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Abstract

Motivated by establishing holographic renormalization for gravitational theories with
non-metricity and torsion, we present a new and efficient general method for calculating
Gibbons-Hawking-York (GHY) terms. Our method consists of linearizing any nonlinear-
ity in curvature, torsion or non-metricity by introducing suitable Lagrange multipliers.
Moreover, we use a split formalism for differential forms, writing them in (n — 1) + 1
dimensions. The boundary terms of the action are manifest in this formalism by means
of Stokes’ theorem, such that the compensating GHY term for the Dirichlet problem may
be read off directly. We observe that only those terms in the Lagrangian that contain
curvature contribute to the GHY term. Terms polynomial solely in torsion and non-
metricity do not require any GHY term compensation for the variational problem to
be well-defined. We test our method by confirming existing results for Einstein-Hilbert
and four-dimensional Chern-Simons modified gravity. Moreover, we obtain new results
for torsionful Lovelock-Chern-Simons and metric-affine gravity. For all four examples,
our new method and results contribute to a new approach towards a systematic hydro-
dynamic expansion for spin and hypermomentum currents within AdS/CFT.
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1 Introduction

Curved Riemannian and pseudo-Riemannian spacetimes are of immediate relevance for astro-
physics, cosmology and high energy physics. In most cases, the spacetime metric is the only
dynamical field associated to the geometry, while further geometric structures are argued to be
irrelevant by appealing to current experimental evidence. Recently, however, general space-
times with non-vanishing curvature! Q", and torsion T* found applications in condensed
matter systems—where lattice deformations generate non-trivial 2", and T* directly coupled
to the electronic degrees of freedom—as a means to simulate high-energy phenomena in tab-
letop experiments [1-16]. In particular, torsion has been shown to alter the the hydrodynamic
expansion by introducing terms relevant for both heavy-ion physics and electron flows in con-
densed matter [15-21].

We may, however, go even further beyond spacetimes with curvature and torsion to the
more general metric-affine spacetimes hosting a non-trivial non-metricity one-form Q,,,. In
condensed matter systems, this may be achieved by the introduction of dislocations and cuts
in the lattice of a given material [22]. For our purposes, the importance of considering metric-
affine spacetimes arises from the coupling of torsion and non-metricity to matter fields. Both
torsion and non-metricity may be seen as the sources of conserved matter currents. In partic-
ular, T* is the source of the spin tensor Suv’) , while Q,,, is the source of the hypermomentum
tensor A, [23]. The spin tensor is well-known and has been studied in depth: In particular,
spin transport was recently suggested to play an important role in hadron-hadron collisions at
LHC [18,24,25], as well as in tabletop experiments on electronic systems [26,27]. In contrast,

IQ“V is the curvature two-form, whose components are the Riemann tensor R* | oo
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the hypermomentum tensor is not widely studied in the physics literature. The trace of this
tensor, J 5 = AW”, however, is referred to as dilation current and has found applications in
the context of trace anomalies in condensed matter systems [3].

The source interpretation of torsion and non-metricity is the most relevant in the present
context, due to its role in the AdS/CFT correspondence [28-30]. The AdS/CFT correspond-
ence or holography is a duality between a weakly curved theory of gravity and a strongly
coupled quantum field theory (QFT) living in one dimension lower, at the boundary of the
curved spacetime. The sources coupled to the QFT determine the boundary conditions of the
dynamical fields of the gravitational theory, while the on-shell gravitational action acts as the
QFT’s generating functional. Holography has widely been used to shed light on the transport
properties of matter, for instance of the quark-gluon plasma or of graphene [31,32]. These
transport properties, however, concern only non-trivial energy-momentum and electric charge
transfer in the QFT, i.e. only a dynamical metric and gauge field in the gravitational theory.
It is our goal to extend the correspondence to include spin and hypermomentum transport in
strongly coupled systems. The former arises from the intrinsic spin of particles, while the latter
arises from the modification of the causal structure of spacetime due to matter [33]. Causal-
ity may exclude hypermomentum transport in relativistic systems of particle and astrophysics,
since it may modify the light-cone structure and turn spacelike separated events into timelike
separated ones under parallel transport. Condensed matter systems are not bound to such
constraints, since their causal structure arises only as an emergent description of the system’s
electronic bands. We therefore expect hypermomentum to lead to new transport phenomena
and perhaps novel phase transitions in this context.

In order to extend holography to the realm of both spin and hypermomentum transport,
the dual gravitational theory must contain dynamical torsion and non-metricity tensors, i.e. we
must consider dynamical theories of metric-affine gravity (MAG) on spacetimes with bound-
ary.2 The introduction of boundaries into the spacetime considered raises issues of funda-
mental importance that need to be addressed before applications can be considered. In partic-
ular, we have to ensure that the boundary conditions of the MAG fields are compatible with a
well-defined variational problem. This is achieved in general relativity by the inclusion of the
Gibbons-Hawking-York (GHY) boundary term.

The importance of the GHY boundary term in theories of gravity cannot be overstated. In
the simplest of applications of gravitational theories, in terms of a Lagrangian, the GHY term
makes the variational formulation well-posed [36-39]. In addition, within the Hamiltonian
formalism, the GHY term allows us to correctly define the Hamiltonian as well as the asymp-
totic conserved charges of the theory, such as energy [38]. The GHY terms also play a crucial
role within holography: First, the asymptotic charges evaluated at the boundary are precisely
the charges of the dual QFT. Second, the on-shell gravitational action (and QFT generating
functional) suffers from divergences. The GHY terms act as counterterms and provide (part
of) the regularization necessary to define a finite gravitational action [40]. Thus, in order to
use holography to derive QFT observables and understand spin and hypermomentum trans-
port, we have to derive the GHY term for every MAG Lagrangian. We carry out this derivation
in the present paper.

The GHY term we find provides the starting point for holographic renormalization [41]
that we plan to address in the future in the present context. Holographic renormalization
in turn will be the starting point for a fluid-gravity hydrodynamic expansion [42] including
torsion and non-metricity. Also beyond holography, our results are of interest to both the
general relativity and condensed matter communities. The first may use our results as a step-
ping stone towards analyzing extensions of general relativity to the MAG framework and their

2For early work on holographic models for spaces with torsion, but zero non-metricity, see [34,35]. A recent
discussion may be found in [16].
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compatibility with cosmological data. For the second, in addition to forthcoming results on
spin hydrodynamics that we expect to be obtainable based on the analysis presented here, our
terms become important when considering the dynamics of defects that give rise to torsion
and non-metricity on systems with boundaries. In this context, our GHY terms describe the
dynamics of the defects on the boundary which are consistent with the dynamics in the bulk.
Such terms may also become important when considering topological field theories on spaces
with boundaries, perhaps with quantum anomalies, since they describe the emergent degrees
of freedom at the boundary.

The main result of this work is a new and efficient method for deriving GHY terms for
actions formulated in the language of differential forms. In particular, our generalized GHY
term applies for any theory which is allowed to have curved, torsional and non-metric degrees
of freedom in arbitrary polynomial combinations. We achieve this generality by formulating
our result in terms of auxiliary fields which are calculated for generic theories by taking vari-
ations of their Lagrangian n-form with respect to suitable Lagrange multipliers. One of our
main findings is that our generalized GHY term receives contributions from the variation of
only those terms in the Lagrangian that contain curvature. Terms that are solely built from
torsion and non-metricity do not contribute a GHY term, assuming that any derivatives of
torsion and non-metricity have been converted into curvature polynomials by means of the
Bianchi identities. Using our method we confirm the GHY term for the Einstein-Hilbert action
in arbitrary dimensions. We furthermore verify a result for 4d Chern-Simons modified gravity
up to a factor of 2. Moreover, we present new results for torsionful Lovelock-Chern-Simons
and metric-affine gravity. These new results have the form which we expect from comparison
of the Lagrangians with those of Einstein-Hilbert and 4d Chern-Simons modified gravity.

We begin the main part of this paper with section 2, where we briefly set up the geometric
framework used. This allows us to present the main results of our work in a concise man-
ner in the same section. Subsequently, we apply these general results to the special cases of
Einstein-Hilbert and four-dimensional Chern-Simons modified gravity in section 3 to find fa-
miliar results as a check of our method. In the same section, we apply our method to the case of
torsionful Lovelock-Chern-Simons gravity and derive new results for its GHY term. An explicit
derivation of our results is given in section 4. The more involved case of MAG is considered in
appendix A.

2 Geometric setup and summary of the main results

In the current section, we present our main result for the GHY term for any MAG theory in (12).
To fully grasp the meaning of each term in (12), however, we must first give a lightning review
of our geometric setup. For the interested reader, more details are given in section 4.

