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Abstract

Warped conformal field theories (WCFTs) are two-dimensional non-relativistic systems,
with a chiral scaling and shift symmetry. We present a detailed derivation of the near-
extremal limit for their torus partition function. This limit requires large values of the
central charge, and is only consistent for non-unitary WCFT. We compare our analysis
with previous studies of WCFT and its relation to a one-dimensional warped-Schwarzian
theory. We discuss different ensembles of warped CFTs and contrast our results with
analogous limits in two-dimensional CFTs.
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1 Introduction

Warped Conformal Field Theories (WCFTs) are rather peculiar two-dimensional systems. They
were conceived in a holographic era, where their properties and utility were defined by their
ties to gravitational systems [1-4]. But they suffer from an identity crisis: they mimic some
aspects of two-dimensional CFTs, making them at times a masquerader. This is problematic
since, in a holographic setup, it creates ambiguities on how to identify a bulk and boundary
pair.

In this work, we aim to give WCFTs their own identity, and further attempt to distinguish
them from their CFT, cousins. The direction we will pursue is to investigate the so-called
near-extremal limit. This is motivated by the universal behaviour decoded in [5]: CFT, that
admit a large central charge limit will generically contain a sector described a Schwarzian
theory. The limit was inspired by the behaviour of black holes near-extremality, where the
temperature is low and the angular momentum is large. Still, the setup and outcomes do
not require a holographic dual. One can show that the near-extremal limit gives access to an
interesting regime of the CFT and probes it without requiring detailed information. That is, it
is a universal sector of the theory.

At the level of the torus partition function, we will show under which circumstances a
WCFT also has an interesting near-extremal limit. Our reason to focus on this quantity is
motivated by the masquerade. In particular, at high temperatures WCFTs mimic the Cardy
regime of a CFT, [3]. Here we will explore the opposite regime, and determine if there are
significant differences in the setup of the limit and outcomes of it. As we will see, the near-
extremal limit of a WCFT will again share many properties that are also present in a CFT,.
For example, in a fixed angular momentum ensemble, the resulting answer in both systems is
naively identical. But there are also some important differences. We will elaborate on these
differences and similarities in detail in Sec. 4.

Relating WCFTs to a one-dimensional Schwarzian theory has been done in the past. In par-
ticular, the work of [6,7] connects the symmetries of a WCFT to those of a warped Schwarzian
theory. The basic properties of this one-dimensional system are as follows. It contains the usual
Schwarzian sector, where there is one degree of freedom f (u) that describes the reparametriza-
tion of a circle.! The warped Schwarzian also has an internal #2(1) symmetry; these come about
naturally when studying the complex SYK system [13].2 The basic structure of the Euclidean

action is p ;
Sw—schw. =KJ dug/(u)z_CJ du{tan(nfﬁ(u)),u} . (D
0 0

Here u is the coordinate on the circle, whose period § defines the inverse temperature, g(u) is
the mode associated to the i(1), and the last term is a Schwarzian derivative. In the notation
of the complex SYK system, K is related to the compressibility and C to the specific heat. The
work of [6,7] show how to relate these quantities to data of the WCFT, and illustrate how
correlation functions and the path integral are related.

In this work, we add to these relations by carefully defining the near-extremal limit of a
WCFT. This is done by demanding that the torus partition function has a universal behaviour,
where the vacuum character dominates. We will show that it is only possible to access a sector
that resembles the warped Schwarzian theory if the theory is non-unitary, among other restric-
tions on the vacuum state. In a WCFT, it is also interesting to study non-local transformation
of the algebra — this is how the theory pretends to be a CFT,. We will consider two cases. The

IThis theory has been prominent in recent years due to its connection to 2D quantum gravity and the SYK
model [8-11]. The path integral of the Schwarzian theory was elegantly discussed in [12].

2The warped Schwarzian theory also appears through a Hamiltonian reduction of Lower-Spin gravity [14], the
minimal holographic set-up for WCFTs consisting of an SL(2,R) x U(1) Chern-Simons theory [15].
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first case is when the algebra is in its canonical (local) form, this is usually called the “canoni-
cal ensemble”; the second case corresponds to a quadratic transformation that introduces state
dependence in the symmetry algebra, which is known as the “quadratic ensemble”. We will
see how the responses in the near-extremal limit differ in these two ensembles, and discuss its
consequences.

Although these new improvements are technical, and might seem overscrupulous, we be-
lieve that it is important to highlight differences and limitations of the limit when making
connections with a dual gravitational system, and even the complex SYK system. In a com-
panion work [16], we will discuss the holographic counterpart of our results in depth. We will
use warped AdS; black holes (see [17] and references therein) as solutions to topologically
massive gravity, and carefully setup the holographic dictionary to see how the different facets
of the near-extremal limit of WCFTs make an appearance in the near-extremal limits of the
warped black hole.

This paper is organised as follows. In Sec. 2, we review the spectrum and torus partition
function of WCFT in the canonical ensemble. We construct and analyse the near-extremal
limit by also going to fixed angular momentum and fixed energy ensembles. In Sec. 3, we
translate the WCFT to the quadratic ensemble, construct its near-extremal limit and repeat
the near-extremal analysis of the canonical ensemble. We end in Sec. 4 with a comparison
of the different ensembles (canonical and quadratic) and also compare to the near-extremal
limit of a CFT,. The two appendices compare the near-extremal limit to the Cardy limit (see
App. A) and review the near-extremal limit of a CFT, (see App. B).

2 Canonical ensemble

A Warped Conformal Field Theory (WCFT) is a two-dimensional non-relativistic quantum field
theory, and the defining property is its symmetries: provided two coordinates (¢, t), the system
is invariant under [2, 3]

v — fly), t — t+g(y). (2)

Here f(¢) is a diffeomorphism and g(¢) an arbitrary function. Their effects are to in-
troduce a scaling symmetry for ¢, while t only has a shift symmetry which makes the theory
non-relativisitic. These local symmetries are described by a Virasoro-Kac-Moody algebra, and
the global subgroup is an sl(2,R) x @(1) algebra.® In this sense, a WCFT is reminiscent of a
CFT,, but still distinct with its own attributes.

