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Abstract

We show that the 3d Born-Infeld theory can be generated via an irrelevant deformation
of the free Maxwell theory. The deforming operator is constructed from the energy-
momentum tensor and includes a novel non-analytic contribution that resembles root-
TT. We find that a similar operator deforms a free scalar into the scalar sector of the
Dirac-Born-Infeld action, which describes transverse fluctuations of a D-brane, in any
dimension. We also analyse trace flow equations and obtain flows for subtracted models
driven by a relevant operator. In 3d, the irrelevant deformation can be made manifestly
supersymmetric by presenting the flow equation in A/ = 1 superspace, where the de-
forming operator is built from supercurrents. We demonstrate that two supersymmetric
presentations of the D2-brane effective action, the Maxwell-Goldstone multiplet and the
tensor-Goldstone multiplet, satisfy superspace flow equations driven by this supercur-
rent combination. To do this, we derive expressions for the supercurrents in general
classes of vector and tensor/scalar models by directly solving the superspace conserva-
tion equations and also by coupling to N = 1 supergravity. As both of these multiplets
exhibit a second, spontaneously broken supersymmetry, this analysis provides further
evidence for a connection between current-squared deformations and nonlinearly real-
ized symmetries.
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1 Introduction

A very useful tool for the exploration of the space of theories within a specific theoretical
framework is that of flows. This tool has been used extensively in physics and mathematics
with enormous success. The most famous application of a flow in theoretical physics is the
renormalization group (RG) flow which is used to explore the space of field theories. In math-
ematics, a well-known example is that of Ricci flow [ 1] which explores the space of Riemannian
manifolds. Specifically, RG flows run from high energy (UV) theories to low energy (IR) the-
ories and determine the set of coupling constants of QFTs along the trajectory of the flow in a
manner controlled by the beta function. Similar in spirit, Ricci flows create a trajectory in the
space of Riemannian manifolds, dictated by the Ricci tensor, and determine the metric of the
manifolds along the trajectory. Both flows have interesting points. RG flows have fixed points
that correspond to conformal field theories and Ricci flows have attractors which correspond
to constant curvature manifolds.

The success of RG flows suggests further exploration of the space of QFTs using additional
flows triggered by operators that deform theories in new and interesting ways. A special
example is the TT operator, which is irrelevant in the sense of the RG.! Ordinarily, turning
on an irrelevant operator subsequently requires the addition of infinitely many counterterms,
and thus leads to a loss of analytic control. Nonetheless it has been shown [2,3] that the TT

!The coupling constant that turns on and controls the contribution of this operator has negative mass dimension.
Such a coupling is irrelevant at low energies but grows more important at high energies.
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operator in two dimensions is an exception to this rule, and in fact the deformation is “solvable”
in the sense that several quantities in the deformed theory can be computed analytically in
terms of the data of the undeformed theory.

The definition of the T T operator is historically given (up to normalisation factors) as

- 1
TT :=—det(T,,) = E(T””len—Tmm ™ ), (1)

where T,,, is the energy-momentum tensor of the system. In 2d, using the holomorphic and
anti-holomorphic coordinates, this operator takes the form TT ~ T,, T;; — Tzzg' For CFTs, the

trace part (T,;) vanishes and we are left only with the T,, and T; term, hence the name T T.?

There are various viewpoints that provide intuition as to why T'T deformations are not the
typical irrelevant operators and should be studied in more detail. One such viewpoint is its
property of being an integrable deformation. This means that if we start with an integrable
theory and follow its flow under T T, then the output will also be an integrable theory [8,9].
In other words, the preservation of integrability by the flow makes T T very special. A different
viewpoint, not related to integrability, involves connections between the TT deformation and
gravity. For instance one can calculate the contribution of an infinitesimal T T-deformation to
the partition function of the theory and show that it is equivalent to an integration over random
variations of the underlying geometry [10]. A second connection involves coupling to flat space
JT gravity [11,12], which has more recently been understood as a special case of a topological
gauging procedure that can be applied to more general current-current deformations [13].
A third approach is to geometrize TT and related deformations via a dynamical change of
coordinates which couples the undeformed theory to a field-dependent background metric
[14-18].

Unlike RG flows, TT flows run towards higher energies. Nevertheless there are examples
of quantities that have been computed exactly using this flow. In this paper we will focus on
a specific quantity, the deformed classical Lagrangian. This means that we: (i) consider the
space of field theories that have a Lagrangian description £, (ii) assume a curve through this
space parametrized by some parameter A such that the point on the curve corresponding to
value A = A, is the field theory with Lagrangian £%0) and (iii) define the operator O™ that
triggers the flow from point A to point A + 62 as

LN = M 1 50 oW, )
For the case of T T-flow of Lagrangians in 2d we consider the following deformation:

LW N
—5 = det(T). (3)
A well-known example of solving the Tf-ﬂov_v equation for the deformed Lagrangian is the
case of a free boson in two dimensions: £ = Jd¢d¢. In [3] it was shown that under a T T-flow
this theory is mapped to the 3d Nambu-Goto action in the static gauge:

= 1 = 1
0 — ) — 1) =——
LO=05¢3¢p — L —21(\/4A8¢6¢+1 1)= 55 e 4
An interesting feature of the above deformed Lagrangian is the square root. Usually this type
of nonlinearity (a) corresponds to the resummation of infinitely many terms, which in this case
can be thought of as being generated by iteratively adding and re-computing the controlled

2However, this name is somewhat misleading since a TT-deformed CFT at finite deformation parameter is
no longer conformally invariant and thus its stress tensor has non-vanishing trace. Interestingly, it appears that
T T-deformed CFTs exhibit an unconventional field-dependent conformal symmetry [4-7].
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TT combination along the flow, and (b) appears in many attractive theories. In this example,
the Nambu-Goto action describes the propagation of bosonic strings with the flow parameter
A playing the role of inverse string tension.

A natural question to ask is whether other “square root” Lagrangians have a similar inter-
pretation: can they be obtained from a T T-like deformation of a free theory? Another well-
known and extensively studied member of the square root Lagrangians is the Born-Infeld (BI)
theory and its generalizations. The BI Lagrangian provides a nonlinear extension of Maxwell
theory, but most importantly it is the leading term in the low-energy effective description of
D-branes [19, 20]. Because of this, BI-type actions beautifully capture a solitonic realization
of the partial supersymmetry breaking phenomenon [21-26].

This can be understood using some basic properties of the theory. As solitonic solutions of
open string theory, D-branes introduce boundaries that break the translational symmetries in
their perpendicular directions. However, because translational symmetries are the source of
supersymmetry, fewer translational symmetries lead to less supersymmetry. In fact, based on
the size of spinors it is straightforward to see that for every translational symmetry lost, the
number of supercharges of the theory is cut in half.

Nevertheless, it is a fact of physics that the memory of broken symmetries is never lost. The
theory still realizes these symmetries but in a nonlinear manner. Hence, the nonlinearities of
BI Lagrangians may be interpreted as a manifestation of partial supersymmetry breaking and
the existence of a Goldstino mode. It would be very interesting to investigate whether the
same nonlinearities can also be generated by a T T-like flow. This has been shown to be true
for certain models in two dimensions up to A/ = (2,2) supersymmetry as well as N'=1, 4d
theories, see [27-29]. This suggests that non-linearly realized (super)symmetries might also
arise from T T-like flow equations, at least when the seed theories possess extra symmetries
such as the shift-symmetries of free models.

In this paper, we consider the 3d, A/'=1 supersymmetric Born-Infeld theory [30-32] which
is related to the effective description of D2-branes in type IIA string theory. This theory was
obtained by partially breaking supersymmetry from N = 2 to N'=1 in such a manner that
the supersymmetric multiplet which manifests the surviving, linearly realized, supersymmetry
remains massless (i.e. it is the Goldstone multiplet). It was found that the role of the Goldstone
multiplet can be played by either the 3d, N = 1 vector multiplet or its dual tensor multiplet.

This work aims to show that these results can also be obtained from a T T-like flow. The
deformation parameter which labels points along the flow trajectory is related to the scale of
supersymmetry breaking and more precisely to the VEV (k) of the auxiliary N = 1 superfield
of the N' = 2 supermultiplet. The flow relates the k — oo limit of these theories, which
corresponds to the manifestly supersymmetric Lagrangians that describe the 3d, N =1 free
Maxwell and free tensor multiplet, to theories at finite (but not zero) values of x, which de-
scribe the 3d, N = 1 supersymmetric Born-Infeld theory in terms of the Maxwell-Goldstone
and tensor-Goldstone multiplets, respectively.

As a result, the 3d BI Lagrangian — which is the bosonic truncation of the above super-
symmetric theories — arises from a TT deformation. This may come as a surprise since it was
explicitly checked in [33] that a flow equation of the form

oL 2
ﬁ :ClTabTab+C2(Taa) 5 (5)

does not lead to Born-Infeld type solutions in any dimension other than d = 4, regardless
of the choice of coefficients ¢; and c,. To evade this no-go result, one must introduce some
additional ingredient. We will find that the necessary addition is a new operator R which is
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non-analytic in the energy-momentum tensor:

1 1 1 ==
R= \J ETabTab—ﬁ(Taaf = ﬁ\/TabTab,

N 1 .
Top = Tap — EgabT .

(6)

This operator R is constructed from the traceless part T, of the stress tensor and is the d-
dimensional analogue of the root-TT operator whose two-dimensional version was studied
in [34] (see also [35-42]).> A marginal flow driven by the operator R can be used to obtain
the Modified Maxwell (ModMax) theory, which was introduced in [44-46], in four spacetime
dimensions [47]. This root-T T-like flow can also be made manifestly supersymmetric [48],
and along with the 4d T T-like flow, forms a 2-parameter family of commuting deformations
which generate the ModMax-Born-Infeld theory (or its supersymmetric extension, in the su-
perspace case) [49]. In two dimensions, the analogous root-T T flow can be used to construct
a “Modified Scalar” theory, or combined with TT to yield a 2-parameter family of “Modified-
Nambu-Goto” theories [17,34,50]. Classical root-TT flows in 2d seem to enjoy some of the
special properties of the ordinary TT deformation, such as preserving integrability in certain
examples [51], although it is not yet known whether this deformation can be defined quantum-
mechanically.

In the present work, we will not consider such marginal flows driven by the root-T T-like
operator R. Instead, we will only use R as a tool to construct more general irrelevant flows.
More precisely, we will expand the class of T T-like flow equations (5) by including a third term
c3T% R on the right side. A deformation which includes this additional term will be sufficient
to generate the 3d Born-Infeld theory, or its dual scalar theory, via a T T-like flow, and likewise
to generate the supersymmetric extensions of these theories by appropriate flows driven by
supercurrents.*

The paper is organized as follows. In Section 2 we focus on the bosonic truncations of
the supersymmetric D2-brane actions of interest. We present a flow driven by an irrelevant
operator which deforms the 3d free Maxwell theory to the Born-Infeld theory, which is the
bosonic part of the Maxwell-Goldstone multiplet. We also show that a similar flow connects
the 3d free scalar to the scalar sector of the Dirac-Born-Infeld action, which is a truncation
of the tensor-Goldstone multiplet, and that an analogue of this result holds in any spacetime
dimension d. We then analyse and extend the trace flow equations presenting new classes of
3d relevant flows for subtracted Lagrangians. In Section 3 we turn to the supersymmetriza-
tion of these results. We view the results of [30] as a flow that connects 3d super-Maxwell
to supersymmetric Born-Infeld and we define the appropriate superspace operator O, trig-
gering the flow. Furthermore, we explicitly construct the supercurrent multiplet for these
theories by solving the corresponding superspace conservation equation. This is the multiplet
that contains the energy-momentum tensor and its superpartner, the supersymmetry current.
The supercurrent and supertrace superfields that define the supercurrent multiplet are then
used to establish appropriate T T-like superspace operators Oz, Ogz, Ogr With the property
that their component expansion includes terms proportional to T¢?T,;, (T%,)? and (T%,)R
respectively. We show that for both descriptions of the 3d supersymmetric BI theory —i.e. the
Maxwell-Goldstone or the tensor-Goldstone multiplets— the superspace flow operator O,
can be expressed uniquely as a linear combination of the superfields Or2, Og2, Ogr and thus
identify this flow as a T T-like flow. These flows are the manifestly supersymmetric extensions

3 Although there have been some proposals [10,43] for T T-like deformations in higher dimensions which involve
roots of the determinant of the stress-energy tensor, such as [det(T)]l/ @D note that R is not proportional to any
power of the determinant of T,,.

“4For other work on TT and supersymmetry, see [52-61].
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of those in Section 2. Indeed we check that the bosonic truncation of the superspace results of
this section is consistent with the bosonic flows of the previous section. In Section 4, we de-
rive the above-mentioned supercurrents by coupling a large class of vector and tensor/scalar
models to N' = 1 supergravity. Finally, in Section 5 we summarize these results and identify
a few directions for future investigation. We have also collected our conventions and details
of some calculations in Appendices A and B. An alternate presentation of one of our bosonic
flows is presented in Appendix C.

2 Bosonic flows

In this section, we will truncate the D2-brane effective actions of interest to the bosonic degrees
of freedom and study stress tensor flows for the resulting theories in components. This analysis
provides a warm-up for the manifestly supersymmetric flow equations, which will be presented
in section 3, in a simpler context without the complications of fermions.

Nonetheless, even this simplified setting will reveal that new ingredients are required in
order to write such flow equations for brane actions in three spacetime dimensions. Unlike
the known examples in d = 2, where a stress tensor deformation of a free scalar yields the
Nambu-Goto Lagrangian [3], and in d = 4, where a flow equation deforms the Maxwell La-
grangian into the Born-Infeld theory [62], we will find that flow equations in d = 3 require
the introduction of a new Lorentz scalar constructed from the stress tensor. This new invariant
is the three-dimensional version of the root-T T operator [34].

2.1 Maxwell-Goldstone multiplet

We begin with the bosonic part of the spacetime action for the supersymmetric 3d Born-Infeld

theory, which reads
sB=;<2fd3x (1—\J1+

In this section, we follow the same conventions as in Section 4, which are laid out in Ap-
pendix B. In particular, spacetime indices are denoted with lowercase Latin letters a, b, etc.
which are raised and lowered with the flat Minkowski metric 1, = diag(—1,1,1). We denote
spinorial indices with Greek letters a, 8, etc. which are raised and lowered with ¢,5 where

1
2Kzfabfab) . @

€12 =—1=—¢y1.

It will first be convenient to develop some general results for an arbitrary theory of an
Abelian field strength f,; in three spacetime dimensions before specializing to the Lagrangian
(7). Abelian gauge theories in d = 3 are considerably simpler than their counterparts in
d = 4 because of the smaller number of Lorentz scalars that can be constructed from the field
strength. We recall that, in d = 4, one can construct two independent Lorentz invariants from
the field strength f,;, namely

1. o l(z2 |a 1.~ = =
~faf = (E~IB[").  —jfuf*=E-B (@=4), ®)

where f;b = %eab“l f.q is the Hodge dual of f,;. A general Lagrangian constructed from the
field strength can therefore be written as a function of these two Lorentz scalars. However, in
d = 3, the analogue of f:lb is a scalar field, and one cannot construct a second independent
invariant from the field strength and its dual as in four dimensions. Therefore, a general
Lagrangian built from f,; in three dimensions is a function of one variable. We will call this
variable t, not to be confused with the time coordinate t, since the combination t will be
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proportional to the lowest component of the superfield T considered® in Sections 3 and 4:

LU =LO,  t=—3fuf  (@=3). ©

The Hilbert stress tensor T,; associated with such a general Lagrangian £(t) is

oL
Top = —2@ +8apL

oL
= afa Cfbc"i'gabﬁf (10)

where we take g,;, = 1, to be the Minkowski metric.
We will need to compute various scalar contractions of the stress-energy tensor in order to
construct the operator which drives our flow. Using (10), one finds

aL 2L\
TT , =302 —8Lt— (—) 2
b =3L 8£tat +8( =7 ) ¢

(11
re —3r—4%F
a ot
We have simplified the first expression using the identity
1 2
Fff  fan = 3 (fanf)", (12)

which follows from the trace relations for a 3 x 3 matrix (see [33] or [49] for the computation
of the two scalars (11) for a field strength in d spacetime dimensions).
One can now see that there is a special combination of these two scalars:

2
T Ty, — % (r%,)" = 2@ (%) : (13)
This is an especially nice expression since it depends only on t and the derivative %, but not
on the bare Lagrangian £ without any derivatives. Furthermore, since the combination is a
perfect square, it is sensible to take its square root so long as we are careful about our choice
of branch. To do this, we now lay out our assumptions about the signs of quantities appearing
in (13). Recall that

1722 =22
=2 (1] -[8[). as
and that the Maxwell Lagrangian in our conventions is Lypgwen = ¢, S0 that
aEMaxwell
—=1. 15
it (15)

In particular, for the Maxwell theory we have %—f > 0. We will assume that this inequality is
true for all of the theories considered in this work. To fix the sign of t, we further assume that
E]’ < |B]" = t<o. (16)

This can be justified, for instance, by focusing on the dynamics of small fluctuations around a
classical background with a fixed large magnetic field. In some sense, this is the more natural
choice from the perspective of the Born-Infeld theory, where the electric field must still satisfy

>See, for instance, equations (85) and (170), although note that the conventions for this superfield differ by a
factor of % between these sections.
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|E|?> < x? so that the argument of the square root remains positive. However, the strength
of the magnetic field in the Born-Infeld theory is allowed to grow arbitrarily large without
affecting the reality of the Lagrangian.