As mentioned in the introduction, the geometry that we consider in a dynamical setting is
that of a metric-affine spacetime. This spacetime is an n-dimensional manifold M equipped
with a coframe basis 8%, a metric ds? = g,,0" ® 07 and a connection one-form wh = Fff ,0°,
where Greek indices take values in {0,...,n — 1}. These fields are independent of each other
and may be thought of as the kinematic variables of the spacetime in the same sense that
a U(1) gauge field provides the kinematic variables for a U(1) gauge theory. Following this
analogy further, we may define field strengths for 6¥, g,,, and w',. To preserve diffeomorphism
invariance, we construct these field strengths in terms of the exterior derivative d and the
exterior covariant derivative D = d+w, p(L)ﬁ/\, where p(L)Z is the appropriate representation
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of the GL(n,R) generators L. In particular, the field strengths for the fields ", 64, gy are

1
the curvature two-form Ot =det + o)ﬁ Awh = ER“VPUQ'O NG
1
the torsion two-form TH:=DO* =dO¥ + wh A O” = ET“pU 0P A O7, @))
the non-metricity one-form Q,, :=—Dg,, =—(dg,, — wﬁ 8ov— Whgup) =Quyp 07,

respectively. The curvature R" oo 1 the Riemann tensor, while T po is the torsion and Q,;,,,

the non-metricity tensor. All three of the field strengths satisfy a corresponding Bianchi identity

DO* =0,
DTH =QF AQ”, )
DQuy = Ry + Q.

We introduce a boundary d M in M and a geometry on d M via two sets of vector fields. First,

we define d M through the normal vector n", normalized as n,n* = ¢ = —1 for spacelike and
n,n* = ¢ = +1 for timelike boundaries. Second, we introduce the vielbein el as a basis of

tangent vectors on d.M, nueg = 0, where Latin indices take values in {0,...,n—2}. The

vielbein and its dual ez induce a geometry on d M via pullback from M. For example, the
boundary coframe basis ¢¢ is obtained from the manifold coframe basis 6% as eZG“ = ¢9,

while the induced metric on dM is yg = eg eZ guv- While the metric and coframe project
to the boundary via pullback, the connection is related to its boundary value wj in a more
involved way. In particular, we assume that ', projects to wj via the vielbein postulate

coz = ez (defl‘ + w’;e;’) ) 3)

We prove the transformation property (3) within the MAG framework [23,43] in section 4.3.
To our knowledge this is the most general theory that includes curvature, torsion and non-
metricity. It is thus natural to assume that (3) holds for a large range of theories featuring
fewer fields or more symmetries.

Apart from the curvature, torsion and non-metricity associated to the projected connection,
coframe and metric on the boundary, the embedding of d M in M allows for additional quant-
ities that describe the geometry of d M relative to that of M. For example, in the following
we use extensively the extrinsic curvatures

Ka — eZDnM and I~<a = egDnH = Ka — egan“v . (4)

The two definitions of the extrinsic curvature in (4) differ only by a deformation in the n —e,
plane due to non-metricity. Thus, for metric compatible connections satisfying Dg,,, = 0
it suffices to consider only one of the extrinsic curvature definitions. The tensor compon-
ents of K¢ tangent to the boundary give the extrinsic curvature familiar from the literature,
K% = eﬁe,’; V,n", where V, is the covariant derivative on M [38,44,45].

This concludes our brief review of the geometry on M and the induced geometry on d M.
For investigating the dynamics of this geometry, we consider the most general action possible,

Sorig[g;.mu C()Ii, GH] = f E(quﬁ TM, qu) > (5)
M

where the Lagrangian n-form £(Q",, T#, Q) is an arbitrary function of the curvature, torsion
and non-metricity defined in (1). Not fixing a particular form for £ ensures that our results hold
for any action of interest and may be applied to a specific system by choosing £ appropriately.
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Note that we have restricted ourselves to actions which are polynomial in the field strengths but
do not involve their derivatives. This is not a severe restriction since the Bianchi identities (2)
tell us that derivatives of curvature vanish, while those of torsion and non-metricity can be
reduced to polynomial terms in curvature.

Our goal is to make the variation of the action (5) well-defined by adding the appropriate
boundary terms to it. To find these terms we vary S, and isolate the terms on the boundary
that do not vanish after enforcing the boundary conditions on the fields. To be precise, the

boundary conditions we consider are & gm| om =00 0")50¢ =0and Sw, am = 0. However,
according to [38] it suffices to demand that the Dirichlet boundary conditions
6Yap =0, 6¢%=0, 6w} =0, (6)

hold since the original conditions may be reinstated by gauge transformations on d M.

In principle, we may now obtain the boundary terms from a direct variation of the action
Sorig- However, general covariance requires that we write the boundary terms in terms of
geometric quantities on d M. To achieve this we need to perform a 3 + 1 decomposition® of
Sorig Which is impossible to write down if £ is not specified. We circumvent this issue by the
method of Lagrange multipliers expounded in [46] for the case of £(©2",) gravity. This method
essentially makes the action linear in the field strengths without losing any information of the
dynamics induced by £. In order to isolate the boundary terms, we introduce the Lagrange
multipliers ¢ H”, t, and ¢"” and turn the Langrangian into a linear function of o, T* and
Q- In particular, we consider the gravitational action

S[gm,w‘iﬁ“,w“v,e“v,tu,f“,q”,om]=J [ﬁ(Q“v,T“,UW)+*<Puv/\(9“v—9“v) (7)
M

+ *tu A (T“ — T'u) + *q“v A (Q,uv_ qu)] >

where o",, 7# and 0y are auxiliary fields and x is the Hodge duality. Expressing S as in (7)
allows us to directly access Q",, T# and Q. regardless of the explicit form of £. We choose
the Lagrange multipliers to be independent of each other and of the fields w’, 6" and guy- In
this way we ensure that the equations of motion for Q",, T# and Q. are kept unchanged if
we first impose the equations of motion

ot =", T =1H, Quv =0 py> (8)

for the Lagrange multipliers @, ¥, t, and g"”, respectively. To that end, we additionally de-
mand these Lagrange multipliers to have the exact same symmetries as the corresponding field
strengths.

In order to express the boundary terms in terms of a diffeomorphic invariant Lagrangian
on the boundary, we consider projections of the Lagrange multipliers on d M. In particular, we
project each index of the Lagrange multipliers either to the boundary by contraction with the
vielbein eﬁ or normal to the boundary by contraction with n”. We abbreviate these contractions

as Qg = el n”¢,,, for instance. These projections may be regarded as an extension of the 3+1
decomposition in general relativity and can be derived by expanding every contraction of Greek
indices in (7) using

B phed p
oM = eleS +entn,. )

For example A" AB,, = A" AB, + €A, AB,, for generic differential forms A", B,,. The explicit form
of the action S in terms of the 34+ 1 decomposition is rather lengthy and not that enlightening.

3While we work in general n dimensions and perform a full (n — 1) + 1 decomposition, we use the term 3 + 1
decomposition for compactness throughout.
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So we leave (7) unchanged and keep in mind that for further calculations any of the Greek
indices is 3 + 1 decomposed as just described.
While the equations of motion (8) of the Lagrange multipliers ¢ MV, t, and g"” ensure the

equivalence of S and S, the equations of motion of the additional fields o",, ¥ and Ouy
yield constraints which enable us to determine the explicit forms of ¢ u V. t, and g"” in terms

of £. Among these constraints the ones which yield x¢"* := naeg * apaﬂ, *Pan = €gNp * (paﬁ

B

and xpy, == n%ng * @, are particularly important for us. These are

%" AN Song =6, L(Ona> 0™ Cnns--+)>

*Pan N0 = €6 5an L(Qng> 0™ Cnns - -+ )5 (10)
*@"™ NS = 6, L(0na> 0™, Cnn>---)>

obtained from varying (7) with respect to 0,4, Oqn and onn.* To put it simple, ¢, is the
Hodge dual of the equations of motion for Q" .

In addition to the 3 + 1 decomposition of the Lagrange multipliers and auxiliary fields we
also need to introduce the 3 + 1 decomposition of the curvature, torsion and non-metricity
into the action S in (7). The full details of the derivation are given in section 4. Here we
mention the 3 + 1 decomposition of curvature which plays an important role in the examples
we consider in section 3. We have

Ky AQun,

N[ ™

e ep, =0 —eK A Ky, nuea, = DK, + 11
€ 1 .
eZn”Q“v =DK®*+ EK“ A Qun > n,n"Q! = EDQlm +K*AK,,

where we define Q°, := dwj + w{ A wj for the curvature on the boundary.® The result (11)
may be considered a generalized version of the Gaul3-Codazzi equations.

Finally, let us mention the strategy we use to obtain the GHY term for the generic action (5)
after the 3 + 1 decomposition has been made. Expressing the action in a 3 + 1 form results
in two types of terms appearing in the Lagrangian; one containing the fields ', 6%, guv and
their projection to the boundary and another one containing their derivatives. Due to the
Dirichlet boundary conditions (6) the first type does not contribute at the boundary and, thus,
only the second type of terms can lead to boundary contributions under variation. To calculate
them, we employ Stokes’ theorem to rewrite these terms as a pure boundary integral. We then
vary the boundary integral and isolate the terms that do not vanish after variation. These
are the terms which have to be subtracted from S by means of the GHY term. Carrying out
this calculation in section 4 we find the explicit form of the GHY term for a MAG theory with
Lagrangian L to be

. 1
IS'GHY :_J (_SKa /\*(’Ona + K" A _an/\*(pnn)
oM 2 oM (12)

>

oM

1
:—f (SKa /\*((pan_(nana)'i'ana/\*(Pna + _an/\*(pnn)
oM 2

where ¢, ¥nq and p,, are implicitly expressed in terms of £ through the constraints (10).

