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Abstract

Non-invertible symmetries have by now seen numerous constructions in higher dimen-
sional Quantum Field Theories (QFT). In this paper we provide an in depth study of
gauging 0-form symmetries in the presence of non-invertible symmetries. The start-
ing point of our analysis is a theory with G 0-form symmetry, and we propose a de-
scription of sequential partial gaugings of sub-symmetries. The gauging implements the
theta-symmetry defects of the companion paper [1]. The resulting network of symme-
try structures related by this gauging will be called a non-invertible symmetry web. Our
formulation makes direct contact with fusion 2-categories, and we uncover numerous
interesting structures such as symmetry fractionalization in this categorical setting. The
complete symmetry web is derived for several groups G, and we propose extensions to
higher dimensions. The highlight of this analysis is the complete categorical symmetry
web, including non-invertible symmetries, for 3d pure gauge theories with orthogonal
gauge groups and its extension to arbitrary dimensions.
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1 Introduction

In light of the rapid advances in the development of non-invertible symmetries in higher-
dimensional quantum field theories, the uninitiated may find themselves on the backfoot, try-
ing to grasp and keep up with the many constructions, examples and multitude of papers on
this subject [2–32]. In [1] we propose a unified perspective on such matters, which organizes
a variety of these constructions into a single overarching framework. The main actors of this
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unified construction are referred to as (twisted) theta defects. These are produced by gaug-
ing topological defects (stacked with TQFTs) of another theory, along with choices of gauge-
invariant couplings for these topological defects to bulk gauge fields for the symmetry that is
being gauged. This perspective leads to a unified approach for characterizing non-invertible
symmetries and their categorical description.

The goal of this paper is to develop a computational framework to exposit this construction
of non-invertible defects as twisted theta-symmetries. Concretely, we will develop the tools to
gauge arbitrary 0-form symmetries in 2-categories, and determine the 2-category after gaug-
ing. The key here is that the initial, ‘pre-gauged’, category is not necessarily only given in terms
of invertible defects. In this sense it extends the gauging of 0-form symmetries of non-normal
subgroups in [5] and the gauging of the full 0-form symmetry groups in [14,15].

The construction is mostly relevant for quantum field theories (QFTs) in 3d, but applicable
to a subsector of the symmetry category also in higher dimensions. Very broadly speaking, we
consider the topological defects of a theory, which generate its symmetries [33]. The collection
of topological surfaces, lines and point operators has the structure of a fusion 2-category [34].
In a 3d QFT, the surface defects generate the 0-form symmetry and lines the 1-form symmetry,
however the fusion of these may not necessarily obey a group-like multiplication law. This
forces the extension of the symmetry to a fusion 2-category. In the following we will develop
how to gauge invertible 0-form symmetries, even if the underlying 2-category is non-invertible,
i.e. does not have group-like fusions.

Gauging 0-form symmetries in general 2-categories, in particular in the presence of non-
trivial topological lines, is far more subtle for various reasons:

1. More options for implementing the 0-form symmetry: The presence of topological lines
results in a much richer way of implementing the 0-form symmetry action. Furthermore,
the 1-form symmetry generated by line defects can be gauged on a surface, thus resulting
in condensation defects.

2. Symmetry fractionalization: In the presence of lines, symmetries can fractionalize, which
in the categorical setting results in the presence of certain non-trivial associators, char-
acterized by 4-cocycles. This symmetry fractionalization results in subtle constraints on
the gauging process.

Symmetry fractionalization in higher-dimensional QFTs has recently been discussed in [35–
37]. We provide a framework to study the full 2-categorical structure, determining surface
defects (objects in the category), including condensation defects, the fusion of surfaces, and
fusion of lines.

The construction is developed starting with a category that is fully invertible, with only a 0-
form symmetry given by a finite group G. This is realized by a 2-category which has topological
surfaces (objects) that satisfy the G-fusion rules and no non-trivial topological lines

2-Vec(G) : Obj= {D(g)2 , g ∈ G} . (1)

Throughout the paper we denote topological defects of dimension p by Dp.
We then gauge at first a subgroup H ⊆ G – this can be normal or not – which results in a

category with topological lines and non-invertible fusions for some of its topological surfaces.
This is an extension of the full gauging of G in [14, 15]. Gauging normal H is performed in
section 2 (with a detailed analysis of the so-called bimodules that are relevant in this gauging
in appendix A).

The non-trivial further step is to then gauge a subgroup of the remaining invertible 0-
form symmetry (which would be G/H if H is normal) in this already once-gauged category.
In general, one can consider gauging subsequently all the possible subgroups of the 0-form
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Table 1: The categorical symmetry webs that we discuss in depth in this paper: G
labels the web and the 0-form symmetry of the starting point theory TG .

G Web in figure TG

Z2 ×Z2 2 PSO(4N)
Z4 2 PSO(4N + 2)
S3 11 PSU(3)
D8 1 and 13 PSO(2N)

D8(any dim) 19 and 20 PSO(2N)

symmetry G, and proceeding in this way one obtains a categorical symmetry web of theories
related by invertible gauging operations.1

The central new development here is the subsequent gauging, which requires us to study
the implications which the presence of lines and potential symmetry fractionalization can en-
tail. We illustrate the main conceptual points through the exploration of several symmetry
webs, which are labeled by the 0-form symmetry of the starting point, G, and example theo-
ries TG with such symmetry. These are summarized in table 1.

In figure 1 we present the D8-web, which exemplifies well the complexity of these struc-
tures. This can be realized on the class of 3d gauge theories with gauge algebra so(4N). The
same web also occurs for so(4N +2), where the categorical web gets overlaid over a different
assignment of global forms of the gauge group – see figure 13. The arrows in both figures
correspond to gaugings of 0-form symmetries. Only the category associated to PSO(2N) has
solely 0-form symmetry – given by G = D8. All subsequent categories are obtained by partial
gauging of 0-form symmetry subgroups of D8.

Let us discuss some of the salient features by considering the two examples G = Z2 × Z2
and Z4 briefly as an appetizer. Gauging the full group G results in 2-Rep(G) as the symmetry
category [14, 15, 38]. What we wish to understand now is how to obtain the same result by
gauging stepwise, i.e. by subsequently gauging Z2s.

The first puzzle that arises is how the two categories, one coming from G = Z2 × Z2 and
the other from G = Z4, are differentiated after gauging one Z2 subgroup. The two groups are
distinguished in terms of the extension class

ε ∈ H2(Z2,Z2) = Z2 , (2)

where the trivial elements describes G = Z2 ×Z2 and non-trivial one G = Z4. Field theoreti-
cally, it is clear [39] that a non-trivial (non-split) extension yields a mixed anomaly between
the dual 1-form symmetry cZ2 and the remaining Z2 0-form symmetry. We will show how this
is implemented in the 2-categorical framework, and identify its imprint as a symmetry frac-
tionalization of the 0-form symmetry. This has an extensive history in the math and condensed
matter literature (see [40–47] and references therein), which we revisit in the light of fusion
2-categories.

This plays a crucial role in the subsequent gauging of the remaining Z2, where the pres-
ence of the symmetry fractionalization results in the absence of certain topological defects for
G = Z4 and lands us correctly on 2-Rep(Z4) as the final category (which indeed has less simple
objects than 2-Rep(Z2 ×Z2)).

We should note that additional generalizations of the webs that we discuss exist: for in-
stance adding discrete theta angles, and it may be interesting to consider these as an additional

1We leave to future work the investigation of the possible gaugings of non group-like 0-form symmetries, which
are associated to non-invertible codimension-1 defects. These will typically arise in the categorical symmetry webs
as condensation defects or from the gauging of non-normal subgroups.
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Figure 1: Categorical symmetry web for 3d gauge theories with gauge algebra
so(4N). We label each theory by its global gauge group, and the 2-category which is
its symmetry category. The arrows denote gaugings of 0-form symmetries and each
arrow is labelled by the subgroup of D8 that is gauged along that arrow. We discuss
each of these steps in the text. The notation for the groups Z[g]2 is explained in the
text around (130). The section labels indicate where the particular gauging is dis-
cussed.

refinement of the theories we have studied (for a field theory discussion and the possible theta
angles in the setup of so gauge theories in 3d see [48]).

In figure 2 we summarize the categorical web for Z4 (and contrast it with the one for
Z2 × Z2). The three 3d QFTs with G = Z4 here could e.g. be T1 = PSU(4), T2 = SU(4)/Z2
and T3 = SU(4) gauge theory. Doing this step-wise gauging agrees with the gauging of the Z4
group directly, which results in 2-Rep(Z4) [14] (we have detailed this in appendix B.2).

We begin the analysis by discussing some of the basics of 2-categories, the gauging of nor-
mal subgroups and the symmetry fractionalization in section 2. This section can be read in
tandem with the appendix A, where a bimodule analysis of the gauging is provided. In section
3 we then turn to gauging the remaining group G/H, in the presence of already non-invertible
symmetries. The two examples G = Z2×Z2 and Z4 accompany the general discussion in these
two sections. In section 4 and 5 we derive the full categorical symmetry webs for G = S3, D8
including non-normal and multiple sequential gaugings. Extensions to higher dimensions are
discussed in section 6 and we conclude in section 7. Appendices provide further details: ap-
pendix A discusses the 2-representation and bimodule perspective. Appendix B summarizes
the full gauging of G, expanding on the analysis in [14]. In appendix C we discuss 1-morphisms
in various categories that can e.g. implement subtle isomorphisms between various objects.
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Figure 2: Categorical symmetry web for 3d gauge theories starting with the theory T1
with 0-form symmetry Z2×Z2 (top) and Z4 (bottom), and gauging subsequently Z2.
The category in the middle for theory T2 has a trivial (top) and non-trivial (bottom)
cocycle ω, which is encoded in the group extension class ε. This cocycle is key in
order to obtain 2-Rep(Z4) after gauging the remaining Z2 to reach theory T3. For
G = Z2 ×Z2 the main difference is in the absence of the non-trivial cocycle, i.e. ε is
trivial.

Notation.

We will use G throughout to refer to a finite group, which acts as the 0-form symmetry. A
higher-group symmetry will be generally denoted by Γ , and Γ (p) is the p-form symmetry part
of the higher-group Γ .

All topological defects of dimension p are denoted by Dp (possibly with extra embel-
lishments). For a fusion 2-category C we denote the simple objects by Obj(C). The 1-
endomorphisms of an object D2 in C will be denoted by EndC(D2).

2 Gauging normal subgroups

In this paper we apply the methods discussed in the companion paper [1] to obtain the symme-
try 2-categories of 3d QFTs comprising of twisted theta defects obtainable from the symmetry
2-category CG := 2-Vec(G) of a 3d QFT TG with a non-anomalous G 0-form symmetry by gaug-
ing2 various (possibly non-normal) subgroups of G. Here G will always be a finite (possibly
non-abelian) group. Let us denote the 3d QFT obtained by gauging a subgroup H of G as TG/H
(even if H is not a normal subgroup) and the resulting symmetry 2-category CG/H .

It should be noted that we also discuss ‘sequential gaugings’. The simplest example of se-
quential gauging arises if TG/H can be obtained from TG/H ′ by gauging a H ′′ 0-form symmetry
sitting inside its symmetry 2-category CG/H ′ , or schematically if we have TG/H = TG/H ′/H ′′ .
Then we also describe how H ′′ gauging can be implemented to convert the 2-category CG/H ′

into the 2-category CG/H . We will see that this sequential gauging procedure involves many in-
teresting subtleties due to the phenomenon of H ′′ symmetry fractionalization in the 2-category
CG/H ′ .

Thus, incorporating such and more complicated sequential gaugings involving multiple
steps in the gauging sequence, we can describe the most general goal of this paper as follows:
this paper studies all possible invertible 0-form symmetry gaugings relating different symmetry
2-categories of the form CG/H for different values of H (but a fixed G). In other words, this
paper explains all the arrows involving 0-form gaugings in the symmetry web formed by the
symmetry 2-categories CG/H for fixed G.

In this section, we discuss the first gauging G → G/H in a gauging sequence3 for H a

2All gaugings are performed without any possible H3(G, U(1)) valued torsion.
3Note that the full gauging G→ G/G leading to the symmetry 2-category CG/G = 2-Rep(G) from the symmetry
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normal4 subgroup of G. We will sketch the general procedures and concretely exemplify them
with the examples of G = Z2 ×Z2, H = Z2 and G = Z4, H = Z2.

In this section, we will focus mostly on the identification of simple objects (upto isomor-
phism) of CG/H and the fusion rules of such simple objects. Of course, the general computa-
tional procedure can be equally well used to determine higher-layers of categorical information
regarding 1-morphisms, their composition and fusion rules, but in order to keep the main parts
of the paper pedagogical and free of clutter, we relegate such discussions to appendix C.

2.1 2-category associated to 0-form symmetries

Let us begin with the discussion of the initial symmetry 2-category

CG = 2-Vec(G) , (3)

carried by a 3d QFT TG having a non-anomalous 0-form symmetry group G.
Throughout this paper we will use the notation

D(a)p : p-dimensional topological operators labeled by a . (4)

The 0-form symmetry is generated by topological codimension 1 operators, and hence TG
carries topological surface operators labeled by elements of G, which we denote by

D(g)2 , g ∈ G (5)

These form simple objects (upto isomorphism) of CG and satisfy group-like fusion rules

D(g)2 ⊗ D(h)2 = D(gh)
2 , g, h ∈ G . (6)

Each simple object D(g)2 carries a single simple 1-endomorphism (upto isomorphism) in CG

which is identified with the trivial/identity line D(g;id)
1 on the surface D(g)2 .

D(g;id)
1 : D(g)2 → D(g)2 D(g)2 D(g)2

D(g;id)
1

(7)

There are no 1-morphisms between the objects D(g)2 and D(g
′)

2 in CG for g ̸= g ′. That is, the

2-category CG does not involve any possible line operators between D(g)2 and D(g
′)

2 , which may
exist when T only admits a group H of ‘faithful’ 0-form symmetries and we use a projection
G → H to find the operators D(g)2 . In this paper, we will assume that the 3d QFT TG has a
faithful G 0-form symmetry for simplicity. However, it should be noted that considerations of

2-category CG = 2-Vec(G) was discussed in great detail in the recent paper [14] and so we do not repeat that
discussion here.

4Non-normal subgroups can be treated using similar techniques. Explicit treatments of gaugings of non-normal
subgroups H can be found for G = S3 and G = D8 in subsequent sections.
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this paper are also applicable to non-faithful G 0-form symmetry cases, but require a more
refined interpretation.

There is a single 2-endomorphism in CG = 2-Vec(G) of the 1-morphism D(g;id)
1 which corre-

sponds to identity local operators living on the surface D(g)2 , and there are no 2-endomorphisms

between D(g;id)
1 and D(g

′;id)
1 for g ̸= g ′.

Example G = Z2×Z2. One of our examples in this section will be G = Z2×Z2. An example
of a 3d QFT with this 0-form symmetry is pure gauge theory with gauge group PSO(4N), where
G = Z2 × Z2 is identified with the magnetic 0-form symmetry5 of this QFT, arising from the
fact that PSO(4N) admits the construction

PSO(4N) = Spin(4N)/Z2 ×Z2 , (8)

in terms of the associated simply connected group Spin(4N).
Thus, in this case, the initial symmetry 2-category is

CZ2×Z2
= 2-Vec(Z2 ×Z2) . (9)

We denote its simple objects (upto isomorphism) by

Obj(CZ2×Z2
) =

¦

D(id)2 , D(S)2 , D(C)2 , D(V )2

©

, (10)

corresponding to the topological surfaces generating the G = Z2 ×Z2 symmetry. Here D(id)2 is
the identity object and the order 2 elements are

D(x)2 ⊗ D(x)2 = D(id)2 , x = S, C , V , (11)

with mutual fusion rule
D(S)2 ⊗ D(C)2 = D(V )2 . (12)

Example G = Z4. Another example studied in this section is G = Z4. An example of a 3d
QFT with this 0-form symmetry is pure gauge theory with gauge group PSO(4N + 2), where
G = Z4 is identified with the magnetic 0-form symmetry6 of this QFT, arising from the fact
that PSO(4N + 2) admits the construction

PSO(4N + 2) = Spin(4N + 2)/Z4 , (13)

in terms of the associated simply connected group Spin(4N + 2).
The associated symmetry category is

CZ4
= 2-Vec(Z4) , (14)

whose simple objects (upto isomorphism) are denoted by

Obj(CT) =
¦

D(id)2 , D(S)2 , D(V )2 , D(C)2

©

, (15)

with the fusion relations

D(S)2 ⊗ D(S)2 = D(V )2 ,
�

D(S)2

�⊗3
= D(C)2 ,

�

D(S)2

�⊗4
= D(id)2 . (16)

5There is also a Z2 charge-conjugation type symmetry arising from outer-automorphisms of the Lie algebra
so(4N), which we do not take into account at the moment. This symmetry will be accounted in section 5 where it
will enhance the Z2 ×Z2 0-form symmetry considered here to D8 = (Z2 ×Z2)⋊Z2 0-form symmetry.

6There is again a Z2 charge-conjugation type symmetry arising from outer-automorphisms of the Lie algebra
so(4N+2), which we do not take into account at the moment. This symmetry will be accounted in section 5 where
it will enhance the Z4 0-form symmetry considered here to D8 = Z4 ⋊Z2 0-form symmetry.
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nD(id)2

D(h)2

Figure 3: In order to make nD(id)2 H-symmetric, we need to choose line operators

(shown in blue) living at the junction of D(h)2 for all h ∈ H and nD(id)2 .

2.2 Surface defects after partial gauging

Consider gauging a normal subgroup H ◁ G. The 3d QFT obtained after gauging is labeled
as TG/H . The gauging procedure converts the symmetry 2-category CG carried by TG to a
symmetry 2-category CG/H carried by TG/H . We are interested in the determination of CG/H .

Theta defects. From the analysis of the companion paper [1], we know that CG/H comprises
of H-symmetric objects and morphisms in CG . Let us begin by exploring various ways of making
multiples of identity object D(id)2 H-symmetric. Consider for example making the object nD(id)2

H-symmetric. We need to choose junction lines between nD(id)2 and D(h)2 for all h ∈ H (see
figure 3) such that these junction lines can be freely rearranged (without the appearance of
any extra phases) along the worldvolume of nD(id)2 . By folding the D(h)2 surfaces away, the

junction lines can be identified with lines living on the worldvolume of nD(id)2 . Since there are

no non-trivial associators for D(h)2 surfaces with nD(id)2 , the folding procedure commutes with

rearrangements of junctions. Hence, a choice of making nD(id)2 H-symmetric is a choice of lines

living on nD(id)2 labeled by elements of H, which can be freely rearranged. Mathematically, this
is a choice of a functor

S : CΓ
(0)=H

1 →Matn(Vec) , (17)

where CΓ (0)=H
1 is a non-linear 1-category discussed at the beginning of section 3.2 of the com-

panion paper [1] capturing abstract properties of freely arrangable lines parametrized by ele-
ments of H, and Matn(Vec) is the multi-fusion 1-category formed by n× n matrices valued in
the category Vec of finite-dimensional vector spaces which captures the lines living on nD(id)2 .

The (i, j)-th element of such a matrix describes a line from the i-th copy of D(id)2 in nD(id)2 to the

j-th copy of D(id)2 in nD(id)2 . As explained in [1], such a functor S describes a 2-representation
of H. The collection of all such functors for all possible n forms a fusion 2-category 2-Rep(H).
We thus find a 2-subcategory

2-Rep(H) ⊆ CG/H . (18)
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An alternative perspective is obtained by recognizing nD(id)2 as the defect obtained by stacking
a 2d TQFT7 with n trivial vacua on top of TG . In fact, all defects arising by stacking 2d TQFTs
can be identified with nD(id)2 , because all 2d TQFTs are essentially determined by their number

of vacua n. Thus, the various ways of making nD(id)2 H-symmetric for various values of n are
parametrized by by H-symmetric 2d TQFTs, which as discussed in [14] is the same problem
as determining functors of the form (17).

Thus, we can understand the topological surfaces of TG/H lying in 2-Rep(H) ⊆ CG/H as
being obtained by first stacking an H-symmetric TQFT on top of the spacetime occupied by TG ,
and then gauging the combined/diagonal H symmetry. In the language of [1], the topological
defects in the 2-subcategory 2-Rep(H) of CG/H are theta defects of TG/H .

Other defects in CG/H . Other defects in CG/H arise as twisted theta defects. First, consider

making multiples of D(h)2 , for h ∈ H, H-symmetric. These lead to objects isomorphic to the

objects already contained in the 2-subcategory 2-Rep(H) ⊆ CG/H because we can convert D(h)2

into D(id)2 by multiplication by elements of H.

By same argument, we only need to study H-symmetrization of a single defect D(g)2 for a
single element g lying in each coset k ∈ K := G/H. Since we are dealing with a non-anomalous
G symmetry, there are no associators for topological defects generating H in the presence of
any D(g)2 . Consequently, we obtain a copy of 2-Rep(H) inside CG/H for each element k ∈ K .

In total, we learn that the objects of CG/H are the same as the objects of the 2-category
2-Vec(K)⊠ 2-Rep(H). However, we will see later that

CG/H ̸= 2-Vec(K)⊠ 2-Rep(H) . (19)

The equality holds if and only if G = H × K .
We will label the objects of CG/H as D(kR)

2 where k ∈ K and R a 2-representation of H. In

fact, there exists at least one 1-morphism (none of which is an isomorphism) from D(kR)
2 to

D(k)2 (obtained by choosing the trivial 2-representation) for every choice of 2-representation

R. This is often captured by saying that D(kR)
2 and D(k)2 lie in the same ‘Schur component’.

The existence of such a 1-morphism is equivalent to the fact that D(kR)
2 can be obtained by

condensing/gauging a (possibly non-invertible) symmetry localized along the worldvolume of
D(k)2 . Thus, Schur components can be thought of as capturing defects modulo condensations.
The Schur components of the 2-category CG/H are parametrized by elements of the group
K = G/H.

We can recognize D(kR)
2 as a twisted theta defect whose underlying twist is the defect

D(k)2 ∈ CG and the underlying stack is the 2d TQFT with n trivial vacua, where n is the di-
mension of the 2-representation R.

Examples. Returning to our main examples, for either G = Z2 × Z2 or G = Z4, consider
gauging a H = Z2 subgroup. For G = Z4 there is a unique Z2 subgroup generated by V ∈ Z4.
On the other hand, for G = Z2×Z2 there are three possible choices of Z2 subgroups generated
by x ∈ {S, C , V}, but they are all equivalent. For maintaining consistency of notation with the
G = Z4 case, we pick the Z2 subgroup of G = Z2 ×Z2 generated by V .

From the above discussion, the objects of CZ2×Z2/Z2
and CZ4/Z2

are the same and coincide

7In this paper, for pedagogical purposes, we are not precise about the distinction between 2d TQFTs and 2d
non-anomalous topological orders. See the companion paper [1] for more details.
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with the objects of 2-Vec(Z2)⊠ 2-Rep(Z2). However, at the level of full 2-categories

CZ2×Z2/Z2
= 2-Vec(Z2)⊠ 2-Rep(Z2) ,

CZ4/Z2
̸= 2-Vec(Z2)⊠ 2-Rep(Z2) .

(20)

Let us describe the objects of CZ2×Z2/Z2
and CZ4/Z2

in more detail. Since the discussion is same
for both categories, we refer to them together. We refer to the category CZ2×Z2

or CZ4
by CG ,

and CZ2×Z2/Z2
or CZ4/Z2

by CG/Z2
.

First of all, the object D(id)2 of CG leads to a single simple object (upto isomorphism) of CG/Z2

which we refer by the same name D(id)2 . This is because there is a single 2d Z2-symmetric SPT
phase, namely the trivial Z2-symmetric 2d TQFT.

The object 2D(id)2 of CG also leads to a single simple object (upto isomorphism) D(Z2)
2 of

CG/Z2
. The H = Z2 symmetry on 2D(id)2 is generated by a 1-morphism 2D(id)2 → 2D(id)2 , which

is implemented by a 2× 2 matrix of 1-morphisms D(id)2 → D(id)2 , with the (i, j)-th entry of the

matrix describing a 1-morphism from the i-th copy of D(id)2 to the j-th copy of D(id)2 .

In this language, the matrix describing the action of H = Z2 symmetry on 2D(id)2 for the

construction of D(Z2)
2 is

�

0 D(id)1

D(id)1 0

�

: 2D(id)2 → 2D(id)2 , (21)

where D(id)1 : D(id)2 → D(id)2 is the identity 1-endomorphism of D(id)2 corresponding to the iden-

tity line defect in TG . These objects D(id)2 , D(Z2)
2 generate the 2-subcategory 2-Rep(Z2) ⊆ CG/Z2

.

Similarly, the object D(S)2 of CG leads to a single simple object (upto isomorphism) of CG/Z2

which we refer by the same name D(S)2 , and the object 2D(S)2 of CG also leads to a single simple

object (upto isomorphism) D(SZ2)
2 of CG/Z2

. The H = Z2 symmetry on 2D(S)2 is generated by

�

0 D(S;id)
1

D(S;id)
1 0

�

: 2D(S)2 → 2D(S)2 , (22)

where D(S;id)
1 : D(S)2 → D(S)2 is the identity 1-endomorphism of D(S)2 corresponding to the

identity line defect living on D(S)2 in TG . These objects D(S)2 , D(SZ2)
2 generate another copy of

the 2-subcategory 2-Rep(Z2) ⊆ CG/Z2
.

In total we therefore have the simple objects (upto isomorphism)

Obj(CZ2×Z2/Z2
) = Obj(CZ4/Z2

) =
¦

D(id)2 , D(Z2)
2 , D(S)2 , D(SZ2)

2

©

. (23)

2.3 Fusion of surface defects after partial gauging

The fusion of 2-representations converts the set of 2-representations into a twisted Burnside
ring as discussed in detail in [14]. This controls the fusion of objects D(R)2 ∈ 2-Rep(H) ⊆ CG/H .

More generally, we have

D(k1R1)
2 ⊗ D(k2R2)

2 = D

�

k1k2

�

R
k2
1 R2

��

2 . (24)

Rk2
1 is a 2-representation obtained by applying the action of k2 on R1 (see [15] for more details)

and Rk2
1 R2 is the tensor product 2-representation of Rk2

1 and R2.
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Examples. Let us determine the fusion rules of simple objects in our examples G = Z2×Z2,
H = Z2 and G = Z4, H = Z2. Recall the objects (23).

It is easy to see that D(id)2 is the identity object of CG/Z2
. As H = Z2 acts trivially on D(S)2 ,

the fusion follows from CG:
D(S)2 ⊗ D(S)2 = D(id)2 , (25)

which implies that D(S)2 generates a Z2 0-form symmetry in the theory TG/Z2
.

On the other hand we have

D(Z2)
2 ⊗ D(Z2)

2 = 2D(Z2)
2 . (26)

To understand this fusion rule, we have to understand the combined Z2 action on the underly-
ing defect 2D(id)2 ⊗2D(id)2

∼= 4D(id)2 ∈ CG which is generated by the tensor product of the matrix
of lines

�

0 D(id)1

D(id)1 0

�

⊗
�

0 D(id)1

D(id)1 0

�

=











0 0 0 D(id)1

0 0 D(id)1 0
0 D(id)1 0 0

D(id)1 0 0 0











. (27)

In more detail, we can label the underlying D(id)2 ∈ CG objects of D(Z2)
2 by D(id)(i)2 for i ∈ {0,1}.

Then we can label the underlying D(id)2 ∈ CT objects of D(Z2)
2 ⊗D(Z2)

2 as D(id)(i, j)2 for i, j ∈ {0,1}.
The combined Z2 acts

i→ i + 1 (mod 2) ,

j→ j + 1 (mod 2) .
(28)

Thus D(id)(0,0)
2 and D(id)(1,1)

2 are exchanged by Z2, and D(id)(0,1)
2 and D(id)(1,0)

2 are exchanged by
Z2, leading again to the fusion rule (26).

The remaining fusion rules are8

D(SZ2)
2 ⊗ D(Z2)

2 = 2D(SZ2)
2 ,

D(SZ2)
2 ⊗ D(SZ2)

2 = 2D(Z2)
2 ,

D(S)2 ⊗ D(Z2)
2 = D(SZ2)

2 ,

D(S)2 ⊗ D(SZ2)
2 = D(Z2)

2 .

(29)

That is, the label S is simply a K = Z2 grading on the fusion rules, which is because the
conjugation action of K = Z2 on H = Z2 is trivial for both G = Z2 ×Z2 and G = Z4.

Thus, the fusion of objects of CZ2×Z2/Z2
= 2-Vec(Z2) ⊠ 2-Rep(Z2) and CZ4/Z2

are same.
In addition to the fusion of objects, the 1-morphisms as well as their composition and fusion
rules are also the same for CZ2×Z2/Z2

2-Vec(Z2)⊠ 2-Rep(Z2) and CZ4/Z2
(see appendix C.1 for

details). Still, equation (20) claims that

CZ4/Z2
̸= CZ2×Z2/Z2

. (30)

What then is the difference between the two categories? The answer lies in the fact that
CZ4/Z2

has some non-trivial associators, which are physically understood as the phenomenon
of symmetry fractionalization, which is the subject of the next subsection.

2.4 Symmetry fractionalization on lines

From this subsection onward, we restrict H to be an abelian group.

8Throughout this paper, when the fusion (or composition) rules are commutative, we only mention fusion rules
with a single choice of order.
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=

D(
bh)

1

D(k)2 D(k)2

D(k·
bh)

1

Figure 4: A 1-form symmetry generating line D(
bh)

1 (shown in blue) changes to another

1-form symmetry generating line D(k·
bh)

1 (shown in teal) upon sliding it across a 0-form

symmetry generating surface D(k)2 (shown in red). See equation (34).

Data specifying embedding of H in G. To understand the distinction between CG/H and
2-Vec(K)⊠2-Rep(H), we need to first explore the following abstract group-theoretic structure.
Since H is normal in G, there is a short exact sequence

1→ H → G→ K ≡ G/H → 1 . (31)

The extension is characterized by the group cohomology (twisted by the conjugation action of
K on H) class

ε ∈ H2(K , H) . (32)

As a set, we can write G as pairs (h, k) with h ∈ H and k ∈ K and product given by

(h, k)× (h′, k′) = (h(k ◦ h′)ε(k, k′), kk′) , (33)

where (k ◦ h′) = kh′k−1 denotes the action of K on H by conjugation.

Split 2-group. It is well-known [33] that after gauging H 0-form symmetry of TG , we obtain
in TG/H a dual 1-form symmetry with group ÒH which is the Pontryagin dual of H. If there is a
non-trivial (conjugation) action of K on H, then we have a non-trivial dual action of K on ÒH,
implying that the dual 1-form symmetry ÒH and the residual 0-form symmetry K combine to
form a non-trivial (split) 2-group symmetry Γ in which the 0-form symmetry has a non-trivial
action on the 1-form symmetry.

This action is displayed in terms of topological defects generating the 0-form and 1-form
symmetries in figure 4. In a categorical language, this means that we have the following non-
commutativity in the fusion rules for 1-morphisms

D(k;id)
1 ⊗ D(

bh)
1 = D(k·

bh)
1 ⊗ D(k;id)

1 . (34)

Here D(
bh)

1 for bh ∈ ÒH are simple 1-endomorphisms of D(id)2 in CG/H corresponding to topological

lines generating the ÒH 1-form symmetry, D(k;id)
1 are identity 1-endomorphisms of objects D(k)2

carrying trivial 2-representation for k ∈ K corresponding to identity lines on the surfaces D(k)2 ,
and k ·bh ∈ ÒH is the element obtained after the action of k on bh.
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Dĥ,k1
0 Dĥ,k2

0
D(
bh)

1

D(k1)
2 D(k2)

2

fuse D(ki)
2

D(
bh)

1

D(k1k2)
2

Dĥ,k1k2
0

ĥ(ε(k1, k2))×

Figure 5: Symmetry Fractionalization: The junctions of topological surface opera-

tors D(ki)
2 generating the K 0-form symmetry with a fixed line D(

bh)
1 generating the

1-form symmetry do not obey K multiplication laws, but instead acquire a projectiv-
ity bh

�

ε(k1, k2)
�

∈ U(1).

The fusion rule (34) already differentiates between CG/H and 2-Vec(K) ⊠ 2-Rep(H) in
special cases. However, when there is a trivial action of K on H as in our two examples
G = Z2 × Z2, H = Z2 and G = Z4, H = Z2, this does not provide the required distinction
between the two categories. In fact we can modify the problem as follows: What is the dis-
tinction between the categories CG/H and 2-Vec(Γ ), where Γ is the split 2-group generated
by K 0-form symmetry acting on ÒH 1-form symmetry? When the action is trivial, we have
2-Vec(Γ ) = 2-Vec(K)⊠ 2-Rep(H) and so we reduce to our previous problem.

’t Hooft anomaly and symmetry fractionalization. The categories CG/H and 2-Vec(Γ ) turn
out to be equal only when we can write G = H⋊K , in which case the extension class ε discussed
above vanishes. The extension class ε discussed above captures an ’t Hooft anomaly for the
2-group Γ [39] which can be expressed as

A∗ω= B2 ∪ a∗ε , (35)

where B2 is the background field for H 1-form symmetry and a∗ is pullback under the back-
ground a for K 0-form symmetry.

The anomaly A∗ω descends from

ω ∈ H4(Γ , U(1)) , (36)

upon pull-back A∗ to spacetime, corresponding to a 2-group background A.
The element ω describes non-trivial associators (or in other words, coherence relations)

in the category CG/H distinguishing it from 2-Vec(Γ ). Using an often used notation, we can
express

CG/H = 2-Vecω(Γ ) . (37)

The anomaly (35) describes the fractionalization of K 0-form symmetry as implemented upon

topological line operators D(
bh)

1 generating ÒH 1-form symmetry. See figure 5.

Derivation of symmetry fractionalization. Let us now provide a derivation of this symmetry
fractionalization phenomenon using the techniques used in this paper.

First of all, we need to understand the emergence of ÒH 1-form symmetry in the category
CG/H . These are simple 1-endomorphisms of the identity object D(id)2 of CG/H . Consequently,

they correspond to various ways of making the identity 1-endomorphism D(id)1 of D(id)2 in CG
symmetric under H. Such different ways correspond to homomorphisms

H = CΓ
(0)=H

0 −→ EndCG
(D(id)1 ) = C , (38)
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D(V )1

D(S)2 D(S)2

fuse the two D(S)2

D(V )1

−D(V,id)
0

Figure 6: Symmetry Fractionalization in TZ4/Z2
: Fusing the junction of line D(V )1 with

surface D(S)2 along the line D(V )1 produces the operator −D(V,id)
0 , where D(V,id)

0 is the

identity local operator on the line D(V )1 . Thus the Z2 symmetry generated by D(S)2 is

fractionalized to Z4 on D(v)1 .

using the language appearing in the companion paper [1]. The non-linear 0-category CΓ (0)0

is the 0-form group Γ (0) itself and the vector space EndCG
(D(id)1 ) of 2-endomorphisms of the

1-morphism D(id)1 in the 2-category CG = 2-Vec(G) is simply C. Such homomorphisms are

described by elements of the Pontryagin dual group ÒH, resulting in lines D(
bh)

1 in the category
CG/H .

Now a junction local operator9 D(
bh,k)

0 of D(k)2 with D(
bh)

1 in CG/H can be uplifted to a junction

of D(1,k)
2 with D(id)1 in CG , or in particular the identity operator D(1,k;id)

0 on D(1,k)
2 in CG . The

fusion of D(k1;bh)
0 with D(k2;bh)

0 in CG/H as in figure 5 arises from the following fusion in CG

D(1,k1)
2 ⊗ D(1,k2)

2 = D(ε(k1,k2),1)
2 ⊗ D(1,k1k2)

2 . (39)

Note that on the right hand side we have a surface operator D(ε(k1,k2),1)
2 valued purely in H. In

the above definition of D(
bh)

1 line in terms of the data of the category CG , this surface operator
acts by a phase ĥ(ε(k1, k2)), leading to the fusion rule

D(
bh,k1)

0 ⊗ D(
bh,k2)

0 = bh(ε(k1, k2))D
(bh,k1k2)
0 , (40)

in CG/H . We will provide a derivation of this from a bi-module perspective in appendix A.1.

