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Abstract

We show how a path integral for reduced Kähler-Dirac fermions suffers from a phase
ambiguity associated with the fermion measure that is an analog of the measure prob-
lem seen for chiral fermions. However, unlike the case of chiral symmetry, a doubler free
lattice action exists which is invariant under the corresponding onsite symmetry. This
allows for a clear diagnosis and solution to the problem using mirror fermions result-
ing in a unique gauge invariant measure. By introducing an appropriate set of Yukawa
interactions which are consistent with ’t Hooft anomaly cancellation we conjecture the
mirrors can be decoupled from low energy physics. Moreover, the minimal such Kähler-
Dirac mirror model yields a light sector which corresponds, in the flat space continuum
limit, to the Pati-Salam GUT model.
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1 Chiral symmetry, Kähler-Dirac fermions and the lattice

Efforts to give a non-perturbative definition of a chiral gauge theory go back to the earliest days
of lattice field theory. Unfortunately the Nielsen-Ninomiya theorem puts strong constraints on
attempts to construct theories with chiral lattice fermions [1]. In essence it says that any
lattice theory with an exact γ5 symmetry will necessarily contain equal numbers of left and
right handed fields. This is naturally understood on the basis of anomalies - the exact chiral
symmetry of the lattice theory should naively survive quantization and hence cannot generate
the required chiral anomaly in the continuum limit. The lattice achieves this by automatically
generating a vector-like theory via the well known phenomenon of fermion doubling.

The discovery of domain wall and overlap fermions [2–6] led to doubler free lattice actions
that are invariant under a modified and mildly non-local lattice chiral symmetry - see [7] for
recent work on these constructions. The nature of this lattice symmetry is such that it is capable
of producing the correct anomaly for the global chiral symmetry of Dirac fields. However,
because the associated chiral projector is non-local and depends on the background gauge field
the associated path integral for a Weyl field picks up a phase depending on the gauge field.
Furthermore this phase is not uniquely determined – it can be changed by performing a unitary
rotation of the orthonormal bases for the chiral fermions - this is the well known measure
problem [8] which renders the theory ill-defined unless a prescription is given to determine
this phase. While such a prescription can be shown to exist for (anomaly free) abelian theories
there is currently no non-perturbative construction for anomaly free non-abelian theories [9].

One strategy to get around this measure problem involves building a mirror model which
starts from the target chiral theory and adds mirror fermions with opposite chirality. The
resultant theory, being vector-like, possesses a well defined measure. One then attempts to
give masses to the mirror fermions without disturbing the symmetries and dynamics of the
target light chiral sector. Many efforts to realize such mirror models using different types of
lattice fermion have been tried - see [10,11] for a review and a discussion of the most recent
and best motivated effort using overlap fermions or domain wall fermions [12]. However, they
have so far not yielded positive results.1

In this paper we describe an analog of this problem in the case where the Dirac equation
is replaced by the Kähler-Dirac equation [17]. The relevant symmetry is no longer generated
by γ5 but by a new operator Γ that is unique to Kähler-Dirac fermions [18]. The analog of a
chiral fermion is a so-called reduced Kähler-Dirac (RKD) field. However, the crucial difference
between chiral and RKD fermions is that a doubler free lattice action can be constructed which
is invariant under precisely the same U(1) symmetry as the continuum theory. Indeed, this
lattice theory can reproduce exactly the analog of the axial anomaly seen for chiral fermions.
The anomaly arises from the variation of the fermion measure just as in the continuum and
captures the non-trivial topology of the background space [19, 20]. It is thus a mixed U(1)-
gravitational anomaly. These features allow for the construction of a lattice action for RDK
fermions where the measure problem can be made explicit and solved using a mirror fermion
construction. The additional issue of anomaly cancellation can also be stated precisely and
solved even on the lattice.

In addition, we propose a set Yukawa interactions that respect the ’t Hooft anomaly cancel-
lation conditions and should be capable of driving the mirrors into a symmetric gapped phase
without breaking symmetries of the light sector.

Finally, we point out that the minimal, anomaly free Kähler-Dirac mirror model yields a
theory with the global symmetries and matter representations of the Pati-Salam GUT [21]

1The exception to this seems to be abelian theories in two dimensions where appropriate six fermion interactions
have been shown to successfully decouple the mirror states leaving a low energy chiral theory [13–15]. See also
the recent construction in [16].
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in the naive flat space continuum limit suggesting that lattice Kähler-Dirac constructions are
capable of regulating at least a class of chiral gauge theories. In our paper we will mostly focus
on four Euclidean dimensions but our analysis can be easily extended to any arbitrary (even)
dimension.

