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Holographic Weyl anomaly in string theory
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Abstract

We compute the worldsheet sphere partition function of string theory on global AdS;
with pure NS-NS flux. Because of an unfixed M6bius symmetry on the worldsheet, there
is a cancellation of infinities and only a part of the answer is unambiguous. We show
that it precisely reproduces the holographic Weyl anomaly and the ambiguous terms
correspond to the possible counterterms of the boundary CFT.
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1 Introduction

The seemingly simplest string theory diagrams are paradoxically under poorest conceptual
control since they often reflect ambiguities of the theory. This happens when the worldsheet
has a residual non-compact automorphism group. Since it is part of the gauge group in string
theory, the infinite volume needs to be canceled by a corresponding target space volume diver-
gence. The possible topologies with a non-compact automorphism group are the sphere with
0, 1 or 2 punctures and the disk with 0, 1 or 2 boundary punctures. The disk case and the
two-point function on the sphere can be treated without ambiguities for example by imposing
a suitable gauge-fixing condition [ 1-4]. However, this leaves out the arguably most interesting
case — the sphere partition function.

The sphere partition function conjecturally captures the on-shell gravitational action of the
background and as such carries the usual ambiguities [5]. Using standard worldsheet tech-
niques, it has only been computed directly in some very special situations such as the minimal
string [6] or in two-dimensional gravity [7]. For compact target spaces, the divergence from
the infinite volume of the automorphism group is uncompensated and the sphere partition
function vanishes [8]. It has also been proposed that it might be necessary to give up confor-
mality on the worldsheet to compute the sphere partition function in general [9, 10].

We explain the physically relevant example of AdS; backgrounds where the sphere par-
tition function can be directly understood within the standard framework of string pertur-
bation theory. Via the AdS/CFT correspondence, these string backgrounds are dual to two-
dimensional CFTs [11-13]. The sphere partition function captures the conformal anomaly in
the boundary CFT and reflects the process of holographic renormalization in string theory [14].
Contrary to ordinary gravity, we don’t have to do any adhoc regularization of the gravitational
on-shell action.’

The method of our computation is not new — we exploit that we can compute derivatives
of the sphere partition function by inserting zero-momentum dilaton vertex operators which
we explain in Section 2. The interpretation of the result is however interesting and we dis-
cuss it in detail in Section 3. For the actual computation, we need to carefully work out the
normalization of the sphere partition function, which we do in Appendix A.

2 Computing the sphere partition function

We consider superstrings on AdS; x X with pure NS-NS flux. We are agnostic about the com-
pactification X since it will not play a role. We are only interested in genus 0 and thus do
not have to specify the GSO projection. We merely have to assume that X is a compact sigma
model described by an N' = 1 sigma-model on the worldsheet of the correct central charge.
The AdS; part of the background is described by the SL(2,R) WZW model at level k + 2, to-
gether with three free fermions [16]. The most important part of the worldsheet theory is the
SL(2,R) WZW model whose relevant features we briefly recall (or more precisely we are actu-
ally considering an analytic continuation of the WZW model to Euclidean spacetime signature
known as the H ; model). The fermions do not influence our computations, except for shifting
the level k — k 4+ 2 and setting the correct normalization for the dilaton vertex operator.

1 [15] computed the one-point function on AdS,; using a certain cutoff procedure. Hence it might also be
possible to implement such a procedure for the sphere partition function itself.
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2.1 The action

The action of the SL(2, R);, model reads®

k+2 § .
Ssim) = —— 4’z (¢3¢ +e*?o70y). 2.1)

This is simply the action for a sigma model on Euclidean global AdS, in Poincaré coordinates.’
The metric in these coordinates reads

ds?, =d¢? +e*? dydy. (2.2)

The boundary of AdS; is located at ¢ — 00.* We use units in which a’ = 1 so that k corre-
sponds to the radius of AdS; measured in units of string length. The B-field B = kdy A dy
is responsible for the absence of the term e2?3yd7 in the action. The shift k — k + 2 is a
one-loop effect and thus we omitted it in semiclassical quantities.

