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Abstract

In the work, we derive exact analytic expressions for (3+ N)-flavor neutrino oscillation
probabilities in an arbitrary matter potential in term of matrix elements and eigenvalues
of the Hamiltonian. With the analytic expressions, we demonstrate that nonunitary and
nonstandard neutrino interaction scenarios are physically distinct: they satisfy different
identities and can in principle be distinguished experimentally. The analytic expressions
are implemented in a public code NuProbe, a tool for probing new physics through neu-
trino oscillations.
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1 Introduction

Neutrino oscillation is an intriguing quantum mechanical phenomenon that provides one of
the first definite evidences for physics beyond the Standard Model (SM). While the standard
three-flavor neutrino oscillation phenomena with the SM matter potential is well-established
and rather successful, the origin of neutrino mass, which necessitates new degrees of freedom
beyond the SM, is still an open problem. With increasing precision in neutrino oscillation
experiments, one might start to see deviations from the standard three-flavor neutrino oscil-
lation paradigm. For instance, a deviation from unitary leptonic mixing matrix is expected to
be measurable [1–18] if the origin of neutrino mass is of relatively low scale. Even more note
worthily, if neutrinos are quasi-Dirac, three-flavor neutrino oscillation picture is no longer
sufficient [19–23]. By studying neutrino oscillation in matter, one might also discover new
neutrino interactions beyond that of the SM [24–26]. Motivated by this, in Section 2, we will
review the neutrino oscillation formalism that generalizes the three-flavor oscillation paradigm
to oscillations among 3+N flavor states in an arbitrary matter potential. While analytic formu-
las have been obtained for the standard three-flavor neutrino oscillation probability [27–33],
in this work, we further derive simple analytic formulas to describe (3 + N)-flavor neutrino
oscillation in terms of Hamiltonian elements and its eigenvalues as was first done by Yasuda
in ref. [34] in Section 3. We also clarify the distinction between nonunitary and NonStandard
neutrino Interaction (NSI) scenarios.1 In the former, Naumov-Harrison-Scott (NHS) identity
is violated and unitary relations are replaced by new identities while in the latter, NHS is vio-
lated only if the matter potential is nondiagonal. In all cases, unitary relations remain exact if
the evolution is unitary. Analytic results for (3+ 1)-flavor scenario were obtained previously
in refs. [36–41], and in Appendix A, we present again these exact results in a general and
compact form. In Appendix B, we describe the Python code NuProbe with in-built analytic
solutions up to (3+ 4)-flavor neutrino oscillation system and illustrate example applications
in nonunitary, NSI, and quasi-Dirac neutrino scenarios.

2 Review of 3+ N neutrino oscillations

Let us consider the case where the neutrino flavor states |να〉 are related to the mass eigenstates
|νi〉 through a unitary matrix U

|να〉=
∑

i

U∗αi |νi〉 , (1)

where α= e,µ,τ, s1.s2, ..., sN and i = 1,2, ..., 3+N . Here νe, νµ and ντ are the SM neutrino fla-
vor states. The time-evolved state |να (t)〉 with |να (0)〉= |να〉 is described by the Schrödinger
equation

i
d
d t
|να (t)〉=H |να (t)〉 , (2)

where we separate the Hamiltonian H =H0 +HI with H0 the free Hamiltonian

H0 |νi〉= Ei |νi〉 , Ei =
q

|p⃗i|2 +m2
i , (3)

and HI the interaction Hamiltonian with matrix elements



νβ
�

�HI |να〉= Vβα . (4)

1A study on how to identity new neutrino oscillation physics scenarios at DUNE experiment is presented in
ref. [35].
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New physics can enter through additional N neutrinos which do not feel the weak interac-
tions (the sterile neutrinos) and/or new interactions of the SM neutrinos and/or of the sterile
neutrinos which enter in V .