2 Kähler-Dirac fermions on and off the lattice

The D-dimensional continuum Kähler-Dirac action can be written as

S =
�

Φ, (K +m)Φ
�

, (1)

where K = d−d† is a natural square root of the Laplacian and hence a candidate for a fermion
operator. The corresponding fermion fieldΦ comprises a set of Grassman valued antisymmetric
tensor fields (p-forms)

Φ= (φ,φµ,φµ1µ2
, . . . ,φµ1...µp

, . . . ,φµ1···µD
) . (2)

The action of d and d† on these component forms is given by [22]

dΦ=

�

0,∂µφ,∂µ1
φµ2
− ∂µ2

φµ1
, . . . ,
∑

permsπ

(−1)π ∂µ1
φµ2...µD

�

, (3)

−d†Φ=
�

φν,φνµ, . . . ,φνµ1,...,µD−1
, 0
�

;ν
, (4)

and the inner product between two Kähler-Dirac fields A and B is defined as

[A, B] =

∫

dD x
p

g
∑

p

1
p!

aµ1...µD bµ1...µD
. (5)

In dimension D the field Φ contains 2D independent components. In a flat space of even dimen-
sions the Kähler-Dirac equation describes the propagation of 2D/2 degenerate Dirac fields. To
see this first construct matricesΨ andΨ from elements of the Clifford algebra of D-dimensional
(Euclidean) Dirac matrices using the p-form components of Φ as coefficents:

Ψ =
∑

p

φµ1...µp
γµ1 · · ·γµp ,

Ψ =
∑

p

φµ1...µp
(γµ1 · · ·γµp)† . (6)

It can be easily shown that the original Kähler-Dirac action given in eqn. 1 can then be written
as

S =

∫

dD x
2D/2
∑

a=1

Ψ
a �
γµ∂µ +m
�

Ψa , (7)

where the index a labels columns of the matrix Ψ each of which corresponds to a Dirac spinor.2

This equivalence between a Kähler-Dirac field and a multiplet of degenerate Dirac fields is no
longer true in a curved space as the gravitational coupling of tensors is very different from

2In odd dimensions the mapping to spinors is more subtle – the matrix representation of the D = 2n + 1
dimensional Kähler-Dirac theory requires employing gamma matrices of size 2n+1 [23]. The degrees of freedom
carried by the resultant matrix fermion are then reduced by a factor of two using the projectors described in
section 3.
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spinors. Indeed this observation lies at the heart of why there are new anomalies of Kähler-
Dirac fermions that are different from the usual anomalies of Dirac fermions. In particular
Kähler-Dirac fermions are allowed on non spin manifolds and do not require the additional
structure of frames and spin connections. One obvious manifestation of this difference is the
observation that the Kähler-Dirac equation possesses zero modes even on spaces with positive
curvature such as the sphere SD.

The flat space action in eqn. 7 is invariant under both (Euclidean) SO(4) Lorentz symmetry
and an SU(2D/2) flavor symmetry.

Ψ→ LΨF† . (8)

However the original Kähler-Dirac theory is invariant only under a diagonal subgroup of these
symmetries corresponding to the matrix transformation

Ψ→ LΨL† . (9)

This transformation makes it clear how the Lorentz transformation properties of a set of spinors
can be compatible with a collection of tensors.3 One simply employs the relation LγµL† = Λνµγν
where Λνµ is the usual boost matrix for vectors together with the expansion of Ψ given in eqn. 6.