Examples. The difference between trivial and non-trivial extension class is best illustrated
in our examples. The relevant cohomology group is H2(Z2,Z2) = Z2. The choice G = Z2×Z2,
H = Z2 corresponds to the trivial cohomology class, while the choice G = Z4, H = Z2 corre-
sponds to the non-trivial extension class 1 ̸= ε ∈ H2(Z2,Z2) = Z2.

There is a Z2 1-form symmetry generated by an order two line D(V )1 in both TZ2×Z2/Z2
and

TZ4/Z2
. According to our above analysis, the 0-form Z2 symmetry of TG/Z2

generated by the

surface D(S)2 in CG/Z2
fractionalizes to a Z4 0-form symmetry on the line D(V )1 for G = Z4. See

figure 6.

2.5 Symmetry fractionalization on condensation surfaces

We saw in the previous subsection that the residual K 0-form symmetry of CG/H fractionalizes

on lines D(
bh)

1 in CG/H whose underlying line before H-gauging is the identity line D(id)1 in CG .

9These junction operators are chosen to satisfy D(
bh1 ,k)

0 ⊗D(k)2
D(
bh2 ,k)

0 = D(
bh1bh2 ,k)

0 where ⊗D(k)2
denotes fusion of

junction operators along the surface D(k)2 . That is these junction operators are chosen to obey ÒH fusion rules for a

fixed surface D(k)2 , but as we will see they fail to obey K fusion rules for a fixed line D(
bh)

1 .
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D(R)2

D(k1)
2

D(k2)
2

D(R;k1)
1

D(R;k2)
1

=

D(R)2

D(k1k2)
2

D(R;k1k2)
1

D(R;ε(k1,k2))
1

Figure 7: The figure depicts symmetry fractionalization on a surface D(R)2 in CG/H
specified by a 2-representation R of H. Composing two junctions (shown in blue) of
D(R)2 with surfaces D(ki)

2 generating K 0-form symmetry yields an extra line (shown in

red) living on D(R)2 . This means that the bulk K 0-form symmetry group fractionalizes

to some larger 0-form symmetry group KR on the surface D(R)2 .

Using similar arguments with one extra dimension added, we can see that CG/H fractionalizes

on surfaces D(R)2 for 2-representations R in CG/H whose underlying surfaces before H-gauging

are multiples of the identity surface D(id)2 in CG .

Derivation using gauging. The derivation is simply a dimensional uplift of the derivation
around equation (39). Label a junction line10 between surfaces D(R)2 and D(k)2 in CG/H as D(R;k)

1 .
Then the fusion rule (39) in CG implies that the fusion rule of these junctions is

D(R;k1)
1 ⊗D(R)2

D(R;k2)
1 = D(R;ε(k1,k2))

1 ⊗D(R)2
D(R;k1k2)

1 , (41)

where D(R;ε(k1,k2))
1 is a line operator living on the surface D(R)2 , or in other words a 1-

endomorphism of the object D(R)2 in CG/H . See figure 7. The underlying line operator of

D(R;ε(k1,k2))
1 before gauging is the line operator implementing the action of D(ε(k1,k2))

2 on the

underlying surface nRD(id)2 of D(R)2 . This line operator can be made H-symmetric in a canonical

fashion leading to the required line operator D(R;ε(k1,k2))
1 in CG/H .

Derivation without using gauging. As all the subtle information about the category
CG/H = 2-Vecω(Γ ) is encoded in ω which is equivalent to the symmetry fractionalization on
lines discussed in previous subsection, it must be possible to derive the symmetry fraction-
alization on surfaces being discussed in this subsection as a consequence of the symmetry
fractionalization on lines. That is, it should be possible to derive symmetry fractionalization
on surfaces in CG/H without relying on their construction in terms of surfaces in CG .

The connection between the two symmetry fractionalizations can be made by using the
fact that D(R)2 can be constructed as a condensation surface defect by gauging a subgroup ÒHR

10These junction operators D(R;k)
1 are chosen to satisfy 2-representation fusion rules for a fixed surface D(k)2 , but

as we will see they fail to obey K fusion rules for a fixed surface D(
bh)

2 .
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D(k)2 D(k
′)

2

hRh′R

D(kk′)
2

bi(ε(k, k′))hR h′R

Figure 8: The blue line denotes an arbitrary line of the form D(
bhR)

1 for bhR ∈ ÒHR. A
junction operator labeled by hR ∈ HR (shown in teal) means that after folding the

D(
bhR)

1 line at that junction, we are left with hR(bhR) ∈ U(1) times the identity local

operator D(k;id)
0 on D(k)2 . Because of symmetry fractionalization, as we fuse D(k)2 and

D(k
′)

2 , the junctions labeled by kR and k′R fuse to the junction labeled by kRk′R times

a local operator sitting on the D(
bhR)

1 line (shown in red) which can be identified with

bi(ε(k, k′))(bhR) ∈ U(1) times the identity local operator D(
bhR;id)

0 on D(
bhR)

1 .

of the ÒH 1-form symmetry on a 2-dimensional surface (possibly with some discrete torsion in
H2(ÒHR, U(1))) in 3-dimensional spacetime occupied by TG/H . A subset of the lines on D(R)2 are

constructed as different ways of making the identity line D(id)1 symmetric under ÒHR, which is
a 0-form group from the point of view of the two-dimensional surface on which ÒHR condensa-
tion is occurring. By arguments similar to the ones used around (38), such lines on D(R)2 are

parametrized by the elements of the Pontryagin dual HR of ÒHR. Let us call them D(R)(hR)
1 for

hR ∈ HR.
Similarly, junction lines between D(R)2 and D(k)2 arise from junctions between D(id)2 and D(k)2 ,

namely the identity line D(k;id)
1 on D(k)2 . The different junction lines are then again labeled by

elements of HR. Let us call them D(R;k)(hR)
1 for hR ∈ HR. Then computing their fusion, we find

D(R;k)(hR)
1 ⊗D(R)2

D
(R;k′)(h′R)
1 = D

(R)
�

bi
�

ε(k,k′)
��

1 ⊗D(R)2
D
(R;kk′)(hRh′R)
1 , (42)

where bi : H → HR is the projection map Pontryagin dual to the inclusion map i : ÒHR ,→ ÒH.
Setting hR = h′R = 1 we recover (41).

The reason for the appearance of the extra line D
(R)
�

bi
�

ε(k1,k2)
��

1 in the above fusion is the

symmetry fractionalization on ÒH lines. This is because the choice of ÒHR action on D(k;id)
1 defin-

ing D(R;k)(hR)
1 is the choice of junctions between ÒHR lines and D(k;id)

1 . Thus, composing two
ÒHR actions, we obtain an extra contribution from symmetry fractionalization on ÒHR lines. See
figure 8.

Example G = Z4, H = Z2. To illustrate this symmetry fractionalization for condensation
defects consider again the gauging of H = Z2 ◁ Z4. There is a single condensation surface
defect D(Z2)

2 in CZ4/Z2
obtained by gauging the Z2 1-form symmetry generated by D(V )1 on a

two-dimensional surface.
The lines living on D(Z2)

2 generate a Z2 0-form symmetry localized on D(Z2)
2 . Let us call

the generator of this localized symmetry11 as D(Z2;−)
1 . From the point of view of CZ4

, this line

11Note that this line should not identified as the image of the stacking of the bulk line D(V )1 on top of D(Z2)
2 .
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D(Z2)
2

D(S)2

D(S)2

=

D(Z2)
2

D(Z2;−)
1

Figure 9: The figure depicts symmetry fractionalization on the condensation surface
D(Z4)

2 in CZ4/Z2
. Composing two junctions (shown in blue) of D(Z2)

2 with surfaces

D(S)2 generating Z2 0-form symmetry yields a line D(Z2;−)
1 (shown in red) living on

D(Z2)
2 . This means that the bulk Z2 0-form symmetry group fractionalizes to Z4 0-

form symmetry group on the surface D(Z2)
2 . More precisely, the blue lines are either

both L+1 or both L−1 , see fusion rules (44).

arises as the Z2-symmetric 1-morphism
�

0 D(id)1

D(id)1 0

�

: 2D(id)2 → 2D(id)2 , (43)

which is also the 1-morphism (21) generating the Z2 action converting the object 2D(id)2 of CZ4

into the object D(Z2)
2 of CZ4/Z2

.

Consequently, following (41), we learn that the square of the junction of D(Z2)
2 and D(S)2

along D(Z2)
2 leaves behind the line D(Z2;−)

1 . Thus the Z2 0-form symmetry of TZ4/Z2
generated

by D(S)2 fractionalizes to Z4 0-form symmetry on the worldvolume of D(Z2)
2 because the line

D(Z2;−)
1 has order two. See figure 9.

More precisely, there are two simple junction lines L±1 that can live at the junction of D(Z2)
2

and D(S)2 . These correspond to the two irreducible representations of the Z2 1-form symmetry

generated by D(V )1 being gauged to construct D(Z2)
2 . Applying (42), we learn the fusion rules

L+1 ⊗D
(Z2)
2

L+1 = D(Z2;−)
1 ,

L−1 ⊗D
(Z2)
2

L−1 = D(Z2;−)
1 ,

L+1 ⊗D
(Z2)
2

L−1 = D(Z2;id)
1 ,

(44)

which we will use in the analysis of the next section.

Actually, D(V )1 becomes the identity line D(Z2;id)
1 of D(Z2)

2 under this stacking procedure. Instead, the line D(Z2;−)
1 is

localized/trapped on D(Z2)
2 and cannot be lifted into the bulk.
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3 Gauging the gauged

So far we generalized the analysis in [14] to perform a partial gauging, of a normal subgroup
H ◁ G which acts as a 0-form symmetry on a 3d theory. This resulted in the category

CG/H = 2-Vecω(Γ ) , (45)

where ω is determined in terms of the associated group-cocycle ε ∈ H2(K , H) with K = G/H,
and Γ is a split 2-group containing K 0-form symmetry acting on ÒH 1-form symmetry.

In this section we discuss how to gauge the remaining K 0-form symmetry. This requires
developing how the gauging is realized in a setting where the symmetry is not necessarily
invertible (for example, in this case there is a non-invertible 2-Rep(H) subsymmetry). More
generally – and we will consider an explicit example with D8 – one can of course have multiple
more steps in this gauging. Once all 0-form symmetries are gauged we expect the symmetry
category to be CG/G = 2-Rep(G). We cross-check our results against this expectation, but the
main outputs of this section are the lessons we learn how to gauge invertible symmetries in 2-
categories describing non-invertible symmetries more generally. Appendix A.2 provides an in
depth analysis from the bi-module perspective to gauging. Here we will focus on the physical
picture of symmetrizing the defects with respect to the symmetry G/H.

We perform an explicit analysis of G/H gauging for our examples G = Z2 × Z2, H = Z2
and G = Z4, H = Z2, and compare with the results obtained in appendix B upon performing
full G-gauging using the procedure detailed in [14].

3.1 Surface defects after sequential gauging

K -invariant Combinations of Surfaces. First of all, since multiplication by D(k)2 relates any

D(kR)
2 to D(R)2 , we only need to focus on making combinations of D(R)2 K-symmetric. Any other

K-symmetric combination of objects of CG/H isomorphic only produces objects of CG isomorphic

to the ones descending from K-symmetric combinations of D(R)2 .
Note that we can only implement K symmetry if we begin with a multiple of

⊕

R∈K-orbit

D(R)2 , (46)

because the action of K on H descends to an action of K on 2-representations R of H.

Obstruction: Symmetry fractionalization. There are various further obstructions in the K-
symmetrization procedure, which are most cleanly understood in the case when the action of
K is trivial on a particular 2-representation R. For the first type of obstruction, consider making
a single copy of D(R)2 K-symmetric. If K 0-form symmetry is fractionalized on D(R)2 , then it is

impossible to K-symmetrize D(R)2 . However, this obstruction may be cured by beginning instead

with nD(R)2 for n> 1. In this case, the resulting defect in CG after gauging is twisted theta with

the underlying twist being D(R)2 ∈ CG/H and underlying stack the 2d TQFT with n trivial vacua.
We can then try to implement the K-symmetry acting as a permutation of the n copies of

D(R)2 with different choices for the junction lines D(R;k)(bhR)
1 . Such a non-trivial combination of

junction lines with permutation can defractionalize the 0-form symmetry back to K , making
nD(R)2 K-symmetric. We will see soon that because of this obstruction D(Z2)

2 in CZ4/Z2
cannot

be made symmetric under K = Z2, but 2D(Z2)
2 can be made K-symmetric, which is in contrast

to CZ2×Z2/Z2
.
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Obstruction: Localized ’t Hooft anomaly and projective 2-representations. Another type
of obstruction arises even when K symmetry does not fractionalize on D(R)2 . Consider for

example the identity defect D(id)2 . There is a canonical junction line D(id;k)(id)
1 between D(k)2

and D(id)2 , which upon folding of the D(k)2 surface reduces to the identity line D(id)1 on D(id)2 .

Making nD(id)2 K-symmetric by combining D(id;k)(id)
1 junctions with permutations of n copies of

D(id)2 lead to the K-symmetric defects labeled by n-dimensional 2-representations of K .
Consider performing the same procedure with another junction line

D(id;k)(ρ(k))
1 := D(ρ(k))1 ⊗ D(id;k)(id)

1 , (47)

between D(k)2 and D(id)2 obtained by stacking the bulk line D(ρ(k))1 for ρ(k) ∈ ÒH on top of

D(id;k)(id)
1 . Here ρ is a homomorphism from K to ÒH. The junctions D(id;k)(ρ(k))

1 satisfy the K
fusion rules

D(id;k)(ρ(k))
1 ⊗D(id)2

D(id;k′)(ρ(k′))
1 = D(id;kk′)(ρ(kk′))

1 . (48)

However the 1-category formed by these junctions is not VecK but rather Vec
ωρ
K where

ωρ ∈ H3(K , U(1)) provides a possibly non-trivial associator between these junction lines. A
representative is

ωρ(k1, k2, k3) = ρ(k3) (ε(k1, k2)) ∈ U(1) , (49)

which can be obtained as a consequence of the symmetry fractionalization of K on ÒH lines.
See figure 10 for the associator diagrams.

In other words, the junction lines D(id;k)(ρ(k))
1 generate K 0-form symmetry on the two-

dimensional worldvolume of D(id)2 which is afflicted with the ’t Hooft anomaly ωρ. Thus, in

order to obtain a K-symmetric surface defect we need to stack D(id)2 with a 2d TQFT carrying K
0-form symmetry with opposite anomaly ω−1

ρ , which then becomes the stack for the resulting
twisted theta defect. Such 2d TQFTs are classified by projective 2-representations12 of H in the
class ωρ, or in other words monoidal functors of the form

CΓ
(0)=K ,ωρ

1 →Matn(Vec) , (50)

where CΓ
(0)=K ,ωρ

1 is a non-linear version of Vec
ωρ
K and n is called the dimension of the projective

2-representation. In total, a choice of ρ and a projective 2-representation R of K of dimension
n in class ωρ provides a way of making nD(id)2 in CG/H K-symmetric.

For future purposes, let us note that just like irreducible 2-representations of K are classified
by the choice of a subgroup K ′ and an element in H2(K ′, U(1)), the irreducible projective 2-
representations of K in class ωρ are specified by the choice of a subgroup K ′ of K on which
ωρ trivializes and a trivialization of ωρ on K ′ with two trivializations related by exact terms
considered to be equivalent.

A general obstruction is a combination of the two types of obstructions discussed above. It
would be very interesting to systematically understand the more general obstructions in future
works.

3.1.1 G = Z2 ×Z2, H = Z2

Let us now consider gauging the K = Z2 0-form symmetry generated by D(S)2 in our example
G = Z2 × Z2, H = Z2. The gauging process should convert the 2-category CZ2×Z2/Z2

into the

12Projective 2-representations in the class ω= 0 coincide with the usual 2-representations.
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k1k2k3

k1k2 k3

k2

k1

k2k3

k1k2k3

ρ(k1k2k3)

ρ(k1k2)

ρ(k3)

ρ(k2)

ρ(k1) ρ(k2k3)

ρ(k1k2k3)

=

k1k2k3

k1k2
k3

k2

k1

k2k3

k1k2k3

ρ(k1k2k3)

ρ(k1k2)

ρ(k3)

ρ(k2)

ρ(k1) ρ(k2k3)

ρ(k1k2k3)

ρ(k3)(ε(k1, k2)) ×

Figure 10: Left side of the figure depicts an associator comprised of D(id;k)(ρ(k))
1 junc-

tion lines. They have been resolved into D(id;k)(id)
1 junction lines (shown in black)

and D(ρ(k))1 bulk lines (shown in blue). As we completely lift the bulk D(ρ(k))1 lines far

away from the D(k)2 surfaces, the bulk line D(ρ(k3))
1 crosses the junction of D(id;k1)(id)

1 ,

D(id;k2)(id)
1 and D(id;k1k2)(id)

1 , or in other words D(ρ(k3))
1 crosses the junction of sur-

faces D(k1)
2 , D(k2)

2 and D(k1k2)
2 . Because of the mixed ’t Hooft anomaly between K

0-form symmetry and ÒH 1-form symmetry, this crossing generates a phase factor
ωρ = ρ(k3)(ε(k1, k2)), as shown on the right side of the figure. The purely blue and
purely black associators on the right are trivial, using the fact that K 0-form symmetry
has no pure ’t Hooft anomaly and ÒH 1-form symmetry has no pure ’t Hooft anomaly.
Thus, the associator of D(id;k)(ρ(k))

1 junction lines is given by the 3-cocycle ωρ.

2-category CZ2
2/Z

2
2
= 2-Rep(Z2×Z2) discussed in appendix B.1. Let us see this explicitly at the

level of objects.
Since the short exact sequence

1→ H = Z2→ G = Z2 ×Z2→ K = Z2→ 1 , (51)

splits, none of the obstructions discussed above are relevant, and the analysis is relatively
straightforward.

First consider objects of CZ2
2/Z

2
2

descending from multiples of the identity object D(id)2 of
CZ2×Z2/Z2

. Note that there are only two possible homomorphisms

ρ : K = Z2→ ÒH = Z2 , (52)

namely the trivial and the identity homomorphisms. Since the extension class ε= 0, for both
homomorphisms we have ωρ = 0. Thus, both of them lead to a copy of 2-Rep(Z2). Let us
label the simple objects (upto isomorphism) in the 2-Rep(Z2) ⊆ CZ2

2/Z
2
2

arising from trivial
homomorphism as

D(id)2 , D
(ZV

2 )
2 , (53)

where D(id)2 corresponds to the trivial 2-representation and D
(ZV

2 )
2 corresponds to the non-trivial

irreducible 2-representation of dimension 2. Similarly, let us label the simple objects (upto
isomorphism) in the 2-Rep(Z2) ⊆ CZ2

2/Z
2
2

arising from identity homomorphism as

D(−)2 , D
(ZV ′

2 )
2 , (54)
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where D(−)2 corresponds to the trivial 2-representation and D
(ZV ′

2 )
2 corresponds to the non-trivial

irreducible 2-representation of dimension 2.
More concretely, we can make D(id)2 symmetric under ZS

2 by either generating the symmetry

using one of the lines D(id)1 or D(V )1 . The resulting simple objects of CZ2
2/Z

2
2

respectively are

D(id)2 , D(−)2 . (55)

Likewise consider making 2D(id)2 symmetric under ZS
2. The 1-endomorphisms of this defect are

in Mat2×2(Rep(Z2)), where Rep(Z2) is generated by D(id)1 and D(V )1 . There are five choices of
1-endomorphism for generating ZS

2 0-form symmetry, which give rise to the following objects
in CZ2

2/Z
2
2
:

�

D(id)1 0

0 D(id)1

�

: D(id)2 ⊕ D(id)2 ,
�

D(V )1 0

0 D(V )1

�

: D(−)2 ⊕ D(−)2 ,
�

D(id)1 0

0 D(V )1

�

: D(id)2 ⊕ D(−)2 ,
�

0 D(id)1

D(id)1 0

�

: D
(ZV

2 )
2 ,

�

0 D(V )1

D(V )1 0

�

: D
(ZV ′

2 )
2

∼= D
(ZV

2 )
2 .

(56)

To see that D
(ZV ′

2 )
2

∼= D
(ZV

2 )
2 , note that

�

D(id)1 0

0 D(V )1

�

, (57)

provides a 1-morphism D
(ZV ′

2 ,ZV
2 )

1 : D
(ZV ′

2 )
2 → D

(ZV
2 )

2 , and also a 1-morphism D
(ZV

2 ,ZV ′
2 )

1 : D
(ZV

2 )
2 → D

(ZV ′
2 )

2
in CZ2

2/Z
2
2
. The composition of these two 1-morphisms is the identity endomorphism (as

the square of the above matrix is the identity matrix) of D
(ZV

2 )
2 ∈ CZ2

2/Z
2
2
. Similar to above,

D(Z2)
2 ∈ CZ2×Z2/Z2

leads to two simple objects

D
(ZS

2)
2 , D

(ZC
2 )

2 ∈ CZ2
2/Z

2
2
. (58)

The 0-form symmetry ZS
2 is implemented by D(Z2;id)

1 ∈ CZ2×Z2/Z2
for D

(ZS
2)

2 ∈ CZ2
2/Z

2
2
, and by

D(Z2;−)
1 ∈ CZ2×Z2/Z2

for D
(ZC

2 )
2 ∈ CZ2

2/Z
2
2
. And similar to above, 2D

(ZV
2 )

2 ∈ CZ2×Z2/Z2
leads to a

single simple object
D(Z2×Z2)

2 ∈ CZ2
2/Z

2
2
, (59)

for which the ZS
2 symmetry is implemented by

�

0 D
(Z2;id)
1

D
(Z2;id)
1 0

�

. (60)

In summary the surface defects in the gauged category are built upon the following simple
objects

Obj(CZ2
2/Z

2
2
) =

n

D(id)2 , D(−)2 , D
(ZS

2)
2 , D

(ZC
2 )

2 , D
(ZV

2 )
2 , D(Z2×Z2)

2

o

, (61)

as expected from the analysis of appendix B.1.
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3.1.2 G = Z4, H = Z2

Let us now consider the gauging of residual ZS
2 symmetry in the 2-category CZ4/Z2

associ-
ated to our example G = Z4, H = Z2. We expect the resulting category to be equivalent to
CZ4/Z4

= 2-Rep(Z4) obtained by gauging the full Z4 0-form symmetry in CZ4
. Notice that up

to the gauging of the first ZV
2 subgroup, the spectrum of objects and 1-morphisms has been

identical irrespective of whether we start from G = Z2 × Z2 or G = Z4. However, upon the
subsequent gauging of the residual ZS

2 symmetry, we expect to see differences in these spectra,
as in one case we should land on the symmetry 2-category 2-Rep(Z2×Z2) and in the other on
2-Rep(Z4), and these two 2-categories have different number of simple objects (upto isomor-
phism). In particular, 2-Rep(Z4) has less simple objects than 2-Rep(Z2 × Z2), which means
that some of the topological surfaces of the latter will have to be inconsistent in the former.
This is due to the obstructions related to symmetry fractionalizations discussed above.

Objects. First consider objects of CZ4/Z4
descending from multiples of the identity object D(id)2

of CZ4/Z2
. We have to consider the trivial and identity homomorphisms

ρ : K = Z2→ ÒH = Z2 . (62)

Since the extension class ε is non-trivial, we have for trivial homomorphism ωρ = 0, but
ωρ ̸= 0 ∈ H3(Z2, U(1)) = Z2 for the identity homomorphism. The trivial homomorphism
leads to a copy of 2-Rep(Z2) ⊆ CZ2

2/Z
2
2

whose simple objects (upto isomorphism) we label as

D(id)2 , D
(ZV

2 )
2 , (63)

where D(id)2 corresponds to the trivial 2-representation and D
(ZV

2 )
2 corresponds to the non-trivial

irreducible 2-representation of dimension 2.
Now consider the simple objects (upto isomorphism) descending from the identity homo-

morphism ρ. There is only a single irreducible projective 2-representations of Z2 with non-
trivial classωρ sinceωρ trivializes only on the trivial subgroup of Z2 and there is only a single
choice of trivialization. Since the choice of subgroup is trivial inside Z2, the ZS

2 symmetry is
spontaneously broken and the irreducible projective 2-representation has dimension 2. Let us
label the corresponding simple object in CZ4/Z4

as

D
(ZV ′

2 )
2 . (64)

Note that we do not obtain analogue of D(−)2 ∈ CZ2
2/Z

2
2

in CZ4/Z4
. In other words, symmetry

fractionalization in CZ4/Z2
has obstructed the existence of D(−)2 in CZ4/Z4

.
Just as for the previous example, it also turns out here that

D
(ZV ′

2 )
2

∼= D
(ZV

2 )
2 , (65)

though here the isomorphism is quite complicated. We relegate the explicit discussion of this
isomorphism to appendix C.3.

Now let us consider making D(Z2)
2 symmetric under ZS

2. This fails already at the level of

lines, because as discussed above ZS
2 fractionalizes to Z4 0-form symmetry on D(Z2)

2 . Thus, for

the Z2 ×Z2 case, D(Z2)
2 ∈ CZ2×Z2/Z2

gives rise to two simple objects D
(ZS

2)
2 and D

(ZC
2 )

2 in CZ2
2/Z

2
2
,

but for the Z4 case we do not get even a single simple object of CZ4/Z4
from D(Z2)

2 ∈ CZ4/Z2
.
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On the other hand, we can successfully make 2D(Z2)
2 symmetric under ZS

2 by implementing
the ZS

2 symmetry using the matrix of junction lines

�

0 L+1
L−1 0

�

. (66)

These junction lines were defined around equation (44). This leads to the simple object D(Z4)
2

of CZ4/Z4
.

In summary we obtain the simple objects

Obj
�

CZ4/Z4

�

=
n

D(id)2 , D
(ZV

2 )
2 , D(Z4)

2

o

, (67)

of CZ4/Z4
starting from the 2-category CZ4/Z2

and gauging its ZS
2 0-form symmetry.

3.2 Fusion of surface defects after sequential gauging

The fusion of surfaces in CG/G can be computed in terms of CG/H information by computing
the fusion of underlying surfaces in CG/H and the fusion of the junction lines implementing
K symmetry (which provides the junction lines implementing K symmetry on the fusion of
underlying surfaces).

3.2.1 Example: G = Z2 ×Z2, H = Z2

First of all, we clearly have
D(−)2 ⊗ D(−)2 = D(id)2 , (68)

because the ZS
2 symmetry for D(−)2 ⊗ D(−)2 is implemented by D(V )1 ⊗ D(V )1

∼= D(id)1 in CZ2×Z2/Z2
.

Next, we also have

D(−)2 ⊗ D
(ZV

2 )
2 = D

(ZV ′
2 )

2
∼= D

(ZV
2 )

2 , (69)

because the tensor product of the junctions implementing ZS
2 symmetry is

D(V )1 ⊗
�

0 D(id)1

D(id)1 0

�

=
�

0 D(V )1

D(V )1 0

�

. (70)

Likewise we find
D(−)2 ⊗ D

(Zx
2 )

2
∼= D

(Zx
2 )

2 , x = S, C ,

D(−)2 ⊗ D(Z2×Z2)
2

∼= D(Z2×Z2)
2 ,

(71)

because D(V )1 line becomes invisible when stacked on top of D(Z2)
2 in CZ2×Z2/Z2

. The fusion rules

D
(ZV

2 )
2 ⊗ D

(ZV
2 )

2
∼= 2D

(ZV
2 )

2 , (72)

follow from arguments similar to those leading to the fusion rule (26), and

D
(Zx

2 )
2 ⊗ D

(Zx
2 )

2
∼= 2D

(Zx
2 )

2 , x = S, C , (73)

follows from the fact that D(Z2;i)
1 ⊗ D(Z2;i)

1 ∈ CZ2×Z2/Z2
is given by D(Z2;i)

1 id2×2 for i ∈ {id,−}
(see also [14], (3.68) and (3.71) for similar arguments). The fusion rule

D
(ZS

2)
2 ⊗ D

(ZC
2 )

2
∼= D(Z2×Z2)

2 , (74)
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follows from the fact that D(Z2;id)
1 ⊗ D(Z2;−)

1 ∈ CZ2×Z2/Z2
is given by 2 × 2 off-diagonal matrix

with both entries D(Z2;id)
1 (see also [14], (3.69) for similar arguments). Combining the above

facts, the reader can easily show the remaining fusion rules

D
(ZV

2 )
2 ⊗ D

(Zx
2 )

2
∼= D(Z2×Z2)

2 , x = S, C , (75)

and
D(Z2×Z2)

2 ⊗ D(Z2×Z2)
2

∼= 4D(Z2×Z2)
2 . (76)

These fusion rules all match with those obtained in appendix B.1 by direct Z2×Z2 gauging of
CZ2×Z2

.

3.2.2 G = Z4, H = Z2

Now let us compute fusions of simple objects of CZ4/Z4
using its construction as gauging of

CZ4/Z2
. These should match the fusion rules for 2-Rep(Z4) computed independently in ap-

pendix B.2. The fusion rule
D(Z2)

2 ⊗ D(Z2)
2
∼= 2D(Z2)

2 , (77)

is derived in the same way as for non-identity object of 2Rep(Z2). The fusion rule

D(Z2)
2 ⊗ D(Z4)

2
∼= 2D(Z4)

2 , (78)

is derived by considering the endomorphisms that implement the symmetry, and by taking
their tensor product

�

0 D(id)1

D(id)1 0

�

⊗

 

0 D
(ZV

2 ;id)
1

D
(ZV

2 ;id)
1 0

!

. (79)

Finally, the fusion rule
D(Z4)

2 ⊗ D(Z4)
2
∼= 4D(Z4)

2 , (80)

follows from taking the tensor product
 

0 D
(ZV

2 ;id)
1

D
(ZV

2 ;id)
1 0

!

⊗

 

0 D
(ZV

2 ;id)
1

D
(ZV

2 ;id)
1 0

!

, (81)

using the fusion rule

D
(ZV

2 ;id)
1 ⊗ D

(ZV
2 ;id)

1 =

 

D
(ZV

2 ;id)
1 0

0 D
(ZV

2 ;id)
1

!

. (82)

We then find that (81) evaluates to






























0 0 0 0 0 0 D
(ZV

2 ;id)
1 0

0 0 0 0 0 0 0 D
(ZV

2 ;id)
1

0 0 0 0 D
(ZV

2 ;id)
1 0 0 0

0 0 0 0 0 D
(ZV

2 ;id)
1 0 0

0 0 D
(ZV

2 ;id)
1 0 0 0 0 0

0 0 0 D
(ZV

2 ;id)
1 0 0 0 0

D
(ZV

2 ;id)
1 0 0 0 0 0 0 0

0 D
(ZV

2 ;id)
1 0 0 0 0 0 0































, (83)

which has four D(Z4)
2 blocks sitting within it, justifying (80).
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2-Vec (S3)
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2-Vec

�

Z(1)3 ⋊Z
(0)
2

�

ÞPSU(3)
2-Rep

�

Z(1)3 ⋊Z
(0)
2

�

ÝSU(3)
2-Rep(S3)

S3

Z3

Z2 Z2

Figure 11: Categorical symmetry web for 3d gauge theories with gauge algebra su(3).
We label each theory by its global form of the gauge group and the associated symme-
try category. Each arrow denotes a 0-form gauging and it is labelled by the subgroup
of S3 that is being gauged in that step.

4 Categorical symmetry web for S3

Our general discussion was exemplified with G = Z2 × Z2 and Z4. It is straight forward to
extend these illustrative examples to other cyclic groups. In the following we will discuss two
non-abelian groups: S3 and D8 and the resulting categorical symmetry web.

4.1 Setup and gauge theory

We start with the 0-form symmetry G = S3, which is the smallest non-abelian group, which
we express as

S3 = Z3 ⋊Z2 =
¬

a, x
�

�

� x2 = a3 = 1, xax = a2
¶

. (84)

We consider 3d QFTs TS3
with S3 0-form symmetry and associated symmetry 2-category

CS3
= 2-Vec(S3) . (85)

The topological surfaces, that generate the 0-form symmetry are labeled by group elements
D(g)2 , g ∈ S3, and satisfy the fusion dictated by group multiplication. A concrete example for
a gauge theory with this symmetry is pure PSU(3), which is obtained from pure SU(3) by
gauging the Z(1)3 1-form center symmetry, which provides the Z(0)3 subgroup of S3. The non-
trivial Z2 action comes from the outer automorphism (that acts by reflection on the Dynkin
diagram). Starting from TS3

= PSU(3) with symmetry category CS3
= 2-Vec(S3) and gauging

various subgroups of S3, we will find the symmetry category web, with symmetry categories

CS3
= 2-Vec(S3) , CS3/Z3

= 2-Vec(Γ ) , CS3/S3
= 2-Rep(S3) . (86)

as illustrated in figure 11. In CS3/Z3
, the symmetry group is the 2-group Γ formed by the 1-

form symmetry Z3 and the 0-form symmetry Z2, where the latter acts on the former by outer
automorphipsm ρ.

4.2 Gauging Z3 subgroup

We would like to determine the symmetry 2-category CS3/Z3
of 3d QFT TS3/Z3

obtained by
gauging Z3 subgroup of the S3 0-form symmetry of TS3

. Here, we will only determine objects
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and fusion of objects of the 2-category, leaving the determination of 1-morphisms and the
composition and fusion rules thereof to the reader.

As described in section 2.2, the Schur components of objects in CS3/Z3
are labelled by

elements {1, x} ∈ S3/Z3 = Z2. Multiples of the identity object D(id)2 ∈ CS3
lead to a sub-2-

category 2Rep(Z3) of CS3/Z3
, which has two simple objects (upto isomorphism)

D(id)2 , D(Z3)
2 . (87)

The object D(Z3)
2 arises from 3D(id)2 ∈ CS3

, such that a ∈ Z3 acts as a cyclic permutation of the

three copies of D(id)2 in 3D(id)2 . There are two different cyclic permutations (123) and (132) in
which a acts via the matrices13

D(id)1 P(123) =





0 D(id)1 0
0 0 D(id)1

D(id)1 0 0



 , and D(id)1 P(132) =





0 0 D(id)1

D(id)1 0 0
0 D(id)1 0



 . (88)

We call the two corresponding objects of CS3/Z3
respectively D(Z3)

2 and D
(Z′3)
2 , out of which

only D(Z3)
2 features in the list (87) because D(Z3)

2 and D
(Z′3)
2 are isomorphic to each other. A

1-morphism D
(Z′3,Z3;ϕ)
1 from D

(Z′3)
2 to D(Z3)

2 is a 3× 3 matrix composed of D(id)1 ∈ CT such that

D
(Z′3,Z3;ϕ)
1





0 D(id)1 0
0 0 D(id)1

D(id)1 0 0



=





0 0 D(id)1

D(id)1 0 0
0 D(id)1 0



D
(Z′3,Z3;ϕ)
1 . (89)

Some such 1-morphisms are given in terms of the transpositions

D
(Z′3,Z3;x)
1 = D(id)1 P(23) =





D(id)1 0 0
0 0 D(id)1

0 D(id)1 0



 ,

D
(Z′3,Z3;ax)
1 = D(id)1 P(13) =





0 0 D(id)1

0 D(id)1 0
D(id)1 0 0



 ,

D
(Z′3,Z3;a2 x)
1 = D(id)1 P(12) =





0 D(id)1 0
D(id)1 0 0

0 0 D(id)1



 ,

(90)

all of which are invertible and hence isomorphisms. The fusion D(Z3)
2 ⊗D(Z3)

2 involves the tensor
product of the 3× 3 matrices in (88) and leads to

D(Z3)
2 ⊗ D(Z3)

2 = 3D(Z3)
2 ,

D
(Z′3)
2 ⊗ D

(Z′3)
2 = 3D

(Z′3)
2 .