It is convenient to modify the action slightly and introduce a coupling constant y analogous
to the cosmological constant in Liouville theory:

1 . .
Ssuam = 2~ f d?z (4(k +2)3 ¢3¢ + ue’?07dy). (2.3)

. . . .. 1
This seems to be unimportant since we can always remove u by redefining ¢ — ¢ — 5 logu.
However, the correlation functions and partition functions will not be quite invariant under
this shift since both the vertex operators and the path integral measure are not invariant. This
leads to a version of the KPZ scaling argument [ 18]. The path integral measure takes the form

2¢ 2(e?7) 2(e%7), (2.4)

which is induced from the Haar measure on SL(2,R). One can remove the various factors of
e? at the cost of introducing a Jacobian factor which corrects the action at one loop. The result
is [16,19-21]

5=4ifd2z(4ka¢é¢ +Re +pe*?373y), (2.5)
T

where the path integral measure is now that of a free fields. This result can be derived in a
variety of ways, for example by (i) by relating it to the chiral anomaly as in [19] and using the
well-known formulas for the chiral anomaly in 2d, (ii) by using an index theorem counting
the zero modes of y (and f that is introduced to pass to a first order formalism), or (iii) by
simply writing down the most general local expression of the correct dimension in ¢ and the
metric, requiring the Jacobian to behave group-like under repeated removal of factors e? and
matching the central charge to the known value of SL(2, R);5.

One can see from (2.5) that the path integral over e~ converges for surfaces of negative
Euler characteristics. Indeed, in this case the path integral is damped for ¢ — +00 thanks
to the presence of the term ue?? 973y and for ¢ — —oo thanks to the presence of the Ricci
scalar.”

2Since numerical factors will be important, we notice that we define d’z = dxdy and 8 = %(GX —idy) for
z = x +1iy. We follow the conventions for sigma-models given e.g. in Polchinski [17, Section 3.7] with a’ = 1.

3We take ¥ to be the complex conjugate of y. For Lorentzian AdS,, they would both be real and independent.
Thus we are considering an analytic continuation of the SL(2,R) WZW model. As is common in the literature, we
will nonetheless continue to refer to this CFT as the SL(2,R) WZW model.

“The change of coordinates z = e~ gives a perhaps more standard form of the Poincaré metric.

>The suppression for ¢ — —o0 can fail on a genus 0 surface or when including certain vertex operators. This
leads to singularities in the correlators as a function of the spins. The suppression for ¢ — +00 can also fail
because there might be a holomorphic map y with 8y = 0. This leads to certain well-studied singularities in the
correlation functions of the model as a function of the moduli [2,22-24].
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2.2 KPZ scaling and the coupling constant

From the form (2.5), it is simple to derive the u-dependence of a partition function. We
can shift ¢ — ¢ — %log w. Only the term involving the Ricci scalar is not fully invariant

1
under this shift and shows that the partition function has the u-dependence u2*: = u!'=$
as a consequence of the Gauss-Bonnet theorem. More generally, in the presence of n vertex
operators of SL(2, R) spin j;, we get the following scaling of a correlation function:

< l_[ V]l> oc ‘ul—g—zil} ) (2.6)

This is the analogue of the KPZ scaling of Liouville theory [18]. We should note that this
equation only follows from the path integral if the exponent of u is negative, since otherwise
the path integral does not converge. We will indeed see below that (2.6) can get modified for
positive exponents of u.

We also note that u plays the role of the string coupling in the theory, more precisely, we
can identify

u o< iz . 2.7
&s

In particular, there is no need to introduce a separate string coupling since it is already con-
tained naturally in the SL(2,R);., WZW model. In particular, weak string coupling corre-
sponds to large values of u.

