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Abstract

We study charged hydrodynamics in a periodic lattice background. Fluctuations are
Bloch waves rather than single momentum Fourier modes. At boundaries of the unit
cell where hydrodynamic fluctuations are formally degenerate with their Umklapped
copy, level repulsion occurs. Novel mode mixings between charge, sound, and their
Umklapped copies appear at finite chemical potential — both at zero and finite momen-
tum. We provide explicit examples for an ionic lattice, i.e. a periodic external chemical
potential, and verify our results with numerical computations in fluid-gravity duality.

Copyright N. Chagnet and K. Schalm. Received 11-04-2023 L)
This work is licensed under the Creative Commons Accepted 08-01-2024 ekt
Attribution 4.0 International License. Published 24-01-2024 updates
Published by the SciPost Foundation. doi:10.21468/SciPostPhys.16.1.028
Contents
1 Introduction 2
2 Hydrodynamics: Set-up and brief review of homogeneous fluctuations 3
2.1 Hydrodynamic fluctuations in a homogeneous background 6
3 Hydrodynamic fluctuations in a lattice background 7
3.1 Finite momentum aligned fluctuation spectrum 10
3.1.1 Transverse sector 10
3.1.2 Longitudinal sector 11
3.2 The k = 0 zero momentum perturbation 12
3.2.1 Transverse sector 13
3.2.2 Longitudinal sector 14
4 Bloch wave hydrodynamics emerging from holographic models: A comparison 16
5 Conclusion 19
A Thermodynamics and susceptibilities 23
B Onsager relations 24
C Second order corrections in lattice strength 26


https://scipost.org
https://scipost.org/SciPostPhys.16.1.028
mailto:chagnet@lorentz.leidenuniv.nl
http://creativecommons.org/licenses/by/4.0/
https://crossmark.crossref.org/dialog/?doi=10.21468/SciPostPhys.16.1.028&amp;domain=pdf&amp;date_stamp=2024-01-24
https://doi.org/10.21468/SciPostPhys.16.1.028

Scil SciPost Phys. 16, 028 (2024)

D Numerical computations in strongly coupled field theories dual to Reissner-

Nordstrom and Gubser-Rocha AdS black holes: Set-up 28
D.1 Thermodynamics 28
D.2 Numerics 29
References 31

1 Introduction

In considering the quantum mechanical wave function of a single electron in a lattice of atoms
Bloch had the insight that one should expand the wavefunction in a manner consistent with
the discrete periodicity!

T T o
U(x) =f dk e, (x) =ZJ dk e’(k+2T)xun(k),

i s
-1 n T

u(x + L) =u(x). 1D

The novel part of Bloch was its application to quantum wavefunctions rather than waves in
general. How waves propagate in periodic structures was already considered by Newton, and
that waves in periodic structures exhibit peculiar interference phenomena that we now know
as level repulsion/Umklapp/gap opening at Brillouin zone boundaries or Bragg reflection from
point-like lattices was already recognized by Kelvin in the 1880s [1]. In electrical engineering
the propagation of electromagnetic waves in periodic structures was [2], and is an important
topic, see e.g. [3].2 Also sound waves in lattices were considered from the earliest days up to
today, see e.g. [4].

Sound waves, however, are hydrodynamic fluctuations — a long-time long-wavelength per-
turbation around thermodynamic equilibrium of a conserved charge associated to a global sym-
metry — and in that sense differ from electromagnetic waves or single particle wavefunctions
in that the fundamental equations of motion, i.e. the hydrodynamic conservation laws, are
non-linear. The wave-like fluctuations propagate on a background that is itself a full (equilib-
rium) solution to the non-linear set of equations, and through the non-linearity the properties
of the fluctuating waves depend on this background solution. Though gradients are ener-
getically disfavored, through external forcing the equilibrium background can be imprinted
with a spatially varying temperature T (x), pressure P(x), or chemical potential u(x). Due
to the non-linear coupling between fluctuations and the background in hydrodynamics, the
wave propagation properties can be self-consistently determined from the (spatially varying)
background. This was elucidated particularly clearly in recent years in the context of elec-
tron hydrodynamics in systems with random charge impurities [5,6]. Such charge disorder
is encoded in a spatially varying chemical potential with average E[u(x)] = uy and variance
E[u(x)u(y)]—E[u(x)]E[u(y)] = oﬁé(x — y). Quantum mechanical single particle electron
motion in the presence of random impurities is a classic condensed matter problem. As Ander-
son showed, the random wavefunction interference is essentially uniformly destructive; at low
temperatures all motion is inhibited and the system becomes an insulator. In the hydrodynamic

!The Fourier transform here is chosen with a different convention than the traditional physics convention
f(x) = f % f (k)e**. This prevents a proliferation of 2m-factors in non-linear terms in dynamical fluctuation
equations.

2In the latter context Bloch’s theorem is known as Floquet’s theorem. This is not to be confused with periodically
driven Floquet systems, though the underlying mathematics of periodic structures is the same after switching
“space” and “time”.
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regime, however, i.e., in a situation where many electrons collectivize to a classical fluid rather
than a quantum mechanical wave, the conductivity rather strikingly remains finite indicating
the existence of an “incoherent metal” state [6]. Observing this electron hydrodynamics in suf-
ficiently pure 2D systems is currently actively pursued, see e.g. [7] or [8], references therein
and the recent review [9].

Here we study not hydrodynamics with random spatial disorder but with strictly periodic
modulations of the background, i.e. a lattice. Moreover, we also consider hydrodynamics of a
charged rather than a neutral fluid with an eye towards condensed matter systems. Compared
to the many existing studies on sound waves in periodic structures, the presence of electro-
magnetic charge as an additional conserved quantum number changes the fluctuating wave
response fundamentally. This is again due to the non-linear nature of the hydrodynamic equa-
tions. At finite chemical potential sound mixes with charge diffusion. In a companion article
we focus on the significant consequences of this cross-coupling of Bloch modes in a lattice for
the measurable DC and AC conductivities in condensed matter systems where this hydrody-
namics approach may apply [10]. In this article we provide the deeper hydrodynamic analysis
of the full fluctuation spectrum of charged hydrodynamics in a periodic background.

2 Hydrodynamics: Set-up and brief review of homogeneous fluc-
tuations

The principal reason that linearized hydrodynamic fluctuations in a lattice background should
also be expanded in Bloch modes has already been emphasized: the essence is wave propaga-
tion in a periodic structure. Waves are described by coupled first order differential equations
of the form®

(0 + M(x))p(x)=0. 3)

If M(x) is periodic M(x + %") = M(x), then ¢(x) can be decomposed in Bloch waves*

px)=>., f_Géiz dk ¢ ,(k)e!®*+1G)X  Taking M (x) = —M,32+Acos(Gx) as canonical example,

one can solve Eq. (3) perturbatively in A. Diagonalizing M in terms of ¢, (k) =Zp AP qﬁ,(lp )(k) /p!,
the lowest eigenvector to first order in A is

A

#a() = 02700~ 356 —2m0n,

O ()— ——26© (k) + 5
RO e A IO
in terms of the unperturbed eigenmodes. This mixing between the different Bloch waves is
Umklapp. In this article we shall only focus on these perturbative solutions for small lattice
amplitudes.

3The standard wave equation (87 — M, My, )¢, = 0 follows from
o Mu) (¢1)
=0. 2
(e '5)(5: @

“The Bloch theorem essentially states that the plane wave decomposition ¢(x) = ff:o dq¢(q)e’™ can be
segmented into unit cells g, € [(n —1/2)G,(n + 1/2)G] where n € Z labels each cell - or Brillouin zone —

nal .
as ¢(x) = > f(r:%z)); dq,¢(q,)e'™"*. The wavevector in each Brillouin zone can be shifted q, = k + nG with

k € [—G/2,G/2] such that

px)=>"

The advantage of this decomposition is that discrete periodic shifts x — x + 2mmn/G relate modes in different
Brillouin zones at the same Bloch momentum k € {—G/2,G/2}.

G/2 G/2
dkg(k +nG)e DT =" dkgp, (k)el @

—G/2 —G/2
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We also already noted that what is special about hydrodynamics is that the fluctuation
equations are themselves a linearization expansion of the fundamental non-linear equations.
The principle behind the theory of hydrodynamics is local equilibrium and encoded in the local
conservation laws of macroscopic charges, i.e., of a slowly spatially varying energy-momentum
tensor T),,(x) and in the presence of a U(1) charge, a current J*(x). In turn this implies that
one can also describe fluid behavior in the presence of a slowly spatially varying external
potential whether temperature T (x), pressure P(x), or chemical potential u(x).

For simplicity — as well as for the experimental supposition that strongly correlated con-
densed matter systems can have an emergent Lorentz symmetry at low energies — we shall use
d = 2 relativistic charged hydrodynamics in this article. In principle all we state also applies
to arbitrary d non-relativistic charged hydrodynamics, even if the precise expressions may be
subtly different. In relativistic charged hydrodynamics the dynamical equations are simply the
conservation equation of the energy-momentum tensor and the charge-current

3, TH” =FonJ 3, J"=0. (6)

ext’p >

Here we have allowed for an external electromagnetic field strength Fa, = 0"A?  — 3 Al
in terms of a local external vector potential. In this paper, we will be interested in taking
Apext = (Uexe(x),0,0) with ey (x) a periodic function. Though again, in principle our re-
sults also hold for a spatially varying (external) pressure (see e.g. [11]), or a spatially varying
(external) temperature.”

The dynamical variables of the fluid are the temperature T, the unit timelike velocity vector
u* = (1,v)/v1—v2, and the chemical potential u. Away from equilibrium, the conserved
currents in our theory — which we assumed to be parity-invariant, see [12] for more general

cases — are given by the constitutive relations at first order in gradients in Landau frame

T = euu” + PA*” —nAPP AYC (8'0u(y + 8Uup) — A" ({—=2n/d)d,u”, (7a)
JH=nut — g AP [T, (W/T)—Fpp exitt” ] - (7b)

Here d = 2 is the number of spatial dimensions and the shear viscosity 7, the bulk viscosity {,
and the microscopic conductivity o, are hydrodynamic transport coefficients — in principle set
by the microscopic details of a given theory, see e.g. [13,14], in practice phenomenologically
determined. A*” = n*” 4+ u"u” is a projector orthogonal to the fluid velocity. The Landau
frame choice is such that at any order in gradients, we have J* =n and T'' =e.