(91)

The tensor product of the above isomorphisms will be important later, and can be computed
to be (upto relabelling of rows and columns)

D
(Z′3,Z3;ϕ)
1 ⊗ D

(Z′3,Z3;ϕ)
1 = D

(Z′3,Z3;ϕ)
1 ⊕

�

0 D
(Z′3,Z3;ϕ)
1

D
(Z′3,Z3;ϕ)
1 0

�

, (92)

13We again use the notation Pπ for the matrix representation of the permutation π.
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D(x)2 D(x)2

D(a
2)

2 D(a
2)

2D(a)2

D(id)1

= D(a
2)

2 D(a
2)

2

D(id)1

Figure 12: D(x)2 exchanges D(a)2 and D(a
2)

2 , which determine the action of the 0-form
symmetry on the 1-form symmetry in the gauged theory CS3/Z3

.

for ϕ ∈ {x , ax , a2 x}, as 1-morphisms from 3D
(Z′3)
2 to 3D(Z3)

2 . Similarly D(x)2 ∈ CS3
leads to

a single simple object (upto isomorphism), which we denote by D(x)2 ∈ CS3/Z3
. Additionally

3D(x)2 ∈ CS3
leads to a single simple object (upto isomorphism) denoted by D(xZ3)

2 in CS3/Z3
.

More precisely, we again naturally obtain two isomorphic objects D(xZ3)
2 and D

(xZ′3)
2 for which

the combined action of a from left and right is given respectively by matrices




0 D(x;id)
1 0

0 0 D(x;id)
1

D(x;id)
1 0 0



 , and





0 0 D(x;id)
1

D(x;id)
1 0 0
0 D(x;id)

1 0



 , (93)

where D(x;id)
1 ∈ CS3

is the identity 1-endomorphism of D(x)2 ∈ CS3
.

We have the fusion rules

D(x)2 ⊗ D(x)2 = D(id)2 ,

D(Z3)
2 ⊗ D(x)2 = D(xZ3)

2 ,

D(x)2 ⊗ D(Z3)
2 = D

(xZ′3)
2

∼= D(xZ3)
2 ,

D(xZ3)
2 ⊗ D(x)2 = D(Z3)

2 ,

D(x)2 ⊗ D(xZ3)
2 = D

(Z′3)
2
∼= D(Z3)

2 ,

D(Z3)
2 ⊗ D(xZ3)

2
∼= 3D(xZ3)

2 ,

D(xZ3)
2 ⊗ D(xZ3)

2
∼= 3D(Z3)

2 .

(94)

Action of 0-form symmetry on 1-form symmetry. The semi-direct product in (84) has an
interesting consequence for the symmetries of TS3/Z3

, namely the remaining Z2 0-form sym-

metry of TS3/Z3
generated by D(x)2 ∈ CS3/Z3

acts on the Z3 1-form symmetry of TS3/Z3
generated

by simple 1-endomorphisms (upto isomorphism) of D(id)2 in CS3/Z3

EndCS3/Z3
(D(id)2 ) =

¦

D(id)1 , D(ω)1 , D(ω
2)

1

©

. (95)

To see this, let us first define D(ω)1 to be the line obtained by making D(id)1 ∈ CS3
symmetric

under the Z3 0-form symmetry such that a ∈ Z3 acts by a third root of unity ω and a2 acts by

ω2. On the other hand, D(ω
2)

1 is the line obtained by making D(id)1 ∈ CS3
symmetric under Z3
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0-form symmetry such that a acts by ω2 and a2 acts by ω. Now, since the actions of a and a2

are exchanged by D(x)2 (see figure 12), we learn that

D(x;id)
1 ⊗ D(ω)1 ⊗ D(x;id)

1
∼= D(ω

2)
1 ,

D(x;id)
1 ⊗ D(ω

2)
1 ⊗ D(x;id)

1
∼= D(ω)1 ,

(96)

which means that we have an exchange

D(ω)1 ←→ D(ω
2)

1 , (97)

under D(x)2 ∈ CS3/Z3
. There is a similar action of D(x)2 on the lines living on D(Z3)

2 . The simple

1-endomorphisms (upto isomorphism) of D(Z3)
2 are

EndCS3/Z3
(D(Z3))

2 ) =
n

D(Z3;id)
1 , D(Z3;a)

1 , D(Z3;a2)
1

o

, (98)

where D(Z3;id)
1 descends from the 1-endomorphism of 3D(id)2 ∈ CS3

described by a diagonal

3×3 matrix with each entry being the line D(id)1 ∈ CS3
. On the other hand, D(Z3;a)

1 and D(Z3;a2)
1

descend from the matrix (88). Similarly, the simple 1-endomorphisms (upto isomorphism) of

D
(Z′3)
2 are

EndCS3/Z3
(D
(Z′3)
2 ) =

n

D
(Z′3;id)
1 , D

(Z′3;a)
1 , D

(Z′3;a2)
1

o

. (99)

Since
D(x)2 ⊗ D(Z3)

2 ⊗ D(x)2 = D
(Z′3)
2 , (100)

the lines of D(Z3)
2 are mapped to the lines of D

(Z′3)
2 , and we need to further use an isomorphism

D
(Z′3,Z3;ϕ)
1 (for any ϕ ∈ {x , ax , a2 x}) to map the lines of D

(Z′3)
2 back to the lines of D(Z3)

2 . In this
way, we obtain

D(x;id)
1 ⊗ D(Z3;a)

1 ⊗ D(x;id)
1 = D

(Z′3;a2)
1

∼= D(Z3;a2)
1 ,

D(x;id)
1 ⊗ D(Z3;a2)

1 ⊗ D(x;id)
1 = D

(Z′3;a)
1

∼= D(Z3;a)
1 .

(101)

We can represent this as an action

D(Z3;a)
1 ←→ D(Z3;a2)

1 , (102)

of D(x)2 on lines of D(Z3)
2 .

Condensation defects and 2-group symmetry. Due to the action (97), the Z2 0-form sym-
metry and Z3 1-form symmetry combine to form a split 2-group symmetry Γ in the theory
TS3/Z3

. In fact, we can recognize the whole 2-category as being built completely out of the
information regarding the 2-group Γ i.e.

CS3/Z3
∼= 2-Vec(Γ ) , (103)

where the right hand side denotes the 2-category of 2-vector spaces graded by the 2-group
Γ . The object D(Z3)

2 is recovered as the condensation defect for the Z3 1-form symmetry, and

D(xZ3)
2 is recovered by gauging the Z3 1-form symmetry on the worldvolume of D(x)2 ∈ CS3/Z3

.
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4.3 Gauging S3 in one go

Consider gauging the full S3 0-form symmetry ofTS3
to pass to the theoryTS3/S3

. The symmetry
2-category CS3/S3

associated to TS3/S3
is

CS3/S3
= 2-Rep(S3) , (104)

which was described in detail in [14]. The simple objects (upto isomorphism) of CS3/S3
are

Obj(CS3/S3
) =

¦

D(id)2 , D(Z2)
2 , D(Z3)

2 , D(S3)
2

©

, (105)

with fusion rules
D(Z2)

2 ⊗ D(Z2)
2
∼= 2D(Z2)

2 ,

D(Z2)
2 ⊗ D(Z3)

2
∼= D(S3)

2 ,

D(Z2)
2 ⊗ D(S3)

2
∼= 2D(S3)

2 ,

D(Z3)
2 ⊗ D(Z3)

2
∼= D(Z3)

2 ⊕ D(S3)
2 ,

D(Z3)
2 ⊗ D(S3)

2
∼= 3D(S3)

2 ,

D(S3)
2 ⊗ D(S3)

2
∼= 6D(S3)

2 .

(106)

We will use this as a point of comparision in the following step-wise gauging.

4.4 Gauging S3 sequentially

We can also construct TS3/S3
by gauging the Z2 0-form symmetry generated by D(x)2 ∈ CS3/Z3

of
the theory TS3/Z3

. We would like to recover the CS3/S3
fusion rules in (106) by implementing

this Z2 gauging on the symmetry 2-category CS3/Z3
.

From multiples of D(id)2 ∈ CS3/Z3
, we obtain a sub-2-category 2Rep(Z2) of CS3/S3

described
by objects

D(id)2 , D(Z2)
2 ∈ CS3/S3

. (107)

Now consider making D(Z3)
2 ∈ CS3/Z3

symmetric under Z2 0-form symmetry. Because of

the fusion rule (100), a way of making D(Z3)
2 ∈ CS3/Z3

symmetric under Z2 0-form sym-

metry requires a choice of a morphism Mup : D
(Z′3)
2 → D(Z3)

2 ∈ CS3/Z3
and a morphism

Mp : D(Z3)
2 → D

(Z′3)
2 ∈ CS3/Z3

such that we have

Mup ◦Mp = D
(Z′3;id)
1 ,

Mp ◦Mup = D(Z3;id)
1 .

(108)

We can thus choose Mup = D
(Z′3,Z3;ϕ)
1 for any ϕ ∈ {x , ax , a2 x} defined above. The different

choices of ϕ lead to isomorphic objects in CS3/S3
. For concreteness, let us pick Mup = D

(Z′3,Z3;x)
1

and call the resulting object as D(Z3)
2 in CS3/S3

. Finally, the object D(S3)
2 in CS3/S3

arises by

making 2D(Z3)
2 ∈ CS3/Z3

symmetric under Z2 0-form symmetry by implementing it using the
isomorphism

�

0 D
(Z′3,Z3;x)
1

D
(Z′3,Z3;x)
1 0

�

: 2D
(Z′3)
2 → 2D(Z3)

2 ∈ CS3/Z3
. (109)

Now let us recover the fusion rules (106). The first rule D(Z2)
2 ⊗D(Z2)

2
∼= 2D(Z2)

2 is simply part

of the 2-Rep(Z2) data that we discussed above. Computing D(Z2)
2 ⊗ D(Z3)

2 involves computing
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the matrix tensor product

�

0 D(id)1

D(id)1 0

�

⊗ D
(Z′3,Z3;x)
1 =

�

0 D
(Z′3,Z3;x)
1

D
(Z′3,Z3;x)
1 0

�

, (110)

leading to D(Z2)
2 ⊗ D(Z3)

2
∼= D(S3)

2 . Similarly, computing

�

0 D(id)1

D(id)1 0

�

⊗

�

0 D
(Z′3,Z3;x)
1

D
(Z′3,Z3;x)
1 0

�

, (111)

leads to D(Z2)
2 ⊗ D(S3)

2
∼= 2D(S3)

2 . To compute D(Z3)
2 ⊗ D(Z3)

2 , we have to compute the fusion

D
(Z′3,Z3;x)
1 ⊗ D

(Z′3,Z3;x)
1 which we computed earlier and found to be given by (92), thus leading

to the fusion rule
D(Z3)

2 ⊗ D(Z3)
2
∼= D(Z3)

2 ⊕ D(S3)
2 . (112)

For D(Z3)
2 ⊗ D(S3)

2 , we compute

D
(Z′3,Z3;x)
1 ⊗

�

0 D
(Z′3,Z3;x)
1

D
(Z′3,Z3;x)
1 0

�

=
3
⊕

j=1

�

0 D
(Z′3,Z3;x)
1

D
(Z′3,Z3;x)
1 0

�

, (113)

leading to the fusion rule
D(Z3)

2 ⊗ D(S3)
2
∼= 3D(S3)

2 . (114)

Finally, computing
�

0 D
(Z′3,Z3;x)
1

D
(Z′3,Z3;x)
1 0

�

⊗

�

0 D
(Z′3,Z3;x)
1

D
(Z′3,Z3;x)
1 0

�

, (115)

it is straightforward to show that D(S3)
2 ⊗ D(S3)

2
∼= 6D(S3)

2 . We have therefore reproduced the
2-Rep(S3) fusion rules displayed in (106).

4.5 Gauging the 2-group symmetry

Consider gauging the 2-group symmetry Γ of the theory TS3/Z3
. This is equivalent to first

ungauging Z3 and then gauging Z2, so we reach the theory TS3/Z2
which is obtained from TS3

by gauging one of the Z2 subgroups of the S3 0-form symmetry of TS3
. In other words, we

have
TS3/Z3/Γ

∼= TS3/Z2
, (116)

and hence the symmetry 2-category CS3/Z2
associated to TS3/Z2

is

CS3/Z2
∼= 2-Rep(Γ ) , (117)

where the right hand side denotes the 2-category formed by 2-representations of the 2-group
Γ . This 2-category can be easily computed using the description presented in [14] and it has
three simple objects

Obj(2-Rep(Γ )) =
¦

D(id)2 , D(Z2)
2 , D(ωω

2)
2

©

, (118)

with fusion rules
D(Z2)

2 ⊗ D(Z2)
2
∼= 2D(Z2)

2 ,

D(Z2)
2 ⊗ D(ωω

2)
2

∼= 2D(ωω
2)

2 ,

D(ωω
2)

2 ⊗ D(ωω
2)

2
∼= D(Z2)

2 ⊕ D(ωω
2)

2 .

(119)
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4.6 Gauging the Z2 subgroup

Now consider instead directly gauging Z2 subgroup of S3 to transition from CS3
to CS3/Z2

.
Without loss of generality, we choose the Z2 subgroup generated by x ∈ S3. Multiples of
D(id)2 ∈ CS3

give rise to two simple objects

D(id)2 , D(Z2)
2 ∈ Obj(CS3/Z2

) . (120)

Since we have
D(x)2 ⊗ D(a)2 ⊗ D(x)2 = D(a

2)
2 , (121)

and there are no 1-morphisms between D(a)2 and D(a
2)

2 , it is not possible to make either D(a)2

or D(a
2)

2 individually symmetric under Zx
2 , but we can consider making their sum D(a)2 ⊕ D(a

2)
2

symmetric under Zx
2 . This requires choosing an isomorphism D(a

2)
2 ⊕D(a)2 → D(a)2 ⊕D(a

2)
2 , which

can be taken to be given by
�

0 D(a
2;id)

1

D(a;id)
1 0

�

, (122)

where the first row corresponds to D(a
2)

2 , the second row corresponds to D(a)2 , the first column

corresponds to D(a)2 , and the second column corresponds to D(a
2)

2 . This gives rise to the object

D(ωω
2)

2 ∈ Obj(CS3/Z2
) . (123)

Let us now re-derive the fusion rules (119). The first rule D(Z2)
2 ⊗ D(Z2)

2
∼= 2D(Z2)

2 is part of the

2Rep(Z2) sub-2-category of CS3/Z2
. To compute D(Z2)

2 ⊗D(ωω
2)

2 , we need to compute the tensor
product

�

0 D(id)1

D(id)1 0

�

⊗

�

0 D(a
2;id)

1

D(a;id)
1 0

�

=











0 0 0 D(a
2;id)

1

0 0 D(a;id)
1 0

0 D(a
2;id)

1 0 0
D(a;id)

1 0 0 0











, (124)

where, for the matrix on the right hand side, the first and third rows correspond to D(a
2)

2 , the

second and fourth rows correspond to D(a)2 , the first and third columns correspond to D(a)2 ,

and the second and fourth columns correspond to D(a
2)

2 . Since the right hand side matrix
decomposes as a direct sum of (122) with itself, we recover the fusion rule

D(Z2)
2 ⊗ D(ωω

2)
2

∼= 2D(ωω
2)

2 . (125)

For the fusion D(ωω
2)

2 ⊗ D(ωω
2)

2 , compute the tensor product

�

0 D(a
2;id)

1

D(a;id)
1 0

�

⊗

�

0 D(a
2;id)

1

D(a;id)
1 0

�

=











0 0 0 D(a;id)
1

0 0 D(id)1 0
0 D(id)1 0 0

D(a
2;id)

1 0 0 0











, (126)

where, for the matrix on the right hand side, the first row corresponds to D(a)2 , the second

and third rows correspond to D(id)2 , the fourth row corresponds to D(a
2)

2 , the first column cor-

responds to D(a
2)

2 , the second and third columns correspond to D(id)2 , and the fourth column

corresponds to D(a)2 . From the direct sum decomposition of this matrix, we learn that

D(ωω
2)

2 ⊗ D(ωω
2)

2
∼= D(Z2)

2 ⊕ D(ωω
2)

2 . (127)
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Therefore, we have reproduced the fusion rules of 2-Rep(Γ ) displayed in (119) by directly
gauging Z2 in 2-Vec(S3).

5 The D8-categorical symmetry web for 3d orthogonal gauge the-
ories

5.1 Web of 3d orthogonal gauge theories

A rich class of categorical symmetries arises for gauge theories with orthogonal gauge groups,
with gauge algebra so(2N). We will now construct the full web of categorical symmetries and
most importantly discuss each of the gauging steps. We will see that although the webs for
so(4N) and so(4N + 2) are same, the gauge groups labeling the same nodes in the two webs
are of different types.

We start with the theory which has purely a 0-form symmetry, which in this case is D8,
and is realized in the PSO(4N) and PSO(4N + 2) gauge theories. Here the group D8 will be
presented as follows

D8 = Z4 ⋊Z2 =
¬

a, x
�

�

� x2 = a4 = 1, xax = a3
¶

. (128)

The symmetry category CD8
attached to PSO(4N) and PSO(4N +2) gauge theories has surface

defects D(g)2 , g ∈ D8, and is given by

CD8
= 2-Vec(D8) . (129)

All other gauge theories with gauge groups (including both connected and disconnected ones)
having gauge algebras so(4N) and so(4N +2) can be obtained by gauging a 0-form symmetry
subgroup of D8. The resulting symmetry category webs are shown in figures 1 and 13. We will
discuss both the partial gaugings of subgroups starting with 2-Vec(D8), but also the subsequent
gauging of the categories by the remaining subgroups.

Let us specify precisely how these symmetries are realized in the 3d gauge theories: per-
haps the most familiar theory is the Spin(4N) gauge theory, which has 0-form symmetry Zx

2 ,
that acts as outer automorphism, and 1-form symmetry Z2 ×Z2 that acts (on Wilson lines) as
the center14 of Spin(4N). Gauging one of the two Z2 1-form symmetries leads to two equiv-
alent theories with gauge groups called Ss(4N) or Sc(4N), while gauging the diagonal Z2
subgroup of the 1-form symmetry gives the SO(4N) theory. Gauging the full 1-form symmetry
results in the theory PSO(4N), which is our starting point for the web. Gauging instead the
0-form symmetry starting with Spin(4N) results in Pin+(4N), which is also the theory obtained
by gauging the full D8 0-form symmetry of the PSO(4N) theory. The remaining gaugings are
shown in figure 1.

Analogously, Spin(4N + 2) gauge theory has outer-automorphism 0-form symmetry Zx
2

and center 1-form symmetry Z4. Gauging Z2 subgroup of the 1-form symmetry gives the
SO(4N + 2) theory. Gauging the full 1-form symmetry results in the theory PSO(4N + 2),
which is our starting point for the web. Gauging instead the 0-form symmetry starting with
Spin(4N +2) results in Pin+(4N +2), which is also the theory obtained by gauging the full D8
0-form symmetry of the PSO(4N +2) theory. The remaining gaugings are shown in figure 13.

In figures 1 and 13 we have indicated the 0-form symmetry groups that we gauge in each
of the steps. Starting with PSO(4N) and PSO(4N + 2) these are subgroups of D8, however

14The two Z2 in the center are distinguished by the irreducible spinor representation (namely spinor or cospinor)
they act on.
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PO(4N + 2)
2-Rep

�

(Z2
2)
(1) ⋊Z(0)2

�
PSO(4N + 2)
2-Vec(D8)

PO′(4N + 2)
2-Rep

�

(Z2
2)
(1) ⋊Z(0)2

�

O(4N + 2)
2-Vec

�

(Z2
2)
(1) ⋊Z(0)2

�

SO(4N + 2)
2-Vecω

�

Z(1)2 × (Z
2
2)
(0)
�

O′(4N + 2)
2-Vec

�

(Z2
2)
(1) ⋊Z(0)2

�

Spin(4N + 2)
2-Vec(Z(1)4 ⋊Z

(0)
2 )

Pin+(4N + 2)
2-Rep(D8)

Zax
2Zx

2

Za2

2

Z[ax]
2Z[x]2

Z[a]2

Z[x]2

Z[x]2Z[ax]
2

Z[a
2]

2Z[a
2]

2

Figure 13: Categorical symmetry web for 3d gauge theories with gauge algebra
so(4N + 2). We label each theory by its global gauge group, and the 2-category
which is its symmetry category. The arrows denote gaugings of 0-form symmetries
and each arrow is labelled by the subgroup of D8 that is gauged along that arrow. We
discuss each of these steps in the text. Note that each arrow corresponds to a 0-form
symmetry gauging. The notation for the groups Z[g]2 is explained in the text around
(130).

in subsequent gaugings the generators are uniquely fixed only up to left multiplication by the
elements of the subgroup that was gauged in the previous step. In this case we label the
subgroup by [g]. For example, after gauging Za2

2 the remaining group is D8/Za2

2 and we can
gauge e.g. the group generated by ax , which is equivalent to a3 x etc. We then denote the
corresponding subgroup by

Z[ax]
2 = {g ax; g ∈ Za2

2 } . (130)

To determine which left coset we consider simply requires tracing back the gauging steps to
PSO(4N).15

Note that the webs shown in figures 1 and 13 are symmetric under reflection across the
vertical axis, which can be understood as the action of outer-automorphism of D8. This relates
different theories that have same symmetries.16

15We refrain from specifying which groups we use for the coset action. They can be determined using the figure
from the groups that appear in the gauging process prior to the one under consideration.

16The inner automorphisms of D8 have been modded out from the webs as this relates theories appearing in the
webs to isomorphic theories. For example, if we gauge Za3 x

2 (related to Zax
2 by conjugation) 0-form symmetry of

PSO(4N), we obtain the Sc(4N) gauge theory which is isomorphic to the Ss(4N) gauge theory obtained by gauging
Zax

2 0-form symmetry of PSO(4N).

34

https://scipost.org
https://scipost.org/SciPostPhys.15.4.160


SciPost Phys. 15, 160 (2023)

5.2 PSO(2N)→ SO(2N)

In this subsection, we gauge the normal Z2 subgroup of D8 generated by the element a2 and
determine the resulting 2-category CD8/Za2

2
. The starting point is the category

CD8
= 2-Vec (D8) , (131)

and we will show that after gauging Za2

2 we obtain

CD8/Za2
2
= 2-Vecω

�

Z(0)2 ×Z
(0)
2 ×Z

(1)
2

�

, (132)

which carries a 2-group withZ(0)2 ×Z
(0)
2 0-form symmetry andZ(1)2 1-form symmetry, with trivial

action and trivial Postnikov class, but with a non-trivial anomalyω (which is a 4-cocycle on the
2-group H4(BΓ , U(1))). The anomaly implies that there is fractionalization ofZ(0)2 ×Z

(0)
2 0-form

symmetry on the line operator generating Z(1)2 1-form symmetry and also on the condensation

surface defect associated to Z(1)2 1-form symmetry.

At the level of 3d orthogonal gauge theories, Za2

2 gauging corresponds to the transitions
PSO(2N)→ SO(2N) – see figures 1 and 13.

Objects and 1-morphisms. Different Schur components of simple objects in CD8/Za2
2

are la-

belled by elements g ∈ {1, a, x , ax} = Z2 ×Z2 = D8/Za2

2 . In each Schur component, we have
a copy of 2-Rep(Z2). Thus, the simple objects (upto isomorphism) of CD8/Za2

2
can be labeled as

Obj(CD8/Za2
2
) =

n

D(g)2 , D(gZ2)
2

�

�

� g ∈ {1, a, x , ax}= Z2 ×Z2 = D8/Za2

2

o

. (133)

These are twisted theta defects with underlying twist being D(g)2 ∈ CD8
. For g = id, we have

the ordinary theta defects of [14].
The fusions of objects follows 2-Rep(Z2) fusion rules graded by the Schur component group

Z2 ×Z2. That is,

D(g)2 ⊗ D(h)2
∼=D(gh)

2 ,

D(gZ2)
2 ⊗ D(h)2

∼=D(ghZ2)
2 ,

D(gZ2)
2 ⊗ D(hZ2)

2
∼=2D(ghZ2)

2 .

(134)

The 1-morphisms of CD8/Za2
2

are also 1-morphisms of 2-Rep(Z2) graded byZ2×Z2. In particular,

we have simple 1-endomorphisms (upto isomorphism)

D(g;id)
1 , D(g;a2)

1 , (135)

of D(g)2 . Here D(g,id)
1 is the identity 1-endomorphism (under composition) and D(g,a2)

1 is a
non-identity 1-endomorphism of order two. We also have simple 1-endomorphisms (upto
isomorphism)

D(gZ2,id)
1 , D(gZ2;−)

1 , (136)

of D(gZ2)
2 . Here D(gZ2;id)

1 is the identity 1-endomorphism (under composition) and D(gZ2;−)
1 is

a non-identity 1-endomorphism of order two.
In summary, at the level of objects and 1-morphisms we seem to obtain that CD8/Za2

2
equals

2-Vec(Z2 ×Z2)⊠ 2-Rep(Z2) = 2-Vec
�

Z(0)2 ×Z
(0)
2 ×Z

(1)
2

�

. (137)

We will now show that in CD8/Za2
2

there is in fact an additional non-trivial cocycle ω due to

symmetry fractionalization.
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D(a
2)

1

D(a)2 D(x)2

= D(a
2)

1

D(x)2 D(a)2

−D(a
2;id)

0

Figure 14: The Z2 × Z2 symmetry generated by D(x)2 and D(a)2 fractionalizes on the

line D(a
2)

1 . As a consequence, commuting D(x)2 past D(a)2 on D(a
2)

1 , leaves behind the

local operator −D(a
2;id)

0 .

Mixed anomaly and symmetry fractionalization. Given that the extension

1→ Za2

2 → D8→ Z2 ×Z2→ 1 , (138)

is non-split, characterized by a non-trivial extension class ε ∈ H2(Z2 ×Z2,Z2), we expect the
theory TD8/Za2

2
to have a mixed ’t Hooft anomaly ω given by (35).

This mixed anomaly is associated to symmetry fractionalization of Z2 × Z2 0-form sym-

metry generated by D(g)2 ∈ CD8/Za2
2

on the bulk line D(a
2)

1 . In fact, Z2 × Z2 0-form symmetry

fractionalizes to D8 0-form symmetry on D(a
2)

1 .

First of all, the Z2 subgroup of Z2 ×Z2 generated by D(a)2 fractionalizes to Z4 on D(a
2)

1 by
the same arguments as encountered previously in the study of G = Z4, H = Z2 example. See
figure 6. On the other hand, Z2 subgroup of Z2 × Z2 generated by D(x)2 cannot fractionalize

because D(x)2 generates a Z2 symmetry in CD8
. Similarly, the Z2 subgroup generated by D(ax)

2
cannot fractionalize for the same reason.

However, this means that D(a)2 and D(x)2 must not commute on the line D(a
2)

1 . To see this

directly, consider a configuration in CD8/Za2
2

where D(a
2)

1 intersects a D(a)2 and a D(x)2 surface. In

CD8
, this corresponds to a configuration where D(id)1 intersects D(a)2 and D(x)2 . We can commute

the two surfaces while they still intersect D(a
2)

1 . If we perform this operation in CD8
, we find a

configuration where D(id)1 intersects D(x)2 and D(a
3)

2 . Writing D(a
3)

2 as D(a
2)

2 ⊗D(a)2 and using the

definition of D(a
2)

1 ∈ CD8/Za2
2

, we learn that this commutation process produces a non-trivial

sign, due to the appearance of a non-trivial local operator −D(a
2;id)

0 (namely minus times the

identity operator) living on the line D(a
2)

1 . See figure 14.
The Z2×Z2 0-form symmetry also fractionalizes to D8 symmetry on the worldvolume of the

condensation defect D(Z2)
2 in CD8/Za2

2
with the line D(Z2;−)

1 living on D(Z2)
2 providing the central

Z2. Call a line living at the junction of D(Z2)
2 and D(g)2 as D(Z2;g)

1 . Then we have

D(Z2;a)
1 ⊗

D
(Z2)
2

D(Z2;a)
1 = D(Z2;−)

1 ,

D(Z2;x)
1 ⊗

D
(Z2)
2

D(Z2;x)
1 = D(Z2;id)

1 ,

D(Z2;ax)
1 ⊗

D
(Z2)
2

D(Z2;ax)
1 = D(Z2;id)

1 ,

D(Z2;a)
1 ⊗

D
(Z2)
2

D(Z2;x)
1 = D(Z2;−)

1 ⊗
D
(Z2)
2

D(Z2;x)
1 ⊗

D
(Z2)
2

D(Z2;a)
1 ,

(139)
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following from the general arguments of section 2.5, where D(Z2;id)
1 and D(Z2;−)

1 are lines living

on D(Z2)
2 discussed above.

5.3 SO(4N)→ O′(4N) and SO(4N + 2)→ Spin(4N + 2)

We now discuss the gauging of Za
2 0-form symmetry generated by D(a)2 in CD8/Za2

2
. At the level

of 3d orthogonal gauge theories, this corresponds to the transitions SO(4N) → O′(4N) and
SO(4N + 2)→ Spin(4N + 2) – see figures 1 and 13.

Alternatively, we could have gauged Za
4 0-form symmetry generated by D(a)2 in CD8

, thus
passing to the 2-category CD8/Z4

. Thus the above Za
2 gauging procedure should implement the

transition
CD8/Za2

2
→ CD8/Z4

, (140)

which we will find to be

CD8/Z4
= 2-Vec

�

Z(1)4 ⋊Z
(0)
2

�

. (141)

This 2-category contains a split 2-group symmetry comprised of a Z(0)2 0-form symmetry and a

Z(1)4 1-form symmetry with an outer-automorphism action of Z(0)2 on Z(1)4 and trivial Postnikov
class.

This is well-known for the case in which the gauged theory TD8/Z4
is the Spin(4N + 2)

gauge theory. This has a center Z4 1-form symmetry acted upon by Z2 outer-automorphism
0-form symmetry.

Objects and 1-morphisms. Upon gauging Za
2, the following pairs of simple objects

¦

D(id)2 ∼ D(a)2 , D(x)2 ∼ D(ax)
2 , D(Z2)

2 ∼ D(aZ2)
2 , D(xZ2)

2 ∼ D(axZ2)
2

©

, (142)

in CD8/Za2
2

are related by left (or equivalently right) action of D(a)2 . Therefore, we expect to get

two Schur components of simple objects labelled by g ∈ {id, x} ∈ D8/Z4
∼= Z2.

The rest of the analysis is completely parallel to that of section 3.1.2 and we obtain the
following simple objects (upto isomorphism) of CD8/Z4

COb
D8/Z4

=
¦

D(g)2 , D(gZ2)
2 , D(gZ4)

2

�

�g ∈ {1, x}= D8/Z4 = Z2

©

. (143)

These are (twisted) theta defects with underlying twist D(g)2 ∈ CD8/Za2
2

.

The fusion rules are determined similarly to the fusion rules in section 3.2.2 and are found
to be fusion rules for 2-Rep(Z4) graded by the group of Schur components Z2

D(g)2 ⊗ D(h)2 = D(gh)
2 ,

D(gZ2)
2 ⊗ D(h)2 = D(ghZ2)

2 ,

D(gZ4)
2 ⊗ D(h)2 = D(ghZ4)

2 ,

D(gZ2)
2 ⊗ D(hZ2)

2 = 2D(ghZ2)
2 ,

D(gZ2)
2 ⊗ D(hZ4)

2 = 2D(ghZ4)
2 ,

D(gZ4)
2 ⊗ D(hZ4)

2 = 4D(ghZ4)
2 ,

(144)

with g, h ∈ {id, x}.
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The story continues in a similar fashion for 1-morphisms as well, where the analysis is
just a Z2 graded version of the analysis of appendix B.2 obtaining 1-morphisms of CZ4/Z4

by
studying Z2 symmetric 1-morphisms of CZ4/Z2

. In particular, we label the 1-endomorphisms

of D(id)2 in CD8/Z4
as

¦

D(id)1 , D(ω)1 , D(ω
2)

1 , D(ω
3)

1

©

, (145)

which form a Z4 1-form symmetry group of TD8/Z4

In summary, at the level of objects and 1-morphisms we seem to obtain that CD8/Z4
equals

2-Vec(Z2)⊠ 2-Rep(Z4) = 2-Vec
�

Z(0)2 ×Z
(1)
4

�

. (146)

We will now show that in CD8/Z4
there is in fact additionally an action of Z(0)2 on Z(1)4 .

2-group action. Let us now determine the action of the Z2 0-form symmetry generated by
D(x)2 on the set of bulk lines in CD8/Z4

.

First consider D(ω
2)

1 , which comes from the making the identity simple 1-endomorphism

D(id)1 symmetric under Za
2. In particular, we define D(ω

2)
1 such that a ∈ Za

2 acts by ω2 = eπi .
Since such an action is its own inverse,

D(x;id)
1 ⊗ D(ω

2)
1 ⊗ D(x;id)

1 = D(ω
2)

1 , (147)

implying no exchange of D(ω
2)

1 under D(x)2 ∈ CD8/Z4
.

Now consider D(ω)1 and D(ω
3)

1 , which descend from making D(a
2)

1 symmetric under Za
2.

Importantly, recall that Za
2 fractionalizes on D(a

2)
1 , such that it acts as a Z4. Let us define D(ω)1

such that a acts by ω = eπi/2 and a3 acts by ω3 = e−πi/2. Analogously, we define D(ω
3)

1 such

that a acts by ω3 and a3 acts by ω. Since the actions of a and a3 are exchanged by D(x)2 , we
learn that

D(x)2 : D(ω)1 ←→ D(ω
3)

1 . (148)

Due to this action, the Z(0)2 0-form symmetry generated by D(x)2 and the Z(1)4 1-form sym-

metry generated by D(ω)1 of TD8/Z4
combine to form a split 2-group

Γ = Z(1)4 ⋊Z
(0)
2 . (149)

Hence we find
CD8/Z4

∼= 2VecΓ . (150)

5.4 PSO(4N)→ O′(4N) and PSO(4N + 2)→ Spin(4N + 2)

In this subsection, we perform the direct gauging of Z4 starting from CD8
thus implementing

the transition
CD8
→ CD8/Z4

. (151)

At the level of 3d orthogonal gauge theories, this corresponds to the transitions
PSO(4N)→ O′(4N) and PSO(4N + 2)→ Spin(4N + 2) – see figures 1 and 13.
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Objects. Firstly, the Schur components of objects in CD8/Z4
are labelled by

g ∈ {id, x} = D8/Z4 = Z2. To determine the objects in the gauged category we consider
nD(g)2 .

