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Abstract

Fractonic phases are new phases of matter that host excitations with restricted mobility.
We show that a certain class of gapless fractonic phases are realized as a result of sponta-
neous breaking of continuous higher-form symmetries whose conserved charges do not
commute with spatial translations. We refer to such symmetries as nonuniform higher-
form symmetries. These symmetries fall within the standard definition of higher-form
symmetries in quantum field theory, and the corresponding symmetry generators are
topological. Worldlines of particles are regarded as the charged objects of 1-form sym-
metries, and mobility restrictions can be implemented by introducing additional 1-form
symmetries whose generators do not commute with spatial translations. These features
are realized by effective field theories associated with spontaneously broken nonuni-
form 1-form symmetries. At low energies, the theories reduce to known higher-rank
gauge theories such as scalar/vector charge gauge theories, and the gapless excitations
in these theories are interpreted as Nambu–Goldstone modes for higher-form symme-
tries. Due to the nonuniformity of the symmetry, some of the modes acquire a gap,
which is the higher-form analogue of the inverse Higgs mechanism of spacetime symme-
tries. The gauge theories have emergent nonuniform magnetic symmetries, and some
of the magnetic monopoles become fractonic. We identify the ’t Hooft anomalies of the
nonuniform higher-form symmetries and the corresponding bulk symmetry-protected
topological phases. By this method, the mobility restrictions are fully determined by the
choice of the commutation relations of charges with translations. This approach allows
us to view existing (gapless) fracton models such as the scalar/vector charge gauge the-
ories and their variants from a unified perspective and enables us to engineer theories
with desired mobility restrictions.
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1 Introduction

Fractons are excitations with mobility restrictions, and phases with fractons constitute a new
class of quantum phases of matter [1, 2]. Gapless fractonic phases have been described by
higher-rank gauge theories [3–13], including the scalar/vector charge gauge theories. Higher-
rank gauge fields appear as a result of a gauging of the multipole algebra [14–16] (see also
discussions on the relation between multipoles and fracton phases in Refs. [17, 18]). As a
physical realization of fracton phases, the elasticity theory in two dimensions has been shown
to be dual to a symmetric tensor gauge theory, and disclinations in solids are fractonic [19].
This type of duality has been extended to other systems such as supersolids [20] and vortex
crystals [21].

In this paper, we show that gapless fractonic phases are realized as a result of sponta-
neous symmetry breaking (SSB) of continuous higher-form symmetries [22] whose conserved
charges do not commute with spatial translations. Such symmetries are a higher-form ana-
logue of spacetime symmetries, and we will refer to them as nonuniform higher-form symme-
tries. As a starting point, we interpret the existence of a fracton as a restriction on the possible
configurations of the worldlines of particles. Since they are lines, it is natural to consider 1-
form symmetries whose charged objects are the worldlines themselves. Mobility restrictions
can be implemented by introducing a continuous nonuniform symmetry whose charge does
not commute with translations, Pi . For example, if we wish to implement mobility restrictions
on the worldline of a particle charged under Q, we can make the particle immobile in the i-th
direction by introducing a symmetry generated by Q′ such that [iPi ,Q

′] =Q, while gauging Q
and Q′.

We formulate effective field theories associated with the spontaneous breaking of nonuni-
fom 1-form symmetries. The resulting theories consist of multiple Abelian gauge fields [23,24]
combined in a specific manner dictated by the algebra. The configurations of the line oper-
ators in these theories are restricted (i. e. we have fractonic particles), and the mobility re-
striction is controlled by the commutation relations of charges with translations. For example,
we can choose the algebras to realize theories whose low-energy limits are the scalar/vector
charge gauge theories. The gapless excitations in these theories are understood as Nambu–
Goldstone modes associated with the spontaneously broken 1-form symmetries. Owing to
the nonuniform nature of the symmetry, some of the would-be Nambu–Goldstone modes ac-
quire a gap, and the number of gapless modes is in general smaller than in the case where
all 1-form charges commute with translations. This is the higher-form version of the inverse
Higgs phenomenon [25–27] known in the case of spontaneously broken spacetime symmetries.
Analogously to Maxwell theory, the resulting theories have electric and magnetic higher-form
symmetries. These have ’t Hooft anomalies, for which we identify the corresponding actions
of Symmetry Protected Topological (SPT) phases in one higher dimension.

We can thus understand the appearance of gapless fractonic phases within the extension
of Landau’s symmetry-breaking paradigm to higher-form symmetries [28]. There have been
other approaches to understanding fractonic phases using a symmetry principle: by consid-
ering certain exotic higher-form symmetries [29, 30], subsystem symmetries [31], or global
symmetries which act on quasiparticles with position-dependent charge [32]. We emphasize
that nonuniform higher-form symmetries in fact fall within the standard definition of higher-
form symmetries, as the noncommutativity of the charge with translations does not mean that
the symmetry generators are not topological. Rather, the topological property holds as it is a
consequence of local conservation laws, as we discuss in Sec. 2.3.

The rest of this article is structured as follows. In Sec. 2, we introduce nonuniform sym-
metries and outline the strategy to realize fractonic phases based on them. In Sec. 3, we take
a look at the theory with a U(1) 1-form symmetry and a dipole 1-form symmetry, which re-
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produces the scalar charge gauge theory at low energies. We discuss its various properties
such as the types of line operators and their fractonic behavior, stability of the broken phase,
and ’t Hooft anomaly and SPT action. We also show that if we Higgs the theory to Zn and
restrict the possible configurations of dipole Wilson lines, we obtain the foliated field theory of
the X-cube fracton order. In Sec. 4, we introduce a theory that at low energies reduces to the
vector charge gauge theory, and again discuss its line operators and ’t Hooft anomaly; it will
be shown that this theory contains lineon defects. In Sec. 5, we discuss the generalization of
the construction to the gauging of higher-pole symmetries. Section 6 is devoted to a summary
and discussions. In Appendix A, we discuss the coupling of U(1) and dipole gauge fields to a
model of a complex scalar field. In Appendix B, we describe the evaluation of order parame-
ters for higher-form symmetries in the theory described in Sec. 3. In Appendix C, we present
a computation of the transformation properties of dipole Wilson line operators.

Before closing this section, let us summarize the notation used in this paper. In the follow-
ing, d denotes the spatial dimension, while D = d+1 is the spacetime dimension. We work in
flat Minkowski spacetime, and we use the mostly-plus convention for the Minkowski metric,
ηµν = (−1,+1, . . . ,+1). The Greek alphabet, µ,ν · · · , will be used for spacetime indices, and
the Latin alphabet, i, j, k, · · · , will be used for spatial indices. The symmetrization and anti-
symmetrization of indices are denoted by brackets, (· · · ) and [· · · ], respectively. For example,
A(i j) := (Ai j + A ji)/2 and A[i j] := (Ai j − A ji)/2.

2 Fractons from nonuniform higher-form symmetries

In this section, we introduce the notion of nonuniform higher-form symmetries, and we outline
the strategy to realize fractonic phases based on the spontaneous breaking of those symmetries.

2.1 Nonuniform higher-form symmetries

In quantum mechanics, a symmetry is a set of transformations of the rays of a Hilbert space
that preserve the inner product and commute with the Hamiltonian. When we consider a
quantum field theory, this definition is too general, since it allows for non-local operations. At
the same time, the definition is also not sufficient because it does not accommodate spacetime
symmetries; for example, the generator of a Lorentz boost does not commute with the Hamil-
tonian. In a quantum field theory, we usually employ a definition of symmetries compatible
with the principle of locality. One such definition of symmetries that incorporates extended
charged objects is higher-form symmetries [22].

Let us recall the definition of a higher-form symmetry [22]. We consider a quantum field
theory (QFT) on a D(= d + 1)-dimensional spacetime manifold X . A QFT is said to have a p-
form symmetry under a group G when there exists an operator Ug(Md−p), defined on a closed
(d − p)-manifold Md−p ⊂ X and labeled by g ∈ G, such that:

• Ug(Md−p) satisfies the group multiplication law,

Ug1
(Md−p)Ug2

(Md−p) = Ug1 g2
(Md−p) , for g1, g2 ∈ G , (1)

• the dependence of Ug(Md−p) on Md−p is topological, meaning that correlation functions
that include this operator are unchanged under continuous deformations of Md−p, unless
the deformation crosses charged operators under the symmetry;

• there exists a set of charged operators {Wα(Cp)}, defined on a closed p-manifold Cp ⊂ X ,
which are transformed by Ug(Md−p) nontrivially. If Md−p is linked with Cp once, the
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transformation is given by

Ug(Md−p)Wα(Cp) = Rg ·Wα(Cp) , (2)

where Rg is a faithful representation of G (meaning that for any g ∈ G there is an
operator Wα(Cp) such that Rg ̸= 1).

The operator Ug(Md−p) is called a symmetry generator. In the case of canonical quantization,
Md−p and Cp are chosen inside a spatial slice V . The symmetry action is expressed by the
equal-time commutation relation

Ug(Md−p)Wα(Cp)U
†
g(Md−p) = (Rg)

I(Md−p ,Cp) ·Wα(Cp) , (3)

where I(M , C) is the intersection number of M and C .
In what follows we will mostly discuss continuous symmetries. For a continuous symmetry,

there exists a conserved charge,

Q(Md−p) :=

∫

Md−p

⋆ j , (4)

where j is a (p + 1)-form current density and ⋆ is the Hodge dual operation. The symmetry
generator can be written as an exponential of a charge operator,

U(Md−p) = exp
�

iαQ(Md−p)
�

. (5)

We describe a continuous p-form symmetry as uniform if the action of a translation in any direc-
tion on the components of the (p+1)-form current density j= 1

(p+1)! j(x)µ1···µp+1
dxµ1∧· · ·∧dxµp+1

is given by a derivative,
[iPν, j(x)µ1···µp+1

] = ∂ν j(x)µ1···µp+1
. (6)

Here we are interested in symmetries that do not satisfy this property. Specifically, we describe
symmetries whose charges do no commute with translations, [iPν,Q] ̸= 0, as nonuniform
higher-form symmetries.

Let us illustrate that, if a current satisfies Eq. (6), the corresponding charge operator
Q(Md−p) =

∫

Md−p
⋆ j (and hence the symmetry generator Ug(Md−p)) always commutes with

Pµ. This follows from the fact that for a conserved current j we have
∫

Md−p

∂µ ⋆ j = 0 , (7)

where Md−p is a (d − p)-cycle. To see this, note that the action of ∂µ can be written as a Lie
derivative, Leµ , along a constant vector field in the µ-th direction, eµ. Thus,

∫

Md−p

∂µ ⋆ j =

∫

Md−p

Leµ ⋆ j =

∫

Md−p

(ieµd ⋆ j + dieµ ⋆ j) , (8)

where ieµ is the interior product along eµ, and we have used Cartan’s formula, Lβ = iβd+diβ ,
for a given vector field β .1 The first term vanishes due to the conservation law d⋆ j = 0, while

1Note that in this work we are considering only flat Minkowski spacetime, with spatial submanifolds aligned
with the global Euclidean coordinates. For a curved manifold on a general background, the first equality of Eq. (8)
would generalize to the covariant expression

∫

Md−p

eµ∇µ ⋆ j =

∫

Md−p

Le ⋆ j , (9)

which holds for any vector field e := eµ∂µ that is covariantly constant, i.e. ∇ρeµ = 0, such that eµ defines an
isometry.
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[iPi ,Q
′] =Q

Gauging Q and Q′

(SSB of Q and Q′ 1-form symmetries)

i-th direction
Wilson line of charge Q

Figure 1: Schematic illustration of the strategy to realize fractons. To render the
worldline of charge Q fractonic in the i-th direction, we gauge a charge Q′ which
does not commute with Pi . In the resulting gauge theory, the Wilson line of charge Q
is confined to a constant-x i plane, implying that the particle cannot move in the i-th
direction.

the second term also vanishes since it is a total derivative and Md−p is a (d − p)-cycle. The
property (7) will be used repeatedly throughout this paper.

The consideration above implies that, if a conserved charge is to have a nontrivial commu-
tation relation with translations, the corresponding current does not satisfy Eq. (6).

Immediate examples of nonuniform 0-form symmetries are spacetime symmetries such as
rotations and boosts (Lorentzian/Carrollian/Galilean). Another example is multipole symme-
tries [14], which are also 0-form nonuniform symmetries. We will see that the spontaneous
breaking of nonuniform higher-form symmetries can be used to construct (gapless) fractonic
phases systematically.

2.2 Strategy to realize fractons

Let us outline the basic concept of how to realize fractonic phases via the spontaneous breaking
of nonuniform higher-form symmetries (see Fig. 1 for a schematic illustration of the general
idea).

As a first step, we interpret the existence of fractonic particles as a restriction on the possible
configurations of worldlines of particles. Thus, it is natural to consider a theory with 1-form
symmetries, whose charged objects can be regarded as worldlines. Suppose that, given a
particle charged under Q, we would like to make it immobile in the i-th direction. This can be
achieved by introducing another charge Q′ such that2

[iPi ,Q
′] =Q , for a fixed direction i . (10)

In the terminology introduced earlier, the symmetry generated by Q′ is nonuniform. A theory
with fractonic worldlines can be obtained by gauging Q and Q′, by which we mean constructing
the theory of dynamical gauge fields for Q and Q′. The resulting theory exhibits the sponta-
neous breaking of 1-form symmetries corresponding to Q and Q′.

Let us illustrate the procedure more concretely. Suppose the system has continuous Abelian
0-form symmetries generated by Q and Q′ satisfying Eq. (10). We denote the corresponding
1-form currents as j and K , in terms of which the charges are written as

Q(V ) =

∫

V
⋆ j , Q′(V ) =

∫

V
⋆K , (11)

2Here we took the translation to be in a spatial direction. If we introduce a charge that does not commute with
P0, we can realize a theory with “temporal fractons”, meaning that their worldlines are confined in constant time
slices.
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where V is a d-cycle. If we are to reproduce the algebra (10), the current for Q′ should be of
the form

⋆K = ⋆k− x i ⋆ j , (12)

where k is a uniform (but nonconserved) current. Explicitly, noting that the translation oper-
ator Pj acts as a derivative on quantum fields and does not act on explicit coordinates (since
commutation relations are among fields), we have

[iPj ,Q
′(V )] =

∫

V

�

∂ j(⋆k)− x i(∂ j ⋆ j)
�

=

∫

V
∂ j(⋆k− x i ⋆ j) +

∫

V
(∂ j x i) ⋆ j

=

¨

Q(V ) , for j = i ,

0 , otherwise,

(13)

where we have used the property (7). Thus, the algebra (10) is reproduced. In this way,
the consequence of the nonuniformity of the symmetry is that the corresponding currents
should be related in a specific way with an explicit coordinate dependence (see Ref. [33]).
The conservation laws of Q and Q′ are

d ⋆ j = 0 , d ⋆ K = d ⋆ k− dx i ∧ ⋆ j = 0 . (14)

Denoting the gauge fields that couple to Q and Q′ as a = aµdxµ and a′ = a′µdxµ, respectively,
we introduce the coupling via a Lagrangian

Lcpl = a ∧ ⋆ j + a′ ∧ ⋆k . (15)

Note that we have coupled the gauge field a′ to the uniform and nonconserved part, ⋆k, rather
than the conserved current, ⋆K . To implement the conservation laws (14), we postulate in-
variance under the gauge transformations

δa = dλ+σdx i , δa′ = dσ , (16)

where λ and σ are 0-form gauge parameters for Q and Q′, respectively.
Now consider the gauge theory where a and a′ are dynamical (i.e. path-integrated) gauge

fields. This gauge theory has 1-form symmetries: let us denote their generators by Q(S) and
Q′(S),3 where S is a (d−1)-cycle. As we will see in examples in later sections, these symmetries
are spontaneously broken. The generators inherit the nontrivial commutation relations with
translations and satisfy4

[iPi ,Q
′(S)] =Q(S) . (17)

The corresponding charged operators are the Wilson lines of a and a′. In particular, the Wil-
son line operator of a, Wq(C) = eiq

∫

C a where C is a 1-cycle, is transformed under a gauge
transformation as

Wq(C) 7→ eiq
∫

C σdx i Wq(C) . (18)

This is gauge-invariant only when the trajectory C is confined to a plane with constant x i ,
5

which means that the particle cannot move in the i-th direction. Namely, the mobility of a

3We will use the same symbol Q to denote the charge of a 0-form symmetry and the charge of the corresponding
1-form symmetry that appears as a result of the gauging of the former, to emphasize the connection between these
two symmetries. When we wish to highlight the degree of the symmetry, we explicitly write the dependence on
the underlying manifold over which the charge density is integrated, e.g. Q(V ) and Q(S), where V and S are a
d-cycle and a (d − 1)-cycle, respectively.

