topologically equivalent to the right hand pictures
above. As representatives with distinct branch cut structure we consider the top row going
forward. These result from colliding the brach points associated with b23 at t = ±1.

We give the v-curves with these two branch cut configurations. The discriminant ansatz
(181) determines the coefficients of the SW curve and fixes these to

0= (v −α)2(v + 2α)−Λ3(t + 1/t ∓ 2) , (183)

where α3 = Λ3(c ∓ 1)2/4c. We therefore find two families of SW curves, parametrized by
α and distinguished by whether pairs of branch points are collided at t = ±1 starting from
(180). The branch cut structure of the curves (183) are shown on the left and right of (182)
respectively. In the limit of vanishing scale Λ→ 0 the SW curve degenerates to a configuration
with a double zero at v = α and a single zero at v = −2α. This corresponds to classical vacua
with two eigenvalues at the former and a single eigenvalue at the latter location. The remnant
gauge symmetry is therefore su(2)⊕ u(1).

Let us rotate the set-up by turning on the superpotential (107). The family of N = 2
vacua described by the curves (183) are lifted up to points. These are determined in the
limit Λ → 0 in which the critical points of the superpotential determine the location of the
eigenvalues, together with a shift of v to the center of mass frame. The superpotential has
two critical points at v = 0,−µ/g. We therefore have two possible configurations given by
two eigenvalues at v = 0 and one at v = −µ/g or vice versa. In the center of mass frame
these configurations are given by α= ±µ/3g. These are related by a Z2 R-symmetry which is
spontaneously broken in this example. and the Z2 R-symmetry maps α↔−α. Without loss
of generality we therefore consider the case α= −µ/3g going forward, this gives (177).

The superpotential gives the boundary conditions (113) and the ansatz (117) becomes

0=Q(w) = w3 − 3g2Λ3β tw− g3Λ6 t2 − g3Λ6γt . (184)

The parameters β ,γ are now fixed by matching with the branch points of the v-curve. The
discriminant of the w-curve takes the form

∆(Q, w) = −27g6Λ12 t2
�

t2 + (2γ− 4β3)t + γ2
�

, (185)

which we require to have zeros at t = c, 1/c. This gives γ= ∓1 and β3 = (c∓1)2/4c = α3. The
different roots of the latter equation, given c 6= ±1, are mapped by redefining w → e2πi/3w.
We fix the choice of β by requiring β = α = −µ/3g and thus find two w-curves compatible
with the discriminant (185), they read

0= w3 +µgΛ3 tw− g3Λ6 t(t ∓ 1) . (186)

These two w-curves differ in branch cut structure and computing the monodromies around all
combinations of branch points t = 0,∞, c, 1/c we find

a

b12
t =∞ a t = 0

b12

b23

1/c

c

a

b12
t =∞ a t = 0

b12

b23 1/c

c
b23

.
(187)

where γ= ∓1 gives the left, right configuration respectively. We give the monodromy compu-
tations in appendix D. Pairing the sheets as (vi , wi) we obtain the N = 1 curves.
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C.2 R-symmetry and CSW Duality for g= su(4)

We consider deformations of 4d N = 2 SYM with g = su(4) by turning on the superpotential
(107). For the vacua (r1, r2) = (0, 0), (1, 1) with (n1, n2) = (2, 2) in which the unbroken gauge
symmetry is su(2)⊕ su(2)⊕ u(1), we find the v-curves

0=
�

v −
µ

2g

�2�

v +
µ

2g

�2

−Λ4
�

t +
1
t
∓ 2

�

, (188)

matched in monodromy by the w-curves

0= (w2 ∓ g2Λ4 t)2 . (189)

These vacua have a confinement index of t = 2 and display interesting properties and degen-
eracies due to an unbroken R-symmetry acting as (v, w)→ (−v, w) on the N = 1 curve. The
vacua (r1, r2) = (1, 0), (0, 1) and those preserving su(3)⊕ u(1) ⊂ su(4) do not confine and are
described below.

We begin by deriving the v-curves for all vacua. First we study possible v-curves using
topological considerations and how these relate via partial Dehn twists. This is essential to
apply our proposal (66) as explained in section 5.3. Here redundancies in the description of
the curves are given by trivial relabellings of the sheets, rotations in the v-plane and different
choices of branch cuts. The latter can render curves labelled by distinct (n1, n2) and (r1, r2)
as shown in (133) equivalent. Accounting for these we find in total 1+ 1+ 4= 6 curves for a
given superpotential. The first two curves are those in (199) while the final 4 = 3+ 1 curves
belong to the non-confining cases.