The above constitutive relations also hold in a static equilibrium background. In a system
with Galilean or relativistic Lorentz boost invariance — which we use in this paper — it is
convenient to choose the reference frame for which the equilibrium fluid is at rest. In absence
of contact to a spatially varying heat bath, the temperature must then also be constant and
independent of position. In the presence of a spatially varying external chemical potential
Uext(x), the equilibrium solution to the hydrodynamic equations Egs. (6) is then parametrized
as

Vi:O) T(t,X):T:To, nu’(t)x):;a'(x):“ext(x):
n(t,x)=n(x), e(t,x)=é&(x), P(t,x)=DP(x). 8

In the grand canonical ensemble, the hydrostatic equilibrium yields moreover

V.P =0V, . 9

> A spatially varying temperature without forcing by contact with a spatially varying heatbath is difficult to have
in a static equilibrium configuration, however.
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Throughout this paper we will use the bar notation X to denote such static background quan-
tities. For a homogeneous background, they will be spatially constant and we will use a sub-
script 0 as X, to denote them. For spatially varying quantities, we will use superscripts Y™ to
describe higher order (Bloch wave) moments

G/2
Y(x) = ZJ dk Y (W (k)eitknGx (10)
n J—G/2
The hydrodynamic equations need to be supplemented by an equilibrium equation of state
relating the energy density €, the pressure P and the charge density n to solve in terms of the
equilibrium values of T and u. In this paper, we will be considering a general fluid whose
equation of state P(T, u) determines the thermodynamic equilibrium of the theory. In Sec. 4,
we will specialize to conformal systems.
On top of this background, we now consider perturbations X(t, x) = X(x)+ 6X(t,x). The
conservation equations (6) then take the form

0:6€+0o(V, )6 =—0o(V @) [V 6, + 6E 1=V ((nnbve) + (VP)SV,, (11a)

8:6n— 0V, = 0oV, [6AV, i+ 6E,]—V, (A6V,), (11b)
8.6, — V26V, =(V,@)6n—V, (61,) =V (frn6A.) — ASE,, (11c)
8,8m, —nV28v, =0, (11d)

which can further be simplified into
8:6€ +0o(V,i)?6A = —0o(VA)OE — 717V 5V, — (V, )5V, , (12a)
0,6n—0qV,6EX = 0oV, (6A. Vi) =V, (Abv,), (12b)
0,6m, — V28V, = —ASE =V, (Xrn02Ae) + (V)2 (120)
3t5ny—7)v)2(5vy =0. (12d)
In the previous expression, we have defined a renormalized viscosity 1 = { + @n. We
also introduced the “potential”’-variations 6, = % and 6A, = ou — %5 T conjugate to

the energy and charge densities. The velocity perturbations 6v; are conjugate to the mo-
menta 6 7t;. These are not independent due to the hydrodynamic local equilibrium condition.
The momenta 6 ; are related to the velocity perturbations 6v; through the constitutive rela-
tions 6m; = 6T = 7,.,6v; at this order.® Similarly, the charge and energy densities 6n,5e
are related to the sources 6A,,5A, through the thermodynamic susceptibilities derived in
Appendix A. Using that y,, = € + P, we can use the fundamental thermodynamic relation
€ + P = T,y5 + i and the first law of thermodynamics to relate

X’T"T_MnBT+ﬁ5,u:)ZM5AG +ABA,. (13)

0

OP =

Finally, we introduced an external electric field 6 E, = J,0A, ¢ and in (12) we introduced the
total electric field 5E{** = 6 E, +V, 6 A,,. In what follows, we will be interested in the hydrody-
namics response of the modes {6¢,6n,6m,, 57, } obeying the equations (12). In the following
sections, we will use the static susceptibilities relating the potentials {51, 0A,,5Vy,6v,} to
the densities {0€,6n,6m,,07,} to express the equations in terms of the latter only, i.e., we
work in the microcanonical ensemble.

6 Formally the susceptibility 7..(x;,ty;X,,t5) = mmZ (v;) denotes how a local charge density
7i(x,,t;) is influenced by a (chemical) potential v;(x,,t,) at a different space-time point. Here Z(v;) is the
partition function in the presence of a chemical potential (velocity) v; for the charge density (momentum) r'.
In the hydrodynamic limit, however, one assumes that all equilibrium (t; + t, = 0) static (t; — t, — ©0)
charges depend only locally on the potentials 7!(v;(x)). In a homogeneous equilibrium background where
g = ys@tic(x) — x,) this is equivalent to approximating the static susceptibility with its constant part

I (x) = X3) = Xpmo + (1 = X2)8, 122 (0) = X o + - ... We discuss this in more detail below and in Appendix A.
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2.1 Hydrodynamic fluctuations in a homogeneous background

In this section, we first review the hydrodynamics of a long wavelength perturbation above
a homogeneous conformal charged fluid. Further details can be found in [15,16]. Since the
background is homogeneous, this means every barred quantity will be a constant X = X,,. The
equations (12) decouple into the longitudinal and transverse sectors. We will start by looking
at the latter whose equation of motion is simpler. Choosing the wavenumber k, along the x
direction without loss of generality, the transverse fluctuations 67, obey

3t57ry(t,k)+le257ry(t,k)=O, Dy =0/Yrno- (14)

This is a simple diffusion equation with the shear diffusion constant D, . We can now use the
(Fourier-)Laplace transform’ such that the transverse equation of motion becomes

(iw+D,k*) 6%, (w,k) =67, (t =0,k) = Y700V, (t =0,k). (15)
The solution is formally given in terms of the retarded correlator for the transverse momentum
which is defined as
oo
5ny(t,k):f dt’G};yny(t—t’,k)5vy(t',k). (16)
—0o0

Using that é}; - (@w=0,k) = ypp0in the hydrodynamic long wavelength limit (i.e., we only
Yoy ’
keep the leading term in an expansion in k; see footnote 6.), we have

R . (k)= DLk a7
Ty Ty @ K)= Xﬁn’ODJ_kz—iCO ’
The correlator exhibits a pole on the imaginary axis at w = —iD k? indicative of a purely

diffusive mode.

We can now carry the same analysis in the longitudinal sector where the dynamical equa-
tions are coupled. Denoting 6¢,(t,k) = (6€e(t,k),on(t,k),5m,(t,k)), the dynamical equa-
tions can be written succinctly as

0e6¢a(t, k) + Mqp(k)o Pp(t, k) = 0. (18)

We can once again use a (Fourier)-Laplace transform to rewrite this system of equations as

R(w,k)-85¢(w,k)=86¢(t =0,k), (19)
with the dynamical matrix
) 0 ik
K(w,k) =—iewly+M(k) = _X‘;Z)O Uka X‘;_;Ooka_iw ikx:::,o , (20)
ik xm,oxmai—noxne,o ik nOXEE,O_éZne,OZnn,O X ;;T . k2 —iw

where we defined d, = ¥cc 0Xnno0 — ( Xne,o)z the determinant of the susceptibility matrix in
the €, n sector. The poles of the Green’s functions associated to this system are the frequencies
for which detK = 0. The roots of this polynomial in the long wavelength limit are a diffusion
mode (originating in charge diffusion) and two propagating sound modes

wp=—iDI +O(%),  w. = *lk— D0k + O(k), (1)

"The Laplace transform is required to have a well-defined right-hand side to our linearized equations. One
could also just use a Fourier transform while setting external sources. More details can be found in [15,16].

6
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where the speed of sound and the two diffusion constants are defined as

A 2 2
NoXeeo + (X Xnn,0 ~ 2N Xnm0X
Dg Ui ’ (CSO)Z = 0/A€e€,0 ( nrt,O) nn,0 0Anm,0Ane,0 , (22a)

Xﬂn,o er,odx
2
GQ (Xm,o)

2
no%ee,o + (Xm,o)2)(nn,o - 2n0ant,0Xne,0

Xee,O

0—no 0
D y Ds :Dn_Dp+GQd_' (22b)
X

0
P

Note that for ny = 0 the speed of sound reduces to the familiar expression cs2 = 6P /&€ (using
Eq. (13) and the inverse susceptibility matrix). Similarly to what we did in the transverse
sector, we can compute the retarded Green’s functions by inverting the dynamical system [16]

GRw, ) =K" K(w=0)y,0=(13+iwk™) x10, (23)

where the middle equation enforces the condition that the static «w = 0 part reduces to the
longitudinal part of the thermodynamic susceptibility matrix y; ,. The various correlators can
then be obtained

GR (w0, k) = ZZ”;‘)’ [(CS;ZXZE’OngZ—m] , (244)
éﬁn(w, k)= % I:(CSO)ZDS (XrmoXnnok? — d;{icoD?[k2 —d, w?)— iwng] ,  (24b)

G e, () = Ge [ (¥rr0D0k? = ie(2 0 + D ee,0D2k)) = 220 D2w?]
(24¢0)
GR (w,k) = oD (€0 #ne,0DOK2 —iwony ], (24d)

with the normalized determinant of the dynamical matrix d(w, k)=i(w—wp)(w—w ) (w—w_).
The other correlators can be obtained via the Ward identities
n k
R _ R
&F =—6 (25)

&R _QGR AR _QGR
M€ - w T’

k €€ 2 TN k €n ’
as well as the Onsager reciprocal relations

Gi n((l), k) = _Gsﬂ; ((L), _k) > Gi E(CL), k) = _GSTE (0), _k) B GSH(CO, k) = Gse(ﬁ), _k) .
(26)

3 Hydrodynamic fluctuations in a lattice background

We shall now redo the fluctuation analysis in a lattice background. This lattice will be sourced
by a periodically modulated external chemical potential

Mexe(x) = o (1 +Acos(Gx)) , (27)

such that the fluid is still at rest and in local equilibrium, but all its constituents will now slowly
vary in space. In particular, this last assumption of local equilibrium means that the scale of
spatial fluctuations of u.,, and other local quantities must be larger than the local equilibration
scale. Therefore, we must have G S u, T .8

8For this reason our analysis does not immediately apply to graphene or other sufficiently pure semi-metals as
there the scale where hydrodynamics applies is much larger than the atomic lattice scale. One would need to have
a periodically undulating graphene sheet or otherwise externally imposed periodicity for this analysis to apply.
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This lattice background manifestly breaks translation invariance. Momentum is therefore
no longer a strictly conserved quantity. However, as the breaking is sourced through a hy-
drodynamic variable and as we assume it is weakly broken, we can still use hydrodynamic
analysis [5,6,17,18]. The spectral function of the associated operator to this deformation —
the charge density J* = n —, evaluated in the homogeneous background, can be used to com-
pute the momentum relaxation rate. This is known as the memory matrix formalism and was
thoroughly detailed in e.g. [5,19]. The momentum relaxation rate induced by an operator O
sourced at wavenumber G with strength g takes the form [20]