4Since p-form symmetries are Abelian if p > 0, Q and Q′ should be Abelian charges in this construction.
5The time direction is also allowed.
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particle charged under Q is restricted. If we also wish to make the particle immobile in the
j-th direction, we can add another charge Q′′ whose commutator with Pj becomes Q. In this
way, we can control the mobility of a particle by choosing an algebra with spatial translational
generators.

For example, if we consider 1-form symmetries of charges Q and {Q i}i=1...d whose com-
mutation relations with Pi are given by

[iPi ,Q j] = δi jQ , for any i, j ∈ {1, . . . , d} , (19)

a particle charged under Q becomes immobile in every spatial direction, meaning that it is a
fracton. The gauge theory of charges Q and Q i is the coupled vector gauge theory discussed in
Refs. [23,24,34]. In the low-energy limit, this theory reduces to the scalar charge gauge the-
ory [6,7]. If we further wish to make the charges Q i immobile, we can introduce an additional
set of charges, {Q i j}i, j=1...d , where Q i j =Q ji , satisfying the algebra

[iPk,Q i j] = δkiQ j +δk jQ i , (20)

and also gauge Q i j . Then, the worldlines of particles charged under Q i can be made completely
fractonic.

As another example, we can take a set of charges, {qi ,Q i}i=1...d with d = 3, whose com-
mutation relations with Pi are given by

[iPi ,Q j] = εi jkqk , [iPi , q j] = 0 . (21)

Then a specific charge, for example qz , can be written as a commutator of a translation and
another charge,

qz = [iPx ,Q y] = −[iPy ,Q x] . (22)

This implies that a particle with charge qz cannot move in the x and y directions. Thus, a
particle with a charge vector q can only move in the direction of q , and is a lineon. The gauge
theory is described by the corresponding gauge fields for Q i and qi . This theory reduces to the
vector charge gauge theory [7] at low energies.

A gauge theory constructed this way has magnetic symmetries that are also nonuniform. In
(3+1) dimensions, the magnetic symmetries are also 1-form symmetries, and the correspond-
ing charged objects are the worldlines of magnetic monopoles. As a result of the nonuniformity
of the magnetic symmetries, some of the magnetic monopoles also become fractonic. More
concretely, in the gauge theory based on [iPi ,Q

′] =Q, there are magnetic monopoles for Q and
Q′ if their symmetry group is U(1) rather than R, and their worldlines are the charged objects
of magnetic 1-form symmetries. The gauge-invariant field strengths in this example are

f = da− a′ ∧ dx i , f ′ = da′ , (23)

and their Bianchi identities are

d f = − f ′ ∧ dx i , d f ′ = 0 . (24)

The Bianchi identity for f can be written in the form of a conservation law as

d( f + x i f ′) = 0 . (25)

The conserved charges of magnetic symmetries are given by

Qm(S) =
1

2π

∫

S
( f + x i f ′) , Q′m(S) =

1
2π

∫

S
f ′ , (26)
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where S is a 2-cycle. One can see that the magnetic charges satisfy

[iPi ,−Qm] =Q′m . (27)

Note that the positions of Q and Q′ are swapped relative to the original algebra. The magnetic
algebra (27) implies that the magnetic monopole of Q′ cannot move in the i-th direction. In
subsequent sections we will demonstrate this more explicitly through examples.

The existence of magnetic nonuniform symmetries explains the presence of fractons in
the theory of elasticity in (2 + 1) dimensions [3, 4, 6, 7]. The relevant symmetries are spa-
tial translations and rotations. The generators of translations Pi and the rotation L satisfy
[iPi , L] = −εi j Pj , which can be written explicitly as

[iPx , L] = −Py , [iPy , L] = Px . (28)

Upon the formation of a solid, the translational and rotational symmetries, which are 0-form
symmetries, are both spontaneously broken. As a result, there are magnetic 1-form symme-
tries, and the corresponding charged objects are the worldlines of dislocations for Pi and
disclinations for L, respectively. The charges of magnetic symmetries, Pm

i
6 and Lm, satisfy

the following algebra,
[iPx , Pm

y ] = Lm , [iPy ,−Pm
x ] = Lm . (29)

These relations imply that disclinations, which are charged under Lm, are immobile in both
the x and y directions and are therefore fractons. Thus, the fractonic behavior of disclinations
is a consequence of the nonuniform magnetic symmetries, which arise from the spontaneous
breaking of nonuniform 0-form symmetries.

In this way, the mobility restrictions of particles/monopoles are fully controlled in the
present construction by the commutation relations with translations, and we can implement
the restrictions as we wish by modifying the underlying algebra. This method reproduces var-
ious gapless fractonic models, and helps us to engineer systems with desired fractonic proper-
ties. Some general features of the gauge theories constructed in this manner are summarized
as follows.

• Due to the nonuniformity of the symmetry, the corresponding current has an explicit
coordinate dependence whose particular structure is dictated by the algebra.

• The 1-form symmetries are spontaneously broken [35]. The gapless modes in such the-
ories are the Nambu–Goldstone modes associated with 1-form symmetry breaking.

• Some of the Nambu–Goldstone modes acquire a gap, because of the nonuniform nature
of the broken symmetries. This is the higher-form version of the so-called inverse Higgs
mechanism [25–27] for spacetime symmetries.

• If the spontaneously broken 1-form symmetries are compact (i.e. U(1), not R), there
are emergent magnetic symmetries that are also nonuniform. In (3+1) dimensions, the
magnetic symmetries are 1-form symmetries, and the worldlines of magnetic monopoles
are the corresponding charged objects. Due to the nonuniform nature of the symmetry,
certain magnetic monopoles become fractonic.

• Similarly to the case of Maxwell theory, there is an ’t Hooft anomaly between electric
and magnetic symmetries. We can identify the action of the bulk Symmetry-Protected
Topological (SPT) phase to match the anomaly.

6The magnetic symmetry for a translation Pi appears because the order parameter space for one direction of
translations is R/Z≃ U(1).
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2.3 Deformation of symmetry generators

As we mentioned earlier, the fact that the conserved charges of nonuniform symmetries do
not commute with spacetime translations Pµ does not mean that the symmetry generators are
not topological. Even if a charge does not commute with Pµ, the symmetry generator remains
topological as long as the local conservation law is satisfied. Thus, a nonuniform higher-form
symmetry indeed falls under the umbrella of higher-form symmetries as per the definition in
Sec. 2.1 and does not require anything further. In this subsection, we demonstrate this fact.

Suppose a QFT has a p-form continuous symmetry whose (p + 1)-form current density is
j. The charge operator is given by the integral of ⋆ j over a closed submanifold. For a given
smooth embeddingφ : S→ X , where S is a (d−p)-dimensional closed manifold, the conserved
charge can be written as the integral of the pullback of ⋆ j by φ,

Q(S,φ) =

∫

S
φ∗(⋆ j) =

∫

φ(S)
⋆ j . (30)

The map φ can be denoted by xµ(sa) ∈ X , where sa is a coordinate of S.
Let us consider local deformations of the symmetry generators. Writing the conserved

charge as

Q(S,φ) =

∫

S
φ∗(⋆ j) =

∫

S
φ∗
�

1
(d − p)!

(⋆ j)µ1µ2···µd−p
(x)dxµ1 ∧ · · · ∧ dxµd−p

�

, (31)

we may perform a local deformation of the manifold along the vector field βµ(x),

xµ(sa) 7→ xµ(sa) + εβµ(x(s)) , (32)

where ε is an infinitesimal parameter. Under an infinitesimal deformation along βµ, the
change of the charge operator is given by the Lie derivative of ⋆ j,

δεβQ(S,φ) =
1

(d − p)!

∫

S
φ∗
�

(⋆ j)µ1···µd−p
(x + εβ)d(x + εβ)µ1 ∧ · · · ∧ d(x + εβ)µd−p

−(⋆ j)µ1···µd−p
(x)dxµ1 ∧ · · · ∧ dxµd−p

�

= ε

∫

S
φ∗Lβ ⋆ j +O(ε2)

= ε

∫

S
φ∗
�

iβd ⋆ j + d iβ ⋆ j
�

+O(ε2) .

(33)

If the current satisfies a local conservation law, d ⋆ j = 0, the first term vanishes. Moreover,
since S is closed, the second term also vanishes. By this argument, even if the charge does
not commute with Pµ, the symmetry generator is topological as long as the current is locally
conserved.

In fact, even if the symmetry is uniform, we cannot perform a local deformation of a gener-
ator using the energy-momentum tensor. To see this, consider a transformation by an operator
ei
∫

V εβ
µ(x)pµ(x), where pµ(x) is the energy-momentum density at x . For a uniform symmetry,

the action of this operator on the current density is

ei
∫

V εβ
µ(y)pµ(y)

�

1
(d − p)!

(⋆ j)µ1···µd−p
(x)dxµ1 ∧ · · · ∧ dxµd−p

�

e−i
∫

V εβ
µ(y)pµ(y)

=
1

(d − p)!
(⋆ j)µ1···µd−p

(x + εβ(x))dxµ1 ∧ · · · ∧ dxµd−p .
(34)
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Since the commutator can act only on quantum fields, pµ(x) cannot translate the measure
of the spacetime integral. For a nonuniform symmetry, the current depends explicitly on the
coordinates, and pµ(x) cannot generate translations of the current density. In this way, the
commutativity of a symmetry generator with Pµ is unrelated to the topological nature of the
generator of continuous symmetries, since this property is a consequence of the local conser-
vation law.

3 Gauge theory with U(1) and dipole symmetries

Here we discuss a gauge theory with a U(1) symmetry and a dipole symmetry. Starting from
the symmetry algebra, we construct a theory containing dynamical U(1) and dipole gauge
fields, in which the Wilson line of a U(1) charge is fractonic. This theory reduces to the scalar
charge gauge theory at low energies.

3.1 U(1) and dipole symmetries and their gauging

Suppose the action is invariant under two kinds of 0-form symmetries, generated by Q and
{Q i}i=1...d , respectively. We will refer to the former as the U(1) charge symmetry, and the
latter as the dipole symmetry.7 These charges are Abelian and commute with each other.
The U(1) charge symmetry commutes with all other generators, while the dipole symmetry is
characterized by its commutation relation with spatial translations Pi:

8

[iPi ,Q j] = −δi jQ , [iPi ,Q] = 0 . (36)

Noether’s theorem implies the existence of conserved 1-form currents, j and Ki , for the U(1)
charge symmetry and the dipole symmetry, respectively, whose conservation laws read

d ⋆ j = 0 , d ⋆ Ki = 0 . (37)

The conserved charges can be written as

Q(V ) :=

∫

V
⋆ j , Q i(V ) :=

∫

V
⋆Ki , (38)

where V is a d-cycle.
As a consequence of the algebra (36), the dipole current Ki is nonuniform, while the U(1)

charge current j is uniform. The nonuniformity of the dipole current results in certain relations
between the currents, as discussed in Ref. [33]. To reproduce this algebra, the dipole current
should take the form

⋆Ki = ⋆ki + x i ⋆ j , (39)

where the current ki is uniform but not conserved. The conservation law of the dipole current
reads

d ⋆ Ki = d ⋆ ki + dx i ∧ ⋆ j = 0 . (40)

7We here consider a generic theory with there symmetries and discuss its coupling to gauge fields. As a concrete
model, we can consider a theory of a complex scalar field that is transformed under U(1) charge- and dipole-
transformations as

Φ 7→ ei(α+β i xi )Φ , (35)

where α and βi are constant parameters. We detail on the coupling of gauge fields this model in Appendix A.
8While it may be natural to have a plus sign on the right-hand side of Eq. (36), here we chose a minus sign to

allow for easier comparison with prior works, for example, Ref. [16]. The properties of the theory are unchanged
by this convention.
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We would now like to gauge these symmetries.9 In doing so, we would like to respect
the relation (39), which comes from the underlying algebra. For this purpose, rather than
introducing background gauge fields for conserved currents ( j, Ki), we introduce gauge fields
for the currents ( j, ki) as

Scpl =

∫

X

�

a ∧ ⋆ j +Ai ∧ ⋆ki
�

, (41)

where a = aµdxµ and Ai = (Ai)µdxµ are 1-form gauge fields. To implement the conservation
laws (37), we require invariance under the following gauge transformations,

δa = dΛ−Σidx i , δAi = dΣi , (42)

where Λ and Σi are the gauge parameters for the U(1) and dipole gauge transformations,
respectively. Indeed, requiring that the action is invariant under the dipole gauge transforma-
tion,

0= δScpl =

∫

X

�

−Σidx i ∧ ⋆ j + dΣi ∧ ⋆ki
�

= −
∫

X
Σi

�

dx i ∧ ⋆ j + d ⋆ ki
�

, (43)

we find that dipole gauge invariance implies Eq. (40). Importantly, the spatial part of the
U(1) gauge field is transformed by a dipole gauge transformation (42), as a consequence of
the nonuniform nature of the dipole symmetry. Such a shift of gauge fields is known to occur
in the presence of higher group symmetries [38].

3.2 Gauge theory of U(1) charge- and dipole-gauge fields

Now we promote the gauge fields (a,Ai) to dynamical fields and consider their gauge theory.10

This gauge theory can be regarded as the theory of Nambu–Goldstone bosons resulting from
spontaneously broken 1-form symmetries.11 The building blocks of the theory are the gauge-
invariant field strengths

f := da+Ai ∧ dx i , Fi := dAi . (44)

Since the charges Q and Q i are both Abelian, we can take the corresponding symmetry group
to be either R or U(1). While we take the symmetry of Q to be U(1), we consider both R and
U(1) for the dipole symmetry group. Although this choice does not affect the local properties
of the theory, such as the number of gapless modes, it leads to a difference in the identification
of extended operators.

The choice of U(1) or R affects the normalization of the gauge fields. We normalize the
U(1) gauge field a in order to satisfy the Dirac quantization condition

∫

S
da ∈ 2πZ , (45)

where S is a 2-cycle. In the normalization condition of a, “da” is a local expression, so it is
implicit in the expression above that we should combine the coordinate patches for noncon-
tractible manifolds. Similarly, the gauge parameter Λ satisfies

∫

C
dΛ ∈ 2πZ , (46)

where C is a 1-cycle.

9See also Refs. [16,36,37].
10See Ref. [39] for a related construction.
11For uniform higher-form symmetries, the field strengths appear as Maurer–Cartan forms, with which invariant

effective Lagrangians can be constructed [40].
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We should also specify normalization conditions for the dipole gauge fields and gauge
parameters. In the case where we take the dipole symmetry group to be U(1), we employ the
normalization

ℓ

∫

S
Fi ∈ 2πZ , ℓ

∫

C
dΣi ∈ 2πZ , (47)

where ℓ is a parameter with dimensions of length. On the other hand, when we consider R,
these integrals are taken to be zero. Note that the normalization condition of a is not affected
by dipole gauge transformations. Under such a transformation,

δ

∫

S
da = −

∫

S
dΣi ∧ dx i . (48)

For example, let us evaluate this on a 2-sphere. By expressing a 2-sphere as a union of northern
and southern hemispheres, S2 = S+ ∪ S−, the integral on the right-hand side of (48) can be
written as

∫

S+
dΣ+i ∧ dx i +

∫

S−
dΣ−i ∧ dx i =

∫

S1

�

Σ+i −Σ
−
i

�

dx i =
1
ℓ

∫

S1

2πnidx i = 0 , (49)

where S1 is the equator, and we used the fact that Σ+i (x) = Σ
−(x) + 2πni/ℓ, where ni are

integers.
We can construct effective theories using the gauge-invariant field strengths (44). To this

end, we shall employ the effective action12

S[a,Ai] =

∫

X

�

−
1

2e2
f ∧ ⋆ f −

1
2(e1)2

Fi ∧ ⋆Fi

�

. (51)

Since we do not enforce Lorentz symmetry, the coefficients of the time and spatial derivative
terms may be different in general. However, in the following we take them to be the same for
notational simplicity — a more general choice of coefficients does not affect our conclusions.13

The equations of motion resulting from the action (51) as well as the Bianchi identities for f
and Fi are summarized as

1
e2

d ⋆ f = 0 , (53)

1
(e1)2

d ⋆Fi +
1
e2

dx i ∧ ⋆ f = 0 , (54)

d f −Fi ∧ dx i = 0 , (55)

dFi = 0 . (56)

12We can also add theta terms for the U(1) gauge fields and dipole gauge fields (if the dipole symmetry group
is U(1)),

Sθ = θ

∫

X

1
2

da
2π
∧

da
2π
+
∑

i

θiℓ
2

∫

X

1
2
Fi

2π
∧

Fi

2π
, (50)

where the summation over i is denoted explicitly. The theta term for a is gauge invariant up to a total derivative.
The theta angles are 2π periodic on spin manifolds.

