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Abstract

Non-invertible symmetries have by now seen numerous constructions in higher dimen-
sional Quantum Field Theories (QFT). In this paper we provide an in depth study of
gauging O-form symmetries in the presence of non-invertible symmetries. The start-
ing point of our analysis is a theory with G O-form symmetry, and we propose a de-
scription of sequential partial gaugings of sub-symmetries. The gauging implements the
theta-symmetry defects of the companion paper [1]. The resulting network of symme-
try structures related by this gauging will be called a non-invertible symmetry web. Our
formulation makes direct contact with fusion 2-categories, and we uncover numerous
interesting structures such as symmetry fractionalization in this categorical setting. The
complete symmetry web is derived for several groups G, and we propose extensions to
higher dimensions. The highlight of this analysis is the complete categorical symmetry
web, including non-invertible symmetries, for 3d pure gauge theories with orthogonal
gauge groups and its extension to arbitrary dimensions.
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1 Introduction

In light of the rapid advances in the development of non-invertible symmetries in higher-
dimensional quantum field theories, the uninitiated may find themselves on the backfoot, try-
ing to grasp and keep up with the many constructions, examples and multitude of papers on
this subject [2-32]. In [1] we propose a unified perspective on such matters, which organizes
a variety of these constructions into a single overarching framework. The main actors of this
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unified construction are referred to as (twisted) theta defects. These are produced by gaug-
ing topological defects (stacked with TQFTs) of another theory, along with choices of gauge-
invariant couplings for these topological defects to bulk gauge fields for the symmetry that is
being gauged. This perspective leads to a unified approach for characterizing non-invertible
symmetries and their categorical description.

The goal of this paper is to develop a computational framework to exposit this construction
of non-invertible defects as twisted theta-symmetries. Concretely, we will develop the tools to
gauge arbitrary O-form symmetries in 2-categories, and determine the 2-category after gaug-
ing. The key here is that the initial, ‘pre-gauged’, category is not necessarily only given in terms
of invertible defects. In this sense it extends the gauging of 0-form symmetries of non-normal
subgroups in [5] and the gauging of the full O-form symmetry groups in [14,15].

The construction is mostly relevant for quantum field theories (QFTs) in 3d, but applicable
to a subsector of the symmetry category also in higher dimensions. Very broadly speaking, we
consider the topological defects of a theory, which generate its symmetries [33]. The collection
of topological surfaces, lines and point operators has the structure of a fusion 2-category [34].
In a 3d QFT, the surface defects generate the O-form symmetry and lines the 1-form symmetry,
however the fusion of these may not necessarily obey a group-like multiplication law. This
forces the extension of the symmetry to a fusion 2-category. In the following we will develop
how to gauge invertible O-form symmetries, even if the underlying 2-category is non-invertible,
i.e. does not have group-like fusions.

Gauging O-form symmetries in general 2-categories, in particular in the presence of non-
trivial topological lines, is far more subtle for various reasons:

1. More options for implementing the 0-form symmetry: The presence of topological lines
results in a much richer way of implementing the 0-form symmetry action. Furthermore,
the 1-form symmetry generated by line defects can be gauged on a surface, thus resulting
in condensation defects.

2. Symmetry fractionalization: In the presence of lines, symmetries can fractionalize, which
in the categorical setting results in the presence of certain non-trivial associators, char-
acterized by 4-cocycles. This symmetry fractionalization results in subtle constraints on
the gauging process.

Symmetry fractionalization in higher-dimensional QFTs has recently been discussed in [35-
37]. We provide a framework to study the full 2-categorical structure, determining surface
defects (objects in the category), including condensation defects, the fusion of surfaces, and
fusion of lines.

The construction is developed starting with a category that is fully invertible, with only a 0-
form symmetry given by a finite group G. This is realized by a 2-category which has topological
surfaces (objects) that satisfy the G-fusion rules and no non-trivial topological lines

2-Vec(G):  Obj={D{¥, g€ G}. (1)

Throughout the paper we denote topological defects of dimension p by D,,.

We then gauge at first a subgroup H C G - this can be normal or not — which results in a
category with topological lines and non-invertible fusions for some of its topological surfaces.
This is an extension of the full gauging of G in [14,15]. Gauging normal H is performed in
section 2 (with a detailed analysis of the so-called bimodules that are relevant in this gauging
in appendix A).

The non-trivial further step is to then gauge a subgroup of the remaining invertible O-
form symmetry (which would be G/H if H is normal) in this already once-gauged category.
In general, one can consider gauging subsequently all the possible subgroups of the O-form
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Table 1: The categorical symmetry webs that we discuss in depth in this paper: G
labels the web and the 0-form symmetry of the starting point theory .

| G | Web in figure | Ts |
Zy % Z, 2 PSO(4N)
Z4 2 PSO(4N + 2)
Ss 11 PSU(3)
Dg Tand 13 PSO(2N)
Dg(any dim) 19 and 20 PSO(2N)

symmetry G, and proceeding in this way one obtains a categorical symmetry web of theories
related by invertible gauging operations.'

The central new development here is the subsequent gauging, which requires us to study
the implications which the presence of lines and potential symmetry fractionalization can en-
tail. We illustrate the main conceptual points through the exploration of several symmetry
webs, which are labeled by the 0-form symmetry of the starting point, G, and example theo-
ries T, with such symmetry. These are summarized in table 1.

In figure 1 we present the Dg-web, which exemplifies well the complexity of these struc-
tures. This can be realized on the class of 3d gauge theories with gauge algebra so(4N). The
same web also occurs for so(4N + 2), where the categorical web gets overlaid over a different
assignment of global forms of the gauge group - see figure 13. The arrows in both figures
correspond to gaugings of O-form symmetries. Only the category associated to PSO(2N) has
solely O-form symmetry — given by G = Dg. All subsequent categories are obtained by partial
gauging of O-form symmetry subgroups of Dg.

Let us discuss some of the salient features by considering the two examples G = Z, x Z,
and Z, briefly as an appetizer. Gauging the full group G results in 2-Rep(G) as the symmetry
category [14,15,38]. What we wish to understand now is how to obtain the same result by
gauging stepwise, i.e. by subsequently gauging Z,s.

The first puzzle that arises is how the two categories, one coming from G = Z, x Z, and
the other from G = Z,, are differentiated after gauging one Z, subgroup. The two groups are
distinguished in terms of the extension class

€ € HX(Zy,Zy) = Zy, 2)

where the trivial elements describes G = Z, x Z, and non-trivial one G = Z,. Field theoreti-
cally, it is clear [39] that a non-trivial (non-split) extension yields a mixed anomaly between
the dual 1-form symmetry Z, and the remaining Z, 0-form symmetry. We will show how this
is implemented in the 2-categorical framework, and identify its imprint as a symmetry frac-
tionalization of the O-form symmetry. This has an extensive history in the math and condensed
matter literature (see [40-47] and references therein), which we revisit in the light of fusion
2-categories.

This plays a crucial role in the subsequent gauging of the remaining Z,, where the pres-
ence of the symmetry fractionalization results in the absence of certain topological defects for
G = Z, and lands us correctly on 2-Rep(Z,) as the final category (which indeed has less simple
objects than 2-Rep(Z, x Z,)).

We should note that additional generalizations of the webs that we discuss exist: for in-
stance adding discrete theta angles, and it may be interesting to consider these as an additional

1We leave to future work the investigation of the possible gaugings of non group-like 0-form symmetries, which
are associated to non-invertible codimension-1 defects. These will typically arise in the categorical symmetry webs
as condensation defects or from the gauging of non-normal subgroups.
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PO(4N) / z) PSO(4N) Z3* . Ss(4N)
2Rep((ZD)V 2P [T 56 2-Vec(Dg) 56 | 2Rep(@)M % z{)
[a?] 2 [a2]
zs 7 5.7 5.2|Z 5.7 7z,
O(4N) 7Y SO(4N) zll Spin(4N)
2-Vec ((Z%)“) X Z(zo)) " 538 2-Vec?® (ZS) x (Zg)(o)) 5g |2-Vec ((Z%)(l) X Z(ZO))
5.3 |z
[5] O'(4N)
@ o, O
glox 2-Vec (Z4 X Z, )
2
5.5 |5
PinT(4N)
2-Rep(Dg)

Figure 1: Categorical symmetry web for 3d gauge theories with gauge algebra
50(4N). We label each theory by its global gauge group, and the 2-category which is
its symmetry category. The arrows denote gaugings of O-form symmetries and each
arrow is labelled by the subgroup of Dg that is gauged along that arrow. We discuss
each of these steps in the text. The notation for the groups Zgg Vis explained in the
text around (130). The section labels indicate where the particular gauging is dis-

cussed.

refinement of the theories we have studied (for a field theory discussion and the possible theta
angles in the setup of so gauge theories in 3d see [48]).

In figure 2 we summarize the categorical web for Z, (and contrast it with the one for
Zy % Z5). The three 3d QFTs with G = Z, here could e.g. be T, = PSU(4), %, = SU(4)/Z,
and T; = SU(4) gauge theory. Doing this step-wise gauging agrees with the gauging of the Z,
group directly, which results in 2-Rep(Z,) [14] (we have detailed this in appendix B.2).

We begin the analysis by discussing some of the basics of 2-categories, the gauging of nor-
mal subgroups and the symmetry fractionalization in section 2. This section can be read in
tandem with the appendix A, where a bimodule analysis of the gauging is provided. In section
3 we then turn to gauging the remaining group G/H, in the presence of already non-invertible
symmetries. The two examples G = Z, x Z, and Z, accompany the general discussion in these
two sections. In section 4 and 5 we derive the full categorical symmetry webs for G = S3, Dg
including non-normal and multiple sequential gaugings. Extensions to higher dimensions are
discussed in section 6 and we conclude in section 7. Appendices provide further details: ap-
pendix A discusses the 2-representation and bimodule perspective. Appendix B summarizes
the full gauging of G, expanding on the analysis in [14]. In appendix C we discuss 1-morphisms
in various categories that can e.g. implement subtle isomorphisms between various objects.
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Tl Z 2 ‘3:2 ZZ ‘Ig

2-Vec(z5) x 230 | 2-Vec(z3) x ") | 2-Rep (25 x Z3)
E3! Ly EY) Ly %3
2-Vec (Zsro)) " 2-Vec® (Z(ZO) X Zgl)) 12-Rep (Zsro))

Figure 2: Categorical symmetry web for 3d gauge theories starting with the theory ¥,
with 0-form symmetry Z, x Z, (top) and Z, (bottom), and gauging subsequently Z,.
The category in the middle for theory ¥, has a trivial (top) and non-trivial (bottom)
cocycle w, which is encoded in the group extension class €. This cocycle is key in
order to obtain 2-Rep(Z,) after gauging the remaining Z, to reach theory ¥5. For
G = Z, X Z, the main difference is in the absence of the non-trivial cocycle, i.e. € is
trivial.

Notation.

We will use G throughout to refer to a finite group, which acts as the 0-form symmetry. A
higher-group symmetry will be generally denoted by I', and I'® is the p-form symmetry part
of the higher-group T.

All topological defects of dimension p are denoted by D, (possibly with extra embel-
lishments). For a fusion 2-category C we denote the simple objects by Obj(C). The 1-
endomorphisms of an object D, in C will be denoted by End.(D5).

2 Gauging normal subgroups

In this paper we apply the methods discussed in the companion paper [1] to obtain the symme-
try 2-categories of 3d QFTs comprising of twisted theta defects obtainable from the symmetry
2-category Cg; := 2-Vec(G) of a 3d QFT ¥ with a non-anomalous G 0-form symmetry by gaug-
ing? various (possibly non-normal) subgroups of G. Here G will always be a finite (possibly
non-abelian) group. Let us denote the 3d QFT obtained by gauging a subgroup H of G as T/
(even if H is not a normal subgroup) and the resulting symmetry 2-category Cg/-

It should be noted that we also discuss ‘sequential gaugings’. The simplest example of se-
quential gauging arises if T,y can be obtained from T,y by gauging a H " 0-form symmetry
sitting inside its symmetry 2-category Cg,p, Or schematically if we have T¢/y = T/ /-
Then we also describe how H” gauging can be implemented to convert the 2-category Cg /-
into the 2-category C /. We will see that this sequential gauging procedure involves many in-
teresting subtleties due to the phenomenon of H” symmetry fractionalization in the 2-category
Co/mr-

Thus, incorporating such and more complicated sequential gaugings involving multiple
steps in the gauging sequence, we can describe the most general goal of this paper as follows:
this paper studies all possible invertible 0-form symmetry gaugings relating different symmetry
2-categories of the form Cg /H for different values of H (but a fixed G). In other words, this
paper explains all the arrows involving 0-form gaugings in the symmetry web formed by the
symmetry 2-categories Cg/y for fixed G.

In this section, we discuss the first gauging G — G/H in a gauging sequence® for H a

2All gaugings are performed without any possible H3(G, U(1)) valued torsion.
3Note that the full gauging G — G/G leading to the symmetry 2-category C; J¢ = 2-Rep(G) from the symmetry
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normal* subgroup of G. We will sketch the general procedures and concretely exemplify them
with the examples of G = Zy x Zy, H =7, and G = Z4, H = Z,.

In this section, we will focus mostly on the identification of simple objects (upto isomor-
phism) of Cs,/y and the fusion rules of such simple objects. Of course, the general computa-
tional procedure can be equally well used to determine higher-layers of categorical information
regarding 1-morphisms, their composition and fusion rules, but in order to keep the main parts
of the paper pedagogical and free of clutter, we relegate such discussions to appendix C.

2.1 2-category associated to O-form symmetries

Let us begin with the discussion of the initial symmetry 2-category
Cq = 2-Vec(G), 3)

carried by a 3d QFT ¥; having a non-anomalous O-form symmetry group G.
Throughout this paper we will use the notation

nga) : p-dimensional topological operators labeled by a . @

The O-form symmetry is generated by topological codimension 1 operators, and hence ¥
carries topological surface operators labeled by elements of G, which we denote by

Dgg), g€EG (5)

These form simple objects (upto isomorphism) of C; and satisfy group-like fusion rules
h
p¥¥ DM =D, ¢ heq. (6)

Each simple object Dég ) carries a single simple 1-endomorphism (upto isomorphism) in Cg;
which is identified with the trivial/identity line Dig ) on the surface Dgg).

(g;id)
Dy

. 7
(gsid) | (g) (g) (g) (g)
Dy : Dy,"" — D, D;>" | Dy

There are no 1-morphisms between the objects D;g) and Dég/) in C; for g # g’. That is, the
2-category C; does not involve any possible line operators between Dég) and Dég/), which may
exist when ¥ only admits a group H of ‘faithful’ O-form symmetries and we use a projection

G — H to find the operators Dég). In this paper, we will assume that the 3d QFT ¥, has a
faithful G 0-form symmetry for simplicity. However, it should be noted that considerations of

2-category C; = 2-Vec(G) was discussed in great detail in the recent paper [14] and so we do not repeat that
discussion here.

“Non-normal subgroups can be treated using similar techniques. Explicit treatments of gaugings of non-normal
subgroups H can be found for G = S5 and G = Dy in subsequent sections.
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this paper are also applicable to non-faithful G O-form symmetry cases, but require a more
refined interpretation.

There is a single 2-endomorphism in C; = 2-Vec(G) of the 1-morphism D%g ) which corre-

sponds to identity local operators living on the surface D& ), and there are no 2-endomorphisms
between D%g;ld) and D§gl;ld) forg#g’.

Example G = Z, X Z,. One of our examples in this section will be G = Z, x Z,. An example
of a 3d QFT with this O-form symmetry is pure gauge theory with gauge group PSO(4N ), where
G = Z, x Z, is identified with the magnetic 0-form symmetry® of this QFT, arising from the
fact that PSO(4N ) admits the construction

PSO(4N) = Spin(4N)/Zy X Z., (8)

in terms of the associated simply connected group Spin(4N).
Thus, in this case, the initial symmetry 2-category is

szxzz = 2-VeC(Zz X Zz) . (9)
We denote its simple objects (upto isomorphism) by

) id
Obj(Cz,xz,) = {DS?, D, Di, D"}, (10)

corresponding to the topological surfaces generating the G = Z, x Z, symmetry. Here ng) is
the identity object and the order 2 elements are

PP epi=p{?,  x=s,c,V, an

with mutual fusion rule
p{¥ @ D{) = p{". (12)

Example G = Z,. Another example studied in this section is G = Z4. An example of a 3d
QFT with this O-form symmetry is pure gauge theory with gauge group PSO(4N + 2), where
G = Z, is identified with the magnetic 0-form symmetry® of this QFT, arising from the fact
that PSO(4N + 2) admits the construction

PSO(4N + 2) = Spin(4N +2)/Z,, (13)

in terms of the associated simply connected group Spin(4N + 2).
The associated symmetry category is

Cz, = 2-Vec(Zy), (14)
whose simple objects (upto isomorphism) are denoted by
0bj(Cx) = {D{®, {”, (", D{} , (15)
with the fusion relations

(S) o 1) _ (N N3 _ H© ()24 _ (id)
pPep{®=p{"", (D) =p{, (D{’)" =p{?. (16)

>There is also a Z, charge-conjugation type symmetry arising from outer-automorphisms of the Lie algebra
50(4N), which we do not take into account at the moment. This symmetry will be accounted in section 5 where it
will enhance the Z, x Z, 0-form symmetry considered here to Dg = (Z, x Z,) % Z, 0-form symmetry.

There is again a Z, charge-conjugation type symmetry arising from outer-automorphisms of the Lie algebra
50(4N +2), which we do not take into account at the moment. This symmetry will be accounted in section 5 where
it will enhance the Z, 0-form symmetry considered here to Dg = Z, % Z, 0-form symmetry.
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(id)
nD2

Q)
DZ

Figure 3: In order to make and) H-symmetric, we need to choose line operators
(shown in blue) living at the junction of Déh) forallh € H and and) .

2.2 Surface defects after partial gauging

Consider gauging a normal subgroup H < G. The 3d QFT obtained after gauging is labeled
as T - The gauging procedure converts the symmetry 2-category Cg carried by T to a
symmetry 2-category Cg/y carried by T . We are interested in the determination of Cg/p.

Theta defects. From the analysis of the companion paper [1], we know that Cg/y; comprises
of H-symmetric objects and morphisms in C;. Let us begin by exploring various ways of making
multiples of identity object ng) H-symmetric. Consider for example making the object and)
H-symmetric. We need to choose junction lines between anid) and Déh) for all h € H (see
figure 3) such that these junction lines can be freely rearranged (without the appearance of
any extra phases) along the worldvolume of and). By folding the Déh) surfaces away, the

junction lines can be identified with lines living on the worldvolume of and). Since there are
no non-trivial associators for Dgh) surfaces with nDSd), the folding procedure commutes with
rearrangements of junctions. Hence, a choice of making and) H-symmetric is a choice of lines

living on nDSd) labeled by elements of H, which can be freely rearranged. Mathematically, this

is a choice of a functor .
S: =1 - Mat,(Vec), (17)

where ClF ®=H s a non-linear 1-category discussed at the beginning of section 3.2 of the com-
panion paper [1] capturing abstract properties of freely arrangable lines parametrized by ele-
ments of H, and Mat, (Vec) is the multi-fusion 1-category formed by n x n matrices valued in
the category Vec of finite-dimensional vector spaces which captures the lines living on and).

(id) (id)
5 5 to the

j-th copy of ng) in nDéid). As explained in [1], such a functor S describes a 2-representation
of H. The collection of all such functors for all possible n forms a fusion 2-category 2-Rep(H).
We thus find a 2-subcategory

The (i, j)-th element of such a matrix describes a line from the i-th copy of D; ~ in nD

2-Rep(H) C Cg/y - (18)
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An alternative perspective is obtained by recognizing nDSd) as the defect obtained by stacking
a 2d TQFT’ with n trivial vacua on top of T. In fact, all defects arising by stacking 2d TQFTs
can be identified with and), because all 2d TQFTs are essentially determined by their number

of vacua n. Thus, the various ways of making nDSd) H-symmetric for various values of n are
parametrized by by H-symmetric 2d TQFTs, which as discussed in [14] is the same problem
as determining functors of the form (17).

Thus, we can understand the topological surfaces of T,y lying in 2-Rep(H) € Cg/y as
being obtained by first stacking an H-symmetric TQFT on top of the spacetime occupied by T,
and then gauging the combined/diagonal H symmetry. In the language of [1], the topological
defects in the 2-subcategory 2-Rep(H) of Cg/yy are theta defects of T /.

Other defects in Cg/y. Other defects in gy arise as twisted theta defects. First, consider
making multiples of Dgl), for h € H, H-symmetric. These lead to objects isomorphic to the
objects already contained in the 2-subcategory 2-Rep(H) < Cg,y because we can convert Déh)
into ng) by multiplication by elements of H.

By same argument, we only need to study H-symmetrization of a single defect Dég) for a
single element g lying in each coset k € K := G/H. Since we are dealing with a non-anomalous
G symmetry, there are no associators for topological defects generating H in the presence of
any Dég ), Consequently, we obtain a copy of 2-Rep(H) inside Cg/ for each element k € K.

In total, we learn that the objects of Cg/y are the same as the objects of the 2-category
2-Vec(K) X 2-Rep(H). However, we will see later that

Co/u # 2-Vec(K) K 2-Rep(H). (19)

The equality holds if and only if G = H x K.
We will label the objects of g/ as DékR) where k € K and R a 2-representation of H. In

fact, there exists at least one 1-morphism (none of which is an isomorphism) from DékR) to

ng) (obtained by choosing the trivial 2-representation) for every choice of 2-representation

(kR)
DZ

R. This is often captured by saying that and Dék) lie in the same ‘Schur component’.

The existence of such a 1-morphism is equivalent to the fact that DékR) can be obtained by
condensing/gauging a (possibly non-invertible) symmetry localized along the worldvolume of
Dék). Thus, Schur components can be thought of as capturing defects modulo condensations.
The Schur components of the 2-category Cg/y are parametrized by elements of the group
K =G/H.

We can recognize DékR) as a twisted theta defect whose underlying twist is the defect
Dék) € C; and the underlying stack is the 2d TQFT with n trivial vacua, where n is the di-
mension of the 2-representation R.

Examples. Returning to our main examples, for either G = Z, x Z, or G = Z,, consider
gauging a H = Z, subgroup. For G = Z, there is a unique Z, subgroup generated by V € Z,.
On the other hand, for G = Z, x Z, there are three possible choices of Z, subgroups generated
by x € {S, C,V}, but they are all equivalent. For maintaining consistency of notation with the
G = Z4 case, we pick the Z, subgroup of G = Z, x Z, generated by V.

From the above discussion, the objects of Cz,xz, /7, and Cy, 7, are the same and coincide

7In this paper, for pedagogical purposes, we are not precise about the distinction between 2d TQFTs and 2d
non-anomalous topological orders. See the companion paper [1] for more details.
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with the objects of 2-Vec(Z,) ® 2-Rep(Z,). However, at the level of full 2-categories

Cu,yxz,/7, = 2-Vec(Z,) B 2-Rep(Z,),

(20)
CZ4/ZZ ;é 2'VeC(Zz) X 2-Rep(Z2) .

Let us describe the objects of Cz, 7,7, and Cz, 7, in more detail. Since the discussion is same
for both categories, we refer to them together. We refer to the category Cz, .z, or Cz, by Cg,

and Cz,xz,/z, OF Cz,/z, bY Co/z,-
First of all, the object ng) of Cg leads to a single simple object (upto isomorphism) of Cg/7,

which we refer by the same name ng). This is because there is a single 2d Z,-symmetric SPT
phase, namely the trivial Z,-symmetric 2d TQFT.

The object ZDSd) of C; also leads to a single simple object (upto isomorphism) DéZZ) of
Cg/z,- The H = Z, symmetry on 2ng) is generated by a 1-morphism 2D§id) - ZDSd), which
is implemented by a 2 x 2 matrix of 1-morphisms ng) — ng), with the (i, j)-th entry of the
matrix describing a 1-morphism from the i-th copy of ng) to the j-th copy of ng).

In this language, the matrix describing the action of H = Z, symmetry on 2ng) for the
construction of DEZZ) is

(id)

(D?d) b . ) . 2p{Y - 2p{i9 ©3))
where Dgid) : Déid) — ng) is the identity 1-endomorphism of ng) corresponding to the iden-
tity line defect in ¥;. These objects ng), DéZz) generate the 2-subcategory 2-Rep(Z,) € Cg/z,-

Similarly, the object Dés) of C¢ leads to a single simple object (upto isomorphism) of Cg/7,

which we refer by the same name Dés), and the object 2D£S) of C; also leads to a single simple

object (upto isomorphism) DéSZZ) of Cg/z,- The H = Z, symmetry on 2D§S) is generated by
(S;id)
0 D (s S
(Dw;id) L ) . 20 »2p?, (22)
1

where D%S;id) : Dgs) - Dés) is the identity 1-endomorphism of D;S) corresponding to the

identity line defect living on Dés) in T;. These objects Dés),DfZZ) generate another copy of

the 2-subcategory 2-Rep(Z,) € Cg/z,-
In total we therefore have the simple objects (upto isomorphism)

. . id Z SZ
Obj(Cg,yuz,/2,) = ObJ(Cz,/z,) = { DS, DY), DI, DI} . (23)

2.3 Fusion of surface defects after partial gauging

The fusion of 2-representations converts the set of 2-representations into a twisted Burnside
ring as discussed in detail in [ 14]. This controls the fusion of objects DéR) € 2-Rep(H) € Cg /-
More generally, we have

DéklRl) ® DészZ) _ Dz(klkZ(RlizRZ)) . (24)

Rliz is a 2-representation obtained by applying the action of k, on R; (see [15] for more details)
and RZIZRZ is the tensor product 2-representation of RIIZ and R,.
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Examples. Let us determine the fusion rules of simple objects in our examples G = Z, x Z,,
H =17, and G = Z4,H = Z,. Recall the objects (23).

It is easy to see that ng) is the identity object of Cg,z,. As H = Z, acts trivially on Dgs),
the fusion follows from Cg:

) g p — plid)
Dy @ Dy =Dy, (25)

which implies that Dés) generates a Z, 0-form symmetry in the theory T¢/z, .
On the other hand we have

(Z2) o pZ2) _ op(22)
Dy @ Dy* = 2p;". (26)

To understand this fusion rule, we have to understand the combined Z, action on the underly-
ing defect ZDSd) ® 2D§id) = 4D§id) € C¢ which is generated by the tensor product of the matrix
of lines
o o o pW
( 0 D?d)) ( 0 D?d)) o o DM o -
p@ o J®\p@ o )T o D@ o o | @7
pi o 0o o0

In more detail, we can label the underlying ng) € C objects of DéZZ) by ng)(i) forie {0,1}.
Then we can label the underlying Déld) € C< objects of DéZZ) ® DéZZ) as ng)(” ) fori,j € {0,1}.
The combined Z, acts

i—i+1(mod?2),

j—j+1(mod2). (28)

Thus ng)(o’o) and ng)(l’l) are exchanged by Z,, and ng)(o,u and ng)(l’o) are exchanged by
Z,, leading again to the fusion rule (26).
The remaining fusion rules are®

(SZ,) (Zy) _ o (SZy)
D, 2®D22_2D2 2,

(52)

D,

(5Z2) _ op(22)
®D, ¥ =2p;",

(29)
(8) g pZ2) _ p(SZ2)
Dy ® Dy = D>,

(s) (8z,) _ (Zy)
Dy’ ®D, ™ =D, *.

That is, the label S is simply a K = Z, grading on the fusion rules, which is because the
conjugation action of K = Z, on H = Z, is trivial for both G = Z, x Z, and G = Z,.

Thus, the fusion of objects of Cy,xz,/7, = 2-Vec(Z,) R 2-Rep(Z,) and Cy, 5, are same.
In addition to the fusion of objects, the 1-morphisms as well as their composition and fusion
rules are also the same for Cz, .z, /7,2-Vec(Z,) R 2-Rep(Z,) and Cz, /7, (see appendix C.1 for
details). Still, equation (20) claims that

Cr./z, # Cryx2,/2, - (30)
What then is the difference between the two categories? The answer lies in the fact that
Cz,/z, has some non-trivial associators, which are physically understood as the phenomenon
of symmetry fractionalization, which is the subject of the next subsection.

2.4 Symmetry fractionalization on lines

From this subsection onward, we restrict H to be an abelian group.

