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Abstract

We provide a generalization of the Symmetry Topological Field Theory (SymTFT) frame-
work to characterize phase transitions and gapless phases with categorical symmetries.
The central tool is the club sandwich, which extends the SymTFT setup to include an in-
terface between two topological orders: there is a symmetry boundary, which is gapped,
and a physical boundary that may be gapless, but in addition, there is also a gapped
interface in the middle. The club sandwich generalizes so-called Kennedy-Tasaki (KT)
transformations. Building on the results in [1,2] on gapped phases with categorical sym-
metries, we construct gapless theories describing phase transitions with non-invertible
symmetries by applying suitable KT transformations on known phase transitions pro-
vided by the critical Ising model and the 3-state Potts model. We also describe in de-
tail the order parameters in these gapless theories characterizing the phase transitions,
which are generally mixtures of conventional and string-type order parameters mixed
together by the action of categorical symmetries. Additionally, removing the physical
boundary from the club sandwiches results in club quiches, which characterize all possi-
ble gapped boundary phases with (possibly non-invertible) symmetries that can arise on
the boundary of a bulk gapped phase. We also provide a mathematical characterization
of gapped boundary phases with symmetries as pivotal tensor functors whose targets
are pivotal multi-fusion categories.
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1 Introduction and summary

One of the important questions in validating the recent flurry of activities on non-invertible
or categorical symmetries — for some of the papers both in high energy and condensed mat-
ter physics, see [1-87,87,87, 87, 88, 88, 89, 89,90,90,91,91, 92,92, 93,93, 94,94, 95], and
reviews [96-101] — is to find concrete physical implications tied to the presence of these sym-
metries. Such “smoking gun” applications will not only substantiate the importance of these
symmetries, but take their relevance from mere curiosities to genuinely fundamental concepts
underlying the inner workings of quantum field theories (QFTs). The goal of this paper is to
find such applications in the realm of phase transitions in the presence of categorical symme-
tries, and provide a characterization of the possible gapless phases at these critical points. This
has applications in both high-energy physics and condensed matter alike, and should provide
a unified framework to characterize phases in the presence of categorical symmetries in any
dimension.

Characterizing phase transitions for standard group-like symmetries is of course well-
understood and relies on a simple organizing principle: that of spontaneous symmetry break-
ing, going back to Landau’s work. Many short-comings of this principle are known by now, but
most pertinently it fails when the symmetry of the system is non-invertible or more generally
categorical.

In this paper we build on the earlier works [1, 2], where we proposed a framework to
characterize gapped phases with non-invertible symmetries, and study phase transitions be-
tween such gapped phases and provide a characterization of the gapless phases at the critical
points. The classification of gapped phases is most succinctly formulated using the so-called
Symmetry Topological Field Theory (SymTFT) or Symmetry Topological Order [102-105],
often referred to as the “sandwich”: A d + 1 dimensional TQFT sandwiched between two d-
dimensional boundaries. We will provide a brief summary of the construction shortly. The
SymTFT allows essentially the separation of symmetries and QFTs/phases, and most impor-
tantly contains the information about the generalized charges under non-invertible symme-
tries [65]. Gapped phases are characterized by inserting gapped boundary conditions both
for the symmetry boundary and the physical boundary — the latter ensures that the resulting
d-dimensional theory is topological, the former realizes the categorical symmetry. The gener-
alized charges, encoded as topological operators of the SymTFT, become order parameters for
the gapped phases [1,2], see also [3,4,6,9,42] and in 2d [106-116].
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To characterize phase transitions between gapped phases with categorical symmetries, we
will need to extend this picture to include another layer to the sandwich, i.e. we will pro-
mote it to a club-sandwich:' Two topological orders in d + 1 dimensions, separated by a
d-dimensional interface, and book-ended on either side with d-dimensional boundary condi-
tions.

The topological orders can for instance be SymTFTs 34.1(S) and 34.,1(S’) for two symme-
tries S and &', in which case we call 34,(S’) a reduced topological order

sym phys
B 1y By Td 3 S
D

Here ’stym is the symmetry boundary of the SymTFT for S and Z; the interface. The physical

boundary %Shys is a not-necessarily gapped boundary condition of the SymTFT for S’, and thus
in the standard sandwich construction would describe an S’-symmetric theory after interval
compactification. The key point here is that the collapse of the club sandwich yields a the-
ory that is S-symmetric. This map from S’-symmetric theories to S-symmetric theories may
be thought of as non-invertible duality transformations [50, 117] generalizing the so-called
Kennedy-Tasaki (KT) transformation [118,119].

However, the topological orders do not necessarily have to be thought of as SymTFTs and
this framework can be viewed more generally as a way to study S-symmetric boundary con-
ditions of a topological order 3’ (now not viewed as the SymTFT for another symmetry S’).

We will be interested in phase transitions between two S-symmetric gapped phases, which
are characterized in terms of two gapped boundary conditions of 3(S). This in turn corre-
sponds mathematically to so-called Lagrangian algebras in the center Z(S). The interfaces
1, of interest are characterized by non-maximal (and thus non-Lagrangian) condensable al-
gebras in Z(S). In the process we can also characterize all the order parameters, which are
manifestly encoded in the SymTFT and the club sandwich generalization.

Recent works that use SymTFT techniques to extend the study of gapless phases and phase-
transitions — though applied to group-like symmetries — are [89-91,120]. The setup in [120]
is precisely the case of the club-sandwich, when the topological orders are both SymTFTs
and the interface is the intersection of two Lagrangian algebras, applied in the context of
group symmetries Vecg; in (14+1)d. More precisely: a phase transition between two gapped
phases, which are defined by the Lagrangian algebras £, and £, respectively, is characterized
by A; 5 = £3 N Ly, which simply means the set of topological lines that are both in £, and
L4, provided this maximal common subalgebra is condensable. Higher order phase transitions
can occur when three or more such gapped phases meet. As A, , is not maximal, it will lead
to a reduced topological order, as described via what we call a club-quiche. However, not
all condensable (non-Lagrangian) algebras are of this type and we will see examples with
different setups, not necessarily group-like.

1.1 Summary of setup

Standard SymTFT construction. We begin with a theory ¥ in d spacetime dimensions, with
a fusion (d — 1)-category symmetry S. The first concept that we can associate to this is the
SymTFT 3(S), which gauges the symmetry S in d + 1 dimensions. The topological defects of
this SymTFT form the so-called Drinfeld center Z(S) of S. The symmetry itself is realized as
topological defects localized along a gapped boundary condition iB?m of the SymTFT. The §

A club sandwich is comprised of three slides of bread containing two distinct fillings.
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Table 1: List (and links to subsections) of symmetries S and &’, associated club
quiches, club sandwiches (i.e. KT transformations from S’ to S) and phase transi-
tions. The last column indicates the schematic form of the phase transition, and the
action of the S symmetry on it. For Rep(S3) the symmetry generators 1_ and E are
the sign and 2d irreducible representations. For the Ising category P is the Z, line
and S the Kramers-Wannier duality defect. Finally for TY(Z,), A generates Z, and
S is the non-invertible duality defect with $? = @A'. Z3 denotes an anomalous Z,

symmetry.
S &’ | Club Quiche | Club Sandwich | Phase Transition S-symmetric CFT Tg
Zs
Z, Z, 4.2.1 5.2 6.3 Z, (,Ising, @ Ising; ) Z;
Zs
Z4 Zz 4.2.2 5.3 6.4 Ising D Z4
Z4 Zzw 42.3 54 - SU(Z)lD Z4
S3 Zs 4.3.1 5.5 6.5 Zs (, 3-Pottsy ® 3-Potts; ) Z3"
N
Zy
Zy
PN
Ising, @ Ising; ® Ising,
Ss Zy 4.3.2 5.6 6.6 @) S
Ly Ly
Ss Zy 4.3.3 5.7 6.7 Ising”) S3
Rep(Sg) Z3 4.4.2 5.9 69 3-Potts D Rep(SB)
Rep(Sg) ZZ 4.4.3 5.10 6.10 E C Isinge [>) (Isingm)ﬁ D 1_
N
E
Ising | Z, 4.5 5.11 6.11 p ( Ising, ®Ising,, ) P
A
S
S
AN
Ising{ @ (Ising]") 5 ® (Isingy') /5
TY(Z,) | Z, 4.6.1 5.12 6.12 &) N
A A
Z, 4.6.2 - -
Zy® 4.6.3 - -
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symmetric theory ¥ is then recovered as the interval compactification of 3(S) upon selecting
another boundary condition EB%EYS on the right. This is the so-called “sandwich” construction,
which we schematically depict as

sym phys
Bs By, Ta 3 S

S hys (2)
&(BZ",3(8), BL) = =

It is useful to also consider the “quiche™ associated to the symmetry S, namely the combina-

tion of the SymTFT 3(S) and the gapped boundary condition %fsyrn (but without the physical
boundary condition), which we display as

sym
%S

3
Q= (BY",3(5)) = ®

If %ghys is also a gapped boundary condition of 3(S), then the interval compactification
leads to a gapped S-symmetric phase [1,2]. Such S-symmetric gapped phases will be denoted
by

T3 =6(BY", 3(8), B"P), 4

where B™P is another topological boundary condition of 3(S). Gapped boundary conditions
of 3(S) are classified by Lagrangian algebras in Z(S). In (1+1)d these can be systematically
classified for a given SymTFT.

Note also that two symmetries S and S related by (possibly generalized) gaugings have
the same SymTFT, but correspond to different symmetry boundaries of that SymTFT.

Club sandwich and quiche. In this paper we extend this set-up to allow for gapless phases
with § symmetry.

The first step is to generalize the construction of S-symmetric gapped phases to one for S-
symmetric gapped boundaries. This requires the introduction of what we call a “club-quiche”
(i.e. an open club sandwich). Concretly, this is realized by coupling a (d +1)-dimensional TQFT
321 41 via a topological interface 74 to the SymTFT 3(S) with topological boundary condition
%gm. This club quiche will be depicted by

sym
BY i B/, D S

: 5
QC(BY™,3(5),2,3) := -

and realizes an S-symmetric boundary %é of 3:1 +1 upon collapsing the interval between %;ym
and Z,.

In practice, in the cases of interest, the interface Z; is specified by a condensable algebra
A (generically non-Lagrangian) in 34,1(S), and therefore we can express 3, , as a reduced
topological order for a symmetry S’

31 = 3a+1(S)/A=3441(S). (6)

2A quiche is most certainly not an open sandwich but we will retain this terminology introduced in [105].

6
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The symmetry S’ is generically smaller than (or equal to, in the case of trivial A) S. See
appendix B for necessary conditions to determine condensable algebras. We note that our
approach examines only necessary, but not sufficient, conditions for an algebra to be condens-
able. Specifically, our treatment is at the level of objects, following, for instance [ 120], without
explicitly verifying the possible multiplication structures of the algebras. This presents a limi-
tation, as a given algebra may admit multiple multiplication structures, potentially leading to
more club-quiches than the ones we consider. Nevertheless, we believe that the algebras we
study are fully consistent, as they yield a well-defined reduced topological order. Furthermore,
in a forthcoming work [121] a subset of the authors compute the algebra multiplication for all
group-theoretical cases and confirm that no additional algebras arise.

We can complete the club quiche to a club-sandwich by slotting in a physical boundary
condition onto the right hand side of 3’. This results in a theory T, with symmetry S

sym phys
B 74 B, Tq 3 S

(7)

One may ask now how this is different from the construction of the standard SymTFT (2).

Phase transitions. One central application is that of phase transitions and construction of
gapless phases with S symmetry. Say we start with a phase transition for a symmetry S’, e.g.
Z-, which in 2d is modeled by the Ising CFT. We can then construct using the KT transforma-
tions from &’ to the larger symmetry S provided by the club-quiche a phase transition that is
S-symmetric, i.e. a gapless phase that is S-symmetric.

1.2 Overview of results

In sections 2 and 3 we summarize the construction of the SymTFT quiches and sandwiches,
respectively. We then extend this to the club quiches in section 4, where we sketch the general
d-dimensional construction, and give explicit examples for d = 2 (i.e. 3d topological orders
separated by the topological interface Z,), for abelian and non-abelian groups, non-invertible
symmetries such as Rep(S3), Ising and more general Tambara-Yamagami TY(Z,) fusion cate-
gories. The club quiches are completed to club sandwiches in section 4, which provide a KT
transformation between two symmetry categories S and S’. Finally, in section 6 we explain
how this can be applied to construct phase transitions with categorical symmetries S. We
provide examples using input phase transitions for Z, (Ising) and Z5 (3-state Potts model) to
construct new phase transitions. In appendix A we provide a mathematical perspective on the
club sandwich construction.

We summarized all the examples and the relevant sections where they are discussed in
table 1.

2 SymTFT quiche

As defined in [105], a quiche Q is a pair
Q4= (Bg,34+1)> (8)

of a (d + 1)-dimensional® (oriented, unitary) TQFT 34,; and a d-dimensional topological
boundary condition B, of 3;,;. We will sometimes call such a quiche as a d-dimensional

3We always display full spacetime dimensions.
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quiche for convenience, though it should be kept in mind that a d-dimensional quiche has a
d-dimensional component, and a (d + 1)-dimensional component. We display a quiche as

By

9)

Our focus will mainly be on d = 2 in this work. An irreducible d-dimensional quiche is a quiche
that cannot be expressed as a sum of other d-dimensional quiches. Practically, this means
that the space of topological local operators of 34, is one-dimensional (comprising of scalar
multiples of the identity operator in the bulk), and the space of topological local operators
of B, is also one-dimensional (comprising of scalar multiples of the identity operator on the
boundary).

2.1 Gapped boundary phases

Physically, quiches are important objects to study for understanding gapped boundary phases,
which we now define.

First we review the definition of gapped (bulk) phases. A d-dimensional gapped phase is
defined as an equivalence class of d-dimensional gapped systems, in which two gapped systems
are regarded to be equivalent if one of the systems can be deformed into the other without
closing the gap (even at infinite volume). One can identify a bosonic gapped d-dimensional
phase [3,] as a deformation class of d-dimensional TQFTs.* An irreducible gapped phase is
defined to be a gapped phase that cannot be expressed as a sum of other gapped phases. In
other words, an irreducible gapped phase has a single vacuum (at infinite volume).> Prac-
tically, the space of topological local operators of a TQFT 3, lying in an irreducible gapped
phase [3,4] is one-dimensional (comprising of scalar multiples of the identity operator), or in
other words such a TQFT 3, is an irreducible TQFT.

Consider now gapped systems that are comprised of a (d + 1)-dimensional bulk and a d-
dimensional boundary. A priori, a gapped bulk may have a gapless boundary, but we require
here the boundary to be gapped as well. We define a d-dimensional gapped boundary phase
[Q4] to be an equivalence class of gapped bulk+boundary systems, in which two systems are
regarded to be equivalent if and only if one of them can be deformed into the other without
closing the gap in the bulk or on the boundary (even when both bulk and boundary have
infinite volume). A couple of comments are in order:

* Note that a d-dimensional gapped boundary phase [ Q;] comes associated to a (d + 1)-
dimensional gapped bulk phase [ 3,4, ], which is the gapped phase the bulk system is in,
away from the boundary. We will denote this by

[Q4]— [3441]- (10)

However, there may be multiple different d-dimensional gapped boundary phases [ Q4 ];,
for which the (d + 1)-dimensional gapped bulk phase is the same as [34,1]

[Qali = [3441] Vi. (11)

Thus, the presence of a boundary may add additional components to the phase diagram.

“Here, and in what follows, we assume that we are working with systems having emergent Lorentz symmetry
in the infrared.

®Vacua can also be understood as ground states of the system when the space is taken to be a sphere. Another
characterization is in terms of topological local operators the system admits.

8
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* Gapped d-dimensional boundary phases [Q;] whose associated gapped (d + 1)-
dimensional bulk phase [34,] is trivial are the same as gapped d-dimensional phases
discussed at the beginning of this subsection.

One can identify a gapped d-dimensional boundary phase [Q,] as a deformation class of d-
dimensional quiches

[Q4]=1[(By,34+1)]- (12)

An irreducible gapped d-dimensional boundary phase is one that cannot expressed as a sum
of other gapped d-dimensional boundary phases. Practically, any d-dimensional quiche Q
lying in an irreducible gapped d-dimensional boundary phase [ Q] is an irreducible quiche,
as defined above.

Let us restrict to d = 2 from this point on. In this case, an irreducible gapped boundary
phase comprises of a pair

[Q]=(%],3), (13)

where 3 is an irreducible 3d TQFT and [8] is a deformation class of irreducible topological
boundary conditions of 3. Such a 3d TQFT 3 is described by the data of its topological line
operators (also referred to as anyons), which form a (unitary) modular tensor category (MTC)
Z. This cannot be an arbitrary MTC as it must admit a topological boundary condition, which
becomes the requirement that it must be possible to express the MTC Z as the Drinfeld center
Z(C) of a (unitary) fusion category C.

We can characterize a deformation class of irreducible topological boundary conditions of
3 by a Lagrangian algebra in the MTC Z. We refer to the deformation class corresponding to a
Lagrangian algebra £ as [B](£). The deformation class comprises of a (real) one-parameter
family of irreducible topological boundary conditions

%l(ﬁ): AER. (14)
These boundaries are related as
B,(L) =T ®B,(L), (15)

i.e. the boundary %, (£) can be obtained from the boundary 9B,(L£) by stacking it with an
invertible 2d TQFT ¥, known as the Euler term.® More generally, we have

%A2(£)=‘ZA2_)&1 IZ%AI(E)' (16)
The Lagrangian algebra £ can be expressed as

L=EPn,Q,, (17)

where the sum is over the simple bulk anyons Q,, in Z. Physically, the presence of a term n,Q,
in £ means that there is an n,-dimensional vector space of topological local operators along
any corresponding topological boundary 95, (£) at which the line Q, can end

B,(£)
(18)

n, dimensional

®Its partition function on a closed 2d manifold %, (of genus g) is Z[%,,%,] = exp(—k;((Zg)), where
x(X;) = 2—2g is the Euler characteristic of %,.
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As an example, let the gapped bulk phase 3 be the Toric Code, which is described by the
well-known modular tensor category

Z={l,e,m,f}, (19

where e and m are electric and magnetic bosonic lines, and f is a dyonic fermionic line. There
are two (14+1)d gapped boundary phases with associated (2+1)d gapped bulk phase being the
toric code. One of them corresponds to the Lagrangian algebra

L,=1®e, (20)

in which the electric line (anyon) can end along the boundary, and the other is described by
Lagrangian algebra
L,=16&m, 21)

in which the magnetic line (anyon) can end along the boundary.

2.2 Symmetry TFT

Let S be a symmetry that can arise in d-dimensional systems. The class of symmetries that
we are interested in are described by (spherical) fusion (d — 1)-categories. This includes as
special cases finite symmetry groups with/without ’t Hooft anomalies and finite higher-form
and higher-group symmetries with/without ’t Hooft anomalies. However, there are also more
general fusion (d —1)-categories that are not of this type. Such categorical symmetries are also
referred to as non-invertible symmetries, as they typically include symmetry elements that do
not admit an inverse.

Given such a symmetry S, we can associate to it a (d + 1)-dimensional TQFT 34,,(S),
known as the Symmetry TFT (or SymTFT). The symmetry TFT has the property that it admits
at least one (but usually multiple) irreducible topological boundary condition %;ym such that
the topological defects living on %;ym form the (d —1)-category S. Thus, the setup of SymTFT
involves quiches of the form

Q4 =(BY™,34:1(85)), (22)

which we display as
By

(23)

Such a boundary Sstym is known as a symmetry boundary of the SymTFT 3,4,,(S).
Conversely, any irreducible quiche Q; = (284, 3441) provides an example of a SymTFT
setup, with the symmetry being
S8(Qq) =Csy,, (24)

where Cy, is the fusion (d —1)-category formed by topological defects living on the boundary
By.

For d = 2, the MTC associated to the 3d SymTFT 3(S) can be identified with the Drinfeld
center Z(S) associated to the fusion (d — 1)-category S. There is a canonical Lagrangian

sym

algebra Efsym in Z(8S) that describes a symmetry boundary 5 ¢
LI"=PnImQ,,  n¥MeZy, (25)

a
where Q, are simple bulk anyons and n,, is the dimension of morphism space Homg(F(Q,), 1)

in S between the object F(Q,) € S obtained by applying the forgetful functor F : Z(S) = S
and the identity object 1 € S.