The SW curve for the unperturbed N = 2 theory takes the form

P(v) = v4 + u2v2 + u3v + u4 +Λ
4
�

t +
1
t

�

= 0 . (190)

The CB is complex three-dimensional and the SW curve has genus three. Along a codimension
two subspace the curve degenerates to genus one and two monopoles become massless. These
can be mutually local or not. Prior to this degeneration the v-curve has following branch cut
structure:

v :
a

b12

t =∞

a

t = 0

b12

b34

b34

b23b23

. (191)

We collide two pairs of branch points, related by t↔ 1/t, at t = ±1. Different such collisions
are related by partial Dehn twists. We begin by discussing the degenerations for which the
branch point terminating b23 is left unpaired and the pairs of branch points terminating b12, b34
are collided at t = 1. This yields the degeneration, referred to as the (0, 0) v-curve:

a

b13
∞ a 0

b13

b12

1/c

c

b34

v :

. (192)
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Notice that the b23 branch point has become a b13 branch point due to conjugation by b12,
which occurs as the b12 branch line slides over the b23 branch point. The vacua (1, 0), (0, 1)
and (1,1) follow from partial Dehn twists of the b12, b34 branch cuts and an overall Dehn
twist, respectively. The former two will have branch points collided at both t = ±1 while the
latter has both pairs of branch points collided at t = −1. Further we can wrap the branch lines
b12, b34 around the puncture at t = 0 to yield the configuration

a

b13
∞ a 0

b24

b12

1/c

c

b34

v :

(193)

to directly connect with (125) and the discussion in section 5.2. Consider the relabelling of
sheets with 1↔ 3 and 2↔ 4. This leaves the monodromy elements a, b13, b24 ∈ S4 invariant
and interchanges b12 ↔ b34. This relabelling of sheets maps the branch cut structure of the
(1, 0) curve into that of the (0, 1) curve, they are topologically equivalent. Both the (0, 0) and
(1, 1) curve are left invariant. This involutive relabelling realizes a Z2 R-symmetry acting on
the v-curve via v → −v as we show below. The R-symmetry is spontaneously broken in the
(r1, r2) = (1,0), (0,1) vacua.

Next consider the degenerations for which b12 are not collided. Consider the degenerations
for which the remaining branch points are both collided at either t = 1 or t = −1:

a

b14
∞ a 0

b14

1/c

c

a

b14
∞ a 0

b14

1/c

c

b123 b123

b123

b123

1
−1

.
(194)

Here b123 denotes the cyclic permutation 123→ 231 and we have marked the point t = ±1 on
the front and back of the Gaiotto curve. These two degenerations are of AD type19 as collisions
give rise to monodromies about t = ±1. For the second kind of degenerations we collide pairs
of branch points both at t = 1 and t = −1. This gives the v-curve

a

b14
∞ a 0

b14

1/c

c

b12

b23

v :

(195)
19See appendix B where the rotation results in AD points of the N = 2 theory surviving as N = 1 vacua. There

all branch points are collided in a single point t = ±1 leading to a configuration similar to the one in (194). For
such configurations, it is not possible to have multiple configurations related by Dehn twists, though this follows
only after studying the equations. Here the discussion of Dehn twists is similarly redundant.
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together with two more curves derived from positive overall Dehn twists. We refer to these
curves as the (0), (1), (2) vacua respectively. For the v-curve (195) we can loop the b14, b23
branch lines around the puncture t = 0 to give:

a

b14
∞ a 0

b14

1/cc

b123
v :

. (196)

Finally we wrap the b123 branch line around 1/c and again make direct contact with (125).
The case of not colliding the branch cuts terminating the b34 branch cuts is analyzed similarly
and we refer to the resulting configurations as (0)′, (1)′, (2)′, respectively.

We discard the curves (194) and find a total of 8 curves for the collision of two branch
points with non-commuting monodromy. These are the configurations (0), (1), (2) and
(0)′, (1)′, (2)′ and (1,0), (0,1). Of these only 4 have distinct topology of the v-curve. The
manoeuvres resulting in the curves (0,1), (0)′, (1)′, (2)′ are the same which give the curves
(1,0), (0), (1), (2) upon relabelling the sheets 1↔ 3 and 2↔ 4, these curves are therefore
topologically identical.

Now we derive the equations describing the v-curves. The discriminants of the degenerate
curves must take one of three forms

∆(P , v) =
(t − 1)2+k(t + 1)2−k

t3
p2(t) , (197)

where k = −2, 0,2. Here the polynomial p2(t) = −256Λ12(t − c)(t − 1/c) is of degree 2 in
t with roots at t = c, 1/c. The sublocus of the CB along which the SW curve degenerates to
genus one has three irreducible components labelled by k. The discriminant (197) takes the
form (123).