“Only these variations are relevant, since the boundary conditions (6) do not fix w;, wh and wi.

>Note that these are not Einstein’s equations which result from a variation with respect to the connection.

®Note the components of Q9, also include normal contributions in general. The purely hypersurface
curvature, Q("_l)“b, is found by means of projecting the components of Q to the hypersurface, that is
Q" =0, (., 9)p¢ A ¢, with ¢, the dual of ¢ (see (44)).
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A couple of comments about Sgy are in order. First, we note that our result should be
expected. All terms in (12) depend on the first derivatives of the metric as in typical general
relativity. That torsion does not appear explicitly in the GHY terms should also be expected.
Torsion may contribute boundary terms only via the derivative of the frame field it contains,
see (1). This derivative measures the non-holonomicity of the frame and is not a true geometric
invariant of the theory. Therefore, in a generally covariant theory, vanishing non-holonomicity
is locally enforceable and as a result the torsion two-form is only a polynomial in w" and 6*.
This is why the torsion two-form cannot appear explicitly in the GHY terms. Of course, this
does not forbid turning the GHY term from a function of the curvature to a function of torsion
if additional constraints between the field strengths are taken into account as in teleparallel
theories of gravity for example [47,48].

Second, in the important case of vanishing non-metricity, Q,,, = 0, the GHY term (12)
simplifies considerably to

58;$=2f eK A x@nalang - (13)
oM

That is, the GHY term is a direct generalization of the GHY term of general relativity which is
proportional to the extrinsic curvature of the boundary.

Finally, some technical notes are in place. First, for the calculation we considered p,, and
Qan as independent although curvature fulfills ©,, + ©,,, = DQ,,, according to (2) and g,
has the same symmetry as €2,,. This simplifies our calculation considerably without altering
the final result. Alternatively, it is possible to invoke the symmetry relation satisfied by g,,,
prior to the variation. In appendix B we explicitly show that this yields the same resulting
GHY term (13). Second, we worked entirely in the first order formalism where all fields are
independent. If one wants to consider a second order one, the equations of motion must be
used to express all fields in terms of the independent ones. In traditional general relativity, this
involves solving for ", in terms guv- Substituting the solution into £ yields a new Lagrangian
L for the independent fields. If £ is a function of the remaining independent field strengths,
say £ = £(Q",), our algorithm may still be applied mutatis mutandis to obtain the GHY term
for £. We have implicitly used this observation when writing down (13) for the GHY terms of
metric compatible theories in the following section.

To recap, the calculation of the GHY term for any MAG theory follows these steps: First,
choose the Lagrangian £ of the MAG of interest. Second, express £ in a 3 + 1 decomposed
form (see section 4). Third, derive the Lagrange multiplier ¢, through the constraint equa-
tions (10). Finally, substitute the result into the general form (12) of the GHY term. In the
following section, we apply this algorithm to several particular theories of gravity as a consist-
ency check of our results.

3 Examples for Gibbons-Hawking-York terms

In the current section we apply the algorithm explained in the previous section to calculate
the GHY terms for several theories of gravity. The examples we consider involve the Einstein-
Hilbert action in general dimensions, the action of 4d Chern-Simons modified gravity and
the 5d Lovelock-Chern-Simons action. We also calculate the GHY term for the most general
MAG Lagrangian quadratic in the field strengths. Since both the calculation and the result for
the MAG GHY terms are quite lengthy, but do not add any additional insight regarding the
formalism, we relegate them to appendix A.
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3.1 Einstein-Hilbert gravity £ o< R

As a very basic consistency check of our algorithm, we first consider the Einstein-Hilbert action

1 1
SEH — gjd“x\/—gR: ﬂJnWAQ‘“” (14)

where n*” := %(0* A 6"). The Lagrangian for this action is £ = £(Q",) = n*” A Quy/2x.
Hence, the general form of the extended action (7) including the auxiliary fields and Lagrange
multipliers reads

1
S§$=f(gn‘”Aew+*sojA(ﬂ“v—g“v)), (15)

in the case of Einstein-Hilbert gravity. The relevant terms in the 3+1 decomposition of £(g,,,)
for our calculation of the GHY term are

1 1
Lleu) = 5" Ayuy > 5 -€Mna A 0™, (16)

where ~ omits irrelevant terms of the decomposition. According to (10), the equations of
motion for o™ read

1
*Png NG = €6 pna L(0) = o —Mna A 5™, (17)

which fix the form of ¢, to

1
—Nna - (18)

*(pna = 2K

Substituting (18) into our general result (13) for the GHY term, we obtain

£
SEEIYZZJ eK“/\*apnabM:—f d3x\/|}f|K"a, (19
oM K Jom

which is the well-known result for the GHY term in general relativity [36,37]. Note that we
used the 4d Einstein-Hilbert action, but since the differential geometric formulation of the
action (14) holds for an arbitrary number of dimensions, our result is actually more general.
In particular, the GHY term

&
SCE}II:IIY = ;J dVOlaM |’)/|Kaa 5 (20)
oM

solves the Dirichlet problem for Einstein-Hilbert gravity on any n-manifold M. The abbrevi-
ation dVoly v := ¢° A--- A ™2 is equal to the standard integral measure d" 'y in holonomic
coordinates ¢¢ = dy“.

3.2 4d Chern-Simons modified gravity £ o< Q2

As a next check of our formalism we turn to the four-dimensional Chern-Simons action as used
in Chern-Simons modified gravity [49]. This provides a non-trivial check since the action is
quadratic in curvature and the GHY term was already derived in [50].
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7

The Chern-Simons part of the full action is

cs_K I _ K/ _qyind
S _4fd x+y/—g6 *RR—Z( 1)mgf99“v/\mu, (21)

where the background scalar field & must not be confused with the coframe basis 6. We read
off £L(O,) = g(—l)mdg 09", A QVM from the action (21) so that the equation of motion (10)
for o™ yields

*Pnq ANOQ™M = €0 pna L= (=1)™€K0 0, A S5 0™, (22)

which leads to " = (—1)"4€xH pm,

We observe that ¢™® depends explicitly on p?", unlike the Einstein-Hilbert action. To
proceed, we use the equations of motion (8) of p*” to fix g, = ©,,,,. Subsequently, we employ
the 3 + 1 decomposition of curvature which is given by the Gaul3-Codazzi equations (11) to
express ™ in terms of geometric quantities on d M. We find

* (Pna{Q/w:qu - (_1)indg’<99an~9uvzﬂuv - (_1)indgK9DKa ’ (23)
which evaluated on the boundary reads
10" 5 0 = (—1)MEKOV K, pO A PP 249

Here we define the boundary covariant derivative as VK¢, := 9,K, +T,K db —Fc‘libK ;> where
the connection coefficients are related to the boundary connection (3) as w‘g = Fcabqﬁc. To
match the conventions of [50] we choose |g| = —g, |y| = v as well as torsion freedom. This,
in conjunction with (13), leads to the GHY term

S&y = 2;<f dPx y70€e7 K,V Ky, (25)

Ms
where €% denotes the totally antisymmetric tensor which differs from the ¢/*-symbol by a
factor of 1/,/y. The result (25) coincides with the result of [50] up to a factor of 2. However,
a calculation of this GHY term via the methods of [46] and [39] supports our result (25) in-

cluding the factor of 2. We now turn to the derivation of the GHY term for torsionful Lovelock-
Chern-Simons gravity which is not known in literature as far as we are aware.

3.3 Lovelock-Chern-Simons gravity

For our final example, we consider Lovelock-Chern-Simons gravity in a 5d spacetime with
boundary. This example involves both a non-trivial polynomial Lagrangian for curvature and
non-vanishing torsion. In particular, we investigate the action

2 1
SLes = KJ €pvafo (Q‘” AQP 4+ §QWA 0% AOF + ge“ AOYAO%A Gﬁ) AB°, (26)
Ms

employed in [16,51]. As in the previous examples we identify the integrand in (26) as £ and
use the equations of motion (8), (10) for ¢*, and p", to obtain

1
* cpna|ngﬂw = 26K€yvapon"e, (Q“ﬁ + 50“ A 9/5) ANOY. (27)

7In the differential geometric version of (21) we could alternatively use a notation which involves the Hodge
dual of one of the curvature two-forms. We refrain from that since the variation of Hodge duals is non-trivial. For
details on the variation of Hodge duals as well as interior products and their inclusion into the framework of this
paper, see appendix A.1.
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Note that since €,,,,p, in (27) is contracted with n", the a, # and o indices are all on d M
which means that they need to be contracted with e/, when evaluating the 3+ 1 decomposition
of Y- Thus, we may write (27) as

* P
Pna Cuv=py

1
:ngeabcd (egezﬁaﬂ+§¢b/\¢c)/\¢d. (28)
Employing the Gaul3-Codazzi equations (11) for vanishing non-metricity, we evaluate ¢, in
terms of geometric quantities on the boundary as

, (29)