We will be particularly interested in an operator Γ whose action on p-form fields is given
by

Γφµ1...µp
= (−1)pφµ1...µp

. (10)

It is easy to see that Γ anticommutes with K . This allows us to construct a U(1) transformation

Φ→ eiαΓΦ ,

Φ→ ΦeiαΓ . (11)

This is a symmetry of the massless action but we will show that this is not a symmetry of the
theory in curved space due to an anomaly. In the matrix representation it can be realized as

Ψ
Γ
→ γ5Ψγ5 , (12)

and in this context it is sometimes referred to as a twisted chiral symmetry.
One of the prime advantages of the Kähler-Dirac equation over the Dirac equation is that

it can be formulated on a discrete approximation to a continuum space such as a triangulation
[24]. The p-form fields are to be replaced by p-cochains – lattice fields defined on p-simplices.
Each p-simplex is specified by a list of (p+ 1) vertex labels

�

a0, . . . ap

�

and the p-simplex field
Φ(p) is given by the formal sum

Φ(p) =
∑

p−simplices

�

a0, . . . , ap

�

φ
(p)

[a0,...,ap]
. (13)

Discrete analogs of d and its adjoint d† exist - the co-boundary δ̄ and boundary δ operators
[19,20,24,25] with the action of δ on a p-simplex field being given by

δpΦ
(p) =

p
∑

k=0

(−1)k
�

a0, . . . âk, . . . , ap

�

φ
(p−1)

[a0,...âk ,...,ap]
, (14)

where âk denotes the vertex that is removed to get the kth boundary (p−1)-simplex. It is easy
to see that δ2 = (δ†)2 = 0 just as for the continuum exterior derivative. Using the abbreviated
notation

Cp ≡
�

a0, . . . , ap

�

, (15)

3Kähler-Dirac fermions are most naturally formulated in Euclidean signature [22]. Extensions to Minkowski
signature are possible but typically lead to non-compact flavor symmetries.
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we can write this as
δpφ(Cp) =
∑

Cp−1

I(Cp, Cp−1)φ(Cp−1) , (16)

where I(Cp, Cp−1) is a Np × Np−1 incidence matrix whose matrix elements are +1 if Cp−1 is
contained in the boundary of Cp with the correct orientation, −1 if it occurs with opposite
orientation and zero otherwise.

Furthermore, a natural analog of the continuum Kähler-Dirac action exists for such a tri-
angulation

S =
�

Φ, (δ−δ† +m)Φ
�

, (17)

where Φ =
∑D

p=0Φ
(p) is the set of all p-cochains in the triangulation, δ =

∑

p δp and the
inner product now involves a sum over the triangulation of products of p-cochain elements.
Crucially, the number of zero modes of the continuum theory, being related to the ranks of
the homology groups, are reproduced exactly in the discrete theory. This guarantees that no
additional fermionic species arise in the lattice theory as compared to the continuum.

It is also important to recognize that the properties of the operator Γ and hence the classical
U(1) symmetry survive intact under discretization. Much of our discussion will focus on this
discrete case where the Kähler-Dirac operator becomes a finite dimensional matrix. This is a
key difference over efforts to treat chiral fermions on the lattice where even the most promis-
ing efforts require some degree of non-locality in the lattice realization of γ5 or the fermion
operator.

3 Reduced Kähler-Dirac fermions and a measure problem

Using the operator Γ we can define the projectors P± =
1
2(1 ± Γ ) and hence decompose a

Kähler-Dirac field into two independent reduced fields Φ+ = P+Φ and Φ− = P−Φ with Γ = +1
and Γ = −1 respectively. This is analogous to the decomposition of a Dirac fermion into left and
right handed Weyl fermions. Notice it can be done in the discrete theory with the continuum
Γ operator - it does not require the introduction of a modified, non-local γ̂5 operator unlike in
overlap fermion constructions of lattice Weyl fermions. Using these projectors it is then easy
to see that the massless action breaks into two independent pieces

S =
�

Φ−, KΦ+
�

+
�

Φ+, KΦ−
�

. (18)

Thus the fields Φ+ and Φ− contain only even or odd p-forms or cochains respectively. The
action for a single reduced Kähler-Dirac fermion with say Γ = +1 is gotten by dropping one of
these pieces, for example

SRKD =
�

Φ−, KΦ+
�

=
�

Φ−,KΦ+
�

, with K = P−KP+ . (19)

Focusing on the discrete case, it is important to notice that in even dimensions, the operator
K generically corresponds to a rectangular matrix since the number of even and odd simplices
are not equal if the space is not flat. This can be seen explicitly from the Euler relation

χ = N0 − N1 + N2 − N3 + . . .+ ND = N+ − N− , (20)

where N± denote the numbers of even and odd dimensional simplices. Thus, if one tries
to integrate out the reduced fermions in a triangulation with non-zero χ one immediately
encounters a problem since one cannot even define det(K). The way to proceed is to use
singular value decomposition (SVD) to write