Under the assumptions that t < 0 and aa—f > 0, we are free to take the square root of the
combination (13) and define

R=\g (T 5 Y)
-\e(50)

oL
=—t—. 17
3t 17
If we had instead assumed t > 0 and % > 0, our definition of R would have differed by an

overall minus sign, which changes some of the numerical coefficients in the flow equations
which follow. One could also have defined a piecewise flow equation, with one choice of
coefficients for t < 0 and another choice for t > 0, in order to deform the entire phase space
of the theory.

Flow equation

We are now ready to construct our deforming operator. Consider the flow equation

1 1 2 1 (18)
0, = gTabTab -5 (1) + 5 (T )R,

with R as in (17). Note that we will later use calligraphic symbols like O, for superfield
operators, whereas the non-calligraphic symbols like O, denotes bosonic operators. Here A is
an irrelevant coupling constant with length dimension 3.

In this paper, we will always assume that A is positive. This is sometimes referred to as
the “good sign” of the deformation parameter because, in the context of TT deformations
in two spacetime dimensions where the operator is well-defined quantum mechanically, the
finite-volume spectrum of a deformed CFT remains real for some range of positive A, whereas
for negative A all but finitely many of the energy levels become complex.® There have been
various proposed interpretations for these complex energies, including holographic pictures
such as a finite cutoff in AdS; [64] or a change in spacetime signature [65]. The negative
sign of the deformation parameter has also been related to de Sitter constructions [66-68].
However, in the present work we will consider only classical good-sign flows, in part because
it is not known whether one can define a local T T-like operator from the stress tensor in d > 2
dimensions (see [69] for a discussion of this point).

Using the explicit expressions (11) for T“bTab, Taa and (17) for R, the flow equation (18)

can be written as
oL r a_c 1

oL _ _ 1,2
oA tat 25’ (19)

®In some cases one can cure these complex energies by performing sequential flows, for instance deforming
a collection of theories by negative A and then deforming their tensor product by a positive value of A which is
sufficiently large [63].
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It is also sometimes convenient to change variables as A = é, where x? has mass dimension
3, and write the flow equation as

oL

K ﬁ = OKz N
1 1 2 1 (20)
_ b
O == T Tap + 5 (%) — 5 (T )R.
Because of the change of variables, the operator O, = —0, which drives the flow in equation

(20) differs by a sign from the corresponding operator in equation (18).
We now return to the Born-Infeld theory (7). In terms of the variable t, this Lagrangian

can be written as
2
ﬁB(Kz,t):K2(1—\ 1——t), (21)
Kz

. _ 1
or using the parameter A = ,

Lp(A,0) = %(1 —v1-211). (22)

One can verify by direct computation that the Lagrangian (22) satisfies the differential equa-
tion (19), or equivalently that L£z(x2,t) of (21) solves the equation (20).

Modified trace flow equation

The free Maxwell theory in three spacetime dimensions is not a conformal field theory. There-
fore, deformations of the 3d Maxwell Lagrangian — such as the stress tensor flow which pro-
duces the Born-Infeld theory that was presented in the preceding subsection — do not exhibit
the usual properties for deformations of CFTs which are often used when studying perturba-
tions of this kind.

An especially useful example of such a property is the so-called trace flow equation, which
plays a role in many places in the TT literature, including in cutoff AdS; holography [70-75]
and in 4d T T-like flows [48]. We now review and extend this result. Let £, be a Lagrangian
which describes a classically conformal field theory in d spacetime dimensions (in particular,
the trace of the Hilbert stress tensor associated with L, vanishes). Suppose that we deform
L, according to the flow equation

&5~ o1, ), @3)
with the initial condition £; — £y as A — 0, and where O is an arbitrary scalar function of
the stress tensor T,;(A) associated with £,. We assume that the deformation parameter A
has length dimension A. Because £ is conformally invariant, there is only a single energy
scale A = A71/2 in the deformed theory £,. The response of £, to an infinitesimal scale
transformation is determined by the trace of the stress tensor as

as d. —a
Ad—A—Jd .X'Ta(l) (24)

Comparing the expression (24) to (23), one concludes that
T¢ (A) =—AAO0(T,p (A)) + total derivative, (25)

where we have written “+ total derivative” because we are equating two spacetime integrals
and therefore cannot exclude the possibility that the integrands may differ by total derivative

9
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terms. We will omit such possible terms in the remainder of this subsection, for simplicity,
although we will see later around equation (64) that they can be important in some contexts.
This equation can also be written as

oL, 1

—— 4 —__ T4

. 26
ar A C (26)

Therefore, the trace of the stress tensor in the deformed theory £, is determined in terms
of the deforming operator O (T, (A)). The condition (25) applies, for instance, to the TT
deformation of a free scalar in two spacetime dimensions, or to the analogous four-dimensional
T2 deformation of the free 4d Maxwell Lagrangian.

Because the 3d Maxwell Lagrangian is not a CFT, the trace flow equation (25) does not
hold for the 3d Born-Infeld Lagrangian (22), which we have obtained as such a stress tensor
flow with A = d = 3 and where the operator O(T,;) is given by

1 1 1
O(Tab):OAEETabTab_g(Taa )2+§(Taa)R, 27)

as in equation (18). However, one might wonder whether the Born-Infeld theory satisfies a
modified version of such a trace flow equation. Besides the trace T , another natural Lorentz
invariant built from T,; which has the same dimension is the operator

3 1 2
— - ab i a
R \JS(T Tap 3(Ta)), (28)

which we used to construct the flow. In fact, the Born-Infeld Lagrangian Ly satisfies

0Ly _ 1, . ..
A= 3(Ta(/1) R(A)), (29)

which takes a similar form as equation (26) for a conformal seed theory except with an “ef-
fective trace” of T, —R rather than the usual trace T, . Equivalently, one finds that the trace
of the stress tensor associated with £z obeys

T¢, —R=—310,(T,(A)), (30)

a

for the function O, in (27). Again, comparing to the ordinary trace flow equation (25) which
holds for a deformed CFT, we find that the 3d Born-Infeld theory obeys a modified trace flow
equation where the role of the trace is played by the difference between the trace T, and the
root-T T-like operator R.

Relevant flow equation

In [48], it was pointed out that one version of the four-dimensional Born-Infeld Lagrangian
also satisfies a flow equation driven by a relevant operator constructed from the stress tensor,
as opposed to the usual irrelevant T T-like combination which deforms the 4d Maxwell theory
to Born-Infeld. This result relied upon the fact that one can construct a “subtracted” version of
the theory by adding an appropriate A-dependent constant to the Lagrangian which causes the
T T-like operator, which usually drives the irrelevant flow, to become a constant. It is natural
to ask whether any analogue of these results also holds for the three-dimensional Born-Infeld
theory.

We will see that the answer is yes. We first define the “subtracted” 3d Born-Infeld La-

grangian as
ZB:%\/l—ZAt, 31
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where a is a dimensionless constant. We refer to this as a “subtracted” theory because the
usual Born-Infeld theory (22) is a sum of two terms, the constant term % and the square root
term, so one can simply subtract off the constant % term (and rescale by an overall factor) to
arrive at (31). We note that the equations of motion for this model are not affected by the
constant term so the dynamics of L are identical to those of ZB (so long as we do not couple
the theory to dynamical gravity, in which case the % term plays the role of a cosmological
constant).

One can compute the stress tensor T, associated with the subtracted theory ENB, and then
assemble the combination 0, (T,;), which turns out to be a constant:

~ 1~ .~ 1.~ 1, ~
OA(Tab) = gTabTab - 6 (Taa )2 + 6 (Taa )R

(12

__* 32
P (32)
If we assume that A is positive, we can therefore write
QU - (33)

V2[0(Top))| '

This relation allows us to write a different flow equation for the Lagrangian EB. It is most
convenient to express this flow in terms of the variable x? rather than A = % By first substi-
tuting the solution (33) into the modified trace flow equation (30), then using the resulting
expression for T —R in equation (29), writing the equation in terms of the stress tensor Tab
for CNB, and finally changing variables from A to k2, one finds

BZB IaI(Taa —ﬁ)

2 —_
T et~ 4 2(Te)R

; (34)

where R is the root-T T-like combination constructed from T,,. We have therefore written a
flow equation for the subtracted Lagrangian ZB driven by a relevant operator constructed from
the stress tensor.

The non-trivial feature of this result is that the right side of (34) depends only on T,
and not on the flow parameter k2. One can always trivially rewrite a flow equation involving
an irrelevant deformation parameter A = % by changing variables to k2. However, such a
rewriting will generally produce an expression for % which is a relevant combination of both
x2 and the original deforming operator. In contrast, the flow (34) is driven by an operator
built solely from the stress tensor itself, which is a special feature of the Lagrangian ZB that is
possible because the combination f(T,;) is a constant.

2.2 Tensor multiplet

As explored in [30], one can also interpret the three-dimensional A’ = 1 tensor multiplet as
the Goldstone for a spontaneously broken second supersymmetry. In this section, we will study
stress tensor flows for the bosonic truncation of this multiplet.

The bosonic field content of the tensor-Goldstone multiplet is a scalar field ¢ and an aux-
iliary field H which can be assembled into a bispinor

fa/j = Baﬁqb + iEaﬁH, (35)

where we remind the reader that in this section we use the notation of Appendix B for spinorial
indices a, 3.
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One could have anticipated that this multiplet, for which the physical bosonic degree of
freedom is the scalar field ¢, might have provided an equivalent description of the Maxwell-
Goldstone multiplet from Hodge duality. Indeed, in three spacetime dimensions a 2-form field
strength is equivalent to a scalar field through the duality relation

dp =+f, (36)

where f = f,, dx® Adx?, d is the exterior derivative, and * is the Hodge star.
The undeformed Lagrangian for the bosonic truncation of this multiplet, which is the large-
k2 or small-A limit of the solution to the flow equation which we develop shortly, is propor-

tional to the combination

faﬂfa[a’ = aaﬂ¢aaﬁ¢ +2H2
=—20%¢3,¢ +2H>. (37)

Note that, for any Lagrangian £ that depends on the field H only through the combination H?
(and which has no kinetic term for H), the equation of motion for H is

oL
OH2
which admits the solution H = 0. Therefore, if we are only interested in on-shell flows where
the equation of motion for H is imposed, then it suffices to eliminate the field H from the
Lagrangian and restrict attention to the physical degree of freedom ¢. A common issue when
studying stress tensor flows for theories which include auxiliary fields is that it is often possible
to engineer a flow which reproduces a given Lagrangian on-shell, but not off-shell. We will
encounter precisely this issue in the analysis of this section and the same behavior arises in
the superspace flow of Section 3.
With a particular choice of normalization, the bosonic truncation of the Lagrangian for the
tensor-Goldstone multiplet can be written as

0, (38)

Lrg= %(1 —/1+22(09¢3,¢ —H2)) = 2 (1 —\J 1+ % (3243, —HZ)) , (39

in terms of either the variable A or k? = % When the auxiliary field H is set to zero using its
equation of motion, this reduces to

Lraly—o = %(1 — V14228993, ) = > (1 —\J 1+ %Maaq&) : (40)

which is the scalar sector of the Dirac-Born-Infeld action. From this perspective, ¢ can be
thought of as a scalar field that describes the transverse fluctuations to a D2-brane, and the
parameter k2 controls the tension of the brane.

Flow equation

For the moment, we will consider off-shell flows where we do not eliminate the auxiliary field
H using its equation of motion. We first compute the stress tensor for a general Lagrangian
L(x1, x5) which depends on the two Lorentz-invariant combinations

X1 =0%d¢, xy=H. (41)
As H does not couple to the metric, the Hilbert stress tensor is simply
oL
Top = nab£_2_3a¢ab¢ . (42)
dxq

12


https://scipost.org
https://scipost.org/SciPostPhys.16.1.038

Scil SciPost Phys. 16, 038 (2024)

A direct computation of the contractions of T,; needed to construct our flow gives

oL oL \?
o ot ate 2L a (25
ab 4 X1 ax1 4.7('1 8)(1
oL
T, =3L-205. 43)

As in the gauge theory analysis, there is a special combination of these contractions:

1 2 8 L2
L )
Conveniently, this combination (44) is a perfect square which does not depend directly on £
but only on its derivative with respect to x;.

In order to consistently take square roots, we will again need to make certain assumptions
about the signs of quantities in the scalar context. The free Lagrangian is given by £ = —x,
where

x; =03 0,¢ =—(8,9)* + (3, ¢)* . (45)

We will assume that x; < 0 and g—fl < 0. Note that this is, in some sense, the opposite

convention as that chosen in section 2.1, where we assumed that |}_E‘|2 < |]_5’)|2 Here we are
instead supposing that (8,¢)* > (8, ¢ )*. We will see that this sign choice is convenient because
it will imply that the scalar theory satisfies the same flow equation, with the same relative
coefficients, as the Born-Infeld Lagrangian; with the opposite sign convention, the sign of one
of the terms would be reversed.

With this choice of sign, we may define the root-T T-like operator R via the square root of
(44),

3 1 2 oL
R=\|=|TabT , — = (Ta ):x—’ 46
\J 8 ( ab™ 3 () 1ax, (46)
where we choose the positive root because x; aa_xLl > 0 in these conventions.

It is worth pointing out that, with either choice of sign, the operator R is an on-shell total
derivative. The equation of motion associated with any Lagrangian £(x;) is

o-a(52) 20 (a0 2L). )

On the other hand,
oL

R=x7y
1

oL oL oL
—0vgpopg =0 (sa s )-sot(ass ). w®)
a Xq 3 Xq a Xq
Comparing the final expression of (48) to that of (47), we see that the second term of R
vanishes on-shell and thus R is a total derivative up to equations of motion as claimed.
We now propose the flow equation

oL 1 1 2 1
—=-r1%T,—=(T%° )" +=T% -R
o7 "6 eI 5T
_£x18x1 zﬁ , (49)

which takes the same form as the differential equation (18) which deformed the free Maxwell
theory to the Born-Infeld theory. The solution to the differential equation (49) with initial
condition

Lo=—X1+xy=—0%0,¢ +H?, (50)

13


https://scipost.org
https://scipost.org/SciPostPhys.16.1.038

Scil SciPost Phys. 16, 038 (2024)

is

24 2Ax5 —24/1+ Ax7(2 + Ax5)
).(2"‘).3(2) '

This solution does not match the bosonic sector of the tensor multiplet (39) off-shell. However,
if we put the auxiliary on-shell by setting H = 0, (51) reduces to

L), = %(1— V1+22395,9), (52)

where we have replaced x; = 9%¢J,¢. This does match the expression (40) for the tensor-
Goldstone Lagrangian when the auxiliary field is set to zero. Therefore the differential equa-
tion (49) can be thought of as an on-shell flow which produces the tensor-Goldstone La-
grangian from the initial condition £, = —3%¢ d,¢ + H?, albeit only when the auxiliary field
is set to zero.

In a sense, the reason that this deformation only yields the desired solution on-shell
is because the two terms in £, have different metric dependence: the scalar kinetic term
x; = g%3,¢38,¢ couples explicitly to the metric, whereas x, = H? is independent of the
metric and therefore contributes to the Hilbert stress tensor only through the variation of the
measure factor ,/—g. It is possible, though somewhat artificial, to write a Lagrangian which is
equivalent to £, but where the two terms couple to the metric in a more symmetrical way by
introducing an auxiliary vector field v¢; this procedure is discussed in Appendix C and leads
to an off-shell flow that yields the tensor-Goldstone Lagrangian.

Let us also make a few comments about dimensional reduction. If we compactify one of
the spatial directions of our three-dimensional spacetime on a circle, and reduce the operator
driving the flow (49) to two dimensions, the resulting operator is not the same as the ordinary
two-dimensional T T operator. This is clear both because the numerical coefficients multiplying
the first two terms will differ from those of the 2d operator (1), and because the third term
will survive, which is not present in O(Tz; ). In particular, there is no reason to expect that this

L(A) = (51

dimensionally-reduced 3d operator will share any of the desirable properties of the usual 2d
TT operator, such as preserving integrability.

This observation is in agreement with the conclusions of [76], which studied the dimen-
sional reduction of the 3d membrane theory to 2d, and found that the S-matrix of the resulting
two-dimensional theory is not integrable. However, the same authors found that performing
a conventional 2d TT deformation of the free limit of this dimensionally reduced theory does
yield an integrable S-matrix, as it must. Because our flow equation (49) yields the 3d mem-
brane theory, it is therefore expected that its dimensional reduction differs from the 2d TT
deformation, since this dimensional reduction cannot preserve integrability in light of the re-
sults of [76].

Modified trace flow equation

For simplicity, in this section we restrict to on-shell flows where the auxiliary field H is set to
zero. We focus on the flow for the Lagrangian

£=%(1—\/1+21x1), (53)

where x; = 9%¢ J, ¢, which we have seen satisfies the flow equation

dL 1 1 2 1
— =0, =-T%T,;, —=(T% )" + =T R, 54
or~ * e e 9( ) 9 ¢ G

where R = \f3 (107~ 3(12, ) = 28

1
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The undeformed limit of (53) is the theory of a free scalar in three spacetime dimensions,
which is not scale invariant in the sense of having a stress tensor with vanishing trace. For
Lo=—0%3,¢, one finds

TS =—0%}3,¢ #0. (55)

Although one can perform an improvement transformation to eliminate the trace (55) for
the free scalar theory (which is a consequence of the fact that d%¢d,¢ is an on-shell to-
tal derivative), the standard Hilbert stress tensor without any improvement term is non-
vanishing. As a result, the deformed theory (53) cannot possibly satisfy the trace flow equation
T% (A) = —3Af(T,4,(A)) for a deformed conformal field theory, where f(T,;,(A)) is defined by
equation (54), since this requires T% =0 when A = 0.