1
* (,0na|M4 = 26K€4ped (ch—st AK®+ gcbb /\d)c) A ¢4
My

where Q“b = dw‘g +wiA co‘l’) was defined in (11). By virtue of (13) the GHY term of torsionful
Lovelock-Chern-Simons gravity is then

1
SLCS = —4;<J €abed (Qab —eK*AKP + §¢“ A ¢b) AP AKY (30)
M, M,
In components (30) takes the form
1
ey = —4K fM dVol, /=7 [3! (ERab[ab —eK K", ) K+ ZK“a] : (31)
4

General considerations regarding (30) show it is consistent with expectations. To see this,
consider the Lovelock-Chern-Simons action (26) in more detail. This action consists of three
terms. The first of them which is a quadratic curvature term in five dimensions is new to us
so far. Because of its quadratic curvature form we expect it to yield a GHY term of a new form
which is of higher order in the extrinsic curvature just as we observed it in the example of 4d
Chern-Simons modified gravity in section 3.2. We immediately observe this behaviour from
the generalized Gaul3-Codazzi equations (11) which give the curvature 3 4+ 1 decomposition.
The third term in (26) has no curvature contribution and is not expected to yield a GHY contri-
bution since these contributions all relate to variations of curvature, see (12). The remaining
second term we already know. In fact, we rewrite it as

(32)

2
SLCS, 2nd term Kf ewaﬁagﬂ“” AO*AOP NG = SKJ " AQ,,,
Ms M

5

where n*” = x (0" A 6”) was defined in section 3.1. Note that this is nothing but a 5-
dimensional Einstein-Hilbert action. In section 3.1 we already noticed that actions of this
form always have the same GHY term regardless of their dimension. Hence, we expect a
contribution to the total Lovelock-Chern-Simons GHY term of the type

S, 2ndtem o | dqvol, 04/ [IKS, . (33)

oM

We only write a proportionality instead of an equality in the latter equation since there could be
additional contributions from the quadratic curvature term which we omit in this consistency
consideration. We observe all of these expected contributions in our result (31).

For vanishing torsion, the GHY term for Lovelock-Chern-Simons theory was derived in [52]
following the method of dimensional continuation of [53]. Our results agree with those in [52]
up to a factor of 3 in the cubic extrinsic curvature term in (30). Unfortunately, such a discrep-
ancy should be expected since—as the authors of [52] stress—the dimensional continuation
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method cannot be used if torsion is non-vanishing. The reason for this is quite simple: The au-
thors of [52] and [53] essentially use the two first rungs of the descent ladder for gravitational
anomalies in the absence of torsion [54], in order to define their respective GHY terms. The
inclusion of torsion modifies the descent procedure—and hence the GHY terms—by modify-
ing the BRS algebra of the fields [55]. It would be interesting to use the results of the descent
procedure described in [55] to explicitly check that our result (30) for the Lovelock-Chern-
Simons GHY term can be derived analogously to [52] in the case of vanishing torsion. In
this sense, (30) may be regarded as a generalization of the Lovelock-Chern-Simons GHY term
in [52] to torsionful Lovelock-Chern-Simons theory. Moreover, our formalism does not need to
introduce a background manifold for deriving the GHY term, which may be considered another
generalization of [52,53]. Some results regarding the GHY term for torsionful Lovelock-Chern-
Simons theory also exist in the literature. Namely, the action of Lovelock-Chern-Simons (26)
was renormalized in [51]. To achieve this, the authors of [51] considered a finite Fefferman-
Graham expansion and compensated the divergent terms by addition of counterterms to the
action. The non-divergent terms in this procedure were not given explicitly in [51] but calcu-
lated in [16], where they were interpreted as the GHY term of Lovelock-Chern-Simons gravity.
This term constitutes an on-shell result whereas our result (30) is the universal GHY term
for the Lovelock-Chern-Simons action (26). From this point of view, our result (30) may be
considered as a generalization of the Lovelock-Chern-Simons GHY term in [16].

Our results for the GHY term of torsionful Lovelock-Chern-Simons theory constitute a new
result in the literature. An additional novel result can be found in appendix A, where we
derive the GHY term for the most general MAG Lagrangian quadratic in the fields. In the same
appendix we include details on how to treat interior products and Hodge duals under the
variations necessary to apply our algorithm. These allow to work directly in the differential
form version of the Lagrangian, which usually provides the most economical expression for
the Lagrangian. Before proceeding to appendix A, we suggest reading section 4. This section
contains the explicit derivation of the general formula for the GHY term (12) along with some
useful formulae regarding the 3 + 1 decomposition of the field strengths.

4 Derivation of the Gibbons-Hawking-York term

In this section we present the explicit calculation leading to the GHY term (12) given in sec-
tion 2. The essence of the calculation of the GHY term involves the 3 + 1 decomposition of the
fundamental fields, w, g,y and 6%, and their field strengths, o, Quy and T respectively.
In order to derive such a decomposition, we first consider the geometric setup for spacetime
foliations introduced in section 2 in more detail. This involves an investigation of how the
frame fields 6", n* and ez decompose with respect to the spacetime foliation.

4.1 Frame decomposition

In this subsection, we first introduce frame decompositions on manifolds in the vielbein form-
alism. These frame decompositions constitute the basis for the subsequent investigation of
foliations in the 3 + 1 formalism [44,45, 56], in which the manifold is described as a stack of
hypersurfaces. We assume that neither torsion nor non-metricity vanishes and use differential
forms throughout to simplify the analysis (see e.g. [23,43,57]).

We consider an n-dimensional manifold M equipped with a generic coframe 6#,
u € {0,...,n—1}. Locally, a coframe is a basis of the cotangent space at each point p of M. In
order to describe how the boundary is embedded in M, we aim at decomposing all geomet-
ric quantities on M into contributions tangent and normal to the boundary. For this reason,
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we assume that M is foliated by a family of hypersurfaces {X;},, where A =const defines
each hypersurface 3,. In order to be able to describe the embedding of the boundary as well
as the boundary components of the manifold’s geometric quantities torsion, curvature, and
non-metricity, we choose this foliation such that the asymptotic boundary d M is one of the
hypersurfaces. The most basic quantity to decompose in this foliation is the coframe 0%. We
associate a frame field 9, to this coframe by means of 6"(#,) = 6 # =1,(8"), and decompose
both according to

O' =l + ¢, (34a)
€ ~
ﬁu = Eﬁ(pa + Nn‘u(p > (34b)
where a € {0,...,n—2}. The new tensors introduced in this decomposition are given by
el = 0M(py),  ES=10,(4%,  t"=0M(). (35)

Using the induced metric on %, Y45 == ege;’gw, we define

. detguv . Py g . 9
£ = Sgn(det'}’ab) 5 N := 1/\/|g [J,(d)) v(d))l ’ nu =¢N ,u,(d)) (36)

The lapse function N is introduced to normalize n,,, n,n" = ¢. Moreover, the sign ¢ in n,, is a
convenient choice for the direction of n, (see [44]), such that £2 = 1. We impose orthogonality
for the frame decomposition (34) by virtue of

P ppr) =068 =¢p(dY,  d(@)=1=¢(¢), (37)

with all other pairings between the ¢ and ¢ frames vanishing, for instance ¢(¢,) = 0. These
pairings imply that the tensors e, Eﬁ, t" and n, are not independent of each other. To
see this, we insert the decompositions of frame and coframe (34) into their defining relation
O4(9,) = &% to obtain

€
ok =el'ES + Nt“nv. (38)

Next, we contract this equation with n" as well as ef := yabgwe‘; to find the relations

€ €
t* =Nn* +N%" and Eﬁ = ez — Nnutve‘; = eg — ﬁnuN“ —enyn’e;, (39)
where we define the shift vector N® := —N n“Es. Note that the expressions (39) relate the

fields ek, Es, t* and n, with each other. Nevertheless, their relation may be examined further
by means of®

n,et =0, (40)

a

which implies that t“Eﬁ = 0 holds, as well. Using the orthogonality conditions (37) and (40),
we may revisit the relations (38) and (39) and rewrite them as

&4 =elel +entn,, (41a)

th =Nn" + N, (41b)
a_,a_ € a

Eu_eu NnuN . (41c)

In the following section we use these equations to find a version of the frame decomposi-
tion (34) which is adapted to the foliation of the manifold M by means of hypersurfaces.