10
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3 SymTFT sandwich

A sandwich &, is obtained by supplying a quiche Q; = (B4, 34+1) With a (possibly non-
topological) boundary condition SBShyS, known as the physical boundary, on the right

Sy = (B, 3441, B5™). 26)

In the context of SymTFT, we express the sandwich as

S = (B, 300 (8), BE"), 27)

which can be depicted as

sym phys
%S %Td a 3 S
(28)

whose interval compactification produces a d-dimensional QFT ¥; with symmetry S. Con-
versely, any d-dimensional QFT ¥; with symmetry S can be expressed as such a sandwich. We
have a one-to-one correspondence

{S-symmetric QFTs}

! (29)
{Physical boundaries of the SymTFT 34,,(S)}.

3.1 Generalized charges

As discussed in detail in [65], the topological (g + 1)-dimensional operators of the SymTFT
3441(S) capture the charges of g-dimensional operators appearing in an S-symmetric d-
dimensional QFT.

Let us briefly review how this comes about. Any (possibly non-topological) g-dimensional
operator O, in a d-dimensional S-symmetric QFT % is charged under the symmetry only
if it somehow interacts with the symmetry boundary. This is possible only if the sandwich
construction of O, involves a bulk topological (q + 1)-dimensional operator Q,,; ending on
the physical boundary SB%;YS along a (possibly non-topological) g-dimensional operator M,
as shown below

h;
S 5,98
(30)
Mq B Oq

The end &; of Qg4 is a topological g-dimensional operator along the symmetry boundary
‘Bfgym, which may be attached to topological operators living on the boundary %Zym (in which
case O, is also attached to topological operators in T; generating the symmetry S and hence
lives in twisted sector for the symmetry). The action of the symmetry S on O, is captured
in how the bulk operator Qg ,; interacts with the symmetry boundary ‘Bfgym (via the end &),

and hence Qg,; captures the charge of O, under S. Note that if there is no end M, of a

bulk topological operator Qg on a physical boundary %glzys, then there is no g-dimensional
operator in the theory T; carrying the generalized charge Q..
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3.2 Gapped phases with non-invertible symmetries

Consider a categorical symmetry S. One can define an S-symmetric d-dimensional gapped
phase as an equivalence class of S-symmetric d-dimensional gapped systems, in which two
such systems are regarded to be equivalent if one of the systems can be deformed into the
other without closing the gap (even at infinite volume) and without losing S-symmetry at
any point along the deformation path. Note that an S-symmetric gapped phase [35 ] has an
underlying (non-symmetric) gapped phase [3,]

[35]~ [341, (31)

where [3,4] is the gapped phase occupied by any S-symmetric system 3, lying in the S-
symmetric gapped phase [35 ] Multiple S-symmetric gapped phases [35]1. may have the
same underlying gapped phase [3,]

[35],~ 3], Vi. (32)

One can identify a bosonic S-symmetric gapped d-dimensional phase as a deformation
class of S-symmetric d-dimensional TQFTs. An irreducible S-symmetric gapped phase is one
that cannot be expressed as a sum of other S-symmetric gapped phases. Equivalently, the only
local operators left invariant by S symmetry in an irreducible S-symmetric phase are multiples
of the identity operator. It should be noted that the non-symmetric gapped phase underlying
an irreducible S-symmetric gapped phase may be reducible.

In terms of the SymTFT sandwich, an irreducible S-symmetric TQFT 33 is obtained by sup-

plying an irreducible topological boundary condition BPh Sy of 3441(S) as the physical bound-

ary. Thus, an irreducible S-symmetric gapped phase is a deformation class of SymTFT sand-
wiches

[65]= (B2, 3411(8),[B°™]), (33)

where [EBphyS] is a deformation class of irreducible topological boundary conditions BP"YS of
3(S8) that are used as physical boundary conditions.

For d = 2, as discussed previously, such a deformation class is described by a Lagrangian
algebra £P™* in the Drinfeld center Z(S). We thus have the one-to-one correspondence

{(Q1+1)d irreducible S-symmetric gapped phases}

! 34
{Lagrangian algebras £P"* in Z(S)}.

As discussed in the previous subsection, the possible generalized charges appearing in an S-
symmetric theory ¥ correspond to the bulk topological operators that can end along the physi-
cal boundary ‘thys. For an irreducible (1+1)d S-symmetric gapped phase [33 ] (£P"9), these
are captured by the corresponding Lagrangian algebra £P™S: the simple anyons Q, appear-
ing in £PYS are the generalized charges carried by local operators appearing in [35] (LPhys),
In other words, these are the generalized charges carried by order parameters for the S-
symmetric gapped phase [35] (LPPY5), i.e. the operators having non-trivial vacuum expecta-
tion value (vev) in the phase [33 ] (LPhys),

Mathematically, the classification of S-symmetric (14+1)d gapped phases is the classifica-
tion of deformation classes of certain pivotal 2-functors. See appendix A for more details.
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4 Club quiche

A d-dimensional club quiche Qg is a tuple

Qg = (%d’ 3d+l:Id: 3214_1): (35)

where 3,7 and 3& +1 are (d + 1)-dimensional TQFTs, B, is a topological boundary condition
of 3411 and Z; is a topological interface from 34,4 to 3/, +1- We will often use it in the context
of SymTFT, where the club quiche takes the form

Qg = (%‘Sgym) 3d+1(8))Id, 3214_1) D (36)

and we depict it as

B 74 %213 S
37

where compactifying the interval occupied by the SymTFT 3,,,(S) leads to an S-symmetric
quiche
QF = (B4, 3%,1) (38)

with the S-symmetry being realized on a topological boundary %/, of the TQFT 3/,.,. Con-
versely, any topological boundary ’Bfi with symmetry S of 511 47 can be expressed as such a
club quiche. We have a one-to-one correspondence

{S-symmetric Topological Boundaries of 3& I

! (39)
{Topological Interfaces from SymTFT 3,,(S) to 3/, w1t

Such topological interfaces are the same as topological boundary conditions of the folded

(d+1)-dimensional TQFT 34,1(S )lZIE; +1» Where 3:1 +1 isthe (d+1)-dimensional TQFT obtained
by reflecting 3/, ;, and the boxtimes operation K denotes the stacking of TQFTs.

4.1 Gapped boundary phases with non-invertible symmetries

Physically, such a club quiche can be understood as characterizing gapped boundary phases
with S-symmetry, where the symmetry is localized completely along the boundary. We do
not incorporate any symmetry in the bulk, but will consider situations where both bulk and
boundaries are symmetric in an upcoming work [122].

An S-symmetric d-dimensional gapped boundary phase is defined as an equivalence class
of S-symmetric gapped bulk+boundary systems (where the bulk is (d + 1)-dimensional), in
which two such systems are regarded to be equivalent if one of them can be deformed into
the other without closing the gap in the bulk or on the boundary (even when both bulk and
boundary have infinite volume) and without losing S-symmetry at any point along the defor-
mation path. One can identify an S-symmetric gapped d-dimensional boundary phase as a
deformation class of S-symmetric d-dimensional quiches, and so we denote an S-symmetric
gapped d-dimensional boundary phase as [Q‘j 1.

Note that [Q‘dS ] has an underlying (non-symmetric) gapped boundary phase [ Q]

[051—[Q4], (40)
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where [ Q4] is the gapped boundary phase occupied by any S-symmetric bulk+boundary sys-
tem lying in the S-symmetric gapped boundary phase [Qg].

An irreducible S-symmetric gapped boundary phase is one that cannot be expressed as
a sum of other S-symmetric gapped boundary phases. Equivalently, the only local operators
living on the boundary left invariant by S symmetry in an irreducible S-symmetric boundary
phase are multiples of the identity operator. It should be noted that the non-symmetric gapped
boundary phase underlying an irreducible S-symmetric gapped phase may be reducible.

For d = 2, one can characterize an S-symmetric gapped boundary phase as

[Q5]=(B3",3(S),[Z],3), (41)

where [7] is a deformation class of topological interfaces from the 3d SymTFT 3(S) to a
3d TQFT 3’. An irreducible S-symmetric gapped boundary phase is then characterized by a
deformation class of irreducible topological interfaces from 3(S) to an irreducible 3d TQFT
3/, which by folding is the same as a deformation class of irreducible topological boundary

conditions of the irreducible 3d TQFT 3(S) X 3/. As we discussed earlier, such a deformation
—
class of boundary conditions is characterized by a Lagrangian algebra in the MTC Z(S)X Z,

where Z(S8) is the Drinfeld center of S and Z' is the MTC formed by topological lines of 5/.
We are thus led to one-to-one correspondence

{S-symmetric gapped boundary phases w/ bulk phase 3’}

! (42)
{Lagrangian algebras in Z(S)X 2’} .

Consider a Lagrangian algebra L7 of Z(S) RZ characterizing an irreducible S-symmetric
gapped boundary phase [Qﬁ] It can be expressed as

[’I = @ Ng o (Qa: 6;/) > (43)

a,a’

where Q, are simple anyons in 3(S) and Q/, are simple anyons in 3’. Let Z be an irreducible

topological interface in the deformation class [Z]. The presence of a term n (Qa,a;,) in
L7 means that there is an n, ,,-dimensional vector space of topological local operators along
T acting as line changing operators from the line Q, to the line (Q/,)*, which is the dual of Q/,
in the MTC Z’, or in other words the orientation reversed version of it

z

(44)

n, o dimensional

After contracting 3(S), such an operator descends to a topological local operator along the
resulting S-symmetric boundary B’ of 3’, which is attached to the bulk anyon (Q/,)*, and
carries a generalized charge Q, under the symmetry S acting on B’. This may be regarded
as an order parameter in the Q,-anyon sector for the resulting S-symmetric (14+1)d gapped
boundary phase [Q%] Thus, the Lagrangian algebra L7 captures the order parameters for the
associated S-symmetric gapped boundary phase.
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Using the Lagrangian algebra L7, one can also deduce the underlying non-symmetric
gapped boundary phase

[071=([%'13). (45)

A topological boundary condition B’ in the deformation class [28’] is in general reducible
B = EB B/, (46)
1

where B! are irreducible topological boundary conditions of 3’. We can characterize [8'] in
terms of a “Lagrangian algebra” L4/

ﬁ[%/] = @ ,C[%g] 5 (47)

where L[4/ are Lagrangian algebras associated to deformation classes [%g ] of irreducible
topological boundary conditions %5;. This is related to L7 via

E[‘B’] = @ nzzmna’a/Q;, B (48)

a,a’

where n, . are the coefficients appearing in the Lagrangian algebra (43) associated to the
interface and n?,"m is the coefficient for Q) appearing in the Lagrangian algebra (25) associated
to the symmetry boundary SBZYm.

We will further restrict the studies in this paper to S-symmetric minimal (14+1)d gapped
boundary phases, which are special types of S-symmetric irreducible (1+1)d gapped bound-
ary phases. In order to define such phases, note that the Lagrangian algebra L7 specifies a

non-Lagrangian condensable algebra A z(5)(£7) € Z(S) and a non-Lagrangian condensable
algebra Az/(L7) € Z’, which are obtained respectively by restricting £7 to Q’;, = 1 or to
Q,=1,ie.
Az (L) = D naQa;
a

, (49)
AZ/(ﬁI) = @ nl,a’Qa/ .

These condensable algebras capture the possible ends along a topological interface Z in class
[Z] of topological bulk lines from left and right

7z

(50)

n, ; dimensional n, o dimensional

Note that, if the algebra A z,(L7) is non-trivial, then we have non-identity topological local
operators in the irreducible S-symmetric gapped boundary phase [Q; ] that are completely
uncharged under S. This is because the S symmetry is captured by topological lines living
on the symmetry boundary SBfgm while a topological operator of the type appearing on the
right hand side of (50) does not interact with the symmetry boundary. This means that there
is physical information in such a phase that is disconnected from the symmetry S, e.g. some
of the order parameters for such a phase carry trivial generalized charges under S. We are
thus led to define a minimal irreducible S-symmetric gapped boundary phase [Qi] to be a
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phase specified by a Lagrangian algebra L7 € Z(S )z@’ whose associated condensable algebra
Az(L7) € Z'is trivial, i.e. Az/(L;)= 1. Correspondingly we call such a Lagrangian £ as a
minimal Lagrangian.

One can also define minimal club quiches and minimal S-symmetric gapped phases even
in higher spacetime dimensions by requiring that no topological line operators of 3/, . can end
on the topological interface 7.

The minimal S-symmetric (1+1)d gapped boundary phases are classified (upto equiva-
lences) by condensable algebras in Z(S). Pick a condensable algebra A € Z(S), then the
associated gapped bulk phase 3’ is determined by computing local .A-modules in Z(S) [123],
which form a “smaller” modular tensor category Z(S)/A

/
d+1

Z'=Z(8)/A. (51)

The deformation class [Z] of topological interfaces is then determined by picking a Lagrangian
algebra
LreZ(S)RZ(S)/A, (52)

such that the condensable algebra Az s)(L1) € Z(S) associated to L7 is the same as A
Azs(Lr)=A. (53)

There may be multiple possibilities for £7 satisfying the above condition, but they are all
related by the action of some 0-form symmetry of 3’, which are auto-equivalences that do not
change the physical properties of the resulting minimal S-symmetric (1+1)d gapped boundary
phase.

There are a couple of special choices for the condensable algebra A:

* First of all, we can choose the trivial algebra
A=1, (54)
which corresponds to the deformation class containing the identity interface Z. The cor-
responding minimal S-symmetric gapped boundary phase is simply the phase in which

sym

the symmetry boundary B¢ lies. The associated gapped bulk phase is
3'=3(5). (55)

* We can also choose a Lagrangian algebra
A=LeZ(S). (56)

In particular, for any S we have at least the choice A = Lfgym where Efsym is the Lagrangian
algebra for the symmetry boundary %fsyrn. In this case the minimal S-symmetric (1+1)d
gapped boundary phase is simply an irreducible S-symmetric (1+1)d gapped phase, i.e.
the associated (2+1)d gapped bulk phase is trivial

3 =1. (57)

The S-symmetric (14+1)d gapped phase is the one obtained by performing a sandwich
compactification of the SymTFT 3(S) with the physical boundary specified by the La-
grangian algebra

LPYS = (58)

More details about such phases can be found in [2].
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4.2 Z, symmetry

Let us find (141)d Z4-symmetric minimal gapped boundary phases. In this case the symmetry
is
S = Vecy, » (59)

with simple objects
{1,RP? P}, (60)

and Z(S) is the 3d Z, Dijkgraaf-Witten gauge theory without twist (sometimes also called the
Z4 toric code). Let us label the anyons in this theory by

elm’,  i,j€{0,1,2,3}. (61)

The bosons are the electric lines e!, the magnetic lines m/, and the dyonic line e?m?. We
are interested in non-trivial condensable algebras that are non-Lagrangian. There are three
possibilities

A =1@e?, A,=1lem?, A,=10*m?. (62)

We discuss these three possibilities in turn. The symmetry boundary is taken to be specified
by the Lagrangian algebra

Vecy

3
L =Pe. (63)
=0

4.2.1 Condensable algebra A,
In this case, one can compute that the bulk phase 3’ is the toric code
2" = Z(Vecz, )/ A, = {1,¢/,m’,e'm’} = Z(Vecy,). (64)
This can be equivalently seen by noting that the Lagrangian algebra
Lr=1@ee @e’@e’ed om?’m @em?e’m ®e’?m?>m @ e*m?e'm’ € Z(Vecy,) IZI§/, (65)
is minimal, and its associated condensable algebra in Z(Vecy, ) matches A,
Az(Vec,)(L1) = A.. (66)

We can also compute the algebra in Z’ corresponding to the underlying non-symmetric
gapped boundary phase to be
,C[%/] =2(1e 6/), (67)

which turns out to be the direct sum of two electric Lagrangian algebras, and therefore decom-
posable. This in turn means that the topological boundary condition B8’ produced by colliding
B with Z is reducible, and can be expressed as

B =B B, (68)

where B¢ is an irreducible topological boundary condition lying in the deformation class
[B]1(L,) associated to Lagrangian algebra

L,=1®e €Z. (69)
The simple topological line operators on B’ are

1ij’ Pij: i:je{oz]-}; (70)
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where 1;; is the identity line on BY; P; is the line generating Z, symmetry of B¢; 14, 1, are
boundary changing line operators satisfying

1 @15 =1y, (71)

and Py, P;, are another set of boundary changing line operators obtained by fusing with P;;
lines

We can recognize various boundary operators in terms of the operators descending from the
club quiche:

sym
Vecz, A,
(73)
The products of these operators are
E=0_, ¢&O0_=&,, 0*=1, (74)
for s € {+,—}, which we can relate as
1+0_ 1-0_
Vo = 5 V1= 5
£.+E EL—E (75)
50 =, 51 =1 ,
2 2

where v; are the identity local operators along the irreducible boundaries %5¢, and &; are the
ends of ¢’ along boundaries 7. Note that the overlap between the operators on two different
boundaries is indeed trivial, as required by consistency

VoV = 0, 80\/1 = 0, 81\/0 = 0, 8081 = 0, (76)
and the v; are indeed identity along the boundaries as we have
Vivi = Vi, Evi=¢& Ei&i=v;. (77)

The linking action of Z4 symmetry is known on the ends of Z(Vecy, ) anyons, which descends
to the following linking action

P: & —is&, Oo_—--0_, 1-1, (78)
implying that we have
P: Vo < V1, 50 4 51 , gl — _80 . (79)

A topological line operator having such an action exists on the boundary %’ only if its
components B¢ are the same boundaries, i.e. there is no relative Euler term between B and
B

By =B =B,(L,), (80)
for some A € R. This parameter A drops out at the level of boundary phases where only
deformation classes of boundary conditions matter. Given (80), the linking action of lines on
v; of lines living on B’ is

X

ij - Vi = V; XE{].,P}, (81)

JJ
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and the linking action on &; is

]-ij . 51‘ —’5], (82)
Pij . (c:i — _81 .
We can then identify the line operator on B’ generating the Z, symmetry as
¢(P)=1p; ® Pyq. (83)
The Z, subgroup of Z, is generated by
PP =[p(P)] =Py ® P11, 84
and the consistency condition
p(PH=91)=1, (85)
is satisfied as
p(PY=[p(P)] =1 @11 =1. (86)
Note that the identity line on B’ is the sum 1o, ® 1;; on identity lines on B and 3.
Mathematically, we have provided information of a pivotal tensor functor
¢ Vecy, — Maty(Vecy,), (87)

where Mat,(Vecy,) is the multi-fusion category formed by 2 x 2 matrices in Vecy , and is
physically the category formed by topological line operators living on the boundary B’. This
functor describes a choice of lines on B’ generating Z, symmetry, and is the mathematical
characterization of the minimal Z,-symmetric (14+1)d gapped boundary phase under study.
See appendix A for more details.

Note that, at the beginning of this analysis, we could have picked another Lagrangian
algebra

- — — - — - —
£[I/] =leoemde’delm eam?e eem’me @e’m?e @e’m?m'e e Z(VecZ4) XZ, (88)

whose associated condensable algebra AZ(VeCZ4)(£[I/]) is also A,. This choice leads to the
Z4-symmetry being realized on
B =B e B, (89)

where
B =B = B,(L,n), (90)

and 98,(L,,) is an irreducible topological boundary of the toric code associated to the La-
grangian algebra 1 @ m’ € Z’. The lines living on such a B ® B" have identical properties
as the lines living on B @ B9, and hence we obtain an equivalent minimal Z,-symmetric
gapped boundary phase. This is related to the fact that the irreducible boundaries 9%, (L£,)
and B, (L,,) are exchanged by the action of a 0-form symmetry of the toric code, namely the

electric-magnetic symmetry exchanging the electric and magnetic lines e’ «— m’.
4.2.2 Condensable algebra A,
In this case, 3’ is again the toric code and we can take
- - — —)— — —) —
Lr=1emm em?em’®m ®e?e @e’?mem ®e?m?e ®e?me'm’ € Z(Vecy, )R Z . (91)

The Lagrangian algebra associated to the underlying non-symmetric gapped boundary phase
is computed to be
E[‘B’] =1 e/, (92)
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which means that 8’ is an irreducible topological boundary on which the electric anyon e’ is
condensed, i.e.