For n = 1, we obtain D(g)2 ∈ CD8/Z4
which descend from D(g)2 ∈ CD8

, with the Z4 symme-

try implemented via the identity line D(g;id)
1 . Next, we obtain two dimensional simple objects

which descend from 2D(g)2 ∈ CD8
, such that the Z4 symmetry is implemented by the permuta-

tion matrix

(12) : D(g;id)
1 P(12) =

�

0 D(g;id)
1

D(g;id)
1 0

�

∈Mat2(EndCD8
(D(g)2 )) . (152)

We will use the notation Pπ for the matrix that implements the permutation π.
Physically this object corresponds to a TQFT with the Z4 symmetry spontaneously broken

down to its Z2 subgroup, such that each vacua is invariant under a2 ∈ Z4, while the two vacua

are exchanged by the action of D(a)2 and D(a
3)

2 . We denote this object by D(gZ2)
2 ∈ CD8/Z4

.
For n= 3 there are no new objects, since there are no length 3 orbits of Z4. For n= 4, we

get objects for which the action of a can be represented by morphisms

D(Z4)
2 : D(g;id)

1 P(1234) , D
(Z′4)
2 : D(g;id)

1 P(1432) . (153)

However these two objects are isomorphic as there exist invertible lines in 4D(id)2 ∈ CD8
which

intertwine between the above two options. We will therefore only add D(gZ4)
2 to the list of

simple objects. Physically, this corresponds to a Z4 symmetric TQFT in which the Z4 symmetry
is spontaneously broken. Therefore it has four vacua that are permuted cyclically by the Z4

generator. We denote this object as D(Z4)
2 ∈ CD8/Z4

. There are no additional indecomposable
objects. To summarize the set of simple objects is

Obj(CD8/Z4
) =

¦

D(id)2 , D(Z2)
2 , D(Z4)

2 , D(x)2 , D(xZ2)
2 , D(xZ4)

2

©

. (154)

Fusion rules. By lifting the objects in CD8/Z4
to the parent symmetry category CD8

, one finds

that the object D(id)2 ∈ CD8/Z4
is the identity under fusion, while D(x)2 ∈ CD8/Z4

generates a Z2
0-form symmetry. Therefore we have

D(id)2 ⊗ D(x)2 = D(x)2 ,

D(x)2 ⊗ D(x)2 = D(id)2 .
(155)

Similarly, the fusion product for D(gZ2)
2 ⊗ D(gZ2)

2 can be obtained as in the cases studied previ-
ously by taking the tensor product of 1-endomorphisms in (152) and splitting them into orbits
under the Z4 action. Doing so we find

D(gZ2)
2 ⊗ D(hZ2)

2 = 2D(ghZ2)
2 , (156)

where g, h ∈ D8/Z4 = Z2. Next, to compute D(gZ2)
2 ⊗ D(hZ4)

2 , we recall that D(gZ2)
2 and D(hZ4)

2

descend from 2D(id)2 and 4D(id)2 respectively in CD8
. Therefore in CD8

, we may denote objects
in the fusion outcome by the tuples (i, j) where i ∈ {0, 1} and j ∈ {0, 1,2, 3}. The action of
a ∈ Z4 is given by the cyclic permutation

(i, j) −→ (i + 1 mod 2, j + 1 mod 4) , (157)
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therefore we again obtain two orbits [(0, 0)] and [(1,0)] implying the fusion rule

D(gZ2)
2 ⊗ D(hZ4)

2 = 2D(ghZ4)
2 . (158)

Similarly, to compute the fusion rule for D(gZ4)
2 ⊗ D(hZ4)

2 we lift to CD8
, where we may denote

objects in the fusion outcome by the tuples (i, j) where i, j ∈ {0,1, 2,3}. Under the action of
a ∈ Z4,

(i, j) −→ (i + 1 mod 4, j + 1 mod 4) , (159)

therefore we obtain four orbits [(0,0)], [(1, 0)], [(2, 0)] and [(3,0)] implying the fusion rule

D(gZ4)
2 ⊗ D(hZ4)

2 = 4D(ghZ4)
2 . (160)

1-morphisms. The 1-endomorphisms of D(g)2 in CD8/Z4
are related to the different ways in

which the 1-endomorphisms of D(g)2 ∈ CD8
can be made Z4-symmetric. The 1-category of

1-endomorphisms of D(g)2 ∈ CD8
is Vec generated by the identity line D(g;id)

1 . Since the per-
mutation action of Z4 on this line is trivial, the ways in which it can be made Z4 symmetric
corresponds to assigning a representation of Z4. Thus we realize that in CD8/Z4

EndCD8/Z4

�

D(g)2

�

=
¦

D(g;id)
1 , D(g;a)

1 , D(g;a2)
1 , D(g;a3)

1

©

∼= Rep(Z4) . (161)

Similarly, the 1-endomorphisms of D(gZ2)
2 ∈ CD8/Z4

descend from Z4 symmetric 1-

endomorphisms of 2D(g)2 in CD8
.

The set of 1-endomorphsims of 2D(id)2 is Mat2(Vec). The two rows and two columns of these
2× 2 matrices are exchanged under the action of a ∈ Z4. Notably the Z2 subgroup generated
by a2 acts trivially, therefore, the 1-endomorphisms can carry representations of Z2 ⊂ Z4.
Therefore we obtain the following 1-endomorphisms

EndCD8/Z4
(D(gZ2)

2 ) =
¦

D(gZ2;id)
1 , D(gZ2;−)

1 , D(gZ2;a2)
1 , D(gZ2;a2−)

1

©

∼= VecZ2
⊠Rep(Z2) ,

(162)
where each of the 1-endomorphisms descend from the following matrices in EndCD8

(2D(g)2 )

D(gZ2;id)
1

�

�

�

�

CD8

= D(g;id)
1 P(1)(2) , D(gZ2;−)

1

�

�

�

�

CD8

= D(g;id)
1 P(12) ,

D(gZ2;a2)
1

�

�

�

�

CD8

= D(g;a2)
1 P(1)(2) , D(gZ2;a2−)

1

�

�

�

�

CD8

= D(g;a2)
1 P(12) .

(163)

The 1-endomorphisms of D(Z4)
2 ∈ CD8/Z4

descend from Z4 symmetric 1-endomorphisms of

4D(id)2 in CD8
. The set of 1-endomorphisms of 4D(id)2 ∈ CD8

is Mat4(Vec). The four rows and
four columns of these 4× 4 matrices are cyclically permuted the action of a ∈ Z4, therefore
we obtain the following set of simple 1-morphisms

EndCD8/Z4
(D(gZ4)

2 ) =
n

D(gZ4;id)
1 , D(gZ4;a)

1 , D(gZ4;a2)
1 , D(gZ4;a3)

1

o

∼= VecZ4
. (164)

The labels id, a, a2, a3 correspond to the matrices

D(Z4;id)
1

�

�

�

CD8

= D(g;id)
1 P(1)(2)(3)(4) , D(Z4;a)

1

�

�

�

CD8

= D(g;id)
1 P(1234) ,

D(Z4;a2)
1

�

�

�

CD8

= D(g;id)
1 P(13)(24) , D(Z4;a3)

1

�

�

�

CD8

= D(g;id)
1 P(1432) .

(165)
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4 D(id)2 4 D(id)2

CD8

P(12)(34)

1

2

3

4

1

2

3

4

P(1234) P(1432) =⇒

D(Z4)
2 D

(Z′4)
2

CD8/Z4

D(Z4;1)
1

Figure 15: Action of the permutation (12)(34) on the vacua of the theory (left) and
the associated defect in the gauged theory.

Finally let us discuss more carefully the isomorphism lines between D(gZ4)
2 and D

(gZ′4)
2 defined

using the two choices of Z4 action implemented by D(gZ4;a)
1 and D(gZ4;a3)

1 respectively (see
(153) and (165)). These will play an important role in a subsequent gauging from CD8/Z4

to
CD8/D8

. A choice of isomorphism is given by the line

D(gZ4;1)
1 = D(g;id)

1 P(12)(34) , (166)

as it intertwines the two above mentioned Z4 actions, i.e.,

D(gZ4;1)
1 ◦ D(gZ4;a)

1 = D(gZ4;a3)
1 ◦ D(gZ4;1)

1 , (167)

where ◦ denotes composition of lines, explicitly computed using matrix product. In particular
if we label the four copies of D(id)2 in D(gZ4)

2 lifted to CD8
as i ∈ {1,2, 3,4}, then D(gZ4;1)

1 maps

copies {1, 2,3, 4} in D(gZ4)
2

�

�

�

CD8

to copies {2,1, 4,3} in D
(gZ′4)
2

�

�

�

CD8

, see figure 15. Other choices

of isomorphisms can be implemented using

D(gZ4;2)
1 = D(gZ4;1)

1 ◦ D(gZ4;a)
1 ,

D(gZ4;3)
1 = D(gZ4;1)

1 ◦ D(gZ4;a2)
1 ,

D(gZ4;4)
1 = D(gZ4;1)

1 ◦ D(gZ4;a3)
1 .

(168)

Fusion of 1-morphisms. The fusion of 1-morphisms is computed as follows. First we take
the tensor product by lifting it to CD8

. Subsequently in order to identify the CD8/Z4
morphisms,

we decompose the result into orbits of Z4. For the defect that is realized by a permutation
matrix Pπ, we can then identify the action of π on the Z4-orbits.

Consider first D(gZ4;1)
1 as in (166). Note that D(gZ4;1)

1 ⊗D(gZ4;1)
1 is a map from D(gZ4)

2 ⊗D(gZ4)
2

to D
(gZ′4)
2 ⊗ D

(gZ′4)
2 , see figure 16. In the pre-gauged category D(gZ4;1)

1 ⊗ D(gZ4;1)
1 is an automor-

phism of 16 copies of D(id)2 labelled by (i, j) with i, j ∈ {1,2, 3,4}.
We first decompose the 16 copies of D(id)2 in orbits of the Z4 action, so to identify the cor-

responding condensation surfaces in CD8/Z4
. We then identify the permutation action P(12)(34)

among the copies (i, j), which allows us to decompose D(gZ4;1)
1 ⊗ D(gZ4;1)

1 into 1-morphisms
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4D(Z4)
2 4D

(Z′4)
2

CD8/Z4

D(Z4;1)
1 ⊗ D(Z4;1)

1

Figure 16: The fusion of two line defects D(Z4;1)
1 is a morphism between four copies

of the condensation defect D(Z4)
2 .

D(gZ4;1)
1 i, j between the i-th copy of D(Z4)

2 in 4D(Z4)
2 to the j-th copy of D

(Z′4)
2 in 4D

(Z′4)
2 . Doing so,

D(gZ4;1)
1 ⊗ D(gZ4;1)

1 can be decomposed into two 4d and one 8d orbit:

D(gZ4;1)
1 ⊗ D(gZ4;1)

1

�

�

�

�

Orb-1

CD8

=
¦

(1, 1)↔ (2, 2) , (3, 3)↔ (4,4)
©

,

D(gZ4;1)
1 ⊗ D(gZ4;1)

1

�

�

�

�

Orb-2

Cv

=
¦

(1, 3)↔ (2, 4) , (3, 1)↔ (4,2)
©

,

D(gZ4;1)
1 ⊗ D(gZ4;1)

1

�

�

�

�

Orb-3

CD8

=
¦

(1, 2)↔ (2, 1) , (2, 3)↔ (1,4) , (3,4)↔ (4,3) , (4,1)↔ (3, 2)
©

.

(169)
Here the double arrows identify the permutation action P(12)(34).

From this, the fusion rules are easily read off:

D(gZ4;1)
1 ⊗ D(gZ4;1)

1 = D(gZ4;1)
1 ⊕ D(gZ4;1)

1 ⊕

�

0 D(gZ4;1)
1

D(gZ4;1)
1 0

�

. (170)

Similarly, we may compute the fusion product of D(gZ4;2)
1 with itself: D(gZ4;2)

1 lifts to

EndCD8
(4D(id)2 ) as the matrix

D(gZ4;2)
1

�

�

�

CD8

= D(g;id)
1 P(13)(2)(4) . (171)

Then computing the tensor product of (171) with itself and decomposing into orbits under the
Z4 action, we again find two 4d orbits and one 8d one:

D(gZ4;2)
1 ⊗ D(gZ4;2)

1

�

�

�

�

Orb-1

CD8

=
¦

(1, 1)↔ (3,3) , (2, 2) , (4, 4)
©

,

D(gZ4;1)
1 ⊗ D(gZ4;1)

1

�

�

�

�

Orb-2

CD8

=
¦

(1, 3)↔ (3,1) , (2, 4)↔ (4,2)
©

,

D(gZ4;2)
1 ⊗ D(gZ4;2)

1

�

�

�

�

Orb-3

CD8

=
¦

(1, 2)↔ (3,2) , (2,3)↔ (2,1) , (3,4)↔ (1, 4) , (4,1)↔ (4, 3)
©

.

(172)

Therefore we obtain a similar fusion rule as for D(gZ4;2)
1 , i.e.,

D(gZ4;2)
1 ⊗ D(gZ4;2)

1 = D(gZ4;2)
1 ⊕ D(gZ4;2)

1 ⊕

�

0 D(gZ4;2)
1

D(gZ4;2)
1 0

�

. (173)
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5.5 O′(4N)→ Pin+(4N) and Spin(4N + 2)→ Pin+(4N + 2)

In this subsection, we perform the gauging of Zx
2 0-form symmetry in CD8/Z4

. This implements
the transition from CD8/Z4

to

CD8/D8
= 2-Rep(D8) . (174)

The structure of 2-Rep(D8) can be independently computed using the methods of [14], pro-
viding a consistency check on the method used here.

At the level of 3d orthogonal gauge theories, this corresponds to the transitions
O′(4N)→ Pin+(4N) and Spin(4N + 2)→ Pin+(4N + 2) – see figures 1 and 13.

Objects. First consider making D(id)2 ∈ CD8/Z4
symmetric under Zx

2 . Choose a junction line

D(id;x)(id)
1 between D(id)2 and D(x)2 which has the property that upon folding D(x)2 surface away,

the junction line D(id;x)(id)
1 is converted into the line D(id)1 living on D(id)2 . This junction line

satisfies
D(id;x)(id)

1 ⊗D(id)2
D(id;x)(id)

1 = D(id)1 , (175)

and hence can be used to make D(id)2 ∈ CD8/Z4
symmetric under Zx

2 , leading to the identity
object

D(id)2 ∈ CD8/D8
. (176)

There are other junction lines between D(id)2 and D(x)2 in CD8/Z4

D(id;x)(y)
1 := D(y)1 ⊗D(id)2

D(id;x)(id)
1 , (177)

for y ∈ {id,ω,ω2,ω3} obtained by stacking the bulk line D(y)1 on top of D(id;x)(id)
1 . Note that

we have

D(id;x)(y)
1 ⊗D(id)2

D(id;x)(y)
1 = D(y)1 ⊗D(id)2

D(id;x)(id)
1 ⊗D(id)2

D(y)1 ⊗D(id)2
D(id;x)(id)

1

= D(y)1 ⊗D(id)2
D(y

−1)
1 ⊗D(id)2

D(id;x)(id)
1 ⊗D(id)2

D(id;x)(id)
1 = D(id)1 ,

(178)

where D(y)1 is converted into D(y
−1)

1 upon crossing through D(id;x)(id)
1 due to the 2-group action.

Thus each junction line D(id;x)(y)
1 can be used to make D(id)2 symmetric under Zx

2 leading to
objects

D(id,y)
2 ∈ CD8/D8

. (179)

However, we claim that
D(id,ω2)

2
∼= D(id)2 . (180)

To see this, note that D(z)1 ∈ CD8/Z4
for z ∈ {ω,ω3} descend to 1-morphisms

D(id;ω2)(z)
1 : D(id)2 → D(id,ω2)

2 ,

D(ω
2;id)(z)

1 : D(id,ω2)
2 → D(id)2 ,

(181)

as D(z)1 ∈ CD8/Z4
intertwines the Zx

2 actions implemented by D(id;x)(id)
1 and D(id;x)(ω2)

1 . These
1-morphisms are actually isomorphisms because

D(id;ω2)(z)
1 ◦ D(ω

2;id)(z−1)
1 = D(id)1 ∈ CD8/D8

. (182)
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Similarly, we have

D(id,ω)
2

∼= D(id,ω3)
2 . (183)

Thus, we obtain from D(id)2 ∈ CD8/Z4
two simple objects (upto isomorphism)

D(id)2 , D(id,ω)
2 , (184)

of CD8/D8
.

Now let us consider the object 2D(id)2 ∈ CD8/Z4
. This can be made symmetric under Zx

2 using
either of the following matrices17 in Mat2(Rep(Z4))

�

0 D(id)1

D(id)1 0

�

,

�

0 D(ω
2)

1

D(ω
2)

1 0

�

,

�

0 D(ω)1

D(ω)1 0

�

,

�

0 D(ω
3)

1

D(ω
3)

1 0

�

. (185)

However, it can be shown that all these choices give rise to isomorphic objects in CD8/D8
. Then

up to isomorphism we obtain a single simple object

D(Z2)
2 ∈ CD8/D8

. (186)

Now let us consider the simple object D(Z2)
2 ∈ CD8/Z4

. To understand the possible ways of

making D(Z2)
2 symmetric under Zx

2 , recall that its 1-endomorphisms

EndCD8/Z4
(D(Z2)

2 ) =
¦

D(Z2;id)
1 , D(Z2;−)

1 , D(Z2;a2)
1 , D(Z2;a2−)

1

©

, (187)

form the fusion 1-category Vec(Z2)⊠Rep(Z2) which is invariant under Zx
2 action.

Therefore, we can make D(Z2)
2 ∈ CD8/Z4

symmetric under Zx
2 using any of its 1-

endomorphisms. Correspondingly, we get 4 simple objects

D
(Z′2)
2 , D

(Z′2,ε)
2 , D

(Z′′2 )
2 , D

(Z′′2 ,δ)
2 , (188)

in CD8/D8
, where Zx

2 is implemented via D(Z2;id)
1 , D(Z2;a2)

1 , D(Z2;−)
1 and D(Z2;a2−)

1 respectively.

Next, let us consider the object 2D(Z2)
2 ∈ CD8/Z4

whose 1-endomorphisms form the category
Mat2(VecZ2

⊠Rep(Z2)). Since all the simple 1-endomorphisms areZx
2 invariant order two lines

under composition, it follows that 2D(Z2)
2 ∈ CT/Z4

can be made Zx
2 symmetric using any of the

following matrices
�

0 D(Z2;i)
1

D(Z2;i)
1 0

�

, i = id,−, a2, a2 − . (189)

It can be shown that up to isomorphism, all these choices give rise to a single simple object

D(Z4)
2 ∈ CD8/D8

. (190)

Finally, let us consider simple objects in CD8/D8
descending from D(Z4)

2 ∈ CD8/Z4
. Recall that

we have two isomorphic objects D
(Z′4)
2 and D(Z4)

2 in CD8/Z4
, see equation (153), corresponding

to two different choices of Z4 action on 4D(id)2 in CD8
. These two isomorphic objects are related

by Zx
2 action, i.e. we have the fusion

D(x)2 ⊗ D(Z4)
2 ⊗ D(x)2 = D

(Z′4)
2 . (191)

17We do not discuss the diagonal implementations of Zx
2 on 2D(id)2 ∈ CD8/Z4

as these lead to decomposable (not
simple) objects in CD8/D8

.
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Table 2: Fusion of simple objects in 2-Rep(D8). In the table we have labelled each
simple object D(a)2 by the corresponding (a).

(id) (id,µ) (Z2) (Z′2) (Z′2,ε) (Z′′2 ) (Z′′2 ,δ) (Z4) (Z′4) (Z′′4 ) (D8)

(id) (id) (id,µ) (Z2) (Z′2) (Z′2,ε) (Z′′2 ) (Z′′2 ,δ) (Z4) (Z′4) (Z′′4 ) (D8)
(id,µ) (id,µ) (id) (Z2) (Z′2) (Z′2,ε) (Z′′2 ) (Z′′2 ,δ) (Z4) (Z′4) (Z′′4 ) (D8)
(Z2) (Z2) (Z2) 2(Z2) (Z4) (Z4) (Z4) (Z4) 2(Z4) (D8) (D8) 2(D8)
(Z′2) (Z′2) (Z′2) (Z4) 2(Z′2) 2(Z′2,ε) (Z4) (Z4) 2(Z4) 2(Z′4) (D8) 2(D8)
(Z′2,ε) (Z′2,ε) (Z′2,ε) (Z4) 2(Z′2,ε) 2(Z′2) (Z4) (Z4) 2(Z4) 2(Z′4) (D8) 2(D8)
(Z′′2 ) (Z′′2 ) (Z′′2 ) (Z4) (Z4) (Z4) 2(Z′′2 ) 2(Z′′2 ,δ) 2(Z4) (D8) 2(Z′′4 ) 2(D8)
(Z′′2 ,δ) (Z′′2 ,δ) (Z′′2 ,δ) (Z4) (Z4) (Z4) 2(Z′′2 ,δ) 2(Z′′2 ) 2(Z4) (D8) 2(Z′′4 ) 2(D8)
(Z4) (Z4) (Z4) 2(Z4) 2(Z4) 2(Z4) 2(Z4) 2(Z4) 4(Z4) 2(D8) 2(D8) 4(D8)
(Z′4) (Z′4) (Z′4) (D8) 2(Z′4) 2(Z′4) (D8) (D8) 2(D8) 2(Z′4)⊕ (D8) 2(D8) 4(D8)
(Z′′4 ) (Z′′4 ) (Z′′4 ) (D8) (D8) (D8) 2(Z′′4 ) 2(Z′′4 ) 2(D8) 2(D8) 2(Z′′4 )⊕ (D8) 4(D8)
(D8) (D8) (D8) 2(D8) 2(D8) 2(D8) 2(D8) 2(D8) 4(D8) 4(D8) 4(D8) 8(D8)

Because of this, making D(Z4)
2 symmetric under Zx

2 requires prescribing a 1-morphism

Mup : D
(Z′4)
2 → D(Z4)

2 and Mp : D(Z4)
2 → D

(Z′4)
2 such that their compositions are Mup◦Mp = D

(Z′4;id)
1

and Mp ◦Mup = D(Z4;id)
1 . We can choose as such 1-morphisms any of the lines

D(Z4;i)
1 , i = 1, 2,3, 4 , (192)

discussed in (166) and (168). Among these four lines, D(Z4;1)
1 and D(Z4;3)

1 lead to isomorphic

objects in CD8/D8
, and similarly for D(Z4;2)

1 and D(Z4;4)
1 , so that we get two isomorphism classes

of simple objects in CD8/D8
. Let us denote the first simple object by D

(Z′4)
2 , and pick D(Z4;1)

1 as

the corresponding 1-morphism for concretness. The second object is denoted by D
(Z′′4 )
2 with

1-morphism given by D(Z4;2)
1 .

There is one more simple object up to isomorphisms in CD8/D8
that comes from

2D(Z4)
2 ∈ CD8/Z4

. This can be made Zx
2 symmetric using either of the following options

�

0 D(Z4;1)
1

D(Z4;1)
1 0

�

,

�

0 D(Z4;2)
1

D(Z4;2)
1 0

�

, (193)

which up to isomorphisms, give a single simple object in CD8/D8
, denoted by D(D8)

2 .
To summarize, we have obtained

Obj(CT/D8
) =

n

D(id)2 , D(id),µ2 , D(Z2)
2 , D

(Z′2)
2 , D

(Z′2),ε
2 , D

(Z′′2 )
2 , D

(Z′′2 ),δ
2 , D(Z4)

2 , D
(Z′4)
2 , D

(Z′′4 )
2 , D(D8)

2

o

.

(194)
This reproduces exactly the set of simple objects of 2-Rep(D8).

Fusion rules. Since there are several simple objects in CD8/D8
, we refrain from presenting the

computations of all of the simple objects. Instead we only detail those fusions that exemplify
some subtle computational features. The fusion rules for all objects are collected in table 2.

Let us begin by describing the fusion rules between the two dimensional simple ob-

jects D
(Z′2)
2 , D

(Z′2),ε
2 , D

(Z′′2 )
2 , D

(Z′′2 ),δ
2 which descend from D(Z2)

2 in CD8/Z4
. Recall that the 1-

endomorphisms of D(Z2)
2 in CD8/Z4

which implement the corresponding Zx
2 symmetry in these

objects are D(Z2;id)
1 , D(Z2;a2)

1 , D(Z2;−)
1 and D(Z2;a2−)

1 respectively. Therefore, to compute the fu-
sion of two such objects, we first need to compute the fusion of these 1-endomorphisms. For
instance, consider the following self-fusions

D(Z2;id)
1 ⊗ D(Z2;id)

1 = 2D(Z2;id)
1 ,

D(Z2;a2)
1 ⊗ D(Z2;a2)

1 = 2D(Z2;id)
1 ,

(195)
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which imply the fusion rules

D
(Z′2)
2 ⊗ D

(Z′2)
2 = 2D

(Z′2)
2 ,

D
(Z′2;ε)
2 ⊗ D

(Z′2;ε)
2 = 2D

(Z′2)
2 .

(196)

Notice that while D
(Z′2)
2 has a self-fusion reminiscent of the condensation defect in 2-Rep(Z2),

the simple object D
(Z′2;ε)
2 is different. This has to do with the fact that D

(Z′2)
2 and D

(Z′2;ε)
2 , as D8

equivariant 2d TQFTs correspond to the case where D8 is spontaneously broken down to the
Z2 × Z2 subgroup generated by

�

a2, x
	

∈ D8. Each vacua in either of the two simple objects
then realizes an SPT labelled an element in H2 = (Z2×Z2, U(1))∼= Z2. The defect labelled by
ε corresponds to the non-trivial SPT and therefore has an additional Z2 structure in its fusion
rule.

Next, let us consider fusions between different two dimensional simple objects. Some of
the corresponding fusions between the 1-endomorphisms of D(Z2)

2 ∈ CD8/Z4
are

D(Z2;id)
1 ⊗ D(Z2;a2)

1 = 2D(Z2;a2)
1 ,

D(Z2;a2)
1 ⊗ D(Z2;a2−)

1 =

�

0 D(Z2;id)
1

D(Z2;id)
1 0

�

.
(197)

Thus, we obtain the following fusion rules for simple objects in CD8/D8

D
(Z′2)
2 ⊗ D

(Z′2;ε)
2 = 2D

(Z′2;ε)
2 ,

D
(Z′2;ε)
2 ⊗ D

(Z′′2 ;δ)
2 = D(Z4)

2 .
(198)

Here we may interpret the simple objects labelled by Z′2 and Z′′2 as D8 equivariant 2d TQFTs
that preserve the Z2×Z2 subgroups generated by

�

a2, x
	

and
�

xa, a2
	

respectively. Therefore
the fusion of objects labelled by Z′2 produces another object labelled by Z′2, i.e., one that breaks
D8 down to the same subgroup 〈a2, x〉 ∼= Z2 × Z2. Instead when we fuse objects labelled by
Z′2 with those labelled Z′′2 , the fusion product is the D(Z4)

2 defect which only preserves the
intersection

�

1, a2
	∼= Z2.

Next, let us consider the fusion of the two dimensional simple objects with the four dimen-

sional objects D(Z4)
2 , D

(Z′4)
2 and D(Z4)

2 . For instance,

D
(Z′2,ε)
2 ⊗ D(Z4)

2 = 2D(Z4)
2 , (199)

which follows from the fusion of 1-morphisms implementing the Zx
2 symmetry

D(Z2;a2)
1 ⊗

�

0 D(Z2;id)
1

D(Z2;id)
1 0

�

=

�

0 D(Z2;a2)
1

D(Z2;a2)
1 0

�

⊕

�

0 D(Z2;a2)
1

D(Z2;a2)
1 0

�

∼=

�

0 D(Z2;id)
1

D(Z2;id)
1 0

�

⊕

�

0 D(Z2;id)
1

D(Z2;id)
1 0

�

,

(200)

where in the last line we have used an isomorphism between the Zx
2 actions. Next, let us

compute the fusion between D
(Z′2,ε)
2 and D

(Z′4)
2 . Recall that the defect D

(Z′4)
2 descends from

D(Z4)
2 ∈ CD8/Z4

on which theZ2 symmetry is implemented by the line D(Z4;1)
1 in (166). Therefore

we need to compute

D(Z2;a2)
1 ⊗ D(Z4;1)

1 = D(Z4;1)
1 ⊕ D(Z4;1)

1 , (201)
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which implies the fusion rule

D
(Z′2;ε)
2 ⊗ D

(Z′4)
2 = 2D

(Z′4)
2 . (202)

Let us instead compute the fusion rule between D
(Z′′2 )
2 and D

(Z′4)
2 . Following the same procedure

we now find

D(Z2;−)
1 ⊗ D(Z4;1)

1 =

�

0 D(Z4;1)
1

D(Z4;1)
1 0

�

, (203)

which implies the fusion rule

D
(Z′′2 ;ε)
2 ⊗ D

(Z′4)
2 = D(D8)

2 . (204)

Note that the fusion rules (204) and (204) are consistent with the interpretation of the higher-
dimensional defects as corresponding to D8 equivariant 2d TQFTs that break the D8 symmetry
to different subgroups. In particular the defects labelled by Z′2, Z′′2 and Z′4 correspond to TQFTs
where D8 is spontaneously broken to 〈x , a2〉 ∼= Z2

2, 〈ax , a2〉 ∼= Z2
2 and 〈x〉 ∼= Z2 respectively.

Therefore the fusion outcome of (202) is an eight dimensional composite defect where each
vacua preserves the intersection 〈x〉 ∼= Z2. In contrast, the fusion outcome in (204) is an eight
dimensional composite defect where each vacua preserves no symmetry since 〈x〉∩〈ax , a2〉 is
trivial.

Next, we compute the fusion rules among the four dimensional defects. Consider the

fusion rule D
(Z′4)
2 ⊗ D

(Z′4)
2 . To understand the fusion of surfaces in CD8/D8

, we need to compute

the fusion of the 1-morphism lines D(Z4;1)
1 . In (170) we computed this to be

D(Z4;1)
1 ⊗ D(Z4;1)

1 = D(Z4;1)
1 ⊕ D(Z4;1)

1 ⊕

�

0 D(Z4;1)
1

D(Z4;1)
1 0

�

. (205)

Therefore, we read-off the fusion rule

D
(Z′4)
2 ⊗ D

(Z′4)
2 = 2D

(Z′4)
2 ⊕ D(D8)

2 . (206)

Similarly, from (173) we can read off the fusion rule for D
(Z′′4 )
2

D
(Z′′4 )
2 ⊗ D

(Z′′4 )
2 = 2D

(Z′′4 )
2 ⊕ D(D8)

2 . (207)

5.6 PSO(4N)→ PO/Ss(4N) and PSO(4N + 2)→ PO/PO′(4N + 2)

So far we considered the gaugings originating from CD8
= 2-Vec(D8) by first gauging the nor-

mal subgroups Za2

2 or Za
4 and then subsequent subgroups. We can instead consider beginning

with gauging of non-normal subgroups. For D8 these are all Z2 and are generated in turn by

x , xa, xa2, xa3 . (208)

As these are related by automorphisms of D8, we can consider gauging a particular one namely
Zx

2 and the results for gauging any other non-normal Z2 will be same.
However, as x and ax are not related by inner-automorphisms, TD8/Zx

2
and TD8/Zax

2
can be

distinct QFTs with associated 2-categories being same

CD8/Zx
2

∼= CD8/Zax
2

. (209)

At the level of 3d orthogonal gauge theories, Zx
2 gauging corresponds to the transitions

PSO(2N) → PO(2N) while Zax
2 gauging corresponds to the transitions PSO(4N) → Ss(4N)

and PSO(4N + 2)→ PO′(4N + 2) – see figures 1 and 13.
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We find that the resulting category is

CD8/Zx
2

∼= 2-Rep
�

(Z(1)2 ×Z
(1)
2 )⋊Z

(0)
2

�

. (210)

namely the 2-representation 2-category of a 2-group with Z(1)2 ×Z
(1)
2 1-form symmetry and Z(0)2

0-form symmetry acting on it by exchanging the two Z(1)2 factors, and trivial Postnikov class.

Objects. Let us first consider the objects D(g)2 ∈ CD8
with g ∈

�

id, a2
	

which are not acted

upon by D(x)2 (by conjugation). D(g)2 ∈ CD8
give rise to the simple objects

D(id)2 , D(a
2)

2 ∈ CD8/Zx
2

, (211)

which descend from the trivial way of making D(g)2 ∈ CD8
symmetric under Z x

2 with x action

implemented via the identity lines D(g;id)
1 . Similarly, 2D(g)2 ∈ CD8

give rise to another pair of
simple objects denoted by

D(Z2)
2 , D(a

2Z2)
2 ∈ CD8/Zx

2
, (212)

which descend from making 2D(g)2 ∈ CD8
symmetric under Zx

2 such that x ∈ Zx
2 is implemented

via the off-diagonal matrix
�

0 D(g;id)
1

D(g;id)
1 0

�

. (213)

Next let us consider the elements
�

a, a3
	

⊂ D8/Zx
2 which are swapped under conjugation by

x . This implies that there is no way of making D(a)2 or D(a
3)

2 individually symmetric under Zx
2 ,

however their sum D(a)2 ⊕ D(a
3)

2 can be made Zx
2 symmetric by implementing x ∈ Zx

2 via

�

0 D(a
3;id)

1

D(a;id)
1 0

�

, (214)

in CD8
, which maps D(a)2 ⊕ D(a

3)
2 → D(a

3)
2 ⊕ D(a)2 . We denote the simple object in CD8/Zx

2
which

descends from D(a)2 ⊕ D(a
3)

2 ∈ CD8
with x implemented via (214) as

D(a,a3)
2 ∈ CD8/Zx

2
. (215)

To summarize, the simple objects in CD8/Zx
2

are

Obj(CD8/Zx
2
) =

¦

D(id)2 , D(Z2)
2 , D(a

2)
2 , D(a

2Z2)
2 , D(a,a3)

2

©

. (216)

Fusion rules. The objects descending from D(g)2 and 2D(g)2 for g ∈
�

id, a2
	

in CD8
form

2-Rep(Z2)⊠ 2-Vec(Z2) and therefore satisfy the fusion rules

D(g)2 ⊗ D(h)2
∼= D(gh)

2 ,

D(g)2 ⊗ D(hZ2)
2

∼= D(ghZ2)
2 ,

D(gZ2)
2 ⊗ D(hZ2)

2
∼= 2D(ghZ2)

2 ,

(217)
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where a4 = id. The fusion rules with the object D(a,a3)
2 can be computed by lifting to CD8

, per-
forming the fusions and then organizing the fusion outcomes into indecomposable Zx

2 orbits.

Firstly, since D(id)2 is the identity object in CD8/Zx
2
, we get

D(a,a3)
2 ⊗ D(id)2 = D(a,a3)

2 . (218)

To compute the fusion D(a,a3)
2 ⊗ D(Z2)

2 in CD8/Zx
2
, we need to compute the tensor product of the

objects lifted to CD8
which is

�

D(a,a3)
2 ⊗ D(Z2)

2

�

�

�

�

�

CD8

= (D(a)2 ⊕ D(a
3)

2 )⊗ 2D(id)2 = 2(D(a)2 ⊕ D(a
3)

2 ) . (219)

Furthermore the Z2 action on the fusion outcome in C is given by the tensor product of (214)
and (213)

�

0 D(a
3;id)

1

D(a;id)
1 0

�

⊗
�

0 D(id)1

D(id)1 0

�

=











0 0 0 D(a
3;id)

1

0 0 D(a
3;id)

1 0
0 D(a;id)

1 0 0
D(a;id)

1 0 0 0











, (220)

which decomposes into a direct sum of two orbits under the Zx
2 action, therefore we conclude

D(a,a3)
2 ⊗ D(Z2)

2
∼= 2D(a,a3)

2 . (221)

Analogously, the following fusion rules can also be derived

D(a,a3)
2 ⊗ D(a

2)
2
∼= D(a,a3)

2 ,

D(a,a3)
2 ⊗ D(a

2Z2)
2

∼= 2D(a,a3)
2 .

(222)

Finally we compute the fusion rules D(a,a3)
2 ⊗ D(a,a3)

2 . Again we first lift to CD8
and at the level

of objects,

�

D(a,a3)
2 ⊗ D(a,a3)

2

�

�

�

�

�

CD8

= (D(a)2 ⊕ D(a
3)

2 )⊗ (D(a)2 ⊕ D(a
3)

2 ) = 2D(id)2 ⊕ 2D(a
2)

2 . (223)

Next, we consider the Z2 action on the fusion outcome in CD8
, which is given by the tensor

product

�

0 D(a
3;id)

1

D(a;id)
1 0

�

⊗

�

0 D(a
3;id)

1

D(a;id)
1 0

�

=











0 0 0 D(a
2;id)

1

0 0 D(id)1 0
0 D(id)1 0 0

D(a
2;id)

1 0 0 0











, (224)

which correspondingly also decomposes into two orbits under Zx
2 . Therefore we read off the

fusion rule
D(a,a3)

2 ⊗ D(a,a3)
2 = D(Z2)

2 ⊕ D(a
2Z2)

2 . (225)

We see that these are the fusion rules of the 2-category (210) by comparing with the fusion
rules determined in [14] (section 3.5).
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5.7 PSO(4N)→ O/Spin(4N) and PSO(4N + 2)→ O/O′(4N + 2)

In this subsection, we consider gauging Z2 ×Z2 0-form symmetry of D8, where one of the Z2
is generated by one of the following elements

x , xa, xa2, xa3 , (226)

and the other Z2 is generated by a2. All the different choices for Z2×Z2 thus obtained are re-
lated by automorphisms, so lead to isomorphic gaugings. As in the previous subsection, if two
gaugings are only related by outer-automorphisms then the resulting theories after gauging
may be different theories with same associated 2-categories.