22 AR _
G ImGR (w,k=0G)
g_ lim Qo .

w—0 w

Thnem.(8,G) = (28)

T
For a cosine ionic lattice Eq. (27), g = ugA/2, and we have two deformation sources, one copy
each at G — noting that the expression (28) is parity invariant in G. Therefore, the memory
matrix relaxation rate for an ionic lattice is

242 —n / 2 2
_ .U'o (Xnn,O OXne,O chﬂ:,O) 4 D?EGZ ( Xne,O ) (29)

l—‘ionic,mern. - 2

O-QXTETL',O Xm't,O

It will prove useful to separate the terms according to their scaling with G in this expression
as 1—‘ionic,mem. = Fn + 1—‘d with

222 2 222 2
—n /
r = .qu (Xne,o ) D?[Gz ’ Fd _ ‘U‘()A (Xnn,O 0Xne,0 Xm‘r,O) . (30)

K 2 Xnm,0 2 0QXnm,0

Using the Einstein relations Eq. (22a), together with y.. o = €+ Py, Xnno = Ny these are a
convective shear drag term I, and an intrinsic diffusive term [6, 20, 21]

242 A2 2 242 2
G 1 €9+ P —n
L= ,LLOA Ui ( Xne,0 ) ) I_,d _ .qu (( 0 O)Znn,O OXne,O) (31)

N 2 €0+P0 €0+P0 2 O'Q €0+P0

We will recover this same expression for the momentum relaxation time from our Bloch wave
analysis. This analysis improves on the memory matrix technique by understanding how all
the hydrodynamic fluctuations behave.

In a periodically modulated background, every background quantity in local thermal equi-
librium X (x) = X (fi(x), Ty) now admits Fourier series expansions

X(x)= Z einGxx ) (32)
n

In order to apply the same method as in the previous section, we must first know how to relate
perturbations of sources and responses in this new background. Because the background is
static, the susceptibilities will also be static. However, because the thermodynamic quantities
are position dependent and have non-vanishing Bloch modes, the susceptibilities will now
also be position/momentum dependent. In principle, they depend on two Bloch momenta.
However, in the slowly varying hydrodynamic background we may approximate them as local
functions y(x) (see also footnote 6) that follow the expansion (32).° The relation between

° One can analyze the general behavior of two-point functions under lattice symmetries of the background [22].
Given a two-point function G(x, y), one can pick a center of mass point x =r + &, y = r — §. Under the lattice
symmetry, r — r + L, but § is unchanged. Then G(x,y) = G(r = %, 6) = G(r + L, §) can be expanded in Bloch
modes G(r,6) = Y., f dkG™M(k, §)ek+2n7/Lr - For hydrodynamic susceptibilities y = G,.;c we assume that they
are local, i.e., we can restrict to 6 = 0 to leading order. In a strictly periodic background there is no structure
beyond the lattice scale and hence only the ¥ ™ (k = 0,5 = 0) modes are non-vanishing.

8
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perturbations in the sources and responses is then

5¢A(t:x):ZAB(X)6)LB(t,X)- (33)

The breaking of isometry by the lattice means there is no longer a decoupling between a longi-
tudinal and transverse sector, i.e., ¢4, A4 collectively denote the responses {5¢,6n,0m,,567,}
and the sources {6A.,6A,,0v,,6v,}. Both perturbations are likewise expanded on Bloch
modes matching the discrete lattice symmetry

G
2

5Xa(t,x) = f dk e Y5 x M (¢ k), (34)
—J_

¢
2

for X € {6¢4,6A,}. As a result of the spatial dependence in the background different Bloch
modes of the perturbations cross couple

566, k) =D 755AT (¢, k). (35)

The dynamical equation can then be written, after Laplace transform, as
K™, k) - 5™ (w, k) = 5¢™(t =0,k). (36)

The indices n, m indicate the Brillouin zones while each block K (mm) is a 4 x 4 matrix. The
diagonal blocks K™ correspond to the couplings between the responses in the same Brillouin
zone while the off-diagonal blocks will account for coupling between different zones. These
are due to the presence of the lattice and will vanish in the limit where the lattice amplitude
goes to zero A — 0. We will be interested in a weak lattice where the lattice amplitude A
is very small, and keep only terms up to order A2.!° The coupling between two modes with
momenta k + nG and k + mG for m > n will be of order A "". Moreover, within perturbation
theory, terms of order A in the off-diagonal blocks will contribute to the same order as terms
of order A? in the diagonal blocks; we can therefore drop terms of order A2 and higher in the
off-diagonal blocks. This also means we can consider “nearest-neighbor” interactions only —
by which we mean off-diagonal terms with m = n & 1. In the long wavelength approximation
we therefore can narrow our study to the three momenta k + nG with n € {—1,0, 1}, i.e., the
first three Brillouin zones. It is important to note that the diagonal terms even in the n = 0
Brillouin zone can still have non-trivial higher order corrections in A. A similar setup was
already considered in [23].

We will discuss this momentarily. We shall, however, first make one more simplification.
It will prove more useful to use the equations in terms of the sources 6 A, with

R (e0,k) - 5AM (e, k) = 5AM(t = 0, k), (37)

where we can relate the two matrices using the susceptibility matrix ¥ by K = K - . In this
language, the A = 0 dynamical matrix (20) takes the form

_inee,O _Zia)Xen,O iercﬂ:,O 0
v | —lwxneo Ok —iwxnno ikng 0
K= . ’ . o, . (38)
lerm,O lknO lez —1lWXrr0 0
0 0 0 nk? —iw

1For a strong lattice or strong isotropy breaking the transport coefficients become tensors and this requires an
independent analysis.
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This choice seems to a priori obfuscate the relationship between modes more than (20) due
to the off-diagonal frequency dependency. However, because y is a static matrix, the determi-
nants of K and K have the same poles in the complex frequency plane, and in the lattice case
where the inverse susceptibilities present in (20) are more complicated, this form will prove
clearer.

In the next few sections, we will determine this matrix K in a lattice background with
lattice vector G for both finite k momentum fluctuations and k = 0 momentum fluctuations to
order A? in the lattice amplitude. As standard, the zeroes of its determinants will indicate the
position of the dynamical modes of this system. We will then compute the conductivity as an
example of how the various correlators are modified by the presence of the lattice.

3.1 Finite momentum aligned fluctuation spectrum

For a generic fluctuation with momentum k, even in the long wavelength limit, the fluctua-
tion matrix truncated to nearest neighbor cross-coupling sufficient for the leading order in A
correction will be a 12 x 12 matrix. This is because there is no decoupling into transverse
and longitudinal sectors for a generic momentum. However, if one chooses the fluctuation
momentum k to align with the lattice wavevector, a decoupling does occur. Choosing k along
a lattice vector defined to be in the x-direction, a parity symmetry in the y-direction remains.
The even and odd sectors decouple into the longitudinal and transverse parts:

§Y, = {6A0D, 6001 5y 520 510) 5y 521 520 5y} (39a)
oYy = {5v§_1), 5v§0), 6v§1)} . (39b)

The dynamical matrix is then diagonal in a 9 x 9 and a 3 x 3 block.

3.1.1 Transverse sector

Starting with the transverse sector, the associated dynamical matrix Ky is

) n(k—G)z—ico)(fgz —iw)(;;l) 0
Kr= —ico)(f;g nk* — iwxggr) —icoxq(r_nl) . (40)
0 —icoxgrg n(k+G)2—ico)(7(T(2

In the hydrodynamic approximation the local static susceptibility j,..(x) = g’vrj (u(x))
(see footnote 6 & 9) now also depends on the lattice amplitude as can be seen from its Bloch
components

G G _ _
29 = o J dx ¥ (f(x)) (41a)
-G
G z P 242 92
=5 dx [Xm,o + uoAcos(Gx) Xm0 + HoA (cos(Gx))szﬂ’0 +... (41b)
T _% a‘uo 2 a‘u,o
2742 72
MOA d Xnm,0
— + — 2 41c
er,O 4 a‘ug ( )
— 0
= Jrmo TAM A s 41d)
G G — _ _ M()A aXﬂ.’TL’ 0 —
1) _ G _ O A, (1) g (1)
5572 - ﬁ f_ﬂ dxe” XXT”T(‘U(X)) B 2 a,uo =Axnrt,1 _AXﬁTf,l ’ (41e)
G
272 72
,qu d Xrm,0 — 1
(2) _— T EAZ (2) =A2 ( 2) — _A2 (0) . 41
T 8 a‘u(z) 2 Xm‘c,Z 2 T2 ( f)
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In the previous expression, we have introduced the expansion for a given Bloch mode
XM = >nX r(,f)Am. Note that by definition, XC()O) = X which we will keep this way.
The poles of the transverse fluctuation matrix can now be found easily, and we have

(0)

' Xrno 1y (k—G)?
wr_1=—iD(k—G 2 1—A2 frm2 (0 L ) 2T , 42
L l l( ) (Xm,o Xﬂn’lxﬁn’l G(G — 2k) ( a)

(0)

wro=—iD K [1-a2[ Z2E2_ 0 O 2k (42b)
e rmo MERL(G—20)(G+2K) | |

(0)
Frma ) (—nM)

42c
Tamo TR TRIG(G + 26) “29

wry =—iD (k+G)* | 1—A (

The poles remain purely diffusive, and we see that the only effect of the lattice on the trans-
verse sector is to renormalize the shear diffusion constants D, at order O(A?). We do see an
Umklapp-like pole in the dispersion relation at the edges of the Brillouin zones k = :l:g. For-
mally, this value of k is outside of the regime of validity of the expansion in small A. One has
to resum the perturbative expansion and then one finds level repulsion, as is well known; see
also the discussion at the beginning of Sec. 3.2 and footnote 11. It is distinct from conven-
tional Umklapp, however, in that it is not level-repulsion in the dispersion (the real part of the
pole in the complex frequency plane), but in the width of the fluctuation. At the edge of the
Brillouin zone the width narrows and vanishes at exactly k = i%.