Let us first consider the cases k = ±2. The discriminant is reducible and contains a factor
of (t ∓ 1)4. This degeneration is realized by either two pairs of sheets colliding at distinct
points or three sheets colliding in one point above t = ±1. The latter configurations lead to
AD-like singularities and are described by the curves (194), we discard these and focus on the
former. The ansatz (197) then determines the v-curve

0= (v −α)2 (v +α)2 −Λ4
�

t +
1
t
∓ 2

�

, (198)

with α4 = Λ4(c ∓ 1)2/c. The −,+ sign correspond to the configurations previously referred
to as the (0, 0), (1, 1) vacua respectively. In the limit Λ→ 0 the curve becomes reducible with
two double zeros at ±α. The curves (199) therefore describe vacua of a gauge theory with
gauge algebra su(2)⊕ su(2)⊕ u(1).

We turn on the superpotential. The critical points v = 0,−µ/g of the superpotential fix
α= −µ/2g in the center of mass frame. Of the two one-dimensional families (199) only

0=
�

v −
µ

2g

�2�

v +
µ

2g

�2

−Λ4
�

t +
1
t
∓ 2

�

, (199)

are not lifted by this perturbation to N = 1.
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Now we consider the case k = 0. The discriminant ansatz (197) determines the one-
parameter family of v-curves

0= (v −α)2(v +α)2 −Λ4

�

t +
1
t
−

5Λ4

8α4
+

3Λ12

256α12
+

2v
α
−
Λ8v
8α9

+
3Λ4v2

8α6

�

, (200)

which can, introducing λ= Λ4/α3, also be parametrized as

0=
�

v −
λ

4

�3�

v +
3λ
4

�

−α2

�

αλt +
αλ

t
−α2 −

5λ2

8
+ 2λv + 2v2

�

. (201)

These expressions depend on v/α and α4 only. For a given branch point location t = c there
are 16 = 4× 4 solutions α(c), where solutions occur in groups of four grouped by the action
α→ iα. These rotations can be undone by similar coordinate transformations for v, which are
a permutation of the sheets near the punctures. This leaves 4 curves up to such redefinitions,
which for instance can be taken to have Reαi , Imαi > 0 where i = 1, . . . 4 labels the curves.
These four solutions are continuously connected varying α ∈ C×. The values of α with c = ±1
give in total 16 branch points in C× around which the branch points t = c, 1/c are permuted.
Two paths in C× from αi to α j therefore describe distinct topological moves (dragging of the
branch point t = c) mapping the i-th to the j-th curve when the difference of paths encloses a
branch point.

The four curves described above split as 4 = 3 + 1. These are most easily distinguished
by their monodromy of sheets over the Gaiotto curve. We then find 3 curves with a Z3 mon-
odromy around paths containing the pair c, 1/c and not enclosing punctures and a single curve
with no monodromy. The latter is precisely the curve (0) of (196) derived from topological
considerations. The former are the curves (1, 0), (1), (2).

There are two limits for these curves. We can take Λ → 0 keeping α constant or take
Λ,α→ 0 keeping λ constant. In these limits we find (v−α)2(v+α)2 and (v−λ/4)(v+3λ/4)
respectively. In the center of mass frame we have α = −µ/2g and λ = −µ/g. In the lat-
ter case the relation λ = Λ4/α3 fixes α. The first limit is associated with the gauge algebra
su(2)⊕ su(2)⊕ u(1), in the second limit with su(3)⊕ u(1). In particular we can not assign a
gauge algebra to the v-curve (200). This is the statement of the duality derived in [21].

This also follows from following topological consideration. Consider the vacuum (1) re-
sulting from (196) by a positive Dehn twist:

a

b14
∞ a 0

b14

b123

1/cc

v :

. (202)

We can rearrange branch cuts without changing the topology of the curve. First close the b123
branch cut winding about the equator around the puncture t = 0, this gives:
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a

b14
∞

b12b14b23

0
b24

1/cc

b123
v :

. (203)

Now contract the central branch cut labelled b123 to a point creating a four-point junction
between two Z4 and two Z2 branch lines. Next wrap the Z2 branch line connecting to c
around 1/c and resolve the four-point junction. This gives the configuration:

a

b24
∞

b12b14b23

0
b12b14

c1/c

v :

b23

. (204)

Finally, wrap the b12, b14 branch line about t = 0. This gives a configuration with a partial
Dehn twist:

a

b24
∞ a 0

b24

1/c

c

b23

b14

v :

. (205)

This is equivalent to the (1, 0) or (0,1) branch cut configuration upon cyclic relabellings, they
have identical branch cut structure.