2.3 The sphere partition function and its derivatives

We are interested in computing the sphere partition function of superstrings on AdS; x X. As
usual, this computation is subtle since one has to divide by the volume of the super Mobius
group OSP(1|2,C)/Z,, which is badly divergent [1]. Instead, one can use that insertion of the
vertex operator

1 -
I=——¢>07dy, (2.8)
4

implements u-derivatives of correlation functions. One can read off from the exponent that it
indeed has spin j = 1 consistent with the scaling (2.6). This is the zero mode of the dilaton
vertex operator and has played a prominent role in AdS; holography [13,16,25,26]. From a
path integral point of view we have for the SL(2,R);..o WZW model

3, < ]T[vji(xi,zi)>g = f % <I(z)lTIVji(xi,zi)>g, (2.9)

since the dilaton vertex operator is precisely the marginal operator appearing with the coupling
u in eq. (2.5). Here we use the natural primary vertex operators V; (x;,2;) of the sigma-model
on Euclidean AdS;. We note that the coordinate x corresponds to the location of the vertex
operator on the boundary of Euclidean AdS;. In view of the scaling (2.6), the left-hand side of
(2.9) is simply the correlation function itself times the exponent 1 —g — >_. j; and times u ™'
This equation can also be established directly from an axiomatic approach to the SL(2, R) WZW
model [26,27].
On the level of the integrated string theory correlators, this means that

au<<ljlvji(xi)>>g =<<I]T[vji(xi)>>g, (2.10)
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where the double brackets denote the integrated string theory correlators, which no longer
depend on z;.° Since we are working within the RNS formalism of superstring theory, we
should also include picture changing operators or integrate over supermoduli space. We use
the former formalism, but suppress this from our notation in the main text, where we just
explain the bosonic formalism. We include the details in the computation of Appendix A.

The starting point for the sphere partition function is not a well-defined one, but it is rea-
sonable to assume that it can be defined by assuming (2.10) to continue to hold. In particular,
we learn that for the string theory sphere partition function Zs» (which could also be repre-
sented by an empty double bracket), we can compute the third derivative without problems:

a:zsz = (II1)) = Cx{I(0)I(1)I(00)), (2.11)

since a string theory three-point function essentially coincides with the worldsheet three-point
function up to ghosts and the normalization Cg2 of the string theory path integral. The right
hand side is a well-defined quantity in the SL(2, R) WZW model and can be computed. It takes
the form

02Ze = (I11)) =—F(k)u2, (2.12)

for some function F(k), which we compute in Appendix A. We used the KPZ scaling (2.6) for
the u dependence. We can thus integrate this equation back up to obtain the sphere partition
function, up to three integration constants.

We could have done slightly better. It is known how to define the two-point function in
string theory, see [2] for the case of AdS; and [3] for a more general discussion. Thus one can
reliably compute the second derivative of Zg» and obtains

02Zs = (IT) = F(k)u™". (2.13)

This means that there is no integration constant when integrating (2.12) back up to (2.13).
We thus obtain
Zs =F(k)ulogu+ Cy + Cyu, (2.14)

for two integration constants C; and C,. We notice that they should be included since there
is no natural scale in the logarithm and thus the first well-defined term can mix with the
integration constants.

3 Interpreting the result

We now interpret the result (2.14) physically.

3.1 Expectation

Let us first review what result is expected. From a holography point of view, our computation
should reproduce the large N partition function of the dual CFT on the boundary of global
Euclidean AdS;, which also happens to be a two-sphere (not to be confused with the world-
sheet two-sphere that we discussed above). The sphere partition function of a CFT is fully
determined from the conformal anomaly. Assuming that the metric is a round sphere of radius
R, it takes the form

log Zepr = glogR + Ny + N,R2, 3.1

®For arbitrary choices of spins j;, one may need to combine the vertex operators with vertex operator from the
internal CFT X so that they satisfy the mass-shell condition. This won’t be important for us.
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where c is the central charge. The constants N; and N, correspond to the two possible coun-
terterms we can add to the theory. N; and N, arise since we can add the counterterms

szx v/gR and szx Vg, (3.2)

to the action, which modifies the partition function accordingly. For a nice general discussion
about these ambiguities, see e.g. [28]. Of course, it is well-known how to reproduce this
structure from classical gravity via holographic renormalization [ 14, 29].