It is useful to record some basic properties of the algebra and generators of a WCFT. We
denote by L,, the Virasoro generators and P, the {i(1) Kac-Moody generators, with n € Z. The
commutation relations are

C
—n
12
[Ln: Pn/] = _n/Pn’+n 5 (3)

n
[Pn:Pn’] = Kian,—n’ 5

[Ln: Ln’] = (Tl - n/)Ln+n’ + (nz - 1)5n,—n’ >

where c is the central charge and « is the @i(1) level. In our choice of coordinates, and their
transformations (2), we have selected ¢ as an angular variable with period ¢ ~ ¢ + 27, and
t as a time variable in Lorentzian signature.* In this context, we identify L, with the angular

3Notice that a distinct global subgroup exists, consisting in the centrally extended two-dimensional Poincaré
group [18].

“This choice is motivated by how the transformations (2) make an appearance as the asymptotic symmetry
group of gravitational systems. See, for example, [3,4].
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momentum of the system, and P, with the Hamiltonian. Further properties and aspects of this
algebra can be found in [3,19,20].

Our main focus in this section is to analyse the torus partition function of a WCFT, and
show that it has an elegant universal behaviour at low temperatures. This is analogous to
the near-extremal behaviour of the torus partition function for CFT, [5], which we review in
App. B. With the purpose of building and decoding the near-extremal limit for WCFTs, we will
start this section with an overview of the spectrum of WCFTs and the modular properties of
its partition function; in the later part, we propose a definition of the near-extremal limit for
WCEFT, discuss when the limit is interesting, and display its universal features.

2.1 Spectrum and torus partition function

In this subsection, we revise various properties of the spectrum and the torus partition function.
This is based on the results presented in [19, 20], which we refer to for further details.
We start by simply placing our WCFT on a torus. This means that our two coordinates will
have identifications
(t,p)~(t,p+2m)~ (t+27z,p +217). 4

Here we have taken the canonical torus, where the spatial identification has unit radius. For
the thermal identification, we are using complex variables (7,z), which are related to the
angular potential ¥ and the inverse temperature f via
_ i if3
T=—, 2= ——.
27 27
The modular group is described by two transformations: S which corresponds to interchanging
the spatial and thermal cycles; and T which accounts for adding the spatial cycle to the thermal
cycle.
The torus partition function is given by

()

Z(t,2) =Tr(qhoyP), q=e*™7, y=e2m*, (6)

where the generators L, and P, are defined on the cylinder. In conventions where the con-
jugate potentials are purely real, we will have 7 and z purely imaginary. In relation to the
notation in [19], this would be the partition function Z(z|7); as shown there under a modular
S-transformation one finds , )

Z(t,z)=e ™%7 (——, E) , 7

T T

where « is the #i(1)-level. That is, the theory has an anomaly under an S-transformation. In
the following subsections, we will investigate properties of (6). An important portion of that
analysis relies on how the torus partition function is organized in terms of its spectrum, i.e.,
its primary and descendant states, which we turn to now.

The most straightforward way to construct and specify the spectrum of the system is by de-
manding that representations of the symmetry algebra fall into unitary representations. This
can be implemented for a WCFT, and it will impose restrictions on the central extensions (¢, k)
and the eigenvalues of the zero-mode charges (L, Py). However, due to the holographic prop-
erties of WCFTs, it becomes natural to loosen these restrictions and allow for some violations
of unitarity while still complying with interesting and well-defined observables in the system.
For this reason, we will also allow for the 7i(1)-level to be negative.

We will organize the spectrum in terms of primaries and descendants of the Virasoro-Kac-
Moody algebra (3). For primary states, we will denote by h—c/24 and p the eigenvalues with
respect to L, and P, on the cylinder, respectively. The definition of a primary is a state |h, p)
that obeys

Lnlh,p) =P,lh,p)=0,  n>0. (8)

4
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Descendants are created by acting with L_, and P_, (n > 0) arbitrarily many times. The
vacuum state will have (hy,, Pyvac), and it is defined as the state annihilated also by L_, in
addition to (8).° In the following, we will describe different irreducible representations of
the Virasoro-Kac-Moody algebra as done in [20], which includes unitary representations and
certain classes of non-unitary ones. In this context, there are a few important assumptions
made in the analysis:

1. We will always take ¢ > 2.
2. Primary states will always have semi-positive definite norms.
3. Primary states satisfy

2/x, if p%<o0,
hz{p /x, if p ©)

0, if p2>0.

The three cases below report on the characters yy, ,(7,2) that encode the descendants for the
vacuum state and general primary states, and the detailed derivation is in [20]. With this, we
will organize the partition function (6) in terms of these characters.

Case 1 (non-unitary): k¥ < 0 and p real. This is a representation that violates unitarity, still
the character is well defined. Adding up the contribution over all descendants of a primary
with conformal weight h and real charge p, the character is

c—2
X (7,2) = "TEYP(1-6uq), PER. (10)

n2m)’
Here, n(7) is the Dedekind eta function. The variable &,. has support only on the vacuum,
i.e., Oyqc = 1 for the vacuum state only. This has the effect of removing the null state created
by acting with L_;, as it is standard for a CFT,. The hermiticity condition on the states is
P;’ =P_, and LI = L_,; this implies that some descendants have negative norm states since k
is negative. Still all the coefficients in (10) are positive.

Case 2 (non-unitary): k < 0 and p imaginary. Our second scenario considers primaries for
which their charge is purely imaginary. In this case the hermiticity condition is P} = —P_,,
and LJ: = L_,. In this case all states make a positive contribution to the character. The corre-
sponding result is

@ L hs2 g ,
X p(T2) = neEd Y (1-6vcq), PpEIR. (11
One of the interesting results in [20] was to show that any WCFT with k < 0 must feature
at least two primary states with imaginary (1) charge, which comes from imposing crossing
symmetry of the torus partition function. We will use this in what follows.