8Throughout this paper, when the fusion (or composition) rules are commutative, we only mention fusion rules
with a single choice of order.
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(k) (k)
D )

(k-h)
Dl

)
Dl

Figure 4: A 1-form symmetry generating line Dgh) (shown in blue) changes to another

1-form symmetry generating line ng'h) (shown in teal) upon sliding it across a 0-form
symmetry generating surface Dék) (shown in red). See equation (34).

Data specifying embedding of H in G. To understand the distinction between Cg/y and
2-Vec(K)®2-Rep(H), we need to first explore the following abstract group-theoretic structure.
Since H is normal in G, there is a short exact sequence

1> H->G—->K=G/H—-1. (3D

The extension is characterized by the group cohomology (twisted by the conjugation action of
K on H) class
e € H*(K,H). (32)

As a set, we can write G as pairs (h, k) with h € H and k € K and product given by
(h, k) x (W', k") = (h(k o h')e(k, k"), kK'), (33)

where (koh’) = kh’k™! denotes the action of K on H by conjugation.

Split 2-group. It is well-known [33] that after gauging H 0-form symmetry of T, we obtain
in T/ a dual 1-form symmetry with group H which is the Pontryagin dual of H. If there is a
non-trivial (conjugation) action of K on H, then we have a non-trivial dual action of K on H ,
implying that the dual 1-form symmetry H and the residual O-form symmetry K combine to
form a non-trivial (split) 2-group symmetry I' in which the 0-form symmetry has a non-trivial
action on the 1-form symmetry.

This action is displayed in terms of topological defects generating the O-form and 1-form
symmetries in figure 4. In a categorical language, this means that we have the following non-
commutativity in the fusion rules for 1-morphisms

p{id) @ p() = plkM g pkid), (34)

Here Dgh) forh € H are simple 1-endomorphisms of ng) in Cg/y corresponding to topological
gk;ld) are identity 1-endomorphisms of objects Dék)
carrying trivial 2-representation for k € K corresponding to identity lines on the surfaces ng),

and k - h € H is the element obtained after the action of k on h.

lines generating the H 1-form symmetry, D
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(kykz)
D212

(k)
fuse D,

> h(e(ky, ky))x DI

Figure 5: Symmetry Fractionalization: The junctions of topological surface opera-
tors Dék") generating the K O-form symmetry with a fixed line D%h) generating the
1-form symmetry do not obey K multiplication laws, but instead acquire a projectiv-

ity h(e(ky, ky)) € UQD).

The fusion rule (34) already differentiates between Cg/y and 2-Vec(K) R 2-Rep(H) in
special cases. However, when there is a trivial action of K on H as in our two examples
G = Zy X Zy,H = Zy and G = Z4,H = Z,, this does not provide the required distinction
between the two categories. In fact we can modify the problem as follows: What is the dis-
tinction between the categories Cg/y and 2-Vec(T'), where T is the split 2-group generated
by K 0-form symmetry acting on H 1-form symmetry? When the action is trivial, we have
2-Vec(I') = 2-Vec(K) X 2-Rep(H) and so we reduce to our previous problem.

’t Hooft anomaly and symmetry fractionalization. The categories C;/y and 2-Vec(T') turn
out to be equal only when we can write G = H XK, in which case the extension class € discussed
above vanishes. The extension class € discussed above captures an 't Hooft anomaly for the
2-group I' [39] which can be expressed as

A'w=B,Udad"e, (35)

where B, is the background field for H 1-form symmetry and a* is pullback under the back-
ground a for K O-form symmetry.
The anomaly A*w descends from

weHYT,U(1)), (36)

upon pull-back A* to spacetime, corresponding to a 2-group background A.

The element w describes non-trivial associators (or in other words, coherence relations)
in the category Cg/y distinguishing it from 2-Vec(T'). Using an often used notation, we can
express

Co/y = 2-Vec®(T). 37

The anomaly (35) describes the fractionalization of K 0-form symmetry as implemented upon

topological line operators Dgh) generating H 1-form symmetry. See figure 5.

Derivation of symmetry fractionalization. Let us now provide a derivation of this symmetry
fractionalization phenomenon using the techniques used in this paper.

First of all, we need to understand the emergence of H 1-form symmetry in the category
Cg/u- These are simple 1-endomorphisms of the identity object ng) of Cg/y. Consequently,
they correspond to various ways of making the identity 1-endomorphism Dfd) of ng) in Cg
symmetric under H. Such different ways correspond to homomorphisms

H=cl"= — &nd, (DI =C, (38)
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©) ()
Dy D

()
fuse the two D, _ D(()V,id)

) ] ] N W)
Dl Dl

4

Figure 6: Symmetry Fractionalization in Ty, /7, : Fusing the junction of line D%V) with

surface Dés) along the line ng) produces the operator —D(()V’id), where D(()V’id) is the
identity local operator on the line ng). Thus the Z, symmetry generated by Dgs) is

fractionalized to Z, on D%V).

using the language appearing in the companion paper [1]. The non-linear O-category Cg(o)
is the O-form group I'® itself and the vector space End, . (D%id)) of 2-endomorphisms of the
1-morphism Dfd) in the 2-category C; = 2-Vec(G) is simply C. Such homomorphisms are
described by elements of the Pontryagin dual group H, resulting in lines Dg) in the category
Co/n- R R

Now a junction local operator’ D(()h’k) of Dék) with D%h) in Cg/y can be uplifted to a junction
of Dél’k) with Diid) in Cg, or in particular the identity operator D(()l’k;id) on Dél’k) in Cg. The

fusion of D(()kl;h) with D(()kz;h) in Cgp as in figure 5 arises from the following fusion in Cg

Dél,kl) ® Dél;kz) — Dée(klskz)sl) ® Dél,klkZ) . (39)

(e(k1,k2),1)
D2 1,72

Note that on the right hand side we have a surface operator valued purely in H. In

the above definition of D%h) line in terms of the data of the category Cg, this surface operator
acts by a phase h(e(ky, k,)), leading to the fusion rule

h.k h = ki k
p{™ @ DI =h(e(ky, ky)) DI, (40)

in Cg . We will provide a derivation of this from a bi-module perspective in appendix A.1.

Examples. The difference between trivial and non-trivial extension class is best illustrated
in our examples. The relevant cohomology group is H2(Z,, Z,) = Z,. The choice G = Zy x Z,
H = Z, corresponds to the trivial cohomology class, while the choice G = Z4,H = Z, corre-
sponds to the non-trivial extension class 1 # € € H*(Zy, Zy) = Z.

There is a Z, 1-form symmetry generated by an order two line ng) in both Ty, .7, /7, and
%7,/z,- According to our above analysis, the 0-form Z, symmetry of T/, generated by the

surface Dés) in Cg/z, fractionalizes to a Z, O-form symmetry on the line ng) for G =Z,. See
figure 6.
2.5 Symmetry fractionalization on condensation surfaces

We saw in the previous subsection that the residual K 0-form symmetry of Cg/y fractionalizes

on lines Dgh) in Cg/y whose underlying line before H-gauging is the identity line Dgid) in Cg.

These junction operators are chosen to satisfy Déhl’k) LN Déhz’k) = Déhlhz’k) where NG denotes fusion of
2 2
junction operators along the surface Dék). That is these junction operators are chosen to obey H fusion rules for a

fixed surface ng), but as we will see they fail to obey K fusion rules for a fixed line Diﬁ).
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(R) R)
DZ DZ
(Rse(ky,kz))
pR:k1) =
1 pka)
2
plkika)
2
(Rs;ks)
Dy pk2) p®kikz)
2 1

Figure 7: The figure depicts symmetry fractionalization on a surface DéR) in Cq/p
specified by a 2-representation R of H. Composing two junctions (shown in blue) of

DéR) with surfaces Déki) generating K 0-form symmetry yields an extra line (shown in
red) living on DéR). This means that the bulk K 0-form symmetry group fractionalizes
to some larger O-form symmetry group Ky on the surface DgR).

Using similar arguments with one extra dimension added, we can see that Cg/y fractionalizes
on surfaces DéR) for 2-representations R in Cg/y whose underlying surfaces before H-gauging
are multiples of the identity surface ng) in C;.

Derivation using gauging. The derivation is simply a dimensional uplift of the derivation
around equation (39). Label a junction line'? between surfaces DER) and Dék) inCgy as DgR;k).

Then the fusion rule (39) in Cg; implies that the fusion rule of these junctions is
sk ik se(kq,k skqk
D§R 1) ®D£R) D§R 2) — DgR e(kq,ks)) ®D£R) DgR 1k2) , (41)

(R;e(kq,k2))
Dl 1,72

where is a line operator living on the surface DéR), or in other words a 1-

endomorphism of the object DéR) in Cg/y. See figure 7. The underlying line operator of

(R;e(ky, k2))
D1 1 2

k2) pefore gauging is the line operator implementing the action of Dg(kl’ on the

underlying surface nRDL(,id) of DgR). This line operator can be made H-symmetric in a canonical

fashion leading to the required line operator DgR;e(kl’kZ)) in Cg /-

Derivation without using gauging. As all the subtle information about the category
Cg/n = 2-Vec®(T') is encoded in «w which is equivalent to the symmetry fractionalization on
lines discussed in previous subsection, it must be possible to derive the symmetry fraction-
alization on surfaces being discussed in this subsection as a consequence of the symmetry
fractionalization on lines. That is, it should be possible to derive symmetry fractionalization
on surfaces in Cg/y without relying on their construction in terms of surfaces in Cg.

The connection between the two symmetry fractionalizations can be made by using the

fact that DER) can be constructed as a condensation surface defect by gauging a subgroup H, R

19These junction operators DgR;k) are chosen to satisfy 2-representation fusion rules for a fixed surface Dék), but

as we will see they fail to obey K fusion rules for a fixed surface Dgﬂ).
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(k) (k) (kK"
\Dz \Dz D,
hy n, hphy | i(e(k, k)

1
1
~

NN N

Figure 8: The blue line denotes an arbitrary line of the form DghR) for ER € Hz. A
junction operator labeled by hy € Hy (shown in teal) means that after folding the

Dgh") line at that junction, we are left with hR(iAlR) € U(1) times the identity local

operator D(()k;id) on Dék). Because of symmetry fractionalization, as we fuse ng) and

ng/), the junctions labeled by k}i and k;z fuse to the junction labeled by kRk}/z times
a local operator sitting on the Dgh") line (shown in red) which can be identified with

i(e(k, K’ ))(ER) € U(1) times the identity local operator D(()hR;id) on DihR).

of the H 1-form symmetry on a 2-dimensional surface (possibly with some discrete torsion in
H?(H, r»U(1))) in 3-dimensional spacetime occupied by T /5. A subset of the lines on DéR) are
constructed as different ways of making the identity line Dgid) symmetric under Hy, which is
a 0-form group from the point of view of the two-dimensional surface on which Hy condensa-
tion is occurring. By arguments similar to the ones used around (38), such lines on DER) are
parametrized by the elements of the Pontryagin dual Hy of ﬁR. Let us call them DgR)(hR) for
hg € Hp.

Similarly, junction lines between DgR) and Dék) arise from junctions between ng) and Dék),
namely the identity line D%k;id) on Dék). The different junction lines are then again labeled by

elements of Hy. Let us call them DiR;k)(hR) for hy € Hgz. Then computing their fusion, we find

((ew)) o, gy DL )

D,

I)(h R;k")(R,
DgR’ )(hg) ®D(R) Di )(hg) _

2

(R)
D, , (42)
where i: H — Hp, is the projection map Pontryagin dual to the inclusion map i : Hz — H.
Setting hg = hj, = 1 we recover (41).

®(( etk k)

The reason for the appearance of the extra line D, in the above fusion is the

symmetry fractionalization on H lines. This is because the choice of Hy action on ng;ld) defin-
ing DgR;k)(hR)
Hp, actions, we obtain an extra contribution from symmetry fractionalization on Hy, lines. See
figure 8.

is the choice of junctions between I/-I\R lines and ng”d). Thus, composing two

Example G = Z4, H = Z,. To illustrate this symmetry fractionalization for condensation
defects consider again the gauging of H = Z, <Z,4. There is a single condensation surface
defect DEZZ) in Cz, /7, obtained by gauging the Z, 1-form symmetry generated by D%V) on a
two-dimensional surface.

The lines living on D§Z2) generate a Z, 0-form symmetry localized on DEZZ)

. Let us call

the generator of this localized symmetry!® as D%Zz;_). From the point of view of Cz,, this line

HNote that this line should not identified as the image of the stacking of the bulk line D%V) on top of DEZZ).
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(Z,) (Z5)
D, D,

(8)
D2 Dgzz;f)

©)
D2

Figure 9: The figure depicts symmetry fractionalization on the condensation surface
D§Z4) in Cy,/z,. Composing two junctions (shown in blue) of D§Z2) with surfaces
Dés) generating Z, 0-form symmetry yields a line Dgzz;_) (shown in red) living on
DEZZ). This means that the bulk Z, 0-form symmetry group fractionalizes to Z, O-

form symmetry group on the surface DéZZ). More precisely, the blue lines are either
both L] or both L7, see fusion rules (44).

arises as the Z,-symmetric 1-morphism

(id)
0 D7), (id) (id)
which is also the 1-morphism (21) generating the Z, action converting the object 2D§id) of Cz,
into the object DéZZ) of Cz,/z,-

Consequently, following (41), we learn that the square of the junction of DéZZ) and Dés)
along DQZZ) leaves behind the line Dgzz;_). Thus the Z, 0-form symmetry of T, ,;, generated
by Dgs) fractionalizes to Z, O-form symmetry on the worldvolume of DEZZ) because the line
D%ZZH has order two. See figure 9.

More precisely, there are two simple junction lines Lf that can live at the junction of DéZZ)
and Dés). These correspond to the two irreducible representations of the Z, 1-form symmetry
generated by ng) being gauged to construct DéZZ). Applying (42), we learn the fusion rules

Ziy;—
Li"_ ®D£ZZ) Li"_ = D§ 2 ),
— — Zy;—
Ly ®pea Iy =Dy, (44)
;id)

+ - _ pZ
L] ®D§ZZ) Ly =D,

which we will use in the analysis of the next section.

Actually, ng) becomes the identity line Dgzz;id) of D;ZZ) under this stacking procedure. Instead, the line Dgzz;f) is
localized/trapped on DgZZ) and cannot be lifted into the bulk.

18


https://scipost.org
https://scipost.org/SciPostPhys.15.4.160

Scil SciPost Phys. 15, 160 (2023)

3 Gauging the gauged

So far we generalized the analysis in [14] to perform a partial gauging, of a normal subgroup
H < G which acts as a 0-form symmetry on a 3d theory. This resulted in the category

CG/H = 2'Vecw(1—‘) , (45)

where w is determined in terms of the associated group-cocycle ¢ € H2(K,H) with K = G/H,
and T is a split 2-group containing K 0-form symmetry acting on H 1-form symmetry.

In this section we discuss how to gauge the remaining K O-form symmetry. This requires
developing how the gauging is realized in a setting where the symmetry is not necessarily
invertible (for example, in this case there is a non-invertible 2-Rep(H) subsymmetry). More
generally — and we will consider an explicit example with Dg — one can of course have multiple
more steps in this gauging. Once all 0-form symmetries are gauged we expect the symmetry
category to be Cg,g = 2-Rep(G). We cross-check our results against this expectation, but the
main outputs of this section are the lessons we learn how to gauge invertible symmetries in 2-
categories describing non-invertible symmetries more generally. Appendix A.2 provides an in
depth analysis from the bi-module perspective to gauging. Here we will focus on the physical
picture of symmetrizing the defects with respect to the symmetry G/H.

We perform an explicit analysis of G/H gauging for our examples G = Zy X Zy,H = Z,
and G = Z4,H = Z,, and compare with the results obtained in appendix B upon performing
full G-gauging using the procedure detailed in [14].

3.1 Surface defects after sequential gauging

K-invariant Combinations of Surfaces. First of all, since multiplication by Dék) relates any

ngR) to DéR), we only need to focus on making combinations of D;R) K-symmetric. Any other
K-symmetric combination of objects of C/y isomorphic only produces objects of C isomorphic

to the ones descending from K-symmetric combinations of DéR).
Note that we can only implement K symmetry if we begin with a multiple of

P o, (46)

ReK-orbit

because the action of K on H descends to an action of K on 2-representations R of H.

Obstruction: Symmetry fractionalization. There are various further obstructions in the K-
symmetrization procedure, which are most cleanly understood in the case when the action of
K is trivial on a particular 2-representation R. For the first type of obstruction, consider making
a single copy of DéR) K-symmetric. If K O-form symmetry is fractionalized on DéR), then it is
impossible to K-symmetrize DER). However, this obstruction may be cured by beginning instead
with nDéR) for n > 1. In this case, the resulting defect in C; after gauging is twisted theta with
the underlying twist being DéR) € Cg/p and underlying stack the 2d TQFT with n trivial vacua.

We can then try to implement the K-symmetry acting as a permutation of the n copies of
DgR) with different choices for the junction lines D%R;k)(hR). Such a non-trivial combination of
junction lines with permutation can defractionalize the 0-form symmetry back to K, making

nDéR) K-symmetric. We will see soon that because of this obstruction DéZZ) in Cz,/z, cannot

be made symmetric under K = Z,, but 2D£ZZ) can be made K-symmetric, which is in contrast
to CZZXZZ/ZZ .
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Obstruction: Localized 't Hooft anomaly and projective 2-representations. Another type

of obstruction arises even when K symmetry does not fractionalize on DgR).

Consider for

example the identity defect ng). There is a canonical junction line Dfd;k)(id) between Dék)

and ng), which upon folding of the Dék) surface reduces to the identity line Dgid) on ng).

Making and) K-symmetric by combining D?d;k)(id) junctions with permutations of n copies of

ng) lead to the K-symmetric defects labeled by n-dimensional 2-representations of K.
Consider performing the same procedure with another junction line

DU ) g p(idiid) “7)

between Dék) and ng) obtained by stacking the bulk line Dgp ) for p(k) € H on top of
Dgid;k)(id). Here p is a homomorphism from K to H. The junctions Dgld;k)(p ) satisfy the K

fusion rules _ L , A ,
D:Eld’k)(p(k)) ® 0 Dgld,k p(k)) _ Dild’kk Yp(kK')) ) (48)
2

However the 1-category formed by these junctions is not Vecg but rather Vec;p where
w, €H 3(K,U(1)) provides a possibly non-trivial associator between these junction lines. A
representative is

wp (k1 ka, ks) = p(ks) (e(ky, ky)) € U(L), (49)

which can be obtained as a consequence of the symmetry fractionalization of K on H lines.
See figure 10 for the associator diagrams.

In other words, the junction lines Dgid;k)(p (k) generate K O-form symmetry on the two-
dimensional worldvolume of ng) which is afflicted with the ’t Hooft anomaly w,. Thus, in
order to obtain a K-symmetric surface defect we need to stack ng) with a 2d TQFT carrying K
0-form symmetry with opposite anomaly co;l, which then becomes the stack for the resulting

twisted theta defect. Such 2d TQFTs are classified by projective 2-representations'? of H in the

class w,,, or in other words monoidal functors of the form
rO=x
C; ? — Mat,(Vec), (50)
rO=K,w, . . . w, . . . I
where C; is a non-linear version of Vec, ” and n is called the dimension of the projective

2-representation. In total, a choice of p and a projective 2-representation R of K of dimension
n in class rovides a way of making nD? in C,,; K-symmetric
Wp P y g nb, G/H K-Sym .

For future purposes, let us note that just like irreducible 2-representations of K are classified
by the choice of a subgroup K’ and an element in H2(K’, U(1)), the irreducible projective 2-
representations of K in class w, are specified by the choice of a subgroup K’ of K on which
w,, trivializes and a trivialization of w, on K ’ with two trivializations related by exact terms
considered to be equivalent.

A general obstruction is a combination of the two types of obstructions discussed above. It
would be very interesting to systematically understand the more general obstructions in future
works.

3.1.1 G=2Z,%x2Zy, H=2,

Let us now consider gauging the K = Z, 0-form symmetry generated by Dés) in our example
G = Zy X Zy,H = Z,. The gauging process should convert the 2-category Cz, .z, ,z, into the

12projective 2-representations in the class w = 0 coincide with the usual 2-representations.
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p(kikoks) kqkaks pkikoks)

p(ky)

= p(k3)(€(k1, kz)) x

p(kiks)

kqkok
plkikaks) 1

pkikoks)

Figure 10: Left side of the figure depicts an associator comprised of D;id;k)(p (k) junc-
tion lines. They have been resolved into Dgld;k)(ld) junction lines (shown in black)
and Dip () hulk lines (shown in blue). As we completely lift the bulk Dip &) Jines far

away from the Dék) surfaces, the bulk line D§p (ks) Dfd;kl)(id),

Diid;kz)(id) and Dgid§k1k2)(id)

crosses the junction of

pleta)

, or in other words crosses the junction of sur-

faces Dékl), DékZ) and DéklkZ). Because of the mixed ’t Hooft anomaly between K
0-form symmetry and H 1-form symmetry, this crossing generates a phase factor
w, = p(ks)(e(ky,ks)), as shown on the right side of the figure. The purely blue and
purely black associators on the right are trivial, using the fact that K 0-form symmetry
has no pure 't Hooft anomaly and H 1-form symmetry has no pure 't Hooft anomaly.
Thus, the associator of Dgid;k)(p (k) junction lines is given by the 3-cocycle w,,.

2-category CZ% 2= 2-Rep(Z4 x Z,) discussed in appendix B.1. Let us see this explicitly at the
level of objects.
Since the short exact sequence

1—)H:Z2—>G:ZZXZZ—>K:ZZ—)1, (51)

splits, none of the obstructions discussed above are relevant, and the analysis is relatively
straightforward.

First consider objects of ng /22 descending from multiples of the identity object ng) of
Cz,xz,)z,- Note that there are only two possible homomorphisms

p:K=Z,—>H=127,, (52)

namely the trivial and the identity homomorphisms. Since the extension class € = 0, for both
homomorphisms we have w, = 0. Thus, both of them lead to a copy of 2-Rep(Z,). Let us
label the simple objects (upto isomorphism) in the 2-Rep(Z,) < ng /Z2 arising from trivial
homomorphism as
. 4
p{®, b, (53)

i .. . A4 ..
where ng) corresponds to the trivial 2-representation and Dé 2) corresponds to the non-trivial

irreducible 2-representation of dimension 2. Similarly, let us label the simple objects (upto
isomorphism) in the 2-Rep(Z,) C ng /22 arising from identity homomorphism as

9
MR (54)

)
Dy, D
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- . . zy’ .
where Dé ) corresponds to the trivial 2-representation and D; 2) corresponds to the non-trivial
irreducible 2-representation of dimension 2.

(id)
.d 2
using one of the lines D%l ) or D%V). The resulting simple objects of ng /22 respectively are

More concretely, we can make D; "’ symmetric under Zg by either generating the symmetry

(id) )
D,”,  D,’. (55)

Likewise consider making ZDSd) symmetric under Zg. The 1-endomorphisms of this defect are

in Mat,,»(Rep(Z,)), where Rep(Z,) is generated by Dfd) and D§V). There are five choices of
1-endomorphism for generating Zg 0-form symmetry, which give rise to the following objects
in CZ% Jz2

p{? o (i) o (id)
(B Dfd)): D,”&D, ",

(D?’) 0
W)
0 b
IS
o p¥

0 D(id) (ZV)

©) g p)
Dy @D; ),

(id) (=)
p{® ¢ ), (56)

o p{" @)~ (Z)
(ng) 0 D" =Dy
v’ v
To see that DéZZ g~ DQZZ), note that
IS

0 D§V) > (57)
v/ v v’ v vV v’ v v’
provides a 1-morphism DiZ 22) :DéZz ), DéZZ ), and also a 1-morphism DiZ 22 ) :DéZz ), DéZZ )

in C;2,52. The composition of these two 1-morphisms is the identity endomorphism (as
72/72

(z3)

the square of the above matrix is the identity matrix) of D,

€ ng jz2- Similar to above,

D§ZZ) € Cz,xz,/z, 1€ads to two simple objects

(z3) ()
D, 2 D, 2 e ng/zg . (58)
. S
The 0-form symmetry Zg is implemented by D%Zz’ld) € Cy,xz,/z, for DEZZ) S CZ% /22> and by

p%) e ¢ for D% e ¢ And simil bove, 202 e C lead
1 € Cz,x2,/z, 10T Dy =" € Cy2/72. And similar to above, 2D, *" € Cy,xz,/7, leads to a

single simple object
D§22XZ2) c CZ%/Z% , (59)

for which the Z‘g symmetry is implemented by

(Zg;id)
0 D
1
( (Zo5id) ) (60)
Dl

0

In summary the surface defects in the gauged category are built upon the following simple
objects

(z3)
2

C \4
Dézz)’D(Zz) Dézzxzz)} ’ 61)

. id —
ObJ(CZ§/Z%) = {Dg )5 Dé )’D 2 H

as expected from the analysis of appendix B.1.
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312 G=Z,, H=2,

Let us now consider the gauging of residual Zg symmetry in the 2-category Cz,,z, associ-
ated to our example G = Z4,H = Z,. We expect the resulting category to be equivalent to
Cz,/z, = 2-Rep(Z4) obtained by gauging the full Z, 0-form symmetry in Cy,. Notice that up
to the gauging of the first Zg subgroup, the spectrum of objects and 1-morphisms has been
identical irrespective of whether we start from G = Z, x Z, or G = Z4. However, upon the
subsequent gauging of the residual Zg symmetry, we expect to see differences in these spectra,
as in one case we should land on the symmetry 2-category 2-Rep(Z, x Z,) and in the other on
2-Rep(Z,4), and these two 2-categories have different number of simple objects (upto isomor-
phism). In particular, 2-Rep(Z,4) has less simple objects than 2-Rep(Z, x Z,), which means
that some of the topological surfaces of the latter will have to be inconsistent in the former.
This is due to the obstructions related to symmetry fractionalizations discussed above.

Objects. First consider objects of Cz, /5, descending from multiples of the identity object ng)
of Cz,,z,- We have to consider the trivial and identity homomorphisms

p: K=7Z,—>H=127,. (62)

Since the extension class € is non-trivial, we have for trivial homomorphism w, =0, but
w, #0€ H3(Z,,U(1)) = Z, for the identity homomorphism. The trivial homomorphism
leads to a copy of 2-Rep(Z,) € ng /22 whose simple objects (upto isomorphism) we label as
(id) (z3)
D, D, ?", (63)

\'
(ZZ

N ) corresponds to the non-trivial

where ng) corresponds to the trivial 2-representation and D
irreducible 2-representation of dimension 2.

Now consider the simple objects (upto isomorphism) descending from the identity homo-
morphism p. There is only a single irreducible projective 2-representations of Z, with non-
trivial class w,, since w, trivializes only on the trivial subgroup of Z, and there is only a single
choice of trivialization. Since the choice of subgroup is trivial inside Z,, the Z‘g symmetry is
spontaneously broken and the irreducible projective 2-representation has dimension 2. Let us

label the corresponding simple object in Cz, /7, as

V/
p{). (64)
Note that we do not obtain analogue of Dé_) € CZ% /22 in Cz,/z,. In other words, symmetry
fractionalization in Cz, /7, has obstructed the existence of Dg_) inCz,/z,-

Just as for the previous example, it also turns out here that

/
@) ~
)2 )

(z3)

D N

D (65)

though here the isomorphism is quite complicated. We relegate the explicit discussion of this
isomorphism to appendix C.3.

Now let us consider making DEZZ) symmetric under Zg. This fails already at the level of

lines, because as discussed above Zg fractionalizes to Z, O-form symmetry on DéZZ). Thus, for
S C

the Z, x Z, case, DéZZ) € Cz,xz,/z, 8lves rise to two simple objects DEZZ) and Dézz) in C2 /72,

but for the Z, case we do not get even a single simple object of Cz, /z, from DéZZ) €Cy,/z,-
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On the other hand, we can successfully make 2D§Zz) symmetric under Zg by implementing
the Z‘; symmetry using the matrix of junction lines

o LT
%)

These junction lines were defined around equation (44). This leads to the simple object DéZ“)

of CZ4/Z4 .
In summary we obtain the simple objects

\%4
0bj (Cz,2,) = {D§, DY, D}, (67)
of Cy,/z, starting from the 2-category Cy, /7, and gauging its Zg 0-form symmetry.