3.1.2 Longitudinal sector

The longitudinal sector is characterized by a 9 x 9 dynamical matrix K; of the form of 3 x 3
blocks

o[ KPAw,k=6) | KPw,k—G,k) 0
K= [Zon (D) >(0D) (43)
K, (w,k,k—G) K} (w, k) K, (w,k, k+G)
0 KO w,k+G,k) | KP(w,k+6)

The ICEOD)(Q), k,p) block with k < p belongs to the Bloch sector n = —1, and the one with
k > p to the Bloch sector n = 1. In a cosine lattice, however, all background quantities are
parity-invariant X ™™ = X and so from here on out, we will only use the n > 0 expressions.
The 3 x 3 blocks IC(LD) and IC(LOD) are then given by

U2A? 2 . . .
| T ST el g s
L ’ Xne Oq LYo lKn ’
iky© ikn(©® k2 —icwy )
—iwy ) B2 p(p—k)—iwxY, 2(ipno +ikineo)
KPP (w,k,p) =A| B2k —p)—iwy D, —iw i 21k Znno
£ (ikng + ip xne.0) 524D X nno _i“)la(rlrz,l

To leading order in A%, the n = 0 Bloch momenta X© still have a dependency in A just as in
the previous section.
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While difficult, it is possible to find the poles associated to this 9 x 9 matrix generically. For
very small momentum k = O(e2) and G = O(¢), they take the form

Wpp = —iDg(nG)2 + érd +..r, (45a)

wpo=—iD,k*+..., (45b)

ws 45 =c2(k+nG)— éDsz +.o, (45¢)

Ws £ = _%Eonic,mem. +c)k— ékaz +..., (45d)

withn € {—1,1} and “...” indicate corrections of order O(A%k) and higher. The relaxation rates

T4, Tionic,mem. are of order A? and equal to the memory matrix expressions given in Eqgs. (31).

For large k the expressions are not easy to express. However, we can use the mixing with
Umbklapped Bloch waves analysis to understand numerical simulations. In the longitudinal
sound sector we do observe genuine level repulsion in the modified dispersion relation at the
edges of the Brillouin zone. For a visualization in an explicit example later, see Fig. 8. There
is thus a true sound “band gap”. Sound modes with frequencies w = #¢,G/2 do not exist in
this latticized medium. Or more precisely put, sound with wavelengths A = 2k < G prop-
agate normally with essentially unaltered speed of sound ¢, = ‘é—‘,? = SO. As the wavelength
approaches the edges of the Brillouin zone, sound slows down, and right at the edge of Bril-
louin zone for A = (271)%, they cease to propagate as the group velocity ¢, = ‘é—‘;’l k=g/2 = 0.
The medium is opaque to sound at these wavelengths. Considering possible applications to
condensed matter physics, we note for completeness that all these results are of course derived
assuming a fixed infinitely stiff external lattice. Lattice vibrations/phonons are not taken into
account. Were one to include these in the analysis, this will likely make the level repulsion
and opaqueness to sound less sharp.

3.2 The k = 0 zero momentum perturbation

The k = 0 zero momentum is special and asks for a separate discussion. This is for three
reasons. Again in the context of condensed matter physics, the k = 0 fluctuation describes the
homogeneous responses of the system to outside probes. These are the observed macroscopic
thermal and electrical conductivities, and warrant being singled out. Secondly, we shall see
that in the limit of k — 0 several modes becomes degenerate. One must always be careful with
accidental degeneracies. This is also the case here. The degeneracy is lifted in the presence
of the lattice deformation. However, since we only consider the lattice perturbatively, this im-
plicitly means we consider AV,,, < k where V, is a characteristic scale denoting the strength
of the interactions between the Bloch modes. The degeneracy limit and the small lattice am-
plitude limit do not commute. We shall illustrate this in more detail below. We can still do a
perturbation analysis in A, but this must be done from the k = 0 starting point separately.!’
Finally, mathematically, the k = 0 fluctuation is special in that at vanishing momentum, parity
in the x-direction (G «— —G) is restored. In the 1D lattice we consider — with lattice vector
in the x-direction — the longitudinal and transverse fluctuations at k = 0 therefore break up

11 A simple example that illustrates the point is the toy model fluctuation matrix

. (E—k AV
ko= (G #41)- 4

This has poles at E = £4/k? —+—A2Viﬁt signaling level repulsion at k = 0. Expanding these poles in A gives
2
E=+k(1+1%5%

2 . . . 2
3 == ), whereas expanding in k gives E = AV, (1 + % Asz)-
int

12
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into odd and even superselection sectors under G «— —G

SAM —5ACD 520 520D 5y 4 5y
5YL— = £ . £ 5 = . i 5 = = P 5V(O) 5 (473)
2i 2i 2 x
© = O +620D 520 +520 v — v
5V, =4{6A9,520, 5 , 5 , 5 , (47b)
v — 5y
5Yp = {yz—ly , (47¢)
sy 4+ 5y-D
6YT+ = {5V§,O), % (47d)

For the sake of brevity, as k = 0 we have suppressed all k arguments in the dynamical expres-
sions 56X (w, k = 0) = 6X™(w). In this basis, the overall dynamical matrix K’ = UCU ! is
diagonal by block and the dynamical equations take the form

K;_(w) 0 0 0 5Y;_(w) 5Y;_(t=0)
0 Kp+(w) 0 0 . 5V () _ | 6V (e =0) (48)
0 0 Kr_(w) 0 §Vr_(w) | | 6Yr_(t=0)]"’
0 0 0 I€T+(w) 6Yr (w) 6Yr, (t=0)
U, 0). . . .
where U = 0o U is the matrix that reorders the fields from the basis in Eq. (39) to
T
Eq. (47)
(g 0 0/000—3; 0 o\
0 £ 0/000/0 —f O
1 1
0 0 3/000/0 0 3 T
0 00[0O0T1[0 0 O
UL_000010000’UT_?(1)? (49)
0 00|1 0O0O[0 O O 2 2
3 00/0O0O0|3 0 O
0 3 0/]00O0[O0 1 O
\o 0 flooolo o —5}

3.2.1 Transverse sector

Let us again consider the transverse sector first. The dynamical matrices K;_ and I@TJr are

ieny (0 ; (1
o . - —lwy —2iwAy
ICT— = (nGz _la)xggog > ICT+ = ( . ?171): 2 . nrt(,é)) 5 (50)
_lwamr,l 7)G - lwxnn
These have the following diffusive poles
X(O)
wT) =—iDp, G2 | 1—-A22"22 | | (51a)
Xm‘r,O
M=o, (51b)
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2O D 2
o™ =—iD  G* | 1-A2ZEE2 4 op2 | 2P0 . (51¢)
er,O Xm'r,O

There are several aspects to note: firstly, as mentioned above these poles do not correspond
to the k — 0 limit of the finite k fluctuations in Eq. (42). The indicated emergent degeneracy
at k — 0 between wr_; and wy is obvious in Eq. (42). The lattice perturbation A lifts this
degeneracy and therefore the limits k — 0 and A — 0 do not commute. Secondly, there is a
zero mode in the T+-sector. This is the standard transverse k = 0 excitation, that corresponds
to a change of the static homogeneous transverse pressure background and as a zero mode
should not be considered in the fluctuation spectrum.

3.2.2 Longitudinal sector
Consider the G-parity odd longitudinal sector first. Its dynamical matrix K;_ is given by

G
%X&n,o
AG
]& L_ MOT Xnn,O ( )
_= , 52
g —icoAx(l)

nm,l

. 1 .
\_“OAXne,OG MOAXnn,OG _ZIwaq(Uz,l —lw)(,(fo,gj

with
. 24 .
—iwy) +55-006"  —iwy{) 150G
L_= —iwx,(fe)) UQG2 - iwxlg?l) n©g . (53)
—xf(ggG e ﬁGz—iwxfgg

The lines are there to highlight the coupling between two sub-sectors. The top-left block is
equivalent to the coupling matrix (20) in the homogeneous system at momentum G encoding
the G-parity odd part of two sound modes and a charge diffusion mode (see Eq. (21)), while
the lower-right block reflects the conservation of momentum in the homogeneous case. In the
presence of the lattice deformation the momentum conservation mode now couples with the
Umklapped finite G sound-, and charge diffusion modes through the off-diagonal terms. We
can find the modes of this dynamical matrix in the same way we did before, and we find

(L)

Cl)Drude = _i(rd + FVI) > (543)
w7 =—i(DS +A?DU2) 6% + 1Ty, (54b)
WD = (0 + 42c192) 6 — 2 (D0 + D12 62, (540

We therefore see that the poles in (54) are those of the homogeneous system (21) at momen-
tum G with corrected diffusion constants due to the effects of the lattice. The procedure to
compute the explicit form of the corrections D)2, ¢(17)2 pl=)2 j5 detailed in Appendix C.
For a generic relativistic fluid these are quite involved; in the explicit case of a fluid with
conformal invariance they simplify greatly and we give the expressions below in Eq. (61).
The most noteworthy part is the Drude pole wpqe- As previewed at the beginning of this
Sec. 3 the lattice breaks translational symmetry and this induces a momentum decay rate. The
more detailed Bloch wave analysis which gives us all fluctuations at finite k, w in the hydrody-
namic regime beautifully recovers the finite v memory matrix result (29), as it should. In the
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condensed matter context, it is this sector specifically that governs the k = 0 thermoelectric
conductivities, where the presence of the second diffusive mode w, (originating in Umklapped
charge diffusion) in addition to the Drude mode has significant observable consequences as
expounded in [10].

For the G-parity even sector the dynamical matrix is given by

; 1 . 1
(—lw)(r(l?l) —l(u)(r(lg) —21wA)(,(16)1 —2lcoA)(,(m31 0
2
. .o
= —lwx,gg) —lcoxeg)+°— QG? 210)A}(E€1 A(,uoaQGz—Zlcox,(le?l —UgAGny
L+ = )
—lwanel —lwaeel
—lwaSgl A(—“0 QGz—la)x,sQl L,
\ 0 M°AGno
(55)
with
WA 2 0 0 0
5—0qG —lw)(() —lwx() —fogG
Ly= —la)xr(le) o Gz—lwxnn) —ng : (56)
)((O)G n®gG NG? — la))(frorg

Once again, the lines show how the various sub-sectors couple through the off-diagonal A-
dependent terms. The £ sector is again a pair of sound modes and a charge diffusion mode,
but now the part that is even under G-parity. The n = 0 charge and energy conservation modes
are reflected in the upper-left blocks. The modes of this system are

wEL+) — O, (573)
wfiL+) —o, (57b)
wg+) = (DO +A2D(L+)’2) G2 , (57¢)

W) = (e 44102 G - L (D0 442102 2. 67)

We see again that the latter three poles in (57) are those of the homogeneous system (21) at
momentum G with corrected diffusion constants due to the effects of the lattice. The shifts
differ, however, from the L— sector. The explicit form of the corrections D,g”)’z, ch2 pL+)2
can again be derived through the method detailed in Appendix C, and tractable expressions
for the special case of a conformal fluid are given in Eq. (61). The first two poles are the
ones encoding charge conservation and energy conservation; they remain unshifted at this
order in perturbation theory. As we explain in Appendix C, one of these modes is an exact
conservation mode and by rotating the system back to K instead of K, it is easy to see that this
mode corresponds to overall charge conservation — associated here to & lglo). The other mode
is merely unshifted at this order in perturbation theory.