B =98,(L,), (93)

for some A € R. Again, the parameter A will not appear at the level of phases. As discussed
earlier, the topological lines on the boundary are

1, p’, (94)

where 1 is the identity line and P’ generates Z, symmetry localized on the boundary.
The operators descending from the club quiche are

sym
EVecZ " A L,
(95)
with the action of Z, being
P: £—--—&. (96)
We can thus recognize the Z, symmetry generator on 8’ as
p(P)=P, 97)
which indeed satisfies the consistency condition
p(PH=1, (98)
because [¢(P)]* = 1.
Mathematically, we have provided a pivotal tensor functor
¢ : Vecy, — Vecy,, (99)

where Vecy, is the fusion category formed by topological lines living on the boundary B, All
the data of this functor simply descends from the non-trivial homomorphism Z, — Z,.

4.2.3 Condensable algebra A,

For the condensable algebra A,,, = 1®e?m?2, 3’ is the double semion, which is also the SymTFT
3(Vec‘Z°2) for Z, symmetry with a non-trivial 't Hooft anomaly

w#0€H(Z,y,U(1)) =2Z,. (100)
That is, the anyons of 3’ are
2’ = Z(\Vecy,)/ Aoy = {1,5,5,55} = Z(Vec%’z), (101)

where s is a semion, s is an anti-semion and ss is a boson.
We can take the Lagrangian algebra completion of A,,, to be

_ _ _ _ —
Lr=1®ems®e’m’@e’m’s@em’s@e’ss@e>ms®m?ss € Z(Vecy, )R Z (102)
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from which we find the Lagrangian algebra for the underlying non-symmetric gapped bound-
ary phase to be

ﬁ[%/] = ['55 =16@ss, (103)

which corresponds to an irreducible topological boundary condition of the double semion on
which the anomalous Z, symmetry is realized, that is

B =B (L), (104)
for some A € R. The line operators living on B’ are
1, P, (105)

where P’ generates the anomalous Z, symmetry, with the anomaly encoded in the relation

N I N

p’ PP PP p’

obeyed by the topological line P’.
The local operators in the club quiche compactification are

sym
VeCZ4 -Aem £S§
(107)
with the action of Z, being
P: &—--€, (108)
which determines the line operator on B8’ generating the Z, symmetry to be
$(P)=P". (109)

Note that the Z, symmetry is taken to be non-anomalous, which means that we should be
able to find topological local operators O;; at the junctions of line operators generating Zy4
symmetry

¢ (P*)

(110)

$(PH) $(PY)
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obeying relationship

¢(Pi+j+k) ¢(Pi+j+k)
(111D
(P P(P)) P(PF) ¢(P) S(P))  H(P)
We can reduce a choice of such operators to a choice of elements f3; ; € C* via
$(P™)
(112)
¢ (P ¢(P)) P’ P’
for i, j both odd, where a black dot denotes the operator appearing in (106),
$(P™)
(113)
o(P)  $(P) P’
for one of i, j being odd and the other being even, and
$(P™)
(114)
o(P) (P
for i, j both even. Using (106), the reader can verify that a choice obeying (111) is
Bio=Boi=1,
Bi1="PBo1=PB31=P22=P23=1, (115)
B12=P13=P32=Ps3=—1.
Mathematically, we have provided a pivotal tensor functor
¢: Vecy, — Vecg2 . (116)
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4.3 S; symmetry

Let us now discuss the non-trivial, minimal (14+1)d S3-symmetric gapped boundary phases.
Here the symmetry is
S=Vec53={1,a,a2,b,ab,a2b}, (117)

where
b2=1, a®=1, ab = ba?. (118)

The SymTFT 3(S) for this symmetry is then the 3d S5 Dijkgraaf-Witten gauge theory without
a twist (which can be obtained from the 3d Z; DW gauge theory by gauging the Z, automor-
phism symmetry, which exchanges the pairs (e, m) « (e?,m?)). The anyons of 3(Vecg,) are
labeled by conjugacy classes of S5 and the irreducible representations of the centralizers of
these conjugacy classes:

3(Vec53) ={1,1_,E, ay, a,, a,q, b,, b_}, (119)

where 1_ is the sign representation of S5, E the 2d irreducible representation of S, w = e27/3

is a Z irreducible representation, and +, — denote the Z, irreducible representations. The
bosonic lines in this case are
1, 1., E, a;, b,, (120)

from which one can construct the condensable algebras of 3(Vecg, ). There are three condens-
able, non-Lagrangian, algebras

A =101, Ay=10E, A, =1@aq, (121)

which we now study case by case. Note that the algebra 1@ b, is not a condensable. This can
been seen e.g. from the fact that it does not satisfy the condition (CA3) in appendix B.
For the symmetry boundary we fix a Lagrangian algebra which corresponds to the S5 sym-
metry,
E\/ecs3 =101_@&2E. (122)

4.3.1 Condensable algebra A;

In this case, we have that 3 is the Z; DW theory with anyon content
Z2'=Z|A;_=Z(Vecz,) ={1,e, e?,m,m?, em, e2m,em?, e>m?} . (123)
A Lagrangian algebra in Z(S3) X Z' which completes A; is
Lr7=101_®a,m®a,m* & a,.emdda,e m°&FEedEe’®a,em” ®ayeem. (124)

The decomposable algebra for the underlying non-symmetric gapped boundary phase is ob-
tained by following the EVeC53 lines and seeing what they transform into via L7; this gives

Ly =2(10ede?). (125)
This implies that the underlying boundary of the Z; DW theory is reducible and given by
B =B; © B, (126)

where B¢ is an irreducible topological boundary condition lying in the deformation class
[B1(L,) associated to Lagrangian algebra

L,=1@®ede’ec 2. (127)
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The simple topological lines on the boundary %8’ are

p2

1 i

ij» Pij: 1316{0:1} (128)
where 1;; is the identity line on B7; P;; is a line generating Z3 symmetry of B7; Pi2i is the square

of P;;; 1y1, 110 are boundary changing line operators satisfying
1ij ® 1]k = 1ik . (129)

Py1, P are another set of boundary changing line operators obtained by fusing with P;; lines

and P, P}, are boundary changing line operators obtained by fusing with P} lines
2 _ 2 _ p2
P2®1;=1;®P% =P (131)

We can recognize various boundary operators in terms of operators descending from the
club quiche

sym
EVecsg ./41_ Z'Ce
£ (132)
= g12
O_

where we obtain two operators Eeiz and two operators 8;2 because there are two possible ends
of the E line along the symmetry boundary denoted by L‘Vec53 . The products of these operators
are determined to be

02 =1, 0€ =€, 0. =—¢, (133)
lel _ o2 202 _ ol 1e2 _

EE =&, EE=E,, £E =0,
which implies we can just focus on Sel and 862 as 822 is related to the square of Eg. These
products are determined in a similar way as in [2], by demanding that

* their product is consistent with the fusions of attached bulk anyons,
* their product is associative,

* their product is consistent with the action of topological lines living on the boundaries,
and

» performing rescalings of these operators to put the product in a neat form.

In the relatively simple examples considered in this work, the above necessary conditions
allow us to solve completely the algebra of boundary operators. However, we remark that in
more complicated examples there could be potentially multiple solutions. In these instances
a complete knowledge of the condensable algebra, including the multiplication structure, is
required.

The identity local operators along the irreducible boundaries B and 8] are
_1+0_ _1-0_

Vo = 2 > V1= 2

(134)
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581 is then the end of e along B¢ and & 62 is the end of e along BS. This is due to the products

Vivj=5ijvj’ gelvozgel’ Eelvle,
2 2 2 1¢2 (135)
geV():O, Eev1=ge, gege=0'
The linking action of the S; symmetry generators are
EL - wEL,
s el G
¢ € a: &% - w2, (136)
O —-—-0_ , e e
Oo_-0_,
which identifies the S5 generators to be the following line operators on 8’
a) = Py, ® P? s
¢( ) 00 11 (137)

¢(b)=1p; ® 199,
and constrains the relative Euler term between the boundaries %g and %8 to be trivial
B = B = B;(L), (138)

for some A € R. The reader can check that the lines ¢ (a), ¢ (b) satisfy all the S relations.
Mathematically, we have provided information of a pivotal tensor functor

¢ : Vecg, — Maty(Vecy,), (139)

where physically Mat,(Vecy,) is the multi-fusion the category formed by topological line op-
erators living on the boundary %’. This functor describes a choice of lines on B’ generating
S5 symmetry, and is the mathematical characterization of the minimal S;-symmetric (1+1)d
gapped boundary phase under study. See appendix A for more details.

4.3.2 Condensable algebra Ag

In this case, we have that 3’ is the Z, DW theory (i.e. toric code)

Z2'=Z[Ap = Z(Vecg) = {1,e,m,f}. (140)

A Lagrangian algebra in Z(S3) X Z' which completes Ay is
L;=10E®1l ¢0Eeadb,mab_f. (141)

The decomposable algebra for the underlying non-symmetric gapped boundary phase is ob-
tained by following the Ly, 55 lines and seeing what they transform into via L7; this gives

E%/ = 3(1 ® e) . (142)
This implies that the underlying boundary of the Z, DW theory is reducible and given by
B’ =B & B & B, (143)

where B7 is an irreducible topological boundary condition lying in the deformation class
[B](L,) associated to Lagrangian algebra £, =1®e.
The topological lines on the boundary 8’ are

1ij’ Pij: 15]6{051} (144)
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where 1;; is the identity line on B¢; P;; is the line generating Z, symmetry of B?; 1;; for i # j
are boundary changing line operators satisfying

1ij ® ]'jk = ]'ik) (145)
and P;; for i # j are another set of boundary changing line operators obtained by fusing with
Pii lines
The various boundary operators in terms of operators descending from the club quiche are

sym

Vecs, A E

(147)
The products of these operators are determined to be
EE =1 5 8_01 == 51 5 5151 = 02 5
0,01 =03, E Oy ==&, &, =01,
0,0, =04, & =0, &8 =-1, (148)
0,0,=1, E & =—0,, §101 ==&,
5202 :—gl, 5102 :g_, 5201 :—5_,
From these we construct the operators
v = 1+ C()iol + COZiOZ
[ )
3
. . 149
= E_+ 0)151 — Cl)zlgz ( )
i = 3 = g_vi ,

where i € {0, 1,2}, with v; being identity local operators along B¢, and 6”: being the ends of e
along . This can be seen from the products

~

Vivi =8V, g'ivj = 6;&j, g’f} =6;jvj, (150)
derived using the above product rules.
The linking actions of the S; symmetry generators are
0O — O,, Oy — w Oy,
b: & &, a: & - k&, (151)
E.—-—E_, E_ &,
for k € {1, 2}, from which we find the linking actions
Vo = Vo, Vo = V1,
V1 = Vo, V1 = V),
Vo V1, V2 = Vo,
b: 50—>—€Ao, a: go—’gl, (152)
51_’_52: 51—’52,
gz_’_gla 52—>§0,
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which identifies the S5 generators to be the following line operators on 8’
$(a)=1p;® 11, ® 1y,
¢(b) =Pyo ® P15 ® Pyy,
and constrains the relative Euler term between the boundaries %f to be trivial
By =B = B = B,(L,), (154)

for some A € R. The reader can check that the lines ¢ (a), ¢ (b) satisfy all the S5 relations.
Mathematically, we have provided information of a pivotal tensor functor

¢ : Vecg, — Mats(Vecy,), (155)

(153)

where Mats(Vecy,) is the multi-fusion category formed by 3 x 3 matrices in Vecy , and is
physically the category formed by topological line operators living on the boundary %5’.

4.3.3 Condensable algebra A,,
In this case, 3’ is again the toric code

2'=Z|A, = 2Z(Vecz,)={1,e,m,f}. (156)
A Lagrangian algebra in Z(S;) X Z' which completes Ay is

L;=10a;01 edaedb,modb_f. (157)

The Lagrangian algebra for the underlying non-symmetric gapped boundary phase is obtained
easily to be

Loy=1®e. (158)
This implies that the underlying boundary of the Z, DW theory is irreducible
B =B, (159)
and associated to Lagrangian algebra £, = 1 @ e. The topological lines on the boundary are
1, P, (160)

where P generates the Z, symmetry localized on the boundary.
Here the club quiche is simply

sym
Vecs, Aal
(161)
with the action of S5 being
a: & —E_, b: & —»—&_, (162)
from which we identify the lines
¢(b)=P, ¢la)=1, (163)

to be the generators of the S; symmetry along B’.
Mathematically, we have provided a pivotal tensor functor

¢: Vecg, — Vecy,, (164)

where Vecy, is the fusion category formed by topological lines living on the boundary B'. All
the data of this functor simply descends from the non-trivial homomorphism S; — Z, that
measures the (parity of the) number of transpositions involved in a permutation of 3 objects.
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4.4 Rep(S;) symmetry

We now consider minimal (1+1)d Rep(S;)-symmetric gapped boundary phases. In this case
we have
S= Rep(83) = {15 1—)E}J (165)

where 1_ denotes the 1d sign irreducible representation of S3 and E denotes the 2d irreducible
representation of S;. The fusion rules are

1.  E=E®1_=E, E’=101_oE. (166)

Recall that Rep(S3) can be obtained by gauging S; symmetry, which implies the two sym-
metries have the same SymTFT

3(Rep(S3)) = 3(Vecs,). (167)

The difference lies in the choice of the symmetry boundary B%Y™, which for S = Rep(S3) we
take to be specified by the Lagrangian algebra
sym

ERep(S3) =1®aq;®b,. (168)

Since the SymTFTs are the same, the non-trivial condensable algebras remain the same Ag,

A;_and A, we discussed above. Each of these choices defines a Rep(S3)-symmetric gapped

boundary, analogously to the Vecg, case. However, the fact that the symmetry boundary is

now associated to £ . . implies that the results are different to what we obtained before.

) Rep(S3)
We now discuss them in turn.

4.4.1 Condensable algebra Ag

In this case, as we discussed earlier, we have that 3’ is the toric code, and a Lagrangian algebra
in Z(S;3) ® Z/ which completes Ay was provided in (141). Here, we instead work with a
different but equivalent Lagrangian algebra

Lr;=10E®1 meEmeb_f@b,e, (169)

obtained from (141) by applying the em-duality symmetry of the toric code.”
The Lagrangian algebra associated to the underlying non-symmetric gapped boundary
phase is
Ly=1l®e=L,, (170)

which means that 98 is an irreducible topological boundary associated to electric Lagrangian
algebra L,. The topological lines on 9B’ are as in (160).
The club quiche is:

sym
Rep(S3) AE

(171)

This is done just to ensure that the underlying boundary of the resulting gapped phase would still be the
electric boundary (or a multiple of it) of the toric code. Working instead with (141) produces same results with
the underlying boundary being the magnetic one.
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The Rep(S;) generators linking action descends from the corresponding action on the ends
of the Z(Vecg,) anyons and is given by

& ——E,, & —0,
. . T . (172)
id—id, id — 2id,

where id denotes the identity local operator along 95’. See [2] for more details. Comparing
with the action of lines living on 8’, we find that the Rep(S3) symmetry is realized on B8’ by
lines

¢(1.)="P, ¢(E)=1oP. (173)

It is easy to verify that the Rep(S5) fusion rules are satisfied

P(1)p(E)=¢(E)p(1-)=Pe(1eP)=16P =¢(E),

2 2 174
[¢(E)"=(0eP) =2(1eP)=¢(1)e®¢(1_)® ¢(E).
Mathematically, we have provided a pivotal tensor functor
¢: Rep(S3)— Vecy, , (175)

where Vec;, is the fusion category formed by topological lines living on the boundary B

4.4.2 Condensable algebra A;

In this case, as we discussed earlier, we have that 3’ is the Z; DW theory, and a Lagrangian
algebra completing .4; was provided in (124). Here, we instead work with a different but
equivalent Lagrangian algebra

L7=101_0aedae’®a,emdda, eom  @EmM®Em> ®a,emea,em>, (176)

obtained from (124) by applying the em exchange duality.
From this we see that the Lagrangian algebra associated to the underlying non-symmetric
gapped boundary phase is
E%/zl@eeaezzﬁe, @a7z7

which means that 95’ is an irreducible topological boundary associated to electric Lagrangian
algebra L,. The topological lines on B8’ are

1, P, P2, (178)

where P is the generators of the Z; symmetry localized along B’.
The operators coming from the club quiche are:

sym

Rep(Ss) A
(179)
The Rep(S3) generators linking action is given by
id —id, id — 2id,
1_: &, -8, E: & ——¢&,, (180)
gez - gez ) 5ez - —Sez s
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which implies the lines implementing Rep(S5) symmetry on B’ are

p(1)=1, ¢(E)=PeP2. (181)

The reader can easily check that the Rep(S5) fusions are satisfied by these line operators.
Mathematically, we have provided a pivotal tensor functor

¢: Rep(S3)— Vecy, , (182)

where Vecy, is the fusion category formed by topological lines living on the boundary B’

4.4.3 Condensable algebra A,,

In this case, we know that 3’ is again the toric code. The Lagrangian algebra in Z(S;) X 4
which completes A, is described in (157).

From this we see that the decomposable algebra associated to the underlying non-
symmetric gapped boundary is

Lo=(10e)o(1lom) =L, &L, (183)

i.e. B’ is a reducible boundary of the form
B =B, 09, (184)

where B, is an irreducible topological boundary with associated Lagrangian algebra £, = 1®e
and B, is an irreducible topological boundary with associated Lagrangian algebra £, = 1®&m.
The topological line operators on B’ are

1y, b, Sij» (185)
where i,j € {e,m} and i # j. See the end of appendix A for more details. The line 1;; is the
identity line on boundary B;, the line P;; is the generator of the Z, symmetry localized along
the boundary ;, and the line S;; changes the boundary 5; to the boundary %5;, with fusion
rules

Sij ®S]l = 1ii ® Pii .

Note the non-invertibility of the boundary changing line operators S;;. Note also that the
general linking actions of boundary changing lines are

Sem: Ve — V2e v & —0,

(187)
Sme: Vm — V2ety,, E—0,

for some A € R which captures the relative Euler term between the two boundaries %8, and
B,
The operators coming from the club quiche are

sym
L Rep(ss) Ag, L,®L,

(188)
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The products of these operators are fixed to be

0?=2-0, 0, =¢,, E2=(2+0)/3,

¢ (189)
£,6,=0, OE, =—2E,, £2=(1-0)/3.

The computation is identical to the one described in section 5.3.4 of [2] where the Rep(S3)
SSB phase is discussed. The identity operators along the two boundaries 93, and B,, can be
identified respectively as

1 1
Ve = 5(24‘0), szg(].—(g) (190)
The linking actions of Rep(S;) symmetry generators are

1_: 1-1, 0-0, E —E,, Emn——Em,

191
E: 1-2, 0 --0, E ——E,, En—0, (191)

where 1 = v, +v,, denotes the identity operator along the reducible boundary %8’. This implies
the following linking actions

1_: Vv, = V,, Vo, = Vo,
e e m m (192)
E: Ve = 2V + Ve, Vin = Ve .
Therefore the lines realizing the Rep(S3) symmetry along B’ are
qb(l—):leeeapmm: qb(E):Sem@Sme@Pee: (193)

with the relative Euler term between ‘B, and B, fixed such that the linking actions of boundary
changing lines are
Sem t Ve = 2V, Sime: Vi — Ve (194)

The reader can check that these lines satisfy the Rep(S3) fusion rules.
Mathematically, we have provided information about a pivotal tensor functor

¢: Rep(S3)— Isingfz, (195)

where Isingg;l2 is what we call the pivotal multi-fusion category formed by topological lines
(185) with the quantum dimensions of S;; lines given by their linking actions on v; described
in (187).