13One can further add terms with one derivative which are of the form Ci jkAi ∧F j ∧ dxk, where Ci jk are coef-
ficients. These are also gauge invariant up to a total derivative. The existence of such terms corresponds to the
situation where the expectation values of the dipole 1-form charges become nonzero [40],

〈[Q i(S1),Q j(S2)]〉 ∝ Ci jk

∫

S1∩S2

dx k , (52)

where Q i(S1) is the generator of the dipole 1-form symmetry (see Sec. 3.5) and S1 and S2 are 2-cycles.
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We may identify the canonical momenta for a and Ai as

π :=
d

dda
L= − 1

e2
⋆ f , Πi :=

d
ddAi

L= − 1
(e1)2

⋆Fi . (57)

The canonical commutation relations can be written as
�∫

S
π, a

�

= iδV (S) ,

�∫

S
Πi ,A j

�

= iδi jδV (S) , (58)

where S is a 2-cycle inside a spatial slice V and δV (S) is the Poincaré dual of S with respect to V .

3.3 Low energy limit and the relation to the scalar charge gauge theory

Let us consider the low-energy limit of the action (51). Since the gauge-invariant field strength
f involves Ai , some components of Ai acquire a mass given by m2 := (e1)2/e2 and drop
out at low energies. As a result, the number of gapless Nambu–Goldstone modes is reduced
compared to the case of uniform symmetries [40]. This is the higher-form version of the so-
called inverse Higgs phenomenon [25–27].

We introduce electric and magnetic fields for Fi and da as

Fi = (Ei) jdx jdx0 +
1
2
ε jkl(Bi)

ldx jdxk , (59)

da = ei dx idx0 +
1
2
εi jk bkdx idx j . (60)

Note that ei and bi are not invariant under dipole gauge transformations. Let us consider
physics at energies well below the mass gap. The equation of motion for the gapped part of
Ai reads

da+A j ∧ dx j = 0 . (61)

Thus, some components of the dipole gauge fields are expressed in terms of a as

(Ai)0 = ∂ia0 − ∂0ai = ei , (62)

(A[i) j] = ∂[ia j] =
1
2
εi jk bk . (63)

Note that the quantities on both sides have the same transformation properties: they are U(1)
gauge invariant (the expressions on the right-hand side are U(1) electric/magnetic fields) but
not dipole gauge invariant. At low energies, the dynamical variables are reduced to

{a0, ai , (Ai)0, (Ai) j} → {a0, ai , (A(i) j)} . (64)

The low-energy limit of this theory can be connected to the scalar charge gauge theory as
follows. We introduce a rank-2 symmetric tensor gauge field by

Ai j := (A(i) j) + ∂(ia j) = (Ai) j + ∂ jai , (65)

where the equality on the right holds only at low energies where Eqs. (62) and (63) apply.
The field Ai j is dipole gauge invariant and is transformed by a U(1) gauge transformation as

δAi j = ∂i∂ jΛ . (66)

The gauge fields, {a0, Ai j}, constitute the fields that appear in the scalar charge gauge theory.
Using Eqs. (62) and (63), the dipole electric and magnetic fields are written at low energies
as

(Ei) j = ∂ j(Ai)0 − ∂0(Ai) j = ∂ j∂ia0 − ∂0Ai j , ∂[ j(Ai)k] = ∂[ jAk]i . (67)
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Thus, the Lagrangian density in the IR reads

L= 1
2(e1)2

(Ei) j(Ei) j −
1
(e1)2

∂[ j(Ai)k]∂[ j(Ai)k]

=
1

2(e1)2
(∂0Ai j − ∂i∂ ja0)

2 −
1
(e1)2

∂[ jAk]i∂[ jAk]i .
(68)

Equation (68) is nothing but the Lagrangian of the scalar charge gauge theory.
The equations of motion for the scalar charge gauge theory can also be derived from

Eqs. (53)–(56). Writing fi0 = eei and fi j = εi jk
ebk, the independent components of Eq. (53) are

∂ieei = 0 , (69)

∂0eei − εi jk∂
j
ebk = 0 . (70)

Evaluating Eq. (54) explicitly gives

eei = −
e2

(e1)2
∂ j(Ei) j , (71)

εi jk
ebk =

e2

(e1)2
�

∂0(E j)i − εikl∂
k(B j)

l
�

. (72)

Inserting Eq. (71) into Eq. (69) reveals the equation of motion

∂ i∂ j(Ei) j = 0 . (73)

This is valid at all energies, and in particular at low energies it matches the first equation of
motion for the electric field in the scalar charge gauge theory. Furthermore, the symmetric
part of Eq. (72) yields the second equation of motion,

∂0(E(i) j) − εkl(i∂
k(B j))

l = 0 , (74)

which similarly matches the low-energy dynamics given by the scalar charge gauge theory.14

The third and fourth equations of motion also emerge from the explicit components of the
Bianchi identity Eq. (56) as

ε jkl∂ j(Ei)k + ∂0(Bi)
l = 0 , ∂l(Bi)

l = 0 , (75)

again agreeing with the low-energy description. Finally, expanding to leading order in e2/(e1)2,
the leading contribution to Eq. (55) is

Fi ∧ dx i = 0 . (76)

This implies that at low energies, the electric field is symmetric, (E[i) j] = 0, and the magnetic
field is traceless, (Bi)i = 0. Thus, the full structure and dynamics of the scalar charge gauge
theory are recovered in the low-energy limit.

3.4 Number of gapless modes

Let us discuss the number of gapless modes in this theory. The SSB of a 1-form symmetry
gives d − 1 physical gapless Nambu–Goldstone modes. There is one U(1) 1-form symmetry
corresponding to the charge Q, and d U(1) (orR) 1-form symmetries for the dipole charges Q i .
Due to the inverse Higgsing, the antisymmetric components, (A[i) j], are expressed in terms of

14Eq. (70) and the skew-symmetric part of Eq. (72) do not yield any new information: combining them using
Eq. (71) simply produces the divergence of Eq. (74).
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Wq(C) = eiq
∫

C a

Charge worldline
Fracton

Wq (C) = eiqiℓ
∫

C Ai

Dipole worldline

Tp(C) = eip
∫

C ea

Monopole worldline
Tp(C) = eipiℓ

−1
∫

C
eAi

Dipole-monopole worldline
Planon

Figure 2: Summary of charged objects in this theory. Dipole operators are character-
ized by charge vectors, which are indicated by arrows. A U(1) charge is a fracton.
A dipole-monopole is a planon and it can only move perpendicularly to its charge
vector. There is no restriction for the other two. Dipole monopoles are absent when
the dipole symmetry group is chosen to be R.

other degrees of freedom (note that the scalar potential part, (Ai)0, does not have a conjugate
momentum and does not produce physical degrees of freedom). Thus, the total number of
physical gapless modes is counted as

U(1) 1-form SSB
︷ ︸︸ ︷

(d − 1) +

Dipole 1-form SSB
︷ ︸︸ ︷

(d − 1)× d −
d(d − 1)

2
︸ ︷︷ ︸

Inverse Higgsing

=

Sym. tensor of rank 2
︷ ︸︸ ︷

d(d + 1)
2

−1
︸︷︷︸

Gauss law

. (77)

This is consistent with the result for the scalar charge gauge theory in d-spatial dimensions
[16], the counting from which is written on the right-hand side of Eq. (77). We can count the
physical gapless modes in the scalar charge gauge theory as follows. The symmetric electric
field, Ei j , has d(d + 1)/2 components, and each component is gauge-invariant and produces
one physical mode, except for the Gauss law constraint, ∂i∂ j Ei j = 0, which eliminates one
mode and corresponds to −1.

This relation generalizes to other theories with spontaneously-broken nonuniform higher-
form symmetries. In Sec. 4.6 this counting argument will be extended to theories with a
vector of U(1) charges, and subsequently generalized to theories obtained by gauging higher
multipole moments in Sec. 5.3.

3.5 Higher-form symmetries and fractons

Let us identify the higher-form symmetries of this theory. See Fig. 2 for a summary of objects
charged under the 1-form symmetries.

The charge operators of the U(1) charge 1-form symmetry and the dipole 1-form symmetry
are

Q(S) :=
1
e2

∫

S
⋆ f = −

∫

S
π , (78)

Q i(S) :=

∫

S

�

1
(e1)2

⋆Fi +
1
e2

x i ⋆ f
�

= −
∫

S
Πi −

∫

S
x iπ , (79)

respectively, where S is a (d−1)-cycle. If we place S inside a spatial slice, Q i(S) can be regarded
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as an operator that acts on the Hilbert space. It generates a nonuniform symmetry and satisfies

[iPi ,Q j(S)] =

∫

S

�

1
(e1)2

∂i ⋆F j +
1
e2

x j∂i ⋆ f
�

=

∫

S
∂i

�

1
(e1)2

⋆F j +
1
e2

x j ⋆ f
�

−δi j
1
e2

∫

S
⋆ f

= −δi jQ(S) ,

(80)

where we have used Eq. (7). Thus, the charges of 1-form symmetries reproduce the alge-
bra (36).

The charged object for Q(S) is the Wilson line of a U(1) charge and it is fractonic, i.e. its
worldline should be aligned straight along the time direction and cannot move in space. Let
us illustrate this explicitly. The Wilson line is written as

Wq(C) := eiq
∫

C a , (81)

where C is a line in spacetime and q ∈ Z. This is invariant under a U(1) gauge transformation,
but for an arbitrary choice of C it is modified by a dipole gauge transformation,

Wq(C) 7→ e−iq
∫

C Σidx i Wq(C) . (82)

For this to be dipole-gauge-invariant, C should be a straight line parallel to the time axis. Thus,
a U(1) charge, whose worldline is given by C , is fractonic. One can check that Q(S) indeed
generates a U(1) phase rotation of Wq(C),15

eiαQ(S)Wq(C) = eiαqL(S,C)Wq(C) , (84)

where C is placed along the time direction and L(S, C) is the linking number of S and C in 4-
dimensional spacetime. We can also define another gauge-invariant operator with a trajectory
of a U(1) charge,

W ′q(SC) = eiq
∫

C a+iq
∫

SC
Ai∧dx i

= eiq
∫

SC
(da+Ai∧dx i) , (85)

where SC is a surface whose boundary is C . Although C can be of an arbitrary shape, this is
not a line operator since a surface is attached. As the integrand is simply given by the field
strength f , at low energies this operator becomes trivial.

We also have dipole Wilson lines,

Wq (C) := eiqiℓ
∫

C Ai , (86)

where qi is a charge vector. When the dipole symmetry group is U(1), the charge is quantized
as qi ∈ Z, while qi ∈ R when the symmetry group is chosen to be R. When we place the
charged object and the symmetry generator inside the spatial slice, the action of the dipole
1-form symmetry is written as

eiℓ−1αiQ i(S)Wq (C)e
−iℓ−1αiQ i(S) = eiα·q I(C ,S)Wq (C) , (87)

where we used the canonical commutation relation as
�

iαiQ i(S), q j

∫

C
Ai

�

= −
�

iαi

∫

S
(Πi + x iπ), q j

∫

C
Ai

�

= α · q
∫

C
δV (S) = α · q I(C , S) . (88)

15Equation (84) should be understood as an operator relation in the path-integral correlation functions,

〈eiαQ(S)Wq(C) · · · 〉= eiαqL(S,C)〈Wq(C) · · · 〉 , (83)

where the dots indicate other operators that are not charged under Q(S) or not linked with S.
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We can also consider the transformation of the fracton Wq(C) under the dipole 1-form
symmetry Q i(S):

eiℓ−1αiQ i(S)Wq(C) = exp
h

iαiq
x i

ℓ
L(S, C)

i

Wq(C) , (89)

where C is placed along the time direction and x i is its spatial position. We see that the
fracton is nontrivially charged under the dipole 1-form symmetry, and the “charge” of Wq(C)
under Q i(S) depends on the spatial position. When we take the dipole symmetry to be U(1),
αi should be 2π-periodic and x i/ℓ should be an integer. For the R dipole symmetry, such a
restriction does not exist.

There are also magnetic symmetries. The conservation law of the magnetic dipole symme-
try is given by dFi = 0, and this is a 1-form symmetry. In the case of U(1) gauge fields, the
field strength f is not closed, and its Bianchi identity can be written as

d( f − x iFi) = 0 . (90)

The associated charges are the topological operators

Qm(S) :=
1

2π

∫

S
( f − x iFi) , Qm

i (S) :=
1

2π

∫

S
Fi . (91)

The corresponding charged operators are ’t Hooft lines, which are regarded as the worldlines
of magnetic monopoles,

Tp(C) := e2πip
∫

SC
Q(S) , Tp(C) := e2πipiℓ

−1
∫

SC
Q i(S) , (92)

for each charge of Eq. (91). Here, SC is a two-dimensional surface bounded by C , and p, pi ∈ Z.
Note that dipole-charged magnetic monopoles exist only when the dipole symmetry group is
taken to be U(1). If the symmetry group is R, the charge Qm

i (S) is always trivial, and the
dipole-monopoles are absent.

We note that the magnetic symmetry generated by Qm(S) is also nonuniform. The charges
satisfy the algebra

[iPi ,Q
m(S)] =

1
2π

∫

S
(∂i x

j)F j =Qm
i (S) . (93)

This algebra suggests that the motions of dipole-monopoles are restricted and a monopole
charged under Qm

i cannot move in the i-th direction. We will check this using the dual La-
grangian in the following subsection.

3.6 Dual theory

The ’t Hooft line operators can be seen more explicitly in a dual description. Here we
perform a duality transformation to observe their properties. The partition function is
Z =

∫

DaDAi eiS[a,Ai], where

S[a,Ai] =

∫

X

�

−
1

2e2
f ∧ ⋆ f −

1
2(e1)2

Fi ∧ ⋆Fi

�

. (94)

Introducing auxiliary fields, (σ,τi), we can write the path integral as
Z =

∫

DaDAiDσDτi eiS[a,Ai ,σ,τi] with the action

S[a,Ai ,σ,τi] =

∫

X

�

e2

2
σ∧ ⋆σ−σ∧ ⋆(da+Ai ∧ dx i) +

(e1)2

2
τi ∧ ⋆τi −τi ∧ ⋆dAi

�

. (95)
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Solving the equations of motion resulting from varying σ and τi , we obtain

σ =
1
e2
(da+Ai ∧ dx i) , τi =

1
(e1)2

dAi . (96)

Integrating out a and Ai yields the following constraints,

d ⋆σ = 0 , d ⋆ τi + dx i ∧ ⋆σ = 0 . (97)

These constraints can be solved by taking the variables as

⋆σ =
1

2π
dea , ⋆τi =

1
2π

�

d eAi − ea ∧ dx i

�

. (98)

The path integral is thus written in terms of the dual gauge fields, Z =
∫

DeaD eAi eiSdual[ea, eAi],
with the action

Sdual[ea, eAi] =

∫

X

�

−
e2

2(2π)2
ef ∧ ⋆ef −

(e1)2

2(2π)2
eFi ∧ ⋆ eFi

�

, (99)

where we have introduced the dual field strengths

ef := dea , eFi := d eAi − ea ∧ dx i . (100)

Note that the mass dimension of ( eAi)µ is zero for d = 3. Their Bianchi identities read

def = 0 , d eFi = −ef ∧ dx i . (101)

The field strengths (100) are invariant under the gauge transformations

δea = deΛ , δ eAi = deΣi + eΛdx i . (102)

The ’t Hooft line operator for the magnetic U(1) 1-form symmetry can now be written as

Tp(C) := eip
∫

C ea . (103)

This represents the worldline of a charge-monopole. There is no restriction in the choice of C .
We also have worldlines of dipole-monopoles, given by

Tp(C) := eipiℓ
−1
∫

C
eAi . (104)

Under the corresponding gauge transformation (102), this transforms as

eipiℓ
−1
∫

C
eAi 7→ eipiℓ

−1
∫

C
eAi eipiℓ

−1
∫

C
eΛdx i . (105)

The operator is gauge-invariant if the tangent vector to C is orthogonal to p. Hence, the dipole-
monopole p can move in (d − 1)-directions perpendicular to p. In d = 3 spatial dimensions
they are planons. This is consistent with the expectation based on the underlying algebra (93).