Case 3 (unitary): k > 0 and p real. The final case is the more familiar context that relates
to CFT,, where the level is positive. Here the character reads

1
n(7)?

The hermiticity condition used is the usual one: P = P_, and L) = L_,, hence states have
positive norm since x is positive.

c—2
X}S?;(T’Z): qh_ﬁyp(1_5vacq) > pER. (12)

°In contrast to CFT, the conformal weights and charge of the vacuum state are not fixed by the symmetries.
The only condition imposed by demanding invariance under s(2,R) x u(1) is that h,,, = pfac /x [3].
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Having gathered the characters that are relevant for our discussion, we will decompose
the torus partition function as follows. For a unitary WCFT, i.e., k > 0, we will take

Z(n,2= D, 25, (13)

primaries
+vacuum

Here, all states satisfy h > p?/x and p € R; the sum over primaries also includes the contribu-
tion of the vacuum state. For a non-unitary WCFT, i.e., k < 0, we will take

1
Z(n.2)y= >, nmD+ Y, xiwe). (14)
primaries primaries
PER pEIR

This partition function includes as well a contribution from the vacuum state; for now we
will be agnostic if it is a state with real or imaginary p,,. since symmetries alone do not fix the
properties of the state. As we will see in the next subsection, the requirement of a well-defined
near-extremal limit will impose restrictions on p,,..

2.2 Near-extremal limit

To construct a near-extremal limit, we will implement a procedure similar to that in a CFT,
[5],° while being adapted to the symmetries and characteristics of WCFTs. This will bring
some similarities, but also contrasts among a CFT, and a WCFT. In this context, there are two
important aspects that are key to emphasise:

1. The near-extremal limit is not a limit within the usual Cardy-regime. Their regimes of
validity do not overlap.

2. The essence of a well-defined and interesting near-extremal limit is the dominance of
the vacuum contribution.

In the following, we will discuss how one can construct and decipher the near-extremal limit
for the two classes of torus partition functions.

Unitary WCFTs. We start with the unitary cases with the aim to illustrate the subtleties and
obstructions that arise. For this case, it will suffice to define near-extremality as a regime
where

T — (00, 2 — 100, (15)

and for simplicity we will choose z/7 fixed. Note that sending T — ioco will be the natural
choice to project onto the vacuum, and our conclusions will not change if z is fixed or small.
The torus partition function is given by (13). Using the modular S-transform we can write

L2 1
Z(t,z)y,=e ™7 Z (——, E)
u

T 7T ( 6)
i 22 1 Z . 22 ]_ Z ]-
— ik 3) (__ _)+ —inK3- 3) (__ _) .
Xvac T e Z Xhp T
primaries
Taking a ratio, we find
Z(7,2), —14 I Z =21 (i) 271 £ (p—prac)
—inkZ (3 (_1 z 1— —omil L a7
e 2% Xvac (_?, E) € " primaries

6See App. B for a review.
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In the limit (15), we see that the prefactor in the sum diverges polynomially with T. Unfor-
tunately, the sum does not suppress this prefactor: the exponential terms that depend on the
conformal weights go to one; since p € R the sum over U(1)-charges is oscillatory. Note that
this cannot be fixed by adjusting z in (15): the main issue is that z/7 is real.

We therefore conclude that unitary WCFTs do not have a near-extremal limit where the
vacuum character dominates.

Non-unitary WCFTs. This case is interesting and will lead to a desirable outcome. We start
by defining the near-extremal limit as

T— (00, Q L1. (18)

[l
w |

Here, we have introduced the angular velocity 2, which in terms of the real potentials is given
by ¢ = BQ. Along the lines of [5], this limit will be refined and placed in the context of
holographic theories as we deconstruct its consequences and validity.

Our main aim with this limit is to establish within the regime (18) when the vacuum
character will dominate the torus partition function. For a non-unitary WCFT we have to
specify in addition which state is the vacuum state: recall that the global symmetries of the
theory only fix hy,. = p\z,aC /x, but nothing else. If p,,. is real, we will end up with the same
conclusion as in the unitary case described above. However, if p,,. is purely imaginary our
problems can be circumvented! Assuming that the vacuum state has a purely imaginary value
we find

Z(T,Z))J -1 1 —Zﬂi%(h_hvac) 2ﬁni(p_pvac)
imkZ . (2 (1 z + —2mil ¢ ¢ T (19)
e iR 02 — ?) 1—e " primaries
pEIR

Here, we have used the modular transformation (7) on (14). The dots are the contributions
for the primaries with real values of p which we address momentarily. In the limit (18), we
see that again we have a growing polynomial contribution in 7; in order to suppress this
divergence, we need a damping from the sum over primaries with imaginary p in (19). This
can be achieved by demanding that p,. be the state that bounds the imaginary charge, i.e.,

iDyac > 1P, Y p €iR. (20)

To suppress the terms in Z (T,z)y( with p € R, we then need ip,,. > 0. With this, we can
suppress the contributions from all primaries in (19), and therefore, in the limit (18), it is a
good approximation to write

inkZ 1 2
Z(T,Z)y{ e TR )(gg (—;, ;) . (21)

We can further cast (21) by taking the near-extremal limit on the vacuum characters

e (_l’ E) 2T i omi L= 52) 272 Prac
vac 2

T T T
(22)
27\2 o an? b =2} o B
~ 2T F ez 9 (hvac— )e g WPvac

In the first line, we used (11) for the vacuum state, and the properties of the Dedekind eta
function (B.12); in the second line, the expression is re-written in terms of the real potentials
¥ and 3. Notice that we are being somewhat careless here regarding which terms we are
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keeping, and hence we should revisit (18). We would like to keep contributions related to the
vacuum state, in particular h,,., and the central charge c. For this reason, we will take

c>1, (23)
and h,,, to depend on c.” For the potentials we will take
d~c, p~c*, (24)

with a > 1, such that Q < 1 in the large central charge limit. With this, we can then write
(21) as )