4.5 lIsing symmetry

We now study (1+1)d Ising-symmetric minimal gapped boundary phases. This is the smallest
Tambara-Yamagami symmetry category TY(Z,)

Ising = TY(Z,) = {1,B5}, (196)

with fusion rules
pP?=1, P®S=S®P=S, S2=1eP. (197)

The SymTFT 3(Ising) is the doubled Ising theory, whose bulk anyons are

Z(Ising) = Ising R Ising = {1, PP, PP,S,S,PS,SP,SS}. (198)
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3(Ising) admits only one topological boundary condition corresponding to the Lagrangian al-
gebra

Liine=1©PP®SS. (199)

We find only one non-trivial non-Lagrangian condensable algebra at object level that solves
the necessary conditions in B, given by

A=1@PP. (200)

The bulk phase 3’ is the toric code with the Lagrangian algebra £; € Z(Ising) X Z(Vecy,)

completing A being _ B B
Lr=1®PP®Pf®Pf®SSedSSm. (201)

From this, we find that the decomposable algebra associated to the underlying non-symmetric

gapped boundary is
Loy=(1@®e)o(lem)=L,®L,,, (202)

i.e. 8’ is a reducible boundary of the form
B =B, 0B, (203)

which is the same as in (184). The topological line operators on B’ are discussed in (185),
with fusion (186), and linking action (187) for some A € R capturing the relative Euler term
between B, and B,,, which will turn out to be different in this case.

The operators we obtain from the club quiche are

sym
‘Clsing A Ee ® ﬁm

(204)
The products of these operators are determined to be
0*=1, 0g, =¢,, £ =(1+0)/2,
e=E : ( )/ 205)
Elm=0, O&, ==&y, & =0-0)/2.

The identity operators along the two boundaries 9, and B,, can be identified respectively as

1 1
Ve = 5(14‘0), Vm—E(].—O) (206)

The linking actions of the Ising symmetry generators are given by

p: 1-1, 0-0, E ——E,, Em——Em,
(207)
S: 1> 42, 0 - —+20, & —0, En—0.
This implies the following linking actions
p: v, > V,, V,, = Vo,
e e m m (208)
S: ve—>\/§vm, vm—>\/§ve.
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We can therefore identity the line operators on B8’ realizing the Ising symmetry as
¢(P):Pee®Pmm’
¢(S) = Sem @ Sme B

with the relative Euler term between B, and *B,, fixed such that the linking actions of boundary
changing lines are

(209)

Sem : Ve — V2V, Sme : Vi — V2v,. (210)

The reader can check that these lines satisfy the Ising fusion rules.
Mathematically, we have provided information about a pivotal tensor functor

¢: Ising— Isingéxz, 211D

where Isingg;kzz1 is the pivotal multi-fusion category formed by topological lines living on the

underlying boundary %B’.

4.6 TY(zy) symmetry
The Tambara-Yamagami Zy categories are a generalization of the Ising symmetry, denoted by
S=TY(Zy). (212)

The simple lines are A' and S with
N .
AY=1, A®SZS®AZS, SeSE(PA. (213)
i=1

The SymTFT 3(TY(Zy)) is constructed by gauging a Z, outer automorphism of the 3d DW
theory for Zy with anyons L, ,, such that e,m € {0,---,N —1}. The topological lines of the
gauged theory, i.e. of the SymTFT of TY(Zy), are

LY,  Lym, ZF. (214

such that e > m for L, ,,. For more details on the fusions and S-matrices see [2,25]. Let us
focus on N = 4 for concreteness. The Lagrangian algebras were determined in [2] to be

El = La_ + Lg + Ll,o + LZ,O + L3,0 N
Ly=Lj+Ly+Ly+Ly+2Ly, (215)
Ly=Ls+L, +L o+ +%;.

The symmetry boundary is provided by

sym  _
LNy =L (216)

Solving the necessary conditions in appendix B we find the following

dim| A | Algebra
Ao | Ly + Ly +Lap
Ass L('):+L£+Lri,0 )
Ay | Ly+Lg+Ly+1L;
Lg + L; + Ly (217)
VI e
A® | L+t
A’2 L(‘)* + L%
2,3 0 2
A1,2,3 La—

= NN NMNDM DMNDMNDN
&
N
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We indicate with the subscripts the Lagrangian algebras in which these algebras are contained
in and with dim the dimension of the algebra (note these are all non-maximal since dim < 8).

Not all of these correspond to actual condensable algebras, as we will see, as the conditions
we solve are only necessary, not sufficient. In order to determine the condensable algebras
among these, we check whether there is a consistent reduced topological order. This shows
that Agz) for instance is not consistent, while A,, A, ;3 and A, , are.

4.6.1 Condensable algebra A; ,

Consider the interface characterized by the algebra A; ;, = L(J)r + Ly + Ly . First we need to
determine the reduced topological order 3(S’). Given the dimension of 3(S) equals 8 and the
algebra is of dimension 4, the reduced topological order has dimension 2, and so it is either
the toric code or the double-semion. We now show that it is the former

3(8") = 3(Vecy,). (218)
The Lagrangian algebra of Z(TY(Z,))® Z(Vecy,) that completes the algebra A, , is
L1y=L3+Ly+Lyg+Lie+Lye+Lyge+Lygm+Lygm+Lyif +Lsgof . (219)

From this, one finds the decomposable algebra associated to the underlying non-symmetric
gapped boundary
;C%/ = £e ® 2£m B (220)

which implies that the underlying boundary of the Z, DW theory is reducible and given by
B =B e BB, (221)

where B’s are irreducible topological boundaries with ’Bg corresponding to the Lagrangian
algebra £, =1®e and %Tln and SBTZH corresponding to the Lagrangian algebra £, = 1®m. The
boundary changing lines from B}" to B for i # j are the invertible lines 1;;, P;;, while the
boundary changing lines between B" and B¢ are the non-invertible lines S;;, S;;. The relative
Euler terms between these boundaries are fixed later.

The club quiche and the resulting operators can be depicted as follows:

ij>

Ly Ai L,®2L,

(222)
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The algebra of these operators can be derived to be

0_0_=1, 0.0,=(1+0_),
O—ge = _ge P gege = (1 - O—),
0_0,=0,, EEL =0,
0. =¢£>, £E2 =0,
0.&=¢3, grel =v20,, (223)
0., =0, £3e3 = V20,,
0,E} =283, ELEI =(1+0.).
0,83 = V2!,
Subsequently; it is again useful to define the combinations
1 ~ 1
vo==-(1-0_), Eo=—=¢&,,
0 2( ) 0 1/5
n=3040.4v20), &= $(€;+831), (224)
1 < i
V2=Z(1+0——\/§0e), SZZE(S;—&?I),
where one can also notice that
» . Elv N i&3y
_EN g S g B2 (225)

0 \/E > 1— 1/5 > 2 \/E
Here vy is the identity local operator along the irreducible boundary B while v; and v,
are the identity local operators along the irreducible boundaries BT" and B’ respectively.
Furthermore, & is the end of e along B¢ and &; and &, are the ends of m along BT and B
respectively. This follows from the products

ViVj :5ijvj7 givj :51151, i j:6ijvj, (226)

fori,j€{0,1,2}.
The linking actions of the TY(Z,) symmetry generators are given by

Ak 1-1, O_-0_, 0, - (=Dko,,
&, — (1), gl —ikel £3 — (—i)ke3, (227)
S: 1—2, O_—--20_, 06,56,5;1,531%0,

which is also consistent with the fusion rules (223). The symmetry action also implies the
linking actions

A: Vo = Vg, V12V
& — =, & &, Ey— =&,
0 0 1 2 2 1 (228)
St v 2(vy+va), V1,V2 = Vo,
gO’ gl) gZ — 0.
We can therefore identify the line operators on 98’ realizing the TY(Z,) symmetry as
A)=Pyo®115® Pyq,
$(A) =Py ® 115 @ Py (229)

P(S) =501 ®Sp2 ®S10® Sy,
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where

Sij ®Sjk = 1ik @Pik . (230)

One can then easily check that indeed

3
P(S)® $(S) =P pAa). (231)
i=0

The relative Euler terms are fixed as follows. Since the linking action of A on v; produces
v,, the linking action of 1, on v; must be

112 : Vi =V, (232)

which means that there are no relative Euler terms between the magnetic boundaries B and
B7'. On the other hand, to recover the linking action of S on v,, we must have the following
linking action of Sy;

So1: Vo — 2vq, (233)

which fixes the relative Euler term between electric and magnetic boundaries B and BY".
Mathematically, this provides us with necessary information to describe a pivotal tensor
functor
¢: TY(Z,)— S(B), (234)

where S(8’) is the pivotal multi-fusion category formed by the line operators living on 98’ also
accounting for the above determined relative Euler terms.

4.6.2 Condensable algebra A, 5
For the algebra A, ; we find again that the reduced topological order is
3(8) = 3(Vecy,). (235)
The Lagrangian algebra of Z(TY(Z,)) R Z(TCZZ) that completes A, 5 in this case is
Log=Li+Ly+Lyg+Lyge+Llie+lye+Sim+2f +Zif +2;m. (236)

From this, we see that the decomposable algebra associated to the underlying non-symmetric
gapped boundary is

Lo =2(1®e)=2L,, (237)
which corresponds to a reducible topological boundary condition of the toric code
B =B 0B (238)

The topological line operators on B’ are the same ones discussed in (144), with fusions given
by (145) and (146).
The operators we obtain from the club quiche are:

Ly As s 2L,

(239)
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The products of these operators are determined to be

02:1, 051252, 052251,
9 5 (240)
81:1, 52:1, 5152:(9.
We can now define the combinations
vo=(01+0)/2, vv=01-0)/2,
o ( )/ "1 ( )/ 241)
& =(&+8)/2, & =(&-&)/2,
where one can also notice that
go = €1V0 = 62\/0 B gl = 511/1 = —521/1 . (242)

Here v, and v; are the identity local operators along the two irreducible boundaries B}
and ‘B respectively, while &, and &, are the end of e along the respective boundaries. This
follows from the products

Vl'Vj = 5l]v] , gg =Y, 512 =V, gogl = 0’ (243)
é()VO:é(), govl :0, gNlVl :gl, gNlVOZO.
The linking actions of the TY(Z,) symmetry generators are given by
A: 1—>1, O—>—O, 51_)_81, 82_)82,
(244)
S: 1-2, 0 -0, & —0, Ey— =28,
which implies the following linking actions
A Vo < V1, 5:0—’jg1,~ 5:1—’fgo,~ (245)
S: Vo,Vl—)1:VO+V1, 50—)81_50, 51—)80_81.
We can therefore identify the line operators on B’ realizing the TY(Z,) symmetry as
A) =Py, ® Py,
$(A) =Py ® Py (246)
$(S) =101 Py ®119® Py;.
One can easily check that these satisfy the TY(Z,) fusion rules, e.g.
3 .
[¢(S)]2:2100®2111®2P01 @2P10:@¢(A1). (247)

i=0

From the linking actions one finds that there is no relative Euler term between 8] and 5.
Mathematically, this provides information about a pivotal tensor functor

¢ . TY(Z4) - Matz(VECZZ) , (248)

where Mat,(Vecy, ) is the multi-fusion category formed by the topological line operators living
on B’
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4.6.3 Condensable algebra A,

In this case, the bulk phase 3’ is the double semion, with the Lagrangian algebra
Lre Z(TY(Zy))R Z(Vec‘Z"z) given by
L7=Li@L,®L, &L, ®L s®L s@Lys®Lys®2L315@2Lys5. (249)

From this, we see that the decomposable algebra associated to the underlying non-symmetric
gapped boundary is
ﬁ‘B/ = 2(1 5> Sg) = 2‘6351 (250)

which corresponds to a reducible topological boundary condition of the double semion
B =B @B . (251)

The topological line operators on 8’ are the same ones discussed in (144), with fusions given
by (145) and (146).
The operators we obtain from the club quiche are:

sym
Livzy A, 2L

(252)
The products of these operators are determined to be
0?=1, 0& =&, 0&, =—&,,
, , 1 2T (253)
61=(1+O)/2, 52=(1_O)/2, 5152=0.
We can now define the combinations
vo=(1+0)/2, vi=01-0)/2,
o ( )/ ") ( )/ 254
50 = 81 5 51 = 82 .

Here vy and v; are the identity local operators along the two irreducible boundaries %ff and
’Bsf respectively, while &, and &; are the end of 55 along the respective boundaries. This follows
from the products

ViVj = 5UV] 5 gg =Y, 512 =V, gog]_ = 0, (255)

éov():g(), govl :0, glvl :gl, gNlVOZO.

The linking actions of the TY(Z,) symmetry generators are given by
A: 1-1, O—>O, 51—>—81, 52—)—52,
(256)
S: 1-2, 0 - -20, & —0, & —0,
which implies the following linking actions

A . VO - VO ) Vl g Vl 5 (?’:O - —(cjo , éjl g —gl , (257)

S: Vo — 2V, vy — 21, & —0, & —0.
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We can therefore identify the line operators on B’ realizing the TY(Z,) symmetry as

¢(A) =Py ® Py3,

(258)
$(S)=1019Py1 ®119® Pyg.
One can easily check that these satisfy the TY(Z,) fusion rules, e.g.
3 .
[¢(5)]2=2100®2111®2P00@2P11=@¢(AI)- (259)

i=0

From the linking actions one finds that there is no relative Euler term between ‘Bff and %515.

Also note that the junction operators between the TY(Z,) line operators have to be chosen

judiciously as in section 4.2.3, in order to be consistent with the 't Hooft anomaly.
Mathematically, this provides information about a pivotal tensor functor

b TY(Zy)— Matz(Vec‘ZOZ), (260)

where MatZ(Vec‘Z"z) is the multi-fusion category formed by the line operators living on %8’.

5 Club sandwich

Just like closing a quiche leads to a sandwich, closing a club quiche leads to a club sandwich.
More precisely, a d-dimensional club sandwich 6(3 is obtained by supplying a d-dimensional

club quiche (35) on the right with a (possibly non-topological) boundary condition ’thys of
the (d + 1)-dimensional TQFT 3/, .,

Gg = (%dj 3d+1)z-d73£1+1) %ghys)' (261)

Applied to 3 = 3(S), i.e. in the context of the SymTFT, the club sandwich becomes

&S = (BY™, 3041(S), Ty, 3141, BE™), (262)
which we depict as
phys
B 14 By 24 3 S

(263)

The full interval compactification shown on the right hand side involves collapsing both inter-
vals occupied by 34,,(S) and 3& +1» respectively. The result is an S-symmetric QFT T;. Thus,
a club quiche Qdc can be viewed as a machine mapping (possibly non-topological) boundary
conditions of a (d + 1)-dimensional TQFT 321 41 to S-symmetric d-dimensional QFTs

Qg . {Boundaries of TQFT 3:1 +11 — {8 -symmetric QFTs}. (264)

The standard SymTFT sandwich in this context is obtained by specializing to 3:1 4+ to be the
trivial topological order.
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5.1 Kennedy-Tasaki (KT) transformations

The club sandwich realizes what are known as the Kennedy-Tasaki (KT) transformations and
‘gge/:neralizations thereof. For this, specialize 3:1 +1 to be the SymTFT associated to a symmetry

31 = 3a+1(S). (265)
Then the club sandwich construction provides a map
IC%S/ : {S’-symmetric QFTs} — {S-symmetric QFTs}. (266)
We begin with an S’-symmetric d-dimensional QFT 75’ which by the sandwich construction
provides a generally non-topological boundary condition %Phy,s of the SymTFT 319,
phys
sym EB ’ S/
B N ‘3.'5 5% q

(267)

Inserting this boundary on the right hand side of a club sandwich, results upon interval com-
pactification in an S-symmetric QFT ‘Zg

phys
B 7, %‘5&9/ T3
(268)
The map (266) is then
S R (269)

We refer to such a transformation as a KT transformation (short for Kennedy-Tasaki). The
. phys . . S e . .
physical B 5S associated to the S-symmetric QFT T appearing in its sandwich construction

phys
sym B S S
%S Ty ‘Id

(270)

is obtained simply by compactifying the interval occupied by 34,7(S’) in the club sandwich

(268) leading to the composition of Z; and %p i.e. we have

SIJ
d

%phys %phys

75
- o

Let us restrict to minimal club quiche Qg. Then, the above map ICI’ respects irreducibil-

ity:

sym

{Irreducible S’-symmetric d-dimensional QFTs}
K3 J (272)
{Irreducible S-symmetric d-dimensional QFTs} .

40


https://scipost.org
https://scipost.org/SciPostPhys.18.5.156

e SciPost Phys. 18, 156 (2025)

In order to see this, notice that irreducibility means that the physical boundary %p}gs
T

d
no topological local operators that are not proportional to identity, or more succinctly no non-

identity topological local operators. Minimality of the club quiche means that no topological
bulk line of 34,7(S’) can end along the topological interface Z;. Consequently, no new topo-
logical local operators are produced by compactification of bulk lines in the compactification

carries

shown in (271). Thus, the physical boundary %gléys carries no non-identity topological local
d

operators and hence Tg is irreducible. We refer to KT transformations arising from minimal
club quiches as minimal KT transformations. Note that, although the theory ‘Zg is irreducible
as an S-symmetric QFT, it may be reducible when we forget the S symmetry, which happens
whenever the boundary %é of 3441(S’) produced by compactifying the interval occupied by

3d+1(3)
B Iy B’
(273)

is reducible.
Let €5 be a 2d TQFT lying in an irreducible S’-symmetric (1+1)d gapped phase described
by a Lagrangian algebra
£ = Pl QL) (274)
a/
Applying a minimal KT transformation IC%S/ we find a 2d TQFT % lying in an irreducible
S-symmetric (1+1)d gapped phase described by the Lagrangian algebra

a/

h; h;
LY =Pnnt”Q,. (275)
a

Computational realization. At the level of generalized charges, a minimal 2d KT transfor-
mation works as follows. A property of a minimal Lagrangian algebra £; € Z(S) R Z(S’) is
that given a simple anyon 6;, € Z(8"), there always exists at least one term in £ of the form

newQaQ, € L7, (276)

for some simple anyon Q, € Z(S) and n,, > 0. This means that a simple anyon Q/, of Z(S5")
can always be converted into some anyon of Z(S) as it passes through the interface Z from the
right to the left. That is, a minimal interface Z converts each irreducible generalized charge of
&’ into a (possibly reducible) generalized charge of S. This map between generalized charges
is mathematically encoded in a functor

Fr: Z(8)- Z(S), 277)

which takes the form

F(Q,) = P}, (278)
a
where the coefficients n,,, appear in the Lagrangian algebra £ as in (43).

Let’s discuss the KT transformations induced by the minimal club quiches studied in the
previous section in turn.
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5.2 KT from Z, to Z, symmetry I

First consider the club quiche (73) associated to the algebra A, = 1 ® e2, which was studied
in section 4.2.1.
The symmetry before the KT transformation is Z,

S’ =Vecy,, (279)
and the symmetry obtained after the KT transformation is Z,
S= VecZ4 . (280)

Let T5° be a Zy-symmetric 2d QFT. We consider the Club Sandwich:

sym phys phys
Vecg, A, %Vec@ B = 2L, %VecZZ TS
©. (281)
_ _ @)
- - O,z
O,s

We will discuss the various operators shortly.

The KT transformation ¥ is a Z,-symmetric 2d QFT, whose underlying non-symmetric
QFT is easily obtained by noting from (80) that the boundary B’ obtained by compactifying
the interval occupied by 3(S) is

B =85 0B, (282)

Thus, the QFT ¢ involves two copies of the sandwich construction for the QFT T° /, and hence
we can write
T =(T%)® (), (283)

where (TS/)I- is a copy of the QFT 75, One may say that T° is a QFT with two universes, such
that each universe comprises of a copy of QFT T5'. Note that the relative Euler term between
the two T5° universes is trivial, which is a consequence of the fact that the relative Euler term
between the two irreducible boundaries comprising B’ is trivial, as displayed in (80).

Under the full club sandwich compactification, the lines of the boundary %’ descend to
lines of °. The line operators living on 8’ are labeled as in (70). The line 1;; descends to the
identity line on (‘IS/)i, and the line P;; descends to the Z, symmetry of (‘I‘S')i. The lines 1¢;
and 1,y descend to lines exchanging the two copies of the QFT 75, These two lines 15; and
1,, have trivial quantum dimensions, correlated to the fact that there is no relative Euler term
between the two T universes. Finally the lines P;, and P,; are combinations shown in (72).