3.7 SSB of higher-form symmetries

Here we investigate the stability of the broken-symmetry phase. We refer to Appendix B for
additional computational details. The SSB [22, 35] of the 1-form symmetry whose charged
objects are Wq(C) can be diagnosed by the existence of an off-diagonal long-range order
(ODLRO), which we may identify by studying the behavior of the correlation function

〈Wq(C1)W
†
q (C2)〉 , (106)
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at large separation of C1 and C2. We take C1 and C2 to be straight lines in the time direction,
which is required by gauge invariance. We place them at spatial points x and 0 and take them
to be of finite length Lt . We consider the limit Lt →∞ and |x | →∞ while keeping Lt ≫ |x |.
The correlation function (106) with minimal charges (q = 1) is written as

lim
Lt→∞
|x |→∞

〈ei
∫

C1
ae−i

∫

C2
a〉 ≃ lim

Lt→∞
|x |→∞

e
− 1

2 〈
�

∫

C1
a−
∫

C2
a
�2
〉
. (107)

The exponent is written explicitly as

1
2

®

�∫

dta0(t, x )−
∫

dt ′a0(t
′,0)

�2¸

=

∫

dt

∫

dt ′〈a0(t, x )a0(t
′, x )〉

−
∫

dt

∫

dt ′〈a0(t, x )a0(t
′,0)〉 , (108)

where the time integrals are from −Lt/2 to Lt/2. Choosing the ai = 0 gauge, the Green’s
function of a0 in the IR is

〈a0(t, x )a0(0,0)〉= 2(e1)
2

∫

dω
2π

dd k
(2π)d

e−iωt+ik·x

k4 + (e1)2ω2
. (109)

Using this, we can evaluate the |x |-dependence of Eq. (108) as

1
2

®

�∫

dx0a0(x
0, x )−

∫

dy0a0(y
0,0)

�2¸

= (e1)
2 Lt

∫

dd k
(2π)d

1− eik·x

k4

∼

¨

|x |4−d , d ̸= 4 ,

ln |x | , d = 4 ,
at large |x | .

(110)

The integral in the exponent is IR-convergent for d > 4. Thus, for d > 4, by renormalizing the
Wilson line operator by a length-dependent counterterm, we can make

lim
Lt→∞
|x |→∞

〈Wq(C1)W
†
q (C2)〉= const. , (111)

which indicates that the 1-form symmetry is spontaneously broken.
The IR divergence of Eq. (110) in three spatial dimensions is closely related to the diverg-

ing electrostatic energy of fractons discussed in Ref. [6]. Curiously, this does not necessarily
imply that the gapless phase is unstable. As discussed in Ref. [5], we cannot write down
relevant nor marginally relevant interaction terms that are gauge-invariant. The number of
Nambu–Goldstone modes is not affected by the vanishing of Eq. (106), since the dipole 1-form
symmetries are still broken in d = 3 as we see below, and the gauge field a does not give rise
to a physically propagating mode.

Similarly, we can compute the order parameter for the dipole 1-form symmetry,

〈Wq (C1)W†
q (C2)〉= 〈e

iqiℓ
∫

C1
Ai e−iq jℓ

∫

C2
A j 〉 ≃ e

− 1
2 ℓ

2〈
�

qi
∫

C1
Ai−q j

∫

C2
A j

�2
〉
. (112)

The following computation applies to both the cases where the dipole symmetry group is U(1)
and R. Let us place C1 and C2 along the time axis at x and 0, respectively. At low energies,
the two-point correlation function of (Ai)0 can be expressed by that of a0,

ℓ2qiq j〈(Ai)0(t, x )(A j)0(0,0)〉 ≃ ℓ2qiq j〈∂ia0(t, x )∂ ja0(0,0)〉

= 2(e1)
2ℓ2qiq j

∫

dω
2π

dd k
(2π)d

kik je
−iωt+ik·x

k4 + (e1)2ω2
.

(113)
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Upon integration over t and t ′,

ℓ2qiq j〈
∫

dt

∫

dt ′(Ai)0(t, x )(A j)0(t
′,0)〉= 2(e1)

2ℓ2 Ltqiq j

∫

dd k
(2π)d

kik je
ik·x

k4

= 2(e1)
2ℓ2 Ltqiq j

1
d
δi j

∫

dd k
(2π)d

eik·x

k2
.

(114)

The |x |-dependence of the exponent of Eq. (112) is evaluated as

ℓ2

2

*

�

qi

∫

C1

Ai − q j

∫

C2

A j

�2+

=
2
d
(e1)

2ℓ2 Ltq
2

∫

dd k
(2π)d

1− eik·x

k2

∼

¨

|x |2−d , d ̸= 2 ,

ln |x | , d = 2 ,
at large |x | .

(115)

This indicates that the order parameter is nonzero for d > 2. Compared to the previous case,
the IR behavior is milder due to the additional spatial derivatives.

3.8 Extended operators at low energies

Here we discuss the low-energy behavior of the line operators. Among the components of the
dipole gauge fields, the temporal components (Ai)0 and the antisymmetric part of the spatial
components (A[i) j] are expressed in terms of a and are thus no longer independent degrees
of freedom. Let us consider a dipole Wilson line at low energies. If we place the line along the
time axis, which we denote by Ct ,

Wq (Ct) = exp

�

iqiℓ

∫

Ct

(Ai)0dx0

�

≃ exp

�

iqiℓ

∫

Ct

eidx0

�

. (116)

Since ei is the electric field of the U(1) gauge field a, this operator can be interpreted as an
electric dipole whose dipole moment is qℓ. On a generic loop C , the operator Wq (C) in the
IR can be written as

Wq (C) = exp

�

iqiℓ

∫

C
Ai

�

= exp

�

iqiℓ

∫

C

�

(Ai)0dx0 + [(A(i) j) + (A[i) j]]dx j
�

�

= exp

�

iqiℓ

∫

C

�

(Ai)0dx0 + [2(A[i) j] + (A(i) j) − (A[i) j]]dx j
�

�

≃ exp

�

iqiℓ

∫

C

�

∂ia− dai + (A j)idx j
�

�

,

(117)

where we have used Eqs. (62) and (63). This suggests that we can write a line operator in the
UV which takes the same form,16,17

Dq (C) := exp

�

iqiℓ

∫

C

�

∂ia− dai + (A j)idx j
�

�

, (121)

16The operator (121) can also be written as

Dq (C) = exp

�

iqiℓ

∫

C

(iei f +Ai)

�

, (118)

where ei is a constant vector field in the i-th direction. When written in this form, the gauge invariance of this
operator is manifest.

17The expression (121) supports our interpretation of this operator as a “dipole” of fractons. To see this, note
that the operator can be expressed as

Dq (C) = exp

�

iqiℓ

∫

C

�

iei da+ (A j)idx j
�

�

, (119)
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but is now distinct from Wq (C) since in the UV, Eqs. (62) and (63) do not hold. Nevertheless,
this operator is gauge-invariant along any closed C . Under the dipole 1-form symmetry eiαiQ i ,

eiℓ−1αiQ i(S)Dq (C)e
−iℓ−1αiQ i(S) = eiα·q I(C ,S)Dq (C) , (122)

which transforms in the same way as Wq (C); see Appendix C for details.18 This suggests that
the two operators can be connected. Indeed, we can also form a composite line operator

exp

�

iqiℓ

�

∫

C−

Ai +

∫

C+

�

∂ia− dai + (A j)idx j
�

��

, (123)

where C+ and C− are curves such that ∂ C+ = −∂ C−. This represents a transmutation of the
Wq line operator into the Dq line operator at a point in spacetime, and is indeed allowed since
it is gauge-invariant. See also Sec. 2.1.1 of [41] for a different perspective, based on currents
rather than line operators, on the transmutation of a dipole of U(1) charges into a “dipole
charge” (object charged under the dipole gauge field).

We can also form additional gauge-invariant line operators from a linear combination of
Dq (C) and Wq (C),

�

WαqDβq

�

(C) = exp

�

iqiℓ

�

α

∫

C
Ai + β

∫

C

�

∂ia− dai + (A j)idx j
�

��

, (124)

where α,β are arbitrary coefficients. In the IR, Dq (C), and Wq (C), and hence all operators of
the form Eq. (124) (with α+β = 1 so that the overall dipole charge is q), reduce to the same
line operator. In terms of the fields {a0, ai , Ai j} from Sec. 3.3, this is expressed as

exp

�

iqiℓ

∫

C

�

∂ia0dx0 + Ai jdx j − dai

�

�

, (125)

where Ai j is the symmetric tensor gauge field. This can be understood as the (3 + 1)-
dimensional version of a similar operator in 1 + 1d from Section 3.1 of [42]. There is also
a similar operator in 3+1d given in Sec. 5.5 of [43], but that operator is a planon that cannot
move in the direction of the dipole moment, due to the absence of the diagonal components of
the field Ai j in the gauge theory. Such kinds of mobility restriction are governed by the algebra
presented in Sec. 3.11.

3.9 Gauging of nonuniform higher-form symmetries, ’t Hooft anomalies and
an SPT action

We now introduce background gauge fields for the higher-form symmetries in this theory and
discuss their ’t Hooft anomalies.19 Let us introduce notation for the currents of higher-form
symmetries, which are not necessarily conserved,

⋆Je :=
1
e2
⋆ f , ⋆J e

i := ⋆Fi , ⋆Jm :=
1

2π
f , ⋆J m

i :=
1

2π
Fi . (126)

since iei da = ∂i a−dai . Recall that in Maxwell theory, a pair of Wilson lines with opposite charges displaced by an
infinitesimal distance ℓ in the i-th direction can be written as

exp

�

iqℓ

∫

C

Lei a

�

= exp

�

iqℓ

∫

C

iei da

�

. (120)

18When the line operator sits by itself,
∫

C
dai is a total derivative term and gives no contribution except at the

endpoints, but in the presence of a symmetry operator it is no longer trivial and in fact affects the transformation
law under the dipole 1-form symmetry.

19The analysis here is based on differential forms. In order to capture topologically nontrivial configurations,
one needs to use differential characters [44–48], which we do not attempt here.
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The equations of motion and Bianchi identities are expressed in terms of these currents as

d ⋆ Je = 0 , (127)

d ⋆J e
i + dx i ∧ ⋆Je = 0 , (128)

d ⋆ Jm − ⋆J m
i ∧ dx i = 0 , (129)

d ⋆J m
i = 0 . (130)

We introduce background gauge fields for the currents via

Scpl =

∫

X

�

b ∧ ⋆Je + Bi ∧ ⋆J e
i + c ∧ ⋆Jm + C i ∧ ⋆J m

i

�

, (131)

where b, c, Bi , C i are 2-form gauge fields. To reproduce the conservation laws (127)–(130),
their gauge transformation properties should be given by

δb = dλe +Λe
i ∧ dx i , (132)

δBi = dΛe
i , (133)

δc = dλm , (134)

δCi = dΛm
i −λ

m ∧ dx i , (135)

where λe, λm, Λe
i , Λ

m
i , are 1-form gauge parameters.

When the dipole symmetry group is R, dipole monopoles do not exist, and the magnetic
dipole symmetry is absent. Still, the Bianchi identity (130) is retained, and we can couple
the gauge field Ci to the field strength, which corresponds to the insertion of a topological
operator,

∫

S Fi . As we will see below, in the presence of the background gauge field of the
electric dipole 1-form symmetry, this topological property is lost. This is what we mean by the
existence of an ’t Hooft anomaly in the case of the R dipole symmetry.

The gauge-invariant 3-form field strengths are given by

Fb := db− Bi ∧ dx i , (136)

FBi
:= dBi , (137)

Fc := dc , (138)

FCi
:= dCi + c ∧ dx i . (139)

The field strengths satisfy the Bianchi identities

dFb = −FBi
∧ dx i , dFBi

= 0 , dFc = 0 , dFCi
= Fc ∧ dx i . (140)

We can couple the original U(1) charge-dipole theory to background gauge fields (b, Bi , c, Ci)
through an action of the form

S =

∫

X

�

−
1

2e2
( f − b)∧ ⋆( f − b)−

1
2(e1)2

(Fi − Bi)∧ ⋆(Fi − Bi) + c ∧ ⋆Jm + Ci ∧ ⋆J m
i

�

.

(141)
For example, invariance under a magnetic gauge transformation by λm enforces Eq. (129),

δλmS =

∫

X
dλm ∧ ⋆Jm −λm ∧ dx i ∧ ⋆J m

i

=

∫

X

�

λm ∧ d ⋆ Jm −λm ∧ dx i ∧ ⋆J m
i

�

=

∫

X
λm ∧ (d ⋆ Jm − ⋆J m

i ∧ dx i) .

(142)
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However, the gauged action is not itself gauge invariant, which indicates the presence of an
‘t Hooft anomaly. The variation of the action under a gauge transformation is20

δS =
1

2π

∫

X

�

c ∧ (dλe +Λe
i ∧ dx i) + Ci ∧ dΛe

i

�

. (145)

Thus, the partition function of this system is not invariant under a gauge transformation but
is changed by a U(1) phase,

ZX [b+δb, Bi +δBi , c +δc, Ci +δCi] = exp

�

i
2π

∫

X

�

c ∧ (dλe +Λe
i ∧ dx i) + Ci ∧ dΛe

i

�

�

× ZX [b, Bi , c, Ci] . (146)

This ’t Hooft anomaly can be matched by the following bulk SPT action in five dimensions,21

Sbulk = −
1

2π

∫

Y

�

dc ∧ b+ (dC i + c ∧ dx i)∧ Bi

�

, (147)

where Y is a five-dimensional manifold whose boundary is X , ∂ Y = X . Note that the SPT
action is gauge-invariant when placed on a closed five-dimensional manifold. The combined
partition function of the bulk and boundary systems,

ZX [b, Bi , c, Ci]e
iSbulk , (148)

is gauge invariant. The corresponding six-dimensional anomaly polynomial is

I (6) =
1

4π2

�

Fc ∧ Fb + FCi
∧ FBi

�

. (149)

The anomaly polynomial is manifestly gauge-invariant. Although each term is not closed, the
combination of the two terms is closed,

dI (6) =
1

4π2

�

−FC ∧ dFb + dFCi
∧ FBi

�

=
1

4π2

�

Fc ∧ FBi
∧ dx i + Fc ∧ dx i ∧ FBi

�

= 0 . (150)

This can also be seen from the fact that the anomaly polynomial is the exterior derivative of
the SPT Lagrangian,

dLbulk = −
1

2π

�

Fc ∧ db+ Fc ∧ dx i ∧ Bi − FCi
∧ FBi

�

=
1

2π

�

Fc ∧ Fb + FCi
∧ FBi

�

= 2πI (6) .

(151)

3.10 Higgsing and fracton order

Here we illustrate that the Higgsing of the pair of gauge fields (a,Ai) leads to a theory with
fractonic order.22 To this end, we introduce matter fields denoted by θ and φi , which are

20Note that the magnetic currents are transformed nontrivially under electric gauge transformations as

⋆Jm 7→ ⋆Jm +
1

2π

�

dλe +Λe
i ∧ dx i

�

, (143)

⋆J m
i 7→ ⋆J

m
i +

1
2π

dΛe
i . (144)

21Note that the combination dC i + c ∧ dx i is invariant under magnetic gauge transformations.
22 We can also consider the coupling of gauge fields to matter fields in a non-Higgsed phase. In Appendix A, we

describe the coupling of gauge fields to a model with a complex scalar field.
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charged under the U(1) charge symmetry and U(1) dipole symmetry, respectively. The cou-
pling of the gauge fields a,Ai to matter with charge n can be introduced through covariant
derivatives of the form

Dθ := dθ + na+φidx i , Dφi := dφi + nAi . (152)

The corresponding Lagrangian reads

L[θ ,φi , a,Ai] = −
v
2
|dθ+na+φidx i|2−

w
2
|dφi+nAi|2+(kinetic terms for a and Ai) , (153)

where |ω|2 :=ω∧ ⋆ω.
Since all the gauge fields are now gapped, we can drop the kinetic terms of a and Ai . At

low energies, the covariant derivative should vanish, and we can write the action as

L[h, Hi ,θ ,φi , a,Ai] = h∧ (dθ + na+φidx i) +Hi ∧ (dφi + nAi) , (154)

where h and Hi are auxiliary 3-form fields. By integrating out θ , we obtain the constraint
dh = 0, which can be explicitly solved by taking h = 1

2πdb. Integration over φi also gives a
constraint

dHi +
1

2π
db ∧ dx i = 0 . (155)

This can be solved by Hi =
1

2π(dCi + b ∧ dx i) where Ci is a 2-form gauge field. The resulting
Lagrangian is

L[a,Ai , b, Ci] =
n

2π
db ∧ a+

n
2π
(dCi + b ∧ dx i)∧Ai . (156)

If we further restrict the configuration of Ci to the form dCi = dBi ∧ dx i (no summa-
tion over i), we reproduce the Lagrangian of the foliated field theory [41, 49], which is a
low-energy theory of the X-cube model [50]. Originally, the current ki that couples to Ai is
unconstrained aside from d ⋆ ki = −dx i ∧ ⋆ j, which is implemented through gauge-invariance
under Ai 7→ Ai + dΣi and a 7→ a −Σidx i . If we make the choice dCi = dBi ∧ dx i , there is an
additional gauge transformation Ai 7→ Ai + f dx i where f is an arbitrary function. Imposing
invariance under this transformation leads to

dx i ∧ ⋆ki = 0 , (157)

which constrains ki to have no component along the i-th direction, i.e. it is constrained to
move in a plane normal to the i-th axis. This can also be seen from the dipole Wilson lines:
eiℓ

∫

C Ai is only invariant under Ai 7→Ai+ f dx i if the curve C has no component along the i-th
direction.