However, as in the analysis of Section 2.1, one might ask whether the deformed Lagrangian
(53) satisfies a modified version of the usual trace flow equation as the flow parameter A
is varied. Again we find that the answer is yes; one finds that this Lagrangian satisfies the
relations

oL 1, 4
ﬁ_—g(Ta —R), (56)
or equivalently
1
205 (T (W) = =3 (T, —R), (57)

where again O, (T,,(1)) = %T“bTa - % (Taa )2 + %T“aR is the deforming operator. Thus we
see that this deformation of the three dimensional free scalar satisfies a modified trace flow
equation where the role of the trace is played by the combination T% —R.

Equations (56) and (57) hold as exact off-shell relations. However, we have noted before
around equation (48) that the operator R is an on-shell total derivative for any Lagrangian
L(x;). Thus the contribution from the R term drops out of the integrated expressions of these
modified trace flow equations. For instance, one has

oL 1 1
[eofte [oem pat [, o

where in the last step we write ~ to indicate equivalence up to any possible boundary terms
which arise from integrating a total spacetime derivative and equations of motion.

This is in accord with the fact that, despite the non-zero trace of the Hilbert stress tensor
for the theory of a free scalar field in d > 2 dimensions, one can define an improved stress
tensor whose trace vanishes. Let us briefly review this simple observation. In any spacetime
dimension d, the Lagrangian £ = 9“¢ J,¢ for a single massless scalar has the Hilbert stress
tensor

Top :_2aa¢ab¢ +g,uvac¢ac¢: (59)

whose trace is T% = (d —2)3°¢J.¢. One can always improve the stress tensor as
Tap — Tgy = Tap + (820 — M0y 0°0) 1, (60)

for any function u, without affecting the symmetry or conservation of the stress tensor. In
particular, we may choose

d-2 ,
= — 61
=S (61)
so that the improved stress tensor is
/, =—23,¢0 2 had+ ——2 (5,0 9°3,) >
Tab__z a¢ b¢+guv ¢ C¢+2(d—1)( a% — MNab c)¢ . (62)
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The trace of the stress tensor, after dropping all terms proportional to 9°d,¢ which vanish
on-shell, is then

d—2
2(d—1)
Now consider deforming this d-dimensional free scalar theory by any function f (T é b). Since
the improved stress tensor T/, agrees with the Hilbert stress tensor T,;, up to on-shell total
derivatives, it can also be used to generate scale transformations inside of spacetime integrals.
Further, the trace of the improved stress tensor vanishes at A = 0 by construction. Thus by the
general arguments presented around equation (25), one has

a

T :(—2+d+ -2(1—d))36¢ac¢=0. (63)

oL, 1
A dBPx—=L=—| d3xT" . 64
J Yor T4 J T (©
If one were to strip off the integrals in (64), equating the integrands and neglecting total
derivatives, one would conclude that A% = —%T ’aa , which seems to contradict the result

(56) because it is missing the term proportional to R. However we now see that the two
equations are consistent inside of a total spacetime integral, because the term R is an on-shell
total derivative, as is the difference between T ¢ and T .

Relevant flow equation

For completeness, we now repeat the relevant flow analysis of Section 2.1 for the case of the
deformed scalar theory. We will find that a subtracted version of this Lagrangian also satisfies
a flow equation driven by a relevant combination of stress tensors, exactly like in the gauge
theory case. As in the preceding analysis, for simplicity we will use the auxiliary field equation
of motion to set H = 0 and focus purely on the scalar ¢.

We first define the subtracted version of the deformed scalar Lagrangian as

Z:%,/Hzxxl, (65)

where a is a dimensionless constant. Again, the constant term that we have removed does
not affect the dynamics of the theory. However, we note that for the 2d TT deformation of
free scalars, the corresponding % term can be interpreted as arising from a coupling between
the Nambu-Goto string and a constant target-space B field [77]. A related observation is that
the 2d TT deformation can be obtained by considering the uniform light-cone gauge for the
string, as discussed in [52, 78-80]. In our case, since we may interpret the scalar ¢ as a
transverse fluctuation of a D2-brane, it is natural to instead view the % term as a coupling to
a constant target-space Ramond-Ramond field C5. It would be interesting to explore whether
an analogue of the uniform-light cone gauge for a D2-brane yields the deformation considered
in this work.

Computing the stress tensor T, associated with the subtracted Lagrangian £, one finds

that it satisfies )
~ | PSP 1 =0V lag a
0, (Tp(N)) = =TT — = (T2 )"+ T4 R=——,
A ( ab( )) 6 ab 9 ( a ) 9 a 2A
where R is the root-T T-like operator for the subtracted theory £. In particular, the deforming
operator O; (Tab(k)) of equation (66) is a constant, independent of fields.
By an argument analogous to that of section 2.1, one can then show that the subtracted

scalar Lagrangian satisfies

(66)

o lal(F-R)

(67)

a2 ’
\/‘STabTab —2(T2)* + 2TaaR‘

which is again a flow equation driven by a relevant combination of stress tensors.
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General dimension

To conclude this section, we point out that the possibility of engineering a square-root solution
to the flow equation for a single free scalar field is not special to three spacetime dimensions.
A straightforward generalization of the above argument applies in any spacetime dimension
d.

Let ¢ be a scalar field in d dimensions and consider a general Lagrangian which depends
on the Lorentz invariant x; = d%¢Jd,¢. The Hilbert stress tensor is identical to the one we
considered in d = 3, namely

aL
=NapL— 2 3 PP, (68)
and the contractions we need are

2
TOT,, = dL?—4Lx, 25 1 4x (a_/;) :
dx Xq axl

)
=dL—2x7 f (69)
1

Now the special combination of these invariants is

1 2 4d—1) ,( 3L
TT,,—=(T2)" = 2( ) : 70
w=q(T%) d \ax 70)
If we again assume x; < 0 and < 0 then we may take the square root to define
d 1 2 oL
R=\|——(ToT,, —= (T2 )" | = 71
\J4(d—1)( =g a)) ox, (71)

Next we consider the flow equation

o
(72)
Y, d2 d2

which simplifies to

oL 1 oL

— =—=L*+Lx 73

oA~ 2 5% 73)
The solution to this differential equation with initial condition L, = —x; = —9%¢J, ¢ is

L) = %(1— J1+23x,). 74)

As in the three-dimensional case, this d-dimensional Lagrangian satisfies a modified trace flow

equation

oL 1, .
) ——E(T ' —(d—2)R), (75)

or equivalently
1
208(T,, (1)) = - (1% —(d—2)R). (76)

By an argument identical to that in equations (47) and (48), the operator R is an on-shell total
derivative in the d-dimensional setting, so this modified trace flow equation is consistent with
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the fact that the stress tensor for the undeformed theory £, = —3%¢ d,¢ can be improved in
such a way to make it traceless.
Finally, one can repeat the analysis of the subtracted version of the scalar Lagrangian in d

spacetime dimensions, letting
Zz%\/1+21x1, 77)

which satisfies

d—2 >
= TYR=—=, (78)

~ 1 1
O;d)(Tab(A)):ETabTa _ﬁ( aa )2+

As a consequence, when written in terms of the variable k2 = %, the subtracted Lagrangian
(77) also satisfies a relevant stress tensor flow:
3L |al (T, —(d —2)R)
oK2

. (79)

\/’dTabTab —2(T2 )’ +2(d —2):raaR’

3 Supersymmetric flows

In this section, we consider the A/ = 1 supersymmetric extension of the 3d Born-Infeld ac-
tion and investigate its interpretation as a flow that deforms the free super-Maxwell theory.
We begin with the 3d /' = 1 Maxwell-Goldstone (MG) multiplet [30]. Recall that in three
dimensions, the A = 1 vector multiplet is described by the following superspace action’

1
Sum ~ J d*xd*o w?, w?:= EW”‘ W,, (80)

where the superfield strength W, is constrained by the Bianchi identity
D*W,=0 = D?*W,=id,PW,;, D,Ws=DsW,. (81)

This Bianchi identity can be solved by expressing W, in terms of an unconstrained prepotential
superfield Ig

1
We =3 DPD,Ty. (82)
I's is not uniquely determined and is defined modulo the following gauge transformation
5T, =D,K, (83)

where K is an arbitrary scalar superfield. This vector supermultiplet will play the role of the
Goldstone multiplet associated with the spontaneous supersymmetry breaking ' =2—-> N =1.
The dynamics of MG are determined by requiring the surviving supersymmetry be manifest
and the broken one realized nonlinearly. The resulting Lagrangian is

L=W?f(T), (84)

where T 5
, T=-=D?>W2. (85)
1—-T+V/1-2T K2

7In this section, we follow the conventions of [30] and Superspace [81] — see Appendix A for details.

FM) =1+
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The dimensionful parameter x ([x] = 3/2) corresponds to the VEV of the superfield F, which
is one of the partners of W, under the second supersymmetry transformation 6* [30]:

S Wy=egF+-+, (F)~xk. (86)

In other words, k parametrizes by how much we break the second supersymmetry. In partic-
ular, at the k — oo limit, the theory reduces to the ' = 1 free Maxwell theory (80). The
dependence of the Lagrangian (84) on k defines a curve in the space of supersymmetric field
theories. This curve can be interpreted as a flow. The operator that triggers this flow is defined

as

oT 1
sz’(T)ﬁ :—FWZTf’(T). (87)

0= oL, _ w2 af(T) _
Jk?2 JK2

In Section 2, it was shown that the 3d Born-Infeld theory, which is the bosonic truncation
of the MG theory, can be obtained by a flow driven by the (stress tensor)?-type operator. We
would like to investigate whether this statement holds true for its supersymmetric extension
given by (84). Namely, can the flow operator (87) be written in terms of the supersymmetric
extension of the stress tensor?

We will show explicitly that the answer to the above question is positive. The proof is or-
ganized in the following way. In section 3.1, we introduce the supercurrent multiplet and give
its explicit component field expansion which includes the stress tensor and its supersymmetric
partner. Section 3.2 is devoted to the derivation of the supercurrent multiplet superfields for
the Maxwell-Goldstone theory and in section 3.3 we explicitly check that the flow operator
(87) is indeed a linear combination of (supercurrent)? terms. We also check that the bosonic
truncation of this result matches with section 2.1. As discussed in [30], the role of the Gold-
stone multiplet can also be played by the three dimensional projection of the tensor multiplet
which is dual to the vector multiplet. In section 3.4, we repeat the above calculations for the
tensor-Goldstone (TG) description. We confirm that for this case, the flow operator also takes
the (supercurrent)? form and is consistent with section 2.2.

3.1 Supercurrent multiplet and stress tensor

For any field theory, one can use the standard formula for the Hilbert stress tensor to find T,
as we did in section 2. However, in supersymmetric theories the physical degrees of freedom
are organized into supersymmetric multiplets, and therefore the stress tensor T,;, becomes a
member of such a multiplet which we call the supercurrent multiplet.®

The stress tensor of a field theory, by definition, couples the theory to gravity at cubic level.
Similarly, the supercurrent multiplet of a supersymmetric theory £y[ W] defines the coupling
of the theory with linearized supergravity in the following manner:

Lo[W] = LIW,Wup,, 0] = Lo[W]+ TP Jop [W]+ @I [W]+ L0 [T,5., 0], (88)

The superfield ¥,g, is a completely symmetric spinor and serves as the linearized prepotential
for 3d, N' =1 conformal supergravity and ¢ is the linearized compensator. The superfields
Japy[W]and J[W] define the supercurrent multiplet of the theory L£,[W ] and they are called
the supercurrent and supertrace, respectively.

The supergravity superfields ¥*#7 ¢ enjoy the following gauge transformations

5 wBr ~ plaghn)

o @~ 8(1[3 gaﬁ 5 (89)

8Famous examples of 4d supercurrent multiplets are the Ferrara-Zumino multiplet [82], the R-multiplet (see
section 7 of [81]) and their generalization the S-multiplet [83,84]. Also see [85] and related constructions in [86].
For 3d, which is relevant for our paper, the A/ = 2 supercurrents were discussed in [87] while the N' =1 case is
directly related to the 2d V' =(1,1) case of [52,53].
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where £P is an arbitrary, symmetric, superfield parameter for the above linearized superdif-
feomorphism.’

The gauge invariance of (88) requires the following superspace conservation equation of
the supercurrent multiplet — modulo equations of motion —

DaJa/jY(X,Q):Zl BﬁYJ(x,O) (90)

This is the supersymmetric extension of the stress tensor conservation equation.

Improvement terms It is important to emphasize that the above conservation equation does
not uniquely define the supercurrent and supertrace superfields. In fact there is an infinite
family of them. This is understood by the so-called improvement terms. These are the de-
formations that identically satisfy (90). It is straightforward to check that the supercurrent

multiplet (jaﬂy,j ) defined as follows

Japy = Japy + DiadppA,

L 91
J=J—4iD?A, 1)

where A is an arbitrary superfield also satisfies conservation equation (90). These are the
supersymmetric extension of (60).

Components of supercurrent multiplet The 0-expansions for the superfields J,g,(x,0)
and J(x, 0) are the following

J .
Jaﬂy(x: 0)= Sa[jy(x) +6° |: tpa/iy(x) - Z Cp(a aﬂ}/)](x)]

Y .
+6? [ 3—t Oap Sy () = éa(ocp Spy)p(X) ] ; ©2)
J(x,0)=j(x)+0%s4(x)— %926()().

Here the component fields s,g,(x) and t,p,5(x) are completely symmetric on their spinorial
indices. Moreover, (90) implies that the following fields

Tapys(x) :=tapys(x)— % CyaCpys ©(x), (93a)
Sapy(X) :=54p,(x)— Cyasp)(x), (93b)

satisfy the conservation equations
0% Spp (x) =0, 0P T,up,(x)=0. (94)

The field T,p,5(x) corresponds to the stress tensor and its spinor indices have the follow-
ing symmetry properties: Tog,5(x) = Tpgys5(x) = Ty54p(x). Using (A.28), the conversion
between spacetime indices and spinorial indices is:

1
T.p = _Z(Yg)aﬁ()/g)yé TaﬁyB > Taﬁy5 = Ty5a[3’ = _(Yg)aﬂ(yé)ﬂs T@ ’ (95)

The superfield W4, is the linearized super-vielbein, hence V, =¥, 9P +... This determines the engineering
dimensions [W**"] = —1/2 and via (88) [Jup,] = 5/2. The conservation equation (90) fixes [J] = 2.
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Note that t,g,5(x) is the completely symmetric part of the T,p,5(x) and it appears only in
the supercurrent superfield J,g,, while ©(x) is the trace part of Ty, and it appears only in the
supertrace superfield J.

afy>

1 1
tapys(X) = T(aﬁys)(x) =— D(a Jpysy(x,0)|,
1 (96)
e(x)zTgezE of —3D2J(x 0)l.

One can also check that the traceless part T, of the stress tensor only depends on tapys(X),

1 1
b =Tap = 3Nap© = —;}(Ya_)"’j(@)y5 tapys(x), 97)

and using (A.15) the square of the traceless part becomes

BN 1 1
TT , = TRT, —~0? ==

ab 2™ 3 7 Lapys 077 (98)

The operator S, g, (x) = S,,5(x) is the supersymmetric partner of T,p,5(x) and it corresponds
to Noether’s conserved current associated with supersymmetry. Its completely symmetric part
Sqpy(X) is embedded in the supercurrent, while its trace s,(x) is embedded in the supertrace.

1
aﬁy(x) S(aﬂy)(x) aﬁy(xn 9)' >
(99)
Sa(x) = gsaﬁﬁ(X) =D, J(x,0)].

3.2 Supercurrent and supertrace of 3d Maxwell-Goldstone multiplet

The explicit calculation of the supercurrent multiplet (J,p,,J) for a particular theory can be
carried out in various ways. The typical method, as suggested by (88), is to couple the theory
to supergravity and then take the linearized limit in order to read off the supercurrent J,, g, and
the supertrace J. This approach will be followed in section 4. A different methodology is to use
the superspace conservation equation (90) as a consistency condition which can be solved in
order to determine the supercurrent multiplet. This latter approach will be used in this section
for MG theory (84). The calculation has two parts. First note that for f(T) =1 (k — 00),
equation (84) reduces to the free super-Maxwell theory (80). Therefore we start with a warm-
up calculation of the supercurrent multiplet corresponding to the free vector supermultiplet
in order to build our intuition about the structure of the supercurrent and supertrace. In the
second part, we generalize these results to arbitrary f(T) (finite k # 0).

3.2.1 Warm up: Supercurrent multiplet of super-Maxwell

For the free super-Maxwell theory, the supercurrent multiplet {J,g,, J} must be quadratic in
W,,.'° Moreover, due to the engineering dimensions [Japy1=5/2,[J]=2,and [W,] =1, the
supercurrent will include exactly one spinorial derivative and the supertrace will have zero

spinorial derivatives. Finally, the index structure of J,4, and J suggests the following ansatz'!

Japy = WeDgW,y, J=W?2. (100)

afy

19The use of bare prepotential superfield T, (82) is not allowed due to the invariance of the cubic vertex (88)
under the gauge transformation (83).