The sphere partition function in string theory should hence precisely compute this universal
dependence of the partition function on the radius and reflect the possible ambiguities of the
sphere partition function of the dual CFT. More concretely, we should have

Zs + O(log u) = log Zcpr - (3.3)

The logarithm on the right hand side appears since the full string partition function also re-
ceives contributions from several disconnected spheres. The logu corrections on the string
side originate from the torus diagram, see Section 3.3 below.

3.2 Relating the coupling u to the radius

Going back to the string theory calculation, we notice that the expected result (3.1) features
an explicit dependence on the radius of the boundary sphere on which the dual CFT is defined,
which of course is not a parameter that entered the string theory calculation.

From the path integral definition (2.3) of the SL(2,R) action one can however plausibly
relate the coupling u to the size of the asymptotic boundary as follows. In the gravity calcu-
lation, we would put the AdS boundary explicitly on some profile ¢ = ¢(y, ) and ¢ would
become the Weyl factor of the induced metric. With the inclusion of the coupling constant u,
the induced metric is instead

ue® dydy. (3.4)

In particular, we see that u is related to the size of the metric on the holographic surface. We
can thus identify
uo<R?, (3.5)

where R is the characteristic radius of the holographic surface.
Hence we see that we should interpret some of the u’s in (2.14) in terms of the radius of
the holographic surface. We write

Zs» = 2F(k)ulogR + Cy + Cju+ CJ/R*. (3.6)

Intuitively, we should trade the non-analytic dependence on u’s that does not follow the ex-
pected naive scaling (2.6) for R’s. For the term proportional to u, it does not matter whether we
interpret u as R? and we included both terms. In any case, this has the correct form to match
with (3.1), where we keep in mind that e.g. the central charge scales like u o< gisz < Gy 1[30].

Besides having the correct form, the only meaningful comparison arises from comparing
the precise coefficient of logR. To claim success, we hence have to check that

6F(k)u=c, (3.7)

reproduces the expected central charge c of the boundary CFT.

Let us outline the strategy for this. In order to relate F(k) to the central charge of the
boundary, we also compute the two- and three-point function of the holographic stress tensor
T and assume it to have the correct form as expected by holography. This allows us to relate

6
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the normalization of I to the normalization of T, which in turn is related to the central charge.
After computing

(rr), —(rr), (TT) and (TTT), (3.8)

one can eliminate all normalizations and compute F(k) unambiguously. This then confirms
eq. (3.7). The reader can find the details of the computation in Appendix A.

3.3 A note on the torus partition function

Let us briefly comment on the torus partition function of global AdS;. It suffers from a milder
version of the same problem as the sphere, since the worldsheet path integral does not con-
verge on a surface of genus 1. Indeed, the Ricci term in (2.5) is missing and thus the path
integral is unsuppressed in the region ¢ — —oo. Instead, we can compute the one-point
function on the torus of the vertex operator I defined in eq. (2.8) to compute the u-derivative.
Integrating with respect to u, then predicts that the string theory torus partition function takes
the form

Zp2 = G(k)logu+ C3 ~ 2G(k)logR + C3, (3.9

where we again reinterpret u in terms of the size of the boundary surface as in (3.5). In par-
ticular, the torus partition function can compute a possible one-loop correction to the central
charge. Contrary to the sphere partition function, this now involves also the explicit form of
the torus partition function of the internal CFT X and thus the function G(k) is background
dependent. For example, in the background AdS; x S% x K3, it is known that the one-loop
correction to the central charge is +6 and hence G(k) = 1, see e.g. [31] for a direct super-
gravity computation. We are however not aware of a corresponding worldsheet computation
to confirm this.

We learn in particular also that the central charge of the dual CFT is always one-loop exact
since higher genus partition functions will never contain logarithmic contributions.

4 Discussion

Let us mention a few open questions.