3.2 Fusion of surface defects after sequential gauging

The fusion of surfaces in g/ can be computed in terms of Cg/y information by computing
the fusion of underlying surfaces in C;/y and the fusion of the junction lines implementing
K symmetry (which provides the junction lines implementing K symmetry on the fusion of
underlying surfaces).

3.2.1 Example: G =7Z, xZo, H=12,

First of all, we clearly have
p{” & D\’ =D{?, (68)

because the Zs symmetry for D( )@ D( ) is implemented by D(V) ® D(V) D(ld) in Cz,xz,/z,-
Next, we also have

\4 v’ \%
p{? @p\?) = p{¥:) = p2) (69)
because the tensor product of the junctions implementing Zg symmetry is
W) o DY (o p"
D;’® (D?‘” ; = ow 3 . (70)
Likewise we find - -
pPep=p  y=s.c,
(71)

B

(=) (ZyXZy) ~ (ZXZ)
D2 ®D22 2_D22 2

because ng) line becomes invisible when stacked on top of DEZZ) inCy,xz,/z,- The fusion rules

\%4 %4 %
p{?) @ p\*2) = 2p{*) (72)

follow from arguments similar to those leading to the fusion rule (26), and

(Z3) (Z3) ~

p{"») @ p*3) = op{*2

x=S,C, (73)

follows from the fact that Dgzz;i) ® DiZz;i) € Cy,x2,/z, is given by Dgzzgi)idzﬂ for i € {id,—}
(see also [14], (3.68) and (3.71) for similar arguments). The fusion rule

(Z3) o n(73) o~ D(zzxzz)

D,* ®D, , (74)
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follows from the fact that Dgzz;id) ® D%Zz;_) € Cz,x7,/z, is given by 2 x 2 off-diagonal matrix

with both entries D;Z”id) (see also [14], (3.69) for similar arguments). Combining the above
facts, the reader can easily show the remaining fusion rules

v X
D @i = pF)  x—s,c, (75)
and
DéZZXZZ) ®D§ZZXZZ) ~ 4D522XZZ) ) (76)

These fusion rules all match with those obtained in appendix B.1 by direct Z, x Z, gauging of
CZZ XZy*
3.22 G= Z4, H = Zz

Now let us compute fusions of simple objects of Cy, 5, using its construction as gauging of
Cz,/z,- These should match the fusion rules for 2-Rep(Z,) computed independently in ap-
pendix B.2. The fusion rule

p{*) @ p{#2) = op(#2) 77)

is derived in the same way as for non-identity object of 2Rep(Z,). The fusion rule
(Z,) (Z4) ~ 5(Z4)
Dy @ Dy = 2" (78)

is derived by considering the endomorphisms that implement the symmetry, and by taking
their tensor product

(id) (ZY;id)
( ?id) g ) ® (Z(‘)’-id) P : (79)
D, 0 D, 0
Finally, the fusion rule
D{* @ D{* = 4p{* (80)

follows from taking the tensor product

(z3;id) (z3;id)
0 D2 0 D2
( @id) )‘8’( @i )’ (81)
D% 0 D% 0

1 1

using the fusion rule
7Y 5id)
2 Bl

0
D Ve . (82)
0 DiZZ ,1d))

(ZY;id) (z¥iid) _ [ D
1 2 ®D1 2 — (

We then find that (81) evaluates to

ZV;'d
[ o 0 0 0 0 o b2 \
Zv;'d
0 0 0 0 0 0 o p2
ZV;'d
0 0 0 o b2 0 0
0 0 0 0 o DB g 0
(Zv'id) ! 5 (83)
Y
0 0 D 0 0 0 0 0
ZV;'d
0 0 o =2 g 0 0 0
AL
p2M 0 0 0 0 0 0
ZV;'d
\ o b2 0 0 0 0 0 j

which has four Déz“) blocks sitting within it, justifying (80).
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PSU(3) Z3 SU(3)

2-Vec(S3) 12-Vec (Zgl) X Z(ZO))
S3
Ly Ly
PSU(3) SUE3)
2-Rep (Zgl) X Zgo)) 2-Rep(S;3)

Figure 11: Categorical symmetry web for 3d gauge theories with gauge algebra su(3).
We label each theory by its global form of the gauge group and the associated symme-
try category. Each arrow denotes a 0-form gauging and it is labelled by the subgroup
of S5 that is being gauged in that step.

4 Categorical symmetry web for Sg

Our general discussion was exemplified with G = Z, x Z, and Z,. It is straight forward to
extend these illustrative examples to other cyclic groups. In the following we will discuss two
non-abelian groups: S; and Dg and the resulting categorical symmetry web.

4.1 Setup and gauge theory

We start with the O-form symmetry G = S3, which is the smallest non-abelian group, which
we express as

53:Z3><122=<a,x‘x2=a3:1, xax=a2>. (84)
We consider 3d QFTs T, with S3 0-form symmetry and associated symmetry 2-category
Cs3 = 2-VeC(53) . (85)

The topological surfaces, that generate the 0-form symmetry are labeled by group elements
Dég), g € S3, and satisfy the fusion dictated by group multiplication. A concrete example for
a gauge theory with this symmetry is pure PSU(3), which is obtained from pure SU(3) by
gauging the Zgl) 1-form center symmetry, which provides the Z(go) subgroup of S;. The non-
trivial Z, action comes from the outer automorphism (that acts by reflection on the Dynkin
diagram). Starting from T, = PSU(3) with symmetry category Cs, = 2-Vec(S3) and gauging
various subgroups of S3, we will find the symmetry category web, with symmetry categories

Cs, = 2-Vec(S3),  Cs,jz, =2-Vec(I),  Cs,/s, = 2-Rep(S;). (86)
as illustrated in figure 11. In Cg, /7., the symmetry group is the 2-group I' formed by the 1-
form symmetry Z; and the O-form symmetry Z,, where the latter acts on the former by outer
automorphipsm p.
4.2 Gauging Zs; subgroup
We would like to determine the symmetry 2-category Cs, 7, of 3d QFT Ty ,; obtained by

gauging Z; subgroup of the S3 0-form symmetry of Tg.. Here, we will only determine objects
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and fusion of objects of the 2-category, leaving the determination of 1-morphisms and the
composition and fusion rules thereof to the reader.

As described in section 2.2, the Schur components of objects in Cg, /5, are labelled by
elements {1,x} € S3/Z5 = Z,. Multiples of the identity object ng) € Cg, lead to a sub-2-
category 2Rep(Zs) of Cs, /z,, which has two simple objects (upto isomorphism)

ng) ) Dézs) . (87)

The object DéZB) arises from SDSd) € Cs,, such that a € Z3 acts as a cyclic permutation of the

three copies of ng) in BDSd). There are two different cyclic permutations (123) and (132) in
which a acts via the matrices'®

DiVPuyy={ 0 0o DI?|, and D{VPysy=|D{Y o0 0 |. 89
i o o o p o
We call the two corresponding objects of Cg, /5, respectively DéZB) and D£Z3), out of which
only Dézs) features in the list (87) because DéZB) and D£Z3) are isomorphic to each other. A
1-morphism D§Z3’Z3;w) from D§Z3) to D§Z3) is a 3 x 3 matrix composed of Dgid) € Cq such that
(id) (id)
(Z5,23;) 0 b (()id) 801) 0 b (Z4,Z359)
D, o o p¥f=[pf¥ o o D (89)
pfY o o0 o pi o
Some such 1-morphisms are given in terms of the transpositions
pi o o
/ 1
Z,Zs; i i
.Dg 3 3x)::l)fdh%23):: 0 0 l)$d) )
(id)
o b o
/ o o DM
DiZB,Z:;,GX) — Dgld)P(l:s) — O D](-Id) O , (90)
pi¥ o o
] o p o
7., 7s; i i
.Dg 32350 x)::IﬁKDI%12):: _D§M) 0 0 |,
o o DM

(

223) ®D§ZS) involves the tensor

all of which are invertible and hence isomorphisms. The fusion D
product of the 3 x 3 matrices in (88) and leads to

(Z3) o pZs) _ 3p(Zs)
Dy’ ® D, =3D;",

(23) , (Z3) (23)
2 2 2

€Y

D, > ®D =3D

The tensor product of the above isomorphisms will be important later, and can be computed
to be (upto relabelling of rows and columns)

(Z4,23;)
(Z4,2350) _ (Z4Zs50) _ - (Z4,235) 0 D,
D, ®D, =D, ® (D(Z;,zg;w 0 ’ ©2)
1

13We again use the notation P, for the matrix representation of the permutation 7.
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(@) @ (@) - @) @)
D, /,' D, /' D, D, D,

(id) (i)
Dl Dl

Figure 12: Déx) exchanges Dga) and Déaz), which determine the action of the 0-form
symmetry on the 1-form symmetry in the gauged theory Cs, /7, .

for ¢ € {x,ax,a?x}, as 1-morphisms from 3D§Z3) to 3D§Z3). Similarly Déx) € Cs, leads to

a single simple object (upto isomorphism), which we denote by Déx) € Cs,/z,- Additionally

3D£x) € (g, leads to a single simple object (upto isomorphism) denoted by D§XZ3) in Cg, /7,

More precisely, we again naturally obtain two isomorphic objects D§XZ3) and DEXZZ") for which
the combined action of a from left and right is given respectively by matrices

o D&Y o 0 o D9
o o D and D o g (93)
.‘d 1 ’ 1 . 'd ?
piid g 0 o p&Y o

where D%X;id) € Cg, is the identity 1-endomorphism of Dgx) €Cs,.
We have the fusion rules

(1) g p) — plid)
Dy @ D} = DJ'Y,
(Z5) o ) — p(xZ3)
Dy @ D}¥) = D%

() g ) _ P74 & 323)
DZ ® D2 V= D2 U= D2 ° 5
D, @ D” =Dy, (94)

(x) (xZ3) _ ~(Z5) ~ 1(Z3)
D,’®D," =D, * =D,
(Z3) @ pi¥Zs) ~ g )(XZs)
D;*'®D, ' =3D, "™,
(¥Z3) o n(XZ3) ~r o p)(Z3)
Dy ™ ®D, ' =3D, .

Action of O-form symmetry on 1-form symmetry. The semi-direct product in (84) has an
interesting consequence for the symmetries of T, /7., namely the remaining Z, 0-form sym-

metry of Tg /5 generated by Déx) € Cs, 7z, acts on the Z3 1-form symmetry of T, /. generated
by simple 1-endomorphisms (upto isomorphism) of ng) in Cs, /7,

. : 2
Ende, , (D) ={D{®,D{), p{~7} | (95)

To see this, let us first define Dgw) to be the line obtained by making Dgid) € Cg, symmetric
under the Z; 0-form symmetry such that a € Z; acts by a third root of unity w and a? acts by
2 .

w?. On the other hand, D%‘“ ) is the line obtained by making Dgld) € Cg, symmetric under Zs
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0-form symmetry such that a acts by w? and a? acts by w. Now, since the actions of a and a?
are exchanged by D;x) (see figure 12), we learn that

(x5id) o p(@) o H(id) & p(@?)
Dy eD; "eDy T =Dy,

. : (96)
(xid) o (©?) o HGid) ~ (@)
DY @ D) @ DY) = DI,
which means that we have an exchange
2
Dgw) — Dgw ), 97

under Déx) € Cs,/z,- There is a similar action of Dgx) on the lines living on D§Z3). The simple

1-endomorphisms (upto isomorphism) of D§Z3) are
. . 2
Endcss/zg (D§Z3))) — {D§Z3,1d), DgZ&a), D§Z3,a )} , (98)

where D§Z3;id) descends from the 1-endomorphism of BDSd) € Cg, described by a diagonal

3 x 3 matrix with each entry being the line Dgid) € Cg,. On the other hand, D§Z3;a) and D§Z3;a2)
descend from the matrix (88). Similarly, the simple 1-endomorphisms (upto isomorphism) of

D§Z3) are
/ / ;'d / ; / ; 2
Ende,, (D)) = {D{*", 0", >} (99)
Since )
p{ @ p{*) @ D) = D, (100)

the lines of D£Z3) are mapped to the lines of D§Z3), and we need to further use an isomorphism

D§Z3’Z3;¢) (for any ¢ € {x,ax,a?x}) to map the lines of Dézs) back to the lines of D§Z3). In this

way, we obtain
. . . ! .q? .q2
pWiid) g p(aia) g plxiid) — i) o p(Zaia)

/ (101)
Dgx;id) ® DiZB;az) ®D§X;id) _ Dizs;a) ~ D§Z3;a) '
We can represent this as an action
. .q2
p{##® , plEs®) (102)

of Dgx) on lines of D§Z3).

Condensation defects and 2-group symmetry. Due to the action (97), the Z, 0-form sym-
metry and Zs 1-form symmetry combine to form a split 2-group symmetry T in the theory
Ts,/z,- In fact, we can recognize the whole 2-category as being built completely out of the
information regarding the 2-group I' i.e.

CSB/Z3 = 2-Vec(IN), (103)

where the right hand side denotes the 2-category of 2-vector spaces graded by the 2-group
I'. The object D§Z3) is recovered as the condensation defect for the Z; 1-form symmetry, and

DEXZB) is recovered by gauging the Z5 1-form symmetry on the worldvolume of Déx) €Cs,/z,-

29


https://scipost.org
https://scipost.org/SciPostPhys.15.4.160

Scil SciPost Phys. 15, 160 (2023)

4.3 Gauging S; in one go

Consider gauging the full S3 0-form symmetry of T, to pass to the theory T, /s,. The symmetry
2-category Cg, /s, associated to Tg,_ /g is

Cs,/s, = 2-Rep(S3), (104)

which was described in detail in [14]. The simple objects (upto isomorphism) of Cs, /s, are
Obj(CS3/S3) = {ng)z D§ZZ)) D§ZB)7 DESS)} ) (105)

with fusion rules
Dézz) ® Dézz) g 2Dézz) ,

(Z5) (Z3) ~ (S3)
DZ2 ®D23 :D23,

D" @ p{¥) = 5p{)

E) o @) o 1) g (50 (106)
3 3) ~ 3 3

D{*) @ D{") = p{¥) ¢ D’

(Za) g 1y(52) v o1(S3)
Dy ® Dy* = 3D,
(53) g 1y(53) & o 1y(52)
Dy¥ ® D} = 6Dy .

We will use this as a point of comparision in the following step-wise gauging.

4.4 Gauging S; sequentially

We can also construct Tg, /5, by gauging the Z, 0-form symmetry generated by Déx) €Cs,/z, of
the theory T, /7,. We would like to recover the Cg, /s, fusion rules in (106) by implementing
this Z, gauging on the symmetry 2-category Cs, /7, -

From multiples of ng) € Cs,/z,, we obtain a sub-2-category 2Rep(Z,) of Cs, s, described
by objects
p{¥, p{™ ecq s, . (107)

3)

Now consider making DéZ € Cs,/z, symmetric under Z, O-form symmetry. Because of

3)

the fusion rule (100), a way of making DEZ € Cg,/z, symmetric under Z, O-form sym-

metry requires a choice of a morphism M,, : D;Z3) — D§Z3)
M, : D£Z3) — D£Z3) € Cs, /z, such that we have

€ Cs,/z, and a morphism

(Z4;id)
]_ 5
) (108)
_ n(Zs;id)
M, oM,, =D; 3

M,, oM, =D

We can thus choose M,,, = DiZB’Zw’) for any ¢ € {x,ax,a?x} defined above. The different
(2/3,2395)
1

in Cg, /s, arises by

choices of ¢ lead to isomorphic objects in Cg, /5. . For concreteness, let us pick M,, = D
and call the resulting object as DéZ?’) in Cg, /s, Finally, the object D§S3)

making 2D§Zg) € Cs, /7, symmetric under Z, O-form symmetry by implementing it using the
isomorphism
(Z4,23;%)
0 D, (z4) (Z3)
(D(Zlg,Zg;X) 1 0 ) : 2D2 o 2D2 ’ eCS3/Z3 . (109)
1

Now let us recover the fusion rules (106). The first rule DéZZ) ®D§ZZ) = 2D§Zz) is simply part
of the 2-Rep(Z,) data that we discussed above. Computing DéZZ) ® D§Z3) involves computing
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the matrix tensor product

(id) , (Z3,Z3;x)
P Y e , (110)
Dll 0 1 Dgzg’zs;x) 0
leading to DéZZ) ® DQZB) = D§S3). Similarly, computing
o pid o p®Zsv
. 1 |e - 1 , (111)
(Dgld) 0 ) D§Z3,Zg,x) 0
leads to DEZZ) ® D§S3) = 2D§S3). To compute D£Z3) ® D£Z3), we have to compute the fusion
D§Z3’Za;x) ® D§Z3’Z3;x) which we computed earlier and found to be given by (92), thus leading
to the fusion rule
p{*) @ p{#+) = p#2) g p5). (112)
For DéZB) ® D§S3), we compute
pEz [0 piFBy é 0o  pPHM 113)
1 Dizg,@;x) 0 - = Dizg,%;x) 0 P
leading to the fusion rule
D{* ® D{* = 3p{%). (114)
Finally, computing
(Z3,23;x) (Z4,235%)
( (Z’OZ ;%) Dl ® (Z’OZ ;%) Dl ) ? (115)
D™ 0 D, 0

it is straightforward to show that D§S3) ® D;SB) = 6D§S3). We have therefore reproduced the
2-Rep(S3) fusion rules displayed in (106).

4.5 Gauging the 2-group symmetry

Consider gauging the 2-group symmetry T' of the theory Tg, ;.. This is equivalent to first
ungauging Zs and then gauging Z,, so we reach the theory Tg_,; which is obtained from T,
by gauging one of the Z, subgroups of the S3 0-form symmetry of Ts,. In other words, we
have

Ts,/24)T = %3,/ » (116)
and hence the symmetry 2-category Cs_ 5, associated to Tg_ 7, is
Cs, /2, = 2-Rep(T), (117)

where the right hand side denotes the 2-category formed by 2-representations of the 2-group
I'. This 2-category can be easily computed using the description presented in [14] and it has
three simple objects

Obj(2-Rep(r)) = {D{¥, p{*), p{D} (118)

with fusion rules
DEZZ) ® Dgzz) g ZDEZZ) ,

D) @ p{ee”) = o plee) (119)

(ww?) (00?) ~ (Z2) (ww?)
D" '®D," "=D,* @D, " .
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4.6 Gauging the Z, subgroup

Now consider instead directly gauging Z, subgroup of S3 to transition from Cg, to Cg,/z,-
Without loss of generality, we choose the Z, subgroup generated by x € S;. Multiples of
ng) € Cg, give rise to two simple objects

p{¥, i) € 0bj(Cs, /2,).- (120)
Since we have

() (@ (x) _ pa®
p{? @ i @ DS = D{*) (121)

2
and there are no 1-morphisms between Dga) and Dga ), it is not possible to make either Dga)
2 2
or Dga ) individually symmetric under Z%, but we can consider making their sum Déa) ® Déa )

symmetric under ZX. This requi hoosi i hi D(az)EBD(a)—>D(a)€BD(a2) hich
3 5 quires choosing an isomorphism D, N 5 5, whic

can be taken to be given by
(a®;id)
0 D
i 1 ) (122)
(ot ")

2
where the first row corresponds to Dga ), the second row corresponds to Déa), the first column

corresponds to D(a), and the second column corresponds to D§a2). This gives rise to the object
2
D{*) € 0bj(Cs,/z,) - (123)

Let us now re-derive the fusion rules (119). The first rule DEZZ) ® DEZQ) = ZDEZZ) is part of the

2
2Rep(Z,) sub-2-category of Cg, /7, . To compute DéZZ) ®D§‘°w ), we need to compute the tensor
product

(a%id)
0 D(id) 0 D(az;id) 8 8 D(t?;id) = 0
D; 0 D" 0 0 D 0 0
plid ¢ 0 0

where, for the matrix on the right hand side, the first and third rows correspond to Déaz), the
second and fourth rows correspond to Déa), the first and third columns correspond to Déa),
2
and the second and fourth columns correspond to Déa ). Since the right hand side matrix
decomposes as a direct sum of (122) with itself, we recover the fusion rule
p{#) @ p{e?) = gp(ee) (125)

2 2
For the fusion Déw‘“ )@ Dgw“ ), compute the tensor product

o o o D&
1
(a?;id) (a%id) (id)
0 D of O D _| o 0Dy 0 1
pld plwd o o b o o
D(az;id) 0 0 0
1

where, for the matrix on the right hand side, the first row corresponds to D(a), the second
; 2
and third rows correspond to ng), the fourth row corresponds to Déa ), the first column cor-
2 .
responds to Déa ), the second and third columns correspond to ng), and the fourth column

corresponds to Dga). From the direct sum decomposition of this matrix, we learn that

(06?) g p©o?) & () g plwo?)
Dy*“") @ D{*“) = p}*) @ D) (127)
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Therefore, we have reproduced the fusion rules of 2-Rep(I') displayed in (119) by directly
gauging Z, in 2-Vec(S3).

5 The Dg-categorical symmetry web for 3d orthogonal gauge the-
ories

5.1 Web of 3d orthogonal gauge theories

A rich class of categorical symmetries arises for gauge theories with orthogonal gauge groups,
with gauge algebra s0(2N). We will now construct the full web of categorical symmetries and
most importantly discuss each of the gauging steps. We will see that although the webs for
50(4N) and so(4N + 2) are same, the gauge groups labeling the same nodes in the two webs
are of different types.

We start with the theory which has purely a 0-form symmetry, which in this case is Dy,
and is realized in the PSO(4N) and PSO(4N + 2) gauge theories. Here the group Dg will be
presented as follows

D8=Z4>GZZ=<a,x‘x2=a4=1,xax=a3>. (128)

The symmetry category Cp, attached to PSO(4N) and PSO(4N + 2) gauge theories has surface
defects Dég) , & € Dg, and is given by

Cp, = 2-Vec(Ds). (129)

All other gauge theories with gauge groups (including both connected and disconnected ones)
having gauge algebras s0(4N) and so(4N + 2) can be obtained by gauging a 0-form symmetry
subgroup of Dg. The resulting symmetry category webs are shown in figures 1 and 13. We will
discuss both the partial gaugings of subgroups starting with 2-Vec(Dg), but also the subsequent
gauging of the categories by the remaining subgroups.

Let us specify precisely how these symmetries are realized in the 3d gauge theories: per-
haps the most familiar theory is the Spin(4N) gauge theory, which has 0-form symmetry Z3,
that acts as outer automorphism, and 1-form symmetry Z, x Z, that acts (on Wilson lines) as
the center!* of Spin(4N). Gauging one of the two Z, 1-form symmetries leads to two equiv-
alent theories with gauge groups called Ss(4N) or Sc(4N), while gauging the diagonal Z,
subgroup of the 1-form symmetry gives the SO(4N) theory. Gauging the full 1-form symmetry
results in the theory PSO(4N), which is our starting point for the web. Gauging instead the
0-form symmetry starting with Spin(4N) results in Pin*(4N), which is also the theory obtained
by gauging the full Dg O-form symmetry of the PSO(4N) theory. The remaining gaugings are
shown in figure 1.

Analogously, Spin(4N + 2) gauge theory has outer-automorphism O-form symmetry Z3
and center 1-form symmetry Z,. Gauging Z, subgroup of the 1-form symmetry gives the
SO(4N + 2) theory. Gauging the full 1-form symmetry results in the theory PSO(4N + 2),
which is our starting point for the web. Gauging instead the O-form symmetry starting with
Spin(4N + 2) results in Pin* (4N +2), which is also the theory obtained by gauging the full Dg
0-form symmetry of the PSO(4N + 2) theory. The remaining gaugings are shown in figure 13.

In figures 1 and 13 we have indicated the 0-form symmetry groups that we gauge in each
of the steps. Starting with PSO(4N) and PSO(4N + 2) these are subgroups of Dg, however

“The two Z, in the center are distinguished by the irreducible spinor representation (namely spinor or cospinor)
they act on.
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PO(4N + 2) o k Zy PSO(4N + 2) z3* | PO’(4N +2) .
2-Rep ((Zé)“) X Zs, ) X 2-Vec(Dg) 12-Rep ((Zg)(l) X Z(2 ))
Z[Zaz] Zgz Z[Zaz]
O(4N +2) ZEZXJ SO(4N +2) Zglx] O’(4N +2)
2-Vec ((Z%)(l) x Z(ZO)) N 2-Vec?® (Zgl) x (Zg)(o)) | 2-Vec ((Z%)(l) X Z(ZO))

[a]
Ly

Spin(4N + 2)
2-Vec(Zgl) X Zgo))

Z[ax

7o)
Pin" (4N +2)
2-Rep(Dg)

Figure 13: Categorical symmetry web for 3d gauge theories with gauge algebra
50(4N + 2). We label each theory by its global gauge group, and the 2-category
which is its symmetry category. The arrows denote gaugings of 0-form symmetries
and each arrow is labelled by the subgroup of Dg that is gauged along that arrow. We
discuss each of these steps in the text. Note that each arrow corresponds to a 0-form
symmetry gauging. The notation for the groups Z[zg lis explained in the text around
(130).

in subsequent gaugings the generators are uniquely fixed only up to left multiplication by the
elements of the subgroup that was gauged in the previous step. In this case we label the
subgroup by [g]. For example, after gauging Z3 the remaining group is Dg/ Z‘ZIZ and we can
gauge e.g. the group generated by ax, which is equivalent to a®x etc. We then denote the
corresponding subgroup by

Z[Zax] ={gax; g€ Zgz}. (130)

To determine which left coset we consider simply requires tracing back the gauging steps to
PSO(4N)."

Note that the webs shown in figures 1 and 13 are symmetric under reflection across the
vertical axis, which can be understood as the action of outer-automorphism of Dg. This relates
different theories that have same symmetries.'®

15We refrain from specifying which groups we use for the coset action. They can be determined using the figure
from the groups that appear in the gauging process prior to the one under consideration.

15The inner automorphisms of Dg have been modded out from the webs as this relates theories appearing in the
webs to isomorphic theories. For example, if we gauge Zf’( (related to Z3* by conjugation) 0-form symmetry of
PSO(4N), we obtain the Sc(4N) gauge theory which is isomorphic to the Ss(4N) gauge theory obtained by gauging
Z3* 0-form symmetry of PSO(4N).
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5.2 PSO(2N) — SO(2N)

In this subsection, we gauge the normal Z, subgroup of Dg generated by the element a? and
determine the resulting 2-category C., , .2. The starting point is the category

Dg/Z5

Cp, = 2-Vec(Ds) , (131)

and we will show that after gauging Z‘zlz we obtain

C

_ o [(0) (0) (1)
Dy/28> = 2-Vec (Zz X Ly X Ly ) , (132)

which carries a 2-group with Zgo) XZ(ZO) 0-form symmetry and Z(zl) 1-form symmetry, with trivial
action and trivial Postnikov class, but with a non-trivial anomaly « (which is a 4-cocycle on the
2-group H*(BT, U(1))). The anomaly implies that there is fractionalization of Z(ZO) X Z(ZO) 0-form
symmetry on the line operator generating Zg) 1-form symmetry and also on the condensation
surface defect associated to Z(Zl) 1-form symmetry.

At the level of 3d orthogonal gauge theories, Zgz gauging corresponds to the transitions
PSO(2N) — SO(2N) - see figures 1 and 13.

Objects and 1-morphisms. Different Schur components of simple objects in CD8 jge> are la-
2

belled by elements g € {1,a,x,ax} =7, %X Z, = Dg /Zgz. In each Schur component, we have
a copy of 2-Rep(Z,). Thus, the simple objects (upto isomorphism) of CD8 Jze can be labeled as
2

Obj(Cy, /52) = { D), pEZ)

ge{1,a,x,ax}:Z2xZZ:Ds/Z‘Z‘Z}. (133)

These are twisted theta defects with underlying twist being Dég) € Cp,. For g = id, we have
the ordinary theta defects of [14].