K = UΣV † , (21)
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where U is a N− × N− unitary matrix, V is a N+ × N+ unitary matrix and Σ is a diagonal
rectangular matrix with real, positive semi-definite singular values σi , i = 1 . . .min(N+, N−).
The columns of U define an orthonormal basis {ui , i = 1 . . . N−} of the odd cochains and can be
computed as the eigenvectors of KK† while the columns of V define a basis {v i , i = 1 . . . N+}
for the even cochains and correspond to the eigenvectors of K†K. The singular values σi can
be obtained as the (positive) square roots of the non-zero eigenvalues of either KK† or K†K.
The matrix K maps between the ith column vector of V and the corresponding column vector
of U .

Kv i = σiui , i = 1 . . .min(N+, N−) . (22)

For the remaining discussion we will focus on the case of a background space with spherical
topology with χ = 2 which corresponds to a natural compactification of flat space and yields
N+ = N− + 2. Using these results one can write down an expression for the partition function
of such a reduced Kähler-Dirac system by setting

Ψ− = Φ−U ,

Ψ+ = V †Φ+ ,

DΦ− DΦ+ = DΨ− DΨ+
�

det(U†)det(V )
�

. (23)

Integrating out the fermions ignoring any zero modes yields

Z = det(U†)det(V )
N−
∏

i

σi , (24)

where
∏N−

i=1σi =
p

det (KK†) corresponds to the positive square root of the full Kähler-Dirac
operator omitting zero modes. Clearly the partition function acquires a phase from the product
of the two determinants. What is worse however is that this phase is not unique. In fact
the matrices U and V are not uniquely determined by the original fermion operator - any
column vector of V can be multiplied by a phase while preserving the orthonormal character
of the basis. Because of the mapping given in eqn. 22 the corresponding column of U must be
multiplied by the same phase. These phases then cancel between det(U†) and det(V ) except
for any phase associated with the two unpaired columns of V that correspond to zero modes
of K.

In fact it should be clear there remains an ambiguity in the phase of fermion measure
for any χ ̸= 0. It is analogous to a similar phase ambiguity seen in the construction of a path
integral for chiral fermions [8]. In the free theory this extra phase can be held fixed and causes
no real difficulty since it cancels out in any observable.

However, this problem becomes more severe in the situation where one tries to gauge U(1)
symmetry given in eqn. 11. To gauge the action one simply replaces the incidence matrices
I(Cp, Cp−1) by U(1)-valued gauge fields W (Cp, Cp−1) that transform according to

W (Cp, Cp−1)→ω†(Cp)W (Cp, Cp−1)ω
†(Cp−1) , (25)

where ω(Cp) = eiα(Cp)Γ = eiα(Cp)(−1)p varies for each element of the p-cochain [26]. In this
case the determinants of the unitary matrices U and V depend on the gauge field W and hence
the partition function acquires a gauge field dependent phase

Z = eiA(W )
Æ

det (KK†) . (26)

We can then ask whether the effective action A(W ) is gauge invariant. Under a gauge trans-
formation

K→ω†
−Kω

†
+ , (27)
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where we have explicitly labeled the gauge rotation ω(Cp) by whether is applied to even or
odd co-chains. Under this transformation the matrix U →ω†

−U and V →ω+V where we view
eachω± as a diagonal matrix of phases. The fermion measure will hence pick up an additional
phase factor

det(ω+)det(ω−) . (28)

Clearly, the imaginary part of the effective action A(W ) is not even gauge invariant and hence
the theory of a single reduced Kähler-Dirac fermion suffers from a gauge anomaly which ruins
the consistency of the theory. It is completely analogous to the usual U(1) chiral anomaly of a
single Weyl field.4

One can imagine restoring gauge invariance by considering a set of reduced fields with
differing charges qa under the U(1) symmetry. The determinant factors are replaced by

det
�

ω
∑

a qa
+

�

× det
�

ω
∑

a qa
−

�

. (29)

Clearly a set of fields satisfying
∑

a qa = 0 will yield a gauge invariant phase A(W ).
However, even in the case where the gauge anomaly is cancelled, it still suffers from the

ambiguity discussed earlier – on the sphere one can still multiply two columns of V by ar-
bitrary phases which can now vary with the background gauge field W . This would shift
A(W )→ A(W ) + δ(W ) for arbitrary δ(W ). This is the fermion measure problem for reduced
Kähler-Dirac fields. Without a prescription for determining δ(W ) the theory is simply ill-
defined. It should be contrasted with the measure problem for chiral fermions where the
phase ambiguity arises both from zero modes and additionally the non-local nature of the
projector γ̂5.