1The corresponding supercurrent of the 4d vector multiplet was derived in [82], see also [88]. Extensions to
higher spin gauge theories are found in [89,90].
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We will now show that (100) indeed satisfies the conservation equation (90) up to the equa-
tions of motion:

(81)
DPD,Ws=0 = G,zWF=0=DW,. (101)

Direct computation yields

D* ‘Jaﬁ}’ = (D% Wa) (D(ﬁWY)) + (D% Wﬂ) (D(YW‘X)) + (D% W),) (D(aWﬁ))

— W, D*D(s W,y — Wj DD, Wy — W, DD W) .

(102)

Note that (1.) by using (81), the first term vanishes; (2.) terms two and three cancel; (3.)
terms five and six vanish independently on-shell by (101); (4.) the fourth term can be simpli-
fied in the following way via (A.21) and (101)

Da Jaﬁy = Wa DaD(/iWY) = iWa aa(ﬁWY) =i 8a(,3W“WY) =2i aﬁYWZ . (103)
This is the conservation equation (90).

3.2.2 Supercurrent multiplet of Maxwell-Goldstone

For the Maxwell-Goldstone theory
Smc =Jd3xd29 W2 f(T), (104)

f(T) (85) is no longer a constant and therefore its supercurrent multiplet {7,5,, J} will
generalize the super-Maxwell theory results (100) with additional terms depending on the
derivatives of f(T), such that in the f(T) — 1 limit we restore the results of section 3.2.1.

T~ F(T) I+ f/(T)OD + f/(T) OB + ..

This is also reflected in the fact that the equations of motion of MG theory include factors of
f(T) and its derivatives.

EOM Indeed, by varying the action (104) with respect to the prepotential superfield Tj, it is
straightforward to find the following equation of motion

DPD,[W, ¢ |=0, (106)

where the factor g is defined as

g = F(1)+ S0 wf(1)]

9 9 (107)
= f(T)+ Tf(T)+ S W?Df'(T) + —(D°W)(Dsf(T)).
Equivalently, using (A.21) the equation of motion can also take the form
p*{W, g} =—ia.,f{w, g} (108)

As expected, (106) reduces to (101) when we take f — 1.
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Supercurrents The results of section 3.2.1 in combination with the MG equations of motion
suggest the following ansatz for the MG supercurrent

jﬁ}fy = W(a(D/sWy)) 8 = WDp (Wy) g), (109)

where the second equal sign comes from WgW,) = 0. After some algebra using properties of
supersymmetric covariant derivatives and the spinorial superfield W,, we find that

D*Jp = 2i 9, (W2g) +4iW? (35, ) — (DEW(D,)2). (110)
It is evident that this equation is not consistent with the expected conservation equation. In
particular, the last two terms measure the failure of jé;j)y to satisfy (90). In order to eliminate
these two terms, we consider additional contributions to the supercurrent as illustrated in

(105). In particular, we examine the following term

TS, = W? 8upDp(W* 1) = W2 (84p Dy W) . (111)

The structure of this term is motivated by the fact that the last two terms of (110) depend
only on W2 and its derivatives. One factor of W? is written explicitly and the second factor
resides inside derivatives of g. Moreover, notice that ‘705?5)7 has two equivalent representations
due to the nilpotency condition of W, (i.e. W,WgW, = 0). The factor h will be determined by
demanding the cancellation of the last two terms in (110).

Direct calculation using (A.25) and (A.26) gives

D7) =2i (D W2D,DX(W2h) + 8 W2 35, D2(W2h) + 6 (D*W2) 8, D,(W?h). (112)
The last two terms are not independent; in fact they are related by the following identity
W2 35, D2(W2h) + (D*W2)3p, Do (W2h) = —(D*W2)3y, (W?h), (113)
which follows from the nilpotency of W, (see proof in A.2). Observe that if we choose
h=F(T) = SDAWh)=g—f(T), (114

then the first two terms in (112) have a similar structure as the anomalous terms in (110).
With these substitutions, we find

2
5D T =685, [TW? F/(T) | +4W? 3, f(T)+2W 3y, g

afy
+2i (D W2)(Dy)g ) — 2i (D W) (D, £(T)).

Surprisingly, most of these terms are associated with each other via the following identity

(115)

(DEW2(D))g) = —2i W23y, +4iW? 3, £ (T)—2 (D f(T)) (D W?). (116)

We leave this derivation in Appendix A.2. Using (116), (115) can be rewritten as follows:

2 (2) 2 2 . 2
DA =605, [TW?F/(T) [ +4W? 3, g +i (D W)(D)g). (117)
Finally, we combine (110) and (117) and we find the following conservation equation
W _2 @7 _o; 2 2
D[ T, — i3 Tigy | =218, [W? (D) +4W> T £(1)]. (118)

From this we can immediately identify the supercurrent multiplet of the Maxwell-Goldstone
multiplet,

2 /
Tapy = WaDp (Wy) g) —1 P w? 3(aﬁDy)(W2f (T)) , (119a)
T =W2f(T)+4W2T f'(T). (119b)
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3.3 Flow operator as supercurrent-squared operator

The supercurrent multiplet (119a, 119b) calculated above allows us to answer the question
we asked at the beginning of section 3. In particular, if we view the MG theory as the result of
a flow triggered by the operator O, of (87), then can we give a T2-like interpretation to this
flow? In other words, can O, be expressed as a linear combination of “supercurrent-squared”
terms?

Supercurrent-squared scalars To answer this question, we search for superspace opera-
tors defined in terms of the supercurrent and supertrace and their derivatives such that their
bosonic truncations will produce T2 terms. In general, there are three types of T2 terms: (1.)
the square of the traceless part of the stress tensor T92T,;; (2.) the square of the trace ©2;
(3.) the mixed term formed from the product of the trace with the “strength” of the traceless

part ©,/ TabT ,. Recall that the traceless part is a component of the supercurrent, whereas the
trace resides in supertrace (96). Therefore, a natural proposal for the superspace operators in
question is the following:

O =T J g,

Og2=JD?*J, (120)
Oer = J4/D@IFIODJp 5.

These operators are certainly not unique, however they are computationally convenient.
They partition the three types of contributions mentioned above based on the fact that the
traceless and trace parts of the energy-momentum tensor reside in different superfields. By
integrating these operators over the fermionic directions and using (92), we find their corre-
sponding spacetime components to be

f d?0 O =— tpaﬁy(x)tpam(x) + fermions,

f d?6 Og2 = %@(x)2 + fermions, (121)

d?0 Oggr = il e(x) \/taﬂﬁ(x)t 5(x) + fermions.
3 afy

Flow operator Now we evaluate these operators for MG theory. In (120) we plug in (119a)
and (119b) to find

2
OTz:—4!2;<2W2T[f(T)+Tf’(T)] , (122a)
K2 2
Og> = ?Wz T[f()+4T1f(M)], (122b)
Oor=412V6K2TW2[ F(T)+4T f(D) ][ F(T)+ T£(T)], (122¢)

where we have used the nilpotency condition W3 = 0 repeatedly. It is straightforward to check
that f(T) defined as (85) satisfies the following constraint

1
fTY =S FIY+ T AT F(T). (123)
With that in mind, we can show that the flow operator can be written as
Oz =— iz W2T f/(T)
K

1 1 1
= L,
108 9 4326 GR]

(124)
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This concludes the proof that the supersymmetric Maxwell-Goldstone theory satisfies a
supercurrent-square like flow given by
1 1

oL, 1

4 K

— L = O+ =g — ——— Ogan .
: oK2 108 r 9 o 43246 oR

It is important to emphasize that this superspace flow equation holds off-shell. In other words,
equations (122) and (124) do not require the use of equations of motion.

(125)

Bosonic truncation O,. is a superspace operator that drives the flow in the space of mani-
festly N/ = 1 supersymmetric theories. We can use it to define the operator that controls the
flow of the bosonic truncation of the theory!?

oMe = K2 U d*e OKZ] : (126)
2 fermions—0

Using (121) and converting the pairs of spinorial indices to spacetime indices (98) we find

1 1 1 \ 3.~
O%G = _ETQT@ + 6 @2 — 5 e gTQTQ, (127)

which matches the operator O,.» defined in (20).

3.4 Flow interpretations for tensor-Goldstone

The 3d, N = 1 vector multiplet has a variant description in terms of a dual superfield U,. This
is demonstrated in [30] where this dual supermultiplet was used to provide an equivalent Gold-
stone multiplet corresponding to a nonlinear realization of the second broken supersymmetry.
Therefore, the question of interpreting the nonlinear theory as the flow of a T?2-like operator
could also be asked for this dual tensor-Goldstone description. In this section, we repeat the
previous analysis in order to: (1.) find the appropriate supercurrent multiplet { %4, £} cor-
responding to the TG; (2.) use it to define the deformations of the theory that include T?2-like
terms; (3.) show that the TG theory defines a flow operator ;. which can be expressed as a
linear combination of the above deformations; (4.) extract the bosonic truncation of this flow
operator.

Preliminaries We start with a brief reminder of the 3d variant description. The superspace
action takes the following form.

Sy ~ —f d*x d?0 U2, (128)
where the superfield U, is constrained by the following Bianchi Identity:
D*DPU, =0 = D*U,=-i3,Us. (129)
This can be solved by expressing U, in terms of an unconstrained scalar superfield G.

U,=D,G. (130)

In [30] we promoted this tensor multiplet to a tensor-Goldstone multiplet, consistent with the
spontaneous breaking of A’ =2 — A =1, described by the following action:

STG=—J d3xd?6 U?n(T), (131)

12The prefactor x* provides the correct engineering dimensions for a T? deformation, while the numerical factor
is a normalization choice.
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where

X ~ 2
h(x)=1— =f(—x), T:==DU%. (132)

T+x+V/1+2x f i2
The dimensionful parameter K has the same engineering dimension as ¥ ([K] = 3/2) and
describes the scale at which we break the second supersymmetry. Similar to the MG, the &
dependence of the TG Lagrangian defines a curve which can be intepreted as a flow. This flow

is triggered by the following operator

0Ly 1 5,
=7y = U TH(T). (133)

Varying the action (131) with respect to the superfield G yields the following equation of
motion and its variants:

p*{U,2}=0 < D{Uz2}=D{U.}

(134)
= DY ug|=ia*[Upz].
where the factor g is defined as
- 2 -
g =h(T)+ = D*[U2n/()]. (135)
K

Moreover, using properties of superspace covariant derivatives and U, nilpotency condition
(U2 = 0), we find the following identity:

(DpU)(D8) = —2i U? 8, & +4i U2 35, h(T) — 2(Dh(T))(DyU?).  (136)
This is an analog of (116) for the TG.

Comparison between MG and TG Notice that the Lagrangians of the MG and TG have
similar structures (W* — U% T — T, f(T) — h(T)). However, we would like to emphasize
the following differences (see table 1).

In the free theory limit k, K — oo (g, & — 1), the Bianchi identity of one becomes the EoM
of the other. This is another way to demonstrate the duality between these two theories. But
for the interacting theories (g, & # 1), there is a mismatch. The conservation of the MG super-
current multiplet relies on the Bianchi identity of W, and EoM (left column). However, these
identities are modified in the TG case (right column). In order to compute the supercurrent-
squared operators {Orz2, Og2, Ogr} for the TG multiplet using similar arguments as those in
section 3.3, we use the following property

U2 (D,Up) = U?D,(Up) = U?Ds(U, &) = U? g (Dp U, ). (137)

Namely, in the presence of an additional U? factor, § can move in and out of the spinorial
derivative in the EoM (134), due to the nilpotency property of U,.

Table 1: Comparisons of MG and TG Bianchi identities and EoMs.

MG TG
Bianchi: D, Wj, =DsW, | EoM: D,(Upg ) =Dy(UsZ)
EoM: D“DF (W, g)=0 | Bianchi: D*DPU, =0

26


https://scipost.org
https://scipost.org/SciPostPhys.16.1.038

Scil SciPost Phys. 16, 038 (2024)

Supercurrents Motivated by (109) and (111), we consider the following ansatz!'®

1 5 UpUp=0 N
fofﬂ)y =U.g (Dﬂ Ur)) = UwDp (Uy) g), (138)
~\\ U3=0 -
féz)}/ = U2 3(a/3Dy)(U2 h/(T)) = U2 (a(a/jDY)Uz)h/(T) (139)

Using the various properties of U, (129, 134, 136, A.31, A.32) and the supersymmetric covari-
ant derivative algebra (A.25, A.26), we find the following superspace conservation equation

M, .2 40 |_,; 2y w2
Da[faﬁy +1i = aﬁy] =2i aﬁY(U h(T)—2TU*h (T)). (140)
From this, we identify the supercurrent multiplet for tensor-Goldstone theory as follows:
. .2 .
Fapy =Uia& (DpUp)) +1 25 U 8ap Dy (U H'(D)), (141a)
£ =U|nT)—2Fr'(D)]. (141b)

Supercurrent-squared operator Using the above supercurrent and supertrace, we evaluate
the supercurrent-squared operators (120)

2
>

Opan—41272 U2 T [W(T) + T (T)] (142a)
]2 ~” - . 12

Op= T v [n(f)—2TH(D)], (142b)

Oorm 412 V6R2U2 T [(F)—2T (D) | [W(T) + T H(T)]. (142¢)

The ‘A’ symbol signifies that the equality holds only on-shell. This is because equation (137)
was used in the derivation of (142). Again, this is a consequence of the duality between the
MG and TG descriptions. What was a Bianchi identity for W, now becomes an equation of
motion for U,. Off-shell, the expressions for Or2 and Ogg acquire corrections proportional
to H := DY U, (for details see section A.3). It is straightforward to see that the equation of
motion of U, [ D*(U,g) = 0 ] is equivalent to U2§H = 0 = H = 0. As a consequence all
these corrections vanish on-shell and also the auxiliary component H := | vanishes. This is
in agreement with the use of the on-shell equation H = 0 in section 2.2. Similar conditions
were used in the analysis of supersymmetric flows in other dimensions; see, for example, [29].
Note that h(T) defined in (132) satisfies the following relation

() = %hz(f)+ FR(F)R (). (143)

Therefore, the superspace flow operator 0. defined in (133) can be written on-shell as

1 1 1 1
Oo ~ —| — Op24+ = 0Og2—
&2 f<4[ 108 77979 4328
This expression confirms that the TG action (131) which describes the partial N =2 - N =1
supersymmetry breaking can be understood as the result of a supercurrent-squared flow. We
also stress that the operator above coincides precisely with the second line of (124) up to
exchanging &2 with x2. However, unlike the MG case, this flow is an on-shell one.

Oox . (144)

130ne can also motivate this ansatz by starting with (88) and performing the duality procedure described in [30].
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Bosonic truncation As mentioned previously, the tensor-Goldstone multiplet is a variant
description, and hence its bosonic truncation will be similar in form to the truncation of the
Maxwell-Goldstone multiplet. In other words, the bosonic sectors of both Lagrangians take
the form of 3d Born-Infeld. As a result, we expect the operators that trigger the corresponding
flows to take identical forms. Indeed, if we define the spacetime flow operator corresponding
to the TG analogously to (126), we find

OTZG = i4 9 d?0 O
K 2 K
fermions—0

1 1 1 3.
=T8T, +-0%— -0\ ZT®%T,
6 %9 9 \8

(145)

As a function of the energy-momentum tensor, OZZG is identical to O%G. However, we remind
the reader that the evaluation of T, differs for the two theories.

4 Derivation of supercurrents from N = 1 supergravity

In this section, we repeat the derivation of the supercurrents for the models analysed in the
previous section by using the superspace supergravity results of [91] and [92]. We stress that
the notations in this section are the ones of [91] and differ from the ones employed in the
previous section. For the reader’s convenience, the conventions used in this section together
with a map between the notation in this and the previous section is given in Appendix B. The
analysis in this section is a manifestly supersymmetric extension of the definition of the Hilbert
stress-energy tensor for a matter system. The reader can find standard background material
on the subject in [81,93]. Before describing the calculation of the supercurrents for vector
and scalar models, we introduce in the next subsection the necessary building blocks.