Now we discuss the w-curve. We again impose the boundary conditions (113). Diagonal-
izing these asymptotics we find the maximal growth of |w| ∼ gΛ2|t|1/2 when t →∞. The
most general w-curve consistent with this bound is

0= w4 + c1w3 + (c2 +δt)w2 + (c3 + β t)w+ c4 + γt + εt2 , (206)

where ci ,β ,γ,δ,ε are complex constants. The w-curve is constrained to have Z4 monodromy
at t = 0,∞. The former sets the constants ci to zero to allow for total ramification while
the latter requirement relates the coefficients of the maximals terms with growth O(t2) when
t →∞. We find

0=Q(w) = w4 − 2g2Λ4 tw2 + g4Λ8 t2 + g3Λ6β tw− g4Λ8γt , (207)

where we have rescaled β ,γ to make them dimensionless. We fix these final two coefficients
by requiring that the branch points are located at c, 1/c. The discriminant of the candidate
curve (207) is

∆(Q, w) = −g12Λ24 t3
�

256t2β2 + (27β4 − 288β2γ− 256γ2)t + 256γ3
�

. (208)
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It follows that β2 = γ3 and −(c + 1/c) = (27β4 − 288β2γ− 256γ2)/256β2. This gives

c + 1/c = −
27
256

γ3 +
288
256

γ+
1
γ

. (209)

For each value of β we have four values for γ. The discriminant (208) only depends on β2.
We can redefine w↔ −w which maps β ↔ −β as seen from (207), i.e. the values ±β are
physical equivalent. We therefore find four w-curves in total, they are

0= w4 − 2g2Λ4 tw2 + g4Λ8 t2 + g3Λ6γ3/2 tw− g4Λ8γt . (210)

These four w-curves are matched to the v-curves by branch cut matching. The roots of
(209) have no natural numbering so we resort to pairing curves in the limit of large real c. In
this limit we have a small real root, one large real root and two complex roots with negative
and positive imaginary parts related by conjugation. We compute monodromies following the
approach of appendix D. The w-curves with these roots inserted match the (0), (1,0) and the
(1), (2) v-curve respectively.

The ansatz (206) only yields w-curves whose discriminant factors with (t−1)2(t+1)2. To
match the (0, 0) curve (199) we note that its branch cut structure

a

b13
∞ a 0

b13

b12

1/c

c

b34

v :

(211)

is invariant under the R-symmetry v→−v which interchanges the sheets as 1↔ 3 and 2↔ 4.
This allows for a w-curve which is a two-fold cover instead of a four-fold cover with each of
its sheets matched to either the pair of sheets 1, 3 or 2,4 of the v-curve. We fold the v-curve
identifying the sheets related by the R-symmetry, this gives the very simple two-fold cover:

∞ 0

. (212)

This is nothing but the branch cut configuration of SYM. We find the w-curve matching (211)

0= (w2 − g2Λ4 t)2 . (213)

The w-curve matching the (1, 1) vacuum follows from a Dehn twist and reads 0= (w2+g2Λ4 t)2.

D Monodromy Computations

In section 5 we considered rotations of 4d N = 2 SYM with gauge algebras g= su(n) by cubic
superpotentials preserving N = 1 supersymmetry. From first principles the rotated curve is
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argued to be an n-fold cover of the Gaiotto curve and swept out by pairs of eigenvalues v, w
of the Higgs fields φζ,ϕ respectively. Consequently, the branch cut structures of v, w must
be consistent and allow for a pairing into n pairs of eigenvalues across the Gaiotto curve.
In our approach we determined the possible v-curves and w-curves independently and then
paired them using this topological constraint. In this appendix we discuss the derivation of
the relevant branch cut structures.