From (83), we learn that the generator P of the Z, symmetry S of %9 is realized by the
line operator

$(P) =1y, ® Pyy. (284)

Note that the Z, subgroup of Z, is identified as the diagonal Z, of the two Z, symmetries
acting on the individual ¥° universes

¢(P*) =Py ® Py . (285)
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That is, the Z, symmetry exchanges the two universes, but the Z, subgroup of Z, is completely
localized within individual universes. We may thus express the Z,-symmetric theory ° as

L4
N
T = 7, () e () )z,. (286)
N A

L4

From the expression for the Lagrangian algebra £ in (65) we observe that the map

Z(Vecy,) = Z(Vecy,), (287)
of generalized charges is
1—>1€Bez, m’ — m éBesz
/ 3 32 (288)
e —mede’, e'm’ —em?®e>m

According to this map we can identify the operators as follows — also depicted in (281):

* An untwisted operator O’ of Sl uncharged under Z, descends to two operators of T°:
one of them being an untwisted operator O that is uncharged under Z,, and the other
being an untwisted operator O,. having charge 2 under Z,. We can recognize these
operators as

O=0,+0], Op =0y — 0, (289)

where O! is a copy of O’ in the universe 35,

* An untwisted operator (92, of T8 charged under Z, descends to two operators of T°:
one of them being an untwisted operator O, that has charge 1 under Z,, and the other
being an untwisted operator O,s that has charge 3 under Z,. We can recognize these
operators as

O Oé/ 0 lO;/ 1> (290)
Op = O o +i0, 1,

. . . /
where (’)2,’ . is a copy of O/, in the universe (T°);.

* An operator (’) in P’-twisted sector of T5', where P’ is the generator of Z, symmetry,
and uncharged under Z, descends to two operators of T°: one of them being an operator
O,z in P2-twisted sector, where P is the generator of Z,, that is uncharged under Z,,
and the other being an operator 0,22 in P?-twisted sector having charge 2 under Z,.
We can recognize these operators as

LY /
Oz = Ol o+ Ol 1,
Oz = Oy = O,

m’,1°

(291)

. . . /
where O;n, ; is a copy of O/ , in the universe (25),.

* An operator (’)’ iDL P’-twisted sector of 5 and charged under Z, descends to two
operators of ‘3:‘5 one of them being an operator O, in P2-twisted sector that has
charge 1 under Z,4, and the other being an operator O,s,,2 in P?-twisted sector having
charge 3 under Z,. We can recognize these operators as

Oz = Oy o — 0L

11
em (292)
O€3m2 = Oe ‘m’,0 + lOe ‘m’,1°
/ / . . S
where O, /i 1S @ COPY of O}, , in the universe (T° );.
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5.3 KT from Z, to Z, symmetry II

Now consider the club quiche (95) associated to the algebra A, =1@® m?, which was studied
in section 4.2.2.
As in the previous example, the symmetry before the KT transformation is Z,

S’ =Vecy,, (293)
and the symmetry obtained after the KT transformation is Z,

S =Vecy, . (294)

Again let 75 be a Zy-symmetric 2d QFT, and we want to understand its KT transformation
%S, which is a Z4-symmetric 2d QFT.
The boundary B’ obtained by compactifying the interval occupied by 3(S) is
B =By, (295)
and hence the QFT underlying T° is exactly the same as the QFT underlying 75, From (97),

we know that the generator P of the Z, symmetry is realized as the generator P’ of the Z,
symmetry, and hence we can express T° as

I 324. (296)
In other words, we have used the non-trivial homomorphism Z, — Z, to regard a Z,-

symmetric QFT as a Z,-symmetric QFT.
From the expression (91) for £7 we observe that the map,

Z(Vecy,) = Z(Vecy,), (297)
of generalized charges is
1—->1em?, m - meémd, (298)
e/ - e’ @e’m?, e'm’ — e’moe?m3.

According to this map the operators are identified as follows:

* An untwisted operator O’ of TS5 uncharged under Z, descends to two operators of T°:
one of them being an untwisted operator O that is uncharged under Z,, and the other
being a P2-twisted sector operator O,,» uncharged under Z,. We can recognize these
operators as

0o=0, O,2=0", (299)

where 0,2 is the operator (' viewed as sitting at the end of line ¢ (P?).

* An untwisted operator (92, of T charged under Z, descends to two operators of T°:
one of them being an untwisted operator O, that has charge 2 under Z,, and the other
being a P?-twisted sector operator O,z that has charge 2 under Z,. We can recognize
these operators as

Op =0

e’

Opm2 =0, (300)

where O,z,,2 is the operator O, viewed as sitting at the end of line o (P?).
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* An operator Orln’ in P’-twisted sector of T and uncharged under Z, descends to two op-
erators of T°: one of them being an operator ©,, in P-twisted sector that is uncharged
under Z,, and the other being an operator O,,s in P>-twisted sector that is also un-
charged under Z,. We can recognize these operators as

On=0.,, O =0/, (301)

where O,, is the operator Ofn, viewed as sitting at the end of line ¢(P) and O,,s is the
operator O’ , viewed as sitting at the end of line o (P?).

* An operator (0}, , in P’-twisted sector of 75 and charged under Z, descends to two
operators of €°: one of them being an operator O,2,, in P-twisted sector that has charge
2 under Z,, and the other being an operator O,z2,,s in P>-twisted sector having charge 2
under Z,. We can recognize these operators as

Opzz = O, (302)

m’?

_ /
O = O,

m’ >

where Oz, is the operator O/, , viewed as sitting at the end of line ¢(P) and O,z,s is
the operator O, , viewed as sitting at the end of line o (P3).

5.4 KT from anomalous Z, to non-anomalous Z, symmetry

Now consider the club quiche (107) associated to the algebra .A,,,, which was studied in
section 4.2.3.
The symmetry before the KT transformation is Z, with non-trivial 't Hooft anomaly

/ w
S’ =Vecy , (303)
and the symmetry obtained after the KT transformation is a non-anomalous Z,4

S =Vecy, ® (304)

Let T5° be a 2d QFT with anomalous Z4-symmetry. We want to understand its KT transforma-
tion T° which is a 2d QFT with non-anomalous Z4-symmetry. For this purpose, first note that
the boundary 95’ obtained by compactifying the interval occupied by 3(S) is

B =By, (305)

and hence the QFT underlying ¢ is exactly the same as the QFT underlying 75, From (109),
we know that the generator P of the Z, symmetry is realized as the generator P’ of the Z,
symmetry, and hence we can express T° as

‘zS — TS' 324 . (306)
Even though the map at the level of topological lines is simply a homomorphism Z, — Z,

(1,P%P%) - (1,P',1,P), (307)

the junctions of Z, symmetry lines are chosen in a fashion that does not follow from the above
homomorphism. See section 4.2.3 for a detailed discussion.
From the expression (102) for £ we observe that the map

Z (Vecgz) — Z(Vecy,), (308)
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of generalized charges is

1-1ee?m?, s—oemP@e’m,

3,3

P (309)
s—em@e’m”, ss > e“@dm”.

According to this map:

* An untwisted operator O’ of g5 uncharged under Z, descends to two operators of T°:
one of them being an untwisted operator O that is uncharged under Z,, and the other
being a P2-twisted sector operator O,2,,,» carrying charge 2 under Z,. We can recognize
these operators as

0o=0, Oppme =0, (310)

where 0,2, is the operator O’ viewed as sitting at the end of line P2. The charge 2 can
be observed from the property (115) of the local operators living at the junctions of Z,
lines:

= ﬂl,ZﬁZ,l

(311)

p2
which equals (—1) times the operator O,z,z.

* An untwisted operator (’);5 of T charged under Z, descends to two operators of T°:
one of them being an untwisted operator O, that has charge 2 under Z,4, and the other
being a P2-twisted sector operator (O, that is uncharged under Z,. We can recognize
these operators as

Op =0

ss°?

Op=0" (312)

ss?
where O,z is the operator (9; - viewed as sitting at the end of line P2. The fact that O,

is uncharged is seen by an argument similar to the one shown in (311), where now the
linking action of P’ provides an extra factor of (—1).

* Anoperator O} in P’-twisted sector of 75 and having charge-1/2 under Z,,® with linking
action of P’ on O; being i, descends to two operators of %°: one of them being an
operator O,,, in P-twisted sector that has charge 1 under Z,, and the other being an
operator 0,33 in P3-twisted sector that has charge 3 under Z,. We can recognize these
operators as

Oem=0., Opms =0, (313)

where O,,, is the operator O/ viewed as sitting at the end of line P and O,,,3 is the
operator ! viewed as sitting at the end of line P3. The Z, charge of O,,, is observed

8Recall that charge of a twisted sector operator in a 2d theory with anomalous Z, symmetry is half. That is, the
linking action of P’ on such an operator is %i.
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via
= /51,1/51,1
p
p2 (314)
P/
p/

where the only contribution is the P’ linking action i. Similarly, the Z, charge of O,s,,

is observed via
= /51,3/53,1
p
PO (315)
P/
p/

where along with the contribution from the P’ linking action, we have an extra (—1)
factor from 3 335 ;.

!

P

!

P3

* An operator Og in P’-twisted sector of T and having charge-1/2 under Z,, with linking
action of P’ on (’)é being —i, descends to two operators of °: one of them being an
operator O,3,, in P-twisted sector that has charge 3 under Z,4, and the other being an
operator O,,,s in P>-twisted sector having charge 1 under Z,. We can recognize these
operators as

Oe3m = Oi: Oem3 = O;: (316)

S
where O, is the operator (’)g viewed as sitting at the end of line P and O,,,s is the
operator (’)Si viewed as sitting at the end of line P3. The charges of the two operators can

be observed in a similar fashion as in (314) and (315)
5.5 KT from Z; to S; symmetry

Consider the club quiche (132) associated to the algebra .4; , which was studied in section
4.3.1.
The symmetry before the KT transformation maps a Z3 to an S; symmetry

S’ =Vecy, —» S = Vecg, . (317)

Let T be a Zy-symmetric 2d QFT. Its KT transformation §° is an S;-symmetric 2d QFT.
The boundary B8’ obtained by compactifying the interval occupied by 3(S) is

— rSym sym
B =B ©B, . (318)

Thus, the QFT %S involves two copies of the sandwich construction for the QFT TS/, and hence
we can write
T8 =(%%), @ (25),, (319)
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where (SL'S/)I- is a copy of the QFT 75, Note that the relative Euler term between the two T5°
universes is trivial, which is a consequence of the fact that the relative Euler term between the
two irreducible boundaries comprising 98’ is trivial, as displayed in (138).

The lines on B’ descend to lines on T°, which we label in the same way. 1;; is the identity
of (‘Zs/)i, b;; is the generator of Z3 symmetry of (Tsl)i and Pl.zi is its square. The rest of the
lines are universe changing. Equation (137) describes how the S; symmetry is then realized
on T°, which we schematically depict as

T = 2, )o@ ) Dzt
"

Loy

(320)

displaying the actions of Z3 and Z, subgroups of S; generated respectively by a and b, and

the notation Zgl captures the fact that the generator ¢ (a) of Z5 inside S; when acting on the

universe (T‘S/)l is the inverse P121 of the generator Py of the original Z; symmetry of (TS/)l.
From the expression for the Lagrangian algebra £ in (124) we observe that the map

Z(Vecy,) = Z(Vecs,), (321)
of generalized charges is
1-1e1_, e—E, e’ >E,
m-—a, em— a,, e’m — A2, (322)
m? —ay, em? - a,z, e’m? - a,,.

According to this map:

* An untwisted operator O’ of g5 uncharged under Z, descends to two operators of T°:
one of them being an untwisted operator O that is uncharged under S, and the other
being an untwisted operator O;_ charged under b. We can recognize these operators as

O=0,+0], 0,_=0,-0], (323)
where O/ is a copy of O’ in the universe @5,

. / . .
* An untwisted operator O, of %% having charge 1 under Z; descends to two untwisted

operators (’)gi,(’)g; of T5. These operators live in representation E of S;. We can

recognize these operators as
Ol =0l Oy =00y, (324)
. . . S/
where O ; is a copy of O, in the universe (T°);.

* Similarly, an untwisted operator (’)2 , of T8 having charge 2 under Z; descends to two

untwisted operators (’)}(321, (’)](52; of T5. These operators live in representation E of S;. We

can recognize these operators as

(2) _
051=0,

e21°

(2) _
Op,=0,

e2,0°

(325)

. . . /
where OéZ,i is a copy of O, in the universe (T9);.
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* An operator (9(’3 k,, i P-twisted sector of T5', where P is the generator of Z; symmetry,

and having charge k under Z, descends to two operators of T°: O((llik in a-twisted sector

having charge k under a and Og)w% in a®-twisted sector having charge 2k under a. The
two operators are exchanged by the action of b. We can recognize these operators as

oW

a,wk

=0, o) =0

m,0°’ az,w T ekm,1°

(326)
where O/ i 15 @ COpy of O/, in the universe (T5)..

* An operator Oé k2 100 P2-twisted sector of T, and having charge k under Z, descends
(2

to two operators of T°: (’)((122)2,< in a-twisted sector having charge 2k under a and Oa2 ok

in a®-twisted sector having charge k under a. The two operators are exchanged by the
action of b. We can recognize these operators as

_O/

ekm2,0°

=0 0%

ekm2,1° a2,wk

L)

a,w%k

(327)

. . . /
where O/, , . is a copy of O/, , in the universe (=),

5.6 KT from Z, to S; symmetry I

Consider the club quiche (147) associated to the algebra A, which was studied in section
4.3.2. The associated KT transformation converts Z, symmetry into S; symmetry

S§'=Vec;, — S=Vec,. (328)

Let T5 bea Zy-symmetric 2d QFT. Its KT transformation ¥° is an S3-symmetric 2d QFT which
can be expressed as
T =(T9) @ (T9), 8 (T%),, (329)

/
i.e. it comprises of three universes with each universe containing a copy of ¥° . Note also that
the relative Euler terms between any two universes is trivial.
The S; symmetry acts on the universes such that

Zs

PN

T = () ® (39), 8 (3%),, (330)
Z, Z,

where the Z, symmetry is taken to be generated by b and the Z; symmetry generated by a,
whose precise actions are encoded in their identification (153).
From the expression for the Lagrangian algebra £ in (141) we observe that the map

Z(Vecg,) = Z(Vecg,), (331)
of generalized charges is
1-10E, e—1_®E, m—b,, em— b_. (332)

According to this map the operators are identified as follows:
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* An untwisted operator O’ of T8 uncharged under Z, descends to three operators of T:

one of them being an untwisted operator O that is uncharged under S5, and the other
two O}(;j, Og% being untwisted operators transforming in representation E of S;. We
can recognize these operators as

O=0,+0]+0,,
ogj = O} + 020 + w0}, (333)

O) = O + w0, + w20},

where O! is a copy of O’ in the universe 5,

. / .
* An untwisted operator O, of 79" charged under Z, descends to three untwisted op-
erators: one of them (O, transforming in representation 1_ of S; and the other two

(’)g, (’))(EZ; transforming in representation E of S5. We can recognize these operators as
0 =0,,+0,,+0,,,
Ol(szi = Oé,o + “’202,1 + ")O«/»_,z > (334)
01(523 = _Oe/z,O - “)Oé,1 - wzoe/z,Z >

. . . /
where O’ . is a copy of O/ in the universe (T%);.

* An operator (’)(’3 ky, i0 P-twisted sector of 75’ where P is the generator of Z, symmetry,

and having charge k under Z, descends to three operators of T°: (’)((llfl)7 in a'b-twisted
sector. The action of b on these operators is

. »® k (k) (k) k (k)
b: O - (-1)°0,", O, < (1) O (335)
We can recognize these operators as
(k) _ oy
Oaib - Oekm,i ’ (336)

. . . /
where O/, s a copy of O/, in the universe (T9);.

5.7 KT from Z, to S; symmetry II

Consider the club quiche (161) associated to the algebra A, , which was studied in section
4.3.3. The associated KT transformation converts Z, symmetry into S5 symmetry

S§'=Vec;, — S=Vec,. (337)

Let T5 bea Zy-symmetric 2d QFT. Its KT transformation ¥° is an S3-symmetric 2d QFT which
can be expressed as

T8 =35")s,, (338)

i.e. we regard the Z,-symmetric theory 75 as an S3-symmetric theory simply by pulling back
symmetries using the non-trivial homomorphism S; — Z,.
From the expression for the Lagrangian algebra £ in (157) we observe that the map

Z(Vecy,) = Z(Vecg,), (339)
of generalized charges is
l1-1®aq, e—1_®aq, m—b,, em — b_. (340)

According to this map:
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* An untwisted operator O’ of T8 uncharged under Z, descends to three operators of T:
one of them being an untwisted operator O that is uncharged under S5, and the other
two O((ll), Og) being in a, a®-twisted sectors which are uncharged under a but exchanged
by b. We can recognize these operators as

1
o=0, o0P=0, (341)
where Oilk) is the operator O’ viewed as lying in the a*-twisted sector.

* An untwisted operator O, of T8 charged under Z, descends to three operators of T°:
one of them being an untwisted operator OJ; in representation 1_ of S3, and the other

two O((IZ), (92%) being in a, a®-twisted sectors which are uncharged under a but exchanged
by b. We can recognize these operators as

0, =0, 0P =10, (342)
where (’)ﬁ) is the operator O, viewed as lying in the ak-twisted sector.

* An operator O/, in P-twisted sector of 75’ where P is the generator of Z, symmetry
e*m
before KT transformation, and having charge k under Z, descends to three operators of
TS, (9((1{.(1)J in a' b-twisted sector. The action of b on these operators is described in (335).
We can recognize these operators as

o)

aib O;km ’ (343)

where (9((1’3J is the operator (9; «, viewed as lying in the a'b-twisted sector.

5.8 KT from Z; to Rep(Ss) symmetry

Consider the Rep(S3) club quiche (179) associated to the algebra .A; studied in section 4.4.2.
The associated KT transformation converts Z; symmetry into Rep(S3) symmetry

S§'=Vec;, — S=Rep(S;). (344)

Let T5° be a Z5-symmetric 2d QFT. Its KT transformation T is a Rep(S;3)-symmetric 2d QFT
which can be expressed as

75 =35 ) Rep(S3), (345)

i.e. the underlying 2d QFT for ¥° is the same as for 75’ with the Rep(S3) symmetry realized
in terms of the Z; symmetry as described in (181).
From the expression for the Lagrangian algebra £ in (176) we observe that the map

Z(Vecy,) > Z(Rep(S3)), (346)
of generalized charges is
1-101_, m—E, m2—>E,
e—dap, em —a,, em? — a,z, (347)
ez—>a1, ezm—>awz, ezm2—>aw.

According to this map:
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* An untwisted operator O’ of Sl uncharged under Z, descends to two operators of T°:
one of them being an untwisted operator O that is uncharged under Rep(S;), and the
other being an operator O; in the 1_-twisted sector that is uncharged under Rep(S;).
We call such an operator O, as an operator living in 1_-multiplet of Rep(S;) symmetry.
We can recognize these operators as

0o=0, 0, =0, (348)
where O; is the operator O’ viewed as lying in the 1_-twisted sector.

* An untwisted operator (9"3 . of g5 having charge k = 1,2 under Z; descends to two
operators of T°: one of them being an untwisted operator (’)(k) and the other operator

(’)(k) in 1_-twisted sector. These operators are uncharged under 1_, but mixed together
by the action of E as described in section 5.2.2 of [2]. These mixings imply that the
linking action of E on these operators is —1. We say that the two operators lie in an
a;-multiplet. We can recognize these operators as

o =0, oY =

ap,u ap,t

=0, (349)

where ijﬂt is the operator O; . viewed as lying in the 1_-twisted sector. The linking
action of E = P @ P2 is —1 because w + w? = —1.

* An operator (’):n . fork=1,2 in Pk-twisted sector of Ts/, where P is the generator of Z
symmetry before KT transformation, and uncharged under Z descends to two operators
of T5: (’)(k) in E-twisted sector and (’)(k) sitting between the lines E and 1_. We say that
the two operators lie in an E- multlplet These operators are uncharged under 1_, but
mixed together by the action of E as described in section 5.2.3 of [2]. We can recognize
these operators as

oY =0, oP=0,, (350)
where (’)](Eki is the operator (’):n . viewed as lying at the end of E = P @ P2 line, since it
lies at the end of one of these lines, and the operator (’)g()_ is additionally regarded as
attached also the 1_ line.