For concreteness, we pick one Z2 generated by ax and the other Z2 generated by a2, calling
the 2-category obtained after gauging as CD8/Z2×Z2

, which we determine to be

CD8/Z2×Z2
= 2-Vec

�

(Z(1)2 ×Z
(1)
2 )⋊Z

(0)
2

�

, (227)

which comprises of a 2-group with Z(1)2 × Z
(1)
2 1-form symmetry and Z(0)2 0-form symmetry

acting on it by exchanging the two Z(1)2 factors, and trivial Postnikov class. Here, we see again
the 2-group whose 2-representations captured CD8/Zx

2
. This is no coincidence of course, as

CD8/Zx
2

can be obtained by gauging the full 2-group symmetry of CD8/Zax
2 ×Z

a2
2

.

At the level of 3d orthogonal gauge theories, Zx
2 × Z

a2

2 gauging corresponds to the

transitions PSO(2N) → O(2N) while Zax
2 × Z

a2

2 gauging corresponds to the transitions
PSO(4N)→ Spin(4N) and PSO(4N + 2)→ O′(4N + 2) – see figures 1 and 13.

Objects. The Schur components of objects in CD8/Z2×Z2
are labelled by

g ∈ {id, x} ∼= Z2 = D8/(Z2 × Z2) , such that the Schur component labelled by g descends
from different ways of making nD(g)2 ∈CD8

symmetric under Z2 ×Z2. As we will see, the iden-
tity Schur component corresponds to the 2-category 2-Rep(Z2 × Z2). Firstly, a single copy
D(g)2 ∈ CD8

is made Z2 ×Z2 symmetric by defining a monoidal functor

VecZ2×Z2
→ Vec , (228)

which are classified by classes in H2(Z2×Z2, U(1))∼= Z2. Therefore, we get two simple objects
in CD8/Z2×Z2

from D(g)2 ∈ CD8
. We denote these as

D(g)2 , D(g−)2 , (229)

corresponding to the trivial and non-trivial element in H2(Z2×Z2, U(1)). Next, there are three
indecomposable ways in which 2D(g)2 can be made Z2 ×Z2 symmetric by providing monoidal
functors

VecZ2×Z2
→Mat2(Vec) . (230)

These descend to three simple objects in CD8/Z2×Z2
, which we denote by

D
(gZxa

2 )
2 , D

(gZa2
2 )

2 , D
(gZxa3

2 )
2 . (231)

More precisely, D
(gZϕ2 )
2 with ϕ ∈

�

xa, a2, xa3
	

, descends from 2Dg
2 ∈ CD8

with the elements
id,ϕ implemented by the diagonal matrix

�

D(g;id)
1 0
0 D(g;id)

1

�

, (232)
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while the remaining two symmetry operations in Z2 × Z2 implemented via the off-diagonal
matrix

�

0 D(g;id)
1

D(g;id)
1 0

�

. (233)

There are no new indecomposable objects that descend from 3D(g)2 ∈ CD8
since there are no

indecomposable order three orbits of Z2×Z2. We get a final simple object from 4D(g)2 ∈ CD8
on

which the elements xa, xa3, a2 ∈ Z2×Z2 act via the matrices D(g;id)
1 P(12)⊗12, D(g;id)

1 12⊗ P(12)

and D(g;id)
1 σx ⊗ P(12). We denote this simple object as D(gZ2×Z2)

2 . To summarize, there are
twelve simple objects in CD8/Z2×Z2

18

Obj(CD8/Z2×Z2
) =

§

D(g)2 , D(g−)2 , D
(gZxa

2 )
2 , D

(gZa2
2 )

2 , D
(gZxa3

2 )
2 , D(gZ2×Z2)

2

�

�

� g ∈ {id, x}
ª

. (234)

Fusion rules. The fusion rules of the identity Schur component are completely analogous to
the Z2 × Z2 case described in section 2. Meanwhile, the Schur component descending from
D(x)2 ∈ CD8

provides a Z2 grading to the fusion rules since

D(x)2 ⊗ D(x)2 = D(id)2 ∈ CD8
. (235)

More precisely, the simple objects D(g)2 and D(g−)2 are invertible objects with fusion rules

D(g)2 ⊗ D(h)2
∼= D(gh)

2 ,

D(g)2 ⊗ D(h−)2
∼= D(gh−)

2 ,

D(g−)2 ⊗ D(h−)2
∼= D(gh)

2 ,

(236)

where g, h ∈ {id, x}, x2 = id. The fusions between the 2-dimensional and 4-dimensional
objects with the invertible objects are

D(g)2 ⊗ D
(hZϕ2 )
2

∼= D
(ghZϕ2 )
2 ,

D(g−)2 ⊗ D
(hZϕ2 )
2

∼= D
(ghZϕ2 )
2 ,

D(g)2 ⊗ D(hZ2×Z2)
2

∼= D(ghZ2×Z2)
2 ,

D(g−)2 ⊗ D(hZ2×Z2)
2

∼= D(ghZ2×Z2)
2 .

(237)

The fusions between the 2-dimensional objects is

D
(gZϕ2 )
2 ⊗ D

(hZϕ
′

2 )
2

∼=

(

2D
(ghZϕ2 )
2 , if ϕ = ϕ′ ,

D(ghZ2×Z2)
2 , if ϕ ̸= ϕ′ .

(238)

The remaining fusion rules are

D
(gZϕ2 )
2 ⊗ D(hZ2×Z2)

2
∼= 2D(ghZ2×Z2)

2 ,

D(gZ2×Z2)
2 ⊗ D(hZ2×Z2)

2
∼= 4D(ghZ2×Z2)

2 .
(239)

18In what follows, we denote Did−
2 = D−2 in CD8/Z2×Z2

.
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Morphisms. Let us now consider the 1-endomorphisms of each of the objects in CD8/Z2×Z2
.

Firstly, the 1-endomorphisms for the objects D(g)2 and D(g−)2 in CD8/Z2×Z2
correspond to the

ways in which the 1-endomorphisms of D(g)2 ∈ CD8
can be made Z2 × Z2 symmetric. Recall

that the 1-category of lines on D(g)2 ∈ CD8
is Vec generated by the single line denoted by

D(g;id)
1 ∈ CD8

. Therefore, our task boils down to enumerating the ways in which Z2 ×Z2 sym-

metry can be implemented on D(g;id)
1 . Noticing that the endomorphism space of D(g;id)

1 is itself
one-dimensional, these different ways simply correspond to the one-dimensional irreducible
representations of Z2 ×Z2. Therefore we find

EndCD8/Z2×Z2
(D(g)2 ) =

¦

D(g,id)
1 , D(g,xa)

1 , D(g,a2)
1 , D(g,xa3)

1

©

∼= Rep(Z2 ×Z2) ,

EndCD8/Z2×Z2
(D(g−)2 ) =

¦

D(g−,id)
1 , D(g−,xa)

1 , D(g−,a2)
1 , D(g−,xa3)

1

©

∼= Rep(Z2 ×Z2) ,
(240)

where the line D(g,id)
1 and D(g−,id)

1 are the trivial Z2×Z2 representation lines on D(g)2 and D(g−)2

in CD8/Z2×Z2
respectively. Similarly D(g,ϕ)

1 and D(g,ϕ)
1 are the lines on D(g)2 and D(g−)2 in CD8/Z2×Z2

respectively which carry the trivial representation of ϕ ∈ Z2 ×Z2 and the sign representation
of the remaining order two elements in Z2 ×Z2.

Next, let us consider the endomorphsims of the two dimensional objects in D
(gZϕ2 )
2 ∈CD8/Z2×Z2

which descend from 2D(g)2 ∈ CD8
. The 1-endomorphisms of 2D(g)2 ∈ CD8

are Mat2(Vec) which
we need to make symmetric under Z2×Z2. Recall that the action of Z2×Z2 was chosen such
that ϕ acted diagonally, therefore we may now dress the 1-endomorphisms of 2D(g)2 ∈ CD8

with
representations of Zϕ2 . Doing so we obtain

EndCD8/Z2×Z2
(D
(gZϕ2 )
2 ) =

n

D
(gZϕ2 ;id+)
1 , D

(gZϕ2 ;id−)
1 , D

(gZϕ2 ;−+)
1 , D

(gZϕ2 ;−−)
1

o

∼= Rep(Zϕ2 )⊠VecZ2×Z2/Z
ϕ
2

.
(241)

Here D
(gZϕ2 ;ids)
1 and D

(gZϕ2 ;−s)
1 descend from the endomorphism corresponding to the diagonal

and off-diagonal 2× 2 matrices in Mat2(Vec) respectively, with each entry carrying the s ∈ ±
irreducible representation of Zϕ2 .

Let us finally decribe the 1-endomorphsisms of the object D(gZ2×Z2)
2 . Now we need to look

for Z2 ×Z2 symmetric 1-morphisms in Mat4(Vec) = EndCD8
(4D(g)2 ). Let us label the entries of

such 4× 4 matrices as (i, j); (k, l), where i, j, k, l ∈ {0, 1} and the tuples (i, j) and (k, l) label
the rows and columns respectively. Then the Z2 ×Z2 symmetry acts as

id : (i, j); (k, l) −→ (i, j); (k, l) ,

xa : (i, j); (k, l) −→ (i + 1 mod 2, j); (k+ 1 mod 2, l) ,

xa3 : (i, j); (k, l) −→ (i, j + 1 mod 2); (k, l + 1 mod 2) ,

a2 : (i, j); (k, l) −→ (i + 1 mod 2, j + 1 mod 2); (k+ 1 mod 2, l + 1 mod 2) .

(242)

We need to look for Mat4(Vec) = EndCD8
(4D(g)2 ) that commute with this action. It can be

checked that matrices satisfying this condition are also

D(g;id)
1 14 , D(g;id)

1 σx ⊗ 12 , D(g;id)
1 12 ⊗σx , D(g;id)

1 σx ⊗σx . (243)

These matrices form a permutation representation of Z2×Z2 and we label the corresponding
1-endomorphisms as

EndCD8/Z2×Z2
=
¦

D(gZ2×Z2;id)
1 , D(gZ2×Z2;xa)

1 , D(gZ2×Z2;xa3)
1 , D(gZ2×Z2;a2)

1

©

∼= VecZ2×Z2
.

(244)
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Similarly, the remaining morphisms between objects and their fusion/composition rules can
be computed.

Outer automorphism action and 2-group structure. At the level of objects and 1-
morphisms and their fusion composition rules, the symmetry category CD8/Z2×Z2

is isomorphic
to

2-Rep(Z2 ×Z2)⊠ 2-Vec(Z2) . (245)

However this would also be the case had we started from Z3
2 and gauged a normal Z2 × Z2

subgroup. The fact that we started form 2-Vec(D8) shows up in the action of the 2-Vec(Z2)
symmetry on the 2-Rep(Z2 × Z2) subcategory. Notably, CD8/Z2×Z2

has a Z2 0-form symmetry

generated by D(x)2 . This defect descends from D(x)2 ∈ CD8
which had the following action

D(x)2 : D(xa)
2 ←→ D(xa3)

2 ∈ CD8
. (246)

This action descends to an action on various objects and morphisms of CD8/Z2×Z2
. First at the

level of objects clearly

D(x)2 : D
(gZxa

2 )
2 ←→ D

(gZxa3
2 )

2 ∈ CD8/Z2×Z2
, (247)

since the action of xa and xa3 is swapped under x . Along with the object, naturally the 1-
endomorphisms are also swapped under the D(x)2 action. It can be checked that the remaining
simple objects, being symmetric under swapping xa and xa3 are consequently invariant under
the action of D(x)2 . The 1-endomorphisms of these objects however still incur a non-trivial

action of D(x)2 . For reasons similar to above, we find that D(x)2 acts on the 1-endomorphisms of

D(g)2 ∈ CD8/Z2×Z2
as

D(x)2 : D(g;xa)
1 ←→ D(g;xa3)

1 ∈ EndCD8/Z2×Z2
(D(g)2 ) . (248)

Similarly

D(x)2 : D(g−;xa)
1 ←→ D(g−;xa3)

1 ∈ EndCD8/Z2×Z2
(D(g−)2 ) . (249)

The simple object D
(gZa2

2 )
2 along with its 1-endomorphisms are invariant under the Dx

2 action.

Finally, the endomorphisms of D(gZ2×Z2)
2 ∈ CD8/Z2×Z2

transform as

D(x)2 : D(gZ2×Z2;xa)
1 ←→ D(gZ2×Z2;xa3)

1 ∈ EndCD8/Z2×Z2
(D(gZ2×Z2)

2 ) , (250)

due to the fact that under D(x)2 , the tensor decomposed blocks in (243) are swapped.

5.8 SO(2N)→ O(2N)

In this subsection we consider gauging the subgroup Zx
2 = {1, x} in the symmetry category

CD8/Za2
2

. This implements the transition from CD8/Za2
2

to

CD8/Z2×Z2
= 2-Vec((Z2

2)
(1) ⋊Z2) , (251)

and corresponds to going from the SO(2N) theory to the O(2N) theory, see figures 1 and 13.
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Objects. Upon gauging Zx
2 , the following pairs of simple objects are identified

¦

D(id)2 ∼ D(x)2 , D(a)2 ∼ D(ax)
2 , D(Z2)

2 ∼ D(xZ2)
2 , D(aZ2)

2 ∼ D(axZ2)
2

©

, (252)

so that we get two Schur components of simple objects labelled by g∈{id, a}∈D8/(Z2×Z2)∼=Z2.
There are two objects which descend from D(g)2 ∈ CD8/Za2

2
with the Zx

2 symmetry implemented

by D(g;id)
1 and D(g;a2)

1 respectively. We denote these as

D(g)2 , D(g−)2 ∈ Obj(CD8/Z2×Z2
) , (253)

which correspond to the objects (229). There is also a simple object which descends from
2D(g)2 ∈ CD8/Za2

2
with the Zx

2 symmetry implemented via the off diagonal matrix

�

0 D(g;id)
1

D(g;id)
1 0

�

∈Mat2(Vec) . (254)

We denote this object by D
(gZx

2 )
2 (and corresponds to the object denoted D

(gZa2
2 )

2 in (231)). Next

we can make D(gZ2)
2 ∈ CD8/Za2

2
symmetric under Zx

2 in two ways, i.e., by implementing Zx
2 via

D(gZ2,id)
1 or D(gZ2,−)

1 respectively. We denote these two objects by

D
(gZa2

2 )
2 , D

(gZxa2
2 )

2 ∈ CD8/Za2
2

, (255)

and correspond to D
(gZxa

2 )
2 and D

(gZxa3
2 )

2 in (231). Finally we have another object descending

from 2D(gZ2)
2 ∈ CD8/Za2

2
, which can be made Zx

2 symmetric using

�

0 D(gZ2;id)
1

D(gZ2;id)
1 0

�

∈Mat2(Vec) . (256)

We denote this object by D(gZ2×Z2)
2 . To summarize, we have recovered the set of simple objects

in O(2N),

Obj(CD8/Z2×Z2
) =

§

D(g)2 , D(g−)2 , D
(gZx

2 )
2 , D

(gZa2
2 )

2 , D
(gZxa2

2 )
2 , D(gZ2×Z2)

2

�

�

� g ∈ {id, a}
ª

.

(257)
which is consistent with (234).

Fusion rules. By noting the following fusion rules in CD8/Za2
2

D(g)2 ⊗ D(h)2
∼= D(gh)

2 ,

D(g;id)
1 ⊗ D(h;id)

1
∼= D(gh;id)

1 ,

D(g;id)
1 ⊗ D(h;a2)

1
∼= D(gh;a2)

1 ,

D(g;a2)
1 ⊗ D(h;a2)

1
∼= D(gh;id)

1 .

(258)

where g, h ∈ {id, a} and a2 = id. We can immediately read-off

D(g)2 ⊗ D(h)2
∼= D(gh)

2 ,

D(g)2 ⊗ D(h−)2
∼= D(gh−)

2 ,

D(g−)2 ⊗ D(h−)2
∼= D(gh)

2 ,

(259)
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in CD8/Z2×Z2
. Next, we compute the fusion rules between the defects with dimension 2, i.e,

D
(gZx

2 )
2 , D

(gZa2
2 )

2 , D
(gZxa2

2 )
2 and the invertible defects. Firstly, we get

D(g)2 ⊗ D
(hZx

2 )
2

∼= D
(ghZx

2 )
2 ,

D(g−)2 ⊗ D
(hZx

2 )
2

∼= D
(ghZx

2 )
2 ,

(260)

which is obtained straightforwardly by computing the tensor product of the 1-morphisms im-
plementing the Zx

2 symmetry on the corresponding objects lifted to CD8/Z2×Z2
. Next, we obtain

D(g)2 ⊗ D
(hZa2

2 )
2

∼= D
(ghZa2

2 )
2 ,

D(g−)2 ⊗ D
(hZa2

2 )
2

∼= D
(ghZa2

2 )
2 ,

D(g)2 ⊗ D
(hZxa2

2 )
2

∼= D
(ghZxa2

2 )
2 ,

D(g−)2 ⊗ D
(hZxa2

2 )
2

∼= D
(ghZxa2

2 )
2 ,

(261)

which follows from the fusion rules

D(g)2 ⊗ D(hZ2)
2

∼= D(ghZ2)
2 ,

D(g;ϕ)
1 ⊗ D(hZ2;θ )

1
∼= D(ghZ2;θ )

1 ,
(262)

with ϕ ∈
�

id, a2
	

and θ ∈ {id,−}. The fusion rules among the two dimensional defects are

D
(gZϕ2 )
2 ⊗ D

(hZϕ
′

2 )
2

∼=

(

2D
(ghZϕ2 )
2 , if ϕ = ϕ′ ,

D(ghZ2×Z2)
2 , if ϕ ̸= ϕ′ ,

(263)

where ϕ,ϕ′ ∈
�

x , a2 , xa2
	

. As usual, these fusion rules follow from the tensor product of
1-morphism implementing Zx

2 in CD8/Za2
2

. The relevant fusions are

D(gZ2;id)
1 ⊗ D(hZ2;id)

1
∼= D(ghZ2;id)

1 ⊕ D(ghZ2;id)
1 ,

D(gZ2;−)
1 ⊗ D(hZ2;−)

1
∼= D(ghZ2;−)

1 ⊕ D(ghZ2;−)
1 ,

D(gZ2;−)
1 ⊗ D(hZ2;id)

1
∼=

�

0 D(ghZ2;−)
1

D(ghZ2;−)
1 0

�

.

(264)

Similarly, the remaining fusions (239) can be computed using the same methods. At the level
of the objects and fusion rules, we have recovered the category

2-Rep(Z2 ×Z2)⊠ 2-Vec(Z2) . (265)

Outer automorphism action and 2-group structure. Additionally there is an outer auto-
morphism action of the Z2 0-form symmetry generator D(a)2 on the objects in 2-Rep(Z2 ×Z2).
Let us recover the outer automorphism action derived in section 5.2. Consider first, the line-
like function D(x ,gZ2)

1 between the D(x)2 defect and the D(gZ2)
2 defect in CD8/Za2

2
. Due to the

higher-symmetry fractionalization on the D(gZ2)
2 defect, the D(a)2 defect acts on this line as

D(a,gZ2)
1 ◦ D(x ,gZ2)

1 ◦ D(a,gZ2)
1

∼= D(gZ2,−)
1 ◦ D(x ,gZ2)

1 . (266)
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This is equivalent to the statement that D(a,gZ2)
1 is the junction line between two surfaces where

the Zx
2 action is related by composition with D(gZ2;−)

1 . As discussed above, these two surfaces

are precisely the pre-images of D
(gZa2

2 )
2 and D

(gZxa2
2 )

2 respectively in CD8/Za2
2

. This implies the

action

D(a)2 : D
(gZa2

2 )
2 ←→ D

(gZxa2
2 )

2 ∈ CD8/Z2×Z2
. (267)

Finally, let us derive the action of D(a)2 on the 1-endomorphisms of D(g)2 in CD8/Z2×Z2
. There

are four simple 1-endomorphisms

EndCD8/Z2×Z2
(D(id)2 ) =

¦

D(g;id)
1 , D(g;a2)

1 , D(g;x)
1 , D(g;xa2)

1

©

∼= Rep(Z2 ×Z2) . (268)

In particular, the lines D(g;id)
1 and D(g;x)

1 descend from the line D(g;id)
1 in CD8/Za2

2
, with the Zx

2

implemented via the even and odd 2-morphism D(g;id)
0 and −D(g;id)

0 respectively. Similarly the

lines D(g;a2)
1 and D(g;xa2)

1 descend from the line D(g;a2)
1 in CD8/Za2

2
, with the Zx

2 implemented via

the even and odd 2-morphism D(g;a2;id)
0 and −D(g;a2,id)

0 respectively.

Let us now consider the setup where the line D(g;a2)
1 in CD8/Za2

2
pierces the surface D(x)2 .

Let us denote the junction by O(g,x). As mentioned, O(g,x) = ±D(g;a2,id)
0 and depending on the

choice of sign we get D(g;a2)
1 or D(g;xa2)

1 in CD8/Z2×Z2
. Due to the symmetry fractionalization in

the SO(2N) category, the surface D(a)2 acts on O(g,x) by a change of sign. Consequently after

gauging Zx
2 , D(a)2 has the action

D(a)2 : D(g;a2)
1 ←→ D(g;xa2)

1 ∈ CD8/Z2×Z2
. (269)

This concludes our journey through the categorical D8-web.

6 Generalization to d > 3 dimensions

Generalizing the methods of this paper and the companion paper [1], one can consider study-
ing symmetry webs comprising of (d − 1)-categories associated to orthogonal gauge theories
in general d dimensions.

6.1 Maximal symmetry category associated to higher-groups

Before we describe the (d − 1)-categories associated to orthogonal gauge theories, let us dis-
cuss a few general features first. Consider a d-dimensional QFT T with a faithfully acting Γ
higher-group symmetry, comprising of various component p-form symmetry groups Γ (p). By
definition, this means that T contains topological invertible operators of codimension-(p+ 1)
labeled by elements of Γ (p) such that there does not exist a topological codimension-(p + 2)
operator sitting at the end of a topological codimension-(p + 1) operator labeled by a non-
identity element of Γ (p). The fusion of these codimension-(p+1) operators is controlled by the
group multiplication in Γ (p), and the operators of different codimensions interact with each
other via acting on each other or operators of higher-codimension arising when performing
topological moves upon operators of lower-codimension. These operators along with these
properties describe a non-C-linear (d − 1)-category

CΓd−1 , (270)
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associated to the higher-group Γ . Since we have topological local operators in T given by C,
we can extend CΓd−1 to a C-linear (d − 1)-category

(d− 1)-Vec0(Γ ) , (271)

which contains topological local operators valued in C. If additionally the Γ higher-group
symmetry carries a ‘t Hooft anomaly specified by an element ω ∈ Hd+1

�

BΓ , U(1)
�

where BΓ
denotes the classifying space for the higher-group Γ , then it can be incorporated as associators
or coherence relations on top of the (d − 1)-category (d − 1)-Vec0(Γ ), giving rise to a new
(d − 1)-category that we label as

(d− 1)-Vec0,ω(Γ ) . (272)

Now, we can perform various operations on topological operators in (d−1)-Vec0(Γ ) to produce
new topological operators that are not contained in (d − 1)-Vec0(Γ ). The first operation is
to include all possible condensation defects of various codimensions that can be constructed
using operators in (d − 1)-Vec0(Γ ). This operation at the level of (d − 1)-category is known
as Karoubi completion. After including condensation defects, that is after Karoubi completing
(d− 1)-Vec0(Γ ), we obtain a larger (d − 1)-category

(d− 1)-Vec(Γ ) , (273)

which can be mathematically understood as the (d − 1)-category formed by (d − 1)-vector
spaces graded by higher-group Γ . In other words, the presence of faithfully acting higher-
group Γ symmetry in T means that T contains all the topological operators contained in the
fusion19 (d − 1)-category (d − 1)-Vec(Γ ). Incorporating an ’t Hooft anomaly ω, we instead
obtain the (d − 1)-category

(d− 1)-Vecω(Γ ) . (274)

We can actually enlarge (d−1)-Vec(Γ ) even further by stacking (d−p−1)-dimensional TQFTs
on the (d − p− 1)-dimensional topological defects generating Γ before performing condensa-
tions. After including TQFTs in this fashion, we obtain a (d − 1)-category

Td−1(Γ ) , (275)

which can be understood as Γ -graded version of (d − 1)-category Td−1 of (d − 1)-dimensional
TQFTs. We label its anomalous version as

T ωd−1(Γ ) . (276)

In total, the presence of faithfully acting higher-group Γ symmetry in T means that T contains
all the topological operators contained in the (d − 1)-category Td−1(Γ ), which we refer to as
the maximal symmetry (d − 1)-category associated to the higher group Γ .

6.2 Maximal symmetry categories for orthogonal gauge theories

Begin with pure Spin(2N) gauge theory in d spacetime dimensions. This theory contains a split
2-group symmetry Γ (1) ⋊ Γ (0) comprising of a Γ (1) = Z2

2 or Γ (1) = Z4 center 1-form symmetry
acted upon by Γ (0) = Z2 outer-automorphism 0-form symmetry. From our discussion in the
previous subsection, we learn that pure Spin(2N) gauge theory in d spacetime dimensions
carries a symmetry (d − 1)-category

CSpin(2N) = Td−1

�

Γ (1) ⋊Z(0)2

�

, (277)

19Note that Karoubi completion is an essential condition in the definition of fusion higher-categories [49]. Thus
(d− 1)-Vec0(Γ ) is not a fusion (d − 1)-category, but (d− 1)-Vec(Γ ) is a fusion (d − 1)-category.
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D0 Dd−3
DB

d−2

DC
2 DA

d−1

=
−D0Dd−3

DB
d−2

DA
d−1 DC

2

Figure 17: Symmetry Fractionalization in general dimensions: the string diagram for
the anomaly (cocycle) A1 ∪ B2 ∪ Cd−2 ⊂ ω2N . Denoting the p-dimensional topologi-
cal defects associated to the symmetries with background field Bd−p as DB

p , the figure
shows the string diagram that encodes the non-trivial mixed anomaly. The intersec-
tion of Dd−2 with Dd−1 corresponds to a codimension 1 operator in Dd−2, and gives
rise to a 0-form symmetry generator on that defect. The statement of the anomaly
is, that the local operator D0 that sits at the intersection of Dd−2 and D2 is charged
under this 0-form symmetry.

arising from the presence of Γ (1) ⋊Z(0)2 2-group symmetry.

Gauging the full Γ (1)⋊Z(0)2 2-group symmetry takes us to the pure d-dimensional PO(2N)
gauge theory. From the arguments of the companion paper [1], we can describe the associated
symmetry (d − 1)-category by

CPO(2N) = (d− 1)-RepTd−1

�

Γ (1) ⋊Z(0)2

�

, (278)

which is the (d−1)-category formed by (d−1)-representations of the 2-group Γ (1)⋊Z(0)2 valued
in the target (d − 1)-category Td−1 of (d − 1)-dimensional TQFTs.

Gauging only the Γ (1) 1-form symmetry of pure Spin(2N) gauge theory takes us to the pure
d-dimensional PSO(2N) gauge theory, which has to carry now a dual (d −2)-group symmetry
Γ (d−3) ⋊ Z(0)2 comprising of a (d − 3)-form symmetry group Γ (d−3) =dΓ (1) acted upon by the

residual Z(0)2 0-form symmetry. From our discussion in the previous subsection, we learn that
the associated symmetry (d − 1)-category is

CPSO(2N) = Td−1

�

Γ (d−3) ⋊Z(0)2

�

. (279)

Gauging the full Γ (d−3) ⋊ Z(0)2 (d − 2)-group symmetry takes us to the pure d-dimensional
Pin+(2N) gauge theory. Thus the associated symmetry (d − 1)-category is

CPin+(2N) = (d− 1)-RepTd−1

�

Γ (d−3) ⋊Z(0)2

�

, (280)

which is the (d−1)-category formed by (d−1)-representations of the (d−2)-group Γ (d−3)⋊Z(0)2
valued in the target (d − 1)-category Td−1 of (d − 1)-dimensional TQFTs.

Gauging the Z2 subgroup of Γ (1) 1-form symmetry not acted upon by Z(0)2 0-form symmetry
of pure Spin(2N) gauge theory takes us to the pure d-dimensional SO(2N) gauge theory, which
has to carry now a dual (d−2)-group symmetry Z(d−3)

2 ×Z(1)2 ×Z
(0)
2 decomposing into a direct

product of Z(d−3)
2 (d − 3)-form symmetry group, Z(1)2 1-form symmetry group and Z(0)2 0-form

symmetry group. Additionally these higher-form symmetries carry a mixed ‘t Hooft anomaly
which differs for the SO(4N) and the SO(4N + 2) theories. For SO(4N), the anomaly is

A∗ω4N = A1 ∪ B2 ∪ Cd−2 , (281)
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DB
d−2

DC
2 DC

2

fuse the two DC
2

DB
d−2

−D0

Figure 18: Symmetry Fractionalization in general dimensions: the string diagram
for the anomaly (cocyle) B2 ∪ Bock(Cd−2). Fusing the two surfaces DC

2 along DB
d−2

produces a local operator −D0 on DB
d−2 .

where A1 is the background gauge field for Z(0)2 , B2 is the background gauge field for Z(1)2 and

Cd−2 is the background gauge field for Z(d−3)
2 , while for SO(4N + 2), the anomaly is

A∗ω4N+2 = A1 ∪ B2 ∪ Cd−2 + Bock(B2)∪ Cd−2 . (282)

The first term in these anomalies corresponds to the string diagrams shown in figure 17. For
the other term appearing in (282), the string diagram is given by figure (18).

Thus, from our discussion in the previous subsection, we learn that the associated symme-
try (d − 1)-category is

CSO(2N) = T ω2N
d−1

�

Z(d−3)
2 ×Z(1)2 ×Z

(0)
2

�

. (283)

The ‘t Hooft anomaly discussed above can be derived by expressing the 2-group symmetry of
the Spin(2N) gauge theory in terms of background gauge fields for Γ (1) and Z(0)2 . For Spin(4N),
these backgrounds satisfy

δC2 = A1 ∪ B2 , (284)

while for Spin(4N + 2), these backgrounds satisfy

δC2 = A1 ∪ B2 + Bock(B2) , (285)

where A1 is the background gauge field for Z(0)2 0-form symmetry, C2 is the background gauge

field for the Z2 subgroup of Γ (1) 1-form symmetry not acted upon by Z(0)2 and B2 is the back-
ground gauge field for the remaining Γ (1)/Z2 1-form symmetry. As explained in [50], upon
gauging the Z2 1-form symmetry associated to C2, we obtain the expressions for the ’t Hooft
anomalies described above.

Gauging the Z(0)2 0-form symmetry of pure SO(2N) gauge theory takes us to the pure
d-dimensional O(2N) gauge theory, which has to carry now a dual (d − 1)-group symmetry
Z(d−2)

2 ×Z(d−3)
2 ×Z(1)2 decomposing into a direct product of Z(d−2)

2 (d−2)-form symmetry group,

Z(d−3)
2 (d − 3)-form symmetry group and Z(1)2 1-form symmetry group. There is a non-trivial

Postnikov class such that the background fields satisfy

δAd−1 = B2 ∪ Cd−2 , (286)

where Ad−1 is the background gauge field for Z(d−2)
2 , B2 is the background gauge field for Z(1)2

and Cd−2 is the background gauge field for Z(d−3)
2 . This comes from dualizing the first term on

the right hand side in the anomalies (281) and (282). The second term on the right hand side
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in the anomaly (282) descends to an additional mixed ’t Hooft anomaly between the 1-form
and (d − 3)-form symmetries of the O(4N + 2) gauge theory given by

ω= Bock(B2)∪ Cd−2 , (287)

which is in Hd+1(BΓ , U(1)). Thus, the associated symmetry (d − 1)-category for O(4N) is

CO(4N) = Td−1

�

Z(d−2)
2 ×Z(d−3)

2 ×Z(1)2 ;Θ = B2 ∪ Cd−2

�

, (288)

where the expression in the bracket denotes the (d − 1)-group with the Postnikov class Θ. On
the other hand, the associated symmetry (d − 1)-category for O(4N + 2) is

CO(4N+2) = T Bock(B2)∪Cd−2
d−1

�

Z(d−2)
2 ×Z(d−3)

2 ×Z(1)2 ;Θ = B2 ∪ Cd−2

�

, (289)

where the superscript denotes an additional anomaly on the (d − 1)-group.
Finally, note that the (d − 1)-group symmetry of the O(4N) gauge theory can be gauged

but the gauging of the (d−1)-group symmetry of the O(4N +2) gauge theory is obstructed by
the ‘t Hooft anomaly ω described above. After performing this gauging operation on O(4N),
we obtain the Ss(4N) gauge theory, whose associated symmetry (d − 1)-category can then be
expressed as

CSs(4N) = (d− 1)-RepTd−1

�

Z(d−2)
2 ×Z(d−3)

2 ×Z(1)2 ;Θ = B2 ∪ Cd−2

�

. (290)

Figure 19 and 20 illustrate the webs for d-dimensional so(4N) and so(4N+2) theories respec-
tively.

7 Conclusions and Outlook

In this paper we developed the gauging of 0-form symmetries in the presence of categorical
symmetries, which act on QFTs in 3d.

The overarching mathematical structure that captures all aspects of such symmetry cate-
gories are fusion 2-categories. In terms of the unified perspective on non-invertible symmetries
detailed in the companion paper [1], the present paper analyses (twisted) theta defects in fu-
sion 2-categories, which incorporate stacking of G-symmetric TQFTs prior to gauging. Initial
aspects of this proposal were developed in [14], which was then fully generalized in [1].

Concretely, in this paper we developed the 0-form symmetry gauging, starting with sub-
groups of finite groups G, and then subsequent partial gaugings. Along the way we encoun-
tered a multitude of interesting effects, which we fleshed out in the context of concrete gaug-
ings. The starting point are categories 2-Vec(G), which is the symmetry category (or sub-
category) of a theory with G 0-form symmetry. The multitude of symmetry categories that can
be obtained by gauging a subset of the 0-form symmetry span the categorical symmetry web.
We provided a detailed analysis for the groups G = Z4,Z2×Z2, S3, D8, which all correspond to
symmetries of 3d gauge theories. The richest class of examples are those of so(2N) theories,
that form a D8-categorical symmetry web.

In the process of spinning the categorical webs, we observe multitudes of interesting new
effects. First and foremost the symmetry fractionalization, which is closely tied to the presence
of ’t Hooft anomalies in the gauge theory description, but which we formulate in terms of the
topological defects that comprise the symmetry category. Gauging in the presence of non-
invertible defects turns out to be rather subtle, as is duly demonstrated in the symmetry webs
detailed in this paper, most notably the D8-web.
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Spin(4N)
Td−1

�

Γ (1) ⋊Z(0)2

�

Ss(4N)
(d− 1)-RepTd−1

�

Z(d−2)
2 ×Z(d−3)

2 ×Z(1)2 ;Θ = B2 ∪ Cd−2

�

PSO(4N)
Td−1

�

Γ (d−3) ⋊Z(0)2

�

SO(4N)
T ω4N

d−1

�

Z(d−3)
2 ×Z(1)2 ×Z

(0)
2

�

Pin+(4N)
(d− 1)-RepTd−1

�

Γ (d−3) ⋊Z(0)2

�

O(4N)
Td−1

�

Z(d−2)
2 ×Z(d−3)

2 ×Z(1)2 ;Θ = B2 ∪ Cd−2

�

PO(4N)
(d− 1)-RepTd−1

�

Γ (1) ⋊Z(0)2

�

Figure 19: Categorical symmetry web in d dimensions for so(4N). The arrows indi-
cate the gauging of simple subgroups of the invertible part of the category.

This paper develops only one aspect of the general classification program in [1]. Con-
cretely, even in the realm of gauging 0-form symmetries, an important question remains,
namely the development of a good computational tool to gauge, when there are no surfaces
left invariant by a non-trivial subgroup of the 0-form group that is being gauged. An example
of such a gauging in the presence of non-invertibles is shown in figure 1 in the gauging from

Ss(4N) to Spin(4N), with the surface being D(a,a3)
2 of CD8/Zx

2
. There are numerous generaliza-

tions to be explored following the proposal in [1], including the study of twisted theta defects
in higher-form and higher-group gaugings, and higher-dimensional extensions, as initiated in
section 6.
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Spin(4N + 2)
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Figure 20: Categorical symmetry web in d dimensions for so(4N + 2). The arrows
indicate the gauging of simple subgroups of the invertible part of the category.