Z(ﬁ’ ﬁ))‘{ 27T (2%) e%%+%_%(hvac_z%+)+2”%ipvac s (25)
which is the universal behaviour at low temperatures of a non-unitary WCFT. Note that we have
implemented a large-c limit in (25). At this stage one can compare with the partition function
of awarped Schwarzian theory (1) as done in [6,7]. We find good agreement between (25) and
the 1D theory. In particular, the polynomial dependence in ¥ agrees with the counting of zero
modes: four of them coming from sI(2) x u(1), each contributing with a power of #~1/2. Also,
the quadratic dependence in f inside the exponent is directly related to the quadratic term
in (1): this nicely connects the anomaly in the S-transformation of (7) to the @i(1) symmetry
in 1D.

In the following, we will extract the entropy and other information from this expression
by going to the appropriate ensembles. Following the conventions we had at the start of the
section, we will define

E=(P,), J = (L), (26)

i.e., the energy and angular momentum of the system as the expectation values of the zero
modes of the algebra.

Fixed (¥, E) ensemble. For fixed E, we consider the Laplace transform of (25)

Zp(9) =J dp ePFZ(8,B)y. 27)
0

This integral can be easily approximated by a saddle point approximation; the location of the
saddle point is at

2 .
B = —E(E"f} + 27TiPyac) - (28)
Since k < 0, and p,,. is purely imaginary, this saddle is indeed in the range of (27). For this

saddle to be within the near-extremal limit (24), we also require that E ~ ¢*~1 which implies
that E is very large. In the saddle point approximation we obtain

6 \/? ips, E? c)\3/2 m?c
ZE("(?)~9677:2(—§) exp(—47‘cTacE)exp —?1‘/‘ (@) exp| == |- (29)

It is interesting that h,,. dropped out of this expression; it is because it appears as h,,.— p&ac /x
which is zero. Here we have grouped the terms depending on how U enters in the expressions.
We will interpret it as

Zg (ﬂ) = eSO—ﬁJO Zyy.schw. (6_1?) . (30)
C

’In many holographic settings h,,. is independent of the central charge, so it could be dropped for that reason.
It will be instructive to keep it, and hence assume it is a large number.

8
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The first contribution, S, is identified with the extremal entropy. In other words, it captures
terms that do not depend on ¥:

' 1
So = —4n vy S log ()% +..., 31
K

where the dots are subleading terms as ¢ > 1. As it has been discussed in [5,21], Sy should
not be interpreted as a ground state entropy since the near-extremal limit makes the theory
gapless. The next term in (30) is the “extremal” angular momentum, which in this system
reads
E2
JO = —+... (32)
K

Note that the leading contribution to J, is negative; this is still within our unitary bounds (9).
Finally, we have the last contribution which reads

67 cm\3/2 mc
Zw-schw. T :(E) exp W . (33)

This expression is the same as one obtains in a CFT,; see (B.23). Therefore, it is tempting to
interpret it as a Schwarzian effective action controlling the low-temperature dynamics due to
the polynomial behaviour of ©#~3/2. However, one should be cautious with this interpretation
here. As explained below (25) the more natural interpretation is in terms of the warped
Schwarzian theory, where the polynomial correction is quadratic. The change from 92 to
#73/2 is due to the anomaly in the S-transform (7) as we perform the Legendre transform. (The
second derivative of this anomaly introduces an extra power of 4 as one does the saddle point
approximation of (27).) The expression quoted in (33) is the partition function in an ensemble
where the {i(1)-charge, (P,), is fixed in the warped Schwarzian theory; it just happens to
coincide with the Schwarzian answer.

Fixed (f3,J) ensemble. The fixed J ensemble can be obtained in a similar fashion as above.
We have

ZJ(/j)zfdﬁeWZ(ﬁ,/j)ﬂ, (34)
with Z(3, ﬁ)y{ given in (25). The integrand is extremized for
1 K c
2 _ 2 . 2
92 = p (Zﬁ + 27 Bipyse — 4 (hvac—2—4)). (35)

As before we need to assure that the location of the saddle point lays within (24). In this
case, this requires that J is negative and scales like |J| ~ ¢2(*~D. On the other hand, we have
a unitary bound (9), where J = h — 2%‘ with h > 0. Hence, to have a consistent limit and
approximation, we require that 1 < a < %

Taking these aspects into account, and using the positive root in (35), the result of the
saddle point approximation is

1/2 3/2 2
Zj(ﬂ)~48n2(%) exp(4nipvac\lz+\/K_Jﬂ)(%\lg) exp(g—ﬁc\lg). (36)

Casting this expression in terms of

Z;(B)=e5oPEoz,  u(B), (37)
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in the large |J| and ¢ limit we have

EOZ—VKJ+...,
. NEA!
So = 4TiPyac ;_Elog(u')‘*'.-- 5 (38)

/3=§\Jz/s,
C K

and Z,, s (B) is defined in (33). Note that this is the only case where the effective tempera-
ture  depends on the extremal parameter J and also the level «. For all other cases considered
here, only the central charge and numerical factors enter in the temperature dependence of
the leading correction to the partition function.

The anomaly in the S-transform (7) is again the culprit in changing the scaling of the
partition function from 92 to 9%/2. In this case the anomaly controls the location of the
saddle point and it also affects the scaling of the integrand.

3 Quadratic ensemble

WCFTs are infamous because they can disguise themselves as conformal field theories under
certain circumstances. Basically, one can perform a non-local reparametrization of the theory
that restores modular invariance in the partition function, at the cost of making the Virasoro-
Kac-Moody algebra non-local. For this reason, in this section we will explore the near-extremal
limit under these circumstances, and contrast our findings with a CFT, and a WCFT in its
canonical form.