To address this larger issue one can instead add a set of mirror fermions with the same
charges and symmetries as the original reduced fermions but with the opposite eigenvalue of
Γ . For simplicity consider a single reduced field with Γ = +1 and its mirror with Γ = −1.
The resultant (anomaly free) fermion operator will correspond to a direct sum of N−×N+ and
N+×N− matrices for the original and mirror sectors respectively which can be embedded into a
square matrix of size (N++N−)×(N++N−). Because of differences in the dynamics of the light
and mirror fermions, the SVD of this matrix will generically lead to a non-zero phase but the
latter will now be well defined and gauge invariant - the measure problem will be resolved.5

Of course if this system is to reproduce a theory of reduced fermions with fixed Γ eigenvalue
at low energy one will need to find a suitable set of mirror interactions which are capable of
gapping all the mirror states without affecting the original fermions. We now turn to this
problem.

4 The minimal anomaly free mirror model

The simplest mirror model that one can conceive of corresponds to adding a mirror field Φ−
with Γ = −1. The corresponding mirror action takes the form

Smirror = Φ+K̂Φ− , (30)

where K̂ = P+KP− = −K†. The combined system is described by a square matrix of size
N+ + N− corresponding to a full Kähler-Dirac field and the measure is now well defined.

Actually, even in this case, the theory suffers from a residual problem which needs to be
addressed. Consider the limit where the U(1) gauge coupling is sent to zero and focus on the

4The omission of the zero modes also introduces a non-local constraint into the fermion measure.
5Although the theory will still suffer from a sign problem.
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global U(1) symmetry. It is straightforward to see that this symmetry is in fact anomalous by
considering the case where the gauge rotation ω = eiα is taken to be a constant. Then, the
change in the phase of Z is just given by

Z → e2iα(N+−N−)Z = e2iχαZ , (31)

where the factor of two in the exponent accounts for the presence of two reduced fermions.
On a background with the topology of the sphere we hence see that the global U(1) symmetry
is broken to Z4 [19].

Thus the symmetry we were were considering in section 3 is not U(1) but only Z4 on
a curved space with the topology of the sphere. If we imagine gauging this Z4 the anomaly
cancellation condition that guarantees gauge invariance of the measure for a system of reduced
fermions with Γ = +1 say is then

∑

a

qa = 0 mod 4 . (32)

It is interesting to note that that four massless reduced Kähler-Dirac fermions in four dimen-
sions can be decomposed into eight Dirac or sixteen Majorana fermions in the flat space contin-
uum limit. This agrees with the critical numbers of Weyl fermions needed to cancel the spin-Z4
anomaly in flat space and also the number of boundary chiral fermions that can be gapped in
five dimensional topological superconductors [27, 28]. Indeed this condition, combined with
the dimension dependent counting implied by the decomposition of a Kähler-Dirac field into
spinors, is capable of predicting the numbers of fermions needed to cancel a variety of discrete
’t Hooft anomaly for free Majorana fermions in any dimension [29–33].

Of course if the goal is to construct a theory with a light sector containing only reduced
fermions with say Γ = +1 we will, in addition, need to find a mechanism that is capable of lift-
ing all the mirror states with Γ = −1 to high energy without disturbing this light sector. A nec-
essary condition for such symmetric mass generation to occur is that the mirror sector must be
free of all ’t Hooft anomalies - here the mixed Z4-gravitational anomaly just described. Hence,
the minimal mirror model of Kähler-Dirac fermions which is free of such ’t Hooft anomalies
comprises four reduced fields with say Γ = +1 representing the light fermions and a mirror
sector containing four reduced fields with Γ = −1 (or vice versa). These four flavors of fermion
in each sector would then inherit a global SU(4) symmetry.