A Bimodules and 2-representations

A.1 Gauging a normal subgroup H ⊆ G

In this section we review gauging a normal subgroup H ◁ G following the discussion in [15].
We assume H to be a finite Abelian group. The fact that H is normal in G means that there is
a short exact sequence

1→ H → G→ K ≡ G/H → 1 . (A.1)

The extension is characterized by the group cohomology class

ε ∈ H2(K , H) . (A.2)

As a set, we can write G as pairs (h, k) with h ∈ H and k ∈ K with the product given by

(h, k)× (h′, k′) = (hh′ε(k, k′), kk′) , (A.3)

where we assume there is no action of K on H by conjugation in G.
The gauging of H corresponds to choosing the algebra-object

AH =
⊕

h∈H

D(h)2 . (A.4)

What we want to determine first are the topological surfaces of the theory T/H, i.e. objects in
the symmetry category CT/H . We can define a topological surface in T/H as a general surface
in T

D2 =
⊕

g∈G
ng D(g)2 , (A.5)
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satisfying consistency conditions that guarantee it remains topological in the presence of the
networks of algebra objects. This means the algebra object should be able to end on D2 from
the left, from the right, and that the left and right actions commute.

Concretely, instructions on how AH can end on D2 from the left are implemented via a
1-morphism

l ∈ Hom (AH ⊗ D2, D2) . (A.6)

Similarly, instructions of how to end the algebra from the right are given by

r ∈ Hom (D2 ⊗ AH , D2) . (A.7)

To work out the bimodules explicitly, it is more convenient to work with the components of
the above 1-morphisms

lh,g : D(h)2 ⊗ ng D(g)2 → nhg D(hg)
2 ,

rg,h : ng D(g)2 ⊗ D(h)2 → nghD(gh)
2 ,

(A.8)

involving a specific D(h)2 inside AH and ng D(g)2 inside D2 in (A.5). The 1-morphisms must satisfy
compatibility conditions which, as we are in a 2-category, are not equality but hold up to 2-
isomorphisms. The first one involves the unit axiom of AH and tells us that there must be
2-isomorphisms

ul
g : D

(ng D(g)2 ;id)
1 ⇒ lid,g ,

ur
g : D

(ng D(g)2 ;id)
1 ⇒ rg,id ,

(A.9)

where D
(ng D(g)2 ;id)
1 denotes the identity 1-morphism on ng D(g)2 . Concretely, this means that

ending D(id)2 on ng D(g)2 should be equivalent to doing nothing. The second condition involves
the product axiom of AH and tells us that there must be 2-isomorphisms

φ l
g;h,h′ : lhh′,g ⇒ lh,h′g ⊗ lh′,g ,

φ r
g;h,h′ : rg,hh′ ⇒ rgh,h′ ⊗ rg,h .

(A.10)

These 2-isomorphisms implement the equivalence of ending D(h)2 and then D(h
′)

2 on ng D(g)2 or

ending D(hh′)
2 directly (see figure 21). These conditions turn D2 into a left AH -module and a

right AH -module separately.
If we finally impose that we can also commute the left and right AH actions, this turns D2

into a (AH , AH)-bimodule. This means that we should have a 2-isomorphism (see figure 22)

φ l r
g;hh′ : lh,gh′ ⊗ rg,h′ ⇒ rhg,h′ ⊗ lh,g . (A.11)

The 2-isomorphisms themselves have to satisfy consistency conditions. The first one is related
to the unit axiom and states

φ l
g;h,id = D

(lh,g ;id)
0 ⊗ ul

g , φ l
g;id,h = ul

hg ⊗ D
(lh,g ;id)
0 , (A.12)

where D
(lh,g ;id)
0 denotes the identity local operator on the 1-morphism lh,g . One can write down

similar conditions for the corresponding right 2-isomorphisms. There is also an associativity
condition that states that

φ l
g;h1h2,h3

◦ (φ l
h3 g;h1,h2

⊗ D
(lh3,g ;id)
0 ) = φ l

g;h1,h2h3
◦ (D

(lh1,h2h3 g ;id)
0 ⊗φ l

g;h2,h3
) . (A.13)

One can write down a similar associativity condition for the corresponding right 2-
isomorphisms.
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D(hh′)
2

D(h)2 D(h
′)

2

ng D(g)2

⇒
φ r

g;h,h′

D(h)2 D(h
′)

2

ng D(g)2

Figure 21: Right-module consistency condition: the 2-isomorphism φ r
g;h,h′ imple-

ments the equivalence of ending Dh
2 and Dh′

2 or Dhh′
2 on ng D(g)2 . An analogous picture

can be drawn for φ l
g;h,h′ .

D(h)2

D(h
′)

2

ng D(g)2

⇒
φ l r

g;hh′

D(h)2

D(h
′)

2

ng D(g)2

Figure 22: Compatibility condition between the left and right actions on ng D(g)2 ,
whose commutativity is up to the 2-isomorphism φ l r

g;hh′ .
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Let us now show how to solve the above conditions. First of all, considering (A.10) for
hh′ = id gives us a 2-isomorphism

lid,g ⇒ lh−1,hg ⊗ lh,g , (A.14)

which we can compose with ul
g to obtain a 2-isomorphism

lh−1,hg ⊗ lh,g ⇒ D
(ng D(g)2 ;id)
1 . (A.15)

This implies that lh,g is weakly invertible (i.e. up to 2-isomorphisms), with (lh,g)−1 := lh−1,hg .
Similarly, from (A.10) we also obtain that rg,h is weakly invertible with (rg,h)−1 := rgh,h−1 . At
this point it is convenient to write an element g ∈ G as a pair (h, k) and consider again (A.10)
in the special case g = (id, k). In the following we will use an abuse of notation for which
(id, k)≡ k. This gives a 2-isomorphism from

lhh′,k⇒ lh,h′k ⊗ lh′,k , (A.16)

which implies that the general component lh,g can be completely determined in terms of lh,k
via

lh,h′k⇒ lhh′,k ⊗ (lh′,k)−1 . (A.17)

We can do an analogous discussion for the right 1-morphisms, that can be completely deter-
mined in terms of rk,h. To summarize, we can restrict to 1-morphism components

lh,k : D(h,id)
2 ⊗ nkD(id,k)

2 → n(h,k)D
(h,k)
2 ,

rk,h : nkD(id,k)
2 ⊗ D(h,id)

2 → n(h,k)D
(h,k)
2 .

(A.18)

In particular, this allows us to identify

n(h,k)D
(h,k)
2
∼= nkD(k)2 , ∀ h ∈ H , (A.19)

with n(h,k) ≡ n(id,k) := nk ∀h ∈ H. We can now form the combination

ρh,k := (rk,h)
−1 ◦ lh,k : nkD(k)2 → nkD(k)2 , (A.20)

which concretely represents a topological junction line created by the D(h)2 surface going

through nkD(k)2 , see figure 23.
We can now rewrite the conditions (A.9) and (A.10) in terms of the combination 1-

morphism ρh,k

uk : D
(nk D(k)2 ;id)
1 ⇒ ρid,k ,

φh,h′;k : ρhh′,k⇒ ρh,k ◦ρh′,k .
(A.21)

In terms of ρh,k, we can reformulate the conditions (A.12) and (A.13) as

φh,id;k = D
(ρh,k;id)
0 ⊗ uk ,

φid,h;k = uk ⊗ D
(ρh,k;id)
0 ,

(A.22)

and
φh1h2,h3;k ◦ (φh1,h2;k ⊗ D

(ρh3,k;id)
0 ) = φh1,h2h3;k ◦ (D

(ρh1,k;id)
0 ⊗φh2,h3;k) , (A.23)

respectively.
To summarize, we find that surfaces in T/H are labelled by the following data
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D(h)2

nkD(k)2

ρh,k

Figure 23: The 1-morphism ρh,k represents the line singled out by the D(h)2 surface

crossing nkD(k)2 .

• An object nkD(k)2 specified by an integer nk for every k ∈ K;

• a 1-morphisms ρh,k ∈ Hom(D(h)2 ⊗ nkD(k)2 , nkD(k)2 ⊗ D(h)2 );

• 2-isomorphisms uk and φh,h′;k.

As discussed in [15,51] the 2-isomorphisms are completely determined by a 2-cocycle c in

c ∈ H2(H, U(1)nk) . (A.24)

This is the data defining a symmetry category which at the level of objects is

2-Vec(K)⊠ 2-Rep(H) . (A.25)

In particular, we can label simple objects by

• an element k ∈ K;

• a subgroup J ⊆ H;

• a 2-cocycle c ∈ H2(J , U(1)).

We denote the corresponding topological surfaces by

D(kH/J ,c)
2 ∈ CT/H . (A.26)

1-morphisms. Now let us consider how to determine 1-morphisms. Similarly to what we
discussed for objects, 1-morphisms in CT/H are given by 1-morphisms in CT that are compatible
with the presence of networks of AH .

For simplicity, let focus on determining 1-endomorphisms of the identity simple object
D(id)2 . These descend from the simple 1-endomorphism of D(id)2 in CT, which is simply D(id)1 .

In order for D(id)1 to remain topological in the presence of AH , we need to impose consistency

conditions which can be expressed in terms of the local operators sitting at the junction of D(id)1
and the 1-morphism ρh we defined in (A.20) (here we are suppressing the index k since we
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φh

ρh

D(id)1 D(id)2

Figure 24: 1-morphisms in CT/H must be compatible with the presence of the algebra

object. In this picture one should think of a D(h)2 surface going through the page along
ρh.

are looking at k = id). We recall that this is the junction line which is singled out by a surface
D(h)2 inside AH crossing D(id)2 . Let us denote this local operator by

φh ∈ Hom(ρh ⊗ D(id)1 , D(id)1 ⊗ρh) , (A.27)

as shown in figure 24.
Now consider two surfaces, D(h1)

2 and D(h1)
2 , crossing D(id)2 . This will single out two local

operators φh1
and φh2

sitting at the junction of D(id)1 with ρh1
and ρh2

respectively. From the
fusion of surfaces, which follows the H multiplication,

D(h1)
2 ⊗ D(h2)

2 = D(h1h2)
2 , (A.28)

we learn that the junction operators must satisfy

φh1h2
= φh1

◦φh2
. (A.29)

In summary, we have learned that a 1-endomorphism of D(id)2 is given by D(id)1 with a choice of

phase φh satisfying (A.29). Then we have recovered that 1-endomorphisms of D(id)2 form the

fusion category Rep(H). Let us denote them by D(χ)1 , with χ ∈ ÒH.

This can be easily generalized to 1-morphisms between D(id)2 and the SPT defect D(id,c)
2 ,

with c ∈ H2(H, U(1)) in CT/H . In this instance, (A.29) is relaxed to

φh1h2
= c(h1, h2)φh1

◦φh2
, (A.30)

due to an anomaly inflow mechanism (see [15]). This implies that these morphisms form the
fusion category Repc(H) of projective representations of H.

Non-trivial extension. This is not the end of the story if the subgroup H we are gaug-
ing comes from a non-trivial extension (A.1). In particular, consider a determined 1-
endomorphism D(χ)1 of D(id)2 , which we defined as D(id)1 in CT with a choice of phase φh coming
from its intersection with ρh. Now consider two surfaces not inside the algebra object AH , say
D(k1)

2 and D(k2)
2 , with k1, k2 ∈ K , crossing D(χ)1 . Their fusion in CT is given by

D(k1)
2 ⊗ D(k2)

2 = D(ε(k1,k2),k1k2)
2 . (A.31)

In particular then fusing D(k1)
2 and D(k2)

2 produces an object D(h̃)2 with h̃ := ε(k1, k2) ∈ H inside

the algebra AH . If we perform this fusion of surfaces in 2-Vec(K) along D(χ)1 , we then obtain

a possibly non-trivial (depending on the φh entering the definition of D(χ)1 ) local operator φh̃
living on the line (see figure 25). This phenomenon represents a fractionalization of the K
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φh
ρh

D(id)1D(k1)
2

D(k1)
2

D(id)2

=⇒
D(k1)

2 ⊗ D(k2)
2

φh
φh̃

ρh

D(id)1D(k1k2)
2

D(h̃)2

D(id)2

Figure 25: The 0-form symmetry K fractionalizes on the line generating the 1-form
symmetry ÒH dual to H. This manifests itself in a presence of a phase φh̃ upon fusing
two surfaces in 2VecK along the line.

0-form symmetry on the 1-endomorphisms of D(id)2 , namely the lines generating the 1-form
symmetry dual to H.

Let us elucidate the above discussion in the concrete example of gauging ZV
2 in Z4 that

we discussed in the main text (see 2.4). The first step is determining the 1-endomorphisms of
D(id)2 in CT/ZV

2
. For this we need to consider local operators φV at the junction of D(id)1 and ρV .

These have to satisfy (φV )2 = 1. The non-trivial 1-endomorphism of D(id)2 , which we denote

by D(V )1 in CT/ZV
2
, is such that φV = −1. Due to the non-trivial extension

1→ ZV
2 → Z4→ ZS

2→ 1 , (A.32)

however, we also have to worry about configurations where we fuse two D(S)2 surfaces crossing

D(V )1 . In particular, since D(S)2 ⊗D(S)2 = D(V )2 , if we use our definition of D(V )1 as D(id)1 in CT with
the choiceφV = −1, we learn that this process produces a non-trivial−1 phase. This represents
the fractionalization of ZS

2 on D(V )1 that we discussed in the main text.

A.2 Gauging the remaining G/H subgroup

We now consider gauging the remaining 0-form symmetry K = G/H in T/H := T′. First of all,
recall that a generic object in the symmetry category of T/H can be written as

D2 =
⊕

(k,H/J)

m(k,H/J)D
(k,H/J)
2 , (A.33)

where k ∈ K is associated to a simple object in 2-Vec(K) while H/J specifies a simple object
in 2-Rep(H) (here we are suppressing the additional c data for simplicity).

The gauging of K in CT/H is implemented via the algebra object

AK =
⊕

k∈K

D(k)2 . (A.34)

A topological surface in T′/K is then defined as usual as generic surface (A.33) compatible
with the presence of the algebra objects. We first define left and right 1-morphisms specifiying
how the algebra object can end on D2 from left and right respectively. These are given in terms
of components

lk,(p,H/J) : D(k)2 ⊗m(p,H/J)D
(p,H/J)
2 → m(kp,H/J)D

(kp,H/J)
2 ,

r(p,H/J),k : m(p,H/J)D
(p,H/J)
2 ⊗ D(k)2 → m(pk,H/J)D

(pk,H/J)
2 .

(A.35)

This left and right 1-morphisms must satisfy conditions analogous to the ones described in the
previous subsection. In particular, we have 2-isomorphisms implementing the left and right

68

https://scipost.org
https://scipost.org/SciPostPhys.15.4.160


SciPost Phys. 15, 160 (2023)

product conditions
lkk′,(p,H/J)⇒ lk,(k′p,H/J) ⊗ lk′,(p,H/J) ,

r(p,H/J),kk′ ⇒ r(pk,H/J),k′ ⊗ r(p,H/J),k ,
(A.36)

as well as the commutativity condition

lk,(pk′,H/J) ⊗ r(p,H/J),k′ ⇒ r(kp,H/J),k′ ⊗ lk,(p,H/J) . (A.37)

Again from (A.36) it follows that l and r are weakly invertible. Moreover, considering (A.36)
for the special pairs (id, H/J) := H/J , corresponding to purely 2-representrations of H, we
obtain that we can determine the most generic components in terms of 1-morphism

lk,H/J : D(k)2 ⊗m(id,H/J)D
(id,H/J)
2 → m(k,H/J)D

(k,H/J)
2 ,

rH/J ,k : m(id,H/J)D
(id,H/J)
2 ⊗ D(k)2 → m(k,H/J)D

(k,H/J)
2 .

(A.38)

This provides an identification

m(k,H/J)D
(k,H/J)
2 = m(id,H/J)D

(id,H/J)
2 := mH/J D(H/J)2 , ∀ k ∈ K . (A.39)

We can now define as before the combination

ρk,H/J = (rH/J ,k)
−1 ⊗ lk,H/J ∈ Hom(D(k)2 ⊗mH/J D(H/J)2 , mH/J D(H/J)2 ⊗ D(k)2 ) , (A.40)

in terms of which the condition (A.37) now tells us that there should be a 2-isomorphism

φk,k′;H/J : ρkk′,H/J ⇒ ρk,H/J ◦ρk′,H/J . (A.41)

Similarly, the 2-isomorphism conditions can be rewritten in terms of ρk,H/J . In particular, the
associativity condition reads

φk1k2,k3;H/J ◦ (φk1,k2;H/J ⊗ D
(ρk3;H/J ;id)
0 ) = φk1,k2k3;H/J ◦ (D

(ρk1,H/J ;id)
0 ⊗φk2,k3;H/J ) . (A.42)

Notice that differently to the previous subsection, here in general we will have more topo-
logical surfaces descending from a single mH/J DH/J

2 . This is due to the fact that we have
multiple choices for the 1-morphism ρk,H/J , coming from the fact that the symmetry category
CT/H has non-trivial lines descending from the gauging of H. An important comment is that
if there is a symmetry fractionalization in CT/H coming from a non-trivial group extension,

this could render some topological surface mH/J D(H/J)2 with a particular choice of ρk,H/J in-
consistent. This could happen because the bimodule condition fails already at the level of
1-morphism, meaning that there is no 2-isomorphism such that (A.41) is satisfied, or more
subtly at the level of 2-isomorphisms, meaning that (A.42) fails. We have seen examples of

this phenomenon discussing the gauging of ZS
2 in CT/ZV

2
in section 3, where in particular D

(ZV
2 )

2
does not give rise to an object in CT/Z4

because the condition (A.41) is not satisfied.

B Gauging full G: Symmetry category 2-Rep(G)

In this appendix we apply the methods of this paper and of [14], for G = Z2×Z2 and G = Z4,
to compute the 2-category CG/G by performing a direct gauging of the full G 0-form symmetry
inside CG . The answer for general G is

CG/G = 2-Rep(G) , (B.1)

and we describe the structure of the 2-category 2-Rep(G) for G = Z2×Z2 and G = Z4 in great
detail. The purpose of this appendix is to provide a consistency check for the computation of
CG/G performed using sequential gauging of Z2 inside CG/Z2

in the main text.
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B.1 G = Z2 ×Z2

The starting point is CZ2×Z2
= 2-Vec(Z2 ×Z2).

Objects. The objects (upto isomorphism) of CZ2
2/Z

2
2

all descend from multiples of D(id)2 ∈CZ2×Z2
,

because any simple object of CZ2×Z2
is related to D(id)2 ∈ CZ2×Z2

by multiplication action of
Z2 ×Z2.

The object D(id)2 ∈ CZ2×Z2
can be made Z2×Z2 symmetric by providing a monoidal functor

Vec(Z2 ×Z2)→ Vec . (B.2)

Such functors are classified by elements of

H2(Z2 ×Z2, U(1))∼= Z2 , (B.3)

leading to two objects
D(id)2 , D(−)2 , (B.4)

in CZ2
2/Z

2
2
. The object D(id)2 ∈ CZ2

2/Z
2
2

is obtained by making D(id)2 ∈ CZ2×Z2
symmetric under

Z2 × Z2 in a trivial way: Each element of Z2
2 is implemented by the identity line D(id)1 on

D(id)2 and the junction operators between Z2
2 lines are identity local operators D(id)0 between

identity lines. On the other hand, the object D(−)2 ∈ CZ2
2/Z

2
2

is obtained by making D(id)2 ∈ CZ2×Z2

symmetric under Z2 ×Z2 in a non-trivial way: Each element of Z2
2 is still implemented by the

identity line D(id)1 on D(id)2 but the junction operators between Z2
2 lines are now ±D(id)0 , where

the sign depends on which elements of Z2
2 are being considered. In the language of [14], D(−)2

is obtained by stacking a 2d Z2 × Z2 SPT phase on top of D(id)2 ∈ CZ2×Z2
and then gauging

Z2 ×Z2.
The object 2D(id)2 ∈ CZ2×Z2

can be made Z2 × Z2 symmetric in three different irreducible
ways, leading to objects

D
(ZS

2)
2 , D

(ZC
2 )

2 , D
(ZV

2 )
2 , (B.5)

in CZ2
2/Z

2
2
. For D

(Zx
2 )

2 with x ∈ {S, C , V}, the Zx
2 symmetry is implemented by diagonal matrix

with both entries D(id)1 , and the other two Z2 symmetries are implemented by an off-diagonal

matrix with both entries D(id)1 . In the language of [14], we have that Zx
2 is spontaneously

preserved/unbroken while the other two Z2 are spontaneously broken.
The object 4D(id)2 ∈ CZ2×Z2

can be made Z2 ×Z2 symmetric in an irreducible way, leading
to object

D(Z2×Z2)
2 , (B.6)

in CZ2
2/Z

2
2
. Let us label the four copies of D(id)2 ∈ CZ2×Z2

inside 4D(id)2 ∈ CZ2×Z2
as D(id)(i)2 with

i ∈ {1, S, C , V}. Then the line implementing Z j
2 for j ∈ {1, S, C , V} sends D(id)(i)2 to D(id)(i j)

2 and

carries D(id)1 in these entries.
In total, the set of simple objects (upto isomorphism) of CZ2

2/Z
2
2

is

Cob
Z2

2/Z
2
2
=
n

D(id)2 , D(−)2 , D
(ZS

2)
2 , D

(ZC
2 )

2 , D
(ZV

2 )
2 , D(Z2×Z2)

2

o

. (B.7)

The surface D(id)2 ∈ CZ2
2/Z

2
2

is the identity object. The fusions of objects in {D(id)2 , D(−)2 } follow
the group multiplication in (B.3) leading to

D(−)2 ⊗ D(−)2
∼= D(id)2 . (B.8)
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We must have
D(−)2 ⊗ D

(Zx
2 )

2
∼= D

(Zx
2 )

2 ,

D(−)2 ⊗ D(Z2×Z2)
2

∼= D(Z2×Z2)
2 ,

(B.9)

for all x ∈ {S, C , V}, since tensoring with D(−)2 does not change the quantum dimension (in

other words the dimension of 2-representation), as the quantum dimension of D(−)2 is 1, and
the tensoring procedure also does not modify which Z2 symmetries are spontaneously broken
or preserved. We obtain

D
(Zx

2 )
2 ⊗ D

(Zx
2 )

2
∼= 2D

(Zx
2 )

2 , (B.10)

for all x ∈ {S, C , V} by following arguments similar to those leading to (26). On the other
hand, we have

D
(Zx

2 )
2 ⊗ D

(Zy
2 )

2
∼= D(Z2×Z2)

2 , (B.11)

for all x ̸= y ∈ {S, C , V}. It is easy to see that every Z2 in Z2 × Z2 is spontaneously broken
after taking the above tensor product. Finally, we must have

D(Z2×Z2)
2 ⊗ D(Z2×Z2)

2
∼= 4D(Z2×Z2)

2 , (B.12)

as the dimension of the tensor product 2-representation is 16, with no spontaneous preserva-
tion of any Z2 for any of the 16 underlying vacua.

1-morphisms. The 1-endomorphisms of D(id)2 ∈ CZ2
2/Z

2
2

form the fusion categoryRep(Z2×Z2)

under composition. The set of simple 1-endomorphisms (upto isomorphism) of D(id)2 ∈ CZ2
2/Z

2
2

is

CD(id)2

Z2
2/Z

2
2
=
¦

D(id)1 , D(S)1 , D(C)1 , D(V )1

©

, (B.13)

where D(id)1 ∈ CZ2
2/Z

2
2

corresponds to trivial representation of Z2 × Z2 and D(x)1 ∈ CZ2
2/Z

2
2

for
x ∈ {S, C , V} corresponds to irreducible representation of Z2 ×Z2 in which Zx

2 acts by a non-
trivial sign, while the other two Z2 act trivially.

The 1-morphisms from D(id)2 ∈ CZ2
2/Z

2
2

to D(−)2 ∈ CZ2
2/Z

2
2

arise from 1-endomorphisms of

D(id)2 ∈ CZ2×Z2
, which are given by vector spaces. Such a vector space is made Z2×Z2 symmet-

ric by converting it into a projective representation R for Z2×Z2 lying in the non-trivial class in
(B.3). This is because D(−)2 ∈ CZ2

2/Z
2
2

and D(id)2 ∈ CZ2
2/Z

2
2

differ by the non-trivial 2d Z2×Z2 SPT
phase and so an interface between them should carry an anomaly for the Z2 × Z2 symmetry,
which translates to the fact that the vector space underlying the interface must form a pro-
jective representation of Z2 ×Z2. There is a single such irreducible projective representation
whose underlying vector space has dimension 2, and thus the set of simple 1-morphisms (upto
isomorphism) from D(id)2 ∈ CZ2

2/Z
2
2

to D(−)2 ∈ CZ2
2/Z

2
2

CD(id)2 ,D(−)2

Z2
2/Z

2
2
=
¦

D(id,−)
1

©

, (B.14)

comprises of a single element D(id,−)
1 whose quantum dimension is 2. Similarly, the set of

simple 1-morphisms (upto isomorphism) from D(−)2 ∈ CZ2
2/Z

2
2

to D(id)2 ∈ CZ2
2/Z

2
2

CD(−)2 ,D(id)2

Z2
2/Z

2
2
=
¦

D(−,id)
1

©

, (B.15)

comprises of a single element D(−,id)
1 corresponding again to the non-trivial irreducible projec-

tive representation of Z2 ×Z2.
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On the other hand, the 1-endomorphisms of D(−)2 ∈ CZ2
2/Z

2
2

correspond to non-projective

usual representations of Z2 ×Z2 because, just as in going from D(id)2 to D(id)2 , there is no non-

trivial SPT phase involved in going from D(−)2 to D(−)2 . Thus, we have the set of simple 1-

endomorphisms (upto isomorphism) of D(−)2 ∈ CZ2
2/Z

2
2

as

CD(−)2

Z2
2/Z

2
2
=
¦

D(−;id)
1 , D(−;S)

1 , D(−;C)
1 , D(−;V )

1

©

, (B.16)

where the labeling follows the same rules as for elements of the set CD(id)2

Z2
2/Z

2
2
.

The composition of the 1-morphisms in CD(id)2 ,D(−)2

Z2
2/Z

2
2

or CD(−)2 ,D(id)2

Z2
2/Z

2
2

with the 1-morphisms in

CD(id)2

Z2
2/Z

2
2

or CD(−)2

Z2
2/Z

2
2

is given by tensoring the projective representation with irreducible represen-

tations of Z2 × Z2. Since the irreducible representations have dimension 1, the dimension
of the projective representation remains unchanged under the tensor product operation, and
hence we must have

D(x)1 ◦ D(id,−)
1

∼= D(id,−)
1 ◦ D(−;x)

1
∼= D(id,−)

1 ,

D(−,id)
1 ◦ D(x)1

∼= D(−;x)
1 ◦ D(−,id)

1
∼= D(−,id)

1 ,
(B.17)

for all x ∈ {id, S, C , V}.
Consider now D(id,−)

1 ◦ D(−,id)
1 , which involves taking the tensor product of the irreducible

projective representation with itself. The tensor product representation is a usual representa-
tion of dimension four, and hence decomposes into four irreducible representations. We want
to determine what these irreducible representations are. A projective representation of Z2×Z2
is specified by matrices MS , MC and MV corresponding to elements S, C and V in Z2×Z2 which
satisfy

M2
S = M2

C = −M2
V = 1 , MS MC = −MC MS = MV , (B.18)

For the irreducible projective representation R, we can take

MS = σx , MC = σy , MV = iσz , (B.19)

where σi are the well-known 2×2 Pauli matrices. Let us label the basis vectors of C2 on which
the above Pauli matrices act as v0 and v1. Then, vi ⊗ v j form a basis for R⊗ R on which the
action of ZS

2 is
v0 ⊗ v0↔ v1 ⊗ v1 , v0 ⊗ v1↔ v1 ⊗ v0 , (B.20)

and the action of ZC
2 is

v0 ⊗ v0↔−v1 ⊗ v1 , v0 ⊗ v1↔ v1 ⊗ v0 . (B.21)

Thus vectors
v+,− := v0 ⊗ v0 + v1 ⊗ v1 ,

v−,+ := v0 ⊗ v0 − v1 ⊗ v1 ,

v+,+ := v0 ⊗ v1 + v1 ⊗ v0 ,

v−,− := v0 ⊗ v1 − v1 ⊗ v0 ,

(B.22)

individually span irreducible representations ofZ2×Z2 with vector vi, j spanning the irreducible
representation in which ZS

2 acts with sign i and ZC
2 acts with sign j. Thus, we obtain that

D(id,−)
1 ◦ D(−,id)

1
∼= D(id)1 ⊕ D(S)1 ⊕ D(C)1 ⊕ D(V )1 . (B.23)
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By the same argument we also obtain that

D(−,id)
1 ◦ D(id,−)

1
∼= D(−;id)

1 ⊕ D(−;S)
1 ⊕ D(−;C)

1 ⊕ D(−;V )
1 . (B.24)

The morphisms for D
(Zx

2 )
2 ∈ CZ2

2/Z
2
2

to D(id)2 ∈ CZ2
2/Z

2
2

are given by 2 × 1 matrices valued in
Rep(Zx

2) with both entries of the matrix being the same object of Rep(Zx
2). Thus, the set of

simple 1-morphisms (upto isomorphism) from D
(Zx

2 )
2 ∈ CZ2

2/Z
2
2

to D(id)2 ∈ CZ2
2/Z

2
2

is

CD
(Zx

2 )
2 ,D(id)2

Z2
2/Z

2
2

=
¦

D
(Zx

2 ,id;+)
1 , D

(Zx
2 ,id;−)

1

©

, (B.25)

where D
(Zx

2 ,id;s)
1 is the 1-morphism descending from choosing the irreducible representation

of Zx
2 given by the sign s. Similarly, the set of simple 1-morphisms (upto isomorphism) from

D(id)2 ∈ CZ2
2/Z

2
2

to D
(Zx

2 )
2 ∈ CZ2

2/Z
2
2

is

CD(id)2 ,D
(Zx

2 )
2

Z2
2/Z

2
2

=
¦

D
(id,Zx

2 ;+)
1 , D

(id,Zx
2 ;−)

1

©

, (B.26)

as such 1-morphisms are furnished by 1× 2 matrices valued in Rep(Zx
2) with both entries of

the matrix being the same object of Rep(Zx
2).

Similarly, the set of simple 1-morphisms (upto isomorphism) from D
(Zx

2 )
2 ∈ CZ2

2/Z
2
2

to

D(−)2 ∈ CZ2
2/Z

2
2

is

CD
(Zx

2 )
2 ,D(−)2

Z2
2/Z

2
2

=
¦

D
(Zx

2 ,−;+)
1 , D

(Zx
2 ,−;−)

1

©

, (B.27)

and the set of simple 1-morphisms (upto isomorphism) from D(−)2 ∈ CZ2
2/Z

2
2

to D
(Zx

2 )
2 ∈ CZ2

2/Z
2
2

is

CD(−)2 ,D
(Zx

2 )
2

Z2
2/Z

2
2

=
¦

D
(−,Zx

2 ;+)
1 , D

(−,Zx
2 ;−)

1

©

. (B.28)

The set of simple 1-endomorphisms (upto isomorphism) of D
(Zx

2 )
2 ∈ CZ2

2/Z
2
2

is

CD
(Zx

2 )
2

Z2
2/Z

2
2
=
¦

D
(Zx

2 ;id+)
1 , D

(Zx
2 ;id−)

1 , D
(Zx

2 ;−+)
1 , D

(Zx
2 ;−−)

1

©

, (B.29)

where D
(Zx

2 ;ids)
1 arises from the diagonal 2×2 matrix with both entries having irrep of Zx

2 given

by sign s, and D
(Zx

2 ;−s)
1 arises from the off-diagonal 2× 2 matrix with both entries having irrep

of Zx
2 given by sign s.

The set of simple 1-morphisms (upto isomorphism) from D
(Zx

2 )
2 ∈ CZ2

2/Z
2
2

to D
(Zy

2 )
2 ∈ CZ2

2/Z
2
2

for x ̸= y is

CD
(Zx

2 )
2 ,D

(Zy
2 )

2

Z2
2/Z

2
2

=
n

D
(Zx

2 ,Zy
2 )

1

o

, (B.30)

where D
(Zx

2 ,Zy
2 )

1 corresponds to a 2× 2 matrix with all entries of the matrix being C.

Additionally, there is one simple 1-morphism (upto isomorphism) from D(Z2×Z2)
2 to D(x)2 for

x ∈ {id,−}, one simple 1-morphism (upto isomorphism) from D(x)2 to D(Z2×Z2)
2 for x ∈ {id,−},

two simple 1-morphisms (upto isomorphism) from D(Z2×Z2)
2 to D

(Zx
2 )

2 , two simple 1-morphisms

(upto isomorphism) from D
(Zx

2 )
2 to D(Z2×Z2)

2 , and four simple 1-endomorphisms (upto isomor-

phism) of D(Z2×Z2)
2 .
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Condensation defects. As described in detail in [14], all the non-trivial simple objects of
CZ2

2/Z
2
2

have to be condensation defects. Following their analysis, we find that the surface
defects corresponding to these simple objects can be produced as follows:

• D
(Zx

2 )
2 ∈ CZ2

2/Z
2
2

is obtained by gauging theZx
2 1-form symmetry generated by D(x)1 ∈ CZ2

2/Z
2
2

along a surface in spacetime (occupied by identity defect D(id)2 ).

• D(Z2×Z2)
2 ∈ CZ2

2/Z
2
2

is obtained by gauging the fullZ2×Z2 1-form symmetry along a surface

in spacetime (occupied by identity defect D(id)2 ).

• D(−)2 ∈ CZ2
2/Z

2
2

is obtained by gauging the full Z2×Z2 1-form symmetry along with a theta
angle specified by the non-trivial 2d Z2 × Z2 SPT phase along a surface in spacetime
(occupied by identity defect D(id)2 ).

B.2 G = Z4

We consider here the gauging of Z4 starting from a theory with symmetry category
CZ4
= 2-Vec(Z4) whose objects are given in (15). We will show that

CZ4/Z4
= 2-Rep(Z4) . (B.31)

Objects. The objects in CZ4/Z4
descend from multiples of the identity object i.e., nD(id)2 ∈ CZ4

for some some integer n. As described in section 2, for a given n, this boils down to prescribing
a monoidal functor

Vec(Z4)→Matn(Vec) . (B.32)

For n = 1, there is a unique such monoidal functor upto isomorphism. This physically corre-
sponds to making a 2d TQFT with a single vacua Z4 invariant which can be done in a unique
way since there are no 2d Z4 SPTs (since H2(Z4, U(1)) is trivial). We will denote this object in
CZ4/Z4

as D(id)2 . Next, let us consider the case n= 2, therefore we need to prescribe a monoidal
functor from Vec(Z4) to Mat2(Vec). There is one indecomposable way to do this, such that
S, C ∈ Z4 map to the 2×2 matrix with non-zero entries D(id)1 on off-diagonals, while id, V ∈ Z4

map to the diagonal 2×2 matrix with D(id)1 on the diagonal. Physically this object corresponds
to a TQFT with the Z4 symmetry spontaneously broken down to its Z2 subgroup, such that
each vacua is invariant under V , while the two vacua are exchanged by the action of D(S)2 and

D(C)2 . We denote this object as D
(ZV

2 )
2 ∈ CZ4/Z4

. Moving on, we do not get any new simple
objects for n = 3 since there are no 3-dimensional orbits of Z4. For n = 4, we get a single
(upto isomorphism) indecomposable object, for which the action of S can be represented as











0 D(id)1 0 0
0 0 D(id)1 0
0 0 0 D(id)1

D(id)1 0 0 0











. (B.33)

Physically, this corresponds to a Z4 symmetric TQFT in which the Z4 symmetry is sponta-
neously broken. Therefore it has four vacua that are permuted cyclically by the Z4 generator.