* An operator (0, v fOr L,k € {1,2}, in P*-twisted sector of 75" and having charge i un-

der Z; descends to two operators of T°: O(k) .+ In E-twisted sector and (’)( )k . — sitting
between the lines E and 1_. These operators are uncharged under 1_, but mixed to-
gether by the action of E. We say that the two operators lie in an a«-multiplet. We can
recognize these operators as

ok — o o® —o

a,ki,+ eltmk a, kit etmk *

(351)

5.9 KT from Z, to Rep(S3) symmetry I

Consider the Rep(S3) club quiche (171) associated to the algebra Ay studied in section 4.4.1.
The associated KT transformation converts a Z, symmetry into a Rep(S3) symmetry

S§'=Vec;, — S=Rep(S;). (352)

Let 5 be a Z-symmetric 2d QFT. Its KT transformation T is a Rep(S;)-symmetric 2d QFT
which can be expressed as

TS5 =35 7 )Rep(Ss), (353)
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i.e. the underlying 2d QFT for ¥° is the same as for 75’ with the Rep(S;3) symmetry realized
in terms of the Z, symmetry as described in (174).
From the expression for the Lagrangian algebra £ in (169) we observe that the map

Z(Vecz,) — Z(Rep(Ss)), (354)
of generalized charges is
1-18E, m—1_&E, e—b,, em— b_. (355)
According to this map:

* An untwisted operator O’ of g5 uncharged under Z, descends to three operators of
%°: one of them being an untwisted operator O that is uncharged under Rep(S;), and
the other two being operators (’)gi, (’)J(EO)_ lying in an E-multiplet of Rep(S;) symmetry

discussed above. We can recognize these operators as
0=0, 0P\=0, 0P =0¢id, (356)

where (’)(0) is the operator O’ viewed as lying at the end of E = 1 @ P line, since the

identity hne is a part of E, and the operator (’)( )_ is obtained by fusing " with the
identity operator idp living along the topolog1ca1 line P generating the Z, symmetry
before KT transformation. This operator (O’ ® idp can then be regarded as transitioning
between E and 1_ as both these lines involve the line P.

. /
* A P-twisted sector operator O/ of %" uncharged under Z, descends to three operators

of T°: Oy living in 1_-multiplet, and 01(511,0(1) in E-multiplet of Rep(S;) symmetry.
We can recognize these operators as
o, =0, oN=0, 0Y=0. (357)

* An untwisted operator O, of T8 charged under Z, descends to three operators of T°:
Oy, which is untwisted, Oy, , lying in E-twisted sector, and Oy, _ lying between E and
1_lines. The three operators are charged under 1_ and mixed together by E as described
in section 5.2.4 of [2]. We say that the three operators lie in a b, -multiplet of Rep(S5)
symmetry. We can recognize these operators as

Ob+ = O; 5 Ob+,+ = O; 5 ObJr,— = O; ® ldp . (358)

* A P-twisted sector operator O, of TS5 charged under Z, descends to three operators
of T°: O, lying in 1_-twisted sector, Op_ 4 lying in E-twisted sector, and O,__ lying
between E and 1_ lines. The three operators are charged under 1_ and mixed together
by E. We say that the three operators lie in a b_-multiplet of Rep(S;) symmetry. We can
recognize these operators as

Ob = Oem’ Ob + = Oem’ Ob,,— = Oém . (359)

5.10 KT from Z, to Rep(S;) symmetry II

Consider the Rep(S3) club quiche (188) associated to the algebra A, studied in section 4.4.3.
The associated KT transformation converts a Z, symmetry into a Rep(S;) symmetry

S§'=Vec;, — S=Rep(S;). (360)

53


https://scipost.org
https://scipost.org/SciPostPhys.18.5.156

e SciPost Phys. 18, 156 (2025)

Let T5° be a Z,-symmetric 2d QFT. Let’s understand its KT transformation ¥° which is a
Rep(S3)-symmetric 2d QFT.
The boundary B’ obtained after compactifying the interval occupied by 3(S) is

B =B 0 (8L /Z) 3, (361)

as in (184), where %fgy,m /74 is the boundary of 3(S’) obtained by gauging the Z, symmetry of
the boundary %fg,m and the subscript v/2 describes that we additionally stack %fg,m /Z with a
non-trivial Euler term. The 2d QFT underlying ¢ is thus

75 =35 0(35/2,) 45, (362)

where (T5'/ Z,) /5 is obtained by gauging the S’ = Z, symmetry of 75 and stacking an Euler
term. For further proceedings, let us define

T, =3, T,:=(35/2y) 5. (363)

In other words, T° comprises of two universes described respectively by theories ¥, and %,

The lines living on B’ are described in (185). These lines descend to line operators of
%9 as follows. The line 1;; becomes the identity line in ¥;, while the line P;; becomes the
Z, symmetry generator of ¥;. Here P,, is the generator of the original Z, symmetry of TS5
while P,,,, is the generator of the dual Z, symmetry of TS// Z,, obtained after gauging the 7,
symmetry of T° ". The lines Sem and S,,, are universe changing lines. Their linking actions on
identity local operators id, and id,, of ¥, and ¥, respectively are

Sem : id, — 2id,,, Sime & id,, — id,, (364)

which follows from (194).
The Rep(S3) symmetry generators are identified in terms of these lines as in (193), and
thus we can schematically depict the Rep(S;)-symmetric theory T° as

R S s
E

Here E acts as P,, as well as between the two summands as described in (193). From the
expression for the Lagrangian algebra £7 in (157) we observe that the map

Z(Vecy,) = Z(Rep(Ss)), (366)
of generalized charges is
1->1®aq, e—>1_@®aq, m—b,, em— b_. (367)
According to this map:

* An untwisted operator O’ of g5 uncharged under Z, descends to three operators of
%°: one of them being an untwisted operator () that is uncharged under Rep(S;), and
the other two being operators Og?)u, O((l??t lying in an a;-multiplet of Rep(S3) symmetry
discussed above. We can recognize these operators as

01 =(0),+(O,

o) _ AN /
Oal,u - (O )e 2((9 )m’ (368)

© __ 30
ant 142w’
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where w is a third root of unity. Here (O), is a copy of O’ in ¥, and (0’),, is the operator
in T, obtained after gauging Z,. Both (O’), and (O’),, are uncharged under the Z,
symmetries of ¥, and ¥, respectively. The form of O((l?)u follows from the identification

of operator O in terms of v, and v,,, in (190) since we have that (’)g?)u is the fusion O®O;.

The form of the operator ijj?t results from a particular choice of junction local operators
between Rep(Ss) lines and was derived in eqn. (5.94) of [2]. Note that the operator
Oﬁﬂ can be regarded as living in the 1_-twisted sector because 1_ contains the identity
line 1,, for T,.

* An untwisted operator O, of T8 charged under Z, descends to three operators of T°:
one of them O; living in 1_-multiplet of Rep(S3), and the other two being operators
(’)g?u, (’)gﬂ lying in an a;-multiplet of Rep(S3) symmetry discussed above. We can rec-

ognize these operators as
Ol_ = (Oé)e + (O;)m >
w _ 30
it 1+2w’
O, = (0))e =20

a,t

(369)

Here (O,), is a copy of O in T, and (O,),, is the operator in ¥,, obtained after gauging
Z,, which is thus in P,,,, twisted sector and uncharged under P,,,. These operators
are uncharged under 1_ as it involves only P, but (O)),, is uncharged under P,,,,.

Note that the twisted and untwisted components of the a;-multiplet {O}) (’)g?t} are

as,u’
“reversed” as compared to the twisted and untwisted components of the a;-multiplet

{0© Og??t} described in (368). This is because we now have ngt =0 ®O; where

a,u’
O is the topological local operator appearing in (190), as opposed to oﬁfj?t =00,
previously.

* A P-twisted sector operator O’ of 75 where P is the generator of Z, symmetry of g5
and uncharged under Z, descends to three operators of T°: Ob,>0p, 4,0y, _ trans-
forming in b_-multiplet of Rep(S;) symmetry discussed above. We can recognize these
operators as

Ob+ == (O:n)m 5 Ob+,+ - (O,/n)e N Ob+,— - (O;n)e . (370)

Here (0! ). isacopy of O/ in T, and (O!)),, is the operator in T, obtained after gauging
Z,, which is thus an untwisted operator in ¥,, charged under P,,,,.

* A P-twisted sector operator O, of g5 charged under Z, descends to three operators
of ¥°: O, , Op_+,0,__ transforming in b_-multiplet of Rep(S3) symmetry discussed
above. We can recognize these operators as

Ob_ = (O;m)m 5 Ob+,+ = (Oém)e s Ob+,— = (O;m)e . (371)

Here (O) ). is a copy of O; in T, and (O, ), is the operator in ¥, obtained after
gauging Z,, which is thus a P,,,,-twisted operator in ¥, charged under P,,,,.

5.11 KT from Z, to Ising symmetry

Consider the Ising club quiche (204) associated to the algebra A studied in section 4.5. The
associated KT transformation converts Z, symmetry into Ising symmetry

S§'=Vec;,, — S=lsing. (372)
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Let T5° be a Z,-symmetric 2d QFT. Let’s understand its KT transformation T° which is an
Ising-symmetric 2d QFT.
The boundary B’ obtained after compactifying the interval occupied by 3(S) is

B =BY" @ (B /2,), (373)
. sym . . .
as in (203), whesry?n B, [Zyis the bounda‘lry ofSSFS’ ) obtained by gauging the Z, symmetry of
the boundary Bg,". The 2d QFT underlying T° is thus
75 =359 (35/2,), (374)

where ‘SS,/ Z, is obtained by gauging the S’ = Z, symmetry of 35", For further proceedings,
let us define
T,:=%,  %,:=%5/7,. (375)

In other words, ¥ comprises of two universes described respectively by theories T, and ..

The lines living on 8 and their map to lines of ¥° are the same as in section 5.10. However,
the linking actions on identity local operators id, and id,, of ¥, and ¥,, respectively of the
universe changing lines are now

Sem ¢ id, = v2id,,, Sy : id,, — v2id,, (376)

which follows from (210).
The Ising symmetry generators are identified in terms of these lines as in (209), and thus
we can schematically depict the Ising-symmetric theory T° as

5 = P35 e )2,)D p.
NN (377)
S

From the expression for the Lagrangian algebra £ in (201) we observe that the map
Z(Vecg,) — Z(Ising), (378)
of generalized charges is
1—>1@PP, e—SS, m—SS, em—>P®P. (379)
According to this map:

* An untwisted operator O’ of T8 uncharged under Z, descends to two operators of T°:
one of them being an untwisted operator O that is uncharged under Ising, and the other
being an operator O,z which transforms trivially under P but transforms by a sign when-
ever the line S is moved past it. We can recognize these operators as

O0=(0+(0, Op5 = (0, — (O, (380)

Here (O), is a copy of O’ in T, and (O’),, is the operator in T,, obtained after gaug-
ing Z,. Both (O’), and (O’),, are uncharged under the Z, symmetries of T, and T,
respectively.

* An untwisted operator O, of T8 charged under Z, descends to two operators of T°: one
of them being an untwisted operator (’)éeg) that is charged under P, and the other being
,u

P-twisted sector operator Oé%)t uncharged under P. The two operators are exchanged
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by the action of S. We say that the two operators lie in an SS-multiplet of Ising symmetry.
We can recognize these operators as

() _ / (e) __ /
09 =(©0)., 09 =0, (381)

Here (O,), is a copy of O in T, and (O,),, is the operator in T,, obtained after gauging
Z,, which is thus in P,,,, twisted sector and uncharged under P,,,,.

* A P’-twisted operator O of 75’ where P’ is the generator of Z, symmetry of 5 before

KT transformation, and which is uncharged under Z,, descends to two operators of T°:
O(m)

S§,u’
as

Ogg)t lying in SS-multiplet of Ising symmetry. We can recognize these operators

(m) _ / (m) _ /
O =(0f),, O =(0).. (382)

Here (O, ), isa copy of O; in ¥, and (O, ),, is the operator in T, obtained after gauging
Z,, which is thus an untwisted operator in ¥,, charged under P,,,,.

* A P’-twisted operator O;m of T charged under Z, descends to two operators of T°: a
P-twisted sector operator Op charged under P and transforming by i whenever the line
S is moved past it, and a P-twisted sector operator O charged under P and transforming
by —i whenever the line S is moved past it. We can recognize these operators as

Op = (O, )e—i(O! s Op=(0, ) +i(O In- (383)

Here (O, ), is a copy of O. in T, and (O, ),, is the operator in T,, obtained after
gauging Z,, which is thus a P,,,,,-twisted operator in ¥,, charged under P,,,,. The action
of S on these operators follows from the facts that moving S,,, past (O, ), converts it
into (O, ), and moving S, past (O ), converts it into —(O, ),.

5.12 KT from Z, to TY(Z,) symmetry

Consider the club quiche (222) for the algebra A, , discussed in section 4.6.1. The associated
KT transformation converts Z, symmetry into TY(Z,4) symmetry

S’ =Vecy, > S=TY(Z,). (384)
Let T5° be a Zy-symmetric 2d QFT. We want to understand the properties of its KT transfor-

mation T° which is a TY(Z,4)-symmetric 2d QFT.
The boundary B’ after interval compactification of 3(S) is

B =B @ (DY /Z5) 5 ® (B /Z2) 5, (385)
and the resulting theory T decomposes as
S _
TT=F 0T 6TY, (386)
where
=35,  IM=3"=(35/2,) 45, (387)

where we remind the reader that +/2 subscripts capture the presence of additional Euler terms.
The action of the symmetry S = TY(Z,) follows from (229) and we can schematically
depict T° with TY(Z,) action as

S

A\

=T 0TI, (388)

O

A A
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From the Lagrangian £, , we observe that the map

Z(Vecz,)) — Z(TY(Zy)), (389)

of generalized charges is
1—Ly+Ly+Lyy,
e—>Ly+L,+Ly,

(390)
m—Liog+ L3z,

em — L2,1 + L3,2 .
These imply the following maps on operators:

* An untwisted operator O’ of T8 uncharged under Z, maps to four operators of T°.
One of them is an untwisted operator O that is uncharged under TY(Z,4). Another is
an untwisted operator O, with generalized charge L, which is uncharged under Z,
subsymmetry but picks up a sign when moved past the duality defect S. We call such an

operator as living in the L multiplet. The remaining two operators {0 (1) Ot (1)} lie

2,0 °
u()

in an L, o-multiplet. In more detail, O, is an untwisted operator of charge 2 under

the Z, subsymmetry, and (’)t (1) s an A2-twisted sector operator uncharged under Z,,

such that the two operators are exchanged by the action of S. See sections 7.1.1. and
7.1.3. in [2] for further details. To conclude, the action of the TY(Z,) symmetry on
these operators is

k. — - u,(1) k ~u,(1) t,(1) t,(1)
AT Oy =0y, Oy — (1) Oy s 050" = 0507 391)
, _ - w() _, ot
S: 0, - -0y, (’)2’0 — (’)2’0 .

This is simply the action upon moving past the lines, which is in general different from
the linking action of lines on these operators.

We can recognize these operators as
O =0+ (O + (O,
Oy = (0 — (O] — (0",
05 = (O (05,
0, (” = (0",
where (O"){ is a copy of O’ in ‘Ig and (O)[" are (O')™ in T", where (O')™ is the operator
obtained from O’ after gauging Z,, which is an untwisted operator uncharged under the

dual Z, symmetry. The sign in (’) (1) is a result of the presence of non-trivial junction
local operators between symmetry generators.

(392)

* An untwisted operator Oé of T charged under Z, maps to two operators Ozi in the L;
multiplet of TY(Z,4) and two operators 0121 (()2), (’)t (2) 4
are in A%-twisted sector and transform as

Ak O; — (-1)kOoF

in L, o multiplet. The operators O;

S: O; — :l:(’)zi, (393)
when these lines are moved past them. We can recognize these operators as
03 =(0); + (O = (07,
0, = (0,5 — (O +(0))y',
(394)

u(2) — (O/)O
“2) = (O + (O,
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where (O))5 is a copy of O, in Tf and (O))I" are (O,)™ in T, where (O,)™ is the
operator obtained from O after gauging Z,, which is an operator in twisted sector for
the dual Z, symmetry and uncharged under the dual Z, symmetry.

* A P’-twisted sector operator O/ of 75’ where P’ is the generator of Z, symmetry before
KT transformation, that is uncharged under Z,, maps to two operators O] , and two op-
erators Og,o fori € {u, t} of €5, transforming in the L, and L3 o multiplets, respectively.
Here OY ; are untwisted operators and O! , are in A*-twisted sector such that the action
of the S =TY(Z,) is [2]

AF O?,o - emek/zog,o > Oé,o - 02,0 > 395
S: Ot «— O (395)
: e,0 e,0°

when these lines are moved past the local operators. We can recognize these local oper-

ators as , ,
Olll,O = (Om)rln - l((om)g1 2

Oi,o = (O;n 0>
O34 = (07 +i(0)3
Oé,o =(07,)5

where (O )5 is a copy of O; in Tf and (O )" are (O, )™ in T, where (O, )™ is the

operator obtained from O’ after gauging Z,, which is an operator in untwisted sector
for the dual Z, symmetry and charged under the dual Z, symmetry.

(396)

* Finally, a P’-twisted sector operator O, = of 75 that is charged under Z, maps to two
operators (912’1 and two operators Oé,z for i € {1,2} of T°, transforming in the Ly, and
L; , multiplets, respectively. Here Oelm are operators A™-twisted sectors and Oezm are
operators in A®-twisted sectors such that the action of the S = TY(Z,) is [2]

Ak . Ol — eZTL'iek/4(r)1 02 N eZTEimk/402
e,m e,m’ e,m e,m? (397)
. 1 2
S: Oim = O%m>

when these lines are moved past the local operators. We can recognize these local oper-
ators as ) ,
— e

02,1 - (Oem 0°

031 = (0L, ) =03,

03, = (0,7 +i(0,,)7',

O%,Z = (Oelzm 8’
where (O )g is a copy of O, in T and (O, )" are (O, )™ in TN, where (O, )™ is
the operator obtained from O/ after gauging Z,, which is an operator in twisted sector
for the dual Z, symmetry and charged under the dual Z, symmetry.

(398)

6 Phase transitions: New from old

One of the key applications of the club sandwich constructions, i.e. the KT transformations,
is the study of phase transitions between gapped phases with categorical symmetries. This
comprises a central aspect of the categorical Landau paradigm that was developed in [1,2]. In
there the main result was the characterization of gapped phases with categorical symmetries
and their associated order parameters using the SymTFT.
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For group-like symmetries this was discussed in [42] using a similar SymTFT description.
Here we extend this to include non-invertible symmetries such as Rep(S;) and TY(Zy).

6.1 General setup

Suppose that we know an irreducible S’-symmetric d-dimensional CFT Tg/ (note that unlike
the earlier parts of the paper, the subscripts will not refer to spacetime dimensions anymore)
admitting a relevant operator (0’ that is uncharged under S’ (sometimes also referred to as an
&’-symmetric local operator), such that deforming the CFT with +(’ leads to an irreducible
&’-symmetric d-dimensional TQFT ‘I‘ls/, and deforming the CFT with —(O’ leads to another
irreducible &’-symmetric d-dimensional TQFT Zfl

-

, .+ /
S S S
T5 T35 g5 (399)
In such a si:cuation, ‘Z‘gl is referred to as a phase transition between the S’-symmetric gapped
phases [‘E‘f ] and [S‘ZS 1.
By applying a minimal KT transformation ICf’S/, we obtain an irreducible S-symmetric d-
dimensional CFT T‘g acting as a phase transition between two irreducible S-symmetric gapped
phases [T‘f] and [‘I‘Zs]:

-0 +0

S S S
T T8 5, (400)

Here Q;S is obtained from S;S', for i € {1,2,C}, by applying the KT transformation IC?S . In
order to see this, note that since O’ is uncharged, it arises in the S’-sandwich construction

from an operator (’)’a completely localized along the physical boundary: %g}ff
C

phys
sym % /
B -4 T8

(401)

Deforming the boundary %i_ ?fs by :I:Oé leads to topological physical boundaries %2 }gs for ‘I‘ls/z

1,2

/ /

phys  —Oj phys 103 phys

EBQS/ %‘IS/ %Tsl (402)
C 1

2

since the sandwich construction with these physical boundaries describes the phase transition
(399). This can be thought of as a boundary phase transition. We can now feed in this bound-
ary phase transition into a club sandwich to obtain an S-symmetric phase transition. First

compactifying the interval occupied by 3(S’), we obtain an operator O, localized along ‘Bg?'s

hys h;
;B Bis
C
/=
0, = s

(403)
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that generates a boundary phase transition

%g*;ys —O2  ggphvs TOs  aphys (404)

After the full club sandwich compactification, O, descends to an operator O in ‘I‘g uncharged
under the symmetry S
phys
%;ym B - T‘g
(405)
Oa - @)

which is responsible for the desired S-symmetric phase transition (400).