3.1 Spectrum and torus partition function

As observed in [3], it is interesting to consider the following redefinition of the Virasoro-Kac-
Moody generators in Sec. 2,8

2 1 2 1
L,=1L,— —PoP, + ;pgén, Pn=—"=PoPy+ ;pgan. (39)

This is a quadratic transformation on the generators, and hence the name “Quadratic ensem-
ble” (see [4,22] for a bulk realization of quadratic ensemble). The upshot of this transforma-
tion is that the algebra (3) keeps its structure,

(L, L] = (=)L + 1C—2n35n+m ,

[‘Cna Pm] = _mpn+m + m7305n+m > (40)
[Pn’ Pm] = _znP06n+m 5

but now with the feature that the zero mode P, plays the role of the i(1)-level. This is one of
the ways in which the algebra is non-local, since it is state dependent.

Our aim is to describe properties of the torus partition function in this ensemble, so we start
by collecting some facts about the spectrum and characters. The construction of the quadratic
ensemble spectrum relies on properties inherited from the canonical ensemble. To exploit this,
one starts with the relation of the zero-mode generators, which reads

Py Py

502L0—7, 7302—?. (41)

8Note that we are following the conventions in [20], which differ from [3].
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The definitions of a primary state and the descendants, in the quadratic ensemble are taken
to be the same as those stated around (8). It is useful to note that by using (41), the primary
states in the canonical ensemble |h, p) are also the primary states in the quadratic ensemble
with weights

2
(Lo) =h—"-— .
2 (42)

(Po) =—E-.
K
Note that two states |h, p) and |h,—p) have the same eigenvalues with respect to £, and P,.
Therefore, to avoid any confusion due to such degeneracies, we will continue to label the states
by (h, p). In this way, the operator content in the canonical and quadratic ensemble remains
the same. We also see that the vacuum eigenvalues in the quadratic ensemble are

C
(£O>vac =

24
Here, we used that hy,. = pgac /x. One appealing outcome of this ensemble is that (L) iS
fixed by the central charge. Also, these two quantities could be confused for a left and a right
Virasoro central charges, while the symmetries only consist of algebra (40).

The grand canonical partition function in the quadratic ensemble is defined as

Z(B1,Pr)=Tr e BrPo—PLLo , (44)

1
(P0>vac = —;Pgac . (43)

where f3; and f3; are real potentials. What was shown in [3], using the transformation prop-
erties of the £, and P, inherited from the canonical ensemble, is that

42 4n2)
_J — J
By~ Br
i.e., the partition function is modular invariant. The anomaly appearing in (7) is no longer
present, and this will be important in our next subsection.

The characters in the quadratic ensemble can be found in the same way as for the canonical

ensemble except that the weights of the primary states are now given by (42). Following the
same notation as in Sec. 2.1, we have

Z(Br,Br) =2 ( (45)

1 h—p?/k—(c—2)/24 —p?
Casel: k<0, peR, x)(Bb) =<, " " (1= buear),
n(%)
- 1 h—p? [k—(c—2)/24 —p?
Case2: k<0, p€iR, X}E,zzz(ﬁL,ﬁR)=TqL P /xe=2)] qu /K(1—5vaCQL), (46)
n (%)
1 h—p2/xc—(c— )
Case3: x>0, peR, (b p)=———a; " " (1= 5.a.),
n (%)

where we defined g = e™P* and q; = e PL. Organising the partition function as a sum over
characters, we find

Unitary :  Z(Bp, Br)y = Z X}(l?p)(ﬁL:/jR)J

primaries
+vacuum 47)
. 1 2
Non—unitary: Z(By,Brly= D, Zia(BuB+ D, 2ra(BuBr),
primaries primaries
PER pEIR

where the sum runs over all the primary states labeled by (h, p). Note that the nomenclature
“unitary” versus “non-unitary” in this context is coming from the canonical ensemble analysis,
and we will use it to make the parallels more clear.
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3.2 Near-extremal limit

Since the partition function in the quadratic ensemble resembles that of a CFT,, we will con-
sider the same near-extremal limit (see App. B). In particular, the regime of interest is

Br~c>1, Prp~c <1, (48)

where a > 0. As we did in the canonical ensemble, we need to make sure we have the
necessary conditions to argue that we can project the partition function onto the vacuum
character in the limit (48).

We start by looking at the unitary case, where we would have

Z(Br, Br)u 1 an? 2/x+1/12) )4 42 (p2 e

=1+ E ¢ i (o P Prac (49)
3 2 2 2
\(/a():(4/;i 4[;;) 1—e 4ﬁL primaries

where we used (46). When (P,) is unbounded from below, which is natural to assume from
(42), then the sum over p diverges. Therefore, as in the canonical ensemble, the near-extremal
regime (48) does not project onto the vacuum.

For non-unitary WCFTs in the quadratic ensemble, the expression one would obtain is
similar to (49). The important difference is that from (42) it is natural to assume that the
spectrum is bounded from below. Hence, to project onto the vacuum we assume that the
spectrum of (P,) is bounded from below and that it reaches its minimum for the vacuum.’
Then, Bz < 1 projects onto the vacuum, and we can write

Z(BrPr)y = 2 (Pods
4“(@ ﬂ)_uo ¢ (Polese (50)
Br’ Pr

vac

where <P0>gap = min-(<7)0> - <P0>vac) and

2) 4m 47'[) 27 (&_4_7‘[2 i 47‘[ )
A2 ) nan () enp( -2 (et 35 ) - P - 60

Note that we have ignored the corrections O(e /2, 1/ LZ), which are suppressed by the limit.
Thus, the near-extremal partition function in the quadratic ensemble is

N 2m\? Br 472
Z(ﬁL; ﬁR)y{ ~ Zn(ﬁL ) exp( + ﬁL 24 ﬂR <7D0>Vac) > (52)

where we used (43) and ¢ > 1. Here we are taking p,,. to be imaginary, and hence (Pg)y,. < 0.
Notice that this expression has some resemblance to a warped-Schwarzian theory, but also
significant differences. The polynomial scaling in 3; does count the correct number of zero
modes as explained below (25). However, this expression is missing an anomalous contribu-
tion from the S-transform, which correlates with the first term (1). At best, this result seems
to correspond to a warped-Schwarzian where K = 0, i.e., the @i(1)-level plays no role.