D.1 The v-curve for CSW with g= su(3)

We discuss the derivation of the branch cuts for the v-curves of the low rank example g= su(3)
given in section C.1. The v-curves under consideration take the form (183) which we repro-
duce for convenience here

0= (v −α)2(v + 2α)−Λ3(t + 1/t ∓ 2) . (214)

We proceed numerically in Mathematica and set the parameter Λ= 1. We plot three separate
complex planes in the same numerical plane using the code
Manipulate[
n = 3; index = Table[i, {i, n}];
Poly = 2 - t[[1]] - 1/(t[[1]] + I t[[2]]) - I t[[2]] + (v + 2 (\[Alpha][[1]] + I \[Alpha][[2]]))(v - \[Alpha][[1]] - I \[Alpha][[2]])^2;
branchpts = {1 - 2 Sqrt[(\[Alpha][[1]] + I \[Alpha][[2]])^3 + (\[Alpha][[1]] + I \[Alpha][[2]])^6] + 2 (\[Alpha][[1]] + I \[Alpha][[2]])^3,
1 + 2 Sqrt[(\[Alpha][[1]] + I \[Alpha][[2]])^3 + (\[Alpha][[1]] + I \[Alpha][[2]])^6] + 2 (\[Alpha][[1]] + I \[Alpha][[2]])^3, 0};
scale = 1;
roots = NSolve[Poly == 0, v];
rts = v /. roots[[index]];
Graphics[{Green, Disk[{0., 0}, .03], Black, Disk[t, .04], Yellow, Disk[\[Alpha], .04], Blue,
Table[Disk[{scale*Re[branchpts[[i]]], scale*Im[branchpts[[i]]]}, .03], {i, 3}], Red,
Table[Disk[{Re[rts[[i]]], Im[rts[[i]]]}, .02], {i, 3}],
Purple, {Disk[{1, 0}, .03], Disk[{-1, 0}, .03], Disk[{0, 1}, .03], Disk[{0, -1}, .03]}},
PlotRange -> 2.5, ImageSize -> 1000],
{{t, {1/2, 0}}, {-3, -3}, {3, 3}, Locator, Appearance -> None}, {{\[Alpha], {-1/2, 0}}, {-3, -3}, {3, 3}, Locator, Appearance -> None},
TrackedSymbols -> True]

and
Manipulate[
n = 3; index = Table[i, {i, n}];
Poly = -2 - t[[1]] - 1/(t[[1]] + I t[[2]]) - I t[[2]] + (v + 2 (\[Alpha][[1]] + I \[Alpha][[2]])) (v - \[Alpha][[1]] - I \[Alpha][[2]])^2;
branchpts = {-1 -
2 Sqrt[-(\[Alpha][[1]] + I \[Alpha][[2]])^3 + (\[Alpha][[1]] + I \[Alpha][[2]])^6] + 2 (\[Alpha][[1]] + I \[Alpha][[2]])^3,
-1 + 2 Sqrt[-(\[Alpha][[1]] + I \[Alpha][[2]])^3 + (\[Alpha][[1]] + I \[Alpha][[2]])^6] + 2 (\[Alpha][[1]] + I \[Alpha][[2]])^3, 0};
scale = 1;
roots = NSolve[Poly == 0, v];
rts = v /. roots[[index]];
Graphics[{Green, Disk[{0., 0}, .03], Black, Disk[t, .04], Yellow, Disk[\[Alpha], .04], Blue,
Table[Disk[{scale*Re[branchpts[[i]]], scale*Im[branchpts[[i]]]}, .03], {i, 3}], Red,
Table[Disk[{Re[rts[[i]]], Im[rts[[i]]]}, .02], {i, 3}],
Purple, {Disk[{1, 0}, .03], Disk[{-1, 0}, .03], Disk[{0, 1}, .03], Disk[{0, -1}, .03]}},
PlotRange -> 2.5, ImageSize -> 1000],
{{t, {1/2, 0}}, {-3, -3}, {3, 3}, Locator,
Appearance -> None}, {{\[Alpha], {0.9485864075433501, 0}}, {-3, -3}, {3, 3}, Locator, Appearance -> None},
TrackedSymbols -> True]

for the v-curves with discriminant factors (t∓1)2 or equivalently the v-curves with two branch
points collided at t = ±1 respectively. This generates as out-put the manipulate environments
shown and explained in figure 18. From this we derive the branch cut structures. Consider
three loops γi in the t-plane with start and end point at a marked point on the Gaiotto curve
(black) and are oriented positively, i.e. counter-clockwise. We choose γ1 to enclose the branch
point at t = 1/c (blue), γ2 to enclose the central branch point (blue) at t = 0 and γ3 to enclose
the branch point at t = c (blue) in figure 18. Along these paths we find, respectively for the
curve (214), the two sets of monodromies:

γ1 : b31, b31 ,

γ2 : a, a ,

γ3 : b12, b31 ,

γ1 + γ2 : b23, b23 ,

γ2 + γ3 : b23, b12 ,

γ3 + γ1 : a, Id ,

γ1 + γ2 + γ3 : a, a−1 .