SEquation (40) can be proven by expressing the completeness relation (38) in terms of e”, n* via (39) to find
B — oled 4 enbn. —enP et et i i i b =n §he” =n ef(enPeln.e’ is imoli b=
§v = elef+en’n,—en’efeln,. Using this, we can write n et =n, 6%} = n,e(en ep.nveb). This implies n,ek = 0,
since 1 = en” eznve;’ leads to 1 = 0 when we take the trace of the completeness relation.
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4.2 Adapted frame decomposition

In the frame decomposition (34) we have introduced four a priori independent tensors e, Eﬁ,
t" and n,. We imposed orthogonality conditions in (37) and saw that they allow to express
Eﬁ and t* in terms of e and n, as in (41). Thus, we use the relations (41) to eliminate Eﬁ
and t* in the original frame decomposition (34), to obtain

o' =elp®+Nntg, (42a)
By = elpat =10, (42b)
where we introduced the adapted frame
¢=¢ +N%,  @=¢—Ng,. (43)
The pairings (37) of the (¢%, ¢, ¢, ¢) frames are invariant under this transformation and read

P (pp) =65 =wp(9¢9),  Ple)=1=0(¢), (44

with all remaining pairings vanishing. Hence, the new frame fields (¢, ¢, ¢4, ¢) are or-
thogonal as well. To gain an intuition for what these fields are, consider a generic one-
form A=A, 0" and a vector B = B",,. We use (42) to expand A and B as

A=A elp? + NAn"$, (45a)
€
B= B“echa + NB“n“(p . (45b)

Recall that a tensor or differential form is called tangent (normal) to a hypersurface if it van-
ishes when any of its indices is contracted with n,, (e}). We apply these definitions to (45)
and find that tangent one-forms and vectors take the form

A=Ayl ¢, B =B“e§cpa, (46)
while normal ones are expanded as
€
A= NAun“¢> 5 B = NBMTIHQD . 47

Combining these notions of being tangent and normal with the orthogonality conditions (44),
we may interpret p, as a frame basis on X, with associated coframe basis ¢“. Hence, the
frame decomposition (42) is adapted to the foliation and we proceed to work with it in the
following. Having set up the frame decomposition, we proceed by investigating how fields
transform.

4.3 Decomposition of metric and connection

In the previous subsections we have investigated the decomposition of the frame fields in the
foliation of the manifold M by means of hypersurfaces. We use this decomposition next to
investigate how the basic geometric objects on M decompose in that foliation. In particular,
apart from the frame field, we consider the metric tensor g, as well as the connection one-
form w', as independent dynamical fields. We start by investigating the decomposition of Suv
by applying the adapted frame decomposition (42). Contracting (42) with e, and n,, we
exploit the normality condition (40), nueg = 0, to identify ¢ = gn,0" and ¢* = eﬁ@“. We

use the manifold metric g,,, and the hypersurface metric y,, = el e, 8uy to raise and lower
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indices in eﬁ = yab guvey- Using these relations, we rewrite the metric tensor by means of (42)
as

ds? =g,,0"®0" = (yabeﬁel;+8nunv) o*e0". (48)
From (48) we can read of the 3 + 1 decomposition of the metric tensor guv as
g,uv = Yabeze?;_i'gnunv; (49)

in hypersurface tangent and normal contributions. The decomposition (49) is used heavily in
the following discussion.

For deriving the transformation of the connection one-form w’, to the hypersurfaces, we
use the transformation law of connections with respect to the metric-affine group. For A", €
GL(n,R), this transformation is given by [23]

o A—1 —1
wh - =A “pw(ijov+A “pdApv. (50)
Motivated by the frame decomposition (42) we choose the transformation

u . usa usn—1
A" =el 6]+ Nn"o ™,

v

-1 _ & m (51)
ATH =elol + Nnvé'n_l .
After inserting this transformation into (50), we only consider the u, v = (0,...,n — 2) com-
ponents of '’ to find
cog = ez (deﬁ‘ + w‘;e;’) = eZDeZ‘ =0, (52)

where we suppressed the prime on the left hand side since the indices immediately clarify
which connection is meant here. This is the transformation of the connection on M to the
connection on X,. Essentially, the above argument is a proof of the vielbein postulate for the
frame field on the hypersurface for MAG, along the lines of a similar proof in [23]. We interpret
the hypersurface connection coefficients by means of (52) as the contribution of Del; which
is tangent to the hypersurfaces. It is, thus, natural to consider its normal contributions next
to obtain an expression for De, which constitutes a differential form version of the GauR-
Weingarten equation.

4.4 Foundations of the 3+1 formalism in general frames

In this section we derive the fundamental equations of the 3 + 1 formalism in terms of differ-
ential forms. This involves the decomposition of De!; into contributions normal and tangent
to the hypersurfaces in the foliation of the manifold M, which can be considered as a gener-
alized version of the Gaul3-Weingarten equations. We furthermore derive a similar equation
for the normal vector n*, and take exterior covariant derivatives of these relations to derive
generalized versions of the Ricci identities. This set of equations is the foundation of the 3 +1
formalism in differential forms.

We start our calculation by investigating De. While we found the tangent contributions
of this one-form for (52), we still need to calculate its hypersurface normal parts. To that
end we define a one-form corresponding to the extrinsic curvature tensor K, := el‘;eg Vv, nt.
Due to non-vanishing non-metricity, we furthermore define extrinsic curvature in a slightly
different manner by K, = el e, V,n,, and we work with both definitions interchangeably in
the following. Thus, we also define two different extrinsic curvature one-forms by

K9 .= ean“ and ka = eijnu. (53)
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We use the frame decomposition (42) to calculate the components of these quantities in our
foliation,

K*=K% ¢® +Nea"¢,
o (54)
K, =K, ¢ +Neg‘au¢ s

where we defined a* := Vn* and G, := V,n, analogous to the different notions of extrinsic
curvature.

With the extrinsic curvature one-form at hand, we now investigate the covariant derivative
of generic forms A* = e A% tangent to X;. We use the 3 + 1 decomposition of the metric (49)
and the vielbein postulate (52) to evaluate

DA* =D (gHA”) = (e!e® + en*n,) DA” = e# DA® — en*e)Dn, AA°. (55)
At the same time A” being tangent to the hypersurface implies
DA" =D (elA") = De¥ NA® + e/ DA". (56)
We compare both equations and noting they hold for arbitrary A?, we find
De" =—en"K, . (57)

This is the expression of the Gau3-Weingarten equation in terms of differential forms.
We can derive a similar expression like the Gaul3-Weingarten equation for the normal vec-
tor n*. To that end, we first need to define the non-metricity one-form,

Q,uv = _Dg,uv = QI“/P Qp 5 (58)
with its tensor components given by Q,,, = —V,g,,,. Abbreviating Q,, = n"n’Q,,, we
investigate 0 = D¢ to obtain

1
n,Dn# = Ean. (59)

We use this result for the calculation of Dn* and follow the same steps as described in the case
of De! above to find

Drt = ek + 2 n“Qy (60)

This is the hypersurface normal Gaufs-Weingarten equation.

The last missing fundamental equations of the differential geometric 3 + 1 decomposition
are the Ricci identities for el and n”. Straightforward evaluation of the second covariant
exterior derivatives of e} and n* yields

D%l = )" —ehQ’ (61a)
D*n* =Qt n”, (61Db)

where the curvature two-form on M is given by
1
Q“V::da)’;+wg/\w’;ZER“VPGOP/\GU, (62)

and we defined Q% = dwj + 0 A w], the boundary curvature, analogously. The tensor
components R »po On the right hand side of (62) are those of the Riemann curvature tensor.

The equations we have derived in this section are sufficient to derive the Gaul3-Codazzi
equations, which are at the heart of the 3 + 1 formalism. They describe how curvature de-
composes into contributions normal and tangent to the hypersurfaces of the foliation. We
perform the derivation of these equations and their analogues for torsion and non-metricity in
the following subsection. We begin by investigating the 3 + 1 decomposition of non-metricity.
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4.5 Decomposition of the field strengths

In order to examine which boundary terms the non-metricity one-form Q,,, admits, we de-
compose this differential form into contributions normal and tangent to the hypersurfaces
given by the foliation of M. For this derivation we make extensive use of the 3 + 1 decom-
positions derived in the previous subsections, among which the generalized Gauf3-Weingarten
equations (57), (60) are particularly important. We start our investigation by using (41a) to
decompose uncontracted manifold indices of a differential form A, as

Ay =06)A, =e e A, +en,n’A,. (63)

Analogous decompositions hold for contravariant indices. We apply this index decomposition
to the non-metricity one-form Q,,, to obtain’

Quv = eZeﬁ (egeanﬁ) + ZSeE‘unv) (eg‘nﬁQaﬁ) +n,n, (n“nﬁQaﬁ) . (64)

To make the decomposition (64) useful, we recall the definition of non-metricity (58) and use
the 3 + 1 decomposition of the metric (49) along with with repeated use of the generalized
Gaul3-Weingarten equation (57) and its normal counterpart (60). We obtain

Quy= ezei’)(—Dyab) + Zeezlunv) (Ka —f(a) +2n,n,n,Dn*. (65)

This result decomposes the indices of Q,,,, into contributions normal and tangent to the hyper-
surfaces in the foliation of M. In contrast to (64), (65) expresses these contributions solely
in terms of fundamental fields on the hypersurface. Hence, the comparison of (65) and (64)
yields the 3 + 1 decomposition of the non-metricity one-form that reads

ete;Quy =—DYqp, etn’Q,, =K, -K,, n*n"Q,, = 2n,Dn". (66)

This is the decomposition of non-metricity we aim for. The projections on the left hand sides
of (66) are expressed through boundary data on the right hand sides. Note that n,Dn*" is a
manifold scalar and does not have to be express through boundary data any further.