Having computed the corrections to the k = 0 modes, one clearly sees that these are not

equal to the limit k — 0 of (45). In that limit, at leading order, wp 4; = —iDg G2 + %Fd
and wg 1o = —%I‘ionic,mem., whereas the explicit k = 0 computation has a)](DLr;c)le = —Tionic,mem.»

and an additional (to leading order in A%) zero mode. This difference is due to the non-
commutativity of the k — 0 and A — O limits. In the next section, where we illustrate the
emergence of these hydrodynamic modes in an explicitly computed example, we will show
precisely how these poles are related in the k — O limit.
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4 Bloch wave hydrodynamics emerging from holographic models:
A comparison

We will now validate the understanding of charged (relativistic) hydrodynamics in a periodic
potential by comparing it with the low energy physics of holographic models. Holographic
models describe the strong coupling regime of quantum field theories in a manifestly real time
formalism. Uniquely so, this includes the emergence of hydrodynamics at low frequencies and
long wavelengths w,k < T,u [24-27]. This last part is also known as fluid-gravity duality
[28]. By considering a strongly coupled quantum field theory in a spatially periodic chemical
potential background, i.e., an ionic lattice,'? described holographically in terms of its dual
gravitational description, we will see that the Bloch wave hydrodynamics described above
emerges. There is one simplifying feature in the two holographic models we choose here.
Both describe a conformally invariant system for which the equation of state takes the scaling
form

P(T,u) =T f(T/u), (58)

which directly implies P = €/d. Furthermore, due to the conformal symmetry such a system
must also have a vanishing bulk viscosity, i.e., { = 0.

The two specific models we consider are the strongly coupled theories holographically dual
to the Reissner-Nordstrom (RN) black hole [29-33] as well as the Gubser-Rocha (GR) black
hole [34]. We will solve the fluctuations in these systems modulated by a finite chemical poten-
tial numerically and compare to the predictions from Bloch wave hydrodynamics as presented
in the previous sections. These two systems are chosen as their ground states are possible can-
didates to explain the mysterious strange metal physics underlying high T. superconductors.
There is reason to believe that this physics is indeed that of strongly coupled electrons in an
ionic lattice. The possible relevance of Bloch wave hydrodynamics in the context of strange
metal physics is described in a companion article [10].

A brief description of the numerical holographic set-up is provided in appendix D.2; more
details can be found in [10]. The crucial aspect of relevance here to the comparison of the
numerics with our Bloch hydrodynamic analysis is the equation of state of the two models.
The 2+ 1 dimensional (finite temperature) field theories dual to AdS, RN and GR black holes
are conformal charged fluids'® with equation of state

Pan(T)  aaf —1—8m2T2+ 27TV 3+ 167272

RNE;)=T3( e 0, (59)
1 273(4nT — V3 +167272)3

Per(T) .o f (34 1672T2)3/2

Gr( ):Tg(( 7TA ) ’ (60)
us 2773

where we have defined T = T/ u.

A direct consequence of this conformal equation of state is that y..o = d ypr0 and
Xneo = dng. As a consequence many previous expressions simplify. Specifically the order
A? corrections to the poles for k = 0 are now given by the tractable expressions:

0 1
O'Q Xr(m?z()(m‘r,O)g - 2%,&,31(%71:7‘:,0)2.“’0710 + Xnn,OXﬂ:n,O.U'(z)n(z) + M%Tlg

Xnm,0 (d;{ )2 ’

12This mimicks the charge distribution of a frozen atomic lattice, or more appropriately an ionic lattice with
valence electrons.

13While this result is well-known for the RN black hole, it only applies in the GR black hole for a suitable choice
of quantization of the boundary scalar operator — the dilaton must be a marginal deformation. One must therefore
use mixed boundary conditions for the dilaton at the boundary [35].

(I-)2 — _
Dp = (61a)
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0 1
D(L+) 2 _ Oq ()(7'57'1:,0)2 ((Xnn,O)zug - 4)(;(”32%77:71,0) + 8%,5;31(%7[71,0)2;“'0“0 - 12%nn,0%nn,0»ugng + 12:“'3713

p 4)(7171:,0 (dl)Z ’
(61b)
2.2 2 2 _
CS(L_)’Z _ ‘uOnO ’ S(L_)’Z _ tuo O_Q + 10Tl0 BXHH,(z)XTHI,O A i (61C)
4\/§(Xﬂn’o)2 4%7175,0 (an:,o)
2.2 2
n 3
CS(L-‘F),Z — & , DS(L+),2 — IU'O O_Q _ ﬂaozﬁ . (61d)
ﬁ(%nn,O)z 4X"ﬂ"0 (Xﬂ:n,O)

The explicit expressions for the thermodynamic quantities in the grand canonical ensemble for
the RN and GR black holes can be found in Appendix D.1.

We will use the longitudinal optical conductivity o, (w, k,=k)= % (J* (e, k, )T (w, ky))
as a probe. Generically this current will receive contributions from all hydrodynamic fluctu-
ations; these essentially determine the low frequency long-wavelength response. At finite k,
this means we should see all 9 modes described in (45). At k = 0, however, the current is part
of the L— sector and we will only see the first sector with its 4 modes. Fig. 1 gives a schematic
sketch of what the spectrum of the current-current correlator — and therefore the optical
conductivity — should look like in the complex frequency plane based on our hydrodynamic
predictions.

Precisely this expectation is reproduced by the numerical results in holographic duals to
RN and GR black holes where hydrodynamics is emergent. Fig. 2 plots the density of the
absolute value and argument of the optical conductivity for small values of the real part of the
frequencies, i.e., zoomed in near the imaginary frequency axis. Each picture is at a different
value of k/u € {0,0.001,0.005}. We see that for k = 0O there are only two purely diffusive
poles, as predicted, that split into two propagating and two diffusive poles at finite k. For
finite k, there should also be a third diffusive pole very close to the real axis. Its weight
is very low, however, but it can be unveiled by zooming in carefully. This was plotted in

. Imw Imw
tw~ £k — L D02 0
: °s 2 s
,,,,, A P (& + A2 G (& + 422G
e Rew @ (T,+T,) § Rew
"""""""""" ° ° :
® ® O ®
wr~ =Gk T w~ (G EE) —3(D5 + A°Ds )G
; i . (DY + A2D @2 4Ty
— 5 DU-G xR DG ER)” !

Figure 1: Drawing of the expected position of the poles in the current-current corre-
lator at finite k (left) and at k = O (right) based on the hydrodynamical predictions
in terms of Bloch waves in Sec. 3. Generically there are 9 poles: the standard two
sound modes plus a (charge) diffusive mode of charged hydrodynamics cross coupled
with the n =1 and n = —1 Umklapp copies of each. At k = 0, there is an emergent
symmetry due to which the longitudinal current-current correlator only probes the
first sector K;_ that contains the 4 modes that are odd under inverting the lattice
momentum G < —G.
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GR1D,A=0.05G/u=0.1,T/u=0.1

log|o(w)]

(x1073)

Imw/u

Arg o (w)

-0.5 0.0 0.5
Rew/u  (x107%)

Figure 2: Density plot of (the logarithm of) the GR longitudinal conductivity
log |o(w)]| (top) and its argument Arg o (w) (bottom) in the complex frequency plane
close to the imaginary axis for T/u = 0.1, A= 0.05 and G/u = 0.1, for four values
k/u € {0,0.001,0.005,0.01}. At k = 0, we see the poles a)](DLr;()le and cog_) while at
k > 0, the Drude pole splits into the two sound modes wg .. ; (denoted by a white ¢)
and the diffusion pole splits into wp, 1, (denoted by a white o). The markers indicate
the analytical position of these poles prescribed by our hydrodynamical derivation.
A priori, a fifth pole wp, o at k > 0 also couples to the electrical current, but it is not

visible on the range plotted. A more refined computation, does reveal it (Fig. 3).

Fig. 3 for k/u € {0.006,0.008,0.01} (this choice of momenta proved more convenient to
display). In all cases the location of these poles can be compared with the predictions from
our hydrodynamical analysis after substituting in the relevant equation of state. The match is
perfect for both k = 0 and k finite as denoted by the white circles in Fig. 2 and the triangles
in Fig. 3. Similarly, we plotted in Fig. 4 the argument of the optical conductivity near the
sound poles at momenta G £ k. The weight of these poles is very small and they are therefore
difficult to identify in |o|. The argument of o, on the other hand, displays a jump at the poles.
A similar analysis holds for the conjugate pair of poles at —G % k. These sound poles give rise
to a characteristic peak in the real conductivity, first noted in [36-38].

To illustrate in more detail the hydrodynamical origin of all these poles and their full ex-
planation in terms of thermodynamic quantities, one can track the location of the poles as
a function of temperature. Focusing only on the purely diffusive poles (two for k = 0, and
three for k # 0), as they are more easily extracted numerically by scanning carefully over the
negative imaginary frequency axis, we also find here a perfect match between numerics and
hydrodynamic prediction, Egs. (54) and (45) respectively, but now as function of T /u; see
Fig. 5 and Fig. 6.

With our computational RN and GR examples we can also illustrate the subtle nature of
the k — 0 limit. As we saw in the previous section, the naive extrapolation to k — 0 of the
two n = 0 sound modes wg g+ = —%I‘ionie,mem_ + O(k) does not correspond with the physical
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GRID,A=0.05G/u=0.1,T/u=0.1

0.0 0.0 3.
—~ -0.2 -0.2
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=
x -0.4 0.00 -0.4 3
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2 -0.6 -0.6 )
3 —_—
E -0.8 -0.8 B
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Rew/p  (x107%)
Figure 3: GR conductivity log |o(w)| in the complex plane close to the imaginary axis
for T/u=0.1, A= 0.05 and G/u = 0.1, varying k/u € {0.006,0.008,0.01}. We see
a purely diffusive pole on the imaginary axis which matches the hydrodynamic diffu-
sion pole wp o (denoted by A). The area plotted is zoomed on the origin compared
to Fig. 2. There the diffusive pole was too small to be visible.
k = 0 Drude pole w]()Lr;;e = —iTjopic.mem. and its (L+) equivalent wEiH) = 0. To emphasize this

once more, the origin of this difference comes from the non-commutativity of the k — 0 and
A — 0 limits. In Fig. 7, we have carefully analyzed the low k regime of the GR black hole.
For k/u = 1074, the two diffusive poles are close to their k = 0 values (54) and (57). As we
increase k, they get closer and collide, leading to the two sound modes of (45). This diffusion-
to-sound crossover happens when % ~ A? illustrating the non-commuting limits k — 0, A — 0
which means we can estimate the characteristic length scale of the interactions to be Vi, ~ AG
(see footnote 11).