(215)
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(2)

(3)

(1)

(2)

(3)

(1)

(B)(A)

c c

1/c 1/c

00

Figure 18: Manipulate environment in Mathematica. The purple dots are added
by hand, fixed and give a frame of reference. The yellow dot sets the value of α and
moves in a parameter plane. The blue dots give the location of the branch points in
dependence of α and live on the t-plane. The black dot determines a value for t in the
t-plane. The red dots are the three sheets v(t) for given t and move in the cotangent
plane of the Gaiotto curve. The yellow and black dot can be dragged using the cursor.
The black dot is to be dragged along the paths γi . The subfigure labelled (A) and
(B) give the v-curve with discriminant factors (t − 1)2 and (t + 1)2 respectively. The
numbers in brackets are attached to the red dots and give a labelling of the three
sheets in a neighbourhood of t = 1/2. The labels c, 1/c mark the location of the
branch points. The singularities are at t = 0,∞ of which the first is labelled.

Here bi j denotes the transposition interchanging the sheets labelled i j and a denotes the cyclic
permutation (123)→ (231). These monodromies match those displayed in

a

b12
t =∞ a t = 0

b12

b23

1/c

c

a

b12
t =∞ a t = 0

b12

b23 1/c

c
b23

(216)
respectively. This identification is dependent on the contour γ3 + γ1 which in the analysis
yielding (215) was taken to be contractible to t = 1 without crossing the punctures at t = 0,∞
and therefore runs in (216) as

∞ 0

1/c

c γ3 + γ1
1

. (217)

Here we add t = 1 as a marked point. The results (216) are checked by considering the
limits c → ±1. We discuss c → 1. In this limit the first curve in (216) simply becomes the
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final configuration shown in (173) giving the v-curve which can be rotated to the AD the-
ory. Equivalently, the discriminant enhances to include the factor (t − 1)4 from colliding two
pairs of branch points at t = 1 which is the hall mark of the CB points permitting rotation
to the AD theory. In the same limit the discriminant of the second curve in turn factors with
(t − 1)2(t + 1)2 which is the hall mark of the CB points allowing for rotations to SYM. The
difference of these limits can be read off from the monodromies about the γ3 + γ1 cycle. For
example, considering the second configuration of branch cuts in (216) there is no monodromy
about γ3 + γ1. Therefore the same pair of sheets comes together at t = c, 1/c and moving to
c→ 1 describes precisely the degeneration discussed in section 4. The occurrence of the SYM
and AD points is interchanged when considering the degeneration c→−1.

D.2 The w-curve for CSW with g= su(3)

We discuss the derivation of the branch cuts for the w-curves of the low rank example g= su(3)
given in section C.1. The w-curves under consideration take the form (186) which we repro-
duce for convenience here

0= w3 − 3g2Λ3αtw− g3Λ6 t(t ∓ 1) . (218)

We proceed numerically in Mathematica and set the parameter g,Λ = 1. We plot three
separate complex planes in the same numerical plane using the code

Manipulate[
n = 3; index = Table[i, {i, n}];
Poly = w^3 + (1 - t[[1]] - I t[[2]]) (t[[1]] + I t[[2]]) - 3 w (t[[1]] + I t[[2]]) (\[Alpha][[1]] + I \[Alpha][[2]]);
branchpts = {1 - 2 Sqrt[(\[Alpha][[1]] + I \[Alpha][[2]])^3 + (\[Alpha][[1]] + I \[Alpha][[2]])^6] + 2 (\[Alpha][[1]] + I \[Alpha][[2]])^3,
1 + 2 Sqrt[(\[Alpha][[1]] + I \[Alpha][[2]])^3 + (\[Alpha][[1]] + I \[Alpha][[2]])^6] + 2 (\[Alpha][[1]] + I \[Alpha][[2]])^3, 0};
scale = 1;
roots = NSolve[Poly == 0, w];
rts = w /. roots[[index]];
Graphics[{Green, Disk[{0., 0}, .03], Black, Disk[t, .04], Yellow, Disk[\[Alpha], .04], Blue,
Table[Disk[{scale*Re[branchpts[[i]]], scale*Im[branchpts[[i]]]}, .03], {i, 3}], Red, Table[Disk[{Re[rts[[i]]], Im[rts[[i]]]}, .02], {i, 3}],
Purple, {Disk[{1, 0}, .03], Disk[{-1, 0}, .03], Disk[{0, 1}, .03], Disk[{0, -1}, .03]}}, PlotRange -> 2.5, ImageSize -> 1000],
{{t, {1/2, 0}}, {-3, -3}, {3, 3}, Locator, Appearance -> None},
{{\[Alpha], {-1/2, 0}}, {-3, -3}, {3, 3}, Locator, Appearance -> None}, TrackedSymbols -> True]