The fusions of objects follows 2-Rep(Z, ) fusion rules graded by the Schur component group
Z X Z,. That is,

(g) (h) ~p(gh)
D{¥ @ DI =p{EM |
DégZz) ® Déh) gDéthZ) ) (134)
(gZ3) (hZ3) ~ o1y (8hZ5)
D" @ p{t#2) zpp(8h”a)

The 1-morphisms of CD8 Jza> A€ also 1-morphisms of 2-Rep(Z,) graded by Z, xZ,. In particular,
2

we have simple 1-endomorphisms (upto isomorphism)
o a2
pd  plEr), (135)
: 2
of Dég). Here D%g’ld) is the identity 1-endomorphism (under composition) and D%g’a ) is a
non-identity 1-endomorphism of order two. We also have simple 1-endomorphisms (upto

isomorphism)

DggZz,id) , DigZz;—) ’ (136)

of DégZZ). Here Digzz;id) is the identity 1-endomorphism (under composition) and D%gzz;_) is
a non-identity 1-endomorphism of order two.
In summary, at the level of objects and 1-morphisms we seem to obtain that CD8 /282 equals
2

2-Vec(Z, x Z,) & 2-Rep(Z,) = 2-Vec (ng> x 7 x Z(;)) . (137)

We will now show that in /222 there is in fact an additional non-trivial cocycle w due to
s/ Z;
symmetry fractionalization.
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(a®) _ _ - () _ _
Dl Dl

Figure 14: The Z, x Z, symmetry generated by Déx) and Déa) fractionalizes on the

2 2
line D§a ). As a consequence, commuting Déx) past Dga) on D%a ), leaves behind the

2.
local operator —D(()a iid),

Mixed anomaly and symmetry fractionalization. Given that the extension
1_’232—’D8_’Z2X22_’1, (138)

is non-split, characterized by a non-trivial extension class € € H%(Z, x Z,, Z,), we expect the
theory ng /72 to have a mixed ’t Hooft anomaly w given by (35).
2

This mixed anomaly is associated to symmetry fractionalization of Z, x Z, 0-form sym-
2
metry generated by Dég) € CD8 Jze* O the bulk line Dga ). In fact, Z, x Z, 0-form symmetry
2

2
fractionalizes to Dg O-form symmetry on Dia ),

First of all, the Z, subgroup of Z, x Z, generated by Déa) fractionalizes to Z4 on D%az) by
the same arguments as encountered previously in the study of G = Z4,H = Z, example. See

figure 6. On the other hand, Z, subgroup of Z, x Z, generated by Déx) cannot fractionalize

because Déx) generates a Z, symmetry in Cp,. Similarly, the Z, subgroup generated by Déax)
cannot fractionalize for the same reason. ,
However, this means that Déa) and D;x) must not commute on the line Dga ). To see this

2
directly, consider a configuration in C, /22 where Dga ) intersects a Déa) and a Déx) surface. In
s/ Z;

) (
2

2
the two surfaces while they still intersect Dga ). 1f we perform this operation in Cp,, we find a
)

Cp,, this corresponds to a configuration where Dgld intersects D% and Dgx). We can commute

configuration where Dgid intersects Dgx) and Déag). Writing D§a3) as Dgaz) ® Déa) and using the

2
definition of D{*” e C. , .2, we learn that this commutation process produces a non-trivial
1 Dg/Z p p
8/ %59

2.
sign, due to the appearance of a non-trivial local operator —D(()a iid) (namely minus times the

identity operator) living on the line Dgaz). See figure 14.
The Z, xZ, 0-form symmetry also fractionalizes to Dg symmetry on the worldvolume of the

condensation defect DEZZ) inC_ , .2 with the line Dgzz;_) living on DéZZ) providing the central
2

Dy/Z
Z,. Call a line living at the junction of DEZZ) and Dég) as Dizz;g ). Then we have

DgZz;a) ®D£ZZ) Dgzz;a) — Dgzz;_),

. . .'d
p{#z¥) ® ) p{Z¥) = plZ2id),

D(Zz;aX) ® (139)

(Zy;ax) _ 1(Zy;id)
1 Dy =D ’

1

B

(Z9)
D2

Zy; Zy; Zos— Zy; Zy;
Dg 2;0) ®D£ZZ) Dg 2x):Dg 2 )® Z) D§ 23%) ®D§ZZ) Dg za),

(
D,
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following from the general arguments of section 2.5, where Dgzz;id) and Dizz;_) are lines living

on Dézz) discussed above.

5.3 SO(4N) — O’(4N) and SO(4N + 2) — Spin(4N + 2)

We now discuss the gauging of ZJ 0-form symmetry generated by Déa) in CD8 /782 At the level
2

of 3d orthogonal gauge theories, this corresponds to the transitions SO(4N) — O’(4N) and
SO(4N + 2) — Spin(4N + 2) — see figures 1 and 13.

Alternatively, we could have gauged Zj O-form symmetry generated by D;a) in Cp,, thus
passing to the 2-category Cp,_ /z,. Thus the above Zj gauging procedure should implement the
transition

Cpyyzar = Cny/zy (140)
which we will find to be
Cpy/z, = 2-Vec(z{) 12 . (141)

This 2-category contains a split 2-group symmetry comprised of a Z(ZO) 0-form symmetry and a
Zgl) 1-form symmetry with an outer-automorphism action of Z(ZO) on Zgl) and trivial Postnikov
class.

This is well-known for the case in which the gauged theory T, /5, is the Spin(4N + 2)
gauge theory. This has a center Z, 1-form symmetry acted upon by Z, outer-automorphism

0-form symmetry.
Objects and 1-morphisms. Upon gauging Z3, the following pairs of simple objects
{ng) ~ Déa) i Déx) ~ Déax) , DéZz) ~ DéaZz) , DéXZZ) ~ Déasz)} ’ (142)

in CD8 Jge> are related by left (or equivalently right) action of Déa). Therefore, we expect to get
2

two Schur components of simple objects labelled by g € {id, x} € Dg/Z4 = Z,.
The rest of the analysis is completely parallel to that of section 3.1.2 and we obtain the
following simple objects (upto isomorphism) of Cp, /7,

Z Z
c§§/24 — {Dgg),pgg 2),D§g 4)\g €{1,x}=Dg/Z, = zz} . (143)

These are (twisted) theta defects with underlying twist Dég ) e CD8 s
2

The fusion rules are determined similarly to the fusion rules in section 3.2.2 and are found
to be fusion rules for 2-Rep(Z,) graded by the group of Schur components Z,
(&) o p() _ plgh)
D> ®D,’ =D,
(8Z5) (h) _ r(8hZy)
D;>"* ®D, " =D,""%,
DégZ4) ® Déh) — Déth4) ,

(144)
DggZZ) ® Déhzz) — 2Déth2) ,
(8Z2) g (hZa) _ oy (8hZs)
D" ®D, * =2D," "%,

(824) o p(hZe) _ 4 y(8hZs)
Dy*™ @ D, = 4Dy

with g,h € {id, x}.
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The story continues in a similar fashion for 1-morphisms as well, where the analysis is
just a Z, graded version of the analysis of appendix B.2 obtaining 1-morphisms of Cy, /7, by
studying Z, symmetric 1-morphisms of Cz,/,. In particular, we label the 1-endomorphisms

b
of Dg ) in Cpy/z, as ] 3
() e pe)  pd

{p{, p), p{?, p{I}, (145)

which form a Z4 1-form symmetry group of Tp,_,7,
In summary, at the level of objects and 1-morphisms we seem to obtain that Cp,_;, equals

2-Vec(Z,) B 2-Rep(Zy) = 2-Vec (2 x 7)) . (146)
We will now show that in Cp, 7, there is in fact additionally an action of Z(ZO) on zg”.

2-group action. Let us now determine the action of the Z, 0-form symmetry generated by
Déx) on the set of bulk lines in Cp, /7, .

First consider Dng)’ which comes from the making the identity simple 1-endomorphism
(0?)

ng) symmetric under Z3. In particular, we define D}

Since such an action is its own inverse,

such that a € ZJ acts by w? =™,

DI g Do) g p8H — p(e), 147

implying no exchange of Diwz) under Déx) € Cpy/z,-
3 2
Now consider Diw) and D%” ), which descend from making D%a ) symmetric under Zj.

2
Importantly, recall that ZJ fractionalizes on Dga ), such that it acts as a Z,4. Let us define D%w)

Ti/2 —mi/2

such that a acts by w =e and a® acts by w® =e . Analogously, we define Dng) such

that a acts by w?® and a® acts by w. Since the actions of a and a® are exchanged by Déx), we

learn that
w?)

p{”: D) D! (148)

Due to this action, the Zgo) O-form symmetry generated by Déx) and the Zgl) 1-form sym-
metry generated by Dgw) of Tp, /7, combine to form a split 2-group

r=2z"»z. (149)
Hence we find
Cpy/z, = 2Vecr. (150)

5.4 PSO(4N) — O’(4N) and PSO(4N + 2) — Spin(4N + 2)

In this subsection, we perform the direct gauging of Z, starting from Cp, thus implementing
the transition
CDS _)CDs/Z4' (151)

At the level of 3d orthogonal gauge theories, this corresponds to the transitions
PSO(4N) — O’(4N) and PSO(4N + 2) — Spin(4N + 2) — see figures 1 and 13.
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Objects. Firstly, the Schur components of objects in Cp,;, are labelled by
g € {id,x} = Dg/Z, = Z,. To determine the objects in the gauged category we consider
nDég).

For n = 1, we obtain Dég) € Cp,/z, which descend from Dég) € Cp,, with the Z, symme-

try implemented via the identity line Dig id) Next, we obtain two dimensional simple objects

which descend from 2D£g) € Cp,, such that the Z4 symmetry is implemented by the permuta-
tion matrix

12): p&dp [ O D ¢ mat (Ende. (D)) (152)
: 1 (12) — D(g;id) 0 atx\knde, (Uy7)) -
1

We will use the notation P, for the matrix that implements the permutation 7.
Physically this object corresponds to a TQFT with the Z, symmetry spontaneously broken
down to its Z,, subgroup, such that each vacua is invariant under a? € Z,, while the two vacua

3
are exchanged by the action of Déa) and Déa ). We denote this object by DégZZ) €Cpy/z,-
For n = 3 there are no new objects, since there are no length 3 orbits of Z,. For n =4, we
get objects for which the action of a can be represented by morphisms

(Z4) ;id (zy) ;id
p{™ . pEDp oy, D;%:  DEIp a0 (153)

However these two objects are isomorphic as there exist invertible lines in 4ng) € Cp, which

intertwine between the above two options. We will therefore only add Dégz“) to the list of
simple objects. Physically, this corresponds to a Z, symmetric TQFT in which the Z, symmetry
is spontaneously broken. Therefore it has four vacua that are permuted cyclically by the Z,

generator. We denote this object as DéZ“) € Cp,/z,- There are no additional indecomposable
objects. To summarize the set of simple objects is

. id Z Z Z (xZ
Obj(Cp,/z,) ={D{?®, D™, D, D{?, pi™*), p{H}, (154)

Fusion rules. By lifting the objects in Cp, /7, to the parent symmetry category Cp,, one finds

that the object ng) € Cp,z, is the identity under fusion, while Déx) € Cp,/z, generates a Z,
0-form symmetry. Therefore we have

(id) (x) _ ()
a155)
D, ®D,” =D, .

Similarly, the fusion product for DégZZ) ® DggZZ) can be obtained as in the cases studied previ-
ously by taking the tensor product of 1-endomorphisms in (152) and splitting them into orbits
under the Z, action. Doing so we find

D&% @ p*2) = gpEh?e) (156)

where g,h € Dg/Z, = Z,. Next, to compute Dégzz) ® Déhz4), we recall that DégZZ) and DéhZ“)

descend from ZDSd) and 4ng) respectively in Cp, . Therefore in Cp , we may denote objects
in the fusion outcome by the tuples (i, j) where i € {0,1} and j € {0,1,2,3}. The action of
a € Z, is given by the cyclic permutation

(i,j)—— (i+1mod?2,j+1mod4), (157)
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therefore we again obtain two orbits [(0,0)] and [(1, 0)] implying the fusion rule

piE”) @ pi#) — oplEh?a), (158)

Similarly, to compute the fusion rule for Dégz“) ® DéhZ“) we lift to Cp,, where we may denote

objects in the fusion outcome by the tuples (i, j) where i, j € {0, 1, 2,3}. Under the action of
a € Ly,

(i,j)— (i+1mod4,j+1mod4), (159)

therefore we obtain four orbits [(0,0)], [(1,0)], [(2,0)] and [(3,0)] implying the fusion rule

DY) @ D) = 4l (160)

1-morphisms. The 1-endomorphisms of Dég) in Cp, /7, are related to the different ways in

which the 1-endomorphisms of Dgg) € Cp, can be made Z4-symmetric. The 1-category of

1-endomorphisms of Dég) € Cp, is Vec generated by the identity line D%g;id). Since the per-

mutation action of Z, on this line is trivial, the ways in which it can be made Z, symmetric
corresponds to assigning a representation of Z4. Thus we realize that in Cp,;z,

()Y _ f n(gid) (g;a) (g;a%) (g:8°) ~
EndCDs/Z4(D2 )_{Dl > DS Dy, Dy }_Rep(Z4). (161)

Similarly, the 1-endomorphisms of DégZZ) € Cp,yz, descend from Z, symmetric 1-
endomorphisms of 2D£g) in Cp,.

The set of 1-endomorphsims of ZDSd) is Mat,(Vec). The two rows and two columns of these
2 x 2 matrices are exchanged under the action of a € Z,. Notably the Z, subgroup generated
by a? acts trivially, therefore, the 1-endomorphisms can carry representations of Z, C Z,.
Therefore we obtain the following 1-endomorphisms

z Zy;id Zos— Zy;a? Z9;0*)) ~
EnchS/Z4(Dég 2)) — {Dgg 251 )’ Dig 2 )’ Dig 2;@ )’ Dgg 2;0a )} ~ VecZZ X Rep(Zz),
(162)
where each of the 1-endomorphisms descend from the following matrices in EndCDS(ZDég))

(8Zy;id) _ n(gid) (8Zy;-) _ n(gid)
Dy =D Paya, D77 =Dy Pay,
c C
& " (163)
(8Zy;a?) _ (g (8Zy;a-) (g;a%)
Dy~ =D;™" Py, Dy =D;™" "Pay

The 1-endomorphisms of DéZ“) € Cp,/z, descend from Z, symmetric 1-endomorphisms of

4D§id) in Cp,. The set of 1-endomorphisms of 4ng) € Cp, is Maty(Vec). The four rows and
four columns of these 4 x 4 matrices are cyclically permuted the action of a € Z,, therefore
we obtain the following set of simple 1-morphisms

. . a2 a3
Enchs/Z4(D§gZ4)) — { D§g24,1d), Dggz4,a), Dggz‘pa )’ D§8Z4,a )} >~ VeCz4~ (164)

The labels id, a, a?, a® correspond to the matrices

(Z4;id) _ n(gid) (Z43a) _ plgid)
D1 ) . _Dl P(1)(2)(3)(4), D1 ! e —D1 P(1234),
(Z43a%) 8 (g;id) (Z43a%) 8 (g;id) (165)
Dy =D Pasyea) D, =D, P1432) -
Dg Dg
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(id) (id) (Z4) ()
4D, 4D, D,™ D,*

1>
Pazg) | 2

<1 A~
2| Passzy =

CD8 ¥4 4 CD8 /74

P12)y34) Dgz“;l)

Figure 15: Action of the permutation (12)(34) on the vacua of the theory (left) and
the associated defect in the gauged theory.

Finally let us discuss more carefully the isomorphism lines between Dégz“) and Dégz“) defined

. .3
using the two choices of Z, action implemented by D§gZ4’a) and DigZ“’a ) respectively (see
(153) and (165)). These will play an important role in a subsequent gauging from Cp,;7, to

Cpy/ps- A choice of isomorphism is given by the line

(8Z431) ;id
as it intertwines the two above mentioned Z, actions, i.e.,
. . .3 .
Digzml) o Digzma) — DigZ[ba ) nggZZ}’l) , (167)

where o denotes composition of lines, explicitly computed using matrix product. In particular

if we label the four copies of ng) in Dggz“) lifted to Cp, as i € {1,2,3,4}, then Digz“; 2 maps

copies {1,2,3,4} in DégZ“) c to copies {2,1,4,3} in DégZ“) o see figure 15. Other choices
Dg Dg

of isomorphisms can be implemented using

D:(ng4;2) — D§g24;1) o D5g24;a) ’

DggZ4;3) — DigZ4;1) ° D§824;a2) i (168)

D§g24;4) _ D§g24;1) o DggZ‘;;aB).

Fusion of 1-morphisms. The fusion of 1-morphisms is computed as follows. First we take
the tensor product by lifting it to Cp, . Subsequently in order to identify the Cp,/;, morphisms,
we decompose the result into orbits of Z,. For the defect that is realized by a permutation
matrix P, we can then identify the action of 7 on the Z4-orbits.

Consider first Digz“; D asin (166). Note that Digz“;l)@DggZ“; Disa map from Dégz“)@DégZ“)

to Dégz“) ® D;gZ“), see figure 16. In the pre-gauged category Dggz“; Ve Dggz“; 2

phism of 16 copies of ng) labelled by (i, j) with i,j € {1, 2,3,4}.
We first decompose the 16 copies of ng) in orbits of the Z, action, so to identify the cor-
responding condensation surfaces in Cp,;z,. We then identify the permutation action P(;2)34)

DggZ‘;;l) ® DggZ‘;;l)

is an automor-

among the copies (i, j), which allows us to decompose into 1-morphisms
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(z3)
2

4™ | 4p

CDs /74

(Z4;1) (Z4;1)
D™ D

Figure 16: The fusion of two line defects DiZ“; Disa morphism between four copies

of the condensation defect DéZ“).

Dgf?; Y between the i-th copy of D;Z“ ) in 4D§Z4) to the j-th copy of Déz“ ) in 4D§Z4)

DggZ4;1) ® D§824;1)

. Doing so,
can be decomposed into two 4d and one 8d orbit:

Orb-1

pE @ DBl = {(1,1) > (2,2),(3,3) & (4,9)},

Cpg

Orb-2

pE= @ DBl = {(1,3) > (2,4),(3,1) & (4,2)},

DE N e D% ={(1,2) > (2,1),(2,3) <> (1,4),(3,4) — (4,3),(4,1) > (3,2)}.
Cp

8

(169)
Here the double arrows identify the permutation action P(;3)(34)-
From this, the fusion rules are easily read off:

(8Z431)
. . . . 0 D
1

Similarly, we may compute the fusion product of D§g24;2) with itself: D§g24;2) lifts to
Endc, (4ng)) as the matrix
(874;2) ;id

Then computing the tensor product of (171) with itself and decomposing into orbits under the
Z, action, we again find two 4d orbits and one 8d one:

Orb-1
pE @ pEEe = {(1,1) > (3,3),(2,2),(4.9)},
CD8
Orb-2
pEH D @pEHD| = {(1,3) > (3,1),(2,4) & (4,2)},
Cog
Orb-3
DE2 @ DD = {(1,2) > (3,2),(2,3) & (2,1),(3,4) © (1,4),(4,1) & (4.3)}.
CD8
(172)
Therefore we obtain a similar fusion rule as for Digz“;z), ie.,
(824;2)
(8Z452) o (8Z42) _ (8Z4:2) o, 1(8Z432) 0 D
D" @ D#"¥ = D™ @ DF™ @(D(gz4;2) 1 o ) : (173)
1
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5.5 O’(4N) — Pin*(4N) and Spin(4N + 2) — Pin" (4N + 2)

In this subsection, we perform the gauging of Z; 0-form symmetry in Cp,;7,. This implements
the transition from Cp_ /7, to

CDB/DB = 2-Rep(D8) . (174)

The structure of 2-Rep(Dg) can be independently computed using the methods of [14], pro-
viding a consistency check on the method used here.

At the level of 3d orthogonal gauge theories, this corresponds to the transitions
0’(4N) — Pin" (4N) and Spin(4N + 2) — Pin* (4N + 2) - see figures 1 and 13.

Objects. First consider making ng) € Cp,/z, symmetric under Z;. Choose a junction line
Dgld;x)(ld) between Déld) and Déx) which has the property that upon folding Déx) surface away;,
the junction line Dgld;x)(ld) is converted into the line Dfd) living on ng). This junction line

satisfies S o .
Dgld;x)(ld) ®D(id) D](.ld;x)(ld) — D](.ld), (175)
2

and hence can be used to make ng) € Cp,/z, symmetric under Z;, leading to the identity
object
pWec (176)
2 Dg/Dg *

There are other junction lines between ng) and Déx) in Cp,/z,
id: g
Dgl ;3)(y) = Dgy) ®ng) Dgld,x)(ld), (177)

for y € {id, w, w?, >} obtained by stacking the bulk line D%y ) on top of D%id;x)(id). Note that
we have

Diid;X)(y) ® 0 Diid;X)(y) — Dgy) ® 0 Dgid;x)(id) ® 0 Diy) ® 0 Dgid;X)(id)
2 2 2 2 178)
(id;x)(id) (

—_ n o™ i _p(dx)(id) _ H(3d)
= D1 ® _(id) D1 ®ng) D1 ®ng) D1 = D1 s

(id
DZ

1

where D%y ) is converted into Dgy ) upon crossing through Dfd;x)(id) due to the 2-group action.

Thus each junction line Dgid;x)(y ) can be used to make Déid) symmetric under Z; leading to
objects
id,
p{* ecy p, - (179)

However, we claim that
. 2 .
p{i¢*?) = p{id), (180)

To see this, note that Dgz) € Cp,z, for z € {w, w’} descend to 1-morphisms
(id;w?)(z) . r(id) (id,?)
D : p{9 — p{de?)

Dng;id)(z) : ng’wz) . Déid), (181)

<q. . iq. 2
as Dgz) € Cp,/z, intertwines the Z3 actions implemented by Dfd’x)(ld) and ng’x)(“’ ). These
1-morphisms are actually isomorphisms because

id;w? %5id)(z! id
Dgl w?)(2) oD%w id)(z™) — D:El ) c CDs/Ds . (182)
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Similarly, we have

Déid,co) ~ Déid,ws) _ (183)

Thus, we obtain from ng) € Cp,/z, two simple objects (upto isomorphism)

Déid) ’ Dgid,a)) ’ (184)

of CDs /Dg* .
Now let us consider the object ZDSd) € Cp,/z,- This can be made symmetric under Z; using
either of the following matrices'” in Mat,(Rep(Z,))

(id) (w?) (w) (03)
2(1) D1 s 0 2 Dl ) ?w) Dl ) 0 3 D1 . (185)
D 0 p{*?) o D) 0 D« o

However, it can be shown that all these choices give rise to isomorphic objects in Cp_ . Then
up to isomorphism we obtain a single simple object

p{™ e Cp,jp, - (186)

Now let us consider the simple object DéZZ) € Cp,/z,- To understand the possible ways of

making DEZZ) symmetric under Z3, recall that its 1-endomorphisms
(Z5) (Zy3id) (Z:-) (Zy30%) (Z5;0%-)
Ende, , (D§*)={p{"*¥, p{#7),  p{e)  pEiaal, (187)

form the fusion 1-category Vec(Z,) ® Rep(Z,) which is invariant under Z; action.

Therefore, we can make DéZZ) € Cp,jz, symmetric under Z; using any of its 1-
endomorphisms. Correspondingly, we get 4 simple objects

(Z3.€) (Z3) (23,6)

p,?, by, b, (188)

D D

B

i .2 . g2
in Cp, p,, where Z; is implemented via DiZZ’ld), DiZZ’a ), D%ZZ’ ) and Dizz’a ) respectively.

Next, let us consider the object 2D§ZZ) € Cp,/z, whose 1-endomorphisms form the category
Mat,(Vecy, ®Rep(Z,)). Since all the simple 1-endomorphisms are Z; invariant order two lines

under composition, it follows that ZDEZZ) € Cg/z, can be made Z; symmetric using any of the

following matrices

0 D(Zz;i) 5 o

y 1 , i=id,—a",a"—. (189)
Y o

It can be shown that up to isomorphism, all these choices give rise to a single simple object
(zg)
D2 4 (S CDB/DS . (190)

Finally, let us consider simple objects in Cp, /p, descending from Déz“) € Cp,/z,- Recall that

()

we have two isomorphic objects D, DéZ“)

and in Cp,z,, see equation (153), corresponding

to two different choices of Z, action on 4D§Id) in Cp,. These two isomorphic objects are related
by Z3 action, i.e. we have the fusion

(z3)

() o p(Z4) o H(x) _
D, ’®D, “®D, "’ =D,

(191)

7We do not discuss the diagonal implementations of Z5 on ZDSd) € Cpy/z, as these lead to decomposable (not
simple) objects in Cp,p,-
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Table 2: Fusion of simple objects in 2-Rep(Dg). In the table we have labelled each
simple object Déa) by the corresponding (a).

l [ GO [Gduw | @) [ @) | @pe) | @) [ (23,6) [ (Z) | (Z}) [ (z}) [ (Dg) |
(id) (id) (id,w) | (Zy) (z3) (Z, €) (z3) (z3,6) | (Z4) (z}) (z}) (Dg)
(id, ) || (id, w) (id) (Z,) (z3) (Z, €) (z3) (z3,6) | (Z4) (z}) (z}) (Dg)
(Z,) (Z,) (Zy) |2(Zy) | (Z4) (z4) (z4) (Z4) 2(Z4) (Dg) (Dg) 2(Dg)
(z3) (z3) (zy) | (Z4) | 2(Z)) | 2(Zy,¢€) (z4) (Z4) | 2(Z4) 2(z7) (Dg) 2(Dsg)
(Z5,€) || (Zy,€) | (Zh,€) | (Za) | 2(Zh,€) | 2(Zy) (z4) (Z4) | 2(Z4) 2(z7) (Dg) 2(Dsg)
(z3) (z3) (z3) | (Z4) (z,) (z4) 2(zy) | 2(Zy,5) | 2(Z4) (Ds) 2(z3) 2(Dg)
(z3,58) || (Z3,5) | (Z3,5) | (Z4) (z,) (Z4) | 223,6) | 2(z3) | 2(Z4) (Dg) 2(Z3) 2(Dg)
(Z4) (Z4) (Z4) | 2(Z4) | 2(Z4) 2(Z4) 2(Z4) 2Z4) | HZs) 2(Dg) 2(Dg) 4(Dg)
(z}) (z}) (z}) | (Dg) | 2(z)) 2(z;) (Ds) (Dg) | 2(Dg) | 2(Z) @ (Dg) 2(Dg) 4(Dsg)
Z//) (Z//) (zy) | (Dg) (Ds) (Ds) 2(zy) 2(zy) | 2(Dg) 2(Dg) 2(z}) @ (Dg) | 4(Dg)
(Dg) (Dg) (Dg) | 2(Dg) | 2(Dg) 2(Dg) 2(Dg) 2(Dg) | 4(Dg) 4(Dsg) 4(Dg) 8(Dsg)

Because of this, making D;Z“) symmetric under Z} requires prescribing a 1-morphism
/ ’ d
My, : D — D and M, : D — D\ (Z(5id)

and M, o M, = D§Z4 ) We can choose as such 1-morphisms any of the lines

such that their compositions are M,,,oM,, = D;

DD i=1,2,3,4, (192)

discussed in (166) and (168). Among these four lines, D§Z4;1) and DiZ“;g) lead to isomorphic

objects in Cp, /p,, and similarly for Dg , so that we get two isomorphism classes

of simple objects in Cp_/p,. Let us denote the ﬁrst simple object by D§Z4), and pick D§Z4;1) as

the corresponding 1-morphism for concretness. The second object is denoted by D§Z4 with

1-morphi by DY),
orphism given by D;

There is one more 51mple object up to isomorphisms in Cp /p, that comes from

2D§Z4) € Cp,/z,- This can be made Z; symmetric using either of the following options

(Z431) (Z4;2)
(2‘1) D1 > (2'2) Dl > (193)
D1 v 0 D1 + 0

which up to isomorphisms, give a single simple object in Cp_/p,, denoted by DéDS).
To summarize, we have obtained

Obj(Cg/Ds): {ng)’ Déid),u’ DéZz)’ Dgzz)’ D(ZZ)’G, D§Z2), D(Zz)é D(Z4) D(Z4) D§Z4), DéDs)

2 2
(194)
This reproduces exactly the set of simple objects of 2-Rep(Dg).