3.11 Variants of the scalar charge gauge theory

Let us briefly show that two variants of the scalar charge gauge theory can also be obtained by
employing a slightly modified algebra. One is the traceless scalar charge gauge theory [6], and
the other is a theory where the gauge fields have only off-diagonal components [43,51–53].

We first discuss the traceless scalar charge gauge theory. In addition to Q and Q i , we
introduce another charge Q′ such that

[iPi ,Q
′] =Q i , (158)

while keeping all other commutation relations the same as before. This algebra implies that
the dipoles in the gauge theory will become immobile in the direction of the dipole charge
vector. To match this algebra, the current of the charge Q′(V ) =

∫

V ⋆K
′ should be of the form

⋆K ′ = ⋆k′ −
1
2

x 2 ⋆ j − x i ⋆ ki . (159)
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One can check explicitly that this indeed reproduces Eq. (158),

[iPi ,Q
′] =

∫

V

�

1
2
(∂i x

2) ⋆ j +δi j ⋆ k j

�

=

∫

V
(⋆ki + x i ⋆ j) =Q i . (160)

The conservation law of the current K ′ is written as

d ⋆ k′ − dx i ∧ ⋆ki = 0 , (161)

where we have used the conservation laws (37) and (40) for j and ki , respectively. A coupling
to gauge fields can be introduced via

Scpl =

∫

X

�

a ∧ ⋆ j +Ai ∧ ⋆ki + a′ ∧ ⋆ j′
�

. (162)

The conservation laws are implemented by demanding invariance under the gauge transfor-
mation

δa = dΛ−Σidx i , δAi = dΣi +Λ
′dx i , δa′ = dΛ′ . (163)

Note that the dipole gauge field Ai is transformed by the gauge parameter for Q′. As a result,
the path of the Wilson line of Ai should be placed within a constant-x i plane, meaning that a
dipole cannot move in the direction of its dipole moment, as expected from the algebra (158).
The gauge-invariant field strength for the dipole gauge field is

Fi := dAi − a′ ∧ dx i . (164)

If we write a quadratic Lagrangian as in previous examples, the gauge field a′ obtains a mass
term. As a result, we have the condition dx i ∧Fi = 0 at low energies. This gives a constraint
on the dipole electric field,

(Ei)i = −3a′0 . (165)

Note that the trace of the dipole electric field is Q′-gauge variant and it can be set to zero,
which means that the electric field tensor at low energies is traceless. In this way, we obtain
the traceless scalar charge theory in the IR from the modified algebra.

Finally, let us show how to obtain a theory whose low-energy limit reduces to a rank-2
symmetric gauge theory whose gauge fields have only off-diagonal components [43, 51–54].
For the rest of this subsection, we will explicitly write the summation symbol in order to avoid
confusion. To eliminate the diagonal components, we introduce a new charge q j in addition
to the charges Q and Q i , such that

[iPi , q j] = δi jQ j , (166)

is satisfied. From this algebra, we can expect that a dipole cannot move in the direction of its
dipole moment, i.e. a dipole is a planon. To satisfy the algebra (166), the conserved current
of qi should take the form

⋆ ji = ⋆ j′i +
1
2
(x i)

2 ⋆ j − x i ⋆ ki . (167)

The conservation law of qi is given by

d ⋆ ji = d ⋆ j′i − dx i ∧ ⋆ki = 0 , (168)

where we have used Eqs. (37) and (40). We then introduce the coupling to the gauge fields
by

Scpl =

∫

X

�

a ∧ ⋆ j +
∑

i

Ai ∧ ⋆ki +
∑

i

a′i ∧ ⋆ j′i

�

. (169)
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To reproduce the conservation law (168), the dipole gauge field should transform as

δAi = dΣi +λ
′
idx i , (170)

where λ′i is the gauge parameter for qi . Explicitly, the transformation of the spatial components
is

∑

j

(Ai) jdx j 7→
∑

j

((Ai) j +δi jλ
′
i)dx j . (171)

Namely, the gauge transformation corresponding to the charge qi shifts the diagonal compo-
nents of (Ai) j . By using the gauge degrees of freedom, we can take the diagonal components
of (Ai) j to be zero, and we are left with a gauge field with only off-diagonal components.

4 Vector charge gauge theory from nonuniform symmetries

In this section, we discuss a gauge theory that hosts lineons. The gauge theory reduces to
the vector charge gauge theory at low energies. We first discuss the case of d = 3, and later
generalize the theory to arbitrary spatial dimensions.

4.1 Algebra, gauging, and an effective Lagrangian

We consider a set of generators, {Q i , qi}i=1...d with d = 3, that commute with each other and
have the following commutation relations with spatial translations:

[iPi ,Q j] = εi jkqk , [iPi , q j] = 0 . (172)

Each qi can be written as a commutator of a translation and another charge, for example,

qz = [iPx ,Q y] = [iPy ,−Q x] . (173)

Because of this, a particle with charge qz is immobile in the x and y directions. Thus, a particle
characterized by a charge vector q can only move along q , which means that it is a lineon.
By gauging the symmetries corresponding to qi and Q i , we can construct a gauge theory that
implements these mobility restrictions.

The current 1-forms of qi and Q i are denoted by ji and Ki , respectively, and the charges
are written as

qi =

∫

V
⋆ ji , Q i =

∫

V
⋆Ki , (174)

where V is a 3-cycle. Consistency with the algebra (172) requires that the current Ki be of the
form

⋆Ki = ⋆Ji + εi jk x j ⋆ jk , (175)

where Ji and jk are uniform. One can check that this indeed reproduces the algebra,

[iPi ,Q j] = −
∫

V
ε jkl(∂i xk) ⋆ jl = εi jl ql . (176)

The conservation laws are written as

d ⋆ ji = 0 , d ⋆ Ji = −εi jkdx j ∧ ⋆ jk . (177)

We introduce a coupling to gauge fields via the action

Scpl =

∫

X
(ai ∧ ⋆ ji +Ai ∧ ⋆Ji) . (178)
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This is required to be invariant under the gauge transformations

δai = dσi − εi jkΣ jdxk , δAi = dΣi . (179)

Gauge-invariant field strengths are then defined by

fi := dai + εi jkA j ∧ dxk , Fi := dAi . (180)

Similarly to the theory discussed in Sec. 3, we can choose the symmetry group to be either
U(1) orR. We choose the symmetry of each charge qi to be a U(1) symmetry, and we normalize
the gauge fields and gauge transformation parameters as

∫

S
dai ∈ 2πZ ,

∫

C
dσi ∈ 2πZ . (181)

Meanwhile, taking the symmetries of the Q i also as U(1) implies the normalization

ℓ

∫

S
Fi ∈ 2πZ , ℓ

∫

C
dΣi ∈ 2πZ , (182)

where ℓ is a parameter with the dimension of length. If we instead choose the symmetry group
to be R, the integrals in Eq. (182) are zero.

For this theory, we consider the effective action

S[ai ,Ai] =

∫

X

�

−
1

2e2
fi ∧ ⋆ fi −

1
2v2

Fi ∧ ⋆Fi

�

. (183)

The equations of motion and Bianchi identities are then written as

−
1
e2

d ⋆ fi = 0 , (184)

−
1
v2

d ⋆Fi −
1
e2
εi jkdx j ∧ ⋆ fk = 0 , (185)

d fi − εi jkF j ∧ dxk = 0 , (186)

dFi = 0 . (187)

4.2 Low energy limit and the relation to the vector charge gauge theory

The gauge field Ai has a mass term due to the structure of the invariant field strength (180).
In the low-energy limit, m2 := v2/e2→∞, the equation of motion (185) reduces to

εi jkdx j ∧ ⋆ fk = 0 . (188)

Expanding ⋆ fi in components as a spacetime 2-form yields the constraints

(⋆ fi) j0 = 0 , (⋆ fi) ji = 0 . (189)

Note that the second expression involves a sum over i: in the vector theory, not all components
of fi vanish in the low-energy limit. We may write fi explicitly as

fi =
�

(ei)k − εi jk(A j)0
�

dx0 ∧ dxk +
�

∂[ j(ai)k] − εil[ j(Al)k]
�

dx j ∧ dxk , (190)

where (ei)k := ∂k(ai)0−∂0(ai)k is the electric field of dai (note that this is not gauge-invariant).
Taking the Hodge dual and matching to (189), we obtain

εi jk(A j)0 = (e[i)k] , (191)

εil[ j(Al)k] = ∂[ j(ai)k] , (192)
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where in the second equation the skew-symmetrization [. . . ] applies to j and k only.23 Con-
tracting Eq. (192) with the ε tensor gives

1
2
[(Am)k +δmk(Al)l] = εmi j∂[i(a j)k] . (193)

By taking the trace of this, we find

(Ai)i =
1
2
εi jk∂i(a j)k . (194)

Thus, we can express the components of Ai as

(Ai)0 = −
1
2
εi jk(e j)k , (Am)k = 2

�

εmi j∂[i(a j)k] −
1
4
δmk εi jl ∂i(a j)l

�

. (195)

We find that all components of Ai are expressed in terms of ai . Since the spatial components of
Ai are written as a derivative of the spatial components of ai , the dispersion relation becomes
quadratic, ω∼ k2.

Let us show explicitly that this theory reduces to the vector charge gauge theory. To do
this, it is convenient to introduce electric and magnetic fields for fi ,

fi = (eei)kdxk ∧ dx0 +
1
2
ε jkl(ebi)ldx j ∧ dxk , (196)

where

(eei)k := (ei)k − εi jk(A j)0 , (197)

(ebi)m := εmk j

�

∂k(a(i) j) − εilk(Al) j
�

= (bi)m − (Am)i +δmi(Al)l . (198)

We use the gauge transformation of Ai to eliminate the antisymmetric part (a[i) j]. The sym-
metric part will be denoted as ai j := (a(i) j). The electric and magnetic fields for ai are written
as

(ei)k = ∂k(ai)0 − ∂0aik , (bi)m = εmk j∂kai j . (199)

Note that (bi)m is traceless, (bi)i = 0. The Lagrangian density is

L= 1
2e2
(eei)k(eei)k −

1
2e2
(ebi)k(ebi)k +

1
2v2
(Ei)k(Ei)k −

1
2v2
(Bi)k(Bi)k

=
1

2e2
(e(i)k)(e(i)k) +

1
2e2

�

(e[i)k] − εi jk(A j)0
� �

(e[i)k] − εi j′k(A j′)0)
�

−
1

2e2
(ebi)k(ebi)k +

1
2v2
(Ei)k(Ei)k −

1
2v2
(Bi)k(Bi)k ,

(200)

where (Ei)k = ∂k(Ai)0 − ∂0(Ai)k and (Bl)i = εi jk∂ j(Al)k are the electric and magnetic fields
for Ai . The gauge fields Ai have mass terms and can be integrated out at low energies. The
condition (ebi)k = 0 can be solved for (Am)i as

(Am)i = (bi)m −
1

d − 1
δmi(bl)l . (201)

The second term vanishes in the present gauge. The electric and magnetic fields for Ai are
now given by

(Ei)k =
1
2
εi jl∂k(e j)l − ∂0(bk)i , (Bl)i = εi jkεlmn∂ j∂makn . (202)

23We employ the convention that (skew-)symmetrization does not mix spacetime component indices with
field label indices, unless explicitly indicated. Thus, for example, (e[i)k] =

1
2 ((ei)k − (ek)i), whereas

∂[ j(ai)k] =
1
2 (∂ j(ai)k − ∂k(ai) j).
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After the integration of gapped modes, the Lagrangian is written as

L= 1
2e2
(e(i)k)(e(i)k) +

1
2v2
(Ei)k(Ei)k −

1
2v2
(Bi)k(Bi)k . (203)

The system has a quadratic dispersion relation,ω∼ k2, and the second term is of higher order,
so we drop it. We define a symmetric electric field by

ei j := (e(i) j) = ∂( j(ai))0 − ∂0ai j = −∂0ai j − ∂( jφi) , (204)

where we have introduced scalar potentials φi := −(ai)0. The resulting Lagrangian is

L= 1
2e2

ei jei j −
1

2v2
(Bi) j(Bi) j . (205)

This is the Lagrangian density of the vector charge gauge theory.
Similarly to the case of the scalar charge gauge theory discussed in Sec. 3.3, the equations

of motion of the vector charge gauge theory may be recovered from Eqs. (184)–(187). In this
case, Eq. (185) tells us that the non-vanishing contributions to (ee[i) j] and (ebi) j arise at order
e2/v2, c.f. Eqs. (191) and (192). It then follows from Eq. (186) that (B[i) j] is also O(e2/v2),
implying that in the low-energy limit, (eei) j and (Bi) j are both symmetric. Meanwhile, the
other component of Eq. (186) yields a relation between (Ei) j and the other modes, which in
the low-energy limit takes the simple form

(Ei) j = εikl∂k(eei)l . (206)

Applying Eq. (206) and the other low-energy constraints to Eqs. (184) and (187), we obtain
the full set of equations of motion of the vector charge gauge theory,

∂ jei j = 0 , (207)

∂0ei j −
e2

v2
εikmε jln∂k∂l(Bm)n = 0 , (208)

∂0(Bi) j + εikmε jln∂k∂l emn = 0 , (209)

∂ j(Bi) j = 0 . (210)

Note that to obtain Eq. (208) we have included contributions up to O(e2/v2) and dropped
terms with three or more derivatives, which give a sub-leading correction to the dispersion
relation.

4.3 Extended operators and higher-form symmetries

The generators of electric 1-form symmetries are

qi(S) :=

∫

S

1
e2
⋆ fi , Q i(S) :=

∫

S

�

1
v2
⋆Fi +

1
e2
εi jk x j ⋆ fk

�

. (211)

The corresponding Wilson line operators are

wq (C) := eiqi
∫

C ai , Wq (C) := eiqiℓ
∫

C Ai , (212)

where qi ∈ 2πZ for wq (C). For Wq (C), the charge qi ∈ Z if the symmetry group of Q i is
chosen to be U(1), and qi ∈ R when we take the symmetry to be R. The fractonic property
of wq (C) can be seen by noting that the exponent of wq (C) is transformed under a Σi-gauge
transformation as

δ

�

qi

∫

C
ai

�

= −qi

∫

C
εi jkΣ j

dxk

ds
dx . (213)
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wq (C) = eiqi
∫

C ai

Charge qi worldline
Lineon

Wq (C) = eiqiℓ
∫

C Ai

Charge Q i worldline

tp(C)

Monopole qm
i worldline

Tp(C)

Monopole Qm
i worldline

Lineon

Figure 3: Summary of charged objects in this theory. The operators wq (C) and Tp(C)
are lineons and they have to be placed in the direction of their charge vectors or in
the time direction.

This is invariant only when the tangent vector of C is either along q or is in the time direction.
Thus, a particle with charge q can move only in the direction of q and it is a lineon. This is
consistent with the general expectation from the algebra (172). For the Wilson lines of Ai ,
Wq (C), there is no restriction on C and they do not have any mobility constraint.

The generators of the corresponding magnetic 1-form symmetries are

qm
i (S) :=

1
2π

∫

S
( fi + εi jk x jFk) , Qm

i (S) :=
1

2π

∫

S
Fi . (214)

The charged operators are the ’t Hooft line operators, which can be written as

tp(C) := eipiqi(SC ) , Tp(C) := eipiℓ
−1Q i(SC ) , (215)

where SC is a two-dimensional surface bounded by C . When the symmetry group for Q i is
taken to be R, the monopole Tp(C) does not exist. The charges of magnetic 1-form symmetries
satisfy the algebra

[iPi , qm
j (S)] = εi jkQm

k (S) , [iPi ,Q
m
j (S)] = 0 . (216)

From this we can see that monopoles charged under Qm
i have restricted mobility. The operator

Tp(C) can be placed in such a way that the tangent vector to C is along p (or in the time
direction). Thus, these monopoles are lineons.