Bosonic string. One can repeat the same computation described in this paper for the bosonic
string, but in this case the relation (3.7) is not satisfied. Instead, one finds

Cbos(k - 2)

Fbos(k) = 24k,u

) (4.1)
Chos 1S again the boundary central charge in this case (as appearing in the OPE of the boundary
stress tensor). The fact that this does not match the expectation is perhaps not too worrying
since there is no well-defined boundary CFT in this case because of the tachyon. We find it
nevertheless puzzling and don’t have a good explanation for the numerical value.

General backgrounds. One may wonder whether this method of computation generalizes
to other backgrounds. To a certain degree, the answer is yes — we believe that one can compute
all the non-analytic terms in the sphere partition function using this method in an arbitrary
background. In a given background one has to identify the zero-momentum dilaton vertex
operator and insertion of this operator leads to suitable derivatives of the sphere partition
function. It would be very desirable to carry out this program and confirm that the sphere
partition function indeed agrees with the on-shell action as computed in gravity.
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However, sometimes the sphere partition function is expected to be analytic, but still well-
defined, in which case this method can fail. An example within string theory is the background
of a stack of NS5-branes. The transverse directions can be described by the N = 4 cigar
[32,33], which is closely related to a coset of the SL(2, R) WZW model discussed in this paper.”
In this case it is reasonable to suspect that the sphere partition function computes (minus) the
tension of the stack of NS5-branes, which is indeed proportional to gs_2 (as defined in flat
space), but does not contain any logarithmic terms. As a consequence, the second derivative
of the sphere partition function is actually zero and thus the tension is hidden in one of the
integration constants. Such situations also arise in the computation of black hole entropies.
For example, the Schwarzschild black hole can be a’ corrected and embedded in string theory.
The string theory sphere partition function should compute the free energy, which is fully
analytic. In such cases, there does not seem to be any known way to compute the sphere
partition function directly in string theory without reducing it to a supergravity computation.
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A Fixing the normalization

In this appendix, we fix the precise function F(k) in (2.14) for the RNS superstring.

A.1 Picture numbers

In the main text we neglected picture numbers of the RNS superstring; or fermionic moduli
space integrations in the language of supermoduli space [34]. In the superstring, the vertex
operator (2.8) sits in a supermultiplet

[ =100 4 70— 4 g1(=1.0) 4 991(00) (A.1)

where 60 is a Grassmann variable. Here the superscripts refer to the picture numbers of the
vertex operator. We have
109 =G G, 10D, (A.2)

where G_ 1 is the /' = 1 supercharge on the worldsheet. OSP(1|2,C)/Z, has two complex
fermionic directions which means that the picture number of a correlation function has to
sum up to —2 in a correlation function. Thus in a two-point function we can choose both
vertex operators to have picture number —1, while we need to picture raise one of the vertex
operators in a three-point function. Picture raising is equivalent to integration over a single

7For this, the NS5 branes have to be arranged in a particular circular configuration.
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supermodulus [34]. It also involves additional terms with ghosts, but they do not contribute
to correlation functions on the sphere. See e.g. [35, Chapter 13.2] for a standard discussion.
Concretely, this means that (2.10) reads more precisely

0Zs = Cg (ID0) 1) 1O(00)), (A.3)

where we wrote the common left and right picture number only once. Of course we can choose
the normalization of picture raising in an arbitrary way, but we will compare the normalization
to the correlation function of the stress tensor, and all these normalization factors will cancel
out.

A.2 Current algebra and vertex operators

The analytically continued SL(2, R);, WZW model describing string theory on Euclidean AdS;
has primary vertex operators V;(x,z). Even though they are of course not holomorphic, we
suppress right-moving coordinates. There are also so-called spectrally flowed vertex operators,
which however we do not need for our discussion [2,36,37]. The spin j can take either values
in % + iR corresponding to the principal series representation of sl(2,R) or in the interval
% <j< kzil corresponding to the discrete series representation. The latter correspond to
short string states in target space [38]. All states of interest to us are of the latter type.