Fusion rules. Since there are several simple objects in Cp,;p,, we refrain from presenting the

computations of all of the simple objects. Instead we only detail those fusions that exemplify

some subtle computational features. The fusion rules for all objects are collected in table 2.
Let us begin by describing the fusion rules between the two dimensional simple ob-

jects D( 2) DEZZ)’E, DéZZ), D;ZZ)’B which descend from DéZZ) in Cp,/z,. Recall that the 1-
endomorphisms of DEZZ) in Cp, 7, which implement the corresponding Z; symmetry in these

i 2 ._ a?_
objects are Dgzz’ld), DiZZ’a ), DiZz’ ) and D§ZZ’a ) respectively. Therefore, to compute the fu-

sion of two such objects, we first need to compute the fusion of these 1-endomorphisms. For
instance, consider the following self-fusions

(Zz,ld) id) id)

® D(Z2’ ZD(ZZ’
(195)

D(ZZ:a )® D(ZZ>a ) ZD(ZZ’ld) ,
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which imply the fusion rules

(23) (23) (z, )

D, *®D, * =2D,

D% g p) — opl)

(196)

@ h as a self-fusion reminiscent of the condensation defect in 2-Rep(Z,),

the simple object D( 2€) ; is different. This has to do with the fact that D( 2) and D( 23€) , as Dg
equivariant 2d TQFTs correspond to the case where Dy is spontaneously broken down to the
Z % Z- subgroup generated by {az,x} € Dg. Each vacua in either of the two simple objects
then realizes an SPT labelled an element in H? = (Z, X Z,, U(1)) = Z,. The defect labelled by
€ corresponds to the non-trivial SPT and therefore has an additional Z, structure in its fusion
rule.

Next, let us consider fusions between different two dimensional simple objects. Some of
the corresponding fusions between the 1-endomorphisms of DéZZ) € Cp,/z, are

Notice that while D,

. a2 eq2
DgZZ,ld) ® Dglz,a ) — 2D§Z2,a ),

(Z5;1d)
pZsa®) o D(zza - _ Z0 y D, . (197)
1 D( 2;id) 0

Thus, we obtain the following fusion rules for simple objects in Cp_ /p,

D™ @ p% — pp)

D(z 6)®D(Z ;8) =D,

(198)

Here we may interpret the simple objects labelled by Z, and Z, as Dg equivariant 2d TQFTs
that preserve the Z, x Z, subgroups generated by {az, x} and {xa, az} respectively. Therefore
the fusion of objects labelled by Z/, produces another object labelled by Z:, i.e., one that breaks
Dg down to the same subgroup (a2, x) = Z, x Z,. Instead when we fuse objects labelled by
Z-, with those labelled Z’z’ , the fusion product is the D§Z4) defect which only preserves the
intersection {1, az} =Z,.

Next, let us consider the fusion of the two dimensional simple objects with the four dimen-

sional objects D(Z‘*) D(Z4) and D§Z4). For instance,

DéZz’e) ® D£Z4) _ 2D§Z4) ) (199)

which follows from the fusion of 1-morphisms implementing the Z3 symmetry

. ) 2
) g [ 0 p#d\ (o plEe) of O p{#®)
q = .q? sa?
1 DgZZ’ld) 0 D](?zﬂ ) 0 Dgzz,a ) 0

~ 0 DgZZ;id) o 0 Dilz;id)
- DgZZ;ld) 0 DgZZ;ld) 0 ’

where in the last line we have used an isomorphism between the Zj actions. Next, let us

(Z3:€) and D, 4). Recall that the defect DéZ“) descends from

DéZ“) € Cp,/z, on which the Z, symmetry is implemented by the line D%Z“;l) in (166). Therefore
we need to compute

(200)

compute the fusion between D,

a2 . . .
p{=e) g plsl) — plEa) g plEal) (201)
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which implies the fusion rule

D;ZZ;E) ® D;Z4) — 2D§Z4) . (202)

Let us instead compute the fusion rule between D;ZZ and D§Z4). Following the same procedure
we now find 1)
(Za;) o (ZasD) 0 D
D ®D = . , (203)
1 1 (D%Zlbl) O
which implies the fusion rule
D% @ p{™+) = p{Ps). (204)

Note that the fusion rules (204) and (204) are consistent with the interpretation of the higher-
dimensional defects as corresponding to Dg equivariant 2d TQFTs that break the Dg symmetry
to different subgroups. In particular the defects labelled by Zs, Z, and Zﬁ‘ correspond to TQFTs
where Dy is spontaneously broken to (x,a?) = Z3, (ax,a®) = Z5 and (x) = Z, respectively.
Therefore the fusion outcome of (202) is an eight dimensional composite defect where each
vacua preserves the intersection (x) = Z,. In contrast, the fusion outcome in (204) is an eight
dimensional composite defect where each vacua preserves no symmetry since (x) N {(ax, a?) is
trivial.

Next, we compute the fusion rules among the four dimensional defects. Consider the

() (z3)

fusion rule D, * ® D, *. To understand the fusion of surfaces in Cp,_,p,, we need to compute

the fusion of the 1-morphism lines DiZ“; 1). In (170) we computed this to be

(Zas1) . (Za:1) (Za1) . (Zs:1) 0 p&s1)
D;"*“eD """ =D"""@eD """ ® D@D 10 . (205)
1

Therefore, we read-off the fusion rule

(z}) z) _ @) (Dg)

D24 ®D, " —2D24 ®D, . (206)
Similarly, from (173) we can read off the fusion rule for DéZ“
(z3) z7) Az (Dg)

D, ®D,* =2D, * ®D, " . (207)

5.6 PSO(4N) — PO/Ss(4N) and PSO(4N + 2) — PO/PO’(4N + 2)

So far we considered the gaugings originating from Cp, = 2-Vec(Dg) by first gauging the nor-

2 . . -
mal subgroups Zj or Zj and then subsequent subgroups. We can instead consider beginning
with gauging of non-normal subgroups. For Dg these are all Z, and are generated in turn by

x, xa, xa?, xa°. (208)
As these are related by automorphisms of Dg, we can consider gauging a particular one namely
Z3 and the results for gauging any other non-normal Z, will be same.
However, as x and ax are not related by inner-automorphisms, Tp, /75 and Tp, Jzgx €an be
distinct QFTs with associated 2-categories being same

CDs/Z’Z‘ = CDS/ZgX . (209)

At the level of 3d orthogonal gauge theories, Z; gauging corresponds to the transitions
PSO(2N) — PO(2N) while Z5* gauging corresponds to the transitions PSO(4N) — Ss(4N)
and PSO(4N + 2) — PO’(4N + 2) — see figures 1 and 13.
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We find that the resulting category is

CDs/Z’; = 2-Rep ((Zgl) X Z(zl)) X Zgo)) . (210)

namely the 2-representation 2-category of a 2-group with Zg) X Z(Zl) 1-form symmetry and Zgo)
0-form symmetry acting on it by exchanging the two Z(Zl) factors, and trivial Postnikov class.

Objects. Let us first consider the objects D;g) € Cp, with g € {id, az} which are not acted
upon by Déx) (by conjugation). Dég) € Cp, give rise to the simple objects

.d 2
p{?¥, D eCp s, (211)

which descend from the trivial way of making Dég ) e Cp, symmetric under Z; with x action

implemented via the identity lines Dgg;id). Similarly, 2D£g) € Cp, give rise to another pair of
simple objects denoted by

2
DéZZ); Déa Zy) e CDg/Z;’ (212)

which descend from making 2D£g) € Cp, symmetric under Zj such that x € Zj is implemented

via the off-diagonal matrix
(g;id)
0 D
g 1 ) (213)
( Dgg,ld) 0 )

Next let us consider the elements {a, a3} C Dg/Z3 which are swapped under conjugation by
3
x. This implies that there is no way of making Déa) or Déa ) individually symmetric under Z%,

3
however their sum Déa) ® Déa ) can be made 73 symmetric by implementing x € Z3 via

(a3;id)
0 D
" 1 R (214)
(D:Ea’ld) 0 )

in C;, , which maps D & D& — D) ¢ D@ We d he simple object in C hich
DS’ pS o) > o) 5 - e denote the Slmp eo JeCt 1mn DS/Z)Z( winic

descends from Déa) ® D§a3) € Cp, with x implemented via (214) as

3
Déa’a ) S CDB/Z)ZC . (215)

To summarize, the simple objects in Cp, Jz; are
. 2 2 3
Obj(Cp,/z5) = {DSY, D, D{, p{*#), pieI} . (216)

Fusion rules. The objects descending from Dég) and 2D§g) for ¢ € {id,a®} in Cp, form
2-Rep(Z4) ® 2-Vec(Z,) and therefore satisfy the fusion rules

(©) g p) = pEh)
p{# @ p = pl&M |
D& @ pI#2) = pleh#), (217)
(822) g p(Z2) o o p(8h72)
D&% @ pI#2) = gpEh?e)
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(a,a®)
D,

where a* = id. The fusion rules with the object can be computed by lifting to Cp_, per-
forming the fusions and then organizing the fusion outcomes into indecomposable Z3 orbits.

Firstly, since ng) is the identity object in Cp, jz3> We get

Déa,a?’) ® ng) — Déa,a?’) ) (218)

3
To compute the fusion Dga’a )@ D§Z2) in Cp, /7, we need to compute the tensor product of the
objects lifted to Cp, which is

3 3 ; 3
[Di**VeD{™]| =D eD{")) 20" =2(D{” & D{"). (219)

Furthermore the Z, action on the fusion outcome in C is given by the tensor product of (214)
and (213)

o o 0  pwid
3. : n
0o Dl o b _| o o D g
(a;id) @ (d) = (@id) , (220)
pi* 0 pid o 0o D 0 0
pleid o 0 0

1

which decomposes into a direct sum of two orbits under the Z3 action, therefore we conclude

(0,6*) o n(Z) ~ oplaa®)
D, ®D, V= 2D, . (221)
Analogously, the following fusion rules can also be derived

Déa,a3) ® Déaz) ~ Déa,ag') )
(222)
Déa,aB) ® DéaZZZ) ~ 2Déa,aS) .

3 3
Finally we compute the fusion rules Dga’a )@ Déa’a ), Again we first lift to Cp, and at the level
of objects,

[p{Yep ]| =D D) e (D" D) =2D{ & 2D{"". (223)

Next, we consider the Z, action on the fusion outcome in Cp,, which is given by the tensor
product

o o o Dl
(a%;id) (a®;id) >id)
o D\ [ o D | o o D 0 (224)
D%a;ld) 0 D%a;ld) 0 0 ng) 0 0 5
2.
pl“ o o 0

which correspondingly also decomposes into two orbits under Z}. Therefore we read off the
fusion rule , , ,
p{**) @ D{**) = p{" @ D{" ™. (225)

We see that these are the fusion rules of the 2-category (210) by comparing with the fusion
rules determined in [14] (section 3.5).
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5.7 PSO(4N) — O/Spin(4N) and PSO(4N +2) — O/0O’(4N + 2)

In this subsection, we consider gauging Z, x Z, 0-form symmetry of Dg, where one of the Z,
is generated by one of the following elements

X, xa, xaz, xa3, (226)

and the other Z, is generated by a?. All the different choices for Z, x Z, thus obtained are re-
lated by automorphisms, so lead to isomorphic gaugings. As in the previous subsection, if two
gaugings are only related by outer-automorphisms then the resulting theories after gauging
may be different theories with same associated 2-categories.

For concreteness, we pick one Z, generated by ax and the other Z, generated by a2, calling
the 2-category obtained after gauging as Cp_ /7, xz,, Which we determine to be

Cpy/z,x7, = 2-Vec ((ZS) X Z(zl)) X Zgo)) s (227)

which comprises of a 2-group with Z(zl) X Z(zl) 1-form symmetry and Z(ZO) 0-form symmetry
acting on it by exchanging the two Z(Zl) factors, and trivial Postnikov class. Here, we see again
the 2-group whose 2-representations captured Cp, /75 This is no coincidence of course, as

Cp, Jz can be obtained by gauging the full 2-group symmetry of CD8 Jz3xzg

At the level of 3d orthogonal gauge theories, Zj x Zgz gauging corresponds to the

transitions PSO(2N) — O(2N) while Z3* x Zgz gauging corresponds to the transitions
PSO(4N) — Spin(4N) and PSO(4N + 2) — O’(4N + 2) — see figures 1 and 13.

Objects. The Schur components of objects in Cp 7.z, are labelled by
g € {id,x} = Z, = Dg/(Z, x Z,), such that the Schur component labelled by g descends
from different ways of making ang)e Cp, symmetric under Z, X Z,. As we will see, the iden-
tity Schur component corresponds to the 2-category 2-Rep(Z, % Z,). Firstly, a single copy

Dég ) e Cp, is made Z, x Z, symmetric by defining a monoidal functor
Vecy, vz, — Vec, (228)

which are classified by classes in H2(Zy x Z,, U(1)) & Z,. Therefore, we get two simple objects
in Cp,;z,xz, from Dég ) e Cp,- We denote these as

(g) (g-)
D), Dy 7, (229)

corresponding to the trivial and non-trivial element in H2(Z, x Z,, U(1)). Next, there are three
indecomposable ways in which 2D§g ) can be made Z X Z, symmetric by providing monoidal
functors

Vecy, xz, = Maty(Vec). (230)

These descend to three simple objects in Cp, /7, xz,, which we denote by

3
(823")

(g75%) D
N . (231)

2 5

(823"

D™,

D
. (82;) _ . 2 .3 g .

More precisely, D, with ¢ € {xa,a ,xa }, descends from 2D; € CD8 with the elements
id, ¢ implemented by the diagonal matrix

(g:id)
D 0

! i | (232)
( 0 Lﬁg“”)
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while the remaining two symmetry operations in Z, x Z, implemented via the off-diagonal

matrix (eiid)
0 Dg;l
g 1 ] (233)
(Dgg’ld) 0 )

There are no new indecomposable objects that descend from 3D§g)

€ Cp, since there are no
indecomposable order three orbits of Z, x Z,. We get a final simple object from 4D§g ) e Cp, on
which the elements xa, xa®,a? € Z, x Z, act via the matrices Dig;ld)P(lz) ®1,, Dgg;ld)lz ® P13

and Dgg;id) 0* ® P13). We denote this simple object as DégZZXZZ)
twelve simple objects in Cp, /7, x7, "

. To summarize, there are

2
(823 )
2

(823)

D ,D

de
Obj(CDS/szzz):{D(g) D%, b \$5") pletaxEs) ’ ge{id,x}}. (234)

Fusion rules. The fusion rules of the identity Schur component are completely analogous to
the Z, x Z, case described in section 2. Meanwhile, the Schur component descending from

Dgx) € Cp, provides a Z, grading to the fusion rules since
(x) (x) _ pid)
DY & D) =D;V ey, . (235)

(g) (g-)
D, and D,

More precisely, the simple objects are invertible objects with fusion rules

(&) (h) ~ (gh)
Dy"®D, " =Dy,
(&) (h—) ~ y(gh-)
D, ®D, “=D, ) (236)
(g-) (h—) ~ (8h)
D, "®D, "=D,",

where g,h € {id, x}, x> = id. The fusions between the 2-dimensional and 4-dimensional
objects with the invertible objects are

¢ ¢
D(g) ®D(hZ ) ~ D(th )
(&) o n(Z3) A (th“")
D;> “®D, =D,
(237)
Dég) ® D(hZZXZZ) o~ D(thZXZZ)
Dég ) D(hzzxzz) D(thZ><Zz)
The fusions between the 2-dimensional objects is
(ghz ) . /
(e25) (hZW)N 2D, 7, i p=¢,
D ® D (thzxZZ) : / (238)
D, , i e #F @l

The remaining fusion rules are

D(gZ;") ® D(hzzxzz) ~ 2D(thZ><Zz)

2
239
Dégzzxzz) D(hZZXZZ) 4D(ghzz><Zz) ( )

'8In what follows, we denote Dy~ = D; in Cp, /7, z,-
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Morphisms. Let us now consider the 1-endomorphisms of each of the objects in Cp, /7, «z, -

Firstly, the 1-endomorphisms for the objects Dég) and Dég_) in Cp,/z,xz, correspond to the
ways in which the 1-endomorphisms of Dég) € Cp, can be made Z; x Z, symmetric. Recall
that the 1-category of lines on Dég) € Cp, is Vec generated by the single line denoted by
D%g id) ¢ Cp,- Therefore, our task boils down to enumerating the ways in which Z, x Z, sym-
metry can be implemented on Dgg iid), Noticing that the endomorphism space of D%g d) s itself

one-dimensional, these different ways simply correspond to the one-dimensional irreducible
representations of Z, x Z,. Therefore we find

;id , ,a? xa)) ~
Endc, , . (DS¥)={D{&, piex®), plee) el = Rep(z, x 7,), 0
— _"d -, - 2 - 3 ~
EndCDS/szzz (Dég )) — {Dgg 1 )’D:Eg xa)’D:Eg a )’Dgg xa )} ~ Rep(Zz x Zz),

where the line Dgg’id) and D%g_’id) are the trivial Z, x Z, representation lines on Dég) and Dég_)
in Cp,/z,xz, respectively. Similarly Dig %) and D%g’w are the lines on Dég ) and Dég_) inCp,/z,xz,
respectively which carry the trivial representation of ¢ € Z, x Z, and the sign representation
of the remaining order two elements in Z, X Z,.

Next, let us consider the endomorphsims of the two dimensional objects in Déng lec D /ZyxT,
which descend from 2D§g ) e Cp,- The 1-endomorphisms of 2D§g ) e Cp, are Mat,(Vec) which
we need to make symmetric under Z, X Z,. Recall that the action of Z, x Z, was chosen such
that ¢ acted diagonally, therefore we may now dress the 1-endomorphisms of 2D§g ) e Cp, with
representations of Zg. Doing so we obtain

(gZ;")):{D(gZ“’;idH (8235id=) _(gZ5;—+) (ng;——)}

Ende, , ., (D, 1 » Dy »D; » D,

(241)
= Rep(ZJ) K Vecs, «z,/z5 -
. Y.
Here DigZZ i45) and Digzz, R descend from the endomorphism corresponding to the diagonal
and off-diagonal 2 x 2 matrices in Mat,(Vec) respectively, with each entry carrying the s € +
irreducible representation of Zz‘p .

(gz
D, 2

Let us finally decribe the 1-endomorphsisms of the object *22) Now we need to look

for Z, x Z, symmetric 1-morphisms in Mat,(Vec) = Ench8 (4D£g)). Let us label the entries of
such 4 x 4 matrices as (i, j); (k,1), where i, j, k,l € {0,1} and the tuples (i, j) and (k,1) label
the rows and columns respectively. Then the Z, x Z, symmetry acts as
id: (1, )); (k, 1) — (1, )); (k, 1),
:(i,7); (k,1) — (i+1 mod 2, j); (k+1 mod 2,1),
xa®: (i,7);(k,1) — (i,j + 1 mod 2); (k, + 1 mod 2),
a?:(i,j);(k,1)— (i+1mod 2,j+1 mod 2); (k+1mod 2, +1 mod 2).

X

Q

(242)

We need to look for Mat,(Vec) = EndCD8 (4D£‘g)) that commute with this action. It can be
checked that matrices satisfying this condition are also

p@idy,  pEiorgy,  plidy, gox  pEDsx g ¥, (243)

These matrices form a permutation representation of Z, x Z, and we label the corresponding
1-endomorphisms as

Ty X Zn3id Ty X Ty Ty XT3 xa° Ly XLy 30>
End, ={D§g 2 X L3l ),Dig 2% 2xa),D§g 2 XZg3xa ),Dgg 2 XZosa )}
Dg/szZz

~
== VeCZZXZZ .

(244)
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Similarly, the remaining morphisms between objects and their fusion/composition rules can
be computed.

Outer automorphism action and 2-group structure. At the level of objects and 1-
morphisms and their fusion composition rules, the symmetry category Cp, 7, xz, is isomorphic
to

2-Rep(Zy x Z5) ¥ 2-Vec(Z,) . (245)

However this would also be the case had we started from Zg and gauged a normal Z, x Z,
subgroup. The fact that we started form 2-Vec(Dg) shows up in the action of the 2-Vec(Z,)
symmetry on the 2-Rep(Z, x Z,) subcategory. Notably, Cp,;z,xz, has a Z, 0-form symmetry

generated by Déx). This defect descends from Déx) € Cp, which had the following action

3
D§Y: DS s DI ey . (246)

This action descends to an action on various objects and morphisms of Cp,_ 7,7, First at the
level of objects clearly

(823")

3
(823")
2 — D,

p{”: D € Cpy /2,2, > (247)
since the action of xa and xa® is swapped under x. Along with the object, naturally the 1-
endomorphisms are also swapped under the D;x) action. It can be checked that the remaining
simple objects, being symmetric under swapping xa and xa® are consequently invariant under
the action of Déx). The 1-endomorphisms of these objects however still incur a non-trivial
action of Déx). For reasons similar to above, we find that Déx) acts on the 1-endomorphisms of

)
Dég IS CDg/szZz as

(x) . (g;xa) (g:xa*) (&)
D;’: Dy «— D S EndCD8 o (D5°7). (248)
Similarly
(x) . (g—xa) (g—xa®) (&)
D;’: Dy «—— D; S EndCD8 P D). (249)
a2
The simple object Dégzz ) along with its 1-endomorphisms are invariant under the D} action.

Finally, the endomorphisms of DégzZXZz)

€ Cp,/z,xz, transform as
(x) . (8ZyxZy;xa) (8Zy%xZy;xa®) (8Z4%x7Z)
D2 . D1 2 X Lap «—> D1 2 X &g S Enchg/szzz (D2 2 XL )’ (250)

due to the fact that under Dgx), the tensor decomposed blocks in (243) are swapped.

5.8 SO(2N) — O(2N)

In this subsection we consider gauging the subgroup Z3j = {1,x} in the symmetry category

CDS/ZgZ . This implements the transition from CDg/Zgz to
C - 2-Vec (ZZ (1) A Z 251
I)S/ZZXZZ ( 2) 2)’ ( )

and corresponds to going from the SO(2N) theory to the O(2N) theory, see figures 1 and 13.
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Objects. Upon gauging Z3, the following pairs of simple objects are identified

id
{Dg ) ~ Déx), Déa) ~ Déax) , DéZZ) ~ Dész) ’ DéaZZ) ~ Déaxzz)} ’ (252)

so that we get two Schur components of simple objects labelled by g €{id, a} € Dg/(Z,xZ,)=Z,.

There are two objects which descend from Dég) S CD8 /282 with the Z3 symmetry implemented
2

o .2
by Dig’ld) and D%g’a ) respectively. We denote these as

DY, D¢ € Obi(Cp, /2,2, (253)

which correspond to the objects (229). There is also a simple object which descends from

2D£g ec » with the Z3 symmetry implemented via the off diagonal matrix

Dg/Z8

0 D(g;id)
( (g;id) 1 ) S Matz(VeC) . (254)
Dt 0

X ﬂ2
We denote this object by D;gzz) (and corresponds to the object denoted DégZZ ) in (231)). Next

(8Z3) . x . . . x s
we can make D, € CD8 J2* symmetric under Z; in two ways, i.e., by implementing Z; via

Dggzz’id) or Dggzz,—) respectively. We denote these two objects by

D) plEi ¢ ¢ 255
2 b 2 E Dg/Zgz > ( )
(4759 (23°) . : .
and correspond to D, and D, in (231). Finally we have another object descending
from 2D§g22) €Cp, 25> which can be made ZJ symmetric using
0 D(gzz;id)
(gZ4;id) 1 S MatZ(Vec) . (256)
D; 0

We denote this object by DégZﬂZZ). To summarize, we have recovered the set of simple objects
in O(2N),

X a2 )((12
ODbi(Cpy/z,2,) = {Dgg), DE7, D, o) R, pl ) | gedia, a}} .
(257)
which is consistent with (234).
Fusion rules. By noting the following fusion rules in CD8 /22
2
(&) (h) ~ p(gh)
D¥’ ® Dy” = DY,
Dig;ld) ® D%hud) ~ Digh;ld) )
(258)

(g:id) o n(h:a?) ~ n(ghia®)
Dy*'Y @ pifie) = piEie)
(g:0%) (ha®) ~ y(ghsid)
D) @ piie) = plehid)
where g, h € {id,a} and a? = id. We can immediately read-off
(g) (M) ~ y(gh)
Dy¥’ ® D)V 2 DY
() (h—) ~ (gh-)
D @ DY) = piFtT) | (259)

(67) g pih-) = pleh)
Dy @ D)) = pEY
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inC . Next, we compute the fusion rules between the defects with dimension 2, i.e,
Dg/ZyXZ,s

X (12 X(lz
Dégzz) ,Dégzz ),DégZZ ) and the invertible defects. Firstly, we get
D(g) ® D(hZX) ~ D(th") 60
D(g )®D(hZ 2) ~ D(th )

which is obtained straightforwardly by computing the tensor product of the 1-morphisms im-
plementing the Z; symmetry on the corresponding objects lifted to Cp,;7,xz,- Next, we obtain

p® o ) = plehs),
¥ e D(hza ) o D,f,ghzgz),
OP D(hzm ) o Déghzgf“), @b
D D(hzxa ) o Déghza“lz),
which follows from the fusion rules
D) @ pMe) 2 pehes)
(262)

Dggﬂﬁ) ® Dihzzﬁ) ~ D%ghzz;e) ,

with ¢ € {id, az} and 6 € {id,—}. The fusion rules among the two dimensional defects are

(ghz3) . /

z? hz“” ~ 2D, 7, if =’,
D epy )=yt o Y (263)

Dz 3 lf (P#(p 2

where ¢, ¢’ € {x,a2 ,xaz}. As usual, these fusion rules follow from the tensor product of
cT . % .
1-morphism implementing Z3 in CD8 jzs*- The relevant fusions are

87Z;id) (hZy;id) ~ ghZy;id) ghZy;id)
5

ple7id) g p{hZaid)  pf ® D
(823;-) (hZy;—) ~ 1y(8hZy;—) (ghZy;—)
D ®D ~p oD ,
1 1 1 1 (264)

W7o —
plEZai) g plhZaiid) o [ 0 pyEa) _
1 1 Dgthz,—) 0

Similarly, the remaining fusions (239) can be computed using the same methods. At the level
of the objects and fusion rules, we have recovered the category

2-Rep(Zy x Z5) R 2-Vec(Z,) . (265)

Outer automorphism action and 2-group structure. Additionally there is an outer auto-
morphism action of the Z, 0-form symmetry generator Déa) on the objects in 2-Rep(Z, x Z,).
Let us recover the outer automorphism action derived in section 5.2. Consider first, the line-

like function Dix’gZZ) between the Dgx) defect and the DégZZ) defect in C,, jze2- Due to the
o/ 25

higher-symmetry fractionalization on the Dégzz) defect, the Dga) defect acts on this line as

D(a 87Z5) D(x gZs) D(a 8%Z2) ~ D(gZZ -) D(x gZZ) (266)
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,82)

This is equivalent to the statement that Dia is the junction line between two surfaces where

the Zj action is related by composition with Dggzz;—)_ As discussed above, these two surfaces

(g28%)

Xﬂz
5 and Dégzz ) respectively in C

are precisely the pre-images of D Dy /25"
2

This implies the

action , ,
(823) (825"
pi:  Df D ey - (267)
Finally, let us derive the action of Déa) on the 1-endomorphisms of Dég) in Cp, 7,xz,- There
are four simple 1-endomorphisms

3 . 2 . v 2
EndCDS/ZZXZZ (Déld)) — {Dgg,ld)’ Dgg,a )’ D§g,x), Dgg,xa )} = Rep(Z2 X ZZ) . (268)

In particular, the lines Dig;id) and Dig;x) descend from the line D%g ) i CD8 /2525 with the Z3
2

implemented via the even and odd 2-morphism D(()g ) and —Dég ) respectively. Similarly the

a2 . 2 )
lines D%g a%) and D%g xa’) descend from the line Dig 9 in C, ,,«2, with the Z3 implemented via
2

Dy/Z
a2 a2
the even and odd 2-morphism D(()g ‘@) and —D(()g ‘aid) pespectively.
q2
Let us now consider the setup where the line Dgg ‘@) in Cp, /2 Pierces the surface Déx).
2

a2
Let us denote the junction by O, ). As mentioned, O(g ) = iD(()g ‘a4 and depending on the

a2 . 2
g;a) or Dgg,xa ) .

. . ( . T
choice of sign we get D; in Cp,/z,xz,- Due to the symmetry fractionalization in

the SO(2N) category, the surface Déa) acts on O, ) by a change of sign. Consequently after
gauging Z%, Déa) has the action

) a2
p{: p¥ D Vec, ;4. (269)
This concludes our journey through the categorical Dg-web.