Since we do not measure the propagation time of neutrinos but the distance x traveled
by them, we will trade t = x assuming relativistic neutrinos. The amplitude of the transition
να → νβ at distance x is Sβα (x) ≡




νβ |να (x)
�

and the probability of neutrino starting from
|να (0)〉= |να〉 and being detected as

�

�νβ
�

at distance x is

Pβα (x) =
�

�Sβα (x)
�

�

2
. (5)

From eqs. (1)–(4), we can write the evolution equation of Sβα (x) as

i
d

d x
Sβα (x) =
∑

γ

�

∑

i

Uβ i EiU
∗
γi + Vβγ

�

Sγα (x) . (6)

For relativistic neutrinos, we can approximate Ei ≃ E +
m2

i
2E and dropping the constant term

E (which is an overall phase), we have, in matrix notation i dS(x)/d x = HS(x) where
H ≡ U∆U† + V and

∆≡
1

2E
diag
�

m2
1, m2

2, ..., m2
3+N

�

= diag (∆1,∆2, ...,∆3+N ) . (7)

The formal solution is

S (x) = T exp

�

−i

∫ x

0

d x ′H
�

x ′
�

�

, (8)

where T stands for “space ordering”. If H (x) is independent of x e.g. in the vacuum or V is
independent of x , we have S (x) = e−iH x .

It is convenient to work in the vacuum mass basis

eS (x) = U†S (x)U , (9)

in which i deS(x)/d x = eHeS(x) where eH = U†HU = ∆ + U†V U is the Hamiltonian in the
vacuum mass basis. If eH is independent of x in the interval of interest 0 < x < x1, we can
diagonalize eH as follows

eH = X ĤX † , (10)

where X is unitary and Ĥ = diag (λ1,λ2, ...,λ3+N ) is diagonal and real and hence
eS (x) = X e−iĤ x X †. From eq. (9), we have S (x) = UX e−iĤ x (UX )† and from eq. (5), neutrino
oscillation probability for να→ νβ is

Pβα (x) =

�

�

�

�

�

∑

i, j,k

Uβ iU
∗
α jX ikX ∗jke−iλk x

�

�

�

�

�

2

. (11)

The oscillation probability Pβα (x) for antineutrino να → νβ is obtained by taking Uαi → U∗αi
and V →−V in eq. (6). So even if the U is real (CP-conserving), in general Pβα (x) ̸= Pβα (x)
due to the potential consisting of only matter. Denoting eU ≡ UX , eq. (11) can also be written
in a more familiar form

Pβα (x) = δαβ − 2
∑

j ̸=k

Re
�

eUβ j eU
∗
α j
eU∗βk
eUαk

�

sin2

�

λk −λ j

�

x

2

−
∑

j ̸=k

Im
�

eUβ j eU
∗
α j
eU∗βk
eUαk

�

sin
��

λk −λ j

�

x
�

. (12)
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For three-flavor scenario in vacuum V = 0 and X = I3×3, we recover the standard neutrino
oscillation probability in the vacuum.

If V is x-dependent, we can split x into elements of d x , small enough that V (x) is approxi-
mately constant and construct the full solution by matching the solutions between subsequent
intervals. Considering 0 = x0 < x1 < x2 < ... where V (x) is equal to constant Va for each
interval xa−1 < x < xa, the full solution is

S = T
∏

a=1

S(a) , (13)

where we have defined

S(a) ≡
�

UX (a)
�

e−iĤ(a)x (a)
�

UX (a)
�†

, (14)

x (a) ≡ [(x − xa−1)θ (xa − x) + (xa − xa−1)θ (x − xa)]θ (x − xa−1) , (15)

with θ (x ≥ 0) = 1 and θ (x < 0) = 0 and the space ordering of the matrix multiplication
is such that the a term is always to the left of a − 1 term. Ĥ(a) = diag

�

λ
(a)
1 ,λ(a)2 , ...,λ(a)3+N

�

and X (a) denote respectively the matrix of eigenvalues and unitary matrix which diagonalizes
eH(a) = ∆ + U†VaU as eH(a) = X (a)†Ĥ(a)X (a) in the interval xa−1 < x < xa. The neutrino
oscillation probability can be calculated by substituting eq. (13) into eq. (5).