and

Manipulate[
n = 3; index = Table[i, {i, n}];
Poly = w^3 - (t[[1]] + I t[[2]]) (1 + t[[1]] + I t[[2]]) - 3 w (t[[1]] + I t[[2]]) (\[Alpha][[1]] + I \[Alpha][[2]]);
branchpts = {-1 - 2 Sqrt[-(\[Alpha][[1]] + I \[Alpha][[2]])^3 + (\[Alpha][[1]] + I \[Alpha][[2]])^6] + 2 (\[Alpha][[1]] + I \[Alpha][[2]])^3,
-1 + 2 Sqrt[-(\[Alpha][[1]] + I \[Alpha][[2]])^3 + (\[Alpha][[1]] + I \[Alpha][[2]])^6] + 2 (\[Alpha][[1]] + I \[Alpha][[2]])^3, 0};
scale = 1;
roots = NSolve[Poly == 0, w];
rts = w /. roots[[index]];
Graphics[{Green, Disk[{0., 0}, .03], Black, Disk[t, .04], Yellow, Disk[\[Alpha], .04], Blue,
Table[Disk[{scale*Re[branchpts[[i]]], scale*Im[branchpts[[i]]]}, .03], {i, 3}], Red, Table[Disk[{Re[rts[[i]]], Im[rts[[i]]]}, .02], {i, 3}],
Purple, {Disk[{1, 0}, .03], Disk[{-1, 0}, .03], Disk[{0, 1}, .03], Disk[{0, -1}, .03]}},
PlotRange -> 2.5, ImageSize -> 1000],
{{t, {1/2, 0}}, {-3, -3}, {3, 3}, Locator, Appearance -> None},
{{\[Alpha], {0.9485864075433501, 0}}, {-3, -3}, {3, 3}, Locator, Appearance -> None}, TrackedSymbols -> True]

for the w-curves with (∓) in (218). This generates as out-put the Manipulate environments
shown and explained in figure 19. From this we derive the branch cut structures by considering
the monodromy about the same loops γi as in appendix D.1. We find exactly the monodromies
(215) and conclude that the branch cut structures of the w-curves (218) are respectively:

a

b12
t =∞ a t = 0

b12

b23

1/c

c

a

b12
t =∞ a t = 0

b12

b23 1/c

c
b23

(219)
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(2)

(3)

(1)
(2)

(3)

(1)

(B)(A)

c c

1/c 1/c

00

Figure 19: Manipulate environment in Mathematica. The purple dots are added
by hand, fixed and give a frame of reference. The yellow dot sets the value of α and
moves in a parameter plane. The blue dots give the location of the branch points
in dependence of α and live on the t-plane. The black dot determines a value for
t in the t-plane. The red dots are the three sheets w(t) for given t and move in
the cotangent plane of the Gaiotto curve. The yellow and black dot can be dragged
using the cursor. The black dot is to be dragged along the paths γi . The subfigure
labelled (A) and (B) give the w-curve with (∓) in (218) respectively. The numbers
in brackets are attached to the red dots and give a labelling of the three sheets in a
neighbourhood of t = 1/2. The labels c, 1/c mark the location of the branch points.
The singularities are at t = 0,∞ of which the first is labelled.

E Rotations via the Dijkgraaf-Vafa Curve

Here we present the derivation of some N = 1 curves using the Dijkgraaf-Vafa (DV) curve
[15, 21]. For the SYM curves these are known results [8, 10, 11]. The aim of this section is
to show that both this approach and our approach agree on non-trivial examples, we discuss
the CSW set-up for g= su(n) with n= 3 explicitly. Further, at higher rank the spectral curves
of the Higgs field ϕ is increasingly difficult to derive from the DV curve and our approach
offers a computational alternative. More importantly the DV curve approach lends itself less
straightforwardly to rotations of more general class S theories, such as those discussed in
section 6, and is unsuitable to study the topology of the N = 1 curve.

We begin by reviewing aspects of the Dijkgraaf-Vafa curve. The DV curve for 4d N = 2 SYM
with gauge algebra su(n), deformed to N = 1 by the tree level superpotential W of degree
k+ 1, reads

w2 −W ′(v)w− fk−1(v) = 0 . (220)

Here fk−1 is polynomial of degree k−1. The DV curve determines the eigenvalues of the Higgs
field ϕ. The coordinate v is a solution to the SW curve Pn(v)− Λn(t + 1/t) = 0. These two
curves are expected to be equivalent to the v- and w-curve in our previous discussion.