6 Generalization to d > 3 dimensions

Generalizing the methods of this paper and the companion paper [1], one can consider study-
ing symmetry webs comprising of (d — 1)-categories associated to orthogonal gauge theories
in general d dimensions.

6.1 Maximal symmetry category associated to higher-groups

Before we describe the (d — 1)-categories associated to orthogonal gauge theories, let us dis-
cuss a few general features first. Consider a d-dimensional QFT ¥ with a faithfully acting T
higher-group symmetry, comprising of various component p-form symmetry groups I'P). By
definition, this means that ¥ contains topological invertible operators of codimension-(p + 1)
labeled by elements of I'P) such that there does not exist a topological codimension-(p + 2)
operator sitting at the end of a topological codimension-(p + 1) operator labeled by a non-
identity element of I'®). The fusion of these codimension-(p + 1) operators is controlled by the
group multiplication in I'®), and the operators of different codimensions interact with each
other via acting on each other or operators of higher-codimension arising when performing
topological moves upon operators of lower-codimension. These operators along with these
properties describe a non-C-linear (d — 1)-category

e, (270)
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associated to the higher-group I'. Since we have topological local operators in ¥ given by C,
we can extend Cg_l to a C-linear (d — 1)-category

(d—1)-Vec’(D), 271)

which contains topological local operators valued in C. If additionally the T higher-group
symmetry carries a ‘t Hooft anomaly specified by an element w € H*! (BI‘, U(1)) where BT
denotes the classifying space for the higher-group T', then it can be incorporated as associators
or coherence relations on top of the (d — 1)-category (d — 1)-Vec’(I'), giving rise to a new
(d — 1)-category that we label as

(d—1)-Vec®(I). (272)

Now, we can perform various operations on topological operators in (d—1)-Vec’(I') to produce
new topological operators that are not contained in (d — 1)-Vec®(T'). The first operation is
to include all possible condensation defects of various codimensions that can be constructed
using operators in (d — 1)-Vec®(T'). This operation at the level of (d — 1)-category is known
as Karoubi completion. After including condensation defects, that is after Karoubi completing
(d—1)-Vec®(T"), we obtain a larger (d — 1)-category

(d —1)-Vec(T), (273)

which can be mathematically understood as the (d — 1)-category formed by (d — 1)-vector
spaces graded by higher-group I'. In other words, the presence of faithfully acting higher-
group I' symmetry in ¥ means that T contains all the topological operators contained in the
fusion'? (d — 1)-category (d — 1)-Vec(T'). Incorporating an 't Hooft anomaly «w, we instead
obtain the (d — 1)-category

(d—1)-Vec®(T). (274)
We can actually enlarge (d—1)-Vec(T') even further by stacking (d —p —1)-dimensional TQFTs

on the (d — p — 1)-dimensional topological defects generating I before performing condensa-
tions. After including TQFTs in this fashion, we obtain a (d — 1)-category

Ta—1(T), (275)

which can be understood as I'-graded version of (d — 1)-category 74_; of (d —1)-dimensional
TQFTs. We label its anomalous version as

T (T). (276)

In total, the presence of faithfully acting higher-group I' symmetry in ¥ means that ¥ contains
all the topological operators contained in the (d — 1)-category T3_;(I'), which we refer to as
the maximal symmetry (d — 1)-category associated to the higher group I

6.2 Maximal symmetry categories for orthogonal gauge theories

Begin with pure Spin(2N) gauge theory in d spacetime dimensions. This theory contains a split
2-group symmetry I')) x T®) comprising of a ') = Z2 or I'") = 7, center 1-form symmetry
acted upon by I'® = Z, outer-automorphism 0-form symmetry. From our discussion in the
previous subsection, we learn that pure Spin(2N) gauge theory in d spacetime dimensions
carries a symmetry (d — 1)-category

0
Cspinan) = Ta—1 (F(l) X Zg )) , 277)

“Note that Karoubi completion is an essential condition in the definition of fusion higher-categories [49]. Thus
(d—1)-Vec®(T") is not a fusion (d — 1)-category, but (d — 1)-Vec(T') is a fusion (d — 1)-category.
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Figure 17: Symmetry Fractionalization in general dimensions: the string diagram for
the anomaly (cocycle) A; UB, U Cy_y C woy. Denoting the p-dimensional topologi-
cal defects associated to the symmetries with background field B;_,, as D}]f, the figure
shows the string diagram that encodes the non-trivial mixed anomaly. The intersec-
tion of D;_, with D;_; corresponds to a codimension 1 operator in D;_,, and gives
rise to a O-form symmetry generator on that defect. The statement of the anomaly
is, that the local operator D, that sits at the intersection of D;_, and D, is charged
under this 0-form symmetry.

arising from the presence of I'") x Z(ZO) 2-group symmetry.

Gauging the full T x Zgo) 2-group symmetry takes us to the pure d-dimensional PO(2N)
gauge theory. From the arguments of the companion paper [1], we can describe the associated
symmetry (d — 1)-category by

Croany = (d—1)-Repy,  (TV % ZY)) (278)

which is the (d—1)-category formed by (d —1)-representations of the 2-group I'") x Zgo) valued
in the target (d — 1)-category 7;_; of (d — 1)-dimensional TQFTs.

Gauging only the I'") 1-form symmetry of pure Spin(2N) gauge theory takes us to the pure
d-dimensional PSO(2N) gauge theory, which has to carry now a dual (d — 2)-group symmetry
rid=3) Zgo) comprising of a (d — 3)-form symmetry group '3 = T acted upon by the
residual Z(ZO) 0-form symmetry. From our discussion in the previous subsection, we learn that
the associated symmetry (d — 1)-category is

Cpson) = Ta-1 (F(d_s) X Zg’)) . (279)

Gauging the full T(473) x Z(ZO) (d — 2)-group symmetry takes us to the pure d-dimensional
Pin*(2N) gauge theory. Thus the associated symmetry (d — 1)-category is

Crin oy = (d— 1)-Repy,_ (T4 2}, (280)

which is the (d—1)-category formed by (d—1)-representations of the (d—2)-group I'®=3) x Zgo)
valued in the target (d — 1)-category 74_; of (d — 1)-dimensional TQFTs.

Gauging the Z, subgroup of I')) 1-form symmetry not acted upon by Zgo) 0-form symmetry
of pure Spin(2N) gauge theory takes us to the pure d-dimensional SO(2N) gauge theory, which
has to carry now a dual (d —2)-group symmetry ng—s) X Zg) X Z(Zo) decomposing into a direct
product of ng_g) (d — 3)-form symmetry group, Z(zl) 1-form symmetry group and Z(Zo) 0-form
symmetry group. Additionally these higher-form symmetries carry a mixed ‘t Hooft anomaly
which differs for the SO(4N) and the SO(4N + 2) theories. For SO(4N ), the anomaly is

A*C()4N =A1 UB2 U Cd_z , (281)
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fuse the two Dg

B _ _ . B
D > D,_,

Figure 18: Symmetry Fractionalization in general dimensions: the string diagram
for the anomaly (cocyle) B, U Bock(Cy_5). Fusing the two surfaces DZC along Df_z
produces a local operator —D, on Dg_2 .

where A; is the background gauge field for Z(zo), B, is the background gauge field for Zg) and
Cg4—o is the background gauge field for Z(zd_s), while for SO(4N + 2), the anomaly is

A*O)4N+2 :Al U B2 U Cd—Z + BOCk(Bz) U Cd—Z . (282)

The first term in these anomalies corresponds to the string diagrams shown in figure 17. For
the other term appearing in (282), the string diagram is given by figure (18).

Thus, from our discussion in the previous subsection, we learn that the associated symme-
try (d — 1)-category is

Csoany = T2 (257 x 2P x 7)) . (283)

The ‘t Hooft anomaly discussed above can be derived by expressing the 2-group symmetry of
the Spin(2N) gauge theory in terms of background gauge fields for ') and Z(ZO) . For Spin(4N),
these backgrounds satisfy

6Cy=A;UB,, (284)

while for Spin(4N + 2), these backgrounds satisfy
5C2 = A]. U Bz + BOCk(Bz) ) (285)

where A; is the background gauge field for Zgo) 0-form symmetry, C, is the background gauge
field for the Z, subgroup of ') 1-form symmetry not acted upon by Zgo) and B, is the back-
ground gauge field for the remaining I'V)/Z, 1-form symmetry. As explained in [50], upon
gauging the Z, 1-form symmetry associated to C,, we obtain the expressions for the 't Hooft
anomalies described above.

Gauging the Zgo) 0-form symmetry of pure SO(2N) gauge theory takes us to the pure
d-dimensional O(2N) gauge theory, which has to carry now a dual (d — 1)-group symmetry
Z(Zd_z) X Z(zd_g) X Zgl) decomposing into a direct product of Z(zd_z) (d—2)-form symmetry group,
Z(Zd_g) (d — 3)-form symmetry group and Z(zl) 1-form symmetry group. There is a non-trivial
Postnikov class such that the background fields satisfy

5Ad—1 - BZ U Cd—Z N (286)

where A;_; is the background gauge field for Z(Zd_z), B, is the background gauge field for Zgl)

and C4_, is the background gauge field for Z(zd_g). This comes from dualizing the first term on
the right hand side in the anomalies (281) and (282). The second term on the right hand side
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in the anomaly (282) descends to an additional mixed ’t Hooft anomaly between the 1-form
and (d — 3)-form symmetries of the O(4N + 2) gauge theory given by

w = BOCk(Bz) U Cd_2 , (287)

which is in H4*1(BT, U(1)). Thus, the associated symmetry (d — 1)-category for O(4N) is

Cotany = Ta—1 (ng—z) x 28 x 7200 = B, U cd_z) , (288)

where the expression in the bracket denotes the (d — 1)-group with the Postnikov class ©. On
the other hand, the associated symmetry (d — 1)-category for O(4N + 2) is

ki _ — —
CO(4N+2) — 7:15'_0; (B2)UCy_s (ng 2) Z(zd 3) « Zgl); ©=B,U Cd—z) , (289)

where the superscript denotes an additional anomaly on the (d — 1)-group.

Finally, note that the (d — 1)-group symmetry of the O(4N) gauge theory can be gauged
but the gauging of the (d —1)-group symmetry of the O(4N + 2) gauge theory is obstructed by
the ‘t Hooft anomaly w described above. After performing this gauging operation on O(4N),
we obtain the Ss(4N) gauge theory, whose associated symmetry (d — 1)-category can then be
expressed as

Csgeany = (d—D-Repy,_ (27 x 28V x 280 =B, U Cyy) . (290)

Figure 19 and 20 illustrate the webs for d-dimensional s0(4N) and so(4N + 2) theories respec-
tively.

7 Conclusions and Outlook

In this paper we developed the gauging of O-form symmetries in the presence of categorical
symmetries, which act on QFTs in 3d.

The overarching mathematical structure that captures all aspects of such symmetry cate-
gories are fusion 2-categories. In terms of the unified perspective on non-invertible symmetries
detailed in the companion paper [1], the present paper analyses (twisted) theta defects in fu-
sion 2-categories, which incorporate stacking of G-symmetric TQFTs prior to gauging. Initial
aspects of this proposal were developed in [14], which was then fully generalized in [1].

Concretely, in this paper we developed the 0-form symmetry gauging, starting with sub-
groups of finite groups G, and then subsequent partial gaugings. Along the way we encoun-
tered a multitude of interesting effects, which we fleshed out in the context of concrete gaug-
ings. The starting point are categories 2-Vec(G), which is the symmetry category (or sub-
category) of a theory with G 0-form symmetry. The multitude of symmetry categories that can
be obtained by gauging a subset of the 0-form symmetry span the categorical symmetry web.
We provided a detailed analysis for the groups G = Z4, Z, X Z,, S5, Dg, which all correspond to
symmetries of 3d gauge theories. The richest class of examples are those of s0(2N) theories,
that form a Dg-categorical symmetry web.

In the process of spinning the categorical webs, we observe multitudes of interesting new
effects. First and foremost the symmetry fractionalization, which is closely tied to the presence
of 't Hooft anomalies in the gauge theory description, but which we formulate in terms of the
topological defects that comprise the symmetry category. Gauging in the presence of non-
invertible defects turns out to be rather subtle, as is duly demonstrated in the symmetry webs
detailed in this paper, most notably the Dg-web.
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Ss(4N)
(d—1)-Repy,  (Z{? xzy ¥ xz;0=B,0C,.,)

Spin(4N)
T (F(l) X Z(zm)

A<

PSO(4N)
Taa (T4 % ZY)

A<

/N
\/

SO(4N)
) (d—3) (@)} (0)
Ty (Zz XZLy' X Ly )

A<

Pin*(4N) PO(4N)
(d—1)-Repy, , (I %z) (d—1)-Repy,_, (T xZY”)

/
\

N
O(4N)
Tia (Z(dez) X ng%) X Zg);G =B,U Cd_z)

Figure 19: Categorical symmetry web in d dimensions for so(4N). The arrows indi-
cate the gauging of simple subgroups of the invertible part of the category.

This paper develops only one aspect of the general classification program in [1]. Con-
cretely, even in the realm of gauging O-form symmetries, an important question remains,
namely the development of a good computational tool to gauge, when there are no surfaces
left invariant by a non-trivial subgroup of the 0-form group that is being gauged. An example
of such a gauging in the presence of non- invertibles is shown in figure 1 in the gauging from
Ss(4N) to Spin(4N), with the surface being D( ) of Cp o/ 25 There are numerous generaliza-
tions to be explored following the proposal in [1] 1nc1ud1ng the study of twisted theta defects
in higher-form and higher-group gaugings, and higher-dimensional extensions, as initiated in
section 6.
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Spin(4N + 2) A X PSO(4N +2)
Tae (F(U X Z(O) Ty (F(d 3) Z(0))
SO(4N + 2)

d—1

AN

b\

O(4N +2)
Bock(Bz)UCd 2 Z(d—z) x Z(d 3) x Z(l) o= B2 U Cd 2

N

Pin*(4N + 2) PO(4N +2)
(d—1)-Repy,_, (T % z) (d—1)-Rep,_, (T % Z)

Figure 20: Categorical symmetry web in d dimensions for s0(4N + 2). The arrows
indicate the gauging of simple subgroups of the invertible part of the category.

A Bimodules and 2-representations

A.1 Gauging a normal subgroup H C G

In this section we review gauging a normal subgroup H < G following the discussion in [15].
We assume H to be a finite Abelian group. The fact that H is normal in G means that there is
a short exact sequence

1-H->G—o>K=G/H—-1. (A.1)

The extension is characterized by the group cohomology class
e € H*(K,H). (A.2)
As a set, we can write G as pairs (h, k) with h € H and k € K with the product given by
(h,k) x (h', k") = (hh'e(k, k"), kK'), (A.3)

where we assume there is no action of K on H by conjugation in G.
The gauging of H corresponds to choosing the algebra-object

Ay =P ol. (A4)
heH
What we want to determine first are the topological surfaces of the theory ¥/H, i.e. objects in
the symmetry category C< /. We can define a topological surface in T/H as a general surface
in¥
Dy =Pn,D¥, (A.5)
geG
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satisfying consistency conditions that guarantee it remains topological in the presence of the
networks of algebra objects. This means the algebra object should be able to end on D, from
the left, from the right, and that the left and right actions commute.

Concretely, instructions on how Ay can end on D, from the left are implemented via a
1-morphism

[ € Hom (AH ® Dz, Dz) . (A.6)

Similarly, instructions of how to end the algebra from the right are given by
r € Hom(Dy ® Ay, D5) . (A7)

To work out the bimodules explicitly, it is more convenient to work with the components of
the above 1-morphisms

le: DWen,DE — n, D", A
Teh' ngDég) ®D£h) - nghDégh) ) '

involving a specific Dgh) inside Ay and ngDég ) inside D, in (A.5). The 1-morphisms must satisfy

compatibility conditions which, as we are in a 2-category, are not equality but hold up to 2-
isomorphisms. The first one involves the unit axiom of Ay and tells us that there must be
2-isomorphisms

(ngDsid)

l
u, : D = Lg.,
¢ — 8 (A.9)
(ngD;*;id)
u; : D, = TIgid>
@)
where D( sPa i) denotes the identity 1-morphism on ngDég). Concretely, this means that
ending ng) on ngDég) should be equivalent to doing nothing. The second condition involves

the product axiom of Ay and tells us that there must be 2-isomorphisms

d)g Y : lhh’,g = lh,h’g ® lh’,g ,

g;h,h’ : rg,hh’ = rgh’h/ ® rg,h

(A.10)

These 2-isomorphisms implement the equivalence of ending Déh) and then Déh/) on ngDég) or

ending Déhh/) directly (see figure 21). These conditions turn D, into a left A;-module and a
right Ay;-module separately.

If we finally impose that we can also commute the left and right A actions, this turns D,
into a (Ay,Ay)-bimodule. This means that we should have a 2-isomorphism (see figure 22)

r .

g’;hh’ : lh,gh’ ® Tew = Thg b/ ® lh,g . (A.11)
The 2-isomorphisms themselves have to satisfy consistency conditions. The first one is related
to the unit axiom and states

(lh .82 ld) 1

(lhgld)
¢gh1d ®ug’ qbgldh ®D

(A.12)

where D( he! denotes the identity local operator on the 1-morphism [}, ,. One can write down

similar conditions for the corresponding right 2-isomorphisms. There is also an associativity
condition that states that

l Iy (.
gshihy,hg (¢h3g shyshy ®D o ) ¢g shi,hohs (DO et ® ¢g sha, h3) (A.13)

One can write down a similar associativity condition for the corresponding right 2-
isomorphisms.
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-
g;hh

(g) (g)
ngD, ngD,
(h) (") (h) (n")
D, D, D, D,

Figure 21: Right-module consistency condition: the 2-isomorphism qbgr,h , imple-

ments the equivalence of ending D;‘ and Dgl or Dgh/ on ngDég). An analogous picture
l
can be drawn for d)g;h,h,.

Ir

()
P gonn b,

Q) Q)
DZ D2

()
DZ

Figure 22: Compatibility condition between the left and right actions on n
e . . . 1
whose commutativity is up to the 2-isomorphism qbgr;hh,.
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Let us now show how to solve the above conditions. First of all, considering (A.10) for
hh’ = id gives us a 2-isomorphism

ligg = lh1pg ®lhg, (A.14)
which we can compose with ufg to obtain a 2-isomorphism

(nngg);id)

) (A.15)

lhfl,hg ® lh,g =D
This implies that [, , is weakly invertible (i.e. up to 2-isomorphisms), with (lh,g)_1 = lp1 pg-
Similarly, from (A.10) we also obtain that r, j, is weakly invertible with (rg’h)_1 = Tgpp1- At
this point it is convenient to write an element g € G as a pair (h, k) and consider again (A.10)
in the special case g = (id, k). In the following we will use an abuse of notation for which
(id, k) = k. This gives a 2-isomorphism from

lhh’,k = lh,h’k ® lh’,k s (A.16)

which implies that the general component [, , can be completely determined in terms of [,
via

lh,h’k = lhh’,k ® (lh/’k)_l . (A.17)
We can do an analogous discussion for the right 1-morphisms, that can be completely deter-
mined in terms of ry . To summarize, we can restrict to 1-morphism components

lh,k . Dgh’id) ® leDéid’k) i n(h,k)Dgh’k) N
. (id,k) (h,id) (h,k) (A.18)
rk’h . leDZ ® D2 i n(h’k)DZ .
In particular, this allows us to identify
n(h,k)Déh’k) = nkDék), VheH, (A.19)
with ng, iy = ngq x) := nx Yh € H. We can now form the combination
— k k
Phk = (rk,h) 1 o lh,k : nkDé ) g leDé ), (AZO)

which concretely represents a topological junction line created by the Déh) surface going

through nkng), see figure 23.
We can now rewrite the conditions (A.9) and (A.10) in terms of the combination 1-
morphism pj, i
(e DY;id)
Up - D] :>pid,k) (A.21)
Prpik:  Prik = Phk © Ph k-

In terms of Phk> We can reformulate the conditions (A.12) and (A.13) as

(onx;id)

Pnidk = Dy ® Uy, .
(Prksid) (A.22)
Pid p:k = Uk ® Dy ,
and ( id) ( id)
Phq k31 Phy k3!
iy hask © (Phy ik ® Dy > ) = Ony gy ©(Dg " ® Phy hgik) s (A.23)
respectively.

To summarize, we find that surfaces in ¥/H are labelled by the following data
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Q)
D2

nkDék)

Figure 23: The 1-morphism py, ; represents the line singled out by the Déh) surface
crossing nkDék).

* An object nkng) specified by an integer n; for every k € K;
* a 1-morphisms py ;. € Hom(Déh) ® nkD(k) , nkDék) ® Déh));
* 2-isomorphisms uy and ¢y, p/.k-
As discussed in [15,51] the 2-isomorphisms are completely determined by a 2-cocycle c in
c € H*(H,U(1)™). (A.24)
This is the data defining a symmetry category which at the level of objects is
2-Vec(K) R 2-Rep(H). (A.25)
In particular, we can label simple objects by
e an element k € K;
* asubgroup J C H;
* a 2-cocycle c € H2(J,U(1)).

We denote the corresponding topological surfaces by

DI e oy (A.26)

1-morphisms. Now let us consider how to determine 1-morphisms. Similarly to what we
discussed for objects, 1-morphisms in C/y are given by 1-morphisms in Cs that are compatible
with the presence of networks of A;.

For simplicity, let focus on determining 1-endomorphisms of the identity simple object
ng). These descend from the simple 1-endomorphism of ng) in Cs, which is simply D%id).
In order for Dgid) to remain topological in the presence of Ay, we need to impose consistency
conditions which can be expressed in terms of the local operators sitting at the junction of Dgid)
and the 1-morphism p; we defined in (A.20) (here we are suppressing the index k since we
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%
/ "
(id) (id)
Dl DZ

Figure 24: 1-morphisms in C¢,y must be compatible with the presence of the algebra

object. In this picture one should think of a Déh) surface going through the page along
Ph-

are looking at k = id). We recall that this is the junction line which is singled out by a surface
Déh) inside Ay crossing ng). Let us denote this local operator by

¢n € Hom(p;, ® DYV, DMV g py), (A.27)

as shown in figure 24.
Now consider two surfaces, Déhl) and Déhl), crossing Déld). This will single out two local

operators ¢y and ¢y, sitting at the junction of Dgid) with py,  and py, respectively. From the
fusion of surfaces, which follows the H multiplication,

D) g p) — plhihs), (A28
we learn that the junction operators must satisfy
Phihy, = Ph, © i, - (A.29)

In summary, we have learned that a 1-endomorphism of ng) is given by Dgid) with a choice of
phase ¢, satisfying (A.29). Then we have recovered that 1-endomorphisms of ng) form the
fusion category Rep(H). Let us denote them by D%X ), with y € H.

This can be easily generalized to 1-morphisms between ng) and the SPT defect ng’c),
with ¢ € H2(H,U(1)) in Cx/y- In this instance, (A.29) is relaxed to

®hn, = c(hy,hy) dp, 0 dp, s (A.30)

due to an anomaly inflow mechanism (see [15]). This implies that these morphisms form the
fusion category Rep®(H) of projective representations of H.

Non-trivial extension. This is not the end of the story if the subgroup H we are gaug-
ing comes from a non-trivial extension (A.1). In particular, consider a determined 1-
endomorphism DY ) of ng), which we defined as D%id) in C¢ with a choice of phase ¢; coming
from its intersection with p;. Now consider two surfaces not inside the algebra object Ay, say
Dékl) and DékZ), with kq, ky € K, crossing Dgx ). Their fusion in Cs is given by

Dékl) ® DékZ) — Déf(kl’kz),’ﬁkz) . (A.31)
In particular then fusing Dékl) and DékZ) produces an object Déh) with h := e(ky, k,) € H inside

the algebra A. If we perform this fusion of surfaces in 2-Vec(K) along D%X ), we then obtain

a possibly non-trivial (depending on the ¢ entering the definition of DY )) local operator ¢y,
living on the line (see figure 25). This phenomenon represents a fractionalization of the K
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P P
D;kl) / Diid) ng) nglkz) / Diid) Déid)

Figure 25: The O-form symmetry K fractionalizes on the line generating the 1-form
symmetry H dual to H. This manifests itself in a presence of a phase ¢; upon fusing
two surfaces in 2VecK along the line.

0-form symmetry on the 1-endomorphisms of ng), namely the lines generating the 1-form
symmetry dual to H.

Let us elucidate the above discussion in the concrete example of gauging Z‘z/ in Z,4 that
we discussed in the main text (see 2.4). The first step is determining the 1-endomorphisms of
ng) in C¢ /7y - For this we need to consider local operators ¢ at the junction of D?d) and py.

These have to satisfy (¢/)> = 1. The non-trivial 1-endomorphism of ng), which we denote
by ng) in C¢ /zy > is such that ¢y = —1. Due to the non-trivial extension

152y 524 —Z5—1, (A.32)

however, we also have to worry about configurations where we fuse two Dgs) surfaces crossing
ng). In particular, since Dés) ® Dgs) = ng), if we use our definition of ng) as Dgid) in C5 with
the choice ¢, = —1, we learn that this process produces a non-trivial —1 phase. This represents
the fractionalization of Zg on ng) that we discussed in the main text.

A.2 Gauging the remaining G/H subgroup

We now consider gauging the remaining 0-form symmetry K = G/H in T/H := T’. First of all,
recall that a generic object in the symmetry category of T/H can be written as

k.H/J
Dy= B mgumndS”, (A.33)
(kH/T)

where k € K is associated to a simple object in 2-Vec(K) while H/J specifies a simple object
in 2-Rep(H) (here we are suppressing the additional ¢ data for simplicity).
The gauging of K in Cg/y is implemented via the algebra object

A =EPDP. (A:34)

keK

A topological surface in T'/K is then defined as usual as generic surface (A.33) compatible
with the presence of the algebra objects. We first define left and right 1-morphisms specifiying
how the algebra object can end on D, from left and right respectively. These are given in terms
of components

() (p,H/J) (kp,H/J)
urm: Dy’ ®myunD, = Mip 1) Dy , (A.35)
. (HL) o (k) (pk,H/J) :
T(pH/K S M(p,H/D; ® Dy = mpi /5y Dy :

This left and right 1-morphisms must satisfy conditions analogous to the ones described in the
previous subsection. In particular, we have 2-isomorphisms implementing the left and right
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product conditions

ek (o110 = Uk ep, /) @ L (p /) >

(A.36)
T(pH/IKk' = T(pk,H/I)K ® T(p,H/I) K>
as well as the commutativity condition
Lok /) ® T(p,H/I K = Tlhkp,H/D K ® Lo, /) - (A.37)

Again from (A.36) it follows that [ and r are weakly invertible. Moreover, considering (A.36)
for the special pairs (id, H/J) := H/J, corresponding to purely 2-representrations of H, we
obtain that we can determine the most generic components in terms of 1-morphism

k id,H/J kH/J
iy < Dy ® Mea 1y Dy 7 = me gy DY, (A.38)
id,H/J k kH/J :

TH) I m(id,H/J)Dél / )®D§ ) m(k,H/J)Dé M.

This provides an identification
kH/J idH/T) H/J
We can now define as before the combination
_ k k
pk,H/J = (rH/J,k) 1 ® lk,H/J S Hom(Dg ) ® mH/JDéH/J) B mH/JDéH/J) ® Dé )) N (A.40)

in terms of which the condition (A.37) now tells us that there should be a 2-isomorphism

QrkiH/T S PriHT = P/ © Pl H/J - (A.41)

Similarly, the 2-isomorphism conditions can be rewritten in terms of py y,;. In particular, the
associativity condition reads
(Prg:Hys5id) (Pky,H/s51d)

Preyey kst /g © (Piey kpsrifg ® Dy ) = P, kpkssrifg © (D ® Prykyryg).  (A42)

Notice that differently to the previous subsection, here in general we will have more topo-
logical surfaces descending from a single my;, JDgl /7 This is due to the fact that we have
multiple choices for the 1-morphism py 5 ,;, coming from the fact that the symmetry category
Cx/y has non-trivial lines descending from the gauging of H. An important comment is that
if there is a symmetry fractionalization in C/y coming from a non-trivial group extension,
this could render some topological surface my, JDéH/ ) with a particular choice of py 5/, in-
consistent. This could happen because the bimodule condition fails already at the level of
1-morphism, meaning that there is no 2-isomorphism such that (A.41) is satisfied, or more

subtly at the level of 2-isomorphisms, meaning that (A.42) fails. We have seen examples of
(z3)

this phenomenon discussing the gauging of Zg in C¢ /2y in section 3, where in particular D,

does not give rise to an object in Cg/7, because the condition (A.41) is not satisfied.