We denote this object as D
(ZS

4)
2 ∈ CZ4/Z4

. There are no additional indecomposable objects. To
summarize the set of indecomposable objects is

n

D(id)2 , D
(ZV

2 )
2 , D

(ZS
4)

2

o

. (B.34)
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Fusion of objects. The object D(id)2 is the identity under fusion. The fusion product for

D
(ZV

2 )
2 ⊗ D

(ZV
2 )

2 can be obtained by recalling that D
(ZV

2 )
2 lifts to 2D(id)2 in CZ4

. Hence the ob-
jects in the fusion product can be labelled by elements in the tuple (i, j) where i, j ∈ {0,1}.
These transform under S ∈ Z4 as

(i, j) −→ (i + 1 mod 2, j + 1 mod 2) , (B.35)

which splits into the two indecomposable Z4 orbits labelled by orbit representatives [(0,0)]

and [(1,0)]. Each orbit descends to a copy of D
(ZV

2 )
2 ∈ CZ4/Z4

implying the fusion rule

D
(ZV

2 )
2 ⊗ D

(ZV
2 )

2 = 2D
(ZV

2 )
2 . (B.36)

Similarly, to compute D
(ZV

2 )
2 ⊗D

(ZS
4)

2 , we recall that D
(ZS

4)
2 descends from 4D(id)2 in CZ4

, therefore
in the pre-gauged category, we may denote objects in the fusion outcome by the tuples (i, j)
where i ∈ {0,1} and j ∈ {0,1, 2,3}. Under the action of S ∈ Z4,

(i, j) −→ (i + 1 mod 2, j + 1 mod 4) , (B.37)

therefore we again obtain two orbits [(0,0)] and [(1,0)] implying the fusion rule

D
(ZV

2 )
2 ⊗ D

(ZS
4)

2 = 2D
(ZS

4)
2 ,

D
(ZS

4)
2 ⊗ D

(ZV
2 )

2 = 2D
(ZS

4)
2 .

(B.38)

Similarly, the fusion rule D
(ZS

4)
2 ⊗ D

(ZS
4)

2 follows exactly the same way, giving

D
(ZS

4)
2 ⊗ D

(ZS
4)

2 = 4D
(ZS

4)
2 . (B.39)

Morphisms. First we focus on the 1-endomorphisms of each of the three objects. The
distinct 1-endomorphisms of D(id)2 in CZ4/Z4

are related to the distint ways in which the 1-

endomorphisms of D(id)2 ∈ CZ4
can be madeZ4-symmetric. The 1-category of 1-endomorphisms

of D(id)2 ∈ CZ4
is Vec generated by the identity line Did

1 . Since the permutation action of Z4 on
this line is trivial, the ways in which it can be made Z4 symmetric corresponds to assigning a
representation of Z4. Thus we realize that

EndCZ4/Z4
=
¦

D(α)1

©

∼= Rep(Z4) . (B.40)

The 1-endomorphisms of D
(ZV

2 )
2 ∈ CZ4/Z4

descend from Z4 symmetric 1-endomorphisms of

2D(id)2 in CZ4
. The set of 1-endomorphsims of 2D(id)2 is Mat2(Vec). The two rows and two

columns of these 2×2 matrices are exchanged under the action of S ∈ Z4. Notably the Z2 sub-
group generated by V acts trivially, therefore, the 1-endomorphisms can carry representations
of ZV

2 . Therefore we obtain the following 1-endomorphisms

EndCZ4/Z4
(D
(ZV

2
2 ) =

n

D
(ZV

2 ;id)
1 , D

(ZV
2 ;−)

1 , D
(ZV

2 ;V )
1 , D

(ZV
2 ;V−)

1

o

∼= Vec(Z2)⊠Rep(ZV
2 ) . (B.41)

The labels ‘id’ and ‘V’ correspond to the diagonal 2× 2 matrices with a trivial and non-trivial
representations of ZV

2 . Meanwhile the labels ‘−’ and ‘V−’ correspond to the off-diagonal 2× 2
matrices with a trivial and non-trivial representations of ZV

2 respectively.

The 1-endomorphisms of D
(ZS

4)
2 ∈ CZ4/Z4

descend from Z4 symmetric 1-endomorphisms of

4D(id)2 in CZ4
. The set of 1-endomorphsims of 4D(id)2 is Mat4(Vec). The four rows and four
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columns of these 4 × 4 matrices are cyclically permuted the action of S ∈ Z4, therefore we
obtain the following set of simple 1-morphisms

EndCZ4/Z4
(D
(ZS

4)
2 ) =

n

D
(ZS

4;id)
1 , D

(ZS
4;S)

1 , D
(ZS

4;V )
1 , D

(ZS
4;C)

1

o

. (B.42)

The labels id, S, V, C correspond to the matrices

D
(ZS

4;id)
1

�

�

�

CZ4
= D(id)1 P(1)(2)(3)(4) , D

(ZS
4;S)

1

�

�

�

CZ4
= D(id)1 P(1234) ,

D
(ZS

4;V )
1

�

�

�

CZ4
= D(id)1 P(13)(24) , D

(ZS
4;C)

1

�

�

�

CZ4
= D(id)1 P(1432) .

(B.43)

Here we indicated the morphisms again in terms of permutation matrices Pπ. The morphisms

from D
(ZV

2 )
2 to D(id)2 in CZ4/Z4

correspond to the ways 1-morphisms from 2D(id)2 to D(id)2 in CZ4

can be made Z4 symmetric. These are elements in Mat2×1(Vec). Since, the rows of the 2× 1
matrices are exchanged under S ∈ Z4, while the matrices are invariant under ZV

2 ⊂ Z4, there
are two indecomposable 1-morphisms

CD
(ZV

2 )
2 ,D(id)2
Z4/Z4

=
n

D
(ZV

2 ,id);(id)
1 , D

(ZV
2 ,id);(V )

1

o

, (B.44)

which correspond to the 2×1 matrices with both entries D(id)1 with the superscripts ‘id’ and ‘V ’
denote trivial and non-trivial ZV

2 representations respectively. Similarly, the indecomposable

1-morphisms from D(id)2 to D
(ZV

2 )
2 ∈ CZ4/Z4

are

CD(id)2 ,D
(ZV

2 )
2

Z4/Z4
=
n

D
(id,ZV

2 );(id)
1 , D

(id,ZV
2 );(V )

1

o

, (B.45)

where both the 1-morphism lines correspond to the 1× 2 matrices with both entries D(id)1 in
CZ4

.

The morphisms from D
(ZS

4)
2 ∈ CZ4/Z4

to D(id)2 ∈ CZ4/Z4
correspond to the ways 1-morphsims

from 4D(id)2 to D(id)2 ∈ CZ4
can be made Z4 symmetric. These correspond to 4 × 1 matrices

valued in Vec with the Z4 action cyclically permuting the four rows. There is consequently a
single indecomposable 1-morphism denoted by

CD
(ZS4)
2 ,D(id)2
Z4/Z4

=
n

D
(ZS

4 ,id)
1

o

. (B.46)

which corresponds to the 4 × 1 matrix with all entries D(id)1 in CZ4
. Similarly there is also a

single indecomposable morphism from D(id)2 to D
(ZS

4)
2 in CZ4/Z4

CD(id)2 ,D
(ZS4)
2

Z4/Z4
=
n

D
(id,ZS

4)
1

o

, (B.47)

which descends from the 1× 4 matrix with all entries D(id)1 in CZ4
.

Finally, for similar reasons, there is also a unique indecomposable 1-morphism each from

D
(ZS

4)
2 to D

(ZV
2 )

2 and vice versa. These correspond to 4 × 2 and 2 × 4 matrices with all entries

D(id)1 in the pre-gauged category. As we have seen, there are morphisms between every pair
of indecomposable objects in 2-Rep(Z4), implying that there is a single Schur component of
objects. This is in fact a general feature for 2-Rep(G) for any finite group G.
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Composition of morphisms. As in the previous examples, the composition of morphisms is
given by combining Z4 actions. This is obtained by taking the matrix product of the morphisms
lifted to CZ4

, as well as, the tensor product of representations of subgroups of Z4, wherever

applicable. The composition of 1-endomorphisms of D(id)2 correspond to taking a matrix prod-
uct of 1× 1 matrices, which is trivial. Additionally, one needs to take a tensor product of Z4
representations which gives

Dα1 ◦ Dβ1 = Dα·β1 , (B.48)

where α,β ∈ Rep(Z4). SinceRep(Z4)∼= Z4, we label α,β ∈ {0, 1,2, 3}with α·β≡α+β mod 4.

The composition of the 1-endomorphisms of D
(ZV

2 )
2 are given by taking a matrix product of

the 2× 2 endomorphism matrices of 2D(id)2 ∈ CZ4
, and subsequently taking a tensor product

of representations of ZV
2 . Doing so, one finds the following (commutative) composition rules

that have a Z2 ×Z2 structure

D
(ZV

2 ,V )
1 ◦ D

(ZV
2 ,V )

1 = D
(ZV

2 ,id)
1 ,

D
(ZV

2 ,V )
1 ◦ D

(ZV
2 ,V−)

1 = D
(ZV

2 ,−)
1 ,

D
(ZV

2 ,V )
1 ◦ D

(ZV
2 ,−)

1 = D
(ZV

2 ,V−)
1 ,

D
(ZV

2 ,V−)
1 ◦ D

(ZV
2 ,V−)

1 = D
(ZV

2 ,id)
1 ,

D
(ZV

2 ,V−)
1 ◦ D

(ZV
2 ,−)

1 = D
(ZV

2 ,V )
1 ,

D
(ZV

2 ,−)
1 ◦ D

(ZV
2 ,−)

1 = D
(ZV

2 ,id)
1 .

(B.49)

The composition rules between the 1-endomorphisms of D
(ZS

4)
2 in (B.42) can be conveniently

obtained by using the matrix product of 1-endomorphsims of 4D(id)2 ∈ CZ4
given in (B.43).

Since these 4× 4 matrices are a permutation representation of Z4, the resulting composition
rules have a Z4 group structure and the 1-category of 1-endomorphisms can be identified as

Vec(Z4). More precisely, D
(ZS

4;id)
1 is the identity line in Vec(Z4), D

(ZS
4;S)

1 and D
(ZS

4;C)
1 are the

order 4 lines and D
(ZS

4;V )
1 is the order 2 line.

Next, consider D
(id,ZV

2 );(id)
1 ◦D

(ZV
2 ,id);(id)

1 which lifts to a matrix product of a 1×2 with a 2×1

matrix in CZ4
. Both entries of both the matrices are D(id)1 and the columns and rows (respec-

tively) of the matrices are swapped under the action of S ∈ Z4. The resulting 1× 1 matrix is
D(id)1 ⊕ D(id)1 , for which the two D(id)1 components are swapped under S. Since the action of

V ∈ Z4 leaves the two D(id)1 components fixed, we may further decompose the outcome after
composing the morphisms into a direct sum of representations 0⊕2 ∈ Rep(Z4). Therefore we
read off the composition rule

D
(id,ZV

2 );(id)
1 ◦ D

(ZV
2 ,id);(id)

1 = D0
1 ⊕ D2

1 . (B.50)

Using analogous arguments and identifying the representation V ∼ 2 ∈ Rep(Z4), we obtain
the following rules

D
(id,ZV

2 );(V )
1 ◦ D

(ZV
2 ,id);(id)

1 =D0
1 ⊕ D2

1 ,

D
(id,ZV

2 );(V )
1 ◦ D

(ZV
2 ,id);(V )

1 =D0
1 ⊕ D2

1 ,

D
(id,ZV

2 );(id)
1 ◦ D

(ZV
2 ,id);(V )

1 =D0
1 ⊕ D2

1 .

(B.51)
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The composition rules for D
(ZV

2 ,id);(id)
1 ◦ D

(id,ZV
2 );(id)

1 can be similarly obtained by lifting to CZ4

and taking a matrix product in the reverse order, i.e., of 2× 1 with a 1× 2 matrix

n

D
(ZV

2 ,id);(id)
1 ◦ D

(id,ZV
2 );(id)

1

o

�

�

�

�

CZ4

=

�

D(id)1

D(id)1

�

◦
�

D(id)1 D(id)1

�

=

�

D(id)1 0
0 D(id)1

�

⊕
�

0 D(id)1

D(id)1 0

�

= D
(ZV

2 ;id)
1 ⊕ D

(ZV
2 ;−)

1 .

(B.52)

Similarly, one finds the following composition rules for 1-morphisms that carry non-trivial ZV
2

representations

D
(ZV

2 ,id);(id)
1 ◦ D

(id,ZV
2 );(V )

1 = D
(ZV

2 ;V )
1 ⊕ D

(ZV
2 ;V−)

1 ,

D
(ZV

2 ,id);(V )
1 ◦ D

(id,ZV
2 );(id)

1 = D
(ZV

2 ;V )
1 ⊕ D

(ZV
2 ;V−)

1 ,

D
(ZV

2 ,id);(V )
1 ◦ D

(id,ZV
2 );(V )

1 = D
(ZV

2 ;V )
1 ⊕ D

(ZV
2 ;V−)

1 .

(B.53)

Next we compute the composition of the 1-morphisms between D
(ZV

2 )
2 and D

(ZS
4)

2 . These have
the form

n

D
(ZV

2 ,ZS
4)

1 ◦ D
(ZS

4 ,ZV
2 )

1

o

�

�

�

�

CZ4

=

�

D(id)1 D(id)1 D(id)1 D(id)1

D(id)1 D(id)1 D(id)1 D(id)1

�

·











D(id)1 D(id)1

D(id)1 D(id)1

D(id)1 D(id)1

D(id)1 D(id)1











=

�

4D(id)1 0
0 4D(id)1

�

⊕
�

0 4D(id)1

4D(id)1 0

�

=
n

2D
(ZV

2 ,id)
1 ⊕ 2D

(ZV
2 ,V )

1 ⊕ 2D
(ZV

2 ,−)
1 ⊕ 2D

(ZV
2 ,V−)

1

o

�

�

�

�

CZ4

.

(B.54)

Therefore we read-off the fusion rule

D
(ZV

2 ,ZS
4)

1 ◦ D
(ZS

4 ,ZV
2 )

1 = 2D
(ZV

2 ,id)
1 ⊕ 2D

(ZV
2 ,V )

1 ⊕ 2D
(ZV

2 ,−)
1 ⊕ 2D

(ZV
2 ,V−)

1 . (B.55)

Similarly, we get

n

D
(ZV

2 ,ZV
2 )

1 ◦ D
(ZS

4 ,ZS
4)

1

o

�

�

�

�

CZ4

=











D(id)1 D(id)1

D(id)1 D(id)1

D(id)1 D(id)1

D(id)1 D(id)1











·
�

D(id)1 D(id)1 D(id)1 D(id)1

D(id)1 D(id)1 D(id)1 D(id)1

�

=
n

2D
(ZS

4 ,id)
1 ⊕ 2D

(ZS
4 ,S)

1 ⊕ 2D
(ZS

4 ,V )
1 ⊕ 2D

(ZS
4 ,C)

1

o

�

�

�

�

CZ4

.

(B.56)

Therefore we read off the composition rule

D
(ZV

2 ,ZV
2 )

1 ◦ D
(ZS

4 ,ZS
4)

1 = 2D
(ZS

4 ,id)
1 ⊕ 2D

(ZS
4 ,S)

1 ⊕ 2D
(ZS

4 ,V )
1 ⊕ 2D

(ZS
4 ,C)

1 . (B.57)
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C 1-morphisms in categorical symmetry webs

In this section, we apply the methods of this paper to compute 1-morphisms in partial and
sequential gaugings for the G = Z2 ×Z2 and G = Z4 examples.

C.1 1-morphisms in the G = Z2 ×Z2 web

In what follows, we denote by D
(ZV

2 )
2 the object of CZ2×Z2/Z2

that was denoted by D(Z2)
2 in the

main text. Similarly, we denote by D
(SZV

2 )
2 the object of CZ2×Z2/Z2

that was denoted by D(SZ2)
2

in the main text.

C.1.1 1-morphisms for C
Z2×Z2

→ C
Z2×Z2/Z2

Let us begin by determining 1-endomorphisms of D(id)2 ∈ CZ2
2/Z

V
2
. These descend from different

ways of making the 1-endomorphisms of D(id)2 ∈ CZ2
2

symmetric under ZV
2 . As already discussed

above, the 1-endomorphism category of D(id)2 ∈ CZ2
2

is Vec, generated by identity line D(id)1 of

Z2
2. That is, a 1-endomorphism of D(id)2 ∈ CZ2

2
is a vector space W and a way of making it ZV

2

symmetric is provided by a representation R of ZV
2 whose underlying vector space is W . Thus,

1-endomorphisms of D(id)2 ∈ CZ2
2/Z

V
2

are given by representations of ZV
2 and form the category

Rep(ZV
2 ). This category has two simple objects, both of which correspond to 1-dimensional

representations, which means that both of them descend from D(id)1 ∈ CZ2
2

without non-trivial

multiplicity. Indeed, different ways of making D(id)1 ∈ CZ2
2

symmetric under ZV
2 correspond to

homomorphisms
Vec(ZV

2 )→ Vec= End(D(id)1 ) , (C.1)

where the right hand side describes the 2-endomorphisms or topological local operators living
on D(id)1 ∈ CZ2

2
which are generated by the identity local operator D(id)0 of Z2

2. These homomor-

phisms precisely correspond to irreducible representations of ZV
2 .

Thus the set of simple 1-endomorphisms (upto isomorphism) of D(id)2 ∈ CZ2
2/Z

V
2

is

EndCZ22/ZV
2

(D(id)2 ) =
¦

D(id)1 , D(V )1

©

, (C.2)

where D(id)1 ∈ CZ2
2/Z

V
2

corresponds to trivial representation of ZV
2 and D(−)1 ∈ CZ2

2/Z
V
2

corresponds

to non-trivial irreducible representation of ZV
2 .

The 1-endomorphisms of D
(ZV

2 )
2 ∈ CZ2

2/Z
V
2

descend from ZV
2 symmetric 1-endomorphisms of

2D(id)2 ∈ CZ2
2
. As discussed above, the 1-endomorphisms of 2D(id)2 ∈ CZ2

2
form fusion 1-category

Mat2(Vec). The group ZV
2 acts on Mat2(Vec) by simultaneously exchanging the two rows

and two columns of these 2 × 2 matrices. Thus, the set of simple 1-endomorphisms (upto

isomorphism) of D
(ZV

2 )
2 ∈ CZ2

2/Z
V
2

is

CD
(ZV

2 )
2

Z2
2/Z

V
2
=
n

D
(ZV

2 ;id)
1 , D

(ZV
2 ;−)

1

o

, (C.3)

where D
(ZV

2 ;id)
1 corresponds to the diagonal matrix with both entries D(id)1 and D

(ZV
2 ;−)

1 corre-

sponds to the off-diagonal matrix with both entries D(id)1 .
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The set of simple 1-endomorphisms (upto isomorphism) of D(S)2 ∈ CZ2
2/Z

V
2

is determined

analogously to the case of D(id)2 ∈ CZ2
2/Z

V
2
, and again corresponds to Rep(ZV

2 ). We denote the
simple 1-endomorphisms as

CD(S)2

Z2
2/Z

V
2
=
¦

D(S;id)
1 , D(S;V )

1

©

. (C.4)

Finally, the set of simple 1-endomorphisms (upto isomorphism) of D
(SZV

2 )
2 ∈ CZ2

2/Z
V
2

is

CD
(SZV

2 )
2

Z2
2/Z

V
2
=
n

D
(SZV

2 ;id)
1 , D

(SZV
2 ;−)

1

o

, (C.5)

and the computation is completely analogous to the case of D
(ZV

2 )
2 ∈ CZ2

2/Z
V
2
.

The 1-morphisms from D
(ZV

2 )
2 ∈ CZ2

2/Z
V
2

to D(id)2 ∈ CZ2
2/Z

V
2

descend from 1-morphisms from

2D(id)2 ∈ CZ2
2

to D(id)2 ∈ CZ2
2

which form the category Mat2×1(Vec) of 2× 1 matrices valued in

vector spaces. The ZV
2 action exchanges the two rows and thus the set of simple 1-morphisms

(upto isomorphism) from D
(ZV

2 )
2 ∈ CZ2

2/Z
V
2

to D(id)2 ∈ CZ2
2/Z

V
2

CD
(ZV

2 )
2 ,D(id)2

Z2
2/Z

V
2

=
n

D
(ZV

2 ,id)
1

o

, (C.6)

comprises of a single element D
(ZV

2 ,id)
1 which corresponds to the 2×1 matrix with both entries

D(id)1 . Similarly, the set of simple 1-morphisms (upto isomorphism) from D(id)2 ∈ CZ2
2/Z

V
2

to

D
(ZV

2 )
2 ∈ CZ2

2/Z
V
2

CD(id)2 ,D
(ZV

2 )
2

Z2
2/Z

V
2

=
n

D
(id,ZV

2 )
1

o

, (C.7)

comprises of a single element D
(id,ZV

2 )
1 which corresponds to a 1×2 matrix in Mat1×2(Vec)with

both entries D(id)1 , as the ZV
2 action exchanges the two columns.

In exactly the same way as above, we have that the set of simple 1-morphisms (upto iso-

morphism) from D
(SZV

2 )
2 ∈ CZ2

2/Z
V
2

to D(S)2 ∈ CZ2
2/Z

V
2

CD
(SZV

2 )
2 ,D(S)2

Z2
2/Z

V
2

=
n

D
(SZV

2 ,S)
1

o

, (C.8)

comprises of a single element D
(SZV

2 ,S)
1 corresponding to the 2 × 1 matrix in Mat2×1(Vec)

with both entries D(id)1 , and that the set of simple 1-morphisms (upto isomorphism) from

D(S)2 ∈ CZ2
2/Z

V
2

to D
(SZV

2 )
2 ∈ CZ2

2/Z
V
2

CD(S)2 ,D
(SZV

2 )
2

Z2
2/Z

V
2

=
n

D
(S,SZV

2 )
1

o

, (C.9)

comprises of a single element D
(S,SZV

2 )
1 corresponding to the 1×2 matrix in Mat1×2(Vec) with

both entries D(id)1 .
Finally there are no 1-morphisms between the remaining pairs of objects in CZ2

2/Z
V
2

as there

are no 1-morphisms between mD(id)2 ∈ CZ2
2

and nD(S)2 ∈ CZ2
2
.

80

https://scipost.org
https://scipost.org/SciPostPhys.15.4.160


SciPost Phys. 15, 160 (2023)

Composition of 1-morphisms. 1-morphisms are composed by combining the ZV
2 actions.

Let us consider the composition of 1-endomorphisms of D(id)2 ∈ CZ2
2/Z

V
2
. These endomorphisms

are labeled by ZV
2 representations, and the composition corresponds to taking tensor product

of ZV
2 representations. At the level of simple objects, we learn that D(id)1 is identity under

composition and
D(V )1 ◦ D(V )1

∼= D(id)1 , (C.10)

that is D(V )1 squares to D(id)1 . Similarly, the 1-endomorphisms of D(S)2 ∈ CZ2
2/Z

V
2

are composed

by tensoring ZV
2 representations, and the simple 1-endomorphisms form fusion 1-category

Rep(ZV
2 ) under composition with D(S;id)

1 being identity and

D(S;V )
1 ◦ D(S;V )

1
∼= D(S;id)

1 , (C.11)

that is D(S;V )
1 squaring to D(S;id)

1 .

The composition of 1-endomorphisms of D
(ZV

2 )
2 ∈ CZ2

2/Z
V
2

is obtained by multiplying matrices

in Mat2(Vec). This implies that D
(ZV

2 ;id)
1 is identity 1-endomorphism under composition and

D
(ZV

2 ;−)
1 ◦ D

(ZV
2 ;−)

1
∼= D

(ZV
2 ;id)

1 , (C.12)

that is D
(ZV

2 ;−)
1 squares to D

(ZV
2 ;id)

1 . The composition of 1-endomorphisms of D
(SZV

2 )
2 ∈ CZ2

2/Z
V
2

follows the same procedure. The identity is D
(SZV

2 ;id)
1 and

D
(SZV

2 ;−)
1 ◦ D

(SZV
2 ;−)

1
∼= D

(SZV
2 ;id)

1 , (C.13)

that is D
(SZV

2 ;−)
1 squares to D

(SZV
2 ;id)

1 .

The composition of 1-endomorphisms in CD
(ZV

2 )
2

Z2
2/Z

V
2

with 1-morphisms in CD
(ZV

2 )
2 ,D(id)2

Z2
2/Z

V
2

and CD(id)2 ,D
(ZV

2 )
2

Z2
2/Z

V
2

is simply matrix multiplication, leading to

D
(ZV

2 ;x)
1 ◦ D

(ZV
2 ,id)

1
∼= D

(ZV
2 ,id)

1 ,

D
(id,ZV

2 )
1 ◦ D

(ZV
2 ;x)

1
∼= D

(id,ZV
2 )

1 ,
(C.14)

for x ∈ {id,−}. Similarly, we have

D
(SZV

2 ;x)
1 ◦ D

(SZV
2 ,id)

1
∼= D

(SZV
2 ,id)

1 ,

D
(id,SZV

2 )
1 ◦ D

(SZV
2 ;x)

1
∼= D

(id,SZV
2 )

1 ,
(C.15)

for x ∈ {id,−}.
Finally, consider D

(id,ZV
2 )

1 ◦D
(ZV

2 ,id)
1 . Matrix multiplication gives rise to 1×1 matrix with the

only entry being D(id)1 ⊕ D(id)1 . The ZV
2 action flips the two D(id)1 factors in D(id)1 ⊕ D(id)1 making

it into a two-dimensional representation of ZV
2 which decomposes into trivial plus non-trivial

irreducible representations, which means that we have

D
(id,ZV

2 )
1 ◦ D

(ZV
2 ,id)

1
∼= D(id)1 ⊕ D(V )1 . (C.16)

Similarly, for D
(ZV

2 ,id)
1 ◦ D

(id,ZV
2 )

1 , the matrix multiplication gives rise to 2× 2 matrix with every

entry being D(id)1 , which means that we have

D
(ZV

2 ,id)
1 ◦ D

(id,ZV
2 )

1
∼= D

(ZV
2 ;id)

1 ⊕ D
(ZV

2 ;−)
1 . (C.17)
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C.1.2 1-morphisms for C
Z2×Z2/Z2

→ C
Z

2
2/Z

2
2

We now consider the 1-morphisms after gauging – in a step-wise fashion – the full Z2 ×Z2 0-
form symmetry. This is to be compared with the 1-morphisms we determined in appendix B.1

Consider first the 1-endomorphisms of D(id)2 ∈ CZ2
2/Z

2
2
. These descend from ZS

2 symmetric

1-endomorphisms of D(id)2 ∈ CZ2
2/Z

V
2
. We can dress D(id)1 ∈ CZ2

2/Z
V
2

by irreducible representations

of ZS
2 to obtain two simple 1-endomorphisms

D(id)1 , D(V )1 , (C.18)

of D(id)2 ∈ CZ2
2/Z

2
2
, where D(id)1 ∈ CZ2

2/Z
2
2

corresponds to the trivial representation of ZS
2 and

D(V )1 ∈ CZ2
2/Z

2
2

corresponds to the non-trivial irreducible representation of ZS
2. Similarly, we can

dress D(V )1 ∈ CZ2
2/Z

V
2

by irreducible representations ofZS
2 to obtain two simple 1-endomorphisms

D(S)1 , D(C)1 , (C.19)

of D(id)2 ∈ CZ2
2/Z

2
2
, where D(S)1 ∈ CZ2

2/Z
2
2

corresponds to the trivial representation of ZS
2 and

D(C)1 ∈ CZ2
2/Z

2
2

corresponds to the non-trivial irreducible representation of ZS
2. Thus,

CD(id)2

Z2
2/Z

2
2
=
¦

D(id)1 , D(S)1 , D(C)1 , D(V )1

©

, (C.20)

is the full set of simple 1-endomorphisms (upto isomorphism) of D(id)2 ∈ CZ2
2/Z

2
2
.

Similarly,

CD(−)2

Z2
2/Z

2
2
=
¦

D(−;id)
1 , D(−;S)

1 , D(−;C)
1 , D(−;V )

1

©

, (C.21)

is the set of simple 1-endomorphisms (upto isomorphism) of D(−)2 ∈ CZ2
2/Z

2
2

(where we have

used analogous notation to the one used for elements of CD(id)2

Z2
2/Z

2
2
).

The set of simple 1-morphisms (upto isomorphism) from D(id)2 ∈ CZ2
2/Z

2
2

to D(−)2 ∈ CZ2
2/Z

2
2

CD(id)2 ,D(−)2

Z2
2/Z

2
2
=
¦

D(id,−)
1

©

, (C.22)

comprises of a single element D(id,−)
1 , whose underlying 1-morphism is D(id)1 ⊕ D(V )1 ∈ CZ2

2/Z
V
2
.

Similarly, the set of simple 1-morphisms (upto isomorphism) from D(−)2 ∈ CZ2
2/Z

2
2

to D(id)2 ∈ CZ2
2/Z

2
2

CD(−)2 ,D(id)2

Z2
2/Z

2
2
=
¦

D(−,id)
1

©

, (C.23)

comprises of a single element D(−,id)
1 , whose underlying 1-morphism is again D(id)1 ⊕D(V )1 ∈CZ2

2/Z
V
2
.

The set of simple 1-morphisms (upto isomorphism) from D
(ZV

2 )
2 ∈ CZ2

2/Z
2
2

to D(id)2 ∈ CZ2
2/Z

2
2

is

CD
(ZV

2 )
2 ,D(id)2

Z2
2/Z

2
2

=
n

D
(ZV

2 ,id;+)
1 , D

(ZV
2 ,id;−)

1

o

, (C.24)

where D
(ZV

2 ,id;+)
1 descends from 1-morphism 2D(id)2 → D(id)2 ∈ CZ2

2/Z
V
2

described by a 2×1 matrix

with both entries given by D(id)1 ∈ CZ2
2/Z

V
2
, and D

(ZV
2 ,id;−)

1 is described by a 2×1 matrix with both
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entries given by D(V )1 ∈ CZ2
2/Z

V
2
. Similarly, the set of simple 1-morphisms (upto isomorphism)

from D(id)2 ∈ CZ2
2/Z

2
2

to D
(ZV

2 )
2 ∈ CZ2

2/Z
2
2

is

CD(id)2 ,D
(ZV

2 )
2

Z2
2/Z

2
2

=
n

D
(id,ZV

2 ;+)
1 , D

(id,ZV
2 ;−)

1

o

, (C.25)

where D
(id,ZV

2 ;+)
1 is described by a 1× 2 matrix with both entries given by D(id)1 ∈ CZ2

2/Z
V
2
, and

D
(id,ZV

2 ;−)
1 is described by a 1× 2 matrix with both entries given by D(V )1 ∈ CZ2

2/Z
V
2
.

The set of simple 1-morphisms (upto isomorphism) from D
(ZV

2 )
2 ∈ CZ2

2/Z
2
2

to D(−)2 ∈ CZ2
2/Z

2
2

is

CD
(ZV

2 )
2 ,D(−)2

Z2
2/Z

2
2

=
n

D
(ZV

2 ,−;+)
1 , D

(ZV
2 ,−;−)

1

o

, (C.26)

where D
(ZV

2 ,−;+)
1 descends from 1-morphism 2D(id)2 → D(id)2 ∈ CZ2

2/Z
V
2

described by a 2×1 matrix

with first entry given by D(id)1 ∈ CZ2
2/Z

V
2

and second entry given by D(V )1 ∈ CZ2
2/Z

V
2
, and D

(ZV
2 ,−;−)

1

is described by a 2×1 matrix with first entry given by D(V )1 ∈ CZ2
2/Z

V
2

and second entry given by

D(id)1 ∈ CZ2
2/Z

V
2
. Similarly, the set of simple 1-morphisms (upto isomorphism) from D(−)2 ∈ CZ2

2/Z
2
2

to D
(ZV

2 )
2 ∈ CZ2

2/Z
2
2

is

CD(−)2 ,D
(ZV

2 )
2

Z2
2/Z

2
2

=
n

D
(−,ZV

2 ;+)
1 , D

(−,ZV
2 ;−)

1

o

, (C.27)

where D
(−,ZV

2 ;+)
1 is described by a 1 × 2 matrix with first entry given by D(id)1 ∈ CZ2

2/Z
V
2

and

second entry given by D(V )1 ∈ CZ2
2/Z

V
2
, and D

(−,ZV
2 ;−)

1 is described by a 1 × 2 matrix with first

entry given by D(V )1 ∈ CZ2
2/Z

V
2

and second entry given by D(id)1 ∈ CZ2
2/Z

V
2
.

The set of simple 1-morphisms (upto isomorphism) from D
(Zx

2 )
2 ∈ CZ2

2/Z
2
2

for x ∈ {S, C} to

D(id)2 ∈ CZ2
2/Z

2
2

is

CD
(Zx

2 )
2 ,D(id)2

Z2
2/Z

2
2

=
¦

D
(Zx

2 ,id;+)
1 , D

(Zx
2 ,id;−)

1

©

, (C.28)

where D
(Zx

2 ,id;s)
1 descends from 1-morphism D

(ZV
2 ,id)

1 ∈ CZ2
2/Z

V
2

carrying a representation of

ZS
2 described by sign s. Similarly, the set of simple 1-morphisms (upto isomorphism) from

D(id)2 ∈ CZ2
2/Z

2
2

to D
(Zx

2 )
2 ∈ CZ2

2/Z
2
2

is

CD(id)2 , D
(Zx

2 )
2

Z2
2/Z

2
2

=
¦

D
(id,Zx

2 ;+)
1 , D

(id,Zx
2 ;−)

1

©

, (C.29)

where D
(id,Zx

2 ;s)
1 descends from 1-morphism D

(id,ZV
2 )

1 ∈ CZ2
2/Z

V
2

carrying a representation of ZS
2

described by sign s.

Similarly, the set of simple 1-morphisms (upto isomorphism) from D
(Zx

2 )
2 ∈ CZ2

2/Z
2
2

for

x ∈ {S, C} to D(−)2 ∈ CZ2
2/Z

2
2

is

CD
(Zx

2 )
2 ,D(−)2

Z2
2/Z

2
2

=
¦

D
(Zx

2 ,−;+)
1 , D

(Zx
2 ,−;−)

1

©

, (C.30)

and the set of simple 1-morphisms (upto isomorphism) from D(−)2 ∈ CZ2
2/Z

2
2

to D
(Zx

2 )
2 ∈ CZ2

2/Z
2
2

is

CD(−)2 ,D
(Zx

2 )
2

Z2
2/Z

2
2

=
¦

D
(−,Zx

2 ;+)
1 , D

(−,Zx
2 ;−)

1

©

. (C.31)
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The set of simple 1-endomorphisms (upto isomorphism) of D
(ZV

2 )
2 ∈ CZ2

2/Z
2
2

is

CD
(ZV

2 )
2

Z2
2/Z

2
2
=
n

D
(ZV

2 ;id+)
1 , D

(ZV
2 ;id−)

1 , D
(ZV

2 ;−+)
1 , D

(ZV
2 ;−−)

1

o

, (C.32)

where D
(ZV

2 ;id+)
1 descends from 1-morphism 2D(id)2 → 2D(id)2 ∈ CZ2

2/Z
V
2

described by a diagonal

2×2 matrix with both entries given by D(id)1 ∈ CZ2
2/Z

V
2
, D
(ZV

2 ;id−)
1 is described by a diagonal 2×2

matrix with both entries given by D(V )1 ∈ CZ2
2/Z

V
2
, D
(ZV

2 ;−+)
1 is described by an off-diagonal 2×2

matrix with both entries given by D(id)1 ∈ CZ2
2/Z

V
2
, and D

(ZV
2 ;−−)

1 is described by an off-diagonal

2× 2 matrix with both entries given by D(V )1 ∈ CZ2
2/Z

V
2
.

The set of simple 1-endomorphisms (upto isomorphism) of D
(Zx

2 )
2 ∈ CZ2

2/Z
2
2

for x ∈ {S, C} is

CD
(Zx

2 )
2

Z2
2/Z

2
2
=
¦

D
(Zx

2 ;id+)
1 , D

(Zx
2 ;id−)

1 , D
(Zx

2 ;−+)
1 , D

(Zx
2 ;−−)

1

©

, (C.33)

where D
(Zx

2 ;ids)
1 descends from D

(ZV
2 ;id)

1 ∈ CZ2
2/Z

V
2

carrying a representation of ZS
2 described by

sign s, and D
(Zx

2 ;−s)
1 descends from D

(ZV
2 ;−)

1 ∈ CZ2
2/Z

V
2

carrying a representation of ZS
2 described

by sign s.