4.1 Building blocks from superspace supergravity

We are interested in coupling matter systems to 3d NV = 1 Poincaré supergravity. The latter can
be described as 3d N =1 conformal supergravity coupled to a conformal compensator scalar
multiplet. In superspace, the conformal supergravity multiplet can efficiently be described by
a curved superspace geometry with the torsion and curvature satisfying an appropriate set of
constraints. In this paper, we will employ the so-called SO(1) geometry for conformal super-
gravity — see [81,91] and also [92,94,95] for related approaches. The superspace geometry
is described in terms of covariant derivatives taking the following form

DA = (DaJDa) = EA_ QA; (146)

where E, = E,” /9™ defines the inverse vielbein, and'4

1 1
Qp= EQAbCMbc =—0,"My = EﬂAﬁYMﬁY’ (147)

is the Lorentz connection. The Lorentz generators act on the covariant derivatives as follows:

[Ma[iﬁp}/] = Ey(aD[i) B [Mab)Dc] = znc[an] . (148)

14The Lorentz generators with two vector indices (M,, = —M ba) w1th one vector index (M,) and with two spinor
indices (M, = Mj,) are related to each other by the rules: M, = 5&,,.M MY and Myp = (Y*)opM,. We will also
use D,p = (v*)apD, for the vector covariant derivative.
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The torsions and curvatures associated with the geometry arising from (anti-)commutation
relations of the covariant derivatives satisfy an appropriate set of conventional constraints as
described in [91]. The resulting algebra is:

{Da’Dﬁ} = ZIDaﬁ —4lSMaﬁ B (1493)
2 8
[Dup. D, ] = —26,SDgy + 26,(uCpy5,MP + 3(PrS)Map = 2 (DaS)Mpy, (149b)
i 4 2 .
[Da: Db] = _Egabc(}/c)aﬁ {Caﬁypy'i' E(Da‘s)pﬁ - (D(acﬁyé))MY(S + 5(@25 - 6182)Maﬂ} 5
(149¢)
where the torsion superfields S and C,p, satisfy the Bianchi identity
D'Cupy = 4 DysS
afy — _g afe - (150)

The gauge group of conformal supergravity consists of (i) superspace general coordinate and
local Lorentz transformations; (ii) super-Weyl transformations. Covariant general coordinate
transformations and local structure group transformations act on the covariant derivatives and
on a generic tensor superfield U belonging to some representation of the Lorentz groups as

1
5xDy=[K,D,], K=E&B(2)Dg+ EKbC(z)Mbc, 5:U=KU, (151)

with the gauge parameters £& and K¢ obeying natural reality conditions but otherwise arbi-
trary. Super-Weyl transformations, which are related to local dilatation and special conformal
transformations, arise as an invariance of the superspace geometry’s conventional constraints.
In particular, the algebra (149) is invariant under the following super-Weyl transformations of
the covariant derivatives and torsion superfields

1
85Da = 50 Do+ (DPo)M,p, (152a)
§,D,=0D, + %(ya)“ﬁ(pao)p,j + e (DPO)ME, (152b)

: 3 1
5,8=08— 1D, 8,Cupy = 50Cap;—5 DiapDy0 (152¢)

afy

with the parameter o being a real but otherwise unconstrained scalar superfield.
Among tensor superfields U, a special role is played by primary ones. A primary superfield
of weight w transforms homogenously under super-Weyl transformations:

5;U=woU. (153)

As mentioned before, Poincaré supergravity can be defined as conformal supergravity coupled
to a Lorentz scalar compensating multiplet. For 3d N =1 this can be chosen to be a nowhere
vanishing real primary scalar superfield ¢ such that

1
504,0:50@, @ #0. (154)

Another key ingredient in the formulation of general 3d N = 1 supergravity-matter systems
is the full superspace action principle. This is given by'®

S = iJ d22EL,  E'=Ber(E/M). (155)

5In the notation of [91] that we employ in this section, the superspace measure d*?z := d*xd?@ is purely
imaginary. For this reason, we use a factor of i in (155).
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The superspace Lagrangian L is chosen to be a primary, weight 2 real scalar superfield,
0,L = 20 L. Thanks to the fact that 6, E = —20°E, the action in eq. (155) is invariant un-
der super-Weyl transformations. As we will see in the examples of the coming subsections, in
general, the Lagrangian £ will be constructed out of matter fields, their covariant derivatives,
and, for non-conformal models, the compensator ¢.

As discussed in [81,92], the constraints associated with the conformal supergravity geome-
try of (149) and (150) can be solved in terms of a single conformal real prepotential superfield
Yopy = Y(apy)- For the scope of our paper, it suffices to know the covariant derivatives and
torsion superfields at first order in ¥ about a flat Minkowski superspace geometry. Such results
can be readily read off from the analysis given in Appendix B of [92]. One has

. 1 i 2i
Dy =Dy +iW,507° — Z(Dz‘Pa/sy)MﬁY - 5(3(a6‘1’/5y)5)Mﬁy - g(aﬁyqjﬁyﬁ)M&x +0(¥?),
(156a)

1
Dap = Bup + (D(a¥py5))0™ + 2 (D°W5(a)0p)"
i 5 1.5 105
+ [ ~ D apr 5% Yens — 39 ‘I’pé(aEﬁJY]DY

5 1 1
+[ = 28" Dp %50 + 38asD ™ Wroye + 5077 (Die ¥y parps + DiWypprtas)

1 1
- ESY(aSﬁ)gaPEDT\I/pTe + g(a(apgﬁ)(yDT\Pﬁ)pT — a(yp€5)(aDT‘~I’/5)pT):|MY§
+0(¥?), (156b)
1
S= —§D(“a/5”\pa,3y +0(¥?), (156¢)
1 i
Capy = 20" D*¥pps + 58" " Upysp + O(L?). (156d)

Here D, = (J,,D,) denote the flat Minkowski superspace covariant derivatives satisfying the
algebra
{Da,D/j} :2i8a[5, [8a,D/3]=[3a,3b]=O. (157)

Note that the value of the compensator in the flat background is chosen to be a constant; in
particular, we will choose ¢ = 1. Another useful result, which is implied by (156), is that the
Berezinian around a flat background satisfies

E=1+0(¥?). (158)

As discussed in [92], to obtain the previous representation, part of the supergravity gauge
group, including super-Weyl transformations, has to be used and it is fixed. The residual gauge

freedom of Dy, S, and Caﬁ), in (156) is described by transformations of the form

5DA = [IC, DA] + 6O'DA’ (159)

where the parameters £%, K be and o of (151) and (152) should be functions of &9 and its
covariant derivatives:

£u=—2DPEp, + OW), (1600)
Kop = 2D Epy + O(¥), (160b)
0 =D&+ O(¥) = %aagﬁom). (1600)
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The prepotential superfield then transforms as

1
6%apy = - Dalpy) + O(P), (161)
while the compensator ¢ satisfies
1
5¢ =—150Eap + O(L). (162)

Consider now a supergravity-matter system described by the full superspace action
S[U,D,, ¢], and depending in general upon matter multiplets (that we denote by U), the
conformal geometry, and the conformal compensator ¢. Assuming the equations of motion
for the matter superfields U are satisfied, 6S/6U = 0, the variation of the action induced by an

infinitesimal deformation of the gravitational superfields ¥,, and the compensator ¢ gives

§S[U, Dy, 0] = iJ &2z (50T 5, + 50T ), (163)

where we are taking a variation around a flat background, and hence we are dropping the E
factor in the final expression.

The superfields J .4, and J define the supercurrent multiplet and, as we will see in examples
in the coming subsections, can be computed explicitly by using the building blocks described
above. The variation (163) must vanish if 5W**" and 5 ¢ are the gauge transformations (161)
and (162). Since the gauge parameter & By = (ya)ﬁyia in (161) and (162) is an arbitrary
superfield, one concludes that the following supercurrent conservation equation must hold

i
DYJaﬁy - gaaﬁJ, (164)
provided the equations of motion for the matter multiplets U derived from the action
S[U, Dy, ¢] are satisfied. Note that if the model described by S is superconformal, then the
dependence upon the compensator ¢ should disappear, S = S[U,D,]. In this case, the trace
multiplet superfield vanishes, J = 0, and (164) simplifies to D"J 5, = 0.

4.2 Calculation of supercurrents for vector models

In this subsection we are going to use the supergravity building block of the previous subsection
to compute the supercurrent multiplet for vector multiplet models taking the following form

1 1
§=—3 f dPR2W2F(T), WE=W°W,, T:= §D2W2, D*>=D"D,, (165)

for any function f (T). Here W, is the field strength of an Abelian vector multiplet. In our nota-
tions, an Abelian vector multiplet can be described by a closed super 2-form F(?) = %EB NEAF 5,
dF® = 0, with components

Fu=0, (166a)

Fop =—i(y)py W' =—Fpq, (166b)
1

Fap = 5 €abe (Y)Y DaWp = —Fyq, (166¢)

where the field strength W, is real and satisfies

D*W,=0, (W) =W,. (167)

31


https://scipost.org
https://scipost.org/SciPostPhys.16.1.038

Scil SciPost Phys. 16, 038 (2024)

We can write the 6-components of W, as

Wy =g+ 6P fop+ %92aaﬁxﬁ, (168a)
1 a
)La = Wa|6=0: fa[j = DﬁWa|9:o = E € bc(Ya)aﬁfbc > a[afbc] =0, (168b)

where note that f,, = F,;|g_o with F,, being the top component of the closed superform F®
in eq. (166). The free supersymmetric Maxwell theory is described by the following action

1 1 :
S=— J dPRPzwew, = J d*x (—Zfabfab - %Aaaaﬁlﬁ) . (169)

which corresponds to (165) with f(T) = 1. Note also that the definition of the superfield T is
such that its lowest component coincides with the free Maxwell Lagrangian:

1 i
Tlo=o = _Zfabfab - Elaaaﬂlﬂ . (170)
The first step to compute the supercurrent for the previous models is to couple them to
Poincaré supergravity. The covariant vector multiplet is defined by a weight-3/2 primary real

spinor superfield strength W, satisfying
3
D*W,=0, 6 W,= E()'Wa, (171)

which represents the curved extension of W,,. To lift the model (165) to supergravity we would
also like to have a primary version of T and f(T). A straightforward calculation shows that
the following superfield is primary and weight zero:

1
T = 5( P AD2p W) —2ip 8 SW?),  §,T =0, (172)

where D? := D*D, and W? := W*W,. This expression for 7 can be obtained by using the
fact that, given a weight-1/2 scalar primary superfield, as for example ¢, the combination
(D? — 2iS)¢p transforms homogenously with weight 3/2 under super-Weyl transformations,
see [92]. Then any function f(7) is also a weight-zero primary superfield which reduces to
f(T) when taking the flat superspace limit, D, = D, and ¢ = 1. Since §,W? = 30 W?, it is
clear that the following action is an appropriate curved extension of (165)

S= —% J A2z E o2W2F(T). (173)

By noticing that the nilpotency condition W2\, = 0 holds, it follows that the previous action
can be written in the following simplified form

s=-1 J PPEEGTWST), Ti= Lo DN, (174)

This is our starting point to compute the supercurrent for (165).

It is simple to compute the supertrace, J. It suffices to take the variation of the compensator
¢ about the flat Minkowski background (D, = D,, ¢ = 1). We will denote this variation as
6, where the compensator should be thought as ¢ =1+ 5¢. By using the following result

5,f(T)=—85¢ Tf'(T), (175)
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one obtains

1
6¢S=—§fd3lzz5¢ w2{ —2f(T)—8Tf'(T)}. (176)
By comparing with the compensator variation in (163), we obtain
J =—iW2(f(T)+4Tf/(T)). (177)

The variation with respect to g, is slightly more involved. First of all, we need to obtain
the expression of the covariant field strength W, in terms of W, and the conformal prepoten-
tial. A natural candidate is given by the following ansatz

Wy =W, +a(DP W5 WY + bW, DPWY + O(F2). (178)

By imposing D*W, = 0 up to linear order in ¥ with D, given by (156a), and by using
D*W, = 0, one can check that the constant parameters in (178) are uniquely fixed to be

a=—b=1 = W,=W,+ (D W, )W =T, DPWY + O(¥?). (179)
This, together with (156a), implies
W2 =W?2—20%FTW, DWW, + O(0?), (180a)
T=¢ [ T— %DZ(\P“ﬁYWaDﬁWY) - éDa(\y“ﬁYamwz) + éaaﬂ(\p“ﬁmywﬂ + (9(\1/2)} :
(180b)

At this point, by using the results above together with (158), it is straightforward to take the
variation of (174) with respect to ¥*#" around D, = D, and ¢ = 1, which we denote as &,.
After some integration by parts, one obtains

5yS = f 32 5\1/“’”{ i[f(T)+%Dz(sz’(T))]W(aD/ﬂWy)—ész'(T)a(aﬁDy)Wz} - (181)

From this one can readily read off the expression for J,g,. Summarising, the supergravity
analysis leads to the following supercurrent multiplet for the model (165)

1
Japy =—18(TIWDg W, — gWZf’(T) BapDyW?, (182a)
J =—iW?(f(T)+4Tf(T)), (182b)
with the superfield g(T) defined by
1
g(T) = F(T)+ gD*(W2f(T)). (183)

Up to mapping notations according to Appendix B, and inserting factors of x? by field redefi-
nitions, the supercurrent coincides with the result of the previous section, egs. (119).
4.3 Calculation of supercurrents for tensor/scalar multiplet models

We conclude this section by looking at the calculation of the supercurrent for models based on
tensor multiplets. In the notation of this section, we look at models described by the following
action principle

S = —% f d32z U2h(T), (184)

33


https://scipost.org
https://scipost.org/SciPostPhys.16.1.038

Scil SciPost Phys. 16, 038 (2024)

where the superfields U, and T satisfy

D*DgU, =0, (U, =U,, U*:=U%,, T= %DZUZ. (185)
The solution of the constraint for the tensor multiplet is given in terms of a spinor derivative
of a real scalar superfield p: U, =iD,p. We will use this decomposition as the starting point
to couple the multiplet to supergravity. In fact, we promote the scalar superfield p to be a
primary of weight zero. This implies that the curved version of U,, which we denote as i,, is
a primary of weight-1/2. More specifically, we use

1
p, O0,p=0, U,:=iD,p, OoU,= Eoua. (186)

A locally supersymmetric and super-Weyl invariant version of the model (184) is described by
the action

1 .
S =—§f d*z E 2% n(T), (187)
where U? :=U*U, and
.1
T= §¢—4D2u2. (188)

Note that T is not a primary superfield, as it transforms inhomogeneously under super-Weyl
transformations. However, it is simple to show that, due to the nilpotency 2/2U/, = 0, it satisfies
U25,T = 0 which suffices to make (187) super-Weyl invariant.

By following the same analysis of the previous subsection, it is now simple to obtain the
supercurrent for (184) by taking the variation of (187) with respect to the conformal prepo-
tential ¥, g, and the conformal compensator . First of all, the U, superfield is independent
of the compensator ¢ and it is simple to show that, around the flat Minkowski superspace
background (D, = Dy, ¢ = 1) one has 6 so'i‘ = —45(,07". Next, by using (156a), the fact that p

is a scalar superfield, and 8% = —iD'®DP), one can immediately obtain the following results
Uy =i(Dy +1%,,507°)p + O(F?), (189a)

Sylly = 6%, DPUT, (189b)

syU* =25w*P"U,DsU,, (189¢)

5yT = g5\1/("/5Y<9(1,51)YU + g(aaﬂ 5w*Fr)D, U? - gDa(é\I/“ﬁYamU )
1o
+0D (69*F1U,DgU,). (189d)
By using the equations above, together with 6y E = 0, it is straightforward to take an arbi-

trary variation of (187) with respect of ¥*#7 and ¢ which, after performing some superspace
integration by parts to bring the result in the form (163), leads to the following supercurrent

- 1 ~ 1 -
Japy = 1Ua(DpUp)[A(T) + gDZ(Uzh’(T))] — U (8ap DU (D), (190a)
J =iv?[n(T)—2TH'(D)]. (190b)

Up to mapping notations according to Appendix B, and inserting factors of &2 by field redefi-
nitions, the supercurrent coincides with the result of the previous section, eq. (141).
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5 Conclusion

In this work, we have realized the effective description of a D2-brane via an irrelevant defor-
mation of a free theory. The flow connecting this nonlinear description to the free point can
be realized either in gauge theory variables or in the tensor-Goldstone presentation, where
the bosonic field content is a scalar field that can be interpreted as the Hodge dual of the
Born-Infeld gauge field.

When restricting to the bosonic truncation of these theories, the operator driving our flow is
a dimension-6 combination of stress tensors which is similar to the T T-like deformations which
are known to produce string and brane actions in d = 2 and d = 4, respectively. However,
we have found that in d = 3 we must introduce a new ingredient which is a non-analytic

combination of energy-momentum tensors, R = \/ % (TabTab — % (Taa )2)

We have shown that this flow can be made manifestly supersymmetric by constructing
the deforming operator directly from supercurrents in A/ = 1 superspace, including a super-
field version of the non-analytic operator R. For the deformation associated to the Maxwell-
Goldstone multiplet, the flow equation holds fully off-shell, which is only known to occur in a
handful of other cases [27,52,53]. More generally, both the Maxwell-Goldstone and tensor-
Goldstone flows provide new examples, besides the known results in d = 2 and d = 4, where a
deformation by a quadratic combination of supercurrents produces a theory with an additional
non-linearly realized supersymmetry. We have also developed technology for computing the
supercurrents in a fairly general class of vector and tensor models using two approaches: by
solving the consistency conditions provided by the superspace conservation equations, and by
coupling to A/ = 1 supergravity then taking the linearized limit.

These observations provide further evidence for a deeper connection between deforma-
tions by conserved currents, theories of strings and branes, and spontaneously broken symme-
tries (including supersymmetries). The full scope of this connection remains to be explored,
and there remain several interesting avenues for future research. Perhaps the most natural
extension is to consider versions of the analysis in this work for theories with more supersym-
metry and different symmetry breaking patterns. Below we outline some other directions, and
we hope to return to some of these questions in future work.

ModMax-like extensions and DBI

Although this manuscript has focused on irrelevant deformations of free seed theories, there
are also examples in d = 2 and d = 4 of stress tensor flows driven by marginal combinations.
In the four-dimensional setting, a flow driven by the root-T T-like combination

% = %\J TabT,, — % (1a)?, (191)
produces the ModMax theory [44-46] when the initial condition is the ordinary Maxwell the-
ory [47]. As we have mentioned in Section 1, this flow commutes with the irrelevant T T-like
flow which deforms the Maxwell Lagrangian into the Born-Infeld theory, and this pair of com-
muting flows can be used to construct a two-parameter family of ModMax-Born-Infeld theories
(and their supersymmetrix extensions) [48,49]. A similar pair of flows defines a collection of
Modified-Nambu-Goto theories in two dimensions [17,34,50].