The simplest dynamics that we can add to a model with four flavors of reduced field that is
potentially capable of gapping the mirrors corresponds to coupling the fermions to a scalar field
φ in the six dimensional antisymmetric representation of SU(4). To retain the Z4 symmetry of
the model we take these scalars to change sign under a Z4 transformation which is reminiscent
of the the action of the spin-Z4 symmetry of chiral fermions [27, 34]. We can rewrite the
reduced mirror fields in terms of a doublet

Λm =

�

Φ+
Φ−

�

, (33)

corresponding to the mirror action

Sm =
∑

ΛT
mMmΛm , (34)

where the mirror fermion operator Mm has the form

M ab
m =

�

λmφ
ab δabK̂

−δabK̂T λmφ̂
ab

�

, (35)
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where φ and φ̂ are 4N+ × 4N+ and 4N− × 4N− matrices of scalars coupled only to the even
cochain and odd cochain fields respectively. In fact these Yukawa couplings are needed to soak
up the zero modes of K̂ that occur in the even co-chain sector that would otherwise make the
partition function vanish [19]. In fact these zero modes are connected to the appearance of
the global U(1) anomaly discussed earlier and are implied by the index theorem

n+ − n− = χ , (36)

where n± is the number of zero modes of K with eigenvalue Γ = ±1 on a manifold with Euler
character χ.

To generate a four fermion term one can then add to the action a term that is quadratic
in the scalars, but conservation of Z4 actually allows for any term that is even in the num-
ber of scalars including, for example, a scalar kinetic term.6 The hope would be that if the
mirror sector coupling λm is large enough the mirror sector can be driven into a symmetric
massive phase corresponding to the presence of a four fermion condensate composed of mirror
fermions while leaving the light sector intact - see the review on symmetric mass generation
and references therein [36]. Evidence in favor of this scenario can be found in related sim-
ulations of reduced staggered fermions in a variety of dimensions [37–43] and in condensed
matter physics [44–47].

In fact one should add a similar term also in the light sector to keep the light sector partition
function non-zero. Assembling the light sector fields into an analogous doublet

Λl =

�

Φ−
Φ+

�

. (37)

The associated fermion operator for the light sector would take the form

M ab
l =

�

λlφ̂
ab δabK

−δabKT λlφ

�

. (38)

A small bare λl can soak up the zero modes but should be irrelevant in the continuum limit
with the light sector remaining in a massless symmetric phase.

Notice both reduced fermion operators now correspond to square, complex, antisymmetric
matrices and hence integration over the fermions yields Pfaffians for both mirror and light
sectors. The phases carried by the matrices U and V defined in our earlier SVD analysis are
now generated by these Pfaffians. If we have cancelled all anomalies correctly these Pfaffians
are free of ’t Hooft anomalies but in general the model will still suffer from a sign problem.

5 Connection to the Pati-Salam GUT model

It is interesting to ask what is the spinor content of the light sector which contains four copies
of say Φ+ in flat space. The answer is intriguing – in the continuum it is precisely a theory with
the global symmetries and matter representations of the Pati-Salam GUT. This is clearly seen
if we work in the continuum, use the matrix representation for the field, and choose a chiral
basis for the Dirac gamma matrices

γµ =

�

0 σµ
σµ 0

�

, (39)

6Previous numerical work in four dimensions suggests such a term may be needed [35].
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with σµ = (I , iσi) and σµ = (I ,−iσi) Thus

Ψa
+ =

�

ψa
R 0

0 ψa
L

�

, (40)

where the index a = 1 . . . 4 runs over the four copies needed for anomaly cancellation and
we assume that the fermions transform in the fundamental representation of a global SU(4)
symmetry. The 2×2 blocks ψL and ψR are composed of two doublets of Weyl fermions trans-
forming under an “internal” SU(2)×SU(2) flavor symmetry in addition to SU(4). If we imagine
continuing back to Minkowski space this fermion content corresponds to a set of sixteen left-
handed Weyl spinors transforming in the representations (4, 2,1)⊕ (4̄, 2, 1) under the global
SU(4) × SU(2) × SU(2) symmetry. These are the symmetries and matter representations of
the Pati-Salam GUT. It is interesting that the minimal mirror model we construct that cancels
off gravitational ’t Hooft anomalies for Kähler-Dirac fermions generates a well known chiral
gauge theory.7

While our discussion has focused on geometries with the topology of the sphere the con-
nection to Pati-Salam is made in flat space. In this limit one can replace the general triangula-
tion by a hypercubic lattice and map the (reduced) lattice Kähler-Dirac field into a (reduced)
staggered field [26,48].