4.4 ’t Hooft anomaly and SPT action

Analogously to the case of U(1) and dipole gauge theory discussed in Sec. 3.9, we can gauge the
higher-form symmetries of the vector charge theory by introducing background gauge fields
to detect ’t Hooft anomalies.24 In the present case, we can define currents for the higher-form
symmetries as

⋆Je
i :=

1
e2
⋆ fi , ⋆J e

i :=
1
v2
⋆Fi , ⋆Jm

i :=
1

2π
fi , ⋆J m

i :=
1

2π
Fi . (217)

24On the choice of U(1) or R for the symmetry Q i , the same comment applies as Sec. 3.9: when the symmetry
group of Q i is R, there is no charged object under this symmetry, but we can insert the magnetic 1-form current
operator in the path-integral. An “’t Hooft anomaly” in this case means that the topological property of this operator
is lost.
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The equations of motion and Bianchi identities can thus be written as

d ⋆ Je
i = 0 , (218)

d ⋆J e
i + εi jkdx j ∧ ⋆Je

k = 0 , (219)

d ⋆ Jm
i − εi jk ⋆J m

j ∧ dxk = 0 , (220)

d ⋆J m
i = 0 . (221)

These currents can be coupled to background gauge fields bi , Bi , ci ,Ci via the action

Scpl =

∫

X

�

bi ∧ ⋆Je
i + Bi ∧ ⋆J e

i + ci ∧ ⋆Jm
i + C i ∧ ⋆J m

i

�

. (222)

With the gauge transformations

δbi = dλe
i + εi jkΛ

e
j ∧ dxk , (223)

δBi = dΛe
i , (224)

δci = dλm
i , (225)

δCi = dΛm
i + εi jkλ

m
j ∧ dxk , (226)

gauge invariance of Scpl reproduces the higher-form current conservation equations, i.e. the
original equations of motion and Bianchi identities (218)–(221). The corresponding field
strengths are

Fbi
:= dbi − εi jkB j ∧ dxk , (227)

FBi
:= dBi , (228)

Fci
:= dci , (229)

FCi
:= dCi − εi jkc j ∧ dxk , (230)

which satisfy the Bianchi identities

dFbi
= −εi jkFB j

∧ dxk , dFBi
= 0 , dFci

= 0 , dFCi
= −εi jkFc j

∧ dxk . (231)

After gauging the 1-form symmetries, the coupling to the new gauge fields modifies the
original action to the form

S =

∫

X

�

−
1

2e2
( fi − bi)∧ ⋆( fi − bi)−

1
2v2
(Fi − Bi)∧ ⋆(Fi − Bi) + ci ∧ ⋆Jm

i + Ci ∧ ⋆J m
i

�

.

(232)
Again, while this is fully gauge invariant under magnetic 1-form gauge transformations, invari-
ance is violated by the electric 1-form transformation, which generates an ’t Hooft anomaly,

δS =
1

2π

∫

X

�

c ∧ (dλe
i + εi jkΛ

e
j ∧ dxk) + Ci ∧ dΛe

i

�

. (233)

Gauge invariance can be restored by including the bulk SPT action

Sbulk = −
1

2π

∫

Y

�

dci ∧ bi + (dC i − εi jkc j ∧ dxk)∧ Bi

�

, (234)

where ∂ Y = X , i.e. X is the boundary of the five-dimensional manifold Y . Its 1-form gauge
variation is

δSbulk = −
1

2π

∫

Y

�

d
�

ci ∧λe
i + Ci ∧ dΛe

i

�

+ εi jk

�

dci ∧Λe
j ∧ dxk − c j ∧ dxk ∧ dΛe

i

��

= −
1

2π

∫

Y
d
�

ci ∧ (dλe
i + εi jkΛ

e
j ∧ dxk) + Ci ∧ dΛe

i

�

,

(235)
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which precisely cancels (233) and restores gauge invariance of the full partition function. The
corresponding anomaly polynomial is

I (6) =
1

4π2

�

Fci
∧ Fbi

+ FCi
∧ FBi

�

, (236)

which is gauge invariant and closed, dI (6) = 0, as follows from the fact that 2πI (6) = dLbulk.

4.5 Generalization to arbitrary spatial dimension

The above structure can be extended to general d ≥ 2. In order to have a theory with a charge
vector qi , the fact that the d-dimensional Levi–Civita tensor ε has d indices means we must
extend the commutation relations (172) to the form

[iPi ,Q j1... jr ] = εi j1... jr kqk , [iPi , q j] = 0 , (237)

where to avoid clutter we have defined r := d − 2. To preserve the permutation symmetry of
εi1...id , the charge Q i1...ir must be skew-symmetric in its r indices. The commutation relations
imply that a particle with a charge vector q cannot move in any direction except along the
direction of q , so again we expect such particles to be lineons.

The construction of the vector charge theory in d spatial dimensions runs completely par-
allel to the d = 3 case, with the single index on the nonuniform charge (and associated quan-
tities) replaced by d − 2 skew-symmetric indices. Following the previous discussion, we may
similarly introduce current 1-forms ji and Ki1...ir for the charges qi and Q i1...ir , respectively,
such that

qi =

∫

V
⋆ ji , Q i1...ir =

∫

V
⋆Ki1...ir , (238)

where V is now a d-cycle. Equation (237) implies that the currents are now related by

⋆Ki1...ir = ⋆Ji1...ir − ε ji1...ir k x j ⋆ jk , (239)

where ji and Ji1...ir are uniform and have conservation laws

d ⋆ ji = 0 , d ⋆ Ji1...ir = ε ji1...ir kdx j ∧ ⋆ jk . (240)

We can introduce a coupling to gauge fields via

Scpl =

∫

X

�

ai ∧ ⋆ ji +
1
r!
Ai1...ir ∧ ⋆Ji1...ir

�

, (241)

with gauge transformations

δai = dσi −
1
r!
εi j1... jr kΣ j1... jr dxk , δAi1...ir = dΣi1...ir , (242)

and gauge-invariant field strengths

fi := dai +
1
r!
εi j1... jr kA j1... jr ∧ dxk , Fi1...ir := dAi1...ir , (243)

respectively. An effective action is

S[ai ,Ai1...ir ] =

∫

X

�

−
1

2e2
fi ∧ ⋆ fi −

1
2r!v2

Fi1...ir ∧ ⋆Fi1...ir

�

, (244)
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and the resulting equations of motion and Bianchi identities are

−
1
e2

d ⋆ fi = 0 , (245)

−
1
v2

d ⋆Fi1...ir −
1
e2
ε ji1...ir kdx j ∧ ⋆ fk = 0 , (246)

d fi −
1
r!
εi j1... jr kF j1... jr ∧ dxk = 0 , (247)

dFi1...ir = 0 . (248)

In the low-energy limit, Ai1...ir acquires a mass gap. Taking the m2 := v2/e2 →∞ limit
of (246), we find

ε ji1...ir kdx j ∧ ⋆ fk = 0 , (249)

which has components

1
r!
εi j1... jr k(A j1... jr )0 = (e[i)k] , (250)

1
r!
εil1...lr [ j(Al1...lr

)k] = ∂[ j(ai)k] . (251)

As before, these can be inverted to obtain explicit expressions for the components of Ai1...ir .
Contracting (251) with εim1...mr k, we find

εim1...mr k∂[ j(ai)k] =
1

2r!
εim1...mr kεil1...lr j(Al1...lr

)k −
1

2r!
εim1...mr kεil1...lr k(Al1...lr

) j (252)

=
1

2r!

�

(r + 1)!δ[l1m1
. . .δlr

mr
δ

j]
k (Al1...lr

)k − 2!r!δ[l1m1
. . .δlr ]

mr
(Al1...lr

) j
�

(253)

= −
1
2

�

(Am1...mr
) j +

r
∑

n=1

δ jmn
(Am1...i...mr

)i

�

, (254)

where in the final sum, the n-th index mn in the Levi–Civita symbol is replaced by i. Note that
the factors of (r + 1)! and r! in the numerators of Eq. (253) are only present to compensate
for the unit normalization of the skew-symmetrizations [. . .], where by definition we divide
by the same factor. In other words, it simply means that there are (r + 1)! or r! terms, each
with relative prefactor 1.25 The plus sign (overall minus sign) appears in front of the final sum
in Eq. (254), since for each contribution in the first term of (253), we perform one swap of
ln↔ j. Note that in writing the final term of Eq. (254), we have relabelled the dummy index
ln as i. The remaining contribution from the first term of Eq. (253), in which k is contracted
with j, combines with −2 times itself from the second piece of Eq. (253) to give the first term
of Eq. (254).

We now take a partial trace of Eq. (254) by contracting with δmr j . This gives

εim1...mr−1 jk∂[ j(ai)k] = −
1
2

�

(Am1...mr−1 j) j +
r−1
∑

n=1

δ jmn
(Am1...i...mr−1 j)i + d(Am1...mr−1 i)i

�

= −2(Am1...mr−1 j) j . (255)

Finally, we may insert Eq. (255) into Eq. (254) to solve for (Am1...mr
) j . Note that in Eq. (255),

if we permute j to any position among the indices mn, any additional minus signs cancel as
long as we perform the same permutation on both sides of the equation. Thus we can write

r
∑

n=1

δ jmn
(Am1...l...mr

)l = −
1
2

r
∑

n=1

δ jmn
εim1...l...mr k∂[l(ai)k] . (256)

25Also recall that the factor 2! arises in the second term because we have summed over two indices, i and k.
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Evaluating the result, and similarly contracting Eq. (250) with εim1...mr k, we obtain

(Am1...mr
)0 =

1
2
εim1...mr k(ei)k ,

(Am1...mr
)k = 2

�

εim1...mr j∂[ j(ai)k] −
1
4

r
∑

n=1

δmnk εim1...l...mr j ∂ j(ai)l

�

.
(257)

Just as in the three-dimensional case, at low energies all components of Am1...mr
are given in

terms of ai . Note that we may also apply these results in d = 2 by setting r = 0.
We can also simplify some expressions by ‘dualizing’ the nonuniform charges, currents and

1-form potentials in their ‘internal’ spatial index labels, thus converting the r-form structure
of the charges to that of a 2-form. Namely, we may contract the first commutation relation of
Eq. (237) with εl j1... jr m to obtain26

[iPi , eQ lm] = δilqm −δimql , (259)

where we have defined
eQ lm :=

1
r!
εl j1... jr mQ j1... jr , (260)

and we have chosen the order of indices such as to avoid unnecessary minus signs. Writing
the charge as

eQ lm =

∫

V
⋆eKlm , (261)

the ‘dual’ nonuniform current can be expressed in terms of uniform currents via

⋆eKlm = ⋆eJlm − x l ⋆ jm + xm ⋆ jl . (262)

This implies the conservation equations

d ⋆ ji = 0 , d ⋆ eJlm = dx l ∧ ⋆ jm − dxm ∧ ⋆ jl . (263)

Again we may follow the same procedure as before. The dual currents can similarly be
coupled to dual gauge fields via the action

Scpl =

∫

X

�

ai ∧ ⋆ ji +
1
2
eAlm ∧ ⋆eJlm

�

, (264)

which is invariant under the gauge transformations

δal = dσl − eΣlmdxm , δ eAlm = deΣlm . (265)

Comparing with Eq. (242), we see that the gauge parameters in the original and dual descrip-
tions are related as

eΣlm =
1
r!
εl i1...ir mΣi1...ir , (266)

which in either case corresponds to d(d−1)/2 components. Similarly, by comparing Eq. (243)
with the gauge-invariant field strengths

fl := dal + eAlm ∧ dxm , eFlm := d eAlm , (267)

26Note that if we had qi = Pi , this would reduce to the standard Euclidean algebra of rotations and translations,

[iPi , eQ lm] = δil Pm −δimPl , (258)

with eQ lm being identified as the angular momentum operators which generate rotations. A rotation is perhaps the
most familiar example of a nonuniform symmetry.
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we may read off the relations

eAlm =
1
r!
εl i1...ir mAi1...ir , eFlm =

1
r!
εl i1...ir mFi1...ir . (268)

It is straightforward to check that the dual description yields equations of motion equivalent
to (245) and (246), while the Bianchi identities (247) and (248) also follow.

In the dual description, the inverse Higgs constraint takes the simple form

( eAik)0 = (e[i)k] , (269)

( eAi[ j)k] = ∂[ j(ai)k] . (270)

Despite appearances, the condition (270) actually fixes all components of ( eAi j)k. To see this,
consider the irreducible decomposition

( eAi j)k := Hi jk + Si jk , (271)

where Hi jk is ‘hook-symmetric’, i.e. Hi jk = −H jik and H[i jk] = 0, and Si jk = S[i jk] is totally
skew-symmetric. These symmetry properties imply that

Hi[ jk] = −
1
2

H jki , Si[ jk] = Si jk . (272)

Combining Eqs. (270), (271) and (272), we can solve for ( eAi j)k to obtain

( eAi j)k = ∂ j(a(k)i) − ∂i(a(k) j) − ∂k(a[i) j] . (273)

The light degrees of freedom are thus described by the hook-symmetric combination

eAi jk := ( eAi j)k + ∂k(a[i) j] = ∂ jaik − ∂ia jk = −(ebk)i j , (274)

where ai j := (a(i) j) and

(ebk)i j :=
1
r!
εim1...mr j(bk)m1...mr

, (275)

is the Hodge dual of the magnetic field bk (199), generalized to d spatial dimensions. Dualizing
again, the corresponding quantity in the original theory is

Ai1...ir j := (Ai1...ir ) j +
1
2
εl i1...ir m∂ j(al)m

= εl i1...ir m∂mal j = (b j)i1...ir .
(276)

Both (274) and (276) are invariant under Σ (eΣ) gauge transformations, however they trans-
form under shifts of σi as

δeAi jk = ∂k∂[ jσi] , δAi1...ir j =
1
2
εl i1...ir m∂ j∂mσl , (277)

respectively. Similarly, we may write down an electric field,

(eei)k := ( eAik)0 + ∂0(a[i)k] = ∂k(ai)0 − ∂0aik , (278)

whose gauge transformation depends on σi only,

δ(eei)k = ∂0∂[kσi] . (279)

To summarize, we have constructed a generalization of the theory with a charge vector to
any spatial dimension d ≥ 2. The nonuniform charges have d −2 antisymmetric indices. This
ensures immobility under every translation orthogonal to the charge vector, with the nonuni-
form charges filling out the other d−2 spatial directions, such that particles become lineons. It
is clear that at low energies, spontaneous breaking of nonuniform 1-form symmetries will lead
to a higher-dimensional analogue of the vector charge gauge theory, whose gapless degrees of
freedom are provided by the symmetric part of the gauge fields (a(i) j) associated to the charge
vector.
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4.6 Number of gapless modes

Let us count the number of gapless physical modes in this theory. For simplicity, let us first con-
sider the case of d = 3. The number of spontaneously broken 1-form symmetries is 3+ 3= 6,
and each of them produces 3− 1= 2 modes. By the inverse Higgsing, the 32 = 9 components
of (Ai) j are eliminated. Thus in total, there are 12 − 9 = 3 gapless modes. In the vector
charge gauge theory, the electric field is of rank-2 and symmetric, and there are d(d + 1)/2
components. Owing to Gauss’ law, d of them are eliminated. For d = 3, this leaves 6− 3 = 3
modes.

To extend this counting to arbitrary dimension, we should consider the more general theory
with a (d − 2)-form (or equivalently a 2-form) of nonuniform charges (244). The number of
such charges is given by

�

d
d − 2

�

=

�

d
2

�

=
d(d − 1)

2
. (280)

Alongside the d vector charges, each charge corresponds to a spontaneously broken 1-form
symmetry and produces (d − 1) gapless modes. However, at low energies the spatial compo-
nents of A are gapped by the inverse Higgs mechanism. Thus, the total number of gapless
modes remaining is

1-form SSB
︷ ︸︸ ︷

(d − 1)×
�

d +
d(d − 1)

2

�

−
d2(d − 1)

2
︸ ︷︷ ︸

Inverse Higgsing

=

Sym. tensor of rank 2
︷ ︸︸ ︷

d(d + 1)
2

−d
︸︷︷︸

Gauss law

, (281)

agreeing with the number of gapless modes in the vector charge gauge theory generalized to
d dimensions.

5 Generalization to higher-pole gauge fields

Let us consider a generalization of the theory with U(1) and dipole 1-form symmetries to
higher-order moments. We will introduce generators of higher order moments, Q i1···in , where
all the indices are symmetric, and refer to the symmetry generated by Q i1···in as an “n-pole
symmetry.” In this terminology, a dipole symmetry is described as “1-pole” symmetry. We first
discuss the case of n = 3, and then extend to generic values of n. In this section, we will
explicitly write summation symbols.