It would be interesting to investigate whether some analogue of these marginal flows exist
for three-dimensional theories. It is straightforward to see that no such flow exists in d = 3 if
the seed theory describes a single free gauge field or a single free scalar, since in both of these
cases the deformed Lagrangian can depend on only a single Lorentz invariant (proportional
to ff,, or 3¢, ¢, respectively). As a consequence, the 3d analogue of the marginal flow
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(191) simply re-scales the kinetic term for either of these theories, exactly as in the 2d case
of [34].

One might evade this issue by beginning with a seed theory £, = —% fabf ., —3%ia,¢!
which contains both a gauge field and a collection of scalars ¢'. This is natural from the
perspective of a physical D2-brane, which supports both a gauge field on its worldvolume
and several scalar fields which describe the transverse fluctuations of the brane, and whose
dynamics are jointly described by the Dirac-Born-Infeld (DBI) theory. It is interesting to ask
whether the full DBI Lagrangian can be obtained from a flow beginning with this seed theory,
which would generalize the flows for a single scalar or gauge field which we considered in this
work. Further, one could attempt to construct a two-parameter family of commuting flows to
produce a Modified-Dirac-Born-Infeld theory which depends on both an irrelevant parameter A
and a marginal parameter y. It would be especially exciting if one could argue that this theory
emerges as an effective description of a brane along with some other string theory ingredients
which have the effect of turning on the marginal coupling y. This could potentially provide
deeper insight into the nature of ModMax-like interactions by allowing us to directly engineer
such couplings in string theory.

Connections to soft behavior

We have seen around equation (72) that the Dirac action — by which we mean the scalar sector
of the Dirac-Born-Infeld theory — can be obtained as an irrelevant deformation of a free scalar
theory in any spacetime dimension d. On the other hand, there is a different characterization
which completely determines this theory in the context of scattering amplitudes. It was shown
in [96] that requiring a general theory £(9%¢ d,¢) for a scalar field to exhibit enhanced soft
behavior, in the sense that tree amplitudes vanish as A(p) = O(p?) as the momentum p of any
external leg is taken to zero, uniquely fixes the Lagrangian to take the square-root form of the
Dirac theory.

The property that a scalar theory exhibit this enhanced soft behavior is therefore equivalent
to the statement that the theory is obtained as an irrelevant deformation of a free scalar by the
operator appearing in (72). It would be intriguing to explore whether there is a physical reason
why this operator, in particular, is connected to soft limits. Because the soft behavior of the
Dirac Lagrangian is a consequence of the non-linearly realized symmetry of this theory, which
arises because embedding a brane in spacetime spontaneously breaks some of the ambient
Poincaré symmetry, this question is another way of asking why exactly a deformation by an
irrelevant combination of stress tensors causes a theory to develop an additional non-linearly
realized symmetry.

It is also interesting to ask what principle replaces this enhanced soft behavior in the gauge
theory case, where amplitudes are actually singular in the soft limit due to the Weinberg soft
photon theorem. One possibility is to use multi-chiral soft limits or a combination of single soft
limits and dimensional reduction, as in [97], which appears to also single out the Born-Infeld
Lagrangian and thus may have a relationship with the T T-like deformations which produce
this theory in d = 3 and d = 4. Another possibility is that a generalization of the requirement
that a stress tensor deformation preserve the absence of birefringence, which uniquely picks
out the appropriate T T-like deformation of gauge theories in four dimensions [48], will iden-
tify the appropriate operator in other contexts. There is no notion of birefringence in three
spacetime dimensions because photons have only a single physical polarization, but one might
hope that preserving a version of the zero-birefringence condition in higher dimensions or for
p-form electrodynamics with p > 2 may pinpoint a distinguished stress tensor deformation in
those contexts.
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Potential applications to holography

Part of the motivation for the present work is the observation that a TT deformation of a
2d free scalar yields the Nambu-Goto Lagrangian [3], which hints at connections between
stress tensor deformations and theories of strings and branes. Another such connection comes
from the “single trace” version of the TT deformation whose holographic interpretation was
proposed in [98-100] and whose further elucidated in [101-105].

This correspondence involves a solution of type IIB supergravity with a collection of fun-
damental strings and NS5-branes. In the near horizon region of both the strings and the
five-branes, this spacetime approaches AdS; x S x T#, which admits a holographic descrip-
tion in terms of a two-dimensional conformal field theory. As one moves away from the deep
bulk region, the gravity solution interpolates from an asymptotically AdS; spacetime to a lin-
ear dilaton spacetime. From the CFT, perspective, the procedure which recouples this linear
dilaton region can be interpreted as an irrelevant deformation that is similar to TT. In this
context, a stress tensor deformation of a CFT, can be viewed holographically as “undoing” the
process of taking a near-horizon limit, i.e. as “zooming out” from the deep bulk of a spacetime
involving F1-strings.

It would be very interesting if this interpretation could be generalized to other gravity solu-
tions. For instance, it might be that a “single-trace” version of the 3d stress tensor deformation
considered in the present work might recouple the asymptotic region of some supergravity so-
lution involving a stack of D2-branes, just as the single-trace 2d TT operator recouples an
asymptotic region of a gravity solution involving F1-strings.
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A Conventions and identities for section 3

A.1 Conventions

Indices In three dimensions, we use underlined Latin letters to denote spacetime indices:
a=0,1,2; and we use Greek letters for spinorial indices: a =1, 2.
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Gamma matrix We choose 3d Gamma matrices as
0B _ [(:-2

" f =@o®rf

HF=0rf

oD =w@hHf

which satisfy the Clifford algebra:

{r%, vt} = 2091,
where the Minkowski metric is
-1 0 O
nap=n2=[0 10
0 01

The gamma matrix has the following trace identity,
DL o) =26,
We use the spinor metric to raise and lower spinor indices:
Yo =P Chy, P =CPoypg,

where the definition of the spinor metric is

0 —i
Ca/j - _Cﬁa _Caﬁ = (l O ) b)
with the following identities
Yo Y< 6
CopC’? =6 6ﬁ],
5 _ 6
CopC*® —6ﬂ .

For every spinorial field, we define

Y= U = T, P, =y

By using the spinor metric, we know that the gamma matrices are symmetric, namely,

(Yg)aﬁ = (Yg)[ja > (Yg)aﬁ = (Yg)ﬂa .

Below, we list some useful identities of gamma matrices.

r%7q = 31,
Ya¥b = —€abc ¥+ Napl,
2o =—Ya,

1
(Dapra)® ==38755 =50 (o)}
(Y_)aﬁ(Ya) 70 = =—6 Y6 5 = _(Yg)(Z(Ya_)ﬁss P

where %12 =1,
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Symmetrization/anti-symmetrization The symmetrization of indices is denoted by the
round bracket; the antisymmetrization of indices is denoted by the square bracket:

AtaBg) :=A,Bp +Ag By, (A.16)
A[aB/j] = Aa Bﬁ _Aﬂ Ba = _CaﬁAYBY . (A17)

Covariant derivatives The superspace covariant derivatives are defined as Dy = (J44, Dy ),
where

aaﬁ = i(}/a_)aﬁ ag:

(A.18)
D, =0, +i6P ,p.

They satisfy the algebra

{Da,Dﬁ}=2i8a/5,

[0ap, Dy 1=0. (19

Below, we list some identities for covariant derivatives, which are useful in the calculations we
have encountered throughout this paper.

8,50,% = Cp, 0, (A.20)
D, Dg =i 0,5 —Cop D?, (A.21)
D?*D, =—D,D*=1i3,;D", (A.22)

DFD,Dg =0, (A.23)
(0*)?* =0, (A.24)
By(pDy) = 205,D, +1CysD))D?, (A.25)
D“Dy,3py) = 8 95,D%, (A.26)

where

_ 1 4aB _ AQa
O=350% 8,5 =0%9,,
L LT (A.27)

D?=3D"D,.
Map between vector and spinorial representation Here we summarize the mapping be-
tween vector and spinorial representations.

X L a i (4
For fields: Ag = > (Yg) ﬁAa[J‘ s Agp =1(rap Ag

For derivatives: g, = é(}fg)‘)‘/j Oap> Oap =1(r"ap 9> (A.28)

i
For coordinates:  x, = i(yg)“ﬂ Xap, Xap =7 (y2)eh Xg -

A.2 Identities

In this section, we collect identities that we have used in the derivations in section 3.
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Identity 1 The first identity is a consequence of the nilpotency condition for W,. Notice that
WzaﬂY(th) is identically zero due to W3 = 0, therefore D? [Wzaﬁy(wzh)] is also identically
zero.

0=D?[W235,(W2h) | = (D*W?)3p, (W2h)+W? 35, DA(W2h)+(D*W2)35, D, W2h]. (A.29)

The second equal sign comes from distributing the covariant derivative D. A simple rewriting
yields

(D*“W?2)3p, Dy Wh ] = — (D?W2)3p, (Wh) — W? 85, DX (W), (A.30)
which is equivalent to (113).
Identity 2 The second identity is obtained by the EoM (134) and the property of spinors.
(DU ) (DU = (DU £) (D)) U )
=—U* (D) (D)) (A:31)
1 - = 2
=5 (&) (PyU ) =— (02 )(2yv?),
where the first line comes directly from the EoM (134); the second line is obtained by
(pU®)(pyU.) = 0.
Identity 3 The third identity is an application of integration by parts:

21U (2,)°U5 ) =2i8,°(Up) 8U5 ) — 21 (8,°Up) 8 ) Us

(A.32)
= 4135, | gU?]—2i(8,°Up)) 8 Us — 2 Ugg (2,)°2) Us -

Identity 4 Here, we give a sketch of the proof of (116). We start by considering the following
expression

T, = (DD W?) 3,2 [ W2 £/(T)]. (A.33)
1. Using (A.21) in the first factor of Iﬁy
Ty, = (18, W?) 0,y W2£/(T) | —2(D?W2) 3, [ W2 £/(T) ]
= 35 (W28, [ W2F/(T) ) = W28,y W2F/(T) | — 2(D?W2) 3, [ W2 £/(T) ],
(A.34)

where the first term is zero due to nilpotency and the second term is also zero by sym-
metry (A.20). Namely,

Ty, =—2(D*W?) g5, [ W2 £/(T)]. (A.35)
2. Using (A.21) in the second factor of Zg,

T, =i (D D W?) Dy D[ W2 £(T) ] - 285, (W2D2[ W2 £/(T)])

(A.36)
+2w?2 3ﬁYD2[W2f’(T)].
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Note that the first term can be simplified by applying the following equation,

0oy 5 0] = [ o 00 [ o )]
— (DD W?) Dy Dy [ W £(T)
=—[DD?W?][ D, W2 £/(T) |- [ DsW? ][ D,y D?W?2 £/(T)]

— (D“DW?) DDy W2 £/(1)].
(A.37)
The LHS is actually zero,

(DEWH(D,yW2£'(T)) = (D W) (D,yW?) f(T) + (D W W2 (D,yf'(T)), (A.38)

where the first term is zero due to the symmetrization of anti-commuting fermions, while
the second term vanishes due to nilpotency. So,

Ty, =—i[DD*W?|[ D, W2 £(T) ] —i[ DsW? ][ D D*W?2 £/(T)]

-2 aﬁy (W2 DZ[WZf/(T):I) +2W?2 aﬂy DZ[WZf/(T)] ‘ (A.39)

3. Comparing (A.35) and (A.39), we find

~2(D*W?2) 8y, [ W2 £/(T) | = —i [ D D*W? |[D,y W2 £(T) | — i [DW? ][ D,y D*W? £/(T) ]

—23, (W2D[W2F/(T)]) +2W2 g5, D2[ W2 £(T)].
(A.40)
Using the definition of g (107), after some algebra, we get

(DEW2)(Dg) =—2i W2 s, g +4i W23, f(T)—2(Dp f(T))(DyW?).  (A4D)

A.3 Off-shell expressions for supercurrent-squared operators in TG

In this section, we present the off-shell expressions for the supercurrent-squared operators
{Or2,0g2, Ogr} in the tensor-Goldstone multiplet. As mentioned in the main text, the on-
shell expressions (142) can be computed using similar arguments as those in section 3.3
due to the property (137). Namely, with the support of U2§, the equations of motion yield
D Upy ~ 2D,Up. To derive the off-shell results, we first use the following identity

D(aU/j)IZDaU/j—D[aUﬁ] :ZDaUﬁ'i‘CaﬁH, (A42)

where (A.17) is used and we define
H =D’ U,. (A.43)

Note that the auxiliary field H is the lowest component of the superfield H: H = #|. Equation
(137) is equivalent to U%g H = 0. After some algebra, we get

Or2 =—412R2U2 T [A(T) + Th’(T)]2 — U2 F2H2, (A.44a)

Ogz = %2 T [a(P)—2FH(D)] (A.44b)

Oor = 412V6 U T [W(T)— 2T 1/ () |[n(F) + T H(T)] (A.44c)
+ U2 [h(T)—2TH(T)] & Hp(H) e

41467202 T [h(T) +T h’(T)]
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where

p(H) =31312[ 13 + 4&2T H — (D;UN)(D,UO)H —2(D;UP)(DpUN(D,UD)],  (A45)

and the - -+ in the end of (A.44c) denotes terms which are higher order in §2#H p(#). Clearly,
the second term in Or: and the second line in Ogy vanish on-shell and (A.44) reduces to
(142).

B Conventions for sections 2 and 4

B.1 Conventions

Indices In sections 2 and 4 we used Latin letters to denote spacetime indices: a = 0,1, 2;
and we use Greek letters for spinorial indices: a =1, 2.

Gamma matrix We choose 3d gamma matrices as
Ny ) VB — (3 2B _ 1
¥l =iedf, HFf=06»f, HF=-0HrF, (B.1)
which satisfy:
{Ya: Yb} = znab]l: (Ya)ay(’)/b)yﬁ = nab5g + Eabc(}/c)aﬂ > (B.2)
where the Minkowski metric and the Levi-Civita tensors are
Na =N =diag(—=1,1,1),  egp=—1, &"2=1. (B.3)

Spinor indices are raised and lowered as follows:

’l/"a:gaﬁwﬁ: ¢a=8aﬁ¢ﬁ; (B.4)
where
g = —gP Eaf = —EBas el =g, =1, (B.5)
such that
8aﬁ£7”5 = —25[25/55] , sﬁa5“§ = 52 . (B.6)
We use the spinor contraction
lnbz =1/Ja¢a =—¢a¢’a- (B.7)

The symmetric gamma matrices with up and down indices are
(Ya)aﬂ = (Ya)ﬁa = gﬂY(Ya)aY > (Ya)aﬁ = (Ya)ﬁa = gay(},a)aﬁ . (B.8)

Symmetrization/anti-symmetrization The symmetrization of indices is denoted by the
round bracket; the antisymmetrization of indices is denoted by the square bracket:

1

AwBp) = 5(AaBp +Ag B, (B.9)
1

A[aB[j] = E(AaBﬁ _Aﬁ Ba)' (B].O)

Similarly for (anti-)symmetrization of vector indices. For n indices, (anti-)symmetrization
includes an implicit factor of 1/n!.

42


https://scipost.org
https://scipost.org/SciPostPhys.16.1.038

Covariant Derivatives The superspace coordinates are defined as x* = (x¢, 8%) with 6%
being a real Grassmann coordinate. The flat superspace covariant derivatives are defined as
D4 =(4,, D,), where

SciPost Phys. 16, 038 (2024)

: 9 a
D,=0,+i0P 8,5, 3, =g fap=(rapla- (B.11)
They satisfy the algebra
{Dy,Dp} =20 3,5, [34,Dp]=0. (B.12)
The operators D? and O are defined as
1
0:=0%3, =—§a“ﬁaa,3, D?=D"D,. (B.13)

Note that given a vector index, whether used for a field, a coordinate, or a derivative, the map
between vector and symmetric bi-spinors is the same. For instance, given a vector V, we define
the symmetric bi-spinor V,z by

1
Vaﬂ = (Ya)aﬁva , Vo= _E(Ya)aﬁ Vaﬂ . (B.14)

B.2 Map of conventions between sections 3 and 4

To conclude this Appendix, we provide rules to map results between Section 4 and Section 3.
The following correspondences hold where the left-hand side in each pair of columns refers
to notation used in Section 4, while the right-hand side of each pair refers to Section 3 and
Appendix A. One can map results in Sections 4 to results in Section 3, or vice-versa, by replac-
ing all instances of the symbols in one column with the corresponding symbols in the other
column of the pair. Note in particular that this table does not give equalities between pairs of
symbols, but rather replacement rules which convert an expression from one set of conventions
to another.

Note also that given a vector field, similarly to the vector derivative, the map of notation
is not only a replacement rule but an equivalence:

Section 2 follows the conventions of Section 4, although the only entries of Table 2 and
Table 3 used in Section 2 are those for vector indices V, (which are not underlined) and the
conversion between vectors indices and pairs of spinor indices.

Table 2: A set of replacement rules for converting between the notation of Section 4
and that of Section 3.

Section 4 | Section 3 Section 4 Section 3 Section 4 | Section 3
0L | 09D Eabe —€abe )P | iy
(Ya)aﬂ i(YE)aﬂ lpz 2”#2 wa wa

YP* iyp? p“ [ 0, —i6,
3a/5 3a[3 Da == 3a+i9’58a/5 Da: 3a+i9ﬁ3a/5 Da iDa
D? 2iD? {Dy,Dg} =2iyp | {Dy,Dp} =2i0,4 O 0

A(al"'an) Tll!A(al"'an) A[al"'an] %A[al”'an] Eaﬁ lCaﬁ

Table 3: The maps of notation between vector indices and pairs of spinor indices in
Section 4 and Section 3 are equalities.