The set of simple 1-morphisms (upto isomorphism) from D
(Zx

2 )
2 ∈ CZ2

2/Z
2
2

to D
(Zy

2 )
2 ∈ CZ2

2/Z
2
2

for x ̸= y ∈ {S, C} is

CD
(Zx

2 )
2 ,D

(Zy
2 )

2

Z2
2/Z

2
2

=
n

D
(Zx

2 ,Zy
2 )

1

o

, (C.34)

where D
(Zx

2 ,Zy
2 )

1 descends from 1-morphism D
(ZV

2 ;id)
1 ⊕ D

(ZV
2 ;−)

1 ∈ CZ2
2/Z

V
2
.

The set of simple 1-morphisms (upto isomorphism) from D
(ZV

2 )
2 ∈ CZ2

2/Z
2
2

to D
(Zx

2 )
2 ∈ CZ2

2/Z
2
2

for x ∈ {S, C} is

CD
(ZV

2 )
2 ,D

(Zx
2 )

2

Z2
2/Z

2
2

=
n

D
(ZV

2 ,Zx
2 )

1

o

, (C.35)

where D
(ZV

2 ,Zx
2 )

1 descends from 2× 1 matrix with both entries given by D
(id,ZV

2 )
1 ∈ CZ2

2/Z
V
2
. Simi-

larly, the set of simple 1-morphisms (upto isomorphism) from D
(Zx

2 )
2 ∈ CZ2

2/Z
2
2

to D
(ZV

2 )
2 ∈ CZ2

2/Z
2
2

for x ∈ {S, C} is

CD
(Zx

2 )
2 ,D

(ZV
2 )

2

Z2
2/Z

2
2

=
n

D
(Zx

2 ,ZV
2 )

1

o

, (C.36)

where D
(Zx

2 ,ZV
2 )

1 descends from 1× 2 matrix with both entries given by D
(ZV

2 ,id)
1 ∈ CZ2

2/Z
V
2
.

Additionally, we have

• One simple 1-morphism (upto isomorphism) from D(Z2×Z2)
2 to D(x)2 for x ∈ {id,−} de-

scending from 2× 1 matrix with both entries given by D
(ZV

2 ,id)
1 ∈ CZ2

2/Z
V
2
.

• One simple 1-morphism (upto isomorphism) from D(x)2 to D(Z2×Z2)
2 for x ∈ {id,−} de-

scending from 1× 2 matrix with both entries given by D
(id,ZV

2 )
1 ∈ CZ2

2/Z
V
2
.

• Two simple 1-morphisms (upto isomorphism) from D(Z2×Z2)
2 to D

(ZS
2)

2 , with one of them

descending from 2×1 matrix with both entries given by D
(ZV

2 ;id)
1 ∈ CZ2

2/Z
V
2
, and the other

descending from 2× 1 matrix with both entries given by D
(ZV

2 ;−)
1 ∈ CZ2

2/Z
V
2
.
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• Two simple 1-morphisms (upto isomorphism) from D
(ZS

2)
2 to D(Z2×Z2)

2 , with one of them

descending from 1×2 matrix with both entries given by D
(ZV

2 ;id)
1 ∈ CZ2

2/Z
V
2
, and the other

descending from 1× 2 matrix with both entries given by D
(ZV

2 ;−)
1 ∈ CZ2

2/Z
V
2
.

• Two simple 1-morphisms (upto isomorphism) from D(Z2×Z2)
2 to D

(ZC
2 )

2 , with one of them

descending from 2× 1 matrix with first entry given by D
(ZV

2 ;id)
1 ∈ CZ2

2/Z
V
2

and the second

entry given by D
(ZV

2 ;−)
1 ∈ CZ2

2/Z
V
2
, and the other descending from 2× 1 matrix with first

entry given by D
(ZV

2 ;−)
1 ∈ CZ2

2/Z
V
2

and the second entry given by D
(ZV

2 ;id)
1 ∈ CZ2

2/Z
V
2
.

• Two simple 1-morphisms (upto isomorphism) from D
(ZC

2 )
2 to D(Z2×Z2)

2 , with one of them

descending from 1× 2 matrix with first entry given by D
(ZV

2 ;id)
1 ∈ CZ2

2/Z
V
2

and the second

entry given by D
(ZV

2 ;−)
1 ∈ CZ2

2/Z
V
2
, and the other descending from 1× 2 matrix with first

entry given by D
(ZV

2 ;−)
1 ∈ CZ2

2/Z
V
2

and the second entry given by D
(ZV

2 ;id)
1 ∈ CZ2

2/Z
V
2
.

• Two simple 1-morphisms (upto isomorphism) from D(Z2×Z2)
2 to D

(ZV
2 )

2 , with one of them

descending from diagonal 2 × 2 matrix with both entries given by D
(ZV

2 ,id)
1 ∈ CZ2

2/Z
V
2
,

and the other descending from off-diagonal 2 × 2 matrix with both entries given by

D
(ZV

2 ,id)
1 ∈ CZ2

2/Z
V
2
.

• Two simple 1-morphisms (upto isomorphism) from D
(ZV

2 )
2 to D(Z2×Z2)

2 , with one of them

descending from diagonal 2 × 2 matrix with both entries given by D
(ZV

2 ,id)
1 ∈ CZ2

2/Z
V
2
,

and the other descending from off-diagonal 2 × 2 matrix with both entries given by

D
(ZV

2 ,id)
1 ∈ CZ2

2/Z
V
2
.

• Four simple 1-endomorphisms (upto isomorphism) of D(Z2×Z2)
2 , given by either diagonal

or off-diagonal 2× 2 matrices with both entries either being D
(ZV

2 ;id)
1 ∈ CZ2

2/Z
V
2

or being

D
(ZV

2 ;−)
1 ∈ CZ2

2/Z
V
2
.

One can also compute the composition of 1-morphisms and find them to be the same as
those in appendix B.1. As an example, consider computing D(id,−)

1 ◦ D(−,id)
1 in CZ2

2/Z
2
2
. The

composition descends from the 1-morphism 2D(id)1 ⊕ 2D(V )1 ∈ CZ2
2/Z

V
2
. The action of ZS

2 on this

1-morphism exchanges the two copies of D(id)1 and the two copies of D(V )1 , thus leading to the
result

D(id,−)
1 ◦ D(−,id)

1
∼= D(id)1 ⊕ D(S)1 ⊕ D(C)1 ⊕ D(V )1 , (C.37)

in CZ2
2/Z

2
2
, which matches the result found in (B.23).

We leave the matching of other composition rules and fusion rules for 1-morphisms to the
interested reader.

C.2 1-morphisms in the G = Z4 web

The 1-morphisms and their composition & fusion rules for CZ4/Z2
are the same as for CZ2

2/Z2
.

The derivation from Z2 gauging of CZ4
is also similar to the Z2 gauging of CZ2

2
discussed above.
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We thus discuss the computation of 1-morphisms in the subsequent Z2 gauging

CZ4/Z2
→ CZ4/Z4

, (C.38)

in the rest of this subsection.

1-morphisms. Now we compute simple 1-morphisms of CZ4/Z4
by gauging ZS

2 0-form sym-
metry in CZ4/ZV

2
.

Let us begin by computing simple 1-endomorphisms of D(id)2 ∈ CZ4/Z4
. They descend from

simple 1-endomorphisms of D(id)2 ∈ CZ4/ZV
2

which are D(id)1 ∈ CZ4/ZV
2

and D(V )1 ∈ CZ4/ZV
2
. First

consider making D(id)1 ∈ CZ4/ZV
2

symmetric underZS
2, which is done by choosing a local operator

O on D(id)1 ∈ CZ4/ZV
2

which squares to the identity local operator D(id)0 ∈ CZ4/ZV
2

living on the

line. There are two possible choices given by O = D(id)0 ∈ CZ4/ZV
2

and O = −D(id)0 ∈ CZ4/ZV
2
,

leading to simple 1-endomorphisms of D(id)2 in CZ4/Z4
that we label as

D(id)1 , D(V )1 . (C.39)

Now consider making D(V )1 ∈ CZ4/ZV
2

symmetric under ZS
2. Due to symmetry fractionalization,

we are now looking for an operator O on D(V )1 ∈ CZ4/ZV
2

which squares to −D(V ;id)
0 ∈ CZ4/ZV

2

where D(V ;id)
0 ∈ CZ4/ZV

2
is the identity local operator on D(V )1 ∈ CZ4/ZV

2
. We again have

two choices, iD(V ;id)
0 ∈ CZ4/ZV

2
and −iD(V ;id)

0 ∈ CZ4/ZV
2
, leading respectively to simple 1-

endomorphisms

D(S)1 , D(C)1 , (C.40)

of D(id)2 ∈ CZ4/Z4
.

We can quickly compute the composition rules of these 1-morphisms. For example, since

iD(V ;id)
0 ⊗ iD(V ;id)

0 = −D(id)0 , (C.41)

in CZ4/ZV
2
, we learn that

D(S)1 ◦ D(S)1
∼= D(V )1 , (C.42)

in CZ4/Z4
. Similarly, since

−D(id)0 ⊗−D(id)0 = D(id)0 , (C.43)

in CZ4/ZV
2
, we learn that

D(V )1 ◦ D(V )1
∼= D(id)1 , (C.44)

in CZ4/Z4
. Due to these reasons, we find that D(S)1 ∈ CZ4/Z4

generates a Z4 1-form symmetry,

with the Z2 element being D(V )1 ∈ CZ4/Z4
.

The simple 1-morphisms
D(id,Z2;+)

1 , D(id,Z2;−)
1 , (C.45)

from D(id)2 ∈ CZ4/Z4
to D(Z2)

2 ∈ CZ4/Z4
arise respectively from 1-morphisms from D(id)2 ∈ CZ4/ZV

2

to 2D(id)2 ∈ CZ4/ZV
2

given by row vectors

�

D(id)1 D(id)1

�

,
�

D(V )1 D(V )1

�

. (C.46)
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Similarly, simple 1-morphisms

D(Z2,id;+)
1 , D(Z2,id;−)

1 , (C.47)

from D(Z2)
2 ∈ CZ4/Z4

to D(id)2 ∈ CZ4/Z4
arise respectively from 1-morphisms from 2D(id)2 ∈ CZ4/ZV

2

to D(id)2 ∈ CZ4/ZV
2

given by column vectors
�

D(id)1

D(id)1

�

,

�

D(V )1

D(V )1

�

. (C.48)

The 1-endomorphisms

D(Z2;++)
1 , D(Z2;+−)

1 , D(Z2;−+)
1 , D(Z2;−−)

1 , (C.49)

of D(Z2)
2 ∈ CZ4/Z4

arise respectively from 1-endomorphisms of 2D(id)2 ∈ CZ4/ZV
2

given by 2 × 2
matrices

�

D(id)1 0
0 D(id)1

�

,

�

0 D(id)1

D(id)1 0

�

,

�

D(V )1 0
0 D(V )1

�

,

�

0 D(V )1

D(V )1 0

�

. (C.50)

There is a single simple 1-morphism
D(id,Z4)

1 , (C.51)

from D(id)2 ∈ CZ4/Z4
to D(Z4)

2 ∈ CZ4/Z4
coming from the 1-morphism from D(id)2 ∈ CZ4/ZV

2
to

2D
(ZV

2 )
2 ∈ CZ4/ZV

2
described by the row vector

�

D
(id,ZV

2 )
1 D

(id,ZV
2 )

1

�

. (C.52)

Similarly, there is a single simple 1-morphism

D(Z4,id)
1 , (C.53)

from D(Z4)
2 ∈ CZ4/Z4

to D(id)2 ∈ CZ4/Z4
coming from the 1-morphism from 2D

(ZV
2 )

2 ∈ CZ4/ZV
2

to

D(id)2 ∈ CZ4/ZV
2

described by the column vector
 

D
(ZV

2 ,id)
1

D
(ZV

2 ,id)
1

!

. (C.54)

There are two simple 1-morphisms

D(Z2,Z4;+)
1 , D(Z2,Z4;+)

1 , (C.55)

from D(Z2)
2 ∈ CZ4/Z4

to D(Z4)
2 ∈ CZ4/Z4

coming from the 1-morphisms from 2D(id)2 ∈ CZ4/ZV
2

to

2D
(ZV

2 )
2 ∈ CZ4/ZV

2
described respectively by the 2× 2 matrices

 

D
(id,ZV

2 )
1 0

0 D
(id,ZV

2 )
1

!

,

 

0 D
(id,ZV

2 )
1

D
(id,ZV

2 )
1 0

!

. (C.56)

Similarly, there are two simple 1-morphisms

D(Z4,Z2;+)
1 , D(Z4,Z2;−)

1 , (C.57)

from D(Z4)
2 ∈ CZ4/Z4

to D(Z2)
2 ∈ CZ4/Z4

coming from the 1-morphisms from 2D
(ZV

2 )
2 ∈ CZ4/ZV

2
to

2D(id)2 ∈ CZ4/ZV
2

described respectively by the 2× 2 matrices
 

D
(ZV

2 ,id)
1 0

0 D
(ZV

2 ,id)
1

!

,

 

0 D
(ZV

2 ,id)
1

D
(ZV

2 ,id)
1 0

!

. (C.58)
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D(SV )
0

D(SV )
1 D(SV )

1

D(idV )
1

2D(id)2

2D(id)2

2D(id)2

Figure 26: DSV
0 is a choice of local operator (shown in red) lying at the junction from

D(SV )
1 ⊗2D(id)2

D(SV )
1 (shown in solid blue) to D(idV )

1 (shown in dashed blue). All these

lines and local operators live on the surface 2D(id)2 .

C.3 A subtle isomorphism

In this subsection we exhibit an explicit isomorphism between the two objects D
(ZV

2 )
2 and D

(ZV ′
2 )

2
in the 2-category CZ4/Z4

found using sequential ZS
2 gauging of the 2-category CZ4/Z2

in section
3.1.2.

Before exhibiting the isomorphism, let us first concretely describe the two objects. Both
arise by making 2D(id)2 ∈ CZ4/Z2

symmetric under ZS
2. First of all, we can implement the ZS

2
symmetry using the matrix

D(Sid)
1 :=

�

0 D(id)1

D(id)1 0

�

, (C.59)

leading to the object D
(ZV

2 )
2 ∈ CZ4/Z4

. If we instead implement the ZS
2 symmetry using the

matrix

D(SV )
1 :=

�

0 D(V )1

D(V )1 0

�

, (C.60)

then this ZS
2 symmetry carries a non-trivial anomaly. We can remove the anomaly by choosing

more refined information regarding how the ZS
2 symmetry is implemented on 2D(id)2 . This

refined information is the choice of a 2-morphism

D(SV )
0 : D(SV )

1 ⊗ D(SV )
1 → D(idV )

1 :=

�

D(id)1 0
0 D(id)1

�

, (C.61)

which is the choice of a local operator converting two lines implementing the generator of ZS
2

to the identity line implementing the identity element of ZS
2. See figure 26. D(SV )

0 is a tuple

(D(SV )(1)
0 , D(SV )(2)

0 ) where

D(SV )(1)
0 : D(SV )(12)

1 ⊗ D(SV )(21)
1 → D(idV )(11)

1 ,

D(SV )(2)
0 : D(SV )(21)

1 ⊗ D(SV )(12)
1 → D(idV )(22)

1 ,
(C.62)

where D(SV )(i j)
1 is the element in row i and column j of the matrix D(SV )

1 , and D(idV )(ii)
1 is the

element in row i and column i of the matrix D(idV )
1 . Let us choose D(SV )(1)

0 to be D(id)0 as a 2-

endomorphism of D(id)1 , and D(SV )(2)
0 to be −D(id)0 as a 2-endomorphism of D(id)1 . This relative
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D(SV )(1)
0 = D(id)0

D(SV )(12)
1 D(SV )(21)

1

D(idV )(11)
1

D(id)(1)2

D(id)(2)2

D(id)(1)2 D(id)(2)2

D(SV )(12)
1

=
D(SV )(2)

0 = −D(id)0

D(SV )(21)
1 D(SV )(12)

1

D(idV )(22)
1

D(id)(2)2

D(id)(1)2

D(id)(2)2D(id)(1)2

D(SV )(21)
1

(−1)×

Figure 27: The figure performs an associator move involving the line D(SV )
1 (whose

components are the lines D(SV )(i j)
1 ), the line D(idV )

1 (whose components are the lines

D(idV )(ii)
1 ) and the operator D(SV )

0 (whose components are the operators D(SV )(i)
0 ). On

the right hand side, we obtain an overall minus sign from the non-trivial associa-
tor/anomaly involving only the D(SV )

1 and D(idV )
1 lines, but this sign is canceled by

the extra relative sign between the definitions of D(SV )(1)
0 and D(SV )(2)

0 . Thus the to-
tal combined associator does not produce any phase and hence the diagrams on the
left and right are equal. D(id)(i)2 denotes the different components inside the surface

2D(id)2 .

choice of sign between D(SV )(1)
0 and D(SV )(2)

0 cancels the anomaly as shown in figure 27, and
we have managed to restore non-anomalous ZS

2 symmetry, thus obtaining an object in CZ4/Z4

that we label as

D
(ZV ′

2 )
2 . (C.63)

An alternate way to state the above computation is that we have canceled the ZS
2 anomaly by

stacking with a projective 2-representation of dimension 2, namely a 2d TQFT with two vacua
and an anomalous ZS

2 symmetry, which exchanges the two vacua.
Now let us describe the isomorphism. At the level of lines, the isomorphism is implemented

by the matrix

I1 :=

�

0 D(id)1

D(V )1 0

�

, (C.64)

which intertwines the corresponding lines implementing ZS
2 symmetry on D

(ZV ′
2 )

2 and D
(ZV

2 )
2

�

0 D(id)1

D(V )1 0

��

0 D(V )1

D(V )1 0

�

=

�

0 D(id)1

D(id)1 0

��

0 D(id)1

D(V )1 0

�

. (C.65)

More precisely we have to specify local operators

I (1)0 : I (12)
1 ⊗ D(SV )(21)

1 → D(Sid)(12)
1 ⊗ I (21)

1 ,

I (2)0 : I (21)
1 ⊗ D(SV )(12)

1 → D(Sid)(21)
1 ⊗ I (12)

1 .
(C.66)

Let us choose I (1)0 to be β1D(V ;id)
0 where D(V ;id)

0 is the identity local operator living on D(V )1 ,

and I (2)0 to be β2D(id)0 . For this to be an isomorphism, I (1)0 and I (2)0 should satisfy the two
relations shown in figure 28. Naively one of the relations seems to lead to β1β2 = 1 while
the other relation seems to lead to β1β2 = −1, invalidating the existence of isomorphism.
However, since we are considering configurations of D(V )1 lines and D(S)2 surfaces, we should
take into account symmetry fractionalization, which corrects the first relation to β1β2 = −1
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D(Sid)( j)
0

D(id)(i)2
D(id)( j)2

D(id)(i)2

D(id)(i)2

D(id)( j)2 D(id)( j)2

I ( j)0 I (i)0

D(SV )(i j)
1 D(SV )( ji)

1

D(Sid)( ji)
1

D(Sid)(i j)
1

I ( ji)1
I (i j)
1

I ( ji)1

=
D(SV )(i)

0

D(id)(i)2

D(id)( j)2

D(id)(i)2

D(id)( j)2 D(id)( j)2
I ( ji)1

D(SV )(i j)
1 D(SV )( ji)

1

Figure 28: Relations satisfied by isomorphism lines and operators. Here
D(Sid)( j)

0 = D(id)0 . The figure specifies two relations because we have the identification
i = j + 1 (mod 2).

while leaving the second relation unchanged. Thus, picking β1 and β2 satisfying the relation
β1β2 = −1 provides an isomorphism

D(Z2)
2
∼= D

(Z′2)
2 . (C.67)

References

[1] L. Bhardwaj, S. Schäfer-Nameki and A. Tiwari, Unifying constructions of non-invertible
symmetries, SciPost Phys. 15, 122 (2023), doi:10.21468/SciPostPhys.15.3.122.

[2] J. Kaidi, K. Ohmori and Y. Zheng, Kramers-Wannier-like duality defects in (3+1)D gauge
theories, Phys. Rev. Lett. 128, 111601 (2022), doi:10.1103/PhysRevLett.128.111601.

[3] Y. Choi, C. Córdova, P.-S. Hsin, H. T. Lam and S.-H. Shao, Noninvertible duality defects in
3+1 dimensions, Phys. Rev. D 105, 125016 (2022), doi:10.1103/PhysRevD.105.125016.

[4] K. Roumpedakis, S. Seifnashri and S.-H. Shao, Higher gauging and non-invertible con-
densation defects, Commun. Math. Phys. 401, 3043 (2023), doi:10.1007/s00220-023-
04706-9.

[5] L. Bhardwaj, L. E. Bottini, S. Schäfer-Nameki and A. Tiwari, Non-
invertible higher-categorical symmetries, SciPost Phys. 14, 007 (2023),
doi:10.21468/SciPostPhys.14.1.007.

[6] Y. Choi, C. Córdova, P.-S. Hsin, H. T. Lam and S.-H. Shao, Non-invertible condensation,
duality, and triality defects in 3+1 dimensions, Commun. Math. Phys. 402, 489 (2023),
doi:10.1007/s00220-023-04727-4.

[7] C. Cordova and K. Ohmori, Non-invertible chiral symmetry and exponential hierarchies,
Phys. Rev. X 13, 011034 (2023) doi:10.1103/physrevx.13.011034.

[8] Y. Choi, H. T. Lam and S.-H. Shao, Noninvertible global symmetries in the Standard Model,
Phys. Rev. Lett. 129, 161601 (2022), doi:10.1103/PhysRevLett.129.161601.

[9] J. Kaidi, G. Zafrir and Y. Zheng, Non-invertible symmetries of N = 4 SYM and twisted
compactification, J. High Energy Phys. 08, 053 (2022), doi:10.1007/JHEP08(2022)053.

90

https://scipost.org
https://scipost.org/SciPostPhys.15.4.160
https://doi.org/10.21468/SciPostPhys.15.3.122
https://doi.org/10.1103/PhysRevLett.128.111601
https://doi.org/10.1103/PhysRevD.105.125016
https://doi.org/10.1007/s00220-023-04706-9
https://doi.org/10.1007/s00220-023-04706-9
https://doi.org/10.21468/SciPostPhys.14.1.007
https://doi.org/10.1007/s00220-023-04727-4
https://doi.org/10.1103/physrevx.13.011034
https://doi.org/10.1103/PhysRevLett.129.161601
https://doi.org/10.1007/JHEP08(2022)053


SciPost Phys. 15, 160 (2023)

[10] A. Antinucci, G. Galati and G. Rizi, On continuous 2-category symmetries and Yang-Mills
theory, J. High Energy Phys. 12, 061 (2022), doi:10.1007/JHEP12(2022)061.

[11] V. Bashmakov, M. Del Zotto and A. Hasan, On the 6d origin of non-invertible symmetries
in 4d, J. High Energy Phys. 09, 161 (2023), doi:10.1007/JHEP09(2023)161.

[12] J. A. Damia, R. Argurio and E. Garcia Valdecasas, Non-invertible defects in 5d, boundaries
and holography, SciPost Phys. 14, 067 (2023), doi:10.21468/SciPostPhys.14.4.067.

[13] Y. Choi, H. T. Lam and S.-H. Shao, Noninvertible time-reversal symmetry, Phys. Rev. Lett.
130, 131602 (2023), doi:10.1103/PhysRevLett.130.131602.

[14] L. Bhardwaj, S. Schäfer-Nameki and J. Wu, Universal non-invertible symmetries, Fortsch.
Phys. 70, 2200143 (2022), doi:10.1002/prop.202200143.

[15] T. Bartsch, M. Bullimore, A. E. V. Ferrari and J. Pearson, Non-invertible symmetries and
higher representation theory I, (arXiv preprint) doi:10.48550/arXiv.2208.05993.

[16] L. Lin, D. G. Robbins and E. Sharpe, Decomposition, condensation defects, and fusion,
Fortsch. Phys. 70, 2200130 (2022), doi:10.1002/prop.202200130.

[17] F. Apruzzi, I. Bah, F. Bonetti and S. Schäfer-Nameki, Noninvertible sym-
metries from holography and branes, Phys. Rev. Lett. 130, 121601 (2023),
doi:10.1103/PhysRevLett.130.121601.

[18] J. A. Damia, R. Argurio and L. Tizzano, Continuous generalized symmetries in three di-
mensions, J. High Energy Phys. 05, 164 (2023), doi:10.1007/JHEP05(2023)164.

[19] I. García Etxebarria, Branes and non-invertible symmetries, Fortsch. Phys. 70, 2200154
(2022), doi:10.1002/prop.202200154.

[20] J. J. Heckman, M. Hübner, E. Torres and H. Y. Zhang, The branes behind generalized
symmetry operators, Fortschr. Phys. 71, 2200180 (2022), doi:10.1002/prop.202200180.

[21] P. Niro, K. Roumpedakis and O. Sela, Exploring non-invertible symmetries in free theories,
J. High Energy Phys. 03, 005 (2023), doi:10.1007/JHEP03(2023)005.

[22] J. Kaidi, K. Ohmori and Y. Zheng, Symmetry TFTs for non-invertible defects, (arXiv
preprint) doi:10.48550/arXiv.2209.11062.

[23] A. Antinucci, F. Benini, C. Copetti, G. Galati and G. Rizi, The holography of non-invertible
self-duality symmetries, (arXiv preprint) doi:10.48550/arXiv.2210.09146.

[24] S. Chen and Y. Tanizaki, Solitonic symmetry beyond homotopy: Invertibility from bordism
and noninvertibility from topological quantum field theory, Phys. Rev. Lett. 131, 011602
(2023), doi:10.1103/PhysRevLett.131.011602.

[25] V. Bashmakov, M. Del Zotto, A. Hasan and J. Kaidi, Non-invertible symmetries of class S
theories, J. High Energy Phys. 05, 225 (2023), doi:10.1007/JHEP05(2023)225.

[26] A. Karasik, On anomalies and gauging of U(1) non-invertible symmetries in 4d QED, SciPost
Phys. 15, 002 (2023), doi:10.21468/SciPostPhys.15.1.002.

[27] C. Cordova, S. Hong, S. Koren and K. Ohmori, Neutrino masses from generalized symmetry
breaking, (arXiv preprint) doi:10.48550/arXiv.2211.07639.

91

https://scipost.org
https://scipost.org/SciPostPhys.15.4.160
https://doi.org/10.1007/JHEP12(2022)061
https://doi.org/10.1007/JHEP09(2023)161
https://doi.org/10.21468/SciPostPhys.14.4.067
https://doi.org/10.1103/PhysRevLett.130.131602
https://doi.org/10.1002/prop.202200143
https://doi.org/10.48550/arXiv.2208.05993
https://doi.org/10.1002/prop.202200130
https://doi.org/10.1103/PhysRevLett.130.121601
https://doi.org/10.1007/JHEP05(2023)164
https://doi.org/10.1002/prop.202200154
https://doi.org/10.1002/prop.202200180
https://doi.org/10.1007/JHEP03(2023)005
https://doi.org/10.48550/arXiv.2209.11062
https://doi.org/10.48550/arXiv.2210.09146
https://doi.org/10.1103/PhysRevLett.131.011602
https://doi.org/10.1007/JHEP05(2023)225
https://doi.org/10.21468/SciPostPhys.15.1.002
https://doi.org/10.48550/arXiv.2211.07639


SciPost Phys. 15, 160 (2023)

[28] I. García Etxebarria and N. Iqbal, A Goldstone theorem for continuous non-invertible sym-
metries, J. High Energy Phys. 09, 145 (2023), doi:10.1007/JHEP09(2023)145.

[29] T. D. Décoppet and M. Yu, Gauging noninvertible defects: A 2-categorical perspective, Lett.
Math. Phys. 113, 36 (2023), doi:10.1007/s11005-023-01655-1.

[30] H. Moradi, S. F. Moosavian and A. Tiwari, Topological holography: Towards a unification
of Landau and beyond-Landau physics, (arXiv preprint) doi:10.48550/arXiv.2207.10712.

[31] J. McNamara and M. Reece, Reflections on parity breaking, (arXiv preprint)
doi:10.48550/arXiv.2212.00039.

[32] Y. Choi, H. T. Lam and S.-H. Shao, Non-invertible Gauss law and axions, J. High Energy
Phys. 09, 067 (2023), doi:10.1007/JHEP09(2023)067.

[33] D. Gaiotto, A. Kapustin, N. Seiberg and B. Willett, Generalized global symmetries, J. High
Energy Phys. 02, 172 (2015), doi:10.1007/JHEP02(2015)172.

[34] C. L. Douglas and D. J. Reutter, Fusion 2-categories and a state-sum invariant for 4-
manifolds, (arXiv preprint) doi:10.48550/arXiv.1812.11933.

[35] L. Bhardwaj, M. Bullimore, A. E. V. Ferrari and S. Schäfer-Nameki, Anomalies of general-
ized symmetries from solitonic defects, (arXiv preprint) doi:10.48550/arXiv.2205.15330.

[36] D. G. Delmastro, J. Gomis, P.-S. Hsin and Z. Komargodski, Anomalies and symmetry frac-
tionalization, SciPost Phys. 15, 079 (2023), doi:10.21468/SciPostPhys.15.3.079.

[37] T. D. Brennan, C. Cordova and T. T. Dumitrescu, Line defect quantum numbers & anomalies,
(arXiv preprint) doi:10.48550/arXiv.2206.15401.

[38] C. Delcamp, Tensor network approach to electromagnetic duality in (3+1)d topological
gauge models, J. High Energy Phys. 08, 149 (2022), doi:10.1007/JHEP08(2022)149.

[39] Y. Tachikawa, On gauging finite subgroups, SciPost Phys. 8, 015 (2020),
doi:10.21468/SciPostPhys.8.1.015.

[40] P. Etingof, D. Nikshych and V. Ostrik, Fusion categories and homotopy theory, Quantum
Topol. 1, 209 (2010), doi:10.4171/QT/6.

[41] A. M. Essin and M. Hermele, Classifying fractionalization: Symmetry classification
of gapped Z2 spin liquids in two dimensions, Phys. Rev. B 87, 104406 (2013),
doi:10.1103/PhysRevB.87.104406.

[42] M. Barkeshli, P. Bonderson, M. Cheng and Z. Wang, Symmetry fractionalization,
defects, and gauging of topological phases, Phys. Rev. B 100, 115147 (2019),
doi:10.1103/PhysRevB.100.115147.

[43] N. Tarantino, N. H. Lindner and L. Fidkowski, Symmetry fractionalization and twist de-
fects, New J. Phys. 18, 035006 (2016), doi:10.1088/1367-2630/18/3/035006.

[44] X. Chen, Symmetry fractionalization in two dimensional topological phases, Rev. Phys. 2,
3 (2017), doi:10.1016/j.revip.2017.02.002.

[45] Y. Qi and M. Cheng, Classification of symmetry fractionalization in gapped Z2 spin liquids,
Phys. Rev. B 97, 115138 (2018), doi:10.1103/PhysRevB.97.115138.

92

https://scipost.org
https://scipost.org/SciPostPhys.15.4.160
https://doi.org/10.1007/JHEP09(2023)145
https://doi.org/10.1007/s11005-023-01655-1
https://doi.org/10.48550/arXiv.2207.10712
https://doi.org/10.48550/arXiv.2212.00039
https://doi.org/10.1007/JHEP09(2023)067
https://doi.org/10.1007/JHEP02(2015)172
https://doi.org/10.48550/arXiv.1812.11933
https://doi.org/10.48550/arXiv.2205.15330
https://doi.org/10.21468/SciPostPhys.15.3.079
https://doi.org/10.48550/arXiv.2206.15401
https://doi.org/10.1007/JHEP08(2022)149
https://doi.org/10.21468/SciPostPhys.8.1.015
https://doi.org/10.4171/QT/6
https://doi.org/10.1103/PhysRevB.87.104406
https://doi.org/10.1103/PhysRevB.100.115147
https://doi.org/10.1088/1367-2630/18/3/035006
https://doi.org/10.1016/j.revip.2017.02.002
https://doi.org/10.1103/PhysRevB.97.115138


SciPost Phys. 15, 160 (2023)

[46] M. Barkeshli and M. Cheng, Relative anomalies in (2+1)D symmetry enriched topological
states, SciPost Phys. 8, 028 (2020), doi:10.21468/SciPostPhys.8.2.028.

[47] H. Moradi, Ö. M. Aksoy, J. H. Bardarson and A. Tiwari, Symmetry fractionalization,
mixed-anomalies and dualities in quantum spin models with generalized symmetries, (arXiv
preprint) doi:10.48550/arXiv.2307.01266.

[48] C. Cordova, P.-S. Hsin and N. Seiberg, Global symmetries, counterterms, and duality in
Chern-Simons matter theories with orthogonal gauge groups, SciPost Phys. 4, 021 (2018),
doi:10.21468/SciPostPhys.4.4.021.

[49] T. Johnson-Freyd, On the classification of topological orders, Commun. Math. Phys. 393,
989 (2022), doi:10.1007/s00220-022-04380-3.

[50] P.-S. Hsin and H. T. Lam, Discrete theta angles, symmetries and anomalies, SciPost Phys.
10, 032 (2021), doi:10.21468/SciPostPhys.10.2.032.

[51] A. M. Osorno, Explicit formulas for 2-characters, Topol. Appl. 157, 369 (2010),
doi:10.1016/j.topol.2009.09.005.

93

https://scipost.org
https://scipost.org/SciPostPhys.15.4.160
https://doi.org/10.21468/SciPostPhys.8.2.028
https://doi.org/10.48550/arXiv.2307.01266
https://doi.org/10.21468/SciPostPhys.4.4.021
https://doi.org/10.1007/s00220-022-04380-3
https://doi.org/10.21468/SciPostPhys.10.2.032
https://doi.org/10.1016/j.topol.2009.09.005

	Introduction
	Gauging normal subgroups
	2-category associated to 0-form symmetries
	Surface defects after partial gauging
	Fusion of surface defects after partial gauging
	Symmetry fractionalization on lines
	Symmetry fractionalization on condensation surfaces

	Gauging the gauged
	Surface defects after sequential gauging
	G=Z2 Z2, H=Z2
	G=Z4, H=Z2

	Fusion of surface defects after sequential gauging
	Example: G=Z2Z2, H=Z2
	G=Z4, H=Z2


	Categorical symmetry web for S3
	Setup and gauge theory
	Gauging Z3 subgroup
	Gauging S3 in one go
	Gauging S3 sequentially
	Gauging the 2-group symmetry
	Gauging the Z2 subgroup

	The D8-categorical symmetry web for 3d orthogonal gauge theories
	Web of 3d orthogonal gauge theories
	PSO(2N) SO(2N)
	SO(4N)O'(4N) and SO(4N+2)Spin(4N+2)
	PSO(4N)O'(4N) and PSO(4N+2)Spin(4N+2)
	O'(4N)Pin+(4N) and Spin(4N+2)Pin+(4N+2)
	PSO(4N)PO/Ss(4N) and PSO(4N+2)PO/PO'(4N+2)
	PSO(4N)O/Spin(4N) and PSO(4N+2)O/O'(4N+2)
	SO(2N) O(2N) 

	Generalization to d>3 dimensions
	Maximal symmetry category associated to higher-groups
	Maximal symmetry categories for orthogonal gauge theories

	Conclusions and Outlook
	Bimodules and 2-representations
	Gauging a normal subgroup H G
	Gauging the remaining G/H subgroup

	Gauging full G: Symmetry category 2-Rep(G)
	G=Z2Z2
	G=Z4 

	1-morphisms in categorical symmetry webs
	1-morphisms in the G=Z2 Z2 web
	1-morphisms for CZ2Z2CZ2Z2/Z2
	1-morphisms for CZ2Z2/Z2CZ22/Z22

	1-morphisms in the G=Z4 web
	A subtle isomorphism

	References