5.1 Up-to-3-pole gauge theory

Here we consider a set of multipole charges up to 3-pole, {Q,Q i ,Q i j ,Q i jk}i, j,k=1,··· ,d , where
the indices are symmetric. The charges satisfy the following commutation relations with the
generators of spatial translations:

[iPi ,Q j] = δi jQ , (282)

[iPk,Q i j] = δkiQ j +δk jQ i , (283)

[iPl ,Q i jk] = δl iQ jk +δl jQki +δlkQ i j . (284)

To satisfy this algebra, the corresponding currents should take the form

⋆Ki = ⋆Ji − x i ⋆ J , (285)

⋆Ki j = ⋆Ji j − x i ⋆ J j − x j ⋆ Ji + x i x j ⋆ J , (286)

⋆Ki jk = ⋆Ji jk − x i ⋆ J jk − x j ⋆ Jki − xk ⋆ Ji j + x i x j ⋆ Jk + x j xk ⋆ Ji + xk x i ⋆ J j − x i x j xk ⋆ J ,
(287)
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where the currents {J , Ji , Ji j , Ji jk}i, j,k=1,··· ,d are uniform and the latter three are not conserved.
Indeed, the currents above reproduce the algebra of charges, for example,

[iPk,Q i j] =

�

iPk,

∫

V
⋆Ki j

�

= δki

∫

V
⋆J j +δk j

∫

V
⋆Ji −

∫

V
(δki x j +δk j x i) ⋆ J

= δki

∫

V
⋆K j +δk j

∫

V
⋆Ki

= δkiQ j +δk jQ i .

(288)

The conservation laws are written using the uniform currents as

d ⋆ J = 0 , (289)

d ⋆ Ji = dx i ∧ ⋆J , (290)

d ⋆ Ji j = dx i ∧ ⋆J j + dx j ∧ ⋆Ji , (291)

d ⋆ Ji jk = dx i ∧ ⋆J jk + dx j ∧ ⋆Jki + dxk ∧ ⋆Ji j . (292)

Let us introduce a coupling to gauge fields,

Lcpl =A∧ ⋆J +
∑

i

Ai ∧ ⋆Ji +
∑

i, j

Ai j ∧ ⋆Ji j +
∑

i, j,k

Ai jk ∧ ⋆Ji jk , (293)

where {A,Ai ,Ai j ,Ai jk}i, j,k=1,··· ,d are 1-form gauge fields. Note that they are totally symmetric
with respect to the indices i, j, k · · · : Ai j = A ji and so on. To reproduce the conservation
laws (289)–(292), the gauge transformations should be

δA= dΛ+
∑

i

Λidx i , (294)

δAi = dΛi +
∑

j

2Λi jdx j , (295)

δAi j = dΛi j +
∑

k

3Λi jkdxk , (296)

δAi jk = dΛi jk , (297)

where the gauge parameters are symmetric with respect to the indices i, j, k, · · · . Indeed,
quadrupole gauge invariance implies that the quadrupole current is conserved,

δΛi j
Lcpl =

∑

i, j

�

2Λi jdx j ∧ ⋆Ji + dΛi j ∧ ⋆Ji j

�

=
∑

i, j

Λi j

�

dx j ∧ ⋆Ji + dx i ∧ ⋆J j − d ⋆ Ji j

�

,
(298)

while octupole gauge invariance implies octupole current conservation,

δΛi jk
Lcpl =

∑

i jk

�

3Λi jkdxk ∧ ⋆Ji j + dΛi jk ∧ ⋆Ji jk

�

=
∑

i jk

Λi jk(dx i ∧ ⋆J jk + dx j ∧ ⋆Jki + dxk ∧ ⋆Ji j − d ⋆ Ji jk) .
(299)
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The gauge-invariant field strengths are

F = dA−
∑

i

Ai ∧ dx i , (300)

Fi = dAi −
∑

j

2Ai j ∧ dx j , (301)

Fi j = dAi j −
∑

k

3Ai jk ∧ dxk , (302)

Fi jk = dAi jk . (303)

Their Bianchi identities are given by

dF = −
∑

i

Fi ∧ dx i , (304)

dFi = −
∑

j

2Fi j ∧ dx j , (305)

dFi j = −
∑

k

3Fi jk ∧ dxk , (306)

dFi jk = 0 . (307)

We can express the Bianchi identities as conservation laws,

d(F +
∑

i

Fi x i +
∑

i, j

Fi j x i x j +
∑

i, j,k

Fi jk x i x j xk) = 0 , (308)

d(Fi +
∑

j

2Fi j x j +
∑

j,k

3Fi jk x j xk) = 0 , (309)

d(Fi j +
∑

k

3Fi jk xk) = 0 . (310)

Let us consider a theory with dynamical U(1) charge, dipole, quadrupole, and octupole
gauge fields. We can write down an effective action,

S =

∫

X

 

−
1

2(e0)2
F ∧ ⋆F − 1

2(e1)2
∑

i

Fi ∧ ⋆Fi −
1

2(e2)2
∑

i, j

Fi j ∧ ⋆Fi j

−
1

2(e3)2
∑

i, j,k

Fi jk ∧ ⋆Fi jk

!

. (311)

In this theory, we have the following Wilson line operators,

eiq
∫

C A , ei
∑

i qiℓ
∫

C Ai , ei
∑

i j qi jℓ
2
∫

C Ai j , ei
∑

i jk qi jkℓ
3
∫

C Ai jk . (312)

Except for the final one, they are not gauge-invariant unless C lies purely in the time direction,
i.e. they are fractons.

5.2 Up-to-n-pole gauge theory

Here we consider a gauge theory where 0,1, · · · , n-pole symmetries are fully gauged. There
are various possible choices of the algebra, depending on the mobility restrictions that one
wants to implement. For example, in the theory discussed in Sec. 3.11, which reduces to the
traceless scalar charge gauge theory, the quadrupole charges are partially gauged, in addition
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to the charge and dipole symmetries. In the theory discussed in this section, all m-pole Wilson
lines are fractonic except for m= n.

For notational convenience, let us introduce a symmetrization operator Si1···in , which takes
the symmetrized summation with respect to the indices i1 · · · in in the expression if they are
not yet symmetrized. If the indices are already symmetrized, Si1···in acts trivially. For example,

Si j[X iYj] = X iYj + X jYi , (313)

Si j[X iX j] = X iX j , (314)

Si jk[X iYj Zk] = X iYj Zk + X jYkZi + XkYi Z j + XkYj Zi + X jYi Zk + X iYkZ j , (315)

Si j[X iYjk] = X iYjk + X jYki + XkYi j , (316)

where Yi j = Yji .
We denote the m-pole charge by Q i1···im . The commutation relation of the translational

generator and the m-pole charge is written as
�

iPk,Q i1···im

�

= Si1···im

�

δkimQ i1···im−1

�

, for m ∈ {1, · · · , n} , (317)

and the 0-pole charge Q commutes with Pk. To reproduce this algebra, the m-pole current
should take the following form,

⋆Ki1···im = Si1···im

� m
∑

ℓ=0

(−)ℓx i1 · · · x iℓ ⋆ Jiℓ+1···im

�

, (318)

where ⋆Ji1···im are uniform currents. Here we use the convention ⋆Jim···in = ⋆J for m > n. The
m-pole charge can be obtained by integrating ⋆Ki1···im , and it indeed satisfies Eq. (317),

[iPk,

∫

V
⋆Ki1···im] = Si1···im

�

−
m
∑

ℓ=1

(−)ℓ
∫

V
∂k(x i1 · · · x iℓ) ⋆ Jiℓ+1···im

�

= Si1···im

�

−
m
∑

ℓ=1

(−)ℓ
∫

V
δki1 x i2 · · · x iℓ ⋆ Jiℓ+1···im

�

= Si1···im

�

δkimSi1···im−1

� m
∑

ℓ=1

(−)ℓ−1

∫

V
x i1 · · · x iℓ−1

⋆ Jiℓ···im−1

��

= Si1···im

�

δkimQ i1···im−1

�

.

(319)

The conservation law of the current (318) can be written in the form

d ⋆ Ji1···im = Si1···im

�

dx i1 ∧ ⋆Ji2···im

�

, for m ∈ {1, . . . , n} . (320)

We show this by induction. For m= 1, the conservation law reads

d ⋆ Ji = dx i ∧ ⋆J , (321)

and the expression (320) is true. Suppose that Eq. (320) holds up to m. The current conser-
vation for ⋆Ki1···im+1

reads

d ⋆ Ki1···im+1
= Si1···im+1

�

d ⋆ Ji1···im+1
− dx i1 ∧ ⋆Ji2···im+1

− x i1d ⋆ Ji2···im+1

+ dx i1 x i2 ⋆ Ji3···im+1
+ x i1 x i2d ⋆ Ji3···im+1

− · · ·
�

= Si1···im+1

�

d ⋆ Ji1···im+1
− dx i1 ∧ ⋆Ji2···im+1

− x i1dx i2 ∧ ⋆Ji3···im+1

+ dx i1 x i2 ⋆ Ji3···im+1
+ x i1 x i2dx i3 ∧ ⋆Ji4···im+1

−dx i1 x i2 x i3 ⋆ Ji4···im+1
+ · · ·

�

= 0 , (322)
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where we used the expression (320) up to m. The colored parts (and the terms denoted by
· · · ) in the second line cancel on symmetrization, and the conservation law is written as

d ⋆ Ji1···im+1
= Si1···im+1

�

dx i1 ∧ ⋆Ji2···im+1

�

. (323)

Thus, we have shown that Eq. (320) holds for every m.
We shall introduce a coupling of the currents {Ji1···im}m=1,··· ,n to 1-form gauge fields

{Ai1···im}m=1,··· ,n by

Lcpl =
n
∑

m=0

∑

i1,··· ,im

Ai1···im ∧ ⋆Ji1···im . (324)

The gauge fields Ai1,··· ,im are symmetric under permutations of the indices. To reproduce the
conservation law (320), the gauge fields should transform as

δAi1...im = dΛi1···im +
∑

j

(m+ 1)Λi1···im jdx j . (325)

The gauge-invariant field strengths are

Fi1···im = dAi1···im −
∑

j

(m+ 1)Ai1···im j ∧ dx j . (326)

With these gauge fields, we can construct the effective action,

S = −
∫

X

 

n
∑

m=0

∑

i1,··· ,im

1
(em)2

Fi1···im ∧ ⋆Fi1···im

!

. (327)

As a result of the gauge transformation (325), every m-pole Wilson line operator except for
m= n,

exp



i
∑

i1,··· ,im

qi1···imℓ
m

∫

C
Ai1···im



 , (328)

is fractonic and can be placed only along the time direction.

5.3 Number of gapless modes

Here we count the number of physical gapless modes in the up-to-n-pole gauge theory (327).
We show that this number coincides with the number of physical gapless modes in the rank-
(n+ 1) symmetric tensor gauge theory [14], which is consistent with the fact that the former
theory reduces to the latter at low energies.

It is convenient to use a Young diagram to denote the number of independent components
of a tensor representation corresponding to the diagram in d spatial dimensions. For example,

= d , =
d(d + 1)

2
, =

d(d − 1)
2

, =
d(d + 1)(d − 1)

3
, · · · . (329)

As discussed in Sec. 3.4, in the case of up-to-dipole gauge theory, the number of gapless modes
can be computed in two ways. We can represent Eq. (77) in Young-diagram notation as

1-form SSB
︷ ︸︸ ︷

( − 1)⊗ (1+ ) −
︸︷︷︸

Inverse Higgs

= − 1 . (330)
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This relation is equivalent to the following irreducible decomposition of tensor products,

⊗ (1+ + ) = + + + + . (331)

As we show blow, this structure extends to the up-to-n-pole gauge theory.
To discuss this, let us introduce a few notations. The number of independent components

of a completely symmetric tensor of rank n in d-spatial dimensions is given by

N(d, k) :=

k
︷ ︸︸ ︷

· · · =
�

d − 1+ k
k

�

. (332)

Let us consider the number of components of the tensor

k
︷ ︸︸ ︷

· · · . Let us pick ℓ ∈ {1, · · · , d−1}

and place it in the upper-left block, as

k
︷ ︸︸ ︷

ℓ · · · . Then, we can place ℓ+1 to d in the box below

ℓ, totaling d−ℓ candidates. To fill the horizontal row of boxes of length k−1 to the right of ℓ,
k−1

︷ ︸︸ ︷

· · · , we can use the numbers ℓ to d. Thus, for a given ℓ, we have (d−ℓ)N(d−ℓ+1, k−1)
independent components. Summing them up, we obtain

M(d, k) :=

k
︷ ︸︸ ︷

· · ·

=
d−1
∑

ℓ=1

(d − ℓ)N(d − ℓ+ 1, k− 1)

=
d−1
∑

ℓ=1

ℓN(ℓ+ 1, k− 1)

=
d−1
∑

ℓ=1

ℓ

�

ℓ+ k− 1
k− 1

�

= k
�

d − 1+ k
k+ 1

�

.

(333)

Here we have used

d−1
∑

ℓ=1

ℓ

�

ℓ+ k− 1
k− 1

�

= k
d−1
∑

ℓ=1

�

ℓ+ k− 1
k

�

= k
d−2
∑

ℓ=0

�

ℓ+ k
k

�

= k
�

d + k− 1
k+ 1

�

, (334)

which follows from the so-called hockey-stick identity,

n
∑

ℓ=0

�

ℓ+ k
k

�

=
�

n+ k+ 1
k+ 1

�

. (335)

Let us count the number of gapless modes in the up-to-n-pole gauge theory. The SSB
of a 1-form symmetry results in d − 1 modes. The number of k-pole gauge fields, Ai1···ik ,
is given by N(d, k). The inverse Higgs constraint for a k-pole gauge field is of the form
(Ai1···[ik) j] = (Derivative of (k− 1)-pole gauge field). The corresponding Young diagram for

(Ai1···[ik) j] is of the form

k
︷ ︸︸ ︷

· · · and the number of degrees of freedom is given by M(d, k).
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Alternatively, the up-to-n-pole gauge theory can be written using the completely symmetric
electric field tensor of rank n+ 1, Ei1...in+1

. Each component is gauge invariant and produces
one physical mode, up to one Gauss-law constraint, ∂i1 · · ·∂in+1

Ei1...in+1
= 0. Thus, the number

of modes can be counted as N(d, n+ 1)− 1.
Since the two methods of counting are equivalent, we have the relation

(d − 1)
n
∑

k=0

N(d, k)−
n
∑

k=1

M(d, k) = N(d, n+ 1)− 1 , (336)

which is a direct generalization of the relation (330) for the up-to-dipole gauge theory. In
Young-diagram notation, Eq. (336) is expressed as

( − 1)⊗ (1+ + + · · ·+

n
︷ ︸︸ ︷

· · · )
︸ ︷︷ ︸

1-form SSB

− − − · · · −

n
︷ ︸︸ ︷

· · ·

︸ ︷︷ ︸

Inverse Higgs constraints

=

n+1
︷ ︸︸ ︷

· · · −1 .

(337)
This is equivalent to the following irreducible decomposition,

⊗(1+ + + · · ·+

n
︷ ︸︸ ︷

· · · ) = + + · · ·+

n+1
︷ ︸︸ ︷

· · · + + + · · ·+

n
︷ ︸︸ ︷

· · · .

(338)
Equation (336) can be verified by a direct computation as follows:

LHS=
n
∑

k=0

�

(d − 1)
�

d − 1+ k
k

�

− k
�

d − 1+ k
k+ 1

��

=
n
∑

k=0

�

(d − 1)
(d − 1+ k)!
k!(d − 1)!

− k
(d − 1+ k)!
(k+ 1)!(d − 2)!

�

=
n
∑

k=0

�

d − 1+ k
k+ 1

�

=
n+1
∑

k=0

�

d − 2+ k
d − 2

�

− 1

=
�

d + n
n+ 1

�

− 1

= N(d, n+ 1)− 1 ,

(339)

where we have used the identity (335).

6 Summary and discussions

In this paper, we have discussed a systematic method for realizing gapless fractonic phases
through spontaneously broken nonuniform higher-form symmetries. These symmetries are
characterized by the noncommutativity of their conserved charges with spatial translations and
are a higher-form analogue of spacetime symmetries. The existence of fractons is rephrased
as the existence of worldlines whose configurations are restricted. Such worldlines are the
charged objects of 1-form symmetries. The mobility restrictions are fully controlled by the
commutation relations of the corresponding charge operators with the generators of spatial
translations. The resulting gauge theories have gapless excitations which play the role of
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Nambu–Goldstone modes, some of which acquire a gap. This is a generalization of the inverse
Higgs phenomenon known for spacetime symmetries to higher-form symmetries. Upon SSB
of nonuniform higher-form symmetries, there appear emergent magnetic higher-form symme-
tries that are also nonuniform. In (3 + 1) dimensions, these magnetic symmetries are also
1-form symmetries, and the corresponding magnetic monopoles receive mobility restrictions,
which are controlled by the commutation algebra of the charges with translations. Similarly to
the case of Maxwell theory, there is an ’t Hooft anomaly between electric and magnetic symme-
tries, for which we have identified the corresponding bulk SPT action. The fractonic property
is preserved under Higgsing. We have shown that by coupling the U(1) and dipole gauge the-
ory to charged matter and confining the dipole Wilson lines inside planes, the foliated field
theory, which is an effective gauge theory for the X-cube model, can be derived.