In conclusion, one can obtain new phase transitions from known phase transitions by ap-
plying minimal KT transformations. This is quite useful as a minimal KT transformation maps
&’-symmetric theories to S-symmetric theories where S is morally larger than S’

“§>8". (406)

One can then begin with a small enough S’ like Z, for which a transition is well-known, and
iteratively keep applying KT transformations to generate new phase transitions for larger and
larger symmetries, which may not be invertible in general.

6.2 Input phase transitions

Let us now discuss a couple of known phase transitions that we will use to construct new phase
transitions by applying KT transformations to them.

6.2.1 The critical Ising model

The first one is a Z,-symmetric transition provided by the 2d Ising CFT. The Z, symmetry is
the spin flip symmetry that we label as 1. We will focus on three special local operators in the
Ising CFT, namely the order/spin operator o, the disorder operator u, and the energy operator
€. The order operator o is an untwisted sector local operator (i.e. a local operator unattached
to any line operators) that is charged non-trivially under the Z, symmetry 7

n: o—o—0. 407)

On the other hand, the disorder operator u is an n-twisted sector local operator, i.e. it is
attached to the line 1 generating the Z, symmetry. Additionally it carries trivial Z, charge

n: u—u. (408)

Finally, the energy operator € is also an untwisted operator, but is uncharged under the Z,
symmetry
n: €—eE. (409)

These three operators correspond to three different generalized charges for the Z, symmetry.
As we discussed in section 3.1, the generalized charges of a symmetry are captured by the
anyons of its associated SymTFT. In the case of non-anomalous Z, symmetry, the SymTFT
3(Vecy,) is the toric code, whose anyons are labeled as in (140). Furthermore, the symmetry
boundary ‘Bi/y;zzz is taken to be the one corresponding to the Lagrangian algebra

LY —1oe. (410)

VecZ2
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Then the generalized charges for the above three operators are

qlo)=e, q(u)=m, qle)=1. (411)

The sandwich construction of an operator involves compactification of the bulk line capturing
its generalized charge. In the current case, the sandwich construction of the three operators

1S

sym %phys .
VeCZZ Ising Ismg

05 o (412)

ug =

€5 €

] . phys
in terms of local operators 0, Uy and €; on the physical boundary %Ismg

sym
VecZ2

end but becomes the line P living on %3’2 L which is suppressed in the above figure. The

. Note that even

though the e line completely ends along the symmetry boundary B , the m line does not

boundary line P becomes the line 7 after the interval compactification, as a consequence of
which after the compactification the local operator u is attached to the 1) line. The charges

under Z, arise from the fact that the end of line e along %3’:2 ; is charged under the boundary
2

line P, while the end of line m along %i}’m is uncharged under the boundary line P.
ecz,

Deforming the Ising CFT by the energy operator € leads to Z,-symmetric gapped phases in
the IR, which are different depending on the sign of the deformation. The two gapped phases
are

Vecy,
[, "]=Z, SSB phase for Z, symmetry,
1 2 p 2 Sym Iy, (413)

V.
[T, ecZZ] = Trivial gapped phase for Z, symmetry.
V.
Upto an overall Euler term, the TQFT T o2
verses occupied by the trivial theory

comprises of two universes, with both uni-

Vecz,

T = Trivialy @ Trivial;, (414)

where the two copies of the trivial theory are distinguished by subscript labels 0, 1. The identity
local operators vy, v; of the two trivial theories satisfy product rules

vg =y, v% =V, vov1 =0, (415)

. . Vec
and are also referred to as vacua. The topological line operators of T, % are

1 1,j€{0,1}, (416)

ij>

where 1;; is the identity line in Trivial;, and 14;, 1;¢ exchange the two copies of trivial theory.
There is no relative Euler term, and hence the linking actions of 1y;,1;, on the vacua are

101 L Vg™V, 110 V1™V (417)

The fusion rules of the lines are
1ij ® 1]k = 1ik . (418)
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The Z,, symmetry 7 is identified in the IR as

N=1lp @1y, (419)

which exchanges the two vacua
n: VoV (420)
. Vecz,
As a Zy-symmetric theory, we may represent T, as

VecZ2 .. ..
% = Trivial, & Trivial; .
(421)

Ly

The spin operator o of the Ising CFT acquires a non-zero vacuum expectation value (vev)
in the two vacua, and can be identified as the operator

o= Vo— V1, (422)

where the coefficients of the vacua reflect the vev of o and the action of 1) indeed respects
equation (407). The disorder operator u has zero vev and does not appear in the IR theory

Vec . . -
T % Consequently, there are no operators that arise at the end of 7 line in the IR, and it is
not possible to end the lines 1j;, 11¢.

One says that the operator o carrying generalized charge e is an order parameter for the

Vi
Zy-symmetric gapped phase [T, ecZZ]. The generalized charges of the order parameters for

a symmetric gapped phase appear in the Lagrangian algebra for the corresponding physical
boundary employed in the sandwich construction. Indeed, the Lagrangian algebra for the

phys .
boundary ’BTVECZZ is
1
L, =lee. (423)
T1

\Y,
On the other hand, upto an Euler term, the TQFT %, % is the trivial theory on which the
Z, symmetry is realized trivially by the identity line operator

n=1. (424)

. VecZ2
As a Zy-symmetric theory, we may represent T, as

Vecz,

T, 2 =Trivial)Z,. (425)

V.
Under the RG flow to T, o2 , the spin operator o of the Ising CFT does not acquire a non-zero

vacuum expectation value (vev), and hence ‘Z;/eczz does not have any local operators charged
non-trivially under the Z, symmetry. On the other hand, the disorder operator u acquires a
non-zero vev appearing in the IR theory as the identity operator viewed as living at the end of
the identity line 7). For this reason, one says that the operator u carrying generalized charge

. . Vec K
m is an order parameter for the Z,-symmetric gapped phase [T, “2]. An order parameter in

a non-trivial twisted sector is also referred to as a string order parameter. Thus, the phase
Vec . . . . Vec . .
[T, 27 is described by a conventional order parameter, while the phase [T, 27 is described
phys
% VecZ2
{3'.2

by a string order parameter. Correspondingly, the Lagrangian algebra for the boundary
is
Lo =1em. (426)

Vecy,
2
‘22
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The boundary phase transition is implemented by deforming the conformal boundary
‘Bilgz by the operator €;. On one side of the transition, the operator o, survives while the
operator U, does not, and hence the gapped boundary arising in the IR is described by the La-
grangian algebra (423). On the other side of the transition, the operator o4 does not survive
while the operator u, survives, and hence the gapped boundary arising in the IR is described

by the Lagrangian algebra (426).

6.2.2 3-state Potts model

We also consider a Zs-symmetric phase transition, which is given by the 2d RCFT called the
three-state Potts model with ¢ = 4/5. Our focus will only be on the Z; symmetry of the CFT,
but more generally it is well known that the CFT admits a fusion category symmetry with 16
simple objects. See [124,125] for more details about this.

We will call the Z; symmetry generating line ) and focus on five special local operators in
the CFT (that are all primary fields)

o, o*, W, u*, €, (427)
where o is an untwisted local operator with charge 1 under Z3, o*is an untwisted local op-
erator with charge 2 under Zs, u is an n-twisted sector operator uncharged under Zs, u* is
an m-twisted sector operator uncharged under Zs, and € is an untwisted relevant operator
uncharged under Z5. Collecting together, the action of 1) on these operators is

2

n: 00— wo, o* - wo”, (w, u*, €) = (u, u*, €). (428)

These operators correspond to different generalized charges for the Z5 symmetry. As we
discussed in section 3.1, the generalized charges of a symmetry are captured by the anyons of
its associated SymTFT. In the case of non-anomalous Z3 symmetry, the SymTFT 3(Vec,) is
the 3d Dijkgraaf-Witten discrete gauge theory based on the gauge group Z; without any twist,
whose anyons are labeled as in (123). Furthermore, the symmetry boundary %3:;23 is taken

to be the one corresponding to the Lagrangian algebra

LM =1@ede®. (429)

VecZ3

Then the generalized charges for the above operators are

qglo)=e, qlc")=¢*, qw=m, qEH=m*  q(e)=1. (430)

Deforming the CFT by the relevant operator € leads to Z;-symmetric gapped phases in the

IR, which are different depending on the sign +e of the deformation. The two gapped phases

are9

VecZ3

[T,

\%
[T, ecZ3] = Trivial gapped phase for Z; symmetry.

1= Z5 SSB phase for Z; symmetry,
3 SSBp 3 Symmetry, (431)

Vi
Upto an overall Euler term, the TQFT T o2 comprises of three universes, all occupied by the

trivial theory

V.
B ““ = Trivial, ® Trivial, ® Trivial,, (432

°The CFT actually admits an S; symmetry under which e is uncharged. We could thus also regard the 3-
state Potts transition as also an S;-symmetric transition between Z; SSB and trivial phases for S; symmetry. The
additional Z, symmetry does not get spontaneously broken on either side of the transition.
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where the copies of the trivial theory are distinguished by subscript labels. The identity local
operators v; of the trivial theories satisfy product rules

Vl'V]' = 5ile' B (433)

. . Vec
and are also referred to as vacua. The topological line operators of T, “ are

1 i,j€{0,1,2}, (434)

ij»

where 1;; is the identity line in Trivial;, and 1;; for i # j changes Trivial; to Trivial;. There is
no relative Euler term, and hence the linking actions of 1;; on the vacua are

1ij : Vi — Vj . (435)
The fusion rules of the lines are
1ij ® 1]k = 1ik . (436)
The Z5 symmetry 7 is identified in the IR as
N=101®115® 1y, (437)
which cyclically permutes the three vacua
nN: Vg—=>V—Vy— V. (438)

. Vec
As a Zgz-symmetric theory, we may represent T, s as

Zs

AA (439)

Vec . . .
= Trivial, @ Trivial; ® Trivial, .

4

The operators o and o* of the CFT acquire non-zero vevs in the three vacua, and can be
identified as the operators

0= vy + wvy + wv,, oF = vy + wvy + w?v,, (440)

where the coefficients of the vacua reflect the vevs of the operators and the action of 1) indeed
respects equation (428). The operators u, u* have zero vevs and do not appear in the IR theory

Vec . . .
% % Consequently, there are no operators that arise at the end of 7 and 1? lines in the IR,
and it is not possible to end the lines 1;; for i # j.

One says that the operators o, c* carrying generalized charges e, e?

are order parameters

V
for the Z3-symmetric gapped phase [T, o2 ]. The generalized charges of the order parameters
for a symmetric gapped phase appear in the Lagrangian algebra for the corresponding physical
boundary employed in the sandwich construction. Indeed, the Lagrangian algebra for the

phys .
boundary ‘BTVzCZB is
1
Ep}\l,};i% =1@ede’. (441)
T

1

\Y,
On the other hand, up to an Euler term, the TQFT T, % s the trivial theory on which the
Z5 symmetry is realized trivially by the identity line operator

n=1. (442)

(=)}
9]
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. Vecz3
As a Z3-symmetric theory, we may represent T, as

VecZ3

T, % =Trivial)Z,. (443)

Vec .
Under the RG flow to T, “2 the operators o, o* of the CFT do not acquire a non-zero vacuum

expectation value (vev), and hence T;/e% does not have any local operators charged non-
trivially under the Z; symmetry. On the other hand, the disorder operators u,u” acquire
non-zero vevs, appearing in the IR theory as identity operators viewed as living at the ends of
the lines 1, n2. For this reason, one says that the operators u, u* carrying generalized charges

. ec
m, m? are order parameters for the Z;-symmetric gapped phase [T, 7. Both of these are
phys

Vecy,
3
T2

string order parameters. Correspondingly, the Lagrangian algebra for the boundary 8 is

phys
’C VecZ3

T

=lemem?. (444)

6.3 Phase transition between Z, SSB and Z, SSB phases for Z, symmetry

Let us now discuss the phase transitions obtained by applying KT transformations discussed in
the previous section. First consider the KT transformation studied in section 5.2.

This KT transformation converts Z, symmetry into Z, symmetry. Thus, we can input the
Z,-symmetric phase transition provided by the 2d Ising CFT to obtain a Z4-symmetric phase
transition.

The Z,-symmetric gapped phases lying on the two sides of the transition are obtained as
KT transformations of the SSB and Trivial phases for Z, symmetry discussed in section 6.2.1.
These can be quickly deduced by composing Lagrangian algebras as described in (275). This
amounts to applying the map (288) to Lagrangian algebras L’zl;}fs. We find Lagrangian algebras

1,2

. . h
associated to the boundaries %; e
1,2

Eg};ys =1@ede’®e’,
11 s 2 2 4 22 (445)
Egsy =1l@e“®m“de m*.
2
Performing the Z, sandwich construction with these physical boundaries, we can identify the
KT transformed gapped phases as

[5’:‘15] = Z,4 SSB phase for Z, symmetry, 446)
[TZS] = Z, SSB phase for Z, symmetry.

Note that in the phase [‘5‘29 ] the Z, subgroup of Z, remains spontaneously unbroken. See [2]
for more details.

Another equivalent way to deduce these Z4-symmetric gapped phases is to apply the results
of section 5.2. Applying them to the theory T8 = ‘I‘ZS/ appearing in (425), we learn that the
KT transformed theory T° = ng takes the form

L4
T = 1y (. Trivial, ® Trivial, )z, (447)
Z4
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with the Z, symmetry generated by

P(P) =101 ® P19 =101 ® (P11 ® 1109) = 11 ® 199, (448)

where we have used the fact that the Z, symmetry in the trivial theory Trivial; is generated
by the identity line 1;;. Moreover the Z, subgroup of the Z, symmetry is generated by the
identity line operator as

¢(P*) =Py ® P =140 ® 14;. (449)

Thus ‘3:‘29 is a 2d TQFT with two vacua on which the Z, subgroup of Z, acts and the generators
of Z, act by exchanging the two vacua. This is precisely the Z, SSB phase for Z, symmetry.

Now let us consider the KT transformation of the theory g5 = Tls/ appearing in (421). We
know that the KT transformed theory T° = T‘f has two universes of Tf/, ie.

TP =35 ) @ (), (450)

where (Tls/)i denote two universes of ‘I‘ls/. Each universe (‘I‘f/)i is further comprised of two
vacua .
(%¢)y = Trivial, & Trivial,,
LY ° 2 (451)
(%9 ), = Trivial; & Trivials.
11 1 3

In total, Tls is a 2d TQFT comprising of four vacua Trivial;, where i € {0,1,2,3}. The line
operators in such a theory are 1;; where i, j € {0, 1, 2, 3} with fusions

The generator of the Z, subgroup of the Z, symmetry acts by exchanging the vacua within
each universe and is hence realized by line

P(PH=10y @190 ® 113 157. (453)
The generator of Z, symmetry is realized by line
P(P)=1p1 01150193 @ 13, (454)

which cyclically permutes the four vacua. This is precisely the Z, SSB phase for Z, symmetry.
The KT transformation of the Ising CFT S’Z‘g is thus a Z4-symmetric CFT ‘I‘g providing a
transition between the Z, and Z, SSB phases for Z, symmetry, which can be expressed as

Zg

TS = Zy(Ising, @ Ising; )z, (455)
L4

where Ising; is a copy of the Ising CFT. One may say that Tg is a gapless theory with two
universes, such that each universe comprises of a copy of Ising CFT. Note that the relative
Euler term between the two Ising universes is trivial.

The relevant topological line operators of ‘Z‘g are

1ij’ T)ij’ (456)
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where 1;; is the identity line of Ising;, 7;; is the Z, spin flip symmetry of Ising;, the lines 141, 11
exchange the two universes Ising, and Ising;, and the lines 74;, 17, are obtained as

No1 = lo1 ® N11 =100 ® o1

(457)

M10 = 110 ® Moo =1N11® 11o-

The generator of Z, symmetry is realized as the line operator
¢(P) =101 ®n10- (458)

The Z, subgroup of Z, is identified as the diagonal Z, of the two Z, spin flip symmetries acting
on the two Ising universes, i.e.

¢(P*) =100 ®N11- (459)

The action of the Z, symmetry on the local operators living in the two Ising universes is

Op—071, 01 =09,
P: o=y, M1 = Uo s (460)
€p €1, €1 —>€g-

The relevant operator responsible for the Z,-symmetric transition is €, + €;. Indeed, one side
of the deformation sends Ising; to the trivial phase Trivial; for Z, symmetry 7;;, thus in total
realizing the Z, SSB phase [T‘ZS ] for Z, symmetry; while the other side of the deformation
sends Ising; to the Z, SSB phase for Z, symmetry 7);;, thus in total realizing the Z, SSB phase
[T‘f] for Z4 symmetry.

From equations (289) and (290), we learn that the order parameters for the Z, SSB phase
[‘S‘f ] are realized by local operators

Oe:O'O—iO']_, Oezzido—idl, 06320-0+io'1, (461)

where id; is the identity local operator of Ising;. The generalized charge carried by operator
O,» is eP, which means that it is an untwisted sector local operator with charge p under the
Z, symmetry. After the RG flow, these operators are realized in the IR as
idoEVO“FVz, (70§V0—V2,
) (462)
idy =v;+v3, o1 =Vv;—Vs,
where v; are the vacua or in other words the identity local operators of the IR theories Trivial;.
This follows from (422). From this, we learn that the IR images of the above order parameters
is
OE EVO_ivl_V2+iV3,
Oez =V9— V1 +vy— V3, (463)
063 EVO+iV1_V2_iV3.

Similarly, from equations (289) and (291), the order parameters for the Z, SSB phase [‘3‘29 ]
for Z,4 symmetry are realized by local operators

Omz =Uo+ Ui, Oez = ldo - 1d1 B Oezmz =Ug— U7 - (464)

The subscripts of the operators describe their generalized charges. Here 0,2 and O,2,,2 are in
the P2-twisted sector and hence are string order parameters, coming attached to line 1o, ®17;;.
After the RG flow, these operators are realized in the IR as

idy = vy, id; =, Uo =Vg, Uy =vp, (465)

68


https://scipost.org
https://scipost.org/SciPostPhys.18.5.156

e SciPost Phys. 18, 156 (2025)

where v; are the vacua of the IR theories Trivial;. From this, we learn that the IR images of
the above order parameters is

Omz =Vvytvy, Oez =Vyg— V1, Oezmz =Vog— V1, (466)

where 0,2 and O,2,,,» are viewed as local operators living at the ends of the line ¢(P?) whose
IR image is the identity line 1p, & 14;.

6.4 Phase transition between Z, SSB and trivial phases for Z, symmetry

Now consider the KT transformation studied in section 5.2.

This KT transformation also converts Z, symmetry to Z, symmetry, but this time it is done
using pullback via the non-trivial homomorphism Z, — Z,. We again use the Ising CFT to
obtain a Z,-symmetric phase transition described below.