Notice that just like in eq. (11), for each layer, X (a) always appears in the combinations
X (a)ik X (a)∗jk in the transition amplitude S(a) as follows

S(a)
βα
=
∑

i, j,k

Uβ iU
∗
α jX

(a)
ik X (a)∗jk e−iλ(a)k x (a) . (16)

In the next section, we will derive the analytic solutions for X (a)ik X ∗(a)jk which allow us to write
down analytic expressions for 3 + N neutrino oscillation probability in an arbitrary matter
potential.

3 Analytic solutions

We would like to solve X ikX ∗jk analytically in terms of the eigenvalues and the matrix elements

of eH. Here we drop the superscript (a) focusing on each interval where V is constant and the
solution for a generic V (x) can be constructed as in eq. (13).

3.1 (3+ N) – flavor scenario

Let us consider the general case with 3+N neutrino flavor states. We start by noticing that [34]
∑

k

X ikX ∗jk = δi j ,

∑

k

λkX ikX ∗jk = ( eH)i j ,

∑

k

λ2
kX ikX ∗jk = ( eH

2)i j , (17)

...
∑

k

λ2+N
k X ikX ∗jk = ( eH

2+N )i j ,
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where the first equation follows from the unitarity of X while the rest follow directly from
eq. (10). So we have a set of linear equations in X ikX ∗jk where the coefficients form a Vander-

monde matrix which can be readily inverted to give2

X ikX ∗jk =

2+N
∑

p=0

(−1)p ( eH p)i jc2+N−p,k

Zk
, (18)

where we have defined

Zk ≡
∏

p ̸=k

�

λp −λk

�

, cp,k ≡
∑

{q ̸=r ̸=...}̸=k

λqλr ...
︸ ︷︷ ︸

p

, (19)

with ( eH0)i j = δi j , c0,k = 1 and the sum in cp,k is over all possible unordered combinations
of p distinct eigenvalues λqλr ... where none of them is equal to λk. With 3 + N neutrino

flavors, cp,k has altogether
�

2+N
p
�

= (2+N)!
p!(2+N−p)! terms in the sum.3 If we have d +1 degenerate

eigenvalues λl = λk for l = k, ..., k + d, then we only need to solve for the combination
∑

l

X il X
∗
jl corresponding to λk. The rank of system of linear equations is reduced from 3+ N

to 3+ N − d or effectively, we have a (3+ N − d)-flavor scenario.

3.2 Three – flavor scenario

Three-flavor scenario is of great interest since we know that the SM comes in three weakly-
interacting neutrinos and more importantly, one can probe new physics if V is modified due
to new physics interactions and/or nonunitarity in U is induced due to the existence of sterile
neutrinos. As shown in refs. [10, 13], if one can average out the fast oscillations involving
sterile neutrinos which participate in neutrino oscillations, the leading term in the vacuum
mass basis Hamiltonian is still given by eH =∆+U†V U with a nonunitary U . The characteristic
equation of eH can be constructed using the Faddeev-LeVerrier algorithm

λ3 − T λ2 +Aλ−D = 0 , (20)

where we have defined

T ≡ Tr eH , D ≡ det eH , A≡ 1
2

�

T 2 − T2

�

, (21)

with
Tp ≡ Tr( eH p) . (22)

The three real eigenvalues of eH can be obtained from the Cardano formulas

λ1,2 =
T
3
−

1
3
F cosG ∓ 1

p
3
F sinG , λ3 =

T
3
+

2
3
F cosG , (23)

where we have defined

F ≡
p

T 2 − 3A , G ≡ 1
3

arccos

�

2T 3 − 9AT + 27D
2F3

�

. (24)

2See the beautiful exposition on the identity between eigenvectors and eigenvalues in ref. [42].
3For instance, for 3+ 2 neutrino flavors, we have

c2,3 = λ1λ2 +λ1λ4 +λ1λ5 +λ2λ4 +λ2λ5 +λ4λ5 .
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From eq. (18), the mixing elements are4