The primary fields V;(x,z) can be defined by translating with the operators Jg and Jg
which correspond to the translation operators on the boundary of Euclidean AdSs,

Vi(x,2) = o +xJg V;(0,2) e oIy (A4

They have the following OPE with currents

THOV(x,2) ~ é 8,Vi(x,2), (A.5a)

POV (x,2) ~ Ciz (X8, +)Vi(x,2), (A.5b)

J7(Q)Vj(x,2) ~ 1 (x20, + 2xj)Vi(x,2). (A.5¢0)
{—2

The OPE with J¢ is analogous.
The modes of the currents and the adjoint fermions satisfy the (anti)commutation relations

[J3,0%] =57 [, J-1=kmé yp —2J° [J3,03]=-K"5 ., (A6a)

m+n? m+n?
yl=%yr, ., [ULyTl=F2¢3, , o yil=FY, .., (A.6b)
W23 =—56,,, (LY} =kS, ;. (A.6¢)

We consider the NS sector and thus r,s € Z + % It is also useful to define the decoupled
currents

R (R WA P AR (A A7)

which satisfy a current algebra at level sl(2,R);,, and commute with the fermions. Thus they
are the currents of the SL(2, R);,, WZW model that we discussed in the main text. The stress
tensor and the supercharge, defining the N' =1 Virasoro algebra on the worldsheet, are then
given by

T = zik(j+j— + j_j+ —2._73._73 _¢+aw—_w—aw+ + 21/)331/)3), (A.82)
1 2
G= (T +T YT =27 — TPyt (A.8b)

where normal ordering is implied. Of course, these also need to be combined with the internal
CFT of the AdS; compactification in order to define a critical string worldsheet theory.

9
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A.3 Correlation functions

As discussed around eq. (2.8), we are interested in correlators of the dilaton vertex operator,
which is a descendant of the spin j = 1 vertex operator. Thus, we will need the three point
function of V;, which is given by

2 fovvu?
< !:1[ Vl(xi,zi)> = i (A.9)

— X2 — x3]2[x3 — x1]? '

The structure constant fyy is known explicitly, but we do not require the precise form [36].
We have only spelled out its u-dependence following from (2.6) explicitly, since this will be
important for us. The correlation function is z;-independent since the conformal weight of V;
is zero.

The vertex operator I is the unique vertex operator in the theory with vanishing Jg’
eigenvalue. It takes the form

I =Ny~ 97 )i, 1= GGl =N TS T, (A.10)

where the second equation is a straightforward calculation using the worldsheet supercharge
(A.8b) as well as the commutation relations (A.6). We included an arbitrary normalization Nj.
This is the more axiomatic way of writing the vertex operator (2.8).

It is then simple to compute the string theory two-point function. The two-point function
of V; with V; involves a 6(0) and is thus divergent. This is compensated in string theory by
the division of the volume of the residual M6bius symmetry and one obtains a finite result.®
We thus conclude that (see eq. (2.13) for the first equality)

F(u™ = (17D 1T (x,)) = K2 Co N fyyn ™, (A.11)

where fy is the two-point function of V; with &(0) stripped off, which is cancelled by the
Mobius volume. We also included the (super)ghosts, which cancel the z;-dependence of the
correlation function. We again spelled out the u-dependence explicitly. The factor k? is im-
portant, it came from removing the left- and right-moving fermions, which leads to the factor
of k appearing in the anticommutator {1, }, see eq. (A.6).

Let us illustrate this computation a little more in detail for the case of the three point
function ((ICV(x;) IEV(x,) 1@ (x3))) of I. We begin by evaluating the corresponding CFT
3-point correlator for these operators. We can remove the free fermion and current algebra
modes as follows:

<I(_1)(Xl)zl)I(_l)(x2>22) I(O)(x3’23)>

=N jQ (@)~ 2@+ K @) (0 V1) 21)

—2

X (¢:1/2¢:1/2V1)(x2,Zz)(j__lj__lvl)(x3,z3)> (A.12)
_ lek(xl —X3)°

%1~ 2% <(1I):1/2V1)(x1’Zl)(lﬁ:l/ZVl)(xz’z2)(~7—_1j—_1vl)(x3:23)> (A.13)
NPk(y—x)* [ dz - ]
- : chizzxz . Z _ZZB <(¢:1/2V1)(x1:21)(1/):1/2V1)(x2,zz)
x (T~ (2) = 23 73(2) + X2+ () (T3 V1) (x3,23)) (A.14)