Finally, to re-emphasize the underlying Bloch wave Umklapp physics, Fig. 8 shows the
real part of the momentum-dependent optical conductivity o(w, k) in the w,k plane. The
right-hand plot is a zoomed-in version of the left-hand plot near the edge of the Brillouin
zone k = % The gray dots are numerically obtained solutions of detK; = 0 for the same
parameters, showing that the hydrodynamic description of the matrix (43) at order O(A?)
matches the data over the entire Brillouin zone. At low frequency, we see the expected sound
mode w ~ ¢,k dominating the low frequency regime, but we also can see its interaction with
the sound mode w ~ ¢,(G — k). They meet at the edge of the Brillouin zone k = % and in the
right-hand plot, we see the traditional level repulsion of Umklapp and the opening of a gap in
the sound mode spectrum.

5 Conclusion

The crucial message of this paper is that hydrodynamic fluctuations in a periodically mod-
ulated background should be understood based on a Bloch wave analysis instead of simple
plane waves. If the typical length scale of this modulation is sufficiently large and the ampli-
tude sufficiently small, we can still use hydrodynamics to study the long-time response of the
conserved charges. This is an old observation in neutral hydrodynamics, but deserves restudy
for charged hydrodynamics given the novel experimental progress of observed hydrodynamic
flow in electronic condensed matter systems [7-9]. This is particularly so in the presence of
a charged fluid, which introduces an additional intrinsic diffusive mode. The presence of a
spatial periodic modulation introduces Brillouin zone copies, also for this additional mode,
and due to Umklapp at the Brillouin zone boundary this higher Bloch mode mixes with the
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Figure 4: Argument of the GR conductivity arg o(w) in the complex plane for
T/u = 0.1, A = 0.05 and G/u = 0.1, varying k/u € {0,0.001,0.005,0.01}. At
k = 0, we see the sound pole coErL_). Its real part is precisely at c,G with ¢, = 1/+/2
in a d = 2 conformal fluid. At k > 0, it splits into the two sound modes wg . ; (de-
noted by V). The markers indicate the analytical position of these poles prescribed
by our hydrodynamical derivation. These poles are more difficult to observe in |o|

than those on the imaginary axis and are easier to see as jumps in the argument of
the complex function.

.8
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Figure 5: Comparison between the position of the poles on the imaginary axis
(points) and the analytical hydrodynamical formula (54) at k = 0, as a function
of T/u, and for A = 0.05 and G/u = 0.1. This is done for GR on the left and RN

on the right. The blue data is the Drude pole w](DLr;C)Ie and the red data corresponds

to the Umklapped diffusion pole o)g_) (Egs. (54)). The corrections to the diffusion
constants are smaller than our numerical accuracy for our choice of parameters, so
we can simply ignore them here.
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Figure 6: Comparison between the position of the poles wp o and wp, 1, on the imagi-
nary axis (points) and the analytical hydrodynamical expressions (45) at k/u = 0.01,
as a function of T /u, and for A= 0.05 and G/u = 0.1. This is done for GR on the
left and RN on the right. The corrections to the diffusion constants are smaller than
our numerical accuracy for our choice of parameters, so we can simply ignore them
here.

GR 1D, A=0.05,G/u=0.1,T/u=0.1
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Figure 7: (Logarithm of the) GR conductivity log|o(w)| in the complex plane
close to the imaginary axis for T/u = 0.1, A = 0.05 and G/u = 0.1, varying

k/u € {107%,2x 107%,3 x 1074,4 x 107*}. For k = 10™%, we see the poles w]()Lrgée

-4 -2 0 2 4

Rew/p  (x107%

and co((jH) with small corrections. For k > 3 x 1074, the poles are now the two

sound modes wg . close to their k — 0 limit. The lines indicate the positions
L— . . i

w]gmc)ie = —ilionic;mem. (0lid) and wg +(k — 0) = —5 Donicmem. (dashed). When

expressed in terms of % the transition appears to happen at % ~ A2,
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Figure 8: (Left) Re o(w, k) plotted in the (k/G, w/u) plane for A= 0.05, T/u = 0.1
and G/u = 0.1. (Right) Zoom on the Brillouin zone boundary at k = G/2 (region
indicated by a black frame from on the left-hand plot) showing the level repulsion and
the gapped sound mode at the edge of the zone. The gray dots are the hydrodynamic
prediction given by numerically finding the roots of the determinant of Eq. (43).

long distance late time k = 0 sound modes.

We showed how one can compute the explicit pattern and strengths of these mixings from
the underlying hydrodynamics. As is standard but ever so useful in hydrodynamics is that the
behavior of both the patterns and the strengths can be expressed in underlying thermodynamic
quantities, notably the susceptibilities, combined with the transport coefficients.

An important feature of a periodic modulation — well known in the condensed matter
physics context — is that it breaks translational symmetry. For a perturbatively small lattice
the correction to the momentum pole can be interpreted as the momentum relaxation rate and
our result agrees with the relaxation rate obtained through the memory matrix formalism, as
it should. It is important to emphasize once more that even though there is one relaxation
rate, this relaxation rate has two contributions Iy and T;, corresponding to the two longitudi-
nal diffusive processes. A priori these can have different scaling in temperature.'* They also
exhibit different scaling in the lattice wavevector G. Due to this, in systems with charge dis-
order parametrized as an averaging over many independent lattices, one of these terms will
dominate. It is rather the other aspect of the periodic modulation — the presence of Bloch
modes in higher Brillouin zones that we wish to emphasize here. At finite density this includes
an Umklapped charge diffusion mode. As we analyzed in a companion paper, this mode may
be of relevance in condensed matter physics [10]. The strange metal phase of high T, super-
conductors shows the development of a mysterious mid IR peak in the optical conductivity at
temperatures T ~ 300K see e.g. [39,40]. The phenomenology of this peak is almost exactly
reproduced by a collision between the Drude pole and the Umklapped charge diffusion pole in
a holographic model of the strange metal dual to the Gubser Rocha black hole [10]. If it can be
experimentally verified that charge transport in the strange metal is in fact hydrodynamical,
this will be the explanation of that phenomenon.

Finally, we verified our results by numerically computing response functions in strongly
coupled systems holographically dual to Reissner-Nordstrom and Gubser-Rocha black holes.
The important feature is that hydrodynamics emerges naturally in holographic systems and is

"This is the case in RN where I, ~ T° and I; ~ T2 while in GR, they both scale with temperature with
I,~T;~T.
n d
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not an input. In the computed optical conductivities, we found precisely the poles matching
those predicted by our hydrodynamics computation. As as function of varying parameters
such as momentum and lattice strength, these poles show complicated behavior including
pole collisions and level repulsion denoting various regime changes.

We conclude with emphasizing that the hydrodynamics description of those holographic
systems remains valid throughout these collisions and level repulsions. This contrasts with
recent studies on the validity of hydrodynamics postulated as a pole collision/level repulsion
with a first UV (gapped) pole [41-43]. Our result here shows that this identification has to be
done with care. The Umklapped modes are also a priori gapped modes in the zero momentum
limit k — 0. However, they remain modes of the conserved charges, can be fully captured in
a hydrodynamic description and play a different role from non-hydrodynamic UV modes.

The analysis carried in this paper crucially relied on a static background charge distribu-
tion to mimick the effects of a frozen ionic lattice. This ignores the effect of lattice vibrations.
Including phonon modes would require a different setup. Moreover, the assumption of local
thermal equilibrium rather strongly constrains the hierarchy of scales as w, k < G < T. While
the results we have achieved are rather general and only rely on the presence of global sym-
metries and periodicity — which would seem to imply this is valid for a wide range of metallic
systems — one must remain cautious as to whether such hierarchy of scales is realized within
physical systems.
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A Thermodynamics and susceptibilities

In this section of the supplementary material, we will briefly review some key thermodynamic
identities related to the static susceptibilities. We will be interested in the conserved charges
{6€, 6n} and their associated sources {6A.,6A,} ={6T/T, 5u—%5T}. Since we will be focus-
ing on thermodynamics, we will only be interested in the equilibrium solution and therefore
we will drop the X notation for background thermodynamics quantities. As a reminder, the
susceptibility matrix in the (€, n) sector is defined as

on oA Xne Xnn

f(5), )
(66)=X_(6A'e)’ X=(%ee Xen)z arT w/T ]1" aM/T T (A.].)
T
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while the momentum susceptibility is y,, = €+ P. Furthermore, we have the thermodynamic
identity

1.4 X
TdXZT(—) dT+T(—) d(u/T (A.2a)
5T ), 577 ). A0/T)
oX oX X
= T(—) —u(—) ]dT+T(—) du (A.2b)
[ T Jy/r ou/r ulr
X X
=T|=——=| dT+T{—| du, A.2
(aT)“ (au)T 8 (h29
such that T(B—X) = T(a—X) + ,u(a—X) . Using this relation and the first law
oT Jur oT Ju aulr
de = Tds + udn, we have
(), 1(2), (2
Ken oulr oulr oulr .
g (e) r () e(3) (), e
~ Yaudr “M\an), T \ar ), "M Gn), T et ) '

Looking back at (A.1), this means that y,,. = Xen-
When considering conformal matter in Sec. 4, we used that P = €/d which is directly
implied by the equation of state (58). In that particular case,

) ap
Xne:)(en:(_e) :(_) d=nd, (A4)
oulr our
de ap op

Yee =T (ﬁ)u/T =d (T (ﬁ)u + u(a)T) =sT+un=(e+P). (A.5)