The exponential terms in (52) have a similar form as compared to the near-extremal par-
tition function of the CFT, (B.15). Thus, we can again go to fixed (f3,J) and fixed (6, E)
ensembles and expect similar results. In analogy to the CFT,, we are defining J = (P;) — (L)
and E = (Py) + (Ly).

°Note that this is in line with the assumption made in the canonical ensemble, namely (20).
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Fixed (f3,J) ensemble. This analysis resembles step by step the CFT,, which is reviewed in
App. B. Here we just write the key equations. The ensemble is defined by

Z;(B)= J %eiwz(ﬁb /31{))1- (53)

—T
Here we are using 3; = 8 —i6 and fr =  +i6. Using (52), the location of the saddle point
is at
_(7)0>Vac
(J—1/12)"
Note that the saddle is real since (Py)yac < 0. To be within the near-extremal regime (48), we
furthermore scale J ~ c2* > 1. In the near-extremal limit, we then have

i0,=—p +2m (54)

2

Z;(B) ~ 144n (—%)Z exp (277:\/ —(PO)VacJ—ﬂJ) (ﬂ)z exp (%%) . (55)

123

It is interesting to note that one gets a prefactor of 372 as compared to the fixed (3,J) ensemble
in a CFT or the canonical ensemble of a WCFT, where one gets ~3/2. This is in contrast to
the canonical ensemble (36) due to the absence of the anomaly in the modular transformation
(45). One could argue that the 8 dependence in (55) is due to a warped-Schwarzian theory
with K = 0, but the zero mode of the internal symmetry still contributes to the path integral.

Fixed (0, E) ensemble. Like in appendix B, one could formally go to a fixed (8, E) ensemble
as follows

Zp(0) = f d/jeﬁEz([jL,[jR))&(, (56)
0

However, just like in (B.26), it turns out that this ensemble is ill-defined.

4 Discussion

In this final section, we will summarize our main findings with emphasis on comparing and
contrasting the different features we found.

Comparing CFT, and WCFT. It is instructive to first compare the extremal limits in a WCFT
(24) in the canonical ensemble versus a CFT, (B.9). Not surprisingly, in both cases we are
required to take a large-c limit. The role of the potentials is slightly different since scaling
symmetry acts differently on the variables. For our conventions, ¥ plays the role of f3;, and Q
plays the role of f3z.

The near-extremal limit imposed some restrictions on the spectrum for each case. For a
CFT, these are mild: compactness, unitarity, and no additional symmetries.'® The WCFT also
required compactness and no additional symmetries. However, we also needed the theory to
be non-unitary. And the vacuum state had to furthermore comply with the conditions described
around (20).

We can make one bold statement based on this last finding. If we assume that the uni-
versality of the near-extremal limit, and therefore the existence of Schwarzian-like sector, is
a necessary condition for the holographic properties of near-extremal black holes, our results
would imply that a unitary WCFT cannot be dual to a semi-classical theory of gravity. More

107t is possible to relax this last assumption and include currents. They add more zero modes to the 1D theory,
and hence dress the Schwarzian theory but the limit still functions.
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precisely, it cannot be dual to a semi-classical theory that admits as solutions geometries with
an AdS, factor. This would explain why until now all holographic WCFTs that have been
identified are non-unitary.

Finally, there are also some interesting properties to contrast regarding the near-extremal
partition function.

1. In the WCFT, it was consistent to convert our answers to the (f3,J) and (¥, E) ensemble.
In the CFT,, only the (f3,J) ensemble is consistent.

2. The (3,J) ensemble for WCFT in the canonical ensemble had two distinct features. First,
we found the curious restriction that J has to be large and negative. It also had the
curious feature that the heat capacity depended on J. This dependence can obviously
be reabsorbed in f, but we will see in [16] that the gravitational dual also exhibits this
dependence.

3. Inthe canonical ensemble, the near-extremal partition function of a WCFT would give an
answer very similar to the near-extremal limit of a CFT, with a global abelian symmetry.
The characters and modular properties are the same in both cases; see, for example, [23].
However, for a CFT with a global U(1) symmetry, we would have in (29) that p,,. =0
and S, would be coming from the anti-holomorphic sector.

Drawbacks of the quadratic ensemble. The expressions we found in the quadratic ensem-
ble are somewhat peculiar. In contrast to (25) for the canonical ensemble, equation (52) does
not fit the warped-Schwarzian theory, because the partition function is modular invariant. It
also does not resemble the near-extremal limit of a CFT,, nor a CFT, with a global abelian
symmetry. From a holographic perspective, we expect this difference to be due to boundary
conditions for gauge fields in AdS,, a point we will discuss in [16].
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A Cardy formula for WCFTs

In this appendix, we re-derive the Cardy formula for a WCFT both in the canonical as well as
the quadratic ensemble. We highlight the main differences between the Cardy limit and the
near-extremal limit.
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Canonical ensemble. For the canonical ensemble, the torus partition function for a unitary
(13) and non-unitary (14) WCFT are