The SW curve is necessarily tuned to a (k − 1)-dimensional subloci of the CB at which
n− k + 1 mutually local monopoles become massless, otherwise a superpotential can not be
turned on. Turning on a specific superpotential this locus is lifted to points, which are de-
termined by the coefficients of W (v). These (k − 1)-dimensional loci are most conveniently
described using the coordinate z = 2t − Pn(v) with respect to which the SW curve becomes

z2 = (Pn(v) + 2Λn)(Pn(v)− 2Λn) . (221)
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The presence of the massless monopoles is then equivalent to the factorization

Pn(v) + 2Λn = H+s+(v)
2R+n−2s+

(v) ,

Pn(v)− 2Λn = H−s−(v)
2R−n−2s−

(v) ,
(222)

where n− k = s+ + s− and H±s± , R±n−2s±
are polynomials of degree s±, n− 2s± respectively. This

factorization condition cuts out the (k − 1)-dimensinoal sublocus on the CB. Of this sublocus
the values extremizing the superpotential are not lifted, see section 5. Given a vacuum char-
acterized by the polynomials R±n−2s±

and W ′ the polynomial fk−1 is computed via the matrix
model curve

y2 =W ′(x)2 + 4 fk−1(x) = g2
kR+n−2s+

(x)R−n−2s−
(x) , (223)

where gk is the leading order coefficient in W ′(v).

E.1 Rotation of SYM

The case of N = 1 SYM with a massive adjoint chiral follows from rotations with W ′(v) = µv.
The SW curve is tuned to CB points at which n−1 mutually local monopoles become massless,
see section 4. At these points the polynomial Pn takes the form P(r)n (v) = 2ΛnT (r)n (v/2Λ)
with T (r)n (x) = Tn(e2πir/2n x) where Tn is the n-th Chebyshev polynomial of the first kind
and r = 0, . . . , n − 1. From (222) and (223) the constant polynomial f0 is determined to
f0 = −µ2Λ2ωr with ω= exp(2πi/n). The DV curve therefore takes the form

w2 −µwv +µ2Λ2ωr = 0 . (224)

We solve for v and substitute the expression into the SW curve to find

Λ2nµ2n

wn
+wn −

Λnµn
�

t2 + 1
�

t
= 0 , (225)

which we solve for wn for two solutions

wn =
µnΛn

t
, wn = µnΛn t , (226)

of which the second matches our previous result in (87). Interestingly the DV curve gives
expression (226) for rotations about either of the punctures at t = 0,∞.

E.2 Rotation of CSW with g= su(3)

Here we consider rotations to the CSW set-up for gauge algebra g= su(3) by the superpotential
W ′(v) = gv2 + µv. This rotation is possible along a one-dimensional sublocus of the CB
at which a single monopole becomes massless. For a choice of constants g,µ we find the
factorization condition (222) to be satisfied by two choices for P3(v), they are

P(1)3 (v) = (v +µ/g)2v + 2Λ3 ,

P(2)3 (v) = (v +µ/g)2v − 2Λ3 .
(227)

From (222) and (223) the linear polynomial f1 is computed respectively to

f (1)1 (v) = g2Λ3v ,

f (2)1 (v) = −g2Λ3v .
(228)
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We consider the case labelled (1). The DV curve takes the form

w2 − (gv2 +µv)w− g2Λ3v = 0 . (229)

We solve for v and substitute the result in the SW curve, square the relation to remove square
roots, clear denominators and find the expression to factorize

�

gΛ3 twµ+ g3Λ6(t − 1) + t2w3
� �

−gΛ3 twµ+ g3Λ6(t − 1)t −w3
�

= 0 . (230)

This gives the two w-curves

0= t2w3 + gΛ3 twµ+ g3Λ6(t − 1) ,

0= w3 + gΛ3 twµ− g3Λ6(t − 1)t .
(231)

They correspond to rotations about t = 0,∞ respectively. We shift the v-curve eliminating
the v2 factor and pair it with the second curve in (231). This gives the v- and w-curve

0= (v +µ/3g)2(v − 2µ/3g)−Λ3 (t + 1/t − 2) ,

0= w3 +µgΛ3 tw− g3Λ6(t − 1)t ,
(232)

matching one set of the curves given in (177). The second curve follows from an identical
analysis starting from the case labelled (2) above. In total we find two N = 1 curves from
rotation about each puncture.
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