B Gauging full G: Symmetry category 2-Rep(G)

In this appendix we apply the methods of this paper and of [14], for G = Z, x Z, and G = Zy,
to compute the 2-category Cg/ by performing a direct gauging of the full G 0-form symmetry
inside C;. The answer for general G is

CG/G == 2-Rep(G), (B.l)

and we describe the structure of the 2-category 2-Rep(G) for G = Z, x Z, and G = Z, in great
detail. The purpose of this appendix is to provide a consistency check for the computation of
Cg /¢ performed using sequential gauging of Z, inside Cgz, in the main text.
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Bl G=2Z,xZ,

The starting point is Cz, .z, = 2-Vec(Z; x Zj).

Objects. The objects (upto isomorphism) of ng /22 all descend from multiples of Déid) €Cz,xz,>

because any simple object of Cz, .y, is related to ng) € Cg,xz, by multiplication action of
ZZ X Zz.
The object Dgld) € Cz,xz, can be made Z, x Z, symmetric by providing a monoidal functor

Vec(Zy x Z5) — Vec. (B.2)

Such functors are classified by elements of
H*(Zy x 7y, U(1)) = Z,, (B.3)

leading to two objects
p{®,  p{? (B.4)
) ) .

in CZ% jz2+ The object ng) € CZ% /22 is obtained by making ng) € Cg,xz, Symmetric under
Zy x Z, in a trivial way: Each element of Z% is implemented by the identity line Dgid) on
ng) and the junction operators between Z% lines are identity local operators D(()Id) between
identity lines. On the other hand, the object Dé_) S ng /22 is obtained by making ng) € Cyz,xz,
symmetric under Z, X Z, in a non-trivial way: Each element of Z% is still implemented by the

. N (id) (id)
identity line D; o

the sign depends on which elements of Z% are being considered. In the language of [14], Dg_)

on ng) but the junction operators between Z% lines are now +D; ', where

is obtained by stacking a 2d Z, x Z, SPT phase on top of ng) € Cz,xz, and then gauging
ZZ X Zz. )
The object 2DL(,ld) € Cy,xz, can be made Z, x Z, symmetric in three different irreducible

ways, leading to objects
(z3)
2 >

(z$)
2 b

(z¥)

D b s

D D (B.5)

in CZ% jz2- For Déz2) with x € {S,C,V}, the Z7 symmetry is implemented by diagonal matrix
with both entries Dgid), and the other two Z, symmetries are implemented by an off-diagonal

matrix with both entries Dfd). In the language of [14], we have that Z3 is spontaneously
preserved/unbroken while the other two Z, are spontaneously broken.
The object 4D§1d) € Cz,xz, can be made Z, x Z, symmetric in an irreducible way, leading
to object
p{F2x72), (B.6)

in CZ% jz2- Let us label the four copies of ng) € Cg,xz, inside 4ng) € Cz,xz, a8 ng)(i) with

i€{1,S,C,V}. Then the line implementing Zé for j € {1,5,C,V} sends ng)(i) to Dgid)(ij ) and
. @Gd) . .

carries D;  in these entries.

In total, the set of simple objects (upto isomorphism) of CZ% /Z2 is

id - (Z3) (Z3) (z3) ZyxT
C8 s = {Dg ), o), p,”, by, D, D 2)}. (B.7)

The surface ng) S ng /22 is the identity object. The fusions of objects in {ng),Dé_)} follow
the group multiplication in (B.3) leading to

() g pi-) & plid)
Dy’ @Dy = pi?¥. (B.8)
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We must have

=) (Z3) ~ (Z3)
D, "®D =D, “,
2 2 2 (B9)

() o 1(Z2XZs) ~ y(ZaXZs)
‘D2 ®D22 2_D22 2

)

for all x € {S,C,V}, since tensoring with Dé_) does not change the quantum dimension (in

other words the dimension of 2-representation), as the quantum dimension of Dé_) is 1, and
the tensoring procedure also does not modify which Z, symmetries are spontaneously broken

or preserved. We obtain
(z3)
2

) o

(23)
, 2 22D,

D,* ®D b (B.10)

for all x € {S,C,V} by following arguments similar to those leading to (26). On the other
hand, we have

(z3) (z3) ~ Dgzzxzz)

D,* ®D, , (B.11)

for all x # y € {S,C,V}. It is easy to see that every Z, in Z, x Z, is spontaneously broken
after taking the above tensor product. Finally, we must have

DéZZXZZ) ®D§ZZXZZ) ~ 4D§ZZ><ZZ), (B.12)

as the dimension of the tensor product 2-representation is 16, with no spontaneous preserva-
tion of any Z, for any of the 16 underlying vacua.

1-morphisms. The 1-endomorphisms of ng) S ng /22 form the fusion category Rep(Z4 xZ,)

under composition. The set of simple 1-endomorphisms (upto isomorphism) of ng) S ng /72
is
DY _ () ) p© )

Cptzz = {p{®, p®, p© p"}, (B.13)
where ng) € Cyz/72 corresponds to trivial representation of Z, x Z, and Dgx) € Cpz/z2 for
x € {S,C,V} corresponds to irreducible representation of Z, x Z, in which Z3 acts by a non-
trivial sign, while the other two Z, act trivially.

The 1-morphisms from ng) € Cpz/z2 tO Dg_) € Cyz/z2 arise from 1-endomorphisms of

ng) € Cz,xz,, which are given by vector spaces. Such a vector space is made Z, x Z, symmet-
ric by converting it into a projective representation R for Z, X Z, lying in the non-trivial class in
(B.3). This is because Dg_) € ng /72 and ng) € CZ% /Z2 differ by the non-trivial 2d Z, x Z, SPT
phase and so an interface between them should carry an anomaly for the Z, x Z, symmetry,
which translates to the fact that the vector space underlying the interface must form a pro-
jective representation of Z, x Z,. There is a single such irreducible projective representation
whose underlying vector space has dimension 2, and thus the set of simple 1-morphisms (upto
isomorphism) from ng) €Cp2z2 tO Dé_) €Cp2/z2
(i) p) .

o ={P1*7} B.14
comprises of a single element Dgid’_) whose quantum dimension is 2. Similarly, the set of
simple 1-morphisms (upto isomorphism) from Dé_) € CZ% jz2 to ng) € ng /22

D;7.05% _ ( o(=id)
Cot o = {1, (B.15)

comprises of a single element Dg_’ld) corresponding again to the non-trivial irreducible projec-
tive representation of Z, x Z.
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On the other hand, the 1-endomorphisms of Dé_) S ng /22 correspond to non-projective

usual representations of Z, x Z, because, just as in going from ng) to ng), there is no non-
trivial SPT phase involved in going from Dé_) to Dé_). Thus, we have the set of simple 1-
endomorphisms (upto isomorphism) of Dg_) S ng jz2 as

DY [ (mid)  p(=S) (=0 (V)
CZ%/Z%—{Dl , D&% p&a - pl } (B.16)

(id)
DZ

where the labeling follows the same rules as for elements of the set CZ2 122
27072

(i) 1)) ) pid)

.. . . ) D, ’,D . . .

The composition of the 1-morphisms in ng /ZZZ or szz /222 with the 1-morphisms in
2/ 72 2772

D ©)

by . . o . oo .
C or CZZZ /2 18 given by tensoring the projective representation with irreducible represen-
2172

ZZ/ZZ
2772
tations of Z, x Z,. Since the irreducible representations have dimension 1, the dimension
of the projective representation remains unchanged under the tensor product operation, and

hence we must have _ . .

Dgx) o D%ld,—) ~ Dild,—) ° Di—;x) ~ D§1d,—) )
P o pi) = pi) o pid) & pid), (B.17)
for all x € {id,S,C,V}. '

Consider now Dgld’_) o Dg_’ld), which involves taking the tensor product of the irreducible
projective representation with itself. The tensor product representation is a usual representa-
tion of dimension four, and hence decomposes into four irreducible representations. We want
to determine what these irreducible representations are. A projective representation of Z, x Z
is specified by matrices Mg, M and My, corresponding to elements S, C and V in Z, x Z, which
satisfy

Mi=M;=-M;=1, MgM;=—McMs=My, (B.18)

For the irreducible projective representation R, we can take

MS:O-X’ MC:O- MV:iUZ’ (B.19)

y 3
where o; are the well-known 2 x 2 Pauli matrices. Let us label the basis vectors of C2 on which
the above Pauli matrices act as vy and v;. Then, v; ® v; form a basis for R ® R on which the
action of Z3 is

Vo ®Vy > V1 ® vy, Vo ® V] <= V] ® v, (B.20)
and the action of Z$ is
Vo ® Vg > —V; vy, Vo ® V] <= V1 ® V. (B.21)
Thus vectors
Vi =V ®Vyt v ®vq,

V_ 4 = V0®V0—V1 ®V1,
’ (B.22)
Viy 1=V ®V)+ v ®p,
V_’_ = V0®V1—V1 ®V0,
individually span irreducible representations of Z, x Z, with vector v; ; spanning the irreducible
representation in which Zg acts with sign i and Zg acts with sign j. Thus, we obtain that

p{i¢) o pi9 = plid g p&) g p{@) g pIV) (B.23)
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By the same argument we also obtain that

D{™D o pit?) = p=id) g p=¥) g p @ 1) (B.24)
The morphisms for DEZZ) € ng jz2 0 ng) € ng jz2 are given by 2 x 1 matrices valued in

Rep(Z;) with both entries of the matrix being the same object of Rep(Z}). Thus, the set of

. . ) . 7 _ .
simple 1-morphisms (upto isomorphism) from Dé 2) c CZ% /22 10 ng) c CZ%/Z% is
(z%) (id) .. .
D, 2 Dy 0 (Z3,id;+) (73 ,id;—)
Cozjm = {D; > Dy }. (B.25)
where DiZZ’l *) s the 1-morphism descending from choosing the irreducible representation

of Z3 given by the sign s. Similarly, the set of simple 1-morphisms (upto isomorphism) from

i) -(Z3) .
CDS D, 2 JNCEZED
z2/zz U1 ’

Diid,Z’z( ;—)}

> (B.26)

as such 1-morphisms are furnished by 1 x 2 matrices valued in Rep(Z3) with both entries of

the matrix being the same object of Rep(Z3).

(z3)

Similarly, the set of simple 1-morphisms (upto isomorphism) from D, *" € CZ% jz2 10

(=) :

@) 5 x x
D,*.Dy" _ [ (Z5—+) (z3,—-)
Cotps * = {p>7", b7, (B.27)
and the set of simple 1-morphisms (upto isomorphism) from Dg_) € Cpz/z2 tO DéZZ) € Cqzyz2 1s
o @)
D7D, 2 [ (=254 (—23-)
Cppp® = {o7™", b7, (B.28)

The set of simple 1-endomorphisms (upto isomorphism) of Dgzz) € ng /22 is

(z3)
D, 2" _ [(Z3:id+) (z33id-) (Z35—+) (23—
Cpt 1z = {p", p7, b, p Y, (B.29)
5 ids . . . . . .. .
where Dgzz’l ) arises from the diagonal 2 x 2 matrix with both entries having irrep of Z3 given

by sign s, and DEZE;_S)

of Z3 given by sign s.

arises from the off-diagonal 2 x 2 matrix with both entries having irrep

X Y
The set of simple 1-morphisms (upto isomorphism) from D;ZZ) S ng jz2 to Dézz) S ng /22
for x # y is
@3 (2})
D, %D, %" (. (Z3,23)
O = {o} , (B.30)
(23,75
1
Additionally, there is one simple 1-morphism (upto isomorphism) from DEZ?(ZZ) to Déx) for

where D corresponds to a 2 x 2 matrix with all entries of the matrix being C.

x € {id,—}, one simple 1-morphism (upto isomorphism) from Déx) to DéZZXZZ) for x € {id, -},
two simple 1-morphisms (upto isomorphism) from DéZZXZZ) to Dézg)
(upto isomorphism) from D;Z)Z() to DEZZXZZ), and four simple 1-endomorphisms (upto isomor-
phism) of DEZZXZZ) .

, two simple 1-morphisms
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Condensation defects. As described in detail in [14], all the non-trivial simple objects of
Cyz/z2 have to be condensation defects. Following their analysis, we find that the surface
defects corresponding to these simple objects can be produced as follows:

. DQZZ) S ng /Z2 is obtained by gauging the Z; 1-form symmetry generated by Dix) S ng /22

along a surface in spacetime (occupied by identity defect ng)).

. D§Z2XZZ) € ng /22 is obtained by gauging the full Z, xZ, 1-form symmetry along a surface

in spacetime (occupied by identity defect ng)).

. Dé_) € ng /22 is obtained by gauging the full Z, x Z, 1-form symmetry along with a theta
angle specified by the non-trivial 2d Z, x Z, SPT phase along a surface in spacetime
(occupied by identity defect ng)).

B2 G=127,

We consider here the gauging of Z, starting from a theory with symmetry category
Cz, = 2-Vec(Z,) whose objects are given in (15). We will show that

624/24 == 2-Rep(Z4) . (B.Bl)

Objects. The objects in Cz, /z, descend from multiples of the identity object i.e., nDSd) €y,
for some some integer n. As described in section 2, for a given n, this boils down to prescribing
a monoidal functor

Vec(Z,) — Mat,(Vec). (B.32)

For n = 1, there is a unique such monoidal functor upto isomorphism. This physically corre-
sponds to making a 2d TQFT with a single vacua Z, invariant which can be done in a unique
way since there are no 2d Z, SPTs (since H%(Z,, U(1)) is trivial). We will denote this object in

Cz,/z, 8S ng) . Next, let us consider the case n = 2, therefore we need to prescribe a monoidal
functor from Vec(Z,) to Mat,(Vec). There is one indecomposable way to do this, such that

S, C € Z4 map to the 2 x 2 matrix with non-zero entries ng) on off-diagonals, while id,V € Z,

map to the diagonal 2 x 2 matrix with Dgid) on the diagonal. Physically this object corresponds
to a TQFT with the Z, symmetry spontaneously broken down to its Z, subgroup, such that

each vacua is invariant under V, while the two vacua are exchanged by the action of Dés) and
\4
Déc). We denote this object as DéZZ) € Cz,/z,- Moving on, we do not get any new simple

objects for n = 3 since there are no 3-dimensional orbits of Z,. For n = 4, we get a single
(upto isomorphism) indecomposable object, for which the action of S can be represented as

o pi o o

o o DM o

o o o pi¥
pi o 0o o0

(B.33)

Physically, this corresponds to a Z, symmetric TQFT in which the Z, symmetry is sponta-

neously broken. Therefore it has four vacua that are permuted cyclically by the Z, generator.
S

We denote this object as DéZ“) € Cz,/z,- There are no additional indecomposable objects. To
summarize the set of indecomposable objects is

(id) (zy) (z5)
{DZ , Dy, Db, (B.34)
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Fusion of objects. The object D(id) is the identity under fusion. The fusion product for

\4 .
D(Z ) ® D( 2) can be obtained by recalling that D( 2) lifts to ZDSd) in Cz,. Hence the ob-
jects in the fusion product can be labelled by elements in the tuple (i, j) where i,j € {0,1}.

These transform under S € Z, as

(i,j)—— (i+1mod?2,j+1mod2), (B.35)

which splits into the two indecomposable Z, orbits labelled by orbit representatives [(0,0)]
v
and [(1,0)]. Each orbit descends to a copy of DQZZ) € Cz,/z, implying the fusion rule

\%4 \"4 "4
p{">) @ p\*2) = 2p{"’. (B.36)

(zy z3) (z

Similarly, to compute D, *"® D, *', we recall that D, ) descends from 4D(ld) in Cz,, therefore
in the pre-gauged category, we may denote obJects in the fusion outcome by the tuples (i, j)
where i € {0,1} and j € {0, 1,2, 3}. Under the action of S € Z,,

(i,j)—— (i+1mod?2,j+1mod4), (B.37)

therefore we again obtain two orbits [(0,0)] and [(1,0)] implying the fusion rule

\4 S S

D(Z )®D(Z ) _ 2D(Z ) 538
S \4 S *

D(Z )®D(Z ) _ 2D(Z )

(z 4) (Zi) ..
Similarly, the fusion rule D, D, * follows exactly the same way, giving

S S S

D @ " = 4p{4). (B.39)

Morphisms. First we focus on the 1-endomorphisms of each of the three objects. The
distinct 1-endomorphisms of ng) in Cyz,,z, are related to the distint ways in which the 1-
endomorphisms of ng) € Cz, can be made Z4-symmetric. The 1-category of 1-endomorphisms
of ng) € (g, is Vec generated by the identity line Did. Since the permutation action of Z, on

this line is trivial, the ways in which it can be made Z, symmetric corresponds to assigning a
representation of Z,. Thus we realize that

Ende, . = {D§a)} = Rep(Zy). (B.40)

ZY)

The 1-endomorphisms of D; >’ € Cy,/z, descend from Z, symmetric 1-endomorphisms of

ZDSd) in Cz,. The set of 1-endomorphsims of ZDSd) is Mat,(Vec). The two rows and two
columns of these 2 x 2 matrices are exchanged under the action of S € Z,. Notably the Z, sub-
group generated by V acts trivially, therefore, the 1-endomorphisms can carry representations
of Z‘Z/. Therefore we obtain the following 1-endomorphisms
(z} pZid) p@y) pZ3V) p(EZ5 Vo)) o
Ende, ,, (DS ) = { W p#n) pv) p } ™ Vec(Z,) RRep(ZY).  (B.41)
The labels ‘id’ and ‘V’ correspond to the diagonal 2 x 2 matrices with a trivial and non-trivial

representations of Zg. Meanwhile the labels ‘—" and ‘V—' correspond to the off-diagonal 2 x 2
matrices with a trivial and non-trivial representations of Z‘2/ respectively.

S
The 1-endomorphisms of DEZ‘*) € Cyz,/z, descend from Z, symmetric 1-endomorphisms of
4ng) in Cz,. The set of 1-endomorphsims of 4ng) is Mat,(Vec). The four rows and four
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columns of these 4 x 4 matrices are cyclically permuted the action of S € Z,, therefore we
obtain the following set of simple 1-morphisms

(z3) (23;id) (25;5) (Z3;V) (Z3;0)
Bnde, , ()= {p{, ", p{EY, pEIL. (B.42)
The labels id, S, V, C correspond to the matrices
(Z3id)| (id) Z59) L aGd)
Dy, =P Poee@s by ‘CZ =D; " Puzsy),
4 4
(B.43)
(Z5;V) o ({d) (Z5;C) o ({d)
D, =D Pases, Dy ) _ =D Paazy.
4 4

Here we indicated the morphisms again in terms of permutation matrices P,.. The morphisms
ZV . . . . . .
from D; 2 1o ng) in Cz, /7, correspond to the ways 1-morphisms from ZDSd) to Déld) in Cz,
can be made Z, symmetric. These are elements in Mat,,;(Vec). Since, the rows of the 2 x 1
matrices are exchanged under S € Z,, while the matrices are invariant under ZJ C Z,, there

are two indecomposable 1-morphisms

@¥) _(ia) Voiay.(i
D, 2.0, _ {D(Zz,ld),(ld) , (B.44)

(z3,id);(V)
Z4/74 1 , Dp? }

which correspond to the 2 x 1 matrices with both entries Dfd) with the superscripts id’ and ‘V’
denote trivial and non-trivial Z‘Z/ representations respectively. Similarly, the indecomposable

. "4
1-morphisms from Déld) to D;ZZ) €Cy,/z, are

Vv
(i) %)
D,™.D,

Z4]Z4

C D

-{ pldZ i) (B.45)

(id,ZZ);(V)}
1 J J

1

where both the 1-morphism lines correspond to the 1 x 2 matrices with both entries Dgid) in
Cy..

4
S

The morphisms from D;Z“) €Cz,/z, 10 ng) € Cz,/z, correspond to the ways 1-morphsims
from 4ng) to ng) € Cz, can be made Z, symmetric. These correspond to 4 x 1 matrices
valued in Vec with the Z, action cyclically permuting the four rows. There is consequently a
single indecomposable 1-morphism denoted by

@)

D, +,p{? (Z5,id)
eyl = {0} (B.46)

which corresponds to the 4 x 1 matrix with all entries Dgid) in Cz,. Similarly there is also a

. . . i z3) .
single indecomposable morphism from ng) to Dé 2 inCy,/z,

[ AGdz)
Z4)Z4 _{Dl 4}’ (B.47)

which descends from the 1 x 4 matrix with all entries Dgid) inCy,.

Finally, for similar reasons, there is also a unique indecomposable 1-morphism each from

(z5) (z¥)

D, * to D, *" and vice versa. These correspond to 4 x 2 and 2 X 4 matrices with all entries

Dgid) in the pre-gauged category. As we have seen, there are morphisms between every pair
of indecomposable objects in 2-Rep(Z,), implying that there is a single Schur component of
objects. This is in fact a general feature for 2-Rep(G) for any finite group G.
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Composition of morphisms. As in the previous examples, the composition of morphisms is
given by combining Z, actions. This is obtained by taking the matrix product of the morphisms
lifted to Cz,, as well as, the tensor product of representations of subgroups of Z,, wherever

applicable. The composition of 1-endomorphisms of ng) correspond to taking a matrix prod-
uct of 1 x 1 matrices, which is trivial. Additionally, one needs to take a tensor product of Z,
representations which gives

D%o D = p*P, (B.48)

where a, 3 € Rep(Z,). Since Rep(Z,4) = Z4, welabel a, f € {0,1, 2,3} with a-f =a+f mod 4.

The composition of the 1-endomorphisms of D( 2) are given by taking a matrix product of

the 2 x 2 endomorphism matrices of 2D( i)

€ Cyz,, and subsequently taking a tensor product
of representations of Zg. Doing so, one ﬁnds the following (commutative) composition rules

that have a Z, x Z,, structure

\'4 \4
DiZ V) oDiZZ V) _ D(Zz,ld)
\’4 4 \’4
DiZZ’V)ODizz’V ): (zz, )
\’4 \’4 \’4
DiZ V) Dgzz, _ D(z V- )’ Lo
D(Zg’v_)o D(ZV,V ) D(zv,ld) (B.49)
1 1 -
V oy v v
DiZZ’V )0D§ZZ’ )_ D(Z V)
p&) o pZa) D(Z /id)

1 1

S
The composition rules between the 1-endomorphisms of D;Z“) in (B.42) can be conveniently

obtained by using the matrix product of 1-endomorphsims of 4D§id) € Cyz, given in (B.43).
Since these 4 x 4 matrices are a permutation representation of Z,, the resulting composition
rules have a Z, group structure and the 1-category of 1-endomorphisms can be identified as

( Z5:id) (Z5:9) 74;C)

Vec(Z,4). More precisely, D and Di 47" are the

(Z3V) .

is the identity line in Vec(Z,), D,

is the order 2 line.
(1d Z3):(d) (Zv,id);(id)
D,

order 4 lines and N

Next, consider D, which lifts to a matrix product ofa 1 x2 witha2x 1

matrix in CZ4. Both entries of both the matrices are Dgid) and the columns and rows (respec-
tively) of the matrices are swapped under the action of S € Z,. The resulting 1 x 1 matrix is
Dgld) ) Dgld), for which the two Dgld) components are swapped under S. Since the action of

V € Z,4 leaves the two Dgid) components fixed, we may further decompose the outcome after
composing the morphisms into a direct sum of representations 0 ® 2 € Rep(Z,). Therefore we
read off the composition rule

pldZ)iid) | DiZV,id);(id)

) =D}eD;. (B.50)

Using analogous arguments and identifying the representation V ~ 2 € Rep(Z,), we obtain
the following rules

. Vy. V o:3y.(:

Dild,Zz L) Dizz Ad);(id) _ =p% @ D2,
: V. V1.

D](.ld,ZZ )’(V) o D](-Z 51d)1(v) —DO @ D2 ) (B.Sl)
. V(s V1.

pUdZH | W) _po g o
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(ZV id);(id)

. V N
The composition rules for D, o D?d’ZZ)’(ld) can be similarly obtained by lifting to Cz,

and taking a matrix product in the reverse order, i.e., of 2 x 1 with a 1 x 2 matrix

id
_(D%l ))O(D(id) pl9)
| plid 1 1
c 1
Z4

{ Dgzg,id);(id) o Diid,Zg);(id)}

piY o o pi (B.52)
= i) | @\ i)
o Dl i o
14
_ p®i9 g p®:),

Similarly, one finds the following composition rules for 1-morphisms that carry non-trivial Zg
representations
DiZV,id);(id) oDiid,Z;’);(V) D(ZV,V) €BD(Z2 V— )’

Dgzg,id);(v) o Diid,ZZ);(id) _ (Zg;V) ® D(ZV V— )7 (B.53)

(z3,id);(V)
1

(id,z3)(V) _ _ D(ZV,V) GBD(ZV’V )

b 1

oD

(z3)

\’4
(Z2) and D, *

Next we compute the composition of the 1-morphisms between D, *
the form

. These have

D(id) D(id)

(D](.ld) D](-ld) D](-Id) D(ld)) D(ld) D(ld)

(zy,73)
{Dl pl  plid)  pld) i) D(ld) D(‘d)

o DiZS’ZZ)}

tay i)
Dl Dl

. . B.54
400 ¢ of © 4p{9 (B.54)
o 4pi¥ 400 ¢

(z¥,v— )}

(z3,-)

14
{21)(Z D g 2p®") g 2p!% ) g 2p!

Therefore we read-off the fusion rule

(zy . v— )

V 8 S oV v v
(Z3.23) | (Z5.25) D(Z D g ap") g 2p"7) g 2p! (B.55)

D, > oD v =2 ®2D, > @2D,

Similarly, we get

D(id) D(id)

D(ld) D(ld) ng) Dgld) Dgld) D(ld)
= (1d) (1d) §1d) Dgld) Dgld) (1d)

D(ld) D(‘d) (B.56)

V 7V S S
{Diz ,ZZ)ODiz ,24)}

S S S S
- {213(Z 19 g 2p "+ g 2p\FV) g 2p C)}

Therefore we read off the composition rule

(z¥,zY) (z5,25) . (25,id) (75.5) (Z5,v) (z5, C)

D, oD ¥ =2D " @2D, *  @2D " 2D, (B.57)
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C 1-morphisms in categorical symmetry webs

In this section, we apply the methods of this paper to compute 1-morphisms in partial and
sequential gaugings for the G = Z, x Z, and G = Z, examples.

C.1 1-morphisms in the G = Z, x Z, web
\’4
In what follows, we denote by D;ZZ) the object of Cz, .z, /z, that was denoted by DéZ

\’
gszz) the object of Cz,x7,/z, that was denoted by DéSZZ)

2 in the

main text. Similarly, we denote by D
in the main text.

C.1.1 1-morphisms for Cz,xz, — Cz,xz,/z,

Let us begin by determining 1-endomorphisms of ng) € ng jzy - These descend from different
ways of making the 1-endomorphisms of ng) S CZ% symmetric under Zg. As already discussed
above, the 1-endomorphism category of ng) S CZ% is Vec, generated by identity line Dgid) of

Z%. That is, a 1-endomorphism of ng) S CZ% is a vector space W and a way of making it Zg
symmetric is provided by a representation R of Zg whose underlying vector space is W. Thus,
1-endomorphisms of ng) € ng jzy are given by representations of Zg and form the category
Rep(Z‘z/). This category has two simple objects, both of which correspond to 1-dimensional
representations, which means that both of them descend from Dfd) € CZ% without non-trivial
multiplicity. Indeed, different ways of making Dfd) € ng symmetric under Zg correspond to

homomorphisms _
Vec(z)) — Vec = End(Dgld)) , (C.1)

where the right hand side describes the 2-endomorphisms or topological local operators living
on Dgld) € CZ% which are generated by the identity local operator D(()ld) of Z%. These homomor-
phisms precisely correspond to irreducible representations of Zg.

Thus the set of simple 1-endomorphisms (upto isomorphism) of ng) € ng /zy is

Gy _ (pld)  pW)
Endc,, ., (D} )={p{®, b}, (C.2)

(id) - : v =)
where Dy € C2 7y corresponds to trivial representation of Z, and D; ~ € Cyz 5y corresponds

to non-trivial irreducible representation of Zg.