Next we derive the corresponding 3 + 1 decompositions for torsion and curvature. Torsion
is defined as the field strength of the coframe field as

1
. U — U P o
T":=D6 _ZTPUG ANOY. 67)

As in the case of non-metricity, we need to decompose the torsion two-form into contributions
which are normal and tangent to the hypersurfaces w.r.t. the foliation of the manifold. The
calculation proceeds identically to that of the non-metricity decomposition above. Its result is
that the torsion two-form is decomposed as

e, T"=D¢p*+NK“Np =T*+NK A ¢, (68a)

nMT“z—ka/\qba+8D(N¢)+%an/\qb, (68b)

with T the torsion 2-form on the hypersurfaces.
The final 3 + 1 decomposition of the field strengths to consider is the one of the curvature
two-form defined in (62). In addition to the methods used for non-metricity and torsion we

“We use symmetrization as Ay ) = % > y over all permutations ¢ in the permutation group S.

Ao(un)..oly
Likewise, we define Ay, , 1= [}!ZOE 5 581(0)As (). .o(u,) @S antisymmetrization, where sgn(o) equals +1 if o
consists of an even number of transpositions and —1 else.

ogeS
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exploit the Ricci identities (61) for e, and n* in the derivation of the curvature decomposition.
Apart from that, the analysis proceeds similar to the one of non-metricity and yields

~ ~ £ ~
ezEZQHVZQab—EKa/\Kb, n.Ue:l)Q“v:_DKa-i_EKa/\an’ (69)
€ 1 ~
eljnvn“v =DK®* + EKa A Qun > n,n"Qt = EDan + K% AK,.

These equations are generalizations of the Gauf3-Codazzi equations. As we have seen in sec-
tion 3, they are particularly relevant for the calculation of GHY terms if a specific Lagrangian £
is considered. In particular, the calculation of GHY terms which are of second or higher or-
der in curvature always involves terms like e?n”Q", which are evaluated by means of (69).
Moreover, as we show next, the 3 + 1 decompositions of curvature, torsion and non-metricity
which we have just derived are sufficient for calculating the GHY term for generic Lagrangians
which are polynomials or Taylor series of these field strengths.

4.6 Post-Riemannian Gibbons-Hawking-York term

This section follows [46] to derive a generalized GHY term from the foliations of curvature,
torsion and non-metricity. For the sake of generality we consider an action of the form

Sorig[g/_w: («l)";, 9“] = ‘I< ‘C(Q“v: T,U, Q‘uv) 5 (70)
M

where the Lagrangian £ is a polynomial in curvature Q",, torsion T* and non-metricity QW.10
We introduce Lagrange multipliers ¢ u ¥, t, and ¢*” in order to linearize £ and derive the GHY
term more easily.

S[guw wﬁf, G'u, (P'uva qua tu: T'ua quv’ U,uv] = f I:‘C(qu: T'u, O"uv) + *(PHV A (qu - Q'uv) (71)
M

+ *tU A (T” — T'u) + *q“v A (Q,uv_ U;w)] .

Integrating out the multipliers shows that the action (71) yields the same equations of motion
as (70). The remaining fields Q“ » T and 0,y in (71) introduced are auxiliary fields that
we demand to have the same symmetries as the corresponding field strength. This symmetry
identification is also required for the Lagrange multipliers @, ¥, t, and ¢ in order to allow
equivalence of the equations of motion of (70) and (71) [46].

To proceed we substitute the 3 + 1 decompositions of Q",, T# and Q,, in the action (71)
in order to decompose S into boundary tangent and normal contributions and, subsequently,
isolate the boundary terms. For this, we write by means of (41a) for the linearized terms in S

*cp“” ANQF = (eg‘e;; * @aﬁ) A (ezeg’ﬂ“v) +& (eg‘n/j * (paﬁ) A (eﬁan“v)

(72a)
+¢& (naeg * apaﬂ) A (n“egﬂ“v) + (nanﬂ * waﬂ) A (nun”Q“v) ,
xt, NTH = (e;’ * tv) A (eZT“) +e(n”xt,)A (nuT“) , (72b)
*qh” ANQuy = (ege}; * q“ﬁ) A (eé‘el’;Qw) +¢ (egnﬂ * qaﬁ) A (eé‘n”QW) 720
c

+¢ (naea * qaﬁ) A (n“eZQW) + (nanﬁ * q“ﬁ) A (n“n”Qw) .

Derivatives of Q¥ , T" or Q,,, may be reduced to polynomials by means of the Bianchi identities (2).
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The right hand side of each of these equations can be written in terms of the 3 + 1 decom-
positions of Q,,,, T" and Q", shown in (66), (68) and (69). For example, (72a) takes the
form

*apu”/\Q“v = (efl‘eg * apaﬂ) A (Qab —eK* /\f(b) + s(efl‘nﬂ * apaﬁ) A (DK“ + %K“ /\an)

(73)

. 1 .
+¢€ (n“ea * cpaﬂ) A (—DKa + =K, /\an) + (n“nﬁ * goaﬁ) A (EDQ“ +K“ /\Ka) .

€
p 2
We insert this decomposition and the analogues for torsion and non-metricity into the ac-
tion (71). The derivative terms yield by means of Stokes’ theorem [58,59] a boundary action,

which reads

Sbdy Zf [wi A (egeg * goaﬁ) + A (e;’ * tv) —Yab (ege}; * q“ﬁ)

oM : (74)

— sﬁ'a A (n“e% * cpaﬁ) +eK%A (efl‘n/j * goaﬁ) + EQ"H A (n“nﬁ * ‘Paﬁ):” .
oM

Note that we use the restriction of the integrand in (74) to d M as abbreviation for its pullback
to O M.

We finally construct the GHY term which cancels the boundary contributions to the ac-
tion (71). Only some of the terms in (74) actually contribute boundary terms when we consider
variations of the action. In particular, the variational principle assumes that 6 gw| om = 0

66|50 =0 and 6 a)ﬁ|a m = 0. According to [38] it equivalently suffices to demand that
the Dirichlet boundary conditions 6y4, = 0, §¢“ = 0 and §w} = 0 hold since the original
conditions may be reinstated by gauge transformations on d M.'! This implies that the GHY
term of (70) only has to cancel the contributions from the second line of (74) and, thus, takes
the form

7 na a 1
Scay = —f (—8Ka Ax@" + K Ax@gn +Qpn A = * cpnn) , (75)
oM 2 oM
where we abbreviated ™ = naeg * cpaﬂ, *Qan = €gNp * cpaﬁ and *pn, = nng * (paﬁ. The

result (75) is the general form of the GHY term in theories with torsion and non-metricity we
aim for. It is the main result of this paper. In particular, (75) is the GHY term for any theory
which is constituted by a Lagrangian £ that is, possibly an infinite, polynomial in curvature,
torsion and non-metricity.

To apply our result to a specific Lagrangian £ in (70), we need to know the Lagrange
multipliers ™, ¢,, and ¢,,. To obtain these, we write the action (71) in a 3+ 1 form in
terms of (0", @un> Pons---) instead of gou”, using (72). Then we can read the required
components of ¢ from the equations of motion of g,

*p" A S6Qpg = 859,1115('9na> 0", Cnns--+)»
*Pan A 60" = €0 yan L(Ona> 0™ Onns -+ ) » (76)
*@"™ ASQun = 6y, L(Ona> 0" Cnn>---)>

derived from (71). Through these constraints, we may calculate Sgyy for any given action
polynomial in curvature, torsion and non-metricity.

1By the same argument the residual terms of the curvature, torsion and non-metricity foliations which are not
exact forms do not contribute to the GHY term. We have, hence, disregarded them in the consideration above.
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We emphasize that (75) and (76) are the only equations necessary to calculate the GHY
term for a specific action. The advantage of our method is, thus, not only the universality of
our results but furthermore the efficiency of the calculation. We have already observed this
efficiency in the examples examined in section 3.

Finally we note that the GHY term (75) simplifies considerably if non-metricity is absent
as shown below.

4.6.1 Gibbons-Hawking-York term for metric compatible theories

Let us simplify the above result for theories which are metric compatible, that is, in which
the non-metricity one-form Q,,, vanishes. For metric compatible theories, the Bianchi identity
of non-metricity (2), 2, +Q,,, = DQ,,,, forces the curvature two-form to be antisymmetric.
Since the corresponding Lagrange multipliers ¢ and p are required to have the same symmetry
as ", it follows that  is antisymmetric in its two indices. This allows to simplify the Gibbons-
Hawking York term as

Sy = ZJ eK* A xpnalam (77)
oM

in the metric-compatible case. Note that due to the antisymmetry of the curvature two-form,
formally we must consider the constraints (76) as not independent. Nevertheless, we may
forego this caveat if we treat 6 o, and 6 p,, as independent variations and use the symmetry
conditions only after the variational calculus. In appendix B we show explicitly that both meth-
ods yield the same result. This concludes the explicit derivation of the GHY boundary term for
any action polynomial in curvature, torsion and non-metricity, as anticipated in section 2. We
refer to the interpretation of our results in section 2.