Section 4

Section 3

Section 4 | Section 3

Va Va

Vap Vap
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C Off-shell flow for bosonic tensor-Goldstone Lagrangian

In this Appendix we will present a modified version of the flow considered in Section 2.2
which holds fully off-shell. The modification relies upon a reformulation of the Lagrangian’s
dependence on the auxiliary field H which makes its coupling to the metric similar to that of
the scalar field kinetic term d%¢ d, ¢.

Recall that the initial condition for the bosonic tensor-Goldstone flow equation is
Lo=—0%3,¢ +H?2. (C.1)

Here H? is a Lorentz scalar which is completely independent of the metric. However, one
could rewrite the theory in a different way as follows. We introduce a vector field v* with the
properties that

viv, =1, vavlo . p 3, = 0% 3, . (C.2)

The vector is not a new dynamical degree of freedom, but rather plays a role which is somewhat
similar to the auxiliary scalar field a in the PST formalism [ 106-108] whose gradient v,, = J,,a
is also normalized to unit length. In our case, the presence of the vector field v* will not affect
any of the on-shell dynamics of the theory but is merely a trick which modifies the coupling of
the H? term to a background metric.

We now define the two invariant combinations

X, =0%38,¢,  xo=(HvY)(Hv,)=H?*v%,=H?2. (C.3)

We emphasize that, due to the normalization condition v®v, = 1, these variables are identical
to those used in Section 2.2 when considering theories on a fixed background metric; all that
has changed is the coupling to metric fluctuations, and therefore the Hilbert stress tensor. For
a general Lagrangian £(x, x,), one now finds

oL oL oL
Tap = Nap£= 2555 = NapL =25 =00 $ 0y — 25— HVyv, (C4
oga dxq dx,

and the contractions of the stress tensor which we will need are

oL oL L oL oL L
T T,y = 3% — 4x) Lo — 4Lxy~ + 2(—) 83 Xy o 2(—) ,
ab 4X1 8x1 4 xzaXZ 4X1 3x1 X1xzax1 3x2 4X2 8X2
Ta :3£—2X1£—2X2£. (CS)
a 8X1 3x2

Note that the factor of (v¢3,¢)? in the cross-term of T°T,; collapses to x;x, by the second
assumption of (C.2). The root-T T-like combination is now

3 1 2 oL oL\
R=\|=2|TaeT,, — = (T4 = = x,—, C.6
\JS( w3 a)) \](Xlaxl Xzaxz) (0

and if we assume that

X1_+X2_>0, (C7)
1

then we can take the square root to write

oL oL
R=xlﬁ+x2ﬁ. (C.8)
1 2
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Now the flow equation becomes

0L 1 _ap T, .2 1, 4
a/1_6T Ty 9(Ta) +9(Ta)R
1., oL 8£)
__1 i ad C.
2£ +£(xlax1+xzax2 , (C.9)

and the solution to this differential equation with initial condition £y = —x; + x4 is

L) = %(1—\/1+2Mx1 +x5)) . (C.10)

This is a fully off-shell solution to the flow equation which does not require assuming H = 0
in any intermediate steps. The upshot of this simple exercise is that a trivial modification to
the way in which the auxiliary field H enters the Lagrangian can change the properties of
the off-shell solution to the flow equation. It would be interesting to understand whether this
argument can be supersymmetrized, which would lead to an off-shell version of the superspace
flow equation for the tensor-Goldstone multiplet presented in Section 3.

References

[1] R. S. Hamilton, Three-manifolds with positive Ricci curvature, J. Differential Geom. 17,
255 (1982), doi:10.4310/jdg/1214436922.

[2] A. B. Zamolodchikov, Expectation value of composite field TT in two-dimensional quan-
tum field theory, (arXiv preprint) doi:10.48550/arXiv.hep-th/0401146.

[3] A. Cavaglia, S. Negro, I. M. Szécsényi and R. Tateo, T T-deformed 2D quantum field
theories, J. High Energy Phys. 10, 112 (2016), doi:10.1007/JHEP10(2016)112.

[4] J. Kruthoff and O. Parrikar, On the flow of states under TT, SciPost Phys. 9, 078 (2020),
doi:10.21468/SciPostPhys.9.5.078.

[5] M. Guica and R. Monten, Infinite pseudo-conformal symmetries of classical TT, JT and
J T, - deformed CFTs, SciPost Phys. 11, 078 (2021), doi:10.21468/SciPostPhys.11.4.078.

[6] S.Georgescu and M. Guica, Infinite TT-like symmetries of compactified LST, SciPost Phys.
16, 006 (2024), doi:10.21468/SciPostPhys.16.1.006.

[7] M. Guica, R. Monten and 1. Tsiares, Classical and quantum symmetries of TT-deformed
CFTs, (arXiv preprint) doi:10.48550/arXiv.2212.14014.

[8] E A. Smirnov and A. B. Zamolodchikov, On space of integrable quantum field theories,
Nucl. Phys. B 915, 363 (2017), doi:10.1016/j.nuclphysb.2016.12.014.

[9] B. Chen, J. Hou and J. Tian, Lax connections in T T-deformed integrable field theories,
Chin. Phys. C 45, 093112 (2021), doi:10.1088/1674-1137/ac0ee4.

[10] J. Cardy, The T T deformation of quantum field theory as random geometry, J. High Energy
Phys. 10, 186 (2018), do0i:10.1007/JHEP10(2018)186.

[11] S. Dubovsky, V. Gorbenko and M. Mirbabayi, Asymptotic fragility, near AdS, holography
and TT, J. High Energy Phys. 09, 136 (2017), doi:10.1007/JHEP09(2017)136.

[12] S. Dubovsky, V. Gorbenko and G. Hernandez-Chifflet, TT partition function from topo-
logical gravity, J. High Energy Phys. 09, 158 (2018), doi:10.1007/JHEP09(2018)158.

45


https://scipost.org
https://scipost.org/SciPostPhys.16.1.038
https://doi.org/10.4310/jdg/1214436922
https://doi.org/10.48550/arXiv.hep-th/0401146
https://doi.org/10.1007/JHEP10(2016)112
https://doi.org/10.21468/SciPostPhys.9.5.078
https://doi.org/10.21468/SciPostPhys.11.4.078
https://doi.org/10.21468/SciPostPhys.16.1.006
https://doi.org/10.48550/arXiv.2212.14014
https://doi.org/10.1016/j.nuclphysb.2016.12.014
https://doi.org/10.1088/1674-1137/ac0ee4
https://doi.org/10.1007/JHEP10(2018)186
https://doi.org/10.1007/JHEP09(2017)136
https://doi.org/10.1007/JHEP09(2018)158

Scil SciPost Phys. 16, 038 (2024)

[13] S. Dubovsky, S. Negro and M. Porrati, Topological gauging and double current deforma-
tions, J. High Energy Phys. 05, 240 (2023), doi:10.1007 /JHEP05(2023)240.

[14] R. Conti, S. Negro and R. Tateo, The TT perturbation and its geometric interpretation,
J. High Energy Phys. 02, 085 (2019), doi:10.1007/JHEP02(2019)085.

[15] R. Conti, S. Negro and R. Tateo, Conserved currents and TT, irrelevant defor-
mations of 2D integrable field theories, J. High Energy Phys. 11, 120 (2019),
doi:10.1007/JHEP11(2019)120.

[16] P Caputa, S. Datta, Y. Jiang and P Kraus, Geometrizing TT, J. High Energy Phys. 03,
140 (2021), doi:10.1007/JHEP03(2021)140.

[17] R. Conti, J. Romano and R. Tateo, Metric approach to a T T-like deformation in arbitrary
dimensions, J. High Energy Phys. 09, 085 (2022), doi:10.1007/JHEP09(2022)085.

[18] E Aramini, N. Brizio, S. Negro and R. Tateo, Deforming the ODE/IM correspondence with
TT, J. High Energy Phys. 03, 084 (2023), doi:10.1007/JHEP03(2023)084.

[19] R. R. Metsaev, M. A. Rahmanov and A. A. Tseytlin, The Born-Infeld action as the effective
action in the open superstring theory, Phys. Lett. B 193, 207 (1987), doi:10.1016/0370-
2693(87)91223-8.

[20] A. A. Tseytlin, Born-Infeld action, supersymmetry and string theory, in The many
faces of the superworld, World Scientific, Singapore, ISBN 9789810242060 (2000),
doi:10.1142/9789812793850_0025.

[21] J. Hughes and J. Polchinski, Partially broken global supersymmetry and the superstring,
Nucl. Phys. B 278, 147 (1986), doi:10.1016/0550-3213(86)90111-2.

[22] J. Hughes, J. Liu and J. Polchinski, Supermembranes, Phys. Lett. B 180, 370 (1986),
doi:10.1016/0370-2693(86)91204-9.

[23] J. Bagger and A. Galperin, New Goldstone multiplet for partially broken supersymmetry,
Phys. Rev. D 55, 1091 (1997), doi:10.1103/PhysRevD.55.1091.

[24] M. Roctek and A. A. Tseytlin, Partial breaking of global D=4 supersymmetry,
constrained superfields, and 3-brane actions, Phys. Rev. D 59, 106001 (1999),
doi:10.1103/PhysRevD.59.106001.

[25] E Gliozzi, Dirac-Born-Infeld action from spontaneous breakdown of Lorentz
symmetry in brane-world scenarios, Phys. Rev. D 84, 027702 (2011),
doi:10.1103/PhysRevD.84.027702.

[26] R. Casalbuoni, J. Gomis and K. Kamimura, Space-time transformations of
the Born-Infeld gauge field of a D-brane, Phys. Rev. D 84, 027901 (2011),
doi:10.1103/PhysRevD.84.027901.

[27] H.Jiang, A. Sfondrini and G. Tartaglino-Mazzucchelli, T T deformations with N = (0, 2)
supersymmetry, Phys. Rev. D 100, 046017 (2019), doi:10.1103/PhysRevD.100.046017.

[28] N. Cribiori, E Farakos and R. von Unge, 2D Volkov-Akulov model as a TT deformation,
Phys. Rev. Lett. 123, 201601 (2019), doi:10.1103/PhysRevLett.123.201601.

[29] C. Ferko, H. Jiang,_S. Sethi and G. Tartaglino-Mazzucchelli, Non-linear su-
persymmetry and TT-like flows, J. High Energy Phys. 02, 016 (2020),
doi:10.1007/JHEP02(2020)016.

46


https://scipost.org
https://scipost.org/SciPostPhys.16.1.038
https://doi.org/10.1007/JHEP05(2023)240
https://doi.org/10.1007/JHEP02(2019)085
https://doi.org/10.1007/JHEP11(2019)120
https://doi.org/10.1007/JHEP03(2021)140
https://doi.org/10.1007/JHEP09(2022)085
https://doi.org/10.1007/JHEP03(2023)084
https://doi.org/10.1016/0370-2693(87)91223-8
https://doi.org/10.1016/0370-2693(87)91223-8
https://doi.org/10.1142/9789812793850_0025
https://doi.org/10.1016/0550-3213(86)90111-2
https://doi.org/10.1016/0370-2693(86)91204-9
https://doi.org/10.1103/PhysRevD.55.1091
https://doi.org/10.1103/PhysRevD.59.106001
https://doi.org/10.1103/PhysRevD.84.027702
https://doi.org/10.1103/PhysRevD.84.027901
https://doi.org/10.1103/PhysRevD.100.046017
https://doi.org/10.1103/PhysRevLett.123.201601
https://doi.org/10.1007/JHEP02(2020)016

Scil SciPost Phys. 16, 038 (2024)

[30] Y. Hu and K. Koutrolikos, Nonlinear N =2 supersymmetry and 3D su-
persymmetric  Born-Infeld theory, Nucl. Phys. B 984, 115970 (2022),
doi:10.1016/j.nuclphysb.2022.115970.

[31] E. Ivanov and S. Krivonos, N = 1, D =2 supermembrane in the coset approach, Phys.
Lett. B 453, 237 (1999), doi:10.1016/S0370-2693(99)00314-7.

[32] E. A. Ivanov, Superbranes and super Born-Infeld theories as nonlinear realizations, Theor.
Math. Phys. 129, 1543 (2001), doi:10.1023/A:1012887224322.

[33] C. Ferko, Supersymmetry and irrelevant deformations, (arXiv preprint)
doi:10.48550/arXiv.2112.14647.

[34] C. Ferko, A. Sfondrini, L. Smith and G. Tartaglino-Mazzucchelli, Root-TT deforma-
tions in two-dimensional quantum field theories, Phys. Rev. Lett. 129, 201604 (2022),
doi:10.1103/PhysRevLett.129.201604.

[35] P Rodriguez, D. Tempo and R. Troncoso, Mapping relativistic to ultra/non-relativistic

conformal symmetries in 2D and finite vV TT deformations, J. High Energy Phys. 11, 133
(2021), doi:10.1007/JHEP11(2021)133.

[36] A. Bagchi, A. Banerjee and H. Muraki, Boosting to BMS, J. High Energy Phys. 09, 251
(2022), doi:10.1007/JHEP09(2022)251.

[37] J. Hou, TT flow as characteristic flows, J. High Energy Phys. 03, 243 (2023),
doi:10.1007/JHEP03(2023)243.

[38] J. A. Garcia and R. A. Sanchez-Isidro, vV T T-deformed oscillator inspired by ModMax,
(arXiv preprint) doi:10.48550/arXiv.2209.06296.

[39] D. Tempo and R. Troncoso, Nonlinear automorphism of the conformal algebra in

2D and continuous V TT deformations, J. High Energy Phys. 12, 129 (2022),
doi:10.1007/JHEP12(2022)129.

[40] S. Ebert, C. Ferko and Z. Sun, Root-T'T deformed boundary conditions in holography,
Phys. Rev. D 107, 126022 (2023), doi:10.1103/PhysRevD.107.126022.

[41] C. Ferko and A. Gupta, ModMax oscillators and root-TT-like flows in su-
persymmetric quantum mechanics, Phys. Rev. D 108, 046013 (2023),
doi:10.1103/PhysRevD.108.046013.

[42] C. Ferko, A. Gupta and E. Iyer, Quantization of the ModMax oscillator, (arXiv preprint)
d0i:10.48550/arXiv.2310.06015.

[43] G. Bonelli, N. Doroud and M. Zhu, TT -deformations in closed form, J. High Energy
Phys. 06, 149 (2018), doi:10.1007/JHEP06(2018)149.

[44] 1. Bandos, K. Lechner, D. Sorokin and P K. Townsend, Nonlinear duality-invariant
conformal extension of Maxwell’s equations, Phys. Rev. D 102, 121703 (2020),
doi:10.1103/PhysRevD.102.121703.

[45] L. Bandos, K. Lechner, D. Sorokin and P K. Townsend, On p-form gauge theories and their
conformal limits, J. High Energy Phys. 03, 022 (2021), doi:10.1007 /JHEP03(2021)022.

[46] 1. Bandos, K. Lechner, D. Sorokin and P K. Townsend, ModMax meets Susy, J. High
Energy Phys. 10, 031 (2021), doi:10.1007/JHEP10(2021)031.

47


https://scipost.org
https://scipost.org/SciPostPhys.16.1.038
https://doi.org/10.1016/j.nuclphysb.2022.115970
https://doi.org/10.1016/S0370-2693(99)00314-7
https://doi.org/10.1023/A:1012887224322
https://doi.org/10.48550/arXiv.2112.14647
https://doi.org/10.1103/PhysRevLett.129.201604
https://doi.org/10.1007/JHEP11(2021)133
https://doi.org/10.1007/JHEP09(2022)251
https://doi.org/10.1007/JHEP03(2023)243
https://doi.org/10.48550/arXiv.2209.06296
https://doi.org/10.1007/JHEP12(2022)129
https://doi.org/10.1103/PhysRevD.107.126022
https://doi.org/10.1103/PhysRevD.108.046013
https://doi.org/10.48550/arXiv.2310.06015
https://doi.org/10.1007/JHEP06(2018)149
https://doi.org/10.1103/PhysRevD.102.121703
https://doi.org/10.1007/JHEP03(2021)022
https://doi.org/10.1007/JHEP10(2021)031

Scil SciPost Phys. 16, 038 (2024)

[47] H. Babaei-Aghbolagh, K. Babaei Velni, D. M. Ye1_<ta and H. Mohammadzadeh, Emer-
gence of non-linear electrodynamic theories from T T-like deformations, Phys. Lett. B 829,
137079 (2022), doi:10.1016/j.physletb.2022.137079.

[48] C. Ferko, L. Smith and G. Tartaglino-Mazzucchelli, Stress tensor flows, birefringence
in non-linear electrodynamics and supersymmetry, SciPost Phys. 15, 198 (2023),
doi:10.21468/SciPostPhys.15.5.198.

[49] C. Ferko, L. Smith and G. Tartaglino, On current-squared flows and ModMax theories,
SciPost Phys. 13, 012 (2022), doi:10.21468/SciPostPhys.13.2.012.

[50] H. Babaei-Aghbolagh, K. Babaei Velni, D. M. Yekta and H. Mohammadzadeh, Marginal
T T-like deformation and modified Maxwell theories in two dimensions, Phys. Rev. D 106,
086022 (2022), doi:10.1103/PhysRevD.106.086022.

[51] R. Borsato, C. Ferko and A. Sfondrini, Classical integrability of root-TT flows, Phys. Rev.
D 107, 086011 (2023), doi:10.1103/PhysRevD.107.086011.