This KT transformation simply amounts to regarding the generator of Z, symmetry as the
generator of a new Z, symmetry. Thus the Z, SSB phase for Z, symmetry becomes the Z, SSB
phase for Z, symmetry, which is the phase in which the generator of Z, is spontaneously broken
but the Z, subgroup of Z, is preserved. On the other hand, the trivial phase for Z, becomes the
trivial phase for Z,. That is the gapped phases on the two sides of the Z,-symmetric transition
are

[‘Z‘f] = Z, SSB phase for Z, symmetry, 6
[T;] = Trivial phase for Z, symmetry. (467
This can also be seen by composing with the Lagrangian £7 shown in (91), after which we
obtain the Lagrangian algebras
/Lg};ys =l@c’om?®e’m?,
. (468)
ﬁgsys =lemem?em?,
2
which precisely correspond to the above quoted gapped phases.

The Z,-symmetric phase transition is simply the Ising CFT regarded as a Z, symmetric

theory

Tg =Ising" )z, (469)
with the generator of Z, being realized by the 7 line

¢(P)=n. (470)

The relevant operator responsible for the Z,-symmetric transition is €. From equations
(299) and (300), we learn that the order parameters for the Z, SSB phase [Tls] are realized
by local operators

Oez =0, Omz = id, Oezmz =0, (471)

where 0,2 is the identity local operator viewed as lying in the P2-twisted sector, and O,2,,,2 is
the o operator viewed as lying in the P2-twisted sector. Using the IR image (422) of o, the IR
images of above operators are

OeZ =Vo— V1, Omz =1= Vo + Vi, Oezmz =Vo— V1. (472)

Similarly, from equations (299) and (301), the order parameters for the trivial phase [5‘29 ]
for Z,4 symmetry are realized by local operators

Om =u, Omz = id, Oms =u, (473)
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where O,,, 0,5 are u operators viewed as lying in the P, P3-twisted sectors respectively. The
IR images of the above operators are

0,=0,2=0,5=1. (474)

The identity local operator can be viewed to be living in any P*-twisted sector because the
generator of Z, symmetry in the trivial phase is realized by the identity line.

6.5 Phase transition between S; SSB and Z, SSB phases for S; symmetry

Now consider the KT transformation studied in section 5.5. This KT transformation converts
Z5 symmetry to S5 symmetry. Thus, we can input the Z;-symmetric phase transition provided
by the 3-State Potts Model to obtain an S3-symmetric phase transition.

The S;-symmetric gapped phases lying on the two sides of the transition are obtained as
KT transformations of the SSB and Trivial phases for Z; symmetry discussed in section 6.2.2.
These can be quickly deduced by composing Lagrangian algebras as described in (275). This
amounts to applying the map (322) to Lagrangian algebras EP . We find Lagrangian algebras

12

associated to the boundaries ‘Bg Sys to be
1,2

Lg};!s —101_02E,
MY _ el @9 (475)

ET‘; =1lol_o& a.
Performing the S; sandwich construction with these physical boundaries, we can identify the
KT transformed gapped phases as

[Tf] = S5 SSB phase for S; symmetry, “476)
[T;] = Z, SSB phase for S; symmetry.

Note that in the phase [Tf] the Z3 subgroup of S; remains spontaneously unbroken in both
the vacua. See [2] for more details.

Another equivalent way to deduce these S5- symmetnc gapped phases is to apply the results
of section 5.5. Applying them to the theory g8 = ‘Z appearing in (443), we learn that the
KT transformed theory T° = TS takes the form

Zg = Zs C Trivial, & Trivial; 3 Zs,
U, 477)
L
with the Z3 subgroup of S; generated by IR line
a=1p®1y, (478)
and any Z, subgroup of S; generated by IR line
Clib = 101 &) 110 . (479)

Thus Tf is a 2d TQFT with two vacua on which the Z3 subgroup of S5 acts trivially, and all Z,
subgroups of S; exchange the two vacua. This is precisely the Z, SSB phase for S; symmetry.
Now let us consider the KT transformation of the theory T° = Tls appearing in (439). We

/ . . . . /
know that ¥ comprises of three vacua, and since T° comprises of two universes of %, the
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2d TQFT ¥° comprises of six vacua. The only irreducible S3-symmetric (14+1)d gapped phase
with six vacua is the S; SSB phase. The reader can easily check that the S; symmetry indeed
acts as on the S SSB phase.

The KT transformation of the 3-state Potts CFT Tg/ is thus an S3-symmetric CFT I‘CS provid-
ing a transition between the S; and Z, SSB phases for S; symmetry, which can be expressed
as

= Zs (, 3-Pottsy ® 3-Potts; Ozgl ,

U, (480)
V2

where 3-Potts; is a copy of the 3-state Potts CFT. One may say that Tg is a gapless theory with
two universes, such that each universe comprises of a copy of 3-state Potts CFT. Note that the
relative Euler term between the two Potts universes is trivial.

The Z5 subgroup of S; symmetry is realized as

a= 1”00@7’)%1’ (481)

where 1);; is the generator of Z; symmetry of 3-Potts;. The Z, subgroup of S; symmetry gen-
erated by b is realized as
b = 101 5] 110 . (482)

The relevant operator responsible for the S;-symmetric transition is €, + €;. Indeed, one side
of the deformation sends 3-Potts; to the trivial phase Trivial; for Z; symmetry 7;;, thus in total
realizing the Z, SSB phase [ng ] for S5 symmetry; while the other side of the deformation sends
3-Potts; to the Z3 SSB phase for Z3 symmetry 7;;, thus in total realizing the S5 SSB phase [Tls]
for S; symmetry.

The order parameters for the S; SSB phase [‘3‘15 ] involve a local operator in representation
1_ of S; and two distinct multiplets of local operators in representation E of S;. Applying KT
transformations (323), (324) and (325) respectively to 1, o and o* operators, we deduce that
these order parameters are

=01,
O, =idy—idy, o o2 (483)
0(2) — g% 0(2) o*
E,1 0° E2 1’
where id; is the identity local operator of 3-Potts;. Here {O(k) (’)(k)} for k = 1,2 are the two

E,1°YE,2
multiplets transforming in E representation and O, transforms in 1_ representation. After

the RG flow, these operators are realized in the IR as

idoEVO+V1+V2, id]_EV3+V4+V5,
0o = Vo + w2V + wvsy, 01 = V3 + w?vy + wvs, (484)
ngvo+wv1+w2vz, O'TEV3+COV4+(A)2V5,

where v; are the vacua or in other words the identity local operators of the IR theories Trivial;
comprising the S; SSB phase. This follows from (440). From this, we learn that the IR images
of the above order parameters are

Og’-i =V + w2v1 + wVy,

(’)g% = vy + wv; + 02,

O =vg+vi+vy—V3—V4—7s, (485)

(9](52% = vy + w2V, + Vs,

Oézg = V3 + C()V4 + O)ZVS .
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Similarly, the order parameters for the Z, SSB phase [Tzs ] involve a local operator in rep-
resentation 1_ of S and two distinct multiplets of local operators in a;-multiplet, each com-
prising of two operators in a,a?-twisted sectors charged trivially under Z, subgroup of Ss.
Applying KT transformations (323), (326) and (327) respectively to 1, u and u* operators, we
deduce that these order parameters are

1 1
O((I%Z:U’O: Oc(lz?l_nu'ln
O- =idg—idy, @ @ . (486)
Oa,l = Ug > Oaz,l = Uy
Here {Oflkl) , O(k) 1} for k = 1,2 are the two a;-multiplets and O _ transforms in 1_ representa-

tion. After the RG flow, these operators are realized in the IR as

idoEVO, ldl =V,
Mo = Vo, M1 =v1, (487)
B = Vo, py =vi,

where v; are the vacua or in other words the identity local operators of the IR theories Trivial;
comprising the Z, SSB phase. From this, we learn that the IR images of the above order
parameters are

? a1 = V1s
Ol— =V Vi, ) (2; (488)
) =V, Oaz,l =V

6.6 Phase transition between S; SSB and Z; SSB phases for S; symmetry

Now consider the KT transformation studied in section 5.6. This KT transformation converts
Z, symmetry to S5 symmetry. Thus, we can input the Z,-symmetric phase transition provided
by the 2d Ising CFT to obtain an S;-symmetric phase transition.

The S;-symmetric gapped phases lying on the two sides of the transition are obtained as
KT transformations of the SSB and Trivial phases for Z, symmetry discussed in section 6.2.1.
These can be quickly deduced by composing Lagrangian algebras as described in (275). This

amounts to applying the map (331) to Lagrangian algebras £p . We find Lagrangian algebras

12

associated to the boundaries ‘Bg 2" to be
1,2

ng;YS— lo1_o2E,

phys (489)
£T§ =1®E®b,.

Performing the S; sandwich construction with these physical boundaries, we can identify the

KT transformed gapped phases as

[Tls] = S5 SSB phase for S; symmetry, 490)
[Sg] = Z5 SSB phase for S5 symmetry.

Note that in the phase [‘5‘29 1 a Z, subgroup of S; remains spontaneously unbroken in each of
the three vacua. See [2] for more details.

Another equivalent way to deduce these S;- symmetnc gapped phases is to apply the results
of section 5.6. Applying them to the theory T8 = ‘I appearing in (425), we learn that the
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KT transformed theory T° = S’Zf takes the form

Zs

PN

T = Trivial, @ Trivial; ® Trivial, (491)

O A

Ly Ly
with the Z3 subgroup of S; generated by IR line
Aa=10; 15, ® 1y, (492)
and the Z, subgroup of S; associated to b generated by IR line
b=1yp®11,®1,;. (493)

Thus ‘3‘29 is a 2d TQFT with three vacua on which the Z5 subgroup of S; acts by cyclic permu-
tations, and the Z, subgroup of S5 generated by b preserves a vacuum while exchanging the
other two. This is precisely the Z; SSB phase for S3 symmetry.

Now let us consider the KT transformation of the theory TS = Tls/ appearing in (421). We
know that T5' comprises of two vacua, and since T° comprises of three universes of 75 the
2d TQFT T comprises of six vacua. The only irreducible S;-symmetric (1+1)d gapped phase
with six vacua is the S; SSB phase. The reader can easily check that the S5 symmetry indeed
acts as on the S SSB phase.

The KT transformation of the Ising CFT Tg/ is thus an S3-symmetric CFT ‘Z‘g providing a
transition between the S; and Z; SSB phases for S; symmetry, which can be expressed as

Zs

PN

TS = Ising, ® Ising; & Ising,, (494)

O N

Ly Ly

where Ising; is a copy of the Ising CFT. One may say that Tg is a gapless theory with three
universes, such that each universe comprises of a copy of Ising CFT. Note that the relative
Euler term between the three Ising universes is trivial.

The relevant topological line operators of ‘Z‘g are

1ij 5 771] ’ (495)

where 1;; is the identity line of Ising;, 7;; is the Z, spin flip symmetry of Ising;, the lines 1;;
for i # j transform Ising; into Ising;, and the lines n;; are obtained as

Nij =1 ®Mj; =n; ® 1y, (496)
which also transform Ising; into Ising;. The lines generating S; symmetry are realized as

a=1g 11530 1y,

(497)
b =100 ®N12® N2 -
The action of the S5 symmetry on the local operators living in Tg is
Og—01, 01 —09, 09— 09,
a: Mo Ui, Uy = U, Mg = Uo, (498)
€)™ €9, €1 €y, €y =€y,
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and
Og—>—0yp, 01 —>—09, 09 —>—01,
b: o= o, U1 = Uz, M2 = U, (499)
€9 ™ €p, €1 €9, €y ™ €q.

The relevant operator responsible for the S;-symmetric transition is the KT transformation of
€ which according to (333) is €y + €1 + €,. Indeed, one side of the deformation sends Ising;
to the trivial phase Trivial; for Z, symmetry 7);;, thus in total realizing the Z; SSB phase [T‘zs ]
for S3 symmetry; while the other side of the deformation sends Ising; to the Z, SSB phase for
Z, symmetry 7);;, thus in total realizing the S; SSB phase [T‘f ] for S5 symmetry.

The order parameters for the S5 SSB phase [Tls ] involve a local operator in representation
1_ of S; and two distinct multiplets of local operators in representation E of S;. Applying KT
transformations (333) and (334) respectively to the identity operator 1 and the spin operator
o of the Ising CFT, we deduce that these order parameters are

Ogli = ldo + C()zid]_ + Cl)ldz 5

o) = idy + wid; + w?id,,

O,_=0¢+01+0,, (500)
01(521 =0+ w?0y + w0,

2 2
Oé’;:—ao—wal—(x) Oy,

El,Og{;} for k = 1,2 are the two
multiplets transforming in E representation and (J; transforms in 1_ representation. After
the RG flow, these operators are realized in the IR as

where id; is the identity local operator of Ising;. Here {O(k)

idoEVO+V3, Og=Vg—V3,
idlEV1+V4, 01 =V]—Vy, (501)
idzEVz“er, 09 =Vy— Vg,

where v; are the vacua or in other words the identity local operators of the IR theories Trivial;
comprising the S; SSB phase. This follows from (422). From this, we learn that the IR images
of the above order parameters is

Oéli = vy + W2V + WYy + V3 + 02V, + Vg,

(9](51; = vy + WV + W2Vy + V3 + WV, + 02g,

O]_EV0+V1+V2—V3—V4—V5, (502)
(2) — 2 2

Op1=vo+wvi + vy —v3— vy — wvs,
(2) — 2 2

Opy=—Vo— v —w vy + V3 + wvy + wvs.

Similarly, the order parameters for the Z; SSB phase [T‘zs ] involve two local operators
in representation E of S5 and three local operators in b, -multiplet of S5 in which the three
operators are in twisted sectors for generators of the three Z, subgroups of S5 respectively
and are uncharged under those Z, subgroups. Applying KT transformations (333) and (336)
to the identity operator 1 and the disorder operator u of the Ising CFT, we deduce that these
order parameters are

O = idy + w?id; + wid,,

OF) =idy + wid, + w%d,, (503)
09 =p;, i€{0,1,2}.
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Here (’)gi, (’)g; are operators transforming in E representation and (’)((1?; are operators trans-
forming as a b, -multiplet. After the RG flow, these operators are realized in the IR as

idl' =v;, u; =v;, (504)

where v; are the vacua of the IR theories Trivial;. From this, we learn that the IR images of
the above order parameters is

O](Eli = vy + W2V + Wy,

O = vy + wv; + w2y, (505)
0) — .
O.ip = Vi ie{0,1,2},

where OE{?I)) are viewed as operators in the a'b twisted sector.

6.7 Phase transition between Z, SSB and trivial phases for S; symmetry

Now consider the KT transformation studied in section 5.7. This KT transformation also con-
verts Z, symmetry to S; symmetry, but this time it is done using pullback via the non-trivial
homomorphism S; — Z,. We again use the Ising CFT to obtain an S;-symmetric phase transi-
tion described below.

This KT transformation simply amounts to regarding the generator of Z, symmetry as the
generators for Z, subgroups inside S;, and the Z3 subgroup of S acts trivially. Thus the Z,
SSB phase for Z, symmetry becomes the Z, SSB phase for S3 symmetry. On the other hand,
the trivial phase for Z, becomes the trivial phase for S;. That is the gapped phases on the two
sides of the S;-symmetric transition are

[Tls] = Z, SSB phase for S3 symmetry,

S (506)
[%5 ] = Trivial phase for S3 symmetry.
This can also be seen by using the map (340) to deduce
h
£gsys =1®1_®2a,
ohys (507)
ETS = 1@a1@b+,

which precisely correspond to the above quoted gapped phases.
The S;-symmetric phase transition is simply the Ising CFT regarded as an S; symmetric
theory

T8 = Ising”)s;, (508)

with the generators of Z, subgroups of S; being realized by the 1 line, while all the other
elements being realized by the trivial line

b=ab=a’b=r. (509)

The relevant operator responsible for the S;-symmetric transition is €. The order param-
eters for the Z, SSB phase [S‘f ] involve a local operator in representation 1_ of S; and two
distinct a,-multiplets of local operators, each comprising of two operators in a, a®-twisted sec-
tors charged trivially under Z5 subgroup of S;. Applying KT transformations (341) and (342)
respectively to the identity operator id and the spin operator o of the Ising CFT, we deduce
that these order parameters are

oW=id, 0, =0, 0P=(-1o, (510)
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for i = 1,2. Here (’)((llf) for k = 1,2 are the two a;-multiplets and O; is the operator in 1_
representation of S;. Using the IR image (422) of o, the IR images of above operators are

Ofﬁ) =Vt O1_=vo—1, Ofﬁ) = (—1)'(vo —v1). (511)

Similarly, the order parameters for the trivial phase [‘I“Zg] involve an a;-multiplet and a b -
multiplet. Applying KT transformations (341) and (343) respectively to the identity operator
id and the disorder operator u of the Ising CFT, we deduce that these order parameters are

a _ . ©
oV=id, 0 =u, (512)
for i = 1,2 parametrizing operators in a; multiplet and k = 0, 1,2 parametrizing operators in
b, multiplet. The IR images of the above operators are

oW=1, 0oY=1, (513)

a

where 1 is the identity operator of the trivial phase.

6.8 Phase transition between Rep(S3;)/Z, SSB and trivial phases for Rep(Ss)
symmetry

Now consider the KT transformation studied in section 5.8. This KT transformation converts Z
symmetry to Rep(S3) symmetry. We use the 3-state Potts CFT to obtain a Rep(S;)-symmetric
phase transition described below.

Using the map (347), we can quickly deduce that the Rep(S;)-symmetric gapped phases
obtained after applying KT transformation on Z; SSB and trivial phases for Z5 symmetry are
described respectively by the physical Lagrangian algebras

phys __
Eif =101_@&2a,,

(514)
=101 @2E,
T2
which correspond to the following Rep(S3)-symmetric gapped phases respectively
[Tf] = Rep(S3)/Z, SSB phase for Rep(S;) symmetry, (515)

[ng] = Trivial phase for Rep(S3) symmetry.

For more details on these gapped phases, we refer the reader to [2].

Another equivalent way to deduce these Rep(S;)-symmetric gapped phases is to apply the
results of section 5.8. Applying them to the theory g5 = ‘Zfl appearing in (443), we learn
that the KT transformed theory T° = ‘I‘ZS takes the form

TS = Trivial _ ) Rep(Ss), (516)

which means that ‘Z‘g is an SPT phase for Rep(S;) symmetry since it involves a single vacuum,
but there is only one such SPT phase that is often referred to as the trivial Rep(S3)-symmetric
phase.

Now let us consider the KT transformation of the theory g5 = Tls/ appearing in (439). We
know that T comprises of three vacua, and hence [‘3‘19 ] contains Rep(S3) symmetry realized
on a (1+1)d gapped phase with three vacua. There are two possible options for such a phase,
namely Rep(S3)/Z, SSB and Rep(S;) SSB phases. Since the three vacua of T‘f are identified
as the three vacua of Tf/, we learn that the relative Euler terms between the three vacua of
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‘I‘ls must all be trivial. This fixes Tls to be the Rep(S3)/Z, SSB phase. Using (181), we can
identify the lines implementing Rep(S3) symmetry of 5‘19 as

1_= 100@111 @122,

(517)
E= 101@11269120@102@110@121,

which matches the results of [2].
The Rep(S3)-symmetric phase transition is simply the 3-state Potts CFT regarded as a
Rep(S;) symmetric theory

‘Z‘g = 3-Potts 3Rep(53), (518)
with the generators of Rep(S;) being realized as
1.=1, E=ne&n’. (519)

The relevant operator responsible for the Rep(S;3)-symmetric transition is €.

The order parameters for the Rep(S3)/Z, SSB phase [‘3‘19 ] involve a 1_-multiplet and two
distinct a;-multiplets of Rep(S3), whose detailed form was discussed above (348) and (349)
respectively. Applying KT transformations (348) and (349) to the operators id, o and o* of
the 3-state Potts CFT, we deduce that these order parameters are

0, =id, 0W =g, oW

ap,u a,t

=0, (’)Ej?u =0*, 0¥ =g+ s (520)

ai,t -

where O; forms the 1_-multiplet and {Og’:)u,(’)g:?t} for k = 1,2 are the two a;-multiplets.
The IR images of above operators are
O]__ :V0+V1 +V2,
Og?u =y + W%V, + vy,

O(l)

ae = Vot @’y + vy, (521)
(’)g?u =V + WV + w?vy,

Og?t =y + wv; + w2v,.

The order parameters for the trivial phase [‘35‘23] involve a 1_-multiplet and two distinct E-
multiplets of