B Onsager relations

One of the important checks we must make that our dynamical system is well-defined is that it
respects Onsager’s relations. These can be derived by considering how the system behaves un-
der time-reversal invariance. Given the anti-unitary operator T such that [H, T] = 0, we can
classify each of the operators associated to our hydrodynamical variables by their representa-
tion under this operator. For a given operator 6§X,, we will have T6X,(t,x)T'=n,6X,(—t,x)
with 1, = £1. Denoting the retarded Green’s function associated to a dynamical matrix K,
by GR,, we have

GR (t—t',x,x")=—iO(1)tr (p[6X4(7,x), 5X5(0, x/)]) , withp=ePH/z. (B.1)
We can then see that, due to the anti-unitarity of T,
GR (7, x,x") = n,n, G (7,x',x). (B.2)

In Fourier space, this means éaRb(w, p,p))= naéfa(w, —p’,—p)n; and specifically for our pe-
riodic background, we can write the Green’s function as [22]

égb(wzpzp/) = GaRgn’m)(wz k): p= k+ TlG, P/ =—k+mG 5 (BB)
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where we have used that the discrete lattice symmetry GaRb(T, x,x") = b(T x + Lox'+ 2")
implies that p + p’ € ZG. For this decomposition, the Onsager relation becomes

GE™M (0, k) = 0, GRC™ T (0, —k) (B.4a)
= 0o (GR™ ™ (w,—k)n, (B.4b)
=S (GNHRE™ (e, —k)- S, (B.4c)

GR(w, k) =S - (GTR(w,k)-S. (B.4d)

In the previous expression, we have introduced S the diagonal matrix of eigenvalues 1) and the
notation GR(M(w, k) = GRC™"™)(w, —k). It is easy to check that for our background, 7 = ¥
and therefore since y = GR(w = 0), we also have y =S - ¥7-S~!. We can write this relation
in terms of the matrix of couplings

N(K)Y=M(k) -y =(iw+K(w, k) y =iwy +K(w,k), (B.5)

The elements of N are simply the coefficients of the equations (6) written in terms of the
sources and expanded in the basis (34). By using that G = (1 +iwK™1)- ¢, the relation (B.4)
can then be written as

N=S-NT-571. (B.6)

Let us apply this to the conservation equations (12) for an in-going momentum p and an
outgoing momentum p’

Nen(p,p") = O'QJ dq (—pqi(@))é(p +q—p"), (B.7a)
Nye(p,p") = UQJ dq (pgi(q) + ¢*w(@)8(p +q—p’), (B.7b)
Ner(p,p") =~ f dq (pXrro(@) +q€(@)5(p +q—p'), (B.7¢)
N..(p,p) = f dq (—p ¥ rr0(@) +q€(@)8(p +q—p"), (B.7d)
Nyr(p,p") = Jr dq (—p'a(q))é(p +q—p’), (B.7¢)
Nw(p,p') = f dq (—pa(q))6(p +q—p"). (B.70)
We now want to check the Onsager condition for N using that . = 1,, = —n, = 1. This can

be done as follows for the (€, n) sub-sector

N (p',p) =0q f dq (p'qi(q) +¢* ()8 (p’ +q—p) (B.8a)
=0q J dq ((p—q)qi(q) +¢*(q))(p" +q—p) (B.8b)
=0q f dq (pqi(g))5(p’ +q—p), (B.8¢)

NeNnNae (P’ P) = 0 f dq (pgf(@)5(~p’ +q +p) = Nea(p, P, (B.8)
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while for the momentum-charge sector, we have

N,.(p’,p) = J dq (—p(g))6(p’ +q—p), (B.9a)

NN Nurn(p',p) = — J dq (p(q))8(—p’+q+p) =N, (p,p"). (B.9b)

Finally, we only have to check the energy-momentum sector
Ne(p',p) = —f dq (p"Xrr0(@) +q€(@)5 (" +q—p), (B.10a)

NeNpNen(p’,p) = J dq (—p' X nro0(q) +q€(@))6(—p’ +q +p) = N(p,p"). (B.10b)

We see therefore that the Onsager reciprocal relations are obeyed by our equations (12).

C Second order corrections in lattice strength

Let us consider here a dynamical matrix K of size N x N. The modes of this matrix are given
by the solutions to the polynomial equation P(w) = det K = 0, where we can write

N
P(w) = a,0". (C.1)
n=0
Suppose the coefficients a,, = Zp a, ,AP have a power series expansion in a parameter A. We

are now interested in perturbative solutions w = & + A%w,, around a given A = 0 solution

P()|a=o = 0. To do so we can define auxiliary polynomials P,(w) = er\[:o a, " such that

P(w) =D AP,(w). (C.2)
p

We can now expand the equation P(w) = 0 in A at leading and subleading orders, and we find

the following two conditions

_Py(®)
Po(@)

Po(w) =0, wy = (C.3)

The first equation is simply the leading order of the mode when there is no lattice while the
second equation gives us the subleading correction. Finally, all the coefficients a,, , are them-
selves polynomials in G,k which can be further expanded in order to get the corrections at
higher order in momentum.*

So far, it was implicitly assumed that the modes have no degeneracy when A — 0 as that

would imply that P)(®) = 0. When that happens, the correction is given by higher order
terms with

—PY@) =/ (Py(@) — 4Py(0)PY()
B 2P (&) '

730(([)) = O, Pz((b) = 0, Wy (C4)

15Note that in this method, the order of limits is chosen such that at finite k, we would be getting the k > AV,
branch of solutions.

26


https://scipost.org
https://scipost.org/SciPostPhys.16.1.028

Scil SciPost Phys. 16, 028 (2024)

This is the case for K;, with & = 0. However, it turns out that for this matrix, P,(&) = 0
and Py(w) = 0, so the two degenerate poles remain degenerate at this order in perturbation

theory, with w, = 0. A simpler way to see this is also to notice that the first line of I&H is
proportional to iw and therefore so will be det I@H. Consequently, this sector admits an exact
conservation mode and we can use our non-degenerate method on the 4 x 4 lower-right sub-
block of this matrix where there is no degeneracy left. We would then see that the other &> =0
pole also remains unshifted w, = 0.

All that is therefore needed to compute the corrections in (54) and (57) is to know the
coefficients a, , for a given matrix K. In the case of K;_, we have

. 3 2
oo =0, ao=—I (er,o) 0oGY, a4= (er,o) d,, (C.5a)
2 N
a2,0 =—Xnno0 I:Xee,Ong - ZXHE,OXHTE,OT"O + Xnn,0 (Xﬂ:n,O) ] Gz - Xee,OXnn,O'r)O-QG4 5 (C~5b)
azo = i%m,o (d)(ﬁ + XEE,OXTL’TE,OGQ) G? 5 (C.50)
g 2 g 2
0 0 A
Ao2 = ? (Xne,OrlO - Xnn,OXnn,O) G4 + ? (Xne,o) nOQG6 5 (C-Sd)

.1 n 1 1
aipo = _15G4 I:Xnn,Onnu’gdx + Xnm00Q (2“’0(%,(15?117171,0 - 2Xn6,0x7(-”2’1

2
0 Mo A
+nu(2) ()fn(—:,o2 + Xnn,Oth,O) + 2)(7(-”3,2)(7175,0 + “8”(2))] - l?)tm,oTIUéG6 5 (C~5e)

1 0 0
a2,2 = Gz [_2ng(X£e’)2Xﬂ:ﬂ.’,0 + X6€,0X7(1'T2,2

T2
1 1 0 0
+X7m,0n0(nu0 (_2)(66,0%,(1,31 + 2%;(16?1 Xne,o + Xne,OXnn,O.U'O) + 4)(,(1532 Xnm,0 + 4Xn6,0x7(-”2’2

1 1
0 (Xm0l (Km0 Xm0 + ) + 22 0l UL S2) Znno — Hne 0 X s
0 0 1 0q 0) 4
+2)fn7t,0()f,(m?2}(7m,0 + Xnn,OXfﬂz,z ) + 4}(7(171),1MOn0d)( ] - 7G4 [sz,o (2}526?277

A 0) A
+Znn,07"l.ug + Xnn,O:u(Z)O-Q) + 2%66,0%7(-[71):,2”] ) (C-Sf)

1. A (0 0 0 0
as o = Ele [27’ (Xée,)zﬂﬁm,oﬂﬁm,o + Xee,Olr(m?zxnn,O + d)( 757(”272 - zxr(le?z)(ne,OXTm,O)
0 0 1
T X rm000 (2x§e,)zxm,o + 4xee,ox,(12,2 + Xnn,Oth,Onu'g) - 4x66,o(x,(1,3,1)20Q] ,  (C5g)

0 0 0 0 1
a4,2 = Xm‘c,O [xge,)zﬂﬁm,OXnn,O+7565,Oxr(1r32Xnﬂ:,0+2d)( Xfwg’z - er(le?z)(nep%m,o] - 2dx (15573’1)2 .

(C.5h)

On the other hand, for the 4 x 4 lower-right sub-block of the matrix K; , , we find the following
coefficients for the determinant

apo =0, a1,0 =1 %ec0(Xnn0)00G*, 40 = Xrrn0Xee0dy > (C.6a)
a0 = ~Xee,0 I:Xee,on(z) —2Xne,0Xnm,0Mo + Xnn,o()(m,o)z] G — (Yee0)*N0GY, (C.6b)
azog= ilee,oGz (dxﬁ + Xee,olm,oaQ) s (C.60)
ap =0, (C.6d)

1. 0 1
;2 = _51G4O-Q [er,O (2)(25,)2%7511,0 + 2%,521“0(%66,0 - 2%1‘:75,0) + Xnn,O.u%(Xee,O + Xﬂn,o))

1
+Xee oMo ] = 5 iec oG U5TG (C.6€)
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1 1
a22 = EG2 [no( 4)(662)(660+4(X66 1)2+4M0(X€60Xn61 X£€)1Xneo)—dxu(2))

1 1 1 0
+4Xﬂn,0n0(xee 2Xne 0 Xée)lxr(le)1 + X.Ee)lxnn oMo + Xee OX,EE)Z Xne 1Xne OIU’O)

0 1 1
—Xnm,0 (2)(7175,0 (Xee 2 Xnn,0 t Xee OX,Sn)g 2(%,(16?1)2) + 2%66,0“0(%;16’1Xnn,O_Xne,OX,(m?])