In this case, and assuming we can indeed gap the mirror sector as described, we claim
the continuum limit of that staggered fermion theory would correspond to a theory with the
global symmetries and matter representations of the Pati-Salam GUT - a chiral gauge theory.

6 Conclusions

In this paper we have focused on constructing a path integral describing reduced Kähler-Dirac
fermions propagating on a curved background space. This problem is analogous to the prob-
lem of defining a path integral for a gauged chiral fermion. However, the Kähler-Dirac case
possesses one key advantage over the chiral fermion problem because the operator Γ that plays
the role of γ5 survives intact when the theory is discretized on a triangulation of the space.
This allows us to study the problem in a regulated lattice model with an onsite U(1) symme-
try and no fermion doubling.8 The lattice Kähler-Dirac operator for reduced fermions maps
the space of even cochains to odd cochains and vice versa. On a space with non-zero Euler
characteristic it takes the form of a finite rectangular matrix. To integrate out the fermions
then requires the use of singular value decomposition which yields two unitary matrices that
determine orthonormal bases in these two spaces. If the Euler character of the triangulation is
non-zero there is an ambiguity in the phase of the fermion measure arising from the determi-
nants of these unitary matrices which becomes gauge field dependent after the U(1) symmetry
associated to Γ is gauged. This fermion measure problem for reduced Kähler-Dirac fermions
is very similar to that encountered in defining the path integral for chiral fermions.

As for chiral fermions one can add mirror fermions to remove this phase ambiguity. One
then discovers that the global U(1) symmetry of the mirror model is broken via an anomaly to
Z2χ . This anomaly can be computed exactly on a finite triangulation contradicting the folklore
that only systems with an infinite number of degrees of freedom can generate anomalies. Re-
stricting to the sphere S4 and requiring cancellation of the resulting ’t Hooft anomaly one finds
that only multiples of four reduced fermions are allowed. In the flat space continuum limit this

7Early work connecting symmetric mass generation in lattice theories to grand unified theories can be found
in [45].

8No doubling in this context means that discretization does not produce any additional low energy states that
were not already present in the continuum theory.
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fermion content corresponds to multiples of sixteen Weyl spinors and our result is in agree-
ment with the cancellation of spin-Z4 anomalies for Weyl fermions. Indeed, the Kähler-Dirac
argument can be generalized to any even dimension and yields results for anomaly cancella-
tion for a variety of discrete symmetry [27,49]. We employ this constraint to identify a set of
Yukawa interactions that should be capable of lifting the mirror states to the cut-off without
breaking symmetries or disturbing the light sector. There is already numerical evidence that
suggests that such symmetric mass generation is possible in such theories.

Remarkably, we show that the light sector of the minimal anomaly free mirror model,
in the continuum flat space limit, is nothing more than the Pati-Salam GUT model. Rather
surprisingly the search for a non-perturbative construction of anomaly free reduced Kähler-
Dirac theories appears to target a class of anomaly free chiral models. Indeed, the mirror model
of reduced Kähler-Dirac fields we describe can be thought of as providing a non-perturbative
definition of the Pati-Salam model. Indeed, it would seem that any chiral theory with an
SU(2)× SU(2)× G global symmetry can be handled in this manner as long as G contains an
complex, irreducible representation whose dimension is a multiple of four.

Of course to create a true chiral gauge theory one needs to gauge these non-abelian sym-
metries. Gauging the group G in the lattice theory is straightforward and follows the proce-
dure given in eqn. 11 and the measure is automatically gauge invariant. Gauging the internal
SU(2)×SU(2) symmetry is more problematic. In the case of staggered fermions this symmetry
is broken to a Z2 subgroup corresponding to the shift symmetry χ(x)→ χ(x +µ)ξµ(x) where

χ is the staggered fermion field and ξµ(x) = (−1)
∑D

i=µ+1 x i . The presence of this exact global
Z2 symmetry is enough to ensure restoration of the global SU(2)×SU(2) symmetry in the con-
tinuum limit [50, 51] and one might hope that gauging the Z2 symmetry would allow for an
SU(2)× SU(2) emergent gauge symmetry. However, the offsite nature of the shift symmetry
makes it difficult to gauge the Z2. Recent work on Hamiltonian lattice systems with similar
shift symmetries may offer a path forward [52,53].
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