X i1X ∗j1 =
δi jλ2λ3 − ( eH)i j (λ2 +λ3) + ( eH2)i j

(λ2 −λ1) (λ3 −λ1)
, (25a)

X i2X ∗j2 =
δi jλ1λ3 − ( eH)i j (λ1 +λ3) + ( eH2)i j

(λ1 −λ2) (λ3 −λ2)
, (25b)

X i3X ∗j3 =
δi jλ1λ2 − ( eH)i j (λ1 +λ2) + ( eH2)i j

(λ1 −λ3) (λ2 −λ3)
. (25c)

If U is unitary, multiplying the equations above by Uβ iU
∗
α j and summing over i and j, we have

eUβ1 eU
∗
α1 =

δβαλ2λ3 − (H)βα (λ2 +λ3) +
�

H2
�

βα

(λ2 −λ1) (λ3 −λ1)
, (26a)

eUβ2 eU
∗
α2 =

δβαλ1λ3 − (H)βα (λ1 +λ3) +
�

H2
�

βα

(λ1 −λ2) (λ3 −λ2)
, (26b)

eUβ3 eU
∗
α3 =

δβαλ1λ2 − (H)βα (λ1 +λ2) +
�

H2
�

βα

(λ1 −λ3) (λ2 −λ3)
, (26c)

where H = U eHU† is the Hamiltonian in the flavor basis. One can verify explicitly that the
mixing elements are in agreement with the results obtained in refs. [30, 31] for the case of
unitary three-flavor neutrino oscillations.

Next let us consider the Jarlskog combinations [43]

eJ jk
βα
≡ Im
�

eUβ j eU
∗
α j
eU∗βk
eUαk

�

, β ̸= α , j ̸= k , (27)

which are antisymmetric in both jk and βα. For unitary eU or U , the Jarlskog combinations
(27) are all the same up to an overall sign

eJ jk
βα
=

Im
�

�

H2
�

αβ
(H)βα
�

λ21λ31λ32

∑

l

ε jkl , (28)

where we have defined λ jk ≡ λ j − λk and the totally antisymmetric tensor is defined with
ε123 = +1. From eq. (28), we can verify the following unitary relations5

eJ12
βα + eJ

13
βα = eJ

21
βα + eJ

23
βα = eJ

31
βα + eJ

32
βα = 0 , (29)

which also hold in the vacuum. Violation of the relations above implies nonunitarity in three-
flavor neutrino oscillations as we will discuss in Section 3.2.1.

Denoting H ≡ H0 + V with H0 ≡ U∆U†, it follows from eq. (28) that

λ21λ31λ32eJ
jk
βα
= Im
�

�

H2
0 + V 2 +H0V + V H0

�

αβ
(H0 + V )βα
�∑

l

ε jkl . (30)

4If F = 0, λ1 = λ2 = λ3 and there is no neutrino oscillation. If G = 0, we have a twofold degeneracy
λ1 = λ2 ̸= λ3 and the system is reduced to a two-flavor scenario in which the solutions are

X i1X ∗j1 + X i2X ∗j2 =
δi jλ3 − ( eH)i j

λ3 −λ1
, X i3X ∗j3 =

δi jλ1 − ( eH)i j

λ1 −λ3
.

5For 3+ N unitary system, the unitary relations are
∑

k

eJ jk
βα
= 0 .
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If V is diagonal (hence real e.g. the SM matter potential), we have [30,31,33]

λ21λ31λ32eJ
jk
βα
= Im
¦

�

H2
0

�

αβ
(H0)βα
©∑

l

ε jkl =∆21∆31∆32J jk
βα

, (31)

where we have defined ∆ jk ≡ ∆ j − ∆k with ∆ j defined in eq. (7). The identity above is
the Naumov-Harrison-Scott (NHS) identity [44, 45]. A violation of NHS identity implies new
physics beyond the three-flavor neutrino oscillation paradigm: nonunitary in U and/or the
existence of NSI such that V is not diagonal as we will discuss in Section 3.2.1 and 3.2.2,
respectively.