Z(r,2u= D, 2l(7.2), (A1)
primaries
+vacuum
and
1 2
Z(12= D, 2y mA+ D, 2pa(5.2), (A.2)
primaries primaries
PER pEIR

respectively. The Cardy behaviour is defined in the regime of small angular potential ¥ < 1.
To project onto the vacuum, we also need to assume that the spectrum of L is bounded from
below. Additionally we assume that the WCFT has no state with h = h,,. other than the vacuum
itself. This is the counterpart of the existence of a twist gap in the CFT (see App. B). Note that
the Cardy limit does not impose any conditions on py,.. It can either be real or imaginary.'!
In the Cardy-limit, ¢ < 1 the behaviour of the modular transformed unitary (A.1) and non-
unitary (A.2) torus partition functions depends in both cases on the vacuum character

1 =z —omil(h. —< zj
X}‘;’alf (__’_ e 27-“T(hvac 24)627T71pvac. (AB)

The vacuum character for the non-unitary case can either be x}(llg (10) or X;(lzg (11) since to

leading order the —1/7 — ioo expansions of (—2/7) and 1n(—1/7)? agree with each other.
We obtain the torus partition function

ki 1 z

Z(t,z) e TNEE p et (——, —) , (A4
:p ’L' ’L'

where we omitted a subscript to indicate that (A.4) is valid in both the unitary and non-unitary

case. The Cardy formula for the entropy now follows from (A.4)

2 2
SCardy = (1 _Zaz - T@T)Z(T,Z) = 2mi (;(P0>vac - ;(L0>vac) > (A.5)

where we used that on the cylinder the eigenvalues of (L), and (Pg)yac are

c

<L0>vac = hvac - 2_4 > <P0>vac = Pvac- (A6)

Using (5), the expression (A.5) agrees with the well-known warped Cardy formula [3].

Quadratic ensemble. For the quadratic ensemble, we have the characters (46). The torus
partition function is (47), which we schematically write as

ZBr.B)= . tnp(Br: Br)- A7)

primaries

+vacuum
We do not distinguish between unitary and non-unitary theories since they lead to the same
final results (A.8) and (A.9). The Cardy regime is f3; < 1. The only conditions necessary,
otherwise, are that the vacuum is the only state which satisfies h,,. = p&ac /x and we assume

a non-trivial positive gap (Lg)gap > 0 between (L), and the other non-vacuum primaries.

"For the entropy to be real, we need either p,,. = 0 or p,,. € iR.
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No condition on f3; or the spectrum of P, is necessary to obtain the quadratic ensemble Cardy
entropy. Thus, when f3; < 1, we find

1'[2 TEZ
Z(ﬁL; ﬁR) — e_4ﬁ_L (ﬁo)vac_4p_R (P0>vac , (AS)

where the eigenvalues (L()qc and (Pg)vac are defined in (43). We then obtain the warped
Cardy formula for the quadratic ensemble as found in [3]

82 82
SCardy = (ﬂ_ﬂ;U:'O)vac + ﬂ_ZUDO)vac) . (A-9)

This matches the warped Cardy formula in the quadratic ensemble found in [3]. Note that
(Lo)vac = —¢/24 and (Py)yac < 0 for a unitary theory or a non-unitary theory with p,,. € iR.
So, the entropy is positive in these cases but when p,,. € R for a non-unitary theory such that
(Po)vac > 0, it should be interpreted as an index.

B Near-extremal limits in CFT,

In this appendix, we provide a review of the near-extremal limit of partition functions of two-
dimensional CFTs; this was done originally in [5]. The analysis in this appendix should be
contrasted with the WCFT cases, which we discuss in the main text.

We consider a Euclidean unitary two-dimensional conformal field theory with central
charge c. We will place the theory on a torus parametrised by an angular coordinate ¢ and
the Euclidean time coordinate t;. The metric on the torus and the identifications are

dszzdt§,+d(p2’ (tE»(P)N(tE"i'ﬁ:(P'i'Q)N(tE»(P+27T)» (B-l)

where 6 is the twist angle and 3 = T~! is the inverse temperature. The complex structure of
the torus is therefore given by

T=(0+ip)/2m, T=(0—1ipB)/2m. (B.2)

It will be also useful to introduce right and left moving potentials; they are defined as

1 1
B=sBr+p), O0=5(Br—BL), (B.3)
2 21
and they are related to the complex structure as
Tzﬁ, fz—ﬂ. (B.4)
27 2r
Notice that when 6 is purely imaginary and f is real, then fg/; € R.
The partition function on the torus is given by
Z(By, Br) = Tr (e Prllom i) Pullo=52) ) (B.5)

where L,, with n € Z, are the Virasoro generators on the plane. For the zero modes, we
have that H = Ly + Ly — 13 and J = Ly — Ly, with H and J the Hamiltonian and angular
momentum, respectively. The eigenvalues of L, and L, will be denoted as h and h. In the
subsequent derivations we assume that the CFT, is unitary (spectrum bounded from below),
the stress tensor is the only current (we only have Virasoro symmetry), and the theory is
compact (spectrum is discrete). The last two assumptions imply the existence of a twist gap,
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i.e. a lowest positive conformal dimension }_lgap > 0 between the vacuum and any non vacuum
primary. These three assumptions make it then convenient to decompose the partition function
as follows,

ZBr.B) =1 (D (D + D (D) (2. (B.6)

primaries
h,h>0
Here yj, is the Virasoro character of a primary state of weight h, with h # 0, and y; are the
Virasoro characters of the vacuum state. Their explicit expression is
eZm’T(h—%) e—ZﬂiT%

— _ 2miT
OSEE x(t)=(0-e )—n(ﬂ )

where 1(7) is the Dedekind eta function, and the expressions are analogous for j;(7). For the
vacuum character yj, with h,,. = 0, we have removed a null state, relative to y,.

One interesting result in [5] was to demonstrate that there is a universal behaviour of the
torus partition function in the so-called “near-extremal” limit. The definition of this limit in
the CFT is as follows. We will consider a class of theories where it is meaningful to take a large
central charge limit, i.e.,

xn(t)= (B.7)

c>1, (B.8)

and within this regime we will scale the left and right moving potential as
ﬂLNC>>1, /_’}ch_a<<]_’ (Bg)

with a > 0. Introducing the parameter a here is a slight generalization of [5] where they
have a = 1; as we will see the approximations still hold with this modification.'? Note that
the “near-extremal” is capturing a low temperature regime of the CFT, at large central charge,
ie, T~1/ck1.