)

\4
The 1-endomorphisms of DéZZ € CZ% /zy descend from Z} symmetric 1-endomorphisms of

ZDSd) S CZ%' As discussed above, the 1-endomorphisms of 2ng) S ng form fusion 1-category

Mat,(Vec). The group Zg acts on Mat,(Vec) by simultaneously exchanging the two rows

and two columns of these 2 x 2 matrices. Thus, the set of simple 1-endomorphisms (upto

)

\4
isomorphism) of Dézz € Cpzygy is

@¥)
D, %" (z¥;id) (ZZ;—)}
Cyt = {0, p= 7Y, (C.3)
(ZV;id) . . . (id) (z¥-)
where D} ?""" corresponds to the diagonal matrix with both entries D;"~ and D;"*" * corre-

sponds to the off-diagonal matrix with both entries Dgid).
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The set of simple 1-endomorphisms (upto isomorphism) of Dés) S ng /zy is determined

analogously to the case of ng) S ng JzY> and again corresponds to Rep(Zg). We denote the
simple 1-endomorphisms as

0 _ [pEid)  psv)
CZ%/Zg—{Dl ., DV} (C.4)

\'4
Finally, the set of simple 1-endomorphisms (upto isomorphism) of D;SZZ) € ng /zy is

szy)

D, . (SZY;id) (szg;—)}
ng/zg_{Dl » Dy ’ (C.5)

14
and the computation is completely analogous to the case of Dézz) € ng jzy-
\4 .
The 1-morphisms from D;ZZ) € ng jzy to ng) € CZ% /zy descend from 1-morphisms from

ZDSd) S ng to ng) € CZ% which form the category Mat,,;(Vec) of 2 x 1 matrices valued in

vector spaces. The Zg action exchanges the two rows and thus the set of simple 1-morphisms

: : (z3) (id)
(upto isomorphism) from D, *" € Cz2 v to D," e Caz/zy

@5) ) Vv
D, 2'.p;% (A4 ,1d)}
i = {p{=1, (C.6)

zy id . o .
21D rhich corresponds to the 2 x 1 matrix with both entries

1
Dgld). Similarly, the set of simple 1-morphisms (upto isomorphism) from Déld) € ng jzy 1o

comprises of a single element D

(z3)
D, e CZ% /z¥
\'%
pld) p{#a) (id,zY)
Pz P :{D’Z}, €.7)
7%/7Y 1
. . id,ZY . .. .
comprises of a single element Dgl Z2) which corresponds to a 1 x 2 matrix in Mat;,,(Vec) with

both entries Dgld), as the Zg action exchanges the two columns.

In exactly the same way as above, we have that the set of simple 1-morphisms (upto iso-

Vv
morphism) from Dészz) € Cpzyzy to Dés) € Cpzyzy

(szy)

p, 2.0 { (SZZ,S)}
ng = D, , (C.8)
. . (5ZY.9) . .
comprises of a single element D, corresponding to the 2 x 1 matrix in Mat,,;(Vec)

with both entries Dgid), and that the set of simple 1-morphisms (upto isomorphism) from

(s (sz3)
D2 ) S CZ%/ZZ to D2 2 S CZ%/ZX

szy)

p¥.p, 2" [ (S,SZY)
G =) €2
. . (8.5ZY) . - .
comprises of a single element D] corresponding to the 1 x 2 matrix in Mat;,,(Vec) with

both entries Dgld).
Finally there are no 1-morphisms between the remaining pairs of objects in ng /zy s there

are no 1-morphisms between mDSd) € ng and nDéS) € ng.
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Composition of 1-morphisms. 1-morphisms are composed by combining the Zg actions.

Let us consider the composition of 1-endomorphisms of ng) e ng /zy- These endomorphisms

are labeled by Zg representations, and the composition corresponds to taking tensor product
of Z‘z/ representations. At the level of simple objects, we learn that Dgld)

composition and

is identity under

D) o p) = ¥, (C.10)
that is ng) squares to Dgid). Similarly, the 1-endomorphisms of Dés) € ng jzy are composed

by tensoring Zg representations, and the simple 1-endomorphisms form fusion 1-category
Rep(Z} ) under composition with D§S;ld) being identity and

Dgs;v) c)D§S;V) ~ D§S;id), (C.11D)

that is DiS;V) squaring to D§S;id).

1
The composition of 1-endomorphisms of D;ZZ) € ng /zY is obtained by multiplying matrices

(ZY;id)

in Mat,(Vec). This implies that D, is identity 1-endomorphism under composition and

V._ V.
p{%7) o pl#i) o pF2id). (C.12)
. (2Y) (ZY;id) .. . (Sz¥)
that is D, squares to D; . The composition of 1-endomorphisms of D, S ng /7Y
follows the same procedure. The identity is D(S id) and
V._ V. v
Diszz, )OD§SZ ; )ZD(SZ ,1d)’ (C.13)
V._ V.
that is Diszz, squares to D( Zoid),
@) @5) i) D(ld) D(Z )
The composition of 1-endomorphisms in 622 12y with 1-morphisms in CZ2 /Z‘; 2 and CZz 12y
is simply matrix multiplication, leading to
Dizg;x) o DiZV ,id) ~ D(ZV 1d) c1m
i \4 \4 v .
D:(lld,Zz) o Diz ) D(le )
for x € {id, —}. Similarly, we have
D(szg;x) o D(szg,id) ~p (SZ‘Z/,id)
1 - b
. (C.15)
D(ld,szg) o D(sz",x) ~ D(ld ,SZY) ’

1 1

for x € {id, —}.

Finally, consider Diid’zg Do D(Zg D
only entry being ng) ® D%id). The Zg action flips the two Dgid) factors in ng) ® Dgid) making
it into a two-dimensional representation of Zg which decomposes into trivial plus non-trivial
irreducible representations, which means that we have

. Matrix multiplication gives rise to 1 x 1 matrix with the

(d,zy) . (Z%,id) ~ - (id)
D, =D,

(o) oD, (C.16)

(ZVid) . (>id,z")

oD, "*’, the matrix multiplication gives rise to 2 x 2 matrix with every

entry being D%ld), which means that we have

Similarly, for D,

(ZY id) (d,ZY) A, ~(ZY;id) (zV— )

D, VoD, = p """ @D, (C.17)
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C.1.2 1-morphisms for Cz,xz,/z, — CZ§/Z§

We now consider the 1-morphisms after gauging — in a step-wise fashion — the full Z, x Z, 0-
form symmetry. This is to be compared with the 1-morphisms we determined in appendix B.1
Consider first the 1-endomorphisms of ng) € Cz2/72- These descend from Z; symmetric

1-endomorphisms of ng) € ng /zy- We can dress Dgid) € ng /z} by irreducible representations
of Zg to obtain two simple 1-endomorphisms

pi®,  p", (C.18)

of Déld) € CZ% jz2> where Dgld) € ng /22 corresponds to the trivial representation of Z; and
ng) € ng /22 corresponds to the non-trivial irreducible representation of Zg. Similarly, we can

dress ng) € ng /zy by irreducible representations of Z; to obtain two simple 1-endomorphisms
p®  pl, (C.19)

(id) () o . s
of D, € ng jz2> where D™’ € CZ% /22 corresponds to the trivial representation of Z; and

Dgc) € ng /22 corresponds to the non-trivial irreducible representation of Zg. Thus,

DD i) ) © -
CZ§/Z§ - {Dl » D7 Dy, D } ) (C.20)
is the full set of simple 1-endomorphisms (upto isomorphism) of ng) c Czﬁ/zg-
Similarly,

DY _ [ i) (=5) (=€) (=V)
ng/zg_{Dl » D7 Dy, Dy }, (C.21)

is the set of simple 1-endomorphisms (upto isomorphism) of Dé_) € ng /z2 (where we have
(i)
. D
used analogous notation to the one used for elements of szz /22)'
2 2

The set of simple 1-morphisms (upto isomorphism) from ng) S ng jz2 to Dé_) S ng /Z2

3057 _ [ 1 (id-)
Cotpgs® = {pi24, (C.22)
. . (id,—) . ) s s (id) V)
comprises of a single element D, ’, whose underlying 1-morphism is D, @ D, ~ € ng /zy -
Similarly, the set of simple 1-morphisms (upto isomorphism) from Dé_) € ng jz2 10 ng) € ng /22

D5 05% _ ( o(—id)
Cpt o = {4, (C.23)

comprises of a single element Dg_’id), whose underlying 1-morphism is again Dgid) €BD§V)€ Caz/zy-

14 .
The set of simple 1-morphisms (upto isomorphism) from DEZZ) € CZ% jz2 1o ng) € ng /22 is

@) i) v v
D, 2'.p;" (ZY id;+) (ZY id;—)
et = {p{=H, piEel, (C.24)
V ig. s .
where Dizz ) Gescends from 1-morphism 2D£ld) - ng) € Cgz /gy described by a 2x 1 matrix
Zg,id;—)

with both entries given by Dfd) S ng /zY> and Dg is described by a 2 x 1 matrix with both
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entries given by D(V) € Cp2 2/2y - Similarly, the set of simple 1-morphisms (upto isomorphism)

V
from D(1 € Cpz/z2 to D( ) e Crz/z2 1s
i@y (Z5)
{9, 2" (id,ZY;+) (id,ZY :-)
= it (C.25)
d, . . L i
where D(1 Z ) is described by a 1 x 2 matrix with both entries given by Dgld) € ng /2y > and
d, . . L

D(1 2y~ 1s described by a 1 x 2 matrix with both entries given by D(V) €Cp 2/7) -

V
The set of simple 1-morphisms (upto isomorphism) from D, ») e Cpz/z2 1O D( €Cp2/z2 is

@)
D, 2°,p{” (Z¥,—+) (Zy,—5-)
Ct = {Dl »7h - plts } , (C.26)
(Zy ,—;+) . (id) (id) . .
where D, descends from 1-morphism 2D, — D, € Cy2 ;v described by a 2 x 1 matrix
2772

. .
with first entry given by Dgld) € ng /zy and second entry given by ng) € ng /zy> and DiZZ’ )

is described by a 2 x 1 matrix with first entry given by ng) € ng /zy and second entry given by

Dﬁd) €Cp2 2/7Y - Similarly, the set of simple 1-morphisms (upto isomorphism) from Dg_) € ng /22
( Zy)

toD, ?" €Cp 2/72 18
D(_),D(Zg) (—2Zy;+) (—Zy5—
o = {D1 21 ph )} , (C.27)
(—Z¥3+) (id)
where D; is described by a 1 x 2 matrix with first entry given by D, € ng /zy and

V._
second entry given by D§ S ng /zy> and D1 — is described by a 1 x 2 matrix with first
entry given by D(V) €Cp2 2/2y and second entry given by D(id) €Cp2 /Zg.
The set of simple 1-morphisms (upto isomorphism) from D( 2

(id)
D, € Cpz/pz is

€ Cpz/z2 for x € {S,C} to

(Z3) _(id) . .
D, 2",D§ (Z%id;+) (Z3,id;-)
Cotps ® = ={p;"", b }, (C.28)
where D( 2ids descends from 1-morphism D( 2id) € ng /2y carrying a representation of

Zg described by sign s. Similarly, the set of simple 1-morphisms (upto isomorphism) from

ng) € ng/zg to D;ZZ) S CZZ/ZZ is

pid, D( 2) (id,z%;+) (id,z* ;)
Crpgr” = ={p,*", b7}, (C.29)
(id,Z3;s) (id,z 2) . . S
where D, descends from 1-morphism D, € CZ% /zy CAITying a representation of Z;
descrlbed by sign s.

(Z3)

Similarly, the set of simple 1-morphisms (upto isomorphism) from D, ** € CZ% /22 for

x €{S,C} to Dé_) € Cpz/pz 1

D(Z)ZC),D(—) (Z%,—+) (Z5,—-)
cr2 b ={D 27 27 } (C.30)

22/22 1o Dy
and the set of simple 1-morphisms (upto isomorphism) from Dg_) € CZ% jz2 10 DéZZ) € CZ% jz2 1

0 (z3
p) p&2)

OO0 e G50
Coiy ={p, """, p "7}, (C.31)
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v
The set of simple 1-endomorphisms (upto isomorphism) of DéZZ) €Cpzyz2 1

@)
D, ? (23 ;id+) (2} 5id—) (Zy;—+) (zy5:—)
Corm = {D1 R ) , D7, D } (C.32)
V. . .

where DiZZ d+) descends from 1-morphism 2D§Id) - ZDSd) S ng /zy described by a diagonal

. Vg
2 x 2 matrix with both entries given by Dgld) € ng /2y DiZZ A4 is described by a diagonal 2 x 2

V._

matrix with both entries given by ng) S ng /zy > Dizz’ +) is described by an off-diagonal 2 x 2

. Ve _
matrix with both entries given by Dfd) € ng /7y > and Dgzz’ ) is described by an off-diagonal

2 x 2 matrix with both entries given by ng) €Cp2/zy-

The set of simple 1-endomorphisms (upto isomorphism) of DéZ;) € ng /22 for x € {S,C}is

@)
D, 2" _ [(Z3:id+) (233id-) (Z3:—+) (z3:—)
Cpt 2 = {p", p™7, p, p (C.33)
X.ids V.-d
where Dgzz’l ) descends from Dgzz D o ng /zy carrying a representation of Zg described by
(zy;

. 7y — - . . .
sign s, and Dg 275 descends from D, ) e ng /zy carrying a representation of Zg described
by sign s.

X Y
The set of simple 1-morphisms (upto isomorphism) from DéZZ) € ng jz2 1O Dézz) € ng /22

forx #y e{S,C}is

) (z3)

D, 2.0, % (. (2%,Z) )}
e = {o} , (C.34)
x 7Y V. V._
where DiZZ’ZZ) descends from 1-morphism Dizz e DiZ e Caz/ay-

\4 X
The set of simple 1-morphisms (upto isomorphism) from DZZZ) S ng jz2 to Dézz

for x € {S,C}is

)
< Cayzg

@) (@)
D, %D, %" (. (z}Z%)
e = {o} , (C.35)
(zY,z3) . . . (id,zY) ..
where D; descends from 2 x 1 matrix with both entries given by D, € Cyz/zv. Simi-
2772

X 14
larly, the set of simple 1-morphisms (upto isomorphism) from D;ZZ) S ng jz2 1O D;ZZ) S ng /Z2

for x € {S,C}is

@) _(@¥)

D, %D, %" (z%,2Y)
i = {pi#=}, (C.36)
(z%,2Y) . . . (ZY id)
where D, descends from 1 x 2 matrix with both entries given by D, € ng e

Additionally, we have

* One simple 1-morphism (upto isomorphism) from DEZZXZZ) to Déx) for x € {id,—} de-

v id
scending from 2 x 1 matrix with both entries given by Dizz = ng /zy -

* One simple 1-morphism (upto isomorphism) from Dgx) to D;ZZXZZ) for x € {id,—} de-

. . . . . id,ZY
scending from 1 x 2 matrix with both entries given by Dil %) ¢ ng /zy -

S

* Two simple 1-morphisms (upto isomorphism) from D§Z2XZ2) to Dézz), with one of them
V.'d

descending from 2 x 1 matrix with both entries given by Dgzz A0 € ng /zY> and the other

V._
descending from 2 x 1 matrix with both entries given by DiZZ’ ) e ng /zy
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S
* Two simple 1-morphisms (upto isomorphism) from DEZZ) to DEZZXZZ), with one of them
V.
descending from 1 x 2 matrix with both entries given by Dizz 1D ng /zY> and the other
1%

descending from 1 x 2 matrix with both entries given by DiZZ e ng /zy-

(z5)

5 2", with one of them

* Two simple 1-morphisms (upto isomorphism) from D;ZZXZZ) to D
V.5
descending from 2 x 1 matrix with first entry given by DiZZ id)

-)

€ Cy2/zy and the second

V.
entry given by Dlzz’ S ng /zy> and the other descending from 2 x 1 matrix with first
V._ V.

entry given by Dizz’ ) e ng /zy and the second entry given by DiZZ 1D ng jzy-

C
* Two simple 1-morphisms (upto isomorphism) from D;ZZ) to DEZZXZZ), with one of them
V.

descending from 1 x 2 matrix with first entry given by DiZZ A0
(z35-)
1
(Z¥;-)
1

€ Cy2/zy and the second

entry given by D S ng /7Y and the other descending from 1 x 2 matrix with first

(ZY;id)

entry given by D € ng /zY and the second entry given by D; € ng /zy-

(z3)

5 ° ', with one of them

Vo
descending from diagonal 2 x 2 matrix with both entries given by DiZZ = ng /7y
and the other descending from off-diagonal 2 x 2 matrix with both entries given by

(z3 ,id)

* Two simple 1-morphisms (upto isomorphism) from DéZzXZz) to D

z)
2

ZXZZ), with one of them

V .
descending from diagonal 2 x 2 matrix with both entries given by Dizz = ng /zy>
and the other descending from off-diagonal 2 x 2 matrix with both entries given by
(ZY id)
Dl S ng/z\zl .

* Two simple 1-morphisms (upto isomorphism) from D to DéZ

(Z9%xZ5)
D22 2

* Four simple 1-endomorphisms (upto isomorphism) of , given by either diagonal

V.
or off-diagonal 2 x 2 matrices with both entries either being Dizz = ng jz or being

(z¥5-)

One can also compute the composition of 1-morphisms and find them to be the same as
those in appendix B.1. As an example, consider computing Dgld’_) o Dg_’ld) in ng jz2+ The
composition descends from the 1-morphism 2D§id) ® 2D§V) € Cz2/zy - The action of Z§ on this

1-morphism exchanges the two copies of Dgid) and the two copies of ng), thus leading to the
result . . .
p{4? o p-19 = pli¥ g p*) ¢ p{9) g (V) (C.37)

in ng jz2> which matches the result found in (B.23).
We leave the matching of other composition rules and fusion rules for 1-morphisms to the
interested reader.

C.2 1-morphisms in the G = Z, web

The 1-morphisms and their composition & fusion rules for Cz, /7, are the same as for Cr2/z,-
The derivation from Z, gauging of Cy, is also similar to the Z, gauging of ng discussed above.
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We thus discuss the computation of 1-morphisms in the subsequent Z, gauging

Cz12, = Cruyz4 5 (C.38)

in the rest of this subsection.

1-morphisms. Now we compute simple 1-morphisms of Cz, /7, by gauging Zg 0-form sym-
metry in Cy, /zy -

Let us begin by computing simple 1-endomorphisms of ng) € Cz,/z,- They descend from
simple 1-endomorphisms of ng) € Cz,/zy which are D%id) € Cg,/zy and ng) € Cy,/zy- First
consider making D%id) S CZ4 /zy symmetric under Z3, which is done by choosing a local operator
O on Diid) € Cy, /zy which squares to the identity locaAl operator Déid) € Cy, /zY l.iving on the
line. There are two possible choices given by O = Déld) € Cz,/zy and O = —Déld) € Cg,/zy>

leading to simple 1-endomorphisms of ng) in Cz,/z, that we label as
pid — pM), (C:39)

Now consider making ng) € Cy, /z} symmetric under Zg. Due to symmetry fractionalization,
we are now looking for an operator O on ng) € Cy, /zy which squares to —D(()V;id) € Cy, /zY
where D(()V;id) € Cyz,/zy is the identity local operator on ng) € Cg,/zy- We again have

two choices,
endomorphisms

iD(()V;id) € Cg,/zy and —iD(()V;id) € Cyg, /gy, leading respectively to simple 1-

p®  pl@, (C.40)

id
of D{Y ey, -
We can quickly compute the composition rules of these 1-morphisms. For example, since

iD)""Y ®iDp{""V = —pi?, (C41)

in Cy, jzy> We learn that
D o p® = p) (C.42)

in C, 7, Similarly, since
(id) (id) _ (id)

—Dy, " ®—Dy; " =D, ", (C.43)

in Cg, /7y, we learn that
ng) o ng) ~ Di‘d) , (C.44)

in Cz,/z,. Due to these reasons, we find that D§S) € Cy,/z, generates a Z, 1-form symmetry,

with the Z, element being ng) €Cy,/z,-
The simple 1-morphisms
D%ld,ZZH-) ) Dild’Zz;_) ) (C.45)

from ng) €Cyz,/z, tO DéZZ) € Cy,,z, arise respectively from 1-morphisms from ng) €Cy, /zy

to ZDSd) €y, /z} given by row vectors

O o). (B b). c46)
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Similarly, simple 1-morphisms

Dgzz,id;ﬂ , D§Zz,id;—) ) (C.47)

from DéZz) €Cy,/z, to Dgid) € Cy, /7, arise respectively from 1-morphisms from ZDSd) €y, /zy

to Déid) € Cz,zy given by column vectors
(id) v)
Bl (P) (C.48)
Dy Dy

(Zg;+-)
D™

The 1-endomorphisms

(Zg;++) (Zg;—+)
Dy 2 D; 2

pl=—), (C.49)

J > >

of DgZZ) € Cg,/z, arise respectively from 1-endomorphisms of ZDSd) €y, /zY given by 2 x 2
matrices

i o o D o o o D (€50
o D)’ pi o )° o o)’ p“ o ) ’

1
There is a single simple 1-morphism

pid2), (C.51)
from ng) € Cz,/z, 0 Déz“) € Cz,/z, coming from the 1-morphism from ng) € (g, jzy to
\4
ZDEZZ) € Cg,zy described by the row vector

. v : 14
(ng,zz) Dild’zz )) _ (C.52)

Similarly, there is a single simple 1-morphism
pi#id, (C.53)
from D(Z4) e C to DV e ¢ coming from the 1-morphism from 2D(ZZ) eC to
2 L4/ 74 2 Z4]Z4 g p 2 Z4/7Y

ng) €Cy, /zy described by the column vector

(ZY id)
D 2
(D%Z‘{,i d)> . (C.54)
1
There are two simple 1-morphisms
D:EZZ’Z4;+) , D§ZZ’Z4;+) , (C.SS)

from Dézz) € Cz,/z, tO D;Z“) € Cz,/z, coming from the 1-morphisms from ZDSd) € (Cy, jzy to

14
ZDEZZ) €Cy, /zy described respectively by the 2 x 2 matrices

Diid,z‘;) 0 0 Diid,ZZ) <56
. vV N . \% . .
0 ng,zz ) Dild,Zz ) 0

Similarly, there are two simple 1-morphisms

pl#asat) - plEatam) (C.57)
from D% € ¢ p{™ ec ing from the 1-morphisms from 2D’ & C
rom D, € Cz,/z, to Dy € Cz, /7, coming from the 1-morphisms from 2D, *" € Cz, /v to

ZDSd) € Cg,/zy described respectively by the 2 x 2 matrices

Dizg,id) 0 0 DiZZ,id)
(z¥id) | (ZY ,id) : (C.58)
0 D, 2 D, 2 0
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(idv)
Dy
L SY)
. v D .
(id) 0 (id)
2D, 2D,
(id)
2D,
(sV) (sV)
Dy Dy

Figure 26: Dg V' is a choice of local operator (shown in red) lying at the junction from
Dgsv) ®, (i) Dgsv) (shown in solid blue) to Dgldv) (shown in dashed blue). All these
2

lines and local operators live on the surface ZDSd).

C.3 A subtle isomorphism
: : o L : . () @)
In this subsection we exhibit an explicit isomorphism between the two objects D, *" and D,
in the 2-category Cz, /7, found using sequential Zg gauging of the 2-category Cz, /7, in section
3.1.2.

Before exhibiting the isomorphism, let us first concretely describe the two objects. Both
arise by making 2ng) € Cg,/z, Symmetric under Zg . First of all, we can implement the Zg
symmetry using the matrix

(sid),_ [ o Di¥
Dl «— (Dild) 1) > (C.59)
\4
leading to the object D;ZZ) € Cg,/z,- If we instead implement the Zg symmetry using the
matrix W)
(sV) 0 D
D = R C.60

then this Zg symmetry carries a non-trivial anomaly. We can remove the anomaly by choosing

more refined information regarding how the Zg symmetry is implemented on 2D§id). This
refined information is the choice of a 2-morphism

(SV) . ~(SV) (SV) (idv) pi o
Dy DyY’eDy” =Dy =] Gdy | » (C.61)
0 D
which is the choice of a local operator converting two lines implementing the generator of Zg
to the identity line implementing the identity element of Zg. See figure 26. D(()SV) is a tuple
(D(()SV)(D, D(()SV)(Z)) where

DéSV)(l) . D§SV)(12) ®D§SV)(21) N DgidV)(ll)’

, (C.62)
D((JSV)(Z) . D%sv)(zn ® Dgsv)(lz) R D§1dV)(22),

sv) >idv)(ii)
s and D;

element in row i and column i of the matrix ngv). Let us choose D(()SV)(D to be D(()id) as a 2-

Dgsv)(ij) is the

where is the element in row i and column j of the matrix D

endomorphism of Dgid), and D(()SV)(Z) to be —D(()id) as a 2-endomorphism of D%id). This relative
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Dgidv)(ll) Dgidv)(zz)
: SV)(1) _ p(id) : svi(2) _ (id)
1 Dy =Dy, v Dy =Dy
= (-Dx
(id)(1) (id)(1) (id)(2) (id)(1) (id)(2) (id)(2)
DZ DZ D2 DZ DZ DZ
(id)(2) (id)(1)
D2 D2
D§SV)(12) Disv)(m Disv)(u) D;SV)(ZU Disv)(m Dgsv)mz)

Figure 27: The figure performs an associator move involving the line D%SV) (whose
components are the lines Dgsv)(u )), the line D%idv) (whose components are the lines

Dgidv)(ii)) and the operator D(()SV) (whose components are the operators Désv)(i)). On

the right hand side, we obtain an overall minus sign from the non-trivial associa-
(V)
1

the extra relative sign between the definitions of D(()SV)(D and Désv)(z)’ Thus the to-
tal combined associator does not produce any phase and hence the diagrams on the

tor/anomaly involving only the D and Dgidv) lines, but this sign is canceled by

left and right are equal. Déid)(i) denotes the different components inside the surface
2D
s -

(sV)(1) (SV)(2)
DO DO

choice of sign between and cancels the anomaly as shown in figure 27, and
S .« . . .
we have managed to restore non-anomalous Z; symmetry, thus obtaining an object in Cy, /7,
that we label as )
(z3)
D,?". (C.63)
An alternate way to state the above computation is that we have canceled the Zg anomaly by
stacking with a projective 2-representation of dimension 2, namely a 2d TQFT with two vacua
and an anomalous Zg symmetry, which exchanges the two vacua.
Now let us describe the isomorphism. At the level of lines, the isomorphism is implemented
by the matrix

(id)
0O D

I, ;= 1], C.64
1 ( ng) 0 ) (C.64)

- : Lo S @) @)

which intertwines the corresponding lines implementing Z; symmetry on D, * ~ and D,

o pM(o DM (o DI o pi¥ .65

p" o J\p" o pi o J\p o ) '

More precisely we have to specify local operators

I(()l) . I;lz) ®D§SV)(21) N Dgsid)(lz) ®I(Zl)

1 >
_ (C.66)
I(()Z) : I§21) ®D§SV)(12) R D§51d)(21) ®I§12).

Let us choose Ic()l) to be ﬂlDéV;id) where D(()V;id) is the identity local operator living on D%V),

and I(()z) to be /32D(()id). For this to be an isomorphism, Iél) and Iéz) should satisfy the two
relations shown in figure 28. Naively one of the relations seems to lead to 3,3, = 1 while
the other relation seems to lead to 3,8, = —1, invalidating the existence of isomorphism.
However, since we are considering configurations of ng) lines and Dés) surfaces, we should
take into account symmetry fractionalization, which corrects the first relation to 3,8, = —1
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Do) pgoo) pEow) pLow)
! . F)
' R ! . 1
NCE'E) L e
v Do v Do
pian A pEa L0 L0
2 2
a0
. 2 . P
1) - 100 Pl
DD / 19 \ DO
2 2
A0
2
(sV)0) (sV)G) (V)0 (V)G
Dl Dl Dl Dl

Figure 28: Relations satisfied by isomorphism lines and operators.  Here

D(()Sid)(j ) = D(()id). The figure specifies two relations because we have the identification
i=j+1 (mod 2).

while leaving the second relation unchanged. Thus, picking 3; and f3, satisfying the relation
P12 =—1 provides an isomorphism

p{#) = p{*2). (C.67)
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