3.2.1 Low scale nonunitarity

Here we will discuss the low scale nonunitary scenario where sterile neutrinos are light enough
to participate in neutrino oscillation but heavy enough such that their fast oscillations can be
averaged out [10, 13].6 In this case, eJ jk

βα
defined in eq. (27) is no longer invariant up to an

overall sign. Applying eqs. (25a)–(25c) in eq. (27) and without assuming unitary U , we obtain

eJ jk
βα
=

Im
�

(U eH2U†)αβ(U eHU†)βα
	

λ21λ31λ32

∑

l

ε jkl

+
∑

l

ε jkl
Im
�

(UU†)βα
�

(U eHU†)αβλ2
l − (U eH

2U†)αβλl

�	

λ21λ31λ32
. (32)

As long as U is not unitary, NHS identity does not hold independently of the matter potential.
Instead of the unitary relations eq. (29), for nonunitary U , we have the new identities

eJ12
βα + eJ

13
βα =

Im
�

(UU†)βα
�

(U eHU†)αβ (λ2 +λ3)− (U eH2U†)αβ
�	

λ12λ13
, (33a)

eJ21
βα + eJ

23
βα =

Im
�

(UU†)βα
�

(U eHU†)αβ (λ1 +λ3)− (U eH2U†)αβ
�	

λ21λ23
, (33b)

eJ31
βα + eJ

32
βα =

Im
�

(UU†)βα
�

(U eHU†)αβ (λ1 +λ2)− (U eH2U†)αβ
�	

λ31λ32
. (33c)

Since eJ i j
βα

are antisymmetric in i j, the sum of the three terms above vanish7

eJ12
βα + eJ

13
βα + eJ

21
βα + eJ

23
βα + eJ

31
βα + eJ

32
βα = 0 , (34)

and hence we have only two independent combinations. In the vacuum, eH =∆ and λi =∆i ,
we obtain the vacuum results of ref. [10]

J12
βα + J13

βα = −Im
¦

�

UU†
�

βα
Uα1U∗β1

©

, (35a)

J21
βα + J23

βα = −Im
¦

�

UU†
�

βα
Uα2U∗β2

©

, (35b)

J31
βα + J32

βα = −Im
¦

�

UU†
�

βα
Uα3U∗β3

©

. (35c)

6The high scale nonunitary scenario where sterile neutrinos are kinematically forbidden to participate in neu-
trino oscillation will be explored elsewhere. See also ref. [18] for the study of unitarity violation, with and without
kinematically accessible sterile neutrinos.

7This follows directly from the definition (27) which gives
∑

j,k

eJ jk
βα
= 0 .
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Figure 1: Violation of unitary relations (29) in matter (solid lines) and in vacuum
(dashed lines). For the unitary scenario, the quantity plotted here is exactly zero,
satisfying the unitary relations (29).

By verifying the relations above in experiments, we can uncover nonunitarity. To illustrate the
violation of unitary relations (29), in Figure 1, we plot

∑

k

eJ jk
βα

for
�

UU†
�

eµ = 0.02eiπ/3 and
�

UU†
�

ee =
�

UU†
�

µµ
= 0.98 for vacuum or constant matter density ρ = 3 g/cm3. For the rest

of parameters, we have used the global best fit values of Normal mass Ordering (NO) from
ref. [46]. In the vacuum,

∑

k

eJ jk
βα

are constant which sum over j to zero (only the j = 2 term

represented by green dashed line with crosses is negative). In the matter,
∑

k

eJ jk
βα

are sensitive

to matter potential but still sum over j to zero (only the j = 2 term represented by green solid
line with crosses is negative). For the unitary scenario, all these quantities are exactly zero as
can be seen explicitly in eqs. (33a)–(33c) (in matter) and eqs. (35a)–(35c) (in vacuum) and
hence satisfy the unitary relations (29).