The present formulation allows us to view existing models of gapless fractonic phases, such
as scalar/vector charge gauge theories and their variants, from a unified perspective. These
phases are understood within the symmetry-breaking paradigm, and mobility restrictions are
controlled by the commutation relations of the corresponding charges with translations. We
can also identify the underlying reason fractons appear in elasticity theory as being due to the
emergent nonuniform magnetic 1-form symmetries associated with the spontaneously broken
0-form nonuniform symmetries. The method is systematic and allows us to engineer fractonic
models with various desired mobility restrictions.

To conclude, we list several possible future directions.

• The method can be generalized to higher-dimensional fractonic objects straightfor-
wardly. If we would like to restrict a line-like object, we may consider a 2-form sym-
metry and restrict its motion by introducing other generators that do not commute with
translations.

• It would be interesting to look for possible mixed ’t Hooft anomalies of nonuniform
symmetries with other kinds of symmetries, with which we would be able to obtain non-
perturbative constraints on the possible IR phases for theories with this kind of symmetry.

• An important question is the stability of the broken phase at zero and finite tempera-
tures. For the SSB of nonuniform higher-form symmetries, the dispersion relation of the
Nambu–Goldstone modes is not always linear. For example, the gapless modes in the
theory discussed in Sec. 4 obey the quadratic dispersion relation, ω ∼ k2. The disper-
sion relation is closely related to the stability of the broken phase. For the case of 0-form
multipole symmetries, this issue has been discussed in Ref. [55].

• Although we have mainly considered gauge theories with continuous 1-form symmetries,
the fractonic nature of a worldline remains after Higgsing, and the gauge fields therein
can be used to construct a theory with fracton order, as we demonstrated in Sec. 3.10.
It would be interesting to study to what extent those gauge fields can describe phases
with fracton order.

• There have been studies on the formulation of hydrodynamic theories for fractonic sys-
tems [56,57], and a theory of fracton magnetohydrodynamics (MHD) has recently been
discussed [58]. For non-fractonic systems, an MHD can be formulated based on the con-
servation laws of magnetic higher-form symmetries [59–62]. We have identified mag-
netic higher-form symmetries in fractonic systems, and it would be interesting to formu-
late a fractonic MHD based on them. For this purpose, it would be important to under-
stand how these theories are coupled to curved spacetime, as discussed in Refs. [16,63]
for dipole symmetries.
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• It would be interesting to explore how the current formulation is related to other geomet-
ric constructions [64–66] as well as the associated interplay with gravitational physics.
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A Coupling to complex scalar fields

The coupling procedure of the currents of nonuniform symmetries to gauge fields is appli-
cable to generic matter field with the corresponding nonuniform symmetries. To facilitate
comparison with literature, let us here discuss a concrete model with a dipole symmetry, the
coupling of which to background gauge fields is discussed, e.g., in Ref. [67]. We here consider
a model with a complex scalar field Φ. The Lagrangian of the model is invariant under the
transformation

Φ 7→ eiΛΦ , (A.1)

with λ= α+βi x
i , where α and βi are constants. To construct an invariant Lagrangian, let us

consider the following combination,

ψi j := Φ∂i∂ jΦ− ∂iΦ∂ jΦ . (A.2)

Under a transformation with a local parameter Λ(x),

ψi j 7→ e2iΛ(ψi j +Φ
2i∂i∂ jΛ) . (A.3)

We can construct dipole-invariant quantities such as ψ∗i jψi j and (Φ∗)2ψii . They are trans-
formed under a transformation with local Λ as

(ψ∗i jψi j)
′ = (ψ∗i j − i∂i∂ jΛ(Φ

∗)2)(ψi j + i∂i∂ jΛΦ
2)

=ψ∗i jψi j + i∂i∂ jΛ
�

ψ∗i jΦ
2 −ψi j(Φ

∗)2
�

+ ∂i∂ jΛ∂i∂ jΛ|Φ|4 , (A.4)
�

(Φ∗)2ψii

�′
= (Φ∗)2ψii + i∂i∂ jΛδi j|Φ|4 . (A.5)
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When the parameter is of the form Λ = α+ βi x
i with constant α and βi , these quantities are

indeed invariant. We can for example construct the following Lagrangian,

L= |Φ̇|2 −m2|Φ|2 −λψ∗i jψi j −λ′((Φ∗)2ψii +Φ
2ψ∗ii) . (A.6)

The variation of the Lagrangian (A.6) with a local Λ is

δL= i
�

Φ̇∗Φ−Φ∗Φ̇
�

Λ̇− iλ
�

ψi j(Φ
∗)2 −ψ∗i jΦ

2
�

∂i∂ jΛ

=: j0Λ̇− J̃ i j∂i∂ jΛ .
(A.7)

Here we have defined J̃ i j by

J̃ i j = iλ
�

ψi j(Φ
∗)2 −ψ∗i jΦ

2
�

. (A.8)

Noting that δL can also be written as

δL= ( j0∂t + j i∂i)Λ , (A.9)

we can see that the spatial components of the U(1) current are given by

j i = ∂ j J̃
i j . (A.10)

To identify the dipole current, let us choose the transformation parameter to beΛ(x)=Σi(x)x i,
such that

δL= j0 x i∂tΣi + j j∂ j

�

Σi x
i
�

=
�

x i j0∂0 + x i j j∂ j

�

Σi + j iΣi .
(A.11)

To ensure that the system has a dipole symmetry, when Σi is a constant, j iΣi should be a total
derivative, which we denote by j i = −∂µ(ki)µ. We can now write the variation as

δL=
�

(x i j0 + (ki)0∂0 + (x i j j + (ki) j)∂ j

�

Σi . (A.12)

We can identify the conserved dipole current as

(K i)µ = x i jµ + (ki)µ =

�

x i j0 + (ki)0

x i j j + (ki) j

�

. (A.13)

The divergence of (K i)µ reads

∂µ(K
i)µ = x i∂µ jµ + ∂µ(k

i)µ + j i . (A.14)

If we use the U(1) current conservation, the dipole current conservation is written as

∂µ(k
i)µ + j i = 0 , (A.15)

which corresponds to Eq. (40).
Let us find the expression for (ki)µ. The invariance under global dipole transformations

implies that we can write the variation of the Lagrangian under a local U(1) transformation
as

δL= j0∂0Λ− J̃ i j∂i∂ jΛ . (A.16)

Now we take Λ= Σi(x)x i . Noting that ∂i∂ j(Σk xk) = xk∂i∂ jΣk + ∂iΣ j + ∂ jΣi ,

δL=
�

x i j0∂0 +
�

∂k J̃ k j x i − J̃ i j
�

∂ j

�

Σi − ∂k

�

J̃ k j x i∂ jΣi

�

. (A.17)
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Noting that j i = ∂ j J̃
ji , we can see that (ki)0 = 0 and (ki) j = −J̃ i j .

We can introduce the coupling to U(1) and dipole gauge fields as

Lcpl = aµ jµ + (Ai)µ(k
i)µ . (A.18)

The conservation of U(1) and dipole currents can be enforced by imposing the invariance
under the following gauge transformation,

δaµ = ∂µΛ−δiµΣi , (A.19)

δ(Ai)µ = ∂µΣ
i . (A.20)

B Evaluation of order parameters

Here we provide additional detail on the evaluation of the order parameter in the theory
discussed in Sec. 3, which has a U(1) charge 1-form symmetry and a dipole 1-form symmetry.

B.1 Low-energy Lagrangian and propagators

In order to compute the order parameters, we need the correlation functions of the gauge
fields. We use the following Lagrangian density,

L= 1
2(e1)2

(∂0Ai j − ∂i∂ ja0)
2 −

1
(e1)2

∂ [ jAik]∂
[ jAik] , (B.1)

which can be obtained in the low energy limit of the theory with U(1) and dipole gauge fields.
We here change the normalization of Ai j by introducing Ai j = e1eAi j . Let us write the Lagrangian
in the momentum space as

L= 1
2

�

a0(−ω,−k) eAi j(−ω,−k)
� 1
(e1)2

�

k4 −ie1ωkkkl

ie1ωk jki (e1)2
�

δikδ jl(ω2 − k2) +δil k
kk j
�

�

×
�

a0(ω, k)
eAkl(ω, k)

�

, (B.2)

where k := |k|. We define27

M :=
k4

(e1)2

�

1 −iê1vk̂k k̂l

iê1vk̂ j k̂i (ê1)2
�

δikδ jl(v2 − 1) +δil k̂
k k̂ j
�

�

, (B.3)

where v := ω/|k|, k̂i := ki/k, and ê1 := e1/k. The following “longitudinal” vector is a zero
mode of the matrix M ,

�

ivê1

k̂k k̂l

�

. (B.4)

The transverse projection matrix is given by

PT =
1

1+ (ê1)2v2

�

1 −ivê1k̂k k̂l

ivê1k̂i k̂ j (1+ (ê1)2v2)δikδ jl − k̂i k̂ j k̂k k̂l

�

. (B.5)

We try to find a matrix N such that
N M = PT . (B.6)

27To simplify the notations, we do not explicitly indicate the symmetrization of components in the following.
For example, in Eq. (B.3), the right-lower sector is implicitly made symmetric under i↔ j, k↔ l, and i j↔ kl.
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Let us parametrize N as

N =
(e1)2

k4

�

X iZi j
−iZab Yabi j

�

, (B.7)

where Zi j is symmetric, Zi j = Z ji , and Yabi j is symmetric with respect to a↔ b and i↔ j,
and also Yabi j = Yi jab. The following X , Yabi j , and Zab satisfy Eq. (B.6),28

Yabi j =
1

(ê1)2(v2 − 1)
δaiδb j +

1
(ê1)2v2(1− v2)

δai k̂b k̂ j , (B.8)

Zab =
1

ê1v(1+ (ê1)2v2)
k̂a k̂b , (B.9)

X =
2

1+ (ê1)2v2
. (B.10)

The two-point correlation function of a0 is given by

F.T.〈a0(t, x )a0(0,0)〉=
(e1)2

k4

2
1+ (ê1)2v2

=
2(e1)2

k4 + (e1)2ω2
, (B.11)

while the two-point function of eAab(t, x ) is written as

F.T.〈eAab(t, x )eAi j(0,0)〉=
m2

k4

�

1
m̂2(v2 − 1)

δaiδb j +
1

m̂2v2(1− v2)
δai k̂b k̂ j

�

=
1

ω2 − k2
δaiδb j +

�

1
ω2
−

1
ω2 − k2

�

δai k̂b k̂ j .
(B.12)

B.2 Evaluation of the order parameters

Let us proceed with the evaluation of the correlation functions. We first look at the Wilson
lines of fractons,

lim
T→∞
|x |→∞

〈ei
∫

C1
ae−i

∫

C2
a〉 ≃ lim

T→∞
|x |→∞

e
− 1

2 〈
�

∫

C1
a−
∫

C2
a
�2
〉
. (B.13)

We take the paths C1 and C2 to be straight lines along the time axis located at x and 0, respec-
tively. The exponent of Eq. (B.13) is written as

1
2

®

�∫

dta0(t, x )−
∫

dt ′a0(t
′,0)

�2¸

=

∫

dt

∫

dt ′〈a0(t, x )a0(t
′, x )〉

−
∫

dt

∫

dt ′〈a0(t, x )a0(t
′,0)〉 . (B.14)

The Green function of a0 in the IR is

〈a0(t, x )a0(0,0)〉= 2(e1)
2

∫

dω
2π

dd k
(2π)d

e−iωt+ik·x

k4 + (e1)2ω2
. (B.15)

In particular, we need its time integral,
∫

dtdt ′〈a0(t, x )a0(t
′,0)〉= 2(e1)

2

∫

dtdt ′
∫

dω
2π

dd k
(2π)d

e−iω(t−t ′)+ik·x

k4 + (e1)2ω2

= 2(e1)
2 Lt

∫

dd k
(2π)d

eik·x

k4
.

(B.16)

28Yabi j can contain a term k̂a k̂b k̂k k̂ j with arbitrary coefficient, which we take to be zero here.
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The |x |-dependence of the exponent is evaluated as

1
2

®

�∫

dx0a0(x
0, x )−

∫

dy0a0(y
0,0)

�2¸

= 2(e1)
2 Lt

∫

dd k
(2π)d

1− eik·x

k4

∼

¨

|x |4−d , d ̸= 4 ,

ln |x | , d = 4 ,
at large |x | .

(B.17)

Now let us turn to the evaluation of the order parameter for the dipole symmetry,

D

eiqiℓ
∫

C1
Ai e−iq jℓ

∫

C2
A j
E

≃ e
− 1

2 ℓ
2〈
�

qi
∫

C1
Ai−q j

∫

C2
A j

�2
〉
. (B.18)

We again take the same C1 and C2. We need the two-point correlation function of (Ai)0, which
can be written at low energies as

〈(Ai)0(t, x )(A j)0(0,0)〉= 〈∂ia0(t, x )∂ ja0(0,0)〉

= 2(e1)
2

∫

dω
2π

dd k
(2π)d

kik je
−iωt+ik·x

k4 + (e1)2ω2
.

(B.19)

Using this, we have

ℓ2qiq j〈
∫

dt

∫

dt ′(Ai)0(t, x )(A j)0(t
′,0)〉= 2(e1)

2ℓ2 Ltqiq j

∫

dd k
(2π)d

kik je
ik·x

k4

= 2(e1)
2ℓ2 Ltqiq j

1
d
δi j

∫

dd k
(2π)d

eik·x

k2
.

(B.20)

The |x |-dependence of the exponent of Eq. (B.18) is evaluated as

ℓ2

2

*

�

qi

∫

C1

Ai − q j

∫

C2

A j

�2+

=
2
d
(e1)

2ℓ2 Ltq
2

∫

dd k
(2π)d

1− eik·x

k2

∼

¨

|x |2−d , d ̸= 2 ,

ln |x | , d = 2 ,
at large |x | .

(B.21)

C Transformation property of dipole Wilson lines

Here we detail the computation of the transformation property (122) of the dipole Wilson line
operator (117). The symmetry generators of the U(1) charge and dipole 1-form symmetries
are written as

Q(S) := −
1
e2

∫

S
dS i

eei , Q i(S) := −
1
(e1)2

∫

S
dS j (Ei) j −

1
e2

∫

S
dS j x iee j , (C.1)

where eei = − f0i = f 0i is the electric field for the field strength f = da + Ai ∧ dx i , and
(Ei) j := ∂ j(Ai)0 − ∂0(Ai) j is the dipole electric field. They satisfy the following canonical
commutation relations,
�

1
e2
eei(t, x ), a j(t, y)

�

= iδi jδ(x − y) ,
�

1
(e1)2

(Ei) j(t, x ), (Ak)l(t, y)
�

= iδikδ jlδ(x − y) .

(C.2)
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We here show that

[iQ i(S),

∫

C

�

∂ ja− da j + (Al) jdy l
�

] = δi j I(S, C) , (C.3)

where S is a 2-cycle and C is a 1-cycle. In the following, we denote the coordinates for S and
C by x and y , respectively. The contribution from each term can be computed as follows.

• The first term gives
�

iQ i(S),

∫

C
dyk∂ jak

�

=

�

−
i

e2

∫

S
dS l x ieel ,

∫

C
∂ jakdyk

�

=

∫

S
dS l

∫

C
dyk x iδlk∂

(y)
j δ(x − y)

= δi j

∫

S
dS l

∫

C
dy lδ(x − y)

= δi j I(S, C) ,

(C.4)

where ∂ (y)j denotes the derivative with respect to the coordinate y . Here we used

∂
(y)
j δ(x − y) = −∂ (x)j δ(x − y) and also performed a partial integration.

• The second term can be computed in a similar way as
�

iQ i(S),−
∫

C
dyk∂ka j

�

=

�

−
i

e2

∫

S
dS l x ieel ,−

∫

C
dyk∂ka j

�

= −
∫

S
dS l

∫

C
dyk x iδl j∂

(y)
k δ(x − y)

= −
∫

S
dS l

∫

C
dykδikδl jδ(x − y)

= −
∫

S
dS j

∫

C
dy iδ(x − y) .

(C.5)

• The third term gives
�

iQ i(S),

∫

C
(Al) jdy l

�

=

�

−
i
(e1)2

∫

S
dSk(Ei)k,

∫

C
(Al) jdy l

�

=

∫

S
dSk

∫

C
dy lδilδk jδ(x − y)

=

∫

S
dS j

∫

C
dy iδ(x − y) .

(C.6)

The contributions from the second and third terms cancel, and we obtain Eq. (C.3), which
implies (122).
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