8There is a finite factor remaining in this cancellation, but it is universal and thus unimportant for us [2, 25].
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_ lek(xl —xz)z 1 )
T -z izzl,:z Z; — 23 (206 =xg) + (i = xa) axi]
X <(lﬁ:1/2vl)(x1:zl)(Q[):l/zvl)(X2:22)(j__1vl)(x3’23)> (A.15)

_ lek(xl —x3) (x5 — x3)(x3—x1)

(21 —22)(21 — 23)

((1/;:1/2‘/1)(951: Zl)(115:1/2‘/1)(XZ:ZZ)(j__lvl)(XS)ZS» ,
(A.16)

where we used the x-dependence of the three-point function (A.9) in the last step. Now we
repeat the same process to strip off the antiholomorphic modes and obtain

N3k2|xq — x5 |y — x3]2 |23 — x1|? | =
(1D, 20) IV (g, 22) IO (a3, 23)) = — — 22 : 23 1 <l_[V1(Xi,Zi)>
|21 — 25221 — 23] =1
(A.17)

37,2 -2
_ N7k fyvyu
|21 — 25|25 — 23/

(A.18)

The superconformal ghosts cancel the z-dependence of this correlator and we obtain for the
string theory correlator

«I(_l)(xl) I(_l)(xz)I(O)(xg))) = kzNISCSZfVVV.U’_Z ) (A.19)
We have, see (2.13) and (2.12)
(TP e 1TV () = (TP 0e) 1T ) 10(x3))) (A.20)

which gives
Nifyyv =—fvv - (A.21)

This of course does not completely determine the function F(k) appearing in (2.13) and
(2.12). We will fix it by computing the correlation function of the stress energy tensor on
the boundary. The operator corresponding to the stress tensor on the boundary is the unique
physical operator with Jg eigenvalue 2 and jg eigenvalue O (and is thus a holomorphic field
of conformal weight (2,0) on the boundary). It takes the form

1 -
-1) . 3 2,1~ -

T =Ny (1, =Jg 9, + E(Jg) Y)W 51 (A.22)

p— 3N + 3 + 1 - +32 = V A 23
— 90T (¢—1/2_¢—1/2J0 + Ew—l/z(JO) )w—l/z 1- (A.23)

The corresponding operator in picture O takes the form
_ 1 -\ A

TO =G 1, TV =N (U1, — I3 + 5(J0+)2J_1) TV (A.24)

We compute

3k*N7Cer fyyii ™"
(37 —x2)*

where we again allowed for an arbitrary normalization for the vertex operator T. From the

perspective of the dual CFT with central charge ¢, we have

(TV ) TED(xp)) = , (A.25)

c

2= a2

«T(_l)(xl) T(_l)(xz)» =
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Comparison of egs. (A.25) and (A.26) tyields

6k*N2Ce2 fyyu ' =c. (A.27)
We finally compute

6k?N7 Cg2 fyyy ™

7D 7D T7() = A.28
( (1) (x2) T+ (x3)) (1 — x2)2005 — x3)2(x3 —x1)? (A.28)
Comparing with the generic three-point function of the stress tensor in a CFT,
T () TED (x0,) TO () = < , A.29
{ (x1) (x2) T (x3)) (1 — 325 —x3)2 (3 —x1)? (A.29)
we obtain the equation
6k2N’1?"’CSZfVVV1U‘_2 =cC. (A.BO)

We have now obtained the three equations (A.21), (A.27) and (A.30), which allow us to com-
pute the function F(k) appearing in the string sphere partition function (2.14). From (A.11),

we have ) s

k=C

—szf AR (A.31)
fivy 6u

where we used (A.21) in the first equality and the corresponding ratio of (A.27) and (A.30)

in the second. This is the expected result as explained after eq. (3.7).

F(k) = k*N?Cq fyy =
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