In Figure 2, we plot different jk NHS combinations 2Eν|λ21λ31λ32eJ
jk
eµ|1/3 as a function

of neutrino energy Eν using eq. (32) for the same parameters as in Figure 1. With the nor-
malization 2Eν, this quantity is a constant in the absence of matter or in unitary scenario with
diagonal potential. As a reference, we have plotted the black solid line for the unitary scenario
with any diagonal (including zero) matter potential, which is independent of jk and matter
density as can be seen explicitly in eq. (31). Due to nonunitarity, all the different combinations
2Eν|λ21λ31λ32eJ

jk
eµ|1/3 deviate from the black solid line. Furthermore, they are matter-density

dependent as opposed to the NHS identity (31).
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Figure 2: Different combinations 2Eν|λ21λ31λ32eJ
jk
eµ|1/3 in matter (solid lines) and in

vacuum (dotted lines). For reference, the black solid line is for the unitary scenario
with standard (or zero) matter potential.

3.2.2 Nonstandard neutrino interactions

Due to NSI, the matter potential can be parametrized as [26]

V =
p

2GF ne





1+ εee −
1
2 nn/ne εeµ εeτ

ε∗eµ εµµ −
1
2 nn/ne εµτ

ε∗eτ ε∗µτ εττ −
1
2 nn/ne



 , (36)

where GF is the Fermi constant, and ne and nn are the number density of electron and neutron,
respectively. In the case where U is unitary, from eq. (30), we have a modified NHS identity

λ21λ31λ32eJ
jk
βα
=∆21∆31∆32J jk

βα
+ Im

¨

∑

γ

�

(H0)αγ Vγβ + Vαγ (H0)γβ
�

(H0)βα

«

. (37)

If the matter potential is diagonal, the original NHS identity (31) is recovered. While it has
been suggested in ref. [12] to map nonunitary scenario to NSI scenario and vice-versa, it is
important to note that they are physically distinct, and give rise to effects which are different
qualitatively and quantitatively. If U is unitary, the unitary relations (29) still hold exactly
independently of the matter potential. In the nonunitary scenario, the unitary relations (29)
are violated and instead are replaced by either eqs. (33a)–(33c) in matter or eqs. (35a)–(35c)
in vacuum. While the NHS identity never holds for nonunitary scenario, it is violated in the NSI
scenario only if the resulting matter potential is nondiagonal in which it described by eq. (37).

In Figure 3, we fix −εee = εµµ = 0.02 and consider the cases where εeµ = −0.02e∓iπ/3 or
εeµµ= 0 while the rest of parameters are set to global best fit values of NO from ref. [46]. The
NHS identity (31) is only satisfied when V is diagonal (black solid line) while it is replaced by
the new identity (37) when V is nondiagonal (blue dashed and dotted magenta lines). The
dip in the magenta dotted line indicates a sign change from negative to positive value. This
opens up the new possibility of probing the form of NSI through eq. (37).
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Figure 3: NHS identity (31) is only satisfied in the case where the matter potential is
diagonal (black solid line). Otherwise, it is described by eq. (37) which depends on
the matter potential (blue dashed and magenta dotted lines).

4 Conclusions

In this work, we have derived exact analytic expressions for (3+N)-flavor neutrino oscillation
probability in arbitrary matter potential in term of Hamiltonian elements and its eigenval-
ues, which will allow the understanding of the interplay between new physics and neutrino
oscillations. In the three-flavor scenario, we have shown that nonunitary scenario is quali-
tatively and quantitative distinct from NSI scenario. Nonunitary implies violation of unitary
relations (29) which are replaced by eqs. (33a)–(33c) in matter or eqs. (35a)–(35c) in vac-
uum and the NHS identity (31) is also violated. On the other hand, NSI in the unitary scenario
preserves (29) while the NHS identity is violated only if the potential is nondiagonal in which
case, it is replaced by the new identity (37). In summary, the strategy is to first verify if unitary
relations (29) hold. On the one hand, if nonunitarity is discovered, then one would proceed
to a more challenging task, but doable in principle, to determine if there is also NSI. On the
other hand, if unitary relations (29) hold to a great precision, then one would go on to verify
if the matter potential is diagonal or not.
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A Analytic solutions for (3+ 1) – flavor scenario