To extract the universal behaviour in the near-extremal limit, we use invariance under
S-transformations, (t,7) — (—1/7,1/7), of the torus partition function, that is,

Z(Pr.Pr)=2 (ﬁ, 4_712)
fL. Pr o o o (B.10)
= X]I(%)X]I(%) +pri§ieslh (%)Xﬁ (%) .

Implementing the near-extremal limit (B.9), one gets that the partition function (B.10) be-

haves as
Z(Br, Pr)

w5 ()
This is the key statement regarding universality: the partition function is dominated by the
vacuum characters, and corrections are exponentially suppressed. It is important to stress here
that the scaling of fy is key in the validity of the approximation. The ratio y;,/y; for the left
movers is diverging polynomially in ¢ due to the null state in (B.7); this effect gets suppressed
since we also set Bz ~ ¢~* and there is a twist gap with f_lgap > 0.

We can further cast (B.11) by taking the near-extremal limit on the vacuum characters. By
using two standard properties of the Dedekind eta function,

n(=1/7) = v —itn(7),

~ miT/12
n(t) =~ e ,

_an?p
=1+(’)(e Br gal’). (B.11)

(B.12)

—i00

12From a perspective of AdS,/CFT, it natural to take 3z ~ ¢\

analysis.

Here we are making a slightly more general
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one finds that the right moving character projects onto the vacuum

27 < 4n?
ba (%) et IR, (B.13)
R
and for the left moving sector we find
2mi 2732 B ¢ 4n®
Xﬂ(lj—)NZTE(ﬁ—) e "M b, (B.14)
L L

which includes a polynomial behaviour and exponential behaviour as ¢ > 1. Combining these
two results, we obtain

3/2

Z(/sL,/&sz“(z_n)/ HET A, (B.15)
B

which holds in the near-extremal limit (B.8)-(B.9) and for CFT, that comply with the assump-

tions described between (B.5)-(B.6).

As a final portion of the analysis, it is very instructive to transform (B.15) to mixed ensem-
bles, where one of the charges is fixed. In the following, we will describe the basic thermody-
namic variables in the fixed (3,J) and fixed (6, M) ensemble. We will discuss similarities and
differences between these two ensembles, and it is also instructive to contrast these ensem-

bles with the analogous results for a WCFT. For this purpose it is useful to record (B.15) as a
function of (3, 8):

3/2 —i an
27 ) TG+T ﬁZﬁgZ . (B16)

Z(ﬂ,@)%ZTL’(ﬂ_ie

Fixed (f,J) ensemble. In the fixed angular momentum ensemble we consider the Fourier
transform

T do
ZJ(ﬂ):J —'%7(,0). (B.17)
_p 2T
Solving this integral by saddle point approximation in the near-extremal regime, we find that
the saddle point (6,) is determined by

o, _ 3 ( 1
(B2+62)2  2n2c (J 24)) (B.18)

where we used (B.16). We only need to solve this equation in the near-extremal limit, for
which 8 ~ c; in this regime we find'®

cm

i0,~—p + m

(B.19)

This expression assumes that 8 is much larger than 4/c/J; this can easily be achieved when
J > c, as done in [ 5], but not necessary for the validity of the saddle point. Still, for the saddle
point to be consistent with (B.9), i.e., requiring Bz ~ ¢, we would need to take J ~ ¢2%*!,
For this reason, we will take J to be large in the subsequent expressions. It is also important
to note that the saddle point 6, is not within the integration range in (B.17). However, we can
deform the contour such that it passes (B.19) without crossing any poles.

3There are four roots to (B.18). Here we are selecting the one that leads to a real and positive value of Z,;(f3),
and the entropy, below.
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Finally, after doing the saddle point approximation of (B.17), we find that

1/4 ;
2~ 1on( 2) " R en g, (120, (8.20)

Here we have organized the final answer in terms of three contributions. The first factor is
a normalization arising from the saddle point approximation that is independent of . This
could be interpreted as “extremal entropy,” with the leading contribution being

Sy~ 27\ % (B.21)

plus logarithmic corrections in ¢ and J. However, the system does not have a gap in this
regime, and therefore this is not the ground state entropy. The second factor is an exponential
term, which can be recognized as the “extremal” energy, where at leading order in J we have

Ey=J. (B.22)

And the final contribution to (B.20) is the so-called Schwarzian partition function

232 2
Zschw.([;) = (E) ef . (B.23)

Notice that it enters only as a function of §, which in this case is § = @

Fixed (0, E) ensemble. Albeit not a good choice, let us naively consider an ensemble where
E and 0 are fixed. Formally; it is defined as

Z:(0)= f dp Pt z(B,0). (B.24)
0

The procedure is very similar as the fixed (f,J) ensemble, so we will just report on the main
findings here. The saddle point of (B.24) is located at

c

R —i0 4+ 214 ————, B.25

Pom =t 24E + 1 (B.25)

where this solution approximates Im(6) ~ ¢ > 1. Requiring consistency with the near ex-
tremal limit (B.9) implies that E ~ ¢2**1, The saddle point integral then gives

24 V4 1
Zp(0)~24n l(c5E3) 2™ G e Moz (—Im(e)) (B.26)

where J, = —E, and Z.,, () is defined in (B.23) with an effective temperature of § = 1C—211n(9).

The fact that the ground state energy is negative and the appearance of an i in the partition
function indicate that this is not a physical choice for the ensemble. This could be removed
if one takes E — —E which is clearly undesirable physically, and it also affects (B.25). The
near-extremal limit does not treat  and 6 on the same footing.
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