1 1
+Xee,0(%nn,0)2.uo) + Xee,OMOno(_ZXee,OX;(m)l + 2%;(16)1 Xne,o + Xne,OXnn,O“O)]

1 1
+ §G4O-Q I: ( 4)(66 2X€€ 0 + 4()(55 1)2 + 4:“’0(%66 Oxne 1 X(E-e)lxne,O) + ‘U'g ((XHE,O)Z

_2X66 0Xnn 0))_X66 oXrn OMOO-Q] 5 (C-6ﬂ

1, 1 0
a3,2 = ElGZ [ ( Xee 0 (ere zxnn 0 + Xee oX,m 2 2(%,(16?1)2) + Xie’)z()fne,o)z

1 0 1 1
+2(X£e)1)2)(nn 0 + 2Xne 0(7(65 oX,Se)z - Xge)l XT(IG)]. )

1
+er OUQ (47(66 zxee 0 4()(66 1)2 + Mo(4){€e 1Xne 0 4%66 ox,(le?l) - M% (%ne,O2

_2Xee,OXnn,0)) + Z(Xee,o)zxnn,zo-Q] > (C-6g)
0 0 1 1 1
a4,2 = er 0 [ZXEE)QXGE,OXnn,O - Xge,)z()fne 0)2 - 2(%26)1)2Xnn 0 + 4X§e)1 Xr('lg)l Xne 0
0 0
+(Xee 0)2 nn 2 - 2%66,0)(;(16?2%%,0 ZXEE O(Xne 1)2] + Xee 017(17-3 2d)( (C6h)

The coefficients for the determinant of the full longitudinal matrix (45) are too involved to
be written down here but can be obtained in the exact same way. All these corrections were
derived using Mathematica.

D Numerical computations in strongly coupled field theories dual
to Reissner-Nordstrom and Gubser-Rocha AdS black holes: Set-

up

D.1 Thermodynamics

In Sec. 4, we focused on the specific conformal hydrodynamics that emerges at long wave-
length and low frequencies from the holographic dynamics of the RN and GR black holes. In
equilibrium the thermodynamic equation of state of each is given by (59) and (60) respec-

op
tively. From these, we can determine the charge density ny = (3_) as well as the entropy
M/

aT

given by €y = 2P,. One can further compute the various susceptibilities xc(l';?m appearing in the
hydrodynamics expressions of Sec. 3. As a reminder from Appendix A, the conformal equa-
tion of state also imposes ¥ce 0 = 2Xnn0 aNd Ypeo = Xeno = 2Np. For the RN black hole, the
various susceptibilities and thermodynamic quantities are

Ho 2 7T,U4()T0 Xne,0 Xen,0
—+/3us+16 2T = = s D.1
Mo =g V345 + 167 3 2 2 (D.1a)
_8n’ 2 2724 T(a,2 2002
so= 5~ Toy/ 303 +1672T¢ + 5 (3u2 +32n%T2) , (D.1b)

1( 2(3u2+8n%T2
xnn,o=g( (3ug 0)+4TfTo , (D.10)

\/ 3,u% + 167[2T02

ap
density so = (—) while the energy density just follows from conformal invariance and is
u
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sud(2nTy (4nTo— /303 + 167212 ) +2) 4.,

Xm0 = 3 ? (B-1d)
2(y/3u2 +16m2T2 —4nT,) ?
2(,2 272 2 212
@ 3w (uf+8m*Ty) 7 = Ho 2(3u5 +87°15) +4nT, (D.1e)
1= ’ 176 ') .
nn 9 (3“% n 16TEZT()2)3/2 ne 6 3.[,4,% + 167’[’2T02

1)

2
1 Mo Xee1
xﬁm)’l = ?\/3u%+16n2T02+7w3T0= =< s (D.1D)

2
4. 2m4 3(,,2 272
) _ 961" ug Ty © _ Mo (“0+87T To) (D.1g)
Xnn,Z_ 9 2\5/2° ne,;2 9 213/2° 18
(3u2 +16m2T2) 2(3p2 +16m272)
4 2 2 272 (0)
© _ 3,u0+27r,u0T0(\/3,u0 + 16721 +47TTO) _ Xee2 (D.1h)

Anmp =
i 4,/3u2 +1672T?2 2

while for the GR black hole we have

1672
ng = %\/3;13 +16m2TE = % 0= To4/3u2 + 167272, (D.2a)

2 (3,u(2J + 87r2T02) 1 3/2  Xeeo
Xnn,O = > Xﬂ:ﬂ:,o = = (3“% + 167T2T02) == % 5 (D.Zb)
34/3u2 + 167212 9
@ _ 3ug(ug+8m%13) ) 2u0(3uf+81°T¢)
Xnn1 = 3/2° Xnel1 ™ P (D.2¢c)
T (3u2+16m2T2) T 34/3ui +16m2T¢
2 @) 4, 254
U X 1927 usT,
x,il,?,l = 70\/3;13 +16m2T] = —626’1 , x,(l?gz = — 0 ‘; 5 (D.2d)
(3u2 +16m2T2)
3(,,2 272 2 2 2m2 (0)
© _ SMo (“0 +8n To) o _ Mo (3“0 +8n To) _ Xee2 ' (D.20)

X ’2_ B X ’2_
" (3u2+16m212)"? 2 32 ¥ 16m2TE 2

Lastly, we need to know some information on the transport coefficients 1 and
0qp to compute the hydrodynamic response. These can be determined in the

momentum-dependent homogeneous systems through n =1lim,,_,, %Im GTxy T, (w,k =0)and

oq =lim,_, %Im Gy, s, (w,k =0). In the case of conformal-to-AdS, solutions like the RN and
GR black holes, these expressions can be solved analytically for the two transport coefficients.
The shear viscosity 1 saturates the minimal viscosity bound n = 7% [44] while o, was com-
puted for a wide class of scaling black hole solutions [45] and here is given by

2
4m2T? \/3uZ+16n2TZ2 —4nT,
= 0 ( 0 0 0 ,  for RN,

oq (D.3a)
9\ u2—2nTyy/3u2 + 16n2T2 + 8n2T?
3 2 3/2
oq= (1 + %) , for GR. (D.3b)
1672T)

D.2 Numerics

We briefly review here how we compute the optical conductivity in the 2+1 dimensional
strongly coupled conformal field theory holographically dual to the RN and GR black holes
in the presence of a lattice. More details about the numerical methods used to compute these
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backgrounds and fluctuations can be found in the companion article [10]. The homogeneous
RN black hole is a saddle point of the Einstein-Maxwell action

fd‘*x\/_[(R 2A) — F F‘“’] (D.4)

with metric

ds? = guydxtdx” = 1 [—f(z)dt + ;1( )

+dx?+dy :| A=A,(z)dt, (D.5)
where f(z) = (1—2) (1 +z42%— #) is the emblackening factor and A,(z) = u(1 —2) a
U(1) gauge field. In the above expressions, 2 is the radial coordinate ranging from the AdS

boundary at z = 0 to the horizon of the black hole at z = 1. The temperature of this black hole

12—u” 16
isT = T6r -

The GR black hole is similarly obtained by extremizing the Einstein-Maxwell-Dilaton action

1

S=5 d*x \/_[R—MF F‘”——( ¢) +V(¢)], (D.6)

with the potentials Z(¢) = e®/ V3 and V(gp)= 6cosh(¢ / \/§) Its metric is

ds? = gupdxtdx” = zlz |:—h(z)dt2 + e )dz + g(2)(dx? + dyz)] (D.7a)
— 30+ 8= ar, o= £log(1 +Qz). (D.7b)
1+Qz 2
The functions h(z) and g(z) are given by
hs) = & (zi) [1+(1+3Qz+(1+3Q1+Q)2*],  g@=01+Q)*?.  (D.8)

This model is similar to the Einstein-Maxwell model with the addition of a neutral scalar field
¢ which controls the strength of the U(1) charge through the potential Z(¢). A consequence
of this is the ability to discharge some of the black hole charge near the horizon such that the
extremal T = O solution of this GR black hole will have a vanishing horizon and therefore
vanishing entropy S;—y = 0. The distance from extremality is controlled by the parameter Q:

it is related to the chemical potential through u = 4/3Q(1+ Q) and the temperature of the

non-extremal black hole is given by T = 2 4}:(2.

To obtain backgrounds with an explicit lattice, we will allow for a more general ansatz

1 Qqz
ds? = = (—Qttf(z)nf +Qxx”r))2c +Q},y7)§ + f(zz)nf) , (D.9a)
n, =dt, n, =dy, n, =dz, n, =dx +Q,.,dz, (D.9b)
A=u(l—2)a,dt, (D.9¢c)

for RN with f(z) unchanged from (D.5) and

16A priori, if we allowed the black hole horizon to be arbitrarily located at z = 2, the temperature and chemical
potential would be two independent parameters. However, when using the freedom to rescale the radial coordinate
such that z, = 1, we have implicitly fixed the temperature as a function of the chemical potential such that the
only thermodynamic degree of freedom here is T /u.
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! Q
ds® = — (—th(Z)nf +8() (Quan? +Qyym2 ) + h(zzz) ng) , (D.10a)
n, =dt, ny =dy, n, =dz, 1N, =dx +Q,,dz, (D.10b)
1—2 3
_ M1(+Qz)atdt, ¢ = log(1+¢(:)Q2), (D.100)

for GR with h(z) and g(z) unchanged from (D.7), but every field Q;;,a;, ¢ is now a priori a
function of x and z. We require these fields to be regular near the horizon!” and that their UV
behaviour at z = 0 recovers AdS asymptotics.'® Moreover, to encode the modulation of the
chemical potential, we must impose the following boundary condition on the gauge field

a,(z=0)=1+Acos(Gx). (D.11)

The system is then solved numerically for the unknown functions Q;;, a;, ¢-

To compute the optical conductivity in the holographically dual field theory, we must con-
sider small fluctuations on top of this spatially modulated background. We linearize the Ein-
stein equations around our lattice background

g;w — g,uv + 5huve—ia)t+ikx , (D.12a)
_ i —iwt+ik

AH _AM + 5bue twttikx 5 (D.12b)

@ =@+ ype it (D.12¢)

and solve for these fluctuations with infalling boundary conditions, corresponding to choosing
the response sourced through the retarded Green’s function. The response in the radial electric
field F,, in answer to an oscillating source in the potential 69,A, (w) = 6 b, keeping the other
components sourceless'® evaluated in the limit z — 0 then translates through the holographic
AdS/CFT correspondence into the longitudinal optical conductivity o = lim,_,, % = %.
In the language of our hydrodynamic setup in Sec. 2, this is akin to simply turning on an
external electric field 6 E, with momentum k and frequency w. This response is also solved
for numerically.

The numerical solutions to these equations were obtained using a publicly available custom
package [46] and computed on the Dutch national Cartesius and Snellius supercomputers with
the support of SURF Cooperative.
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