Analytic results for (3 + 1) were obtained previously in refs. [36–41]. Here we will present
the results in a general and compact form. In the (3 + 1)-flavor scenario, the characteristic
equation of eH =∆+ U†V U is

λ4 − T λ3 +Aλ2 −A2λ+D = 0 , (A.1)

where T , D and A are defined in eq. (21) and

A2 ≡
1
6

�

T 3 − 3T T2 + 2T3

�

, (A.2)

where T3 is defined in eq. (22).
The real eigenvalues can be solved using method by Lodovico de Ferrari and are given by

λ1,2 =
T
4
−S ± 1

2

√

√

2P − 4S2 +
Q
S

, λ3,4 =
T
4
+S ± 1

2

√

√

2P − 4S2 −
Q
S

, (A.3)

where we have defined

P ≡ 3
8
T 2 −A , Q≡ −T

3

8
+
T A
2
−A2 , S ≡ 1

2

√

√2
3
P + 2

3
F1 cosG1 , (A.4)

with

F1 ≡
Æ

A2 − 3T A2 + 12D , G1 ≡
1
3

arccos

�

∆1

2F3
1

�

, (A.5)

and
∆1 ≡ 2A3 − 9T AA2 + 27T 2D+ 27A2

2 − 72AD . (A.6)

From eq. (18), we have

X i1X ∗j1 =
δi jλ2λ3λ4 − ( eH)i j

�

λ2λ3 +λ2λ4 +λ3λ4

�

+ ( eH2)i j

�

λ2 +λ3 +λ4

�

− ( eH3)i j

(λ2 −λ1) (λ3 −λ1)
�

λ4 −λ1

� , (A.7a)

X i2X ∗j2 =
δi jλ1λ3λ4 − ( eH)i j

�

λ1λ3 +λ1λ4 +λ3λ4

�

+ ( eH2)i j

�

λ1 +λ3 +λ4

�

− ( eH3)i j

(λ1 −λ2) (λ3 −λ2)
�

λ4 −λ2

� , (A.7b)

X i3X ∗j3 =
δi jλ1λ2λ4 − ( eH)i j

�

λ1λ2 +λ1λ4 +λ2λ4

�

+ ( eH2)i j

�

λ1 +λ2 +λ4

�

− ( eH3)i j

(λ1 −λ3) (λ2 −λ3)
�

λ4 −λ3

� , (A.7c)

X i4X ∗j4 =
δi jλ1λ2λ3 − ( eH)i j (λ1λ2 +λ1λ3 +λ2λ3) + ( eH2)i j (λ1 +λ2 +λ3)− ( eH3)i j

�

λ1 −λ4

� �

λ2 −λ4

� �

λ3 −λ4

� . (A.7d)

Substituting the equations above in eq. (11) (or (16) and (13) for x-dependent matter poten-
tial), we have the complete analytic solutions for (3+1)-flavor neutrino oscillation probabilities
in an arbitrary matter potential. The analytic expression is simple enough to fit into one page
and its use to understand (3+ 1)-flavor scenario will be explored elsewhere.

B Neutrino oscillation as a probe of new physics with NuProbe

We have implemented the analytic expressions derived in this work in a Python code NuProbe
which is available at https://github.com/shengfong/nuprobe. Out of the box, the code can
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deal with up to (3+4)-flavor neutrino oscillation system for arbitrary matter potential though
the user can readily extend the code to consider beyond (3+4) scenario implementing eq. (18).
For 3+ N system, we parametrize the mixing matrix as U = UNPU0 where

UNP = R3+N−1,3+N R3+N−2,3+N R3+N−3,3+N ...R34R24R14 , (B.1)

U0 = R23R13R12 , (B.2)

with Ri j the complex rotation matrix in the i j-plane which can be obtained from a
(3+ N)× (3+ N) identity matrix I by replacing the Iii and I j j elements by cosθi j , Ii j element
by e−iφi j sinθi j , and I ji element by −eiφi j sinθi j .