[52] M. Baggio, A. Sfondrini, G. Tartaglino-Mazzucchelli and H. Walsh, On TT
deformations and supersymmetry, J. High Energy Phys. 06, 063 (2019),
doi:10.1007/JHEP06(2019)063.

[53] C.-K. Chang, C. Ferko and S. Sethi, Supersymmetry and TT deformations, J. High Energy
Phys. 04, 131 (2019), doi:10.1007/JHEP04(2019)131.

[54] E. A. Coleman, J. Aguilera-Damia, D. Z. Freedman and R. M. Soni, TT-
deformed actions and (1,1) supersymmetry, J. High Energy Phys. 10, 080 (2019),
doi:10.1007/JHEP10(2019)080.

[55] S. He, J.-R. Sun and Y. Sun, The correlation function of (1,1) and (2,2) super-
symmetric theories with TT deformation, J. High Energy Phys. 04, 100 (2020),
doi:10.1007 /JHEP04(2020)100.

[56] H. Jiang and G. Tartaglino-Mazzucchelli, Supersymmetric JT and TJ deformations, J.
High Energy Phys. 05, 140 (2020), doi:10.1007/JHEP05(2020)140.

[57] C.-K. Chang, C. Ferko, S. Sethi, A. Sfondrini and G. Tartaglino-Mazzucchelli,
TT flows and (2,2) supersymmetry, Phys. Rev. D 101, 026008 (2020),
doi:10.1103/PhysRevD.101.026008.

[58] S. Ebert, H.-Y. Sun and Z. Sun, TT deformation in SCFTs and integrable supersymmetric
theories, J. High Energy Phys. 09, 082 (2021), doi:10.1007/JHEP09(2021)082.

[59] K.-S. Lee, P Yi and J. Yoon, T T-deformed fermionic theories revisited, J. High Energy
Phys. 07, 217 (2021), doi:10.1007/JHEP07(2021)217.

[60] S. He, H. Ouyang and Y. Sun, Note on TT deformed matrix models and JT supergravity
duals, (arXiv preprint) doi:10.48550/arXiv.2204.13636.

[61] S. Ebert, C. Ferko, H.<Y. Sun and Z. Sun, TT deformations of supersymmetric quantum
mechanics, J. High Energy Phys. 08, 121 (2022), doi:10.1007/JHEP08(2022)121.

[62] R. Conti, L. Iannella, S. Negro and R. Tateo, Generalised Born-Infeld models,
Lax operators and the TT perturbation, J. High Energy Phys. 11, 007 (2018),
doi:10.1007/JHEP11(2018)007.

48


https://scipost.org
https://scipost.org/SciPostPhys.16.1.038
https://doi.org/10.1016/j.physletb.2022.137079
https://doi.org/10.21468/SciPostPhys.15.5.198
https://doi.org/10.21468/SciPostPhys.13.2.012
https://doi.org/10.1103/PhysRevD.106.086022
https://doi.org/10.1103/PhysRevD.107.086011
https://doi.org/10.1007/JHEP06(2019)063
https://doi.org/10.1007/JHEP04(2019)131
https://doi.org/10.1007/JHEP10(2019)080
https://doi.org/10.1007/JHEP04(2020)100
https://doi.org/10.1007/JHEP05(2020)140
https://doi.org/10.1103/PhysRevD.101.026008
https://doi.org/10.1007/JHEP09(2021)082
https://doi.org/10.1007/JHEP07(2021)217
https://doi.org/10.48550/arXiv.2204.13636
https://doi.org/10.1007/JHEP08(2022)121
https://doi.org/10.1007/JHEP11(2018)007

Scil SciPost Phys. 16, 038 (2024)

[63] C. Ferko and S. Sethi, Sequential flows by irrelevant operators, SciPost Phys. 14, 098
(2023), doi:10.21468/SciPostPhys.14.5.098.

[64] L. McGough, M. Mezei and H. Verlinde, Moving the CFT into the bulk with TT, J. High
Energy Phys. 04, 010 (2018), doi:10.1007/JHEP04(2018)010.

[65] G. Araujo-Regado, R. Khan and A. C. Wall, Cauchy slice holography: A new AdS/CFT
dictionary, J. High Energy Phys. 03, 026 (2023), doi:10.1007/JHEP03(2023)026.

[66] V. Gorbenko, E. Silverstein and G. Torroba, dS/dS and TT, J. High Energy Phys. 03, 085
(2019), do0i:10.1007/JHEP03(2019)085.

[67] E. Coleman, E. A. Mazenc, V. §hyam, E. Silverstein, R. M. Soni, G. Torroba and S. Yang,
De Sitter microstates from TT + A, and the Hawking-Page transition, J. High Energy
Phys. 07, 140 (2022), doi:10.1007/JHEP07(2022)140.

[68] G. Torroba, TT + A, from a 2d gravity path integral, J. High Energy Phys. 01, 163
(2023), doi:10.1007/JHEP01(2023)163.

[69] M. Taylor, TT deformations in general dimensions, (arXiv preprint)
doi:10.48550/arXiv.1805.10287.

[70] W. Donnelly and V. Shyam, Entanglement entropy and TT deformation, Phys. Rev. Lett.
121, 131602 (2018), doi:10.1103/PhysRevLett.121.131602.

[71] P Kraus, J. Liu and D. Marolf, Cutoff AdS; versus the TT deformation, J. High Energy
Phys. 07, 027 (2018), doi:10.1007/JHEP07(2018)027.

[72] P Caputa, S. Datta and V. Shyam, Sphere partition functions & cut-off AdS, J. High Energy
Phys. 05, 112 (2019), do0i:10.1007/JHEP05(2019)112.

[73] P Kraus, R. Monten and R. M. Myers, 3D gravity in a box, SciPost Phys. 11, 070 (2021),
doi:10.21468/SciPostPhys.11.3.070.

[74] S. Ebert, E. Hijano, P Kraus, R. Monten and R. M. Myers, Field theory of interacting
boundary gravitons, SciPost Phys. 13, 038 (2022), doi:10.21468/SciPostPhys.13.2.038.

[75] P Kraus, R. Monten and K. Roumpedakis, Refining the cutoff 3d gravity/TT correspon-
dence, J. High Energy Phys. 10, 094 (2022), doi:10.1007 /JHEP10(2022)094.

[76] E K. Seibold and A. A. Tseytlin, S-matrix on effective string and compactified membrane,
J. Phys. A: Math. Theor. 56, 485401 (2023), doi:10.1088/1751-8121/ad05f0.

[77] M. Baggio and A. Sfondrini, Strings on NS-NS backgrounds as integrable deformations,
Phys. Rev. D 98, 021902 (2018), doi:10.1103/PhysRevD.98.021902.

[78] S. A. Frolov, TT deformation and the light-cone gauge, Proc. Steklov Inst. Math. 309,
107 (2020), doi:10.1134/S0081543820030098.

[79] S.Frolov, TT, JJ, JT and JT deformations, J. Phys. A: Math. Theor. 53, 025401 (2019),
doi:10.1088/1751-8121/ab581b.

[80] A. Sfondrini and S. J. van Tongeren, TT deformations as TsT transformations, Phys.
Rev. D 101, 066022 (2020), doi:10.1103/PhysRevD.101.066022.

[81] S.J. Gates Jr., M. T. Grisaru, M. Rocek and W. Siegel, Superspace, or one thousand and
one lessons in supersymmetry, (arXiv preprint) doi:10.48550/arXiv.hep-th/0108200.

49


https://scipost.org
https://scipost.org/SciPostPhys.16.1.038
https://doi.org/10.21468/SciPostPhys.14.5.098
https://doi.org/10.1007/JHEP04(2018)010
https://doi.org/10.1007/JHEP03(2023)026
https://doi.org/10.1007/JHEP03(2019)085
https://doi.org/10.1007/JHEP07(2022)140
https://doi.org/10.1007/JHEP01(2023)163
https://doi.org/10.48550/arXiv.1805.10287
https://doi.org/10.1103/PhysRevLett.121.131602
https://doi.org/10.1007/JHEP07(2018)027
https://doi.org/10.1007/JHEP05(2019)112
https://doi.org/10.21468/SciPostPhys.11.3.070
https://doi.org/10.21468/SciPostPhys.13.2.038
https://doi.org/10.1007/JHEP10(2022)094
https://doi.org/10.1088/1751-8121/ad05f0
https://doi.org/10.1103/PhysRevD.98.021902
https://doi.org/10.1134/S0081543820030098
https://doi.org/10.1088/1751-8121/ab581b
https://doi.org/10.1103/PhysRevD.101.066022
https://doi.org/10.48550/arXiv.hep-th/0108200

Scil SciPost Phys. 16, 038 (2024)

[82] S. Ferrara and B. Zumino, Transformation properties of the supercurrent, Nucl. Phys. B
87, 207 (1975), doi:10.1016/0550-3213(75)90063-2.

[83] Z. Komargodski and N. Seiberg, Comments on supercurrent multiplets, supersym-
metric field theories and supergravity, J. High Energy Phys. 07, 017 (2010),
doi:10.1007/JHEP07(2010)017.

[84] T. T. Dumitrescu and N. Seiberg, Supercurrents and brane currents in diverse dimensions,
J. High Energy Phys. 07, 095 (2011), doi:10.1007 /JHEP07(2011)095.

[85] S. M. Kuzenko, Variant supercurrent multiplets, J. High Energy Phys. 04, 022 (2010),
doi:10.1007/JHEP04(2010)022.

[86] P Kodi, K. Koutrolikos and R. von Unge, Complex linear superfields, supercurrents and
supergravities, J. High Energy Phys. 02, 076 (2017), doi:10.1007 /JHEP02(2017)076.

[87] S. M. Kuzenko and G. Tartaglino-Mazzucchelli, Three-dimensional N' = 2 (AdS)
supergravity and associated supercurrents, J. High Energy Phys. 12, 052 (2011),
doi:10.1007/JHEP12(2011)052.

[88] P Howe, K. S. Stelle and P K. Townsend, Supercurrents, Nucl. Phys. B 192, 332 (1981),
doi:10.1016/0550-3213(81)90429-6.

[89] L. L. Buchbinder, S. J. Gates and K. Koutrolikos, Conserved higher spin supercurrents for
arbitrary spin massless supermultiplets and higher spin superfield cubic interactions, J.
High Energy Phys. 08, 055 (2018), doi:10.1007/JHEP08(2018)055.

[90] S. J. Gates and K. Koutrolikos, Progress on cubic interactions of arbitrary superspin
supermultiplets via gauge invariant supercurrents, Phys. Lett. B 797, 134868 (2019),
doi:10.1016/j.physletb.2019.134868.

[91] S. M. Kuzenko, U. Lindstrom and G. Tartaglino-Mazzucchelli, Off-shell supergravity-
matter couplings in three dimensions, J. High Energy Phys. 03, 120 (2011),
doi:10.1007/JHEP03(2011)120.

[92] S. M. Kuzenko, J. Novak and G. Tartaglino-Mazzucchelli, Higher derivative couplings
and massive supergravity in three dimensions, J. High Energy Phys. 09, 081 (2015),
doi:10.1007/JHEP09(2015)081.

[93] L. L. Buchbinder and S. M. Kuzenko, Ideas and methods of supersymmetry and su-
pergravity: Or a walk through superspace, Taylor & Francis, Milton Park, UK, ISBN
9781420050516 (1998), doi:10.1201/9780367802530.

[94] D. Butter, S. M. Kuzenko, J. Novak and G. Tartaglino-Mazzucchelli, Conformal super-
gravity in three dimensions: New off-shell formulation, J. High Energy Phys. 09, 072
(2013), doi:10.1007/JHEP09(2013)072.

[95] D. Butter, S. M. Kuzenko, J. Novak and G. Tartaglino-Mazzucchelli, Conformal super-
gravity in three dimensions: Off-shell actions, J. High Energy Phys. 10, 073 (2013),
doi:10.1007/JHEP10(2013)073.

[96] C. Cheung, K. Kampf, J. Novotny and J. Trnka, Effective field theories from
soft limits of scattering amplitudes, Phys. Rev. Lett. 114, 221602 (2015),
doi:10.1103/PhysRevLett.114.221602.

50


https://scipost.org
https://scipost.org/SciPostPhys.16.1.038
https://doi.org/10.1016/0550-3213(75)90063-2
https://doi.org/10.1007/JHEP07(2010)017
https://doi.org/10.1007/JHEP07(2011)095
https://doi.org/10.1007/JHEP04(2010)022
https://doi.org/10.1007/JHEP02(2017)076
https://doi.org/10.1007/JHEP12(2011)052
https://doi.org/10.1016/0550-3213(81)90429-6
https://doi.org/10.1007/JHEP08(2018)055
https://doi.org/10.1016/j.physletb.2019.134868
https://doi.org/10.1007/JHEP03(2011)120
https://doi.org/10.1007/JHEP09(2015)081
https://doi.org/10.1201/9780367802530
https://doi.org/10.1007/JHEP09(2013)072
https://doi.org/10.1007/JHEP10(2013)073
https://doi.org/10.1103/PhysRevLett.114.221602

Scil SciPost Phys. 16, 038 (2024)

[97] C. Cheung, K. Kampf, J. Novotny, C.-H. Shen, J. Trnka and C. Wen, Vec-
tor effective field theories from soft limits, Phys. Rev. Lett. 120, 261602 (2018),
doi:10.1103/PhysRevLett.120.261602.

[98] A. Giveon, N. Itzhaki and D. Kutasov, TT and LST, J. High Energy Phys. 07, 122 (2017),
doi:10.1007/JHEP07(2017)122.

[99] A. Giveon, N. Itzhaki and D. Kutasov, A solvable irrelevant deformation of AdS3/CFTs, J.
High Energy Phys. 12, 155 (2017), doi:10.1007/JHEP12(2017)155.

[100] M. Asrat, A. Giveon, N. Itzhaki and D. Kutasov, Holography beyond AdS, Nucl. Phys. B
932, 241 (2018), doi:10.1016/j.nuclphysb.2018.05.005.

[101] S. Chakraborty, A. Giveon, N. Itzhaki and D. Kutasov, Entanglement beyond AdS, Nucl.
Phys. B 935, 290 (2018), doi:10.1016/j.nuclphysb.2018.08.011.

[102] S. Chakraborty, A. Giveon and D. Kutasov, TT, JT, TJ and string theory, J. Phys. A:
Math. Theor. 52, 384003 (2019), doi:10.1088/1751-8121/ab3710.

[103] S. Chakraborty, A. Giveon and D. Kutasov, T T, black holes and negative strings, J. High
Energy Phys. 09, 057 (2020), doi:10.1007/JHEP09(2020)057.

[104] S. Chakraborty, A. Giveon and D. Kutasov, Strings in irrelevant deformations of
AdS;/CFT,, J. High Energy Phys. 11, 057 (2020), doi:10.1007/JHEP11(2020)057.

[105] C.-K. Chang, C. Ferko and S. Sethi, Holography and irrelevant operators, Phys. Rev. D
107, 126021 (2023), do0i:10.1103/PhysRevD.107.126021.

[106] P Pasti, D. Sorokin and M. Tonin, Duality symmetric actions with manifest space-time
symmetries, Phys. Rev. D 52, R4277 (1995), doi:10.1103/PhysRevD.52.R4277.

[107] P Pasti, D. Sorokin and M. Tonin, Lorentz-invariant actions for chiral p-forms, Phys. Rev.
D 55, 6292 (1997), doi:10.1103/PhysRevD.55.6292.

[108] P Pasti, D. Sorokin and M. Tonin, Covariant action for a D = 11 five-brane with the chiral
field, Phys. Lett. B 398, 41 (1997), doi:10.1016/S0370-2693(97)00188-3.

51


https://scipost.org
https://scipost.org/SciPostPhys.16.1.038
https://doi.org/10.1103/PhysRevLett.120.261602
https://doi.org/10.1007/JHEP07(2017)122
https://doi.org/10.1007/JHEP12(2017)155
https://doi.org/10.1016/j.nuclphysb.2018.05.005
https://doi.org/10.1016/j.nuclphysb.2018.08.011
https://doi.org/10.1088/1751-8121/ab3710
https://doi.org/10.1007/JHEP09(2020)057
https://doi.org/10.1007/JHEP11(2020)057
https://doi.org/10.1103/PhysRevD.107.126021
https://doi.org/10.1103/PhysRevD.52.R4277
https://doi.org/10.1103/PhysRevD.55.6292
https://doi.org/10.1016/S0370-2693(97)00188-3

	Introduction
	Bosonic flows
	Maxwell-Goldstone multiplet
	Tensor multiplet

	Supersymmetric flows
	Supercurrent multiplet and stress tensor
	Supercurrent and supertrace of 3d Maxwell-Goldstone multiplet
	Warm up: Supercurrent multiplet of super-Maxwell
	Supercurrent multiplet of Maxwell-Goldstone

	Flow operator as supercurrent-squared operator
	Flow interpretations for tensor-Goldstone

	Derivation of supercurrents from N=1 supergravity
	Building blocks from superspace supergravity
	Calculation of supercurrents for vector models
	Calculation of supercurrents for tensor/scalar multiplet models

	Conclusion
	Conventions and identities for section 3
	Conventions
	Identities
	Off-shell expressions for supercurrent-squared operators in TG

	Conventions for sections 2 and 4
	Conventions
	Map of conventions between sections 3 and 4

	Off-shell flow for bosonic tensor-Goldstone Lagrangian
	References