5 Summary and discussion

In conclusion, in this paper we have accomplished the first step towards the full holo-
graphic renormalization of metric-affine gravity (MAG) theories, namely the derivation of the
Gibbons-Hawking-York term (12) in closed form for any given polynomial action (5) involving
curvature, torsion and non-metricity.!? In addition, our method for calculating the GHY term
is very efficient in practical terms, since it amounts to evaluating a single variation, (10). In-
terpreting the main result (12), we notice that only explicitly curvature-related terms in the
Lagrangian contribute to the GHY boundary terms. If a Lagrangian depends solely on torsion
and non-metricity, we do not need to introduce GHY terms in order for the Dirichlet variational
problem to be well-defined.'®

We tested our method explicitly for two theories with known GHY terms, Einstein-Hilbert
gravity and 4d Chern-Simons modified gravity, in sections 3.1 and 3.2 respectively. Moreover,
we used our method to derive the GHY term for torsionful Lovelock-Chern-Simons theory in
section 3.3 and for metric-affine gravity in appendix A. Our new result for the Lovelock-Chern-
Simons GHY term meets intuitive expectations: Since the Lovelock-Chern-Simons action has
a form similar to the Einstein-Hilbert and 4d Chern-Simons modified ones, we expect their
GHY terms to also be comparable. This expectation bears out as explained in more detail in
section 3.3. We emphasize that for Lovelock-Chern-Simons theory, our result generalizes that
of [16] to off-shell field configurations and that of [52] to torsionful backgrounds. It would

12This includes non-polynomial Lagrangians that can be Taylor expanded in the field strengths.
130f course, boundary terms may arise when these theories must satisfy additional constraints, such as setting
the curvature two-form Q = 0 as in teleparallel theories of gravity [47,48].
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be interesting to evaluate our GHY term on the solution of [16] and to generalize the method
of [52] to torsionful backgrounds as a consistency check of our formalism.

The next step towards understanding spin and hypermomentum transport by means of the
AdS/CFT correspondence is now to complete the holographic renormalization procedure for
MAG theories.'* Evaluating the MAG action and the associated GHY term given in appendix A
on the torsionful and non-metric AdS Reissner-Nordstrom solution [60] will provide a hint on
what kind of divergences may appear in this procedure. In general, it will be necessary to find
the asymptotic expansion for torsion and non-metricity coupled to an asymptotically AdS met-
ric. This will provide us with the holographic dictionary for torsion and non-metricity. We then
have to follow e.g. [61] and calculate the regularized on-shell action in order to find all pos-
sible divergences, and to construct appropriate counterterms to cancel them. This will allow us
to derive the thermodynamic properties of black holes with spin and hypermomentum. It may
also enable us to study Hawking-Page type phase transitions [62] relying entirely on spin and
hypermomentum. In fact we expect such transitions to exist, since the entropy of a black hole
generically decreases when it starts rotating [63]. Holographic renormalization then sets the
stage for applying the fluid/gravity correspondence [42,64] to MAG and for deriving the com-
plete hydrodynamic expansion of strongly-coupled holographic systems with non-trivial spin
and hypermomentum transport. We note that non-trivial spin transport in hydrodynamics has
already been discussed in [15-21], but hypermomentum transport is still mostly unexplored.
The inclusion of hypermomentum is particularly interesting, since it contains degrees of free-
dom largely left unexplored in the literature.'® These degrees of freedom are expected to lead
to interesting changes in the transport properties of matter, since their source, non-metricity,
is interpreted geometrically as the modification of the causal structure of spacetime. Since
non-metricity is by definition first order in the hydrodynamic derivative expansion, we expect
it to contribute to hydrodynamic transport only at second order in derivatives or higher. This
makes conformal fluids, where the second order derivative expansion is well-known [66], the
most suitable candidate for carrying out this procedure.

Apart from the AdS/CFT correspondence, MAG theories are relevant in their own right.
For example, they provide us with extensions of Einstein’s theory of relativity based on a gauge
principle [23]. Thus, they are a promising standing point for exploring deviations from general
relativity in search for clues and constraints helpful for the construction of consistent quantum
gravity models. Moreover, torsion appears naturally in supergravity and, hence, top-down
string theory constructions [67]. In addition, non-metricity may play a role for conformal
gravity as follows: When the non-metricity is pure trace, i.e. Q,,, = 0g,,, it may be absorbed
into the covariant derivative. This derivative is then metric-compatible and covariant under
both diffeomorphisms and Weyl transformations (see e.g. [65]). We expect such derivatives
to be useful for the construction of non-local actions such as the Riegert action that gives rise
to the Euler term in the four-dimensional conformal anomaly [68], and for obtaining Weyl
covariant differential operators [69, 70] and curvature scalars [71,72]. Finally, restricting
ourselves to the realm of classical gravity, our results may be applied to MAG theories to test
cosmological implications of deviations from Einstein gravity along the lines suggested in [73].

To conclude, we note that our results may also be useful within the context of studying to-
pological field theories in the presence of torsion and non-metricity. Topological field theories
constitute a convenient way of deriving non-dissipative transport properties, in this case for
spin and hypermomentum, without the necessity of solving the underlying electronic dynamics
(see [7] for instance). For example, we may follow [74] instead of a more complicated entropy
current analysis. Our results and specifically our hypersurface decomposition for torsion and
non-metricity allows writing down such theories in a spacetime with a timelike boundary. We

14Recall spin and hypermomentum are dual to torsion and non-metricity respectively [23].
15See [65] for a discussion on non-metricity of the Weyl type.
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expect them to be relevant for describing systems relevant for condensed matter physics.
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A GHY term for metric-affine gravity (MAG)

Metric-affine gravity contains non-vanishing non-metricity in addition to curvature and tor-
sion. According to [23,60] the most general Lagrangian density which is at most quadratic in
these fields and parity conserving is

3
1
Viaag = 5= [ —agR™ Angp —2AM + T A% (ZaI U)Ta)

I=1
4 4
+2(ZCI (’)Qaﬂ) ANO*AXTP +Qup /\*(Z b, (’)Q“ﬁ)
=2 =1
+ b5 (PQu, A 0%) Ax(WQPT A 6y) } (A.1)

6
1
— Z—R“ﬁ A *[ ZWI (I)Waﬂ +w,0, A (eYJ(S)WYﬁ )
P =1

S 9
+ ZZI (I)Za/j +26 6, A (eaJ(Z)ZYﬁ )+ ZZI O A (eYJ(I_4)ZY/5 ) ] ,
I=1 =7

where aq,...,as,by,...,bs,¢9,¢3,C4,W1,...,W7,21,...,%9 are dimensionless constants and
the curvature two-form R,” relates to the definition in (62) as R, = Q",. The various
terms account for the 4+3+11 irreducible contributions to Q,p, T“ and Raﬂ under the
(pseudo)orthogonal group, respectively. The explicit form of these irreducible decompositions
is given in appendix B of [23]. e, denotes the basis dual to 6* and | is the interior product so
thate, 0" = 5;. While « is related to Newton’s constant G,, in n dimensions as k = 8nG,, the
coefficient p controls the curvature squared terms and is, thus, called strong gravity coupling
constant.

Let us consider the terms in (A.1) which are proportional to (2x)~" first. The first one of
them, —aoR* A Nap, is exactly the Einstein-Hilbert Lagrangian which we already discussed
in section 3.1. The remainder of the terms proportional to (2x)~! does not contain curvature
and therefore does not contribute to the GHY term as we already noticed in sections 2 and 4.
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Therefore, the interesting part of the MAG Lagrangian (A.1) in view of the GHY term is

6
1
VMaG,p =~ %Raﬁ A* [ Z Wi U)Waﬁ + w70, A (eyJ(S)WYﬂ )
=1
(A.2)

+ 25121 (I)Za/j +26 0, A (eaJ(z)ZY/3 ) + 29121 O, A (eYJ(I_“)ZY/3 ) ] .

I=1 1=7

Since the number of terms in this action is large compared to the actions considered in 2, some
preliminary considerations are in place before we calculate its GHY term.

A.1 Variation of Hodge stars and interior products

For deriving the GHY term for the MAG Lagrangian we need to insert the explicit forms of
the Lagrange multipliers ¢™, ., and ¢, into the generic GHY result (75). We derive these
explicit expressions using the constraints (76) which relate ¢*” to the variation of the Lag-
rangian with respect to g,,,. Considering the relevant part of the MAG Lagrangian (A.2) it is
immediately obvious that its variation involves variations of Hodge duals as well as interior
products. Therefore, we investigate variations of these objects next.