Nonunitary three-flavor oscillation can be characterized by three real quantities
�

UU†
�

αα
̸= 1 and three complex quantities

�

UU†
�

αβ
̸= 0 with α ̸= β . To parametrize them,

we will go through α-parametrization by first considering U = αU0 where we have chosen α
to be a lower triangle matrix with real diagonal and complex off-diagonal entries

α=





α11 0 0
α21 α22 0
α31 α31 α33



 . (B.3)

Then, we solve for

α11 =
Æ

(UU†)ee ,

α21 =

�

UU†
�∗

eµ
p

(UU†)ee

,

α22 =

√

√

√

(UU†)µµ −

�

�(UU†)eµ
�

� 2

(UU†)ee
,

α31 =

�

UU†
�∗

eτ
p

(UU†)ee

, (B.4)

α32 =
1
α22





�

UU†
�∗
µτ
−

�

UU†
�

eµ

�

UU†
�∗

eτ

(UU†)ee



 ,

α33 =

√

√

√

(UU†)ττ −
|(UU†)eτ| 2

(UU†)ee
− |α32|

2 .

Written in this way, the inputs are U0 and
�

UU†
�

αβ
which are independent of parametrization.

For the SM neutrinos traveling through an electrically neutral matter consisting of number
density ne of electron and nn of neutron, we have

V =
p

2GF





ne −
1
2 nn 0 0

0 −1
2 nn 0

0 0 −1
2 nn



 , (B.5)

where GF is the Fermi constant, ne = NAYeρ and nn = Ynne where NA = 6.02214076×1023/mol
is the Avogadro constant, Ye the average number of electrons per nucleon, Yn the average
number of neutrons per electron, and the matter density ρ is given in unit of g/cm3. For
Earth-crossing neutrinos, we implement the simplified (Preliminary Reference Earth Model)
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PREM model [47] with ρ as a function of the distance from the center of the Earth r as

ρ =



















13 , 0< r < 0.19Re ,

11 , 0.19Re < r < 0.55Re ,

5 , 0.55Re < r < 0.90Re ,

3.5 , 0.90Re < r < Re ,

(B.6)

where Re = 6371 km is the Earth’s radius. Modification due to NSI can be specified in the
program.

For the (3 + 3)-flavor scenario where neutrinos are quasi-Dirac, it is convenient to
parametrize the 6× 6 unitary matrix as [21,22]

U =
1
p

2

�

AU0 + B i (AU0 − B)
CU0 + D i (CU0 − D)

�

, (B.7)

where U0 is a 3 × 3 unitary matrix while the rest of 3 × 3 matrices are constrained by
UU† = U†U = I3×3. In the Dirac limit, A = I3×3, B = C = 0 and D = V0 is an arbitrary
unitary matrix. An explicit Euler parametrization can be carried out as follows

U = UNPU0Y , (B.8)

where UNP and U0 are given by eqs. (B.1) and (B.2), respectively, and

Y ≡
1
p

2

�

I3×3 i I3×3
I3×3 −i I3×3

�

. (B.9)

Figure 4: Probability of νµ → νe using the simplified PREM model (B.6) for the
nonunitary, NSI and quasi-Dirac neutrino scenarios.
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In Figure 4, we show the examples of Earth-crossing neutrinos using the simplified PREM
model (B.6) for nonunitary, NSI and quasi-Dirac neutrino scenarios. For the rest of parameters,
we have set them to the global best fit values of NO from ref. [46]. The codes to generate all
the plots in this work can be obtained from https://github.com/shengfong/nuprobe.
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