To that effect, we consider differential forms A, B of the same degree p on an n-manifold.
For evaluating expressions like & x A A B we use the relation [75-77]

*AANB =*B AA. (A.3)

Furthermore, we employ the result
(6x—%8)A=G50%A(eq) xA)—*[50% A(eq )]+ 5gup [9(“ A(eP)]xA)— égaﬁ *A] (A.4)

of [76] for commuting & and *. The right hand side of (A.4) does not contribute at the bound-
ary in the variational principle. Hence, it comes in handy to define ~ as being equivalent at
the boundary and omitting terms which are irrelevant there. (A.4) therefore implies

0 *A~%x0A, (A.5)
which we combine with (A.3) to find
0 *AAB~xBAGbA. (A.6)

For the further evaluation of variations in combination with the Hodge duality and the interior
product we use the relations [75-77]

ey JA= (1)1~ DHnde (g A xA), (A.72)
(e JA) = (—1)P 710, A+A, (A.7b)
el x*A=%(AN6,), (A.70)
kA= (—1)P(npFindgy (A.7d)

where indg is the number of negative signs in the signature of g. The combination of (A.5)
with (A.7a) immediately implies

5(e,la)~e, |54, (A.8)

for the variation of interior products. These are all the expressions for the variation of Hodge
duals and interior product which we need to calculate the variations of the terms in the GHY
relevant part of the MAG Lagrangian (A.2). Therefore, we proceed by considering variations
of the involved terms separately.
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A.2 Variation of the MAG Lagrangian

As first step of the irreducible decomposition of curvature we follow [23] and decompose the
symmetric and antisymmetric parts of the curvature two-form as

Ryy=Wy+2Zy,, (A.9a)
where W!“, = R[,uv] y Z!“, = R(l“’) . (Agb)

From this decomposition we immediately read off
6R,, = 6Wy, +6Z,,, (A.10)

which we use to consider the variations of W and Z instead of the R variation.

We start our investigation by considering variations of the terms in (A.2) which include
the antisymmetric part of curvature, W, = R[,,]. Performing the variations of the irreducible
decompositions of W, using the methods from the previous subsections we obtain

RPN+ DWW, > WP AsDW,4, (A.11)

forallI € {1,2,...,6}, where ~ omits terms irrelevant for the GHY term calculation. (A.11)
is a non-trivial result as we observe in the case of the term with coefficient w-. For this term
we obtain

(_1 )n+indg

R A &% (0, A (e, ]OW, ) = SW,, A@™ T (xR (A.12)

n— [By] a

The operator © is introduced such that for any differential form A we have

0,(A)=x(0,A4) and O, , (A)=x0, AO, . (A). (A.13)

This definition fulfills Oyt (evq~--vl (A)) = Oy vgm (A) which we use in the variation of
the symmetric curvature contributions that we consider next.

We calculate the relevant terms of the Z,,, variation like for the W,,, one. In contrast to the
latter each irreducible component of Z,,, appears in two terms in the Lagrangian (A.2). Before

we give the results of the variation we introduce the decomposition Z, 5 = fo gt ,11 8apZ, Where
Z = 7", is the curvature trace.
As in the case of W, some of the variations simplify significantly as

RPNG Wz, 57%F NDZ,p, (A.14)
for I € {2,4,5}. Prominently, I = 3 is missing in this list. For the according term we obtain
(—1)n+indg

n?—4

This result does not simplify in the same way as the other terms did since the combination
of terms in (B)Zaﬁ is not trivial. In particular, one of the terms involved in (3)Za,3 is propor-

RPANGxPZ,5 ~ 825, NO™ (x(n(n—2)A—22)) . (A.15)

tional to g,s and in the contraction with R*P thus yields the factor of Z = Z ¢, which we
observe in the result. But for casting the result in the way one naively expects from compar-
ison with (A.14), (A.15) may solely depend on foﬂ but not on Z. Hence, the structure of
(S)Zaﬁ makes it impossible to rewrite (A.15) in the same way as the remaining terms.

Accordingly, the variation of (1)Zaﬁ is non-trivial, too, and needs to be evaluated according
to

5
RPONS+DZ =RPN| 55 Zg— D 5% DZ,p | . (A.16)
I=2
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The rest of the combinations of curvature terms in the MAG action mixes not only Z’;ﬁ and
Z but furthermore Z,5 and W,z terms in general. Hence, there is no simplification like the
ones presented above. The results for these variations are

RP NG (07 A(ea]P2,p)) 2%527” AO” A[=(=1)"% 5 (0, A 6, A% (0T AxR¥W))

1
0, (+(6: 16, A #(01 A *Ralﬂ))))] ,

(A.17a)

R NG % (0,1 (e7P2Z,5)) n21—45Z:” A" [n(=1)rindee 01, (RP) 20, (+R*F)],
(A.17b)

(_1)n+indg

R¥P NG (0, A ("] W2Z,p5)) 5Z NOp, (*R*F) (A.170)

RP NG % (0, A(e"]52Z,5)) z#ézjw ne*[20 U1 (sre)+ e U (sreP)].
(A.17d)

For the construction of the full GHY term of MAG we need to proceed as in the examples in
section 3. In particular, with the variations above it is straightforward to derive the required
Lagrange multipliers from (10) and apply the Gauf3-Codazzi equations (11) to simplify the
remaining curvature forms in these Lagrange multipliers. Subsequently, the multipliers sim-
plified that way need to be inserted into (12) to obtain the GHY term for MAG. We outline how
this calculation is performed using the variations in (A.11- A.17) for vanishing non-metricity
next.

A.3 GHY term for metric compatible MAG

For constructing the GHY term for MAG let us consider the Lagrangian (A.2) again. For sim-
plicity we only consider the case of vanishing non-metricity here, Q,,, = —Dg,, = 0. From the
relation Q,, + Q,, = DQ,,, for the curvature two-form Q", we obtain that Quv) = 0 in this
case. Comparison with the curvature decomposition in (A.9) implies that Z,, = 0. Thus, we
are left with the relevant part of the MAG Lagrangian (A.2) for the calculation of the metric
compatible GHY term to be

6
= 1
Q=0 _ _ - pap z: )] Gy
VMAG,p = sz A % I:1WI Wyp + w760, A (e, ] Wﬁ)]. (A.18)

This is the part of the MAG Lagrangian (A.1) in the presence of torsion and vanishing non-
metricity which contributes new terms to the GHY term. Hence, we use (A.18) next to de-
termine the GHY term for metric compatible MAG with the method presented in chapter 2.

This method requires us to calculate the Lagrange multiplier x¢™ first, since it is the only
term which contributes to the metric compatible GHY term (13). We calculate x¢™® by means
of the constraints (10) to obtain

6
1 .
*90na|g:R = _5 2ZWI % (I)Wna + W7(_1)n+mdge[n|y (*(S)W}fla] )
= (A.19)

(_1)n+indg
—w; 7GR

n—2 lan][uy

where we used the variational results (A.11) and (A.12). We already used the equations of
motion for ¢*” that are g, = R,,. As next step, we need to 3 + 1 decompose the curvature
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indices by means of (41a) and impose the Gaul3-Codazzi equations to replace the curvature
decomposition terms. We note thatR,,, = W,,, is implicit in the irreducible components a )Wuv
of W,,. For the considered case of vanishing non-metricity, the generalized Gauf3-Codazzi
equations (11) simplify to

a,vpuh _ __ a__,.a c a
e, epRY, = dwy —wi Aw} +eK*AKy,

(A.20)
n e R* = —efl‘n"RW = DK*,
where the extrinsic curvature one-form K¢ was defined in (4).
Using (12) we finally write the GHY term of (A.18) as
Q=0 _
SGHY MAG,p — 28[ K% A #pnqlg=r, Gau[S-Codazzi|aM > (A.21)
oM

where *9;0lo=r Gaug-Codazzi 1S Understood as evaluation of (A.19) using the Gaul’-Codazzi
equations (A.20). This evaluation is straightforward but yet obviously cumbersome so we
state only the implicit result here and leave the full evaluation to computer algebra systems.
The same holds for the generalization to the full MAG Lagrangian in presence of non-metricity.

B GHY term for metric compatible theories

In section 2 we comment on the calculation of the GHY term in the case of vanishing
non-metricity, Q,, = —Dg,, = 0. The latter condition enforces the curvature two-form
0", to be antisymmetric which is obtained from the Bianchi identity (2) of non-metricity,
Quy + Q,, = DQ,,,. The Lagrange multipliers ¢,,, and g,,, are assumed to have the same
symmetries as 2,,,, but we recommend to consider g,, and g, as being independent for the
variational calculation in section 2 nevertheless. In the current section we examine the dif-
ferences if one does not follow this method for the calculation but uses p,, = —Qq in the
variational process instead.

As a first step, we need to employ the antisymmetry of g, in the 3 + 1 decomposition of
*o"” A S, In contrast to the constraints for the calculation of ¢, we have found in (10)
we now obtain

€
*p" A SQpg = §5Qna£(9na"") (B.1)

as the only relevant constraint. Note the factor % on the right hand side of (B.1) in contrast
to (10). This factor results from using the g, antisymmetry. By the same argument we obtain
a factor of 2 from using the antisymmetry of g, in the calculation of 5, L(@pg,---) for a
specific theory. This factor of 2 cancels the factor % in (B.1). For this reason we recommended
to do the variational calculus without assuming the antisymmetry of g, in section 2. Note
that this assumption is made only in the variational calculus when calculating ¢™* by means
of the constraints (10). It can be considered as a method which simplifies the calculation.

Of course, for the asymmetry method to be valid, the GHY terms in both methods need to
coincide. Indeed, using the antisymmetry of 2", and ¢,y yields

5858 =2f EKaA*(PnalaM (BZ)
oM

as GHY term in coincidence with the result (13) from the asymmetry assumption. The discus-
sion in this appendix generalizes straightforwardly if non-metricity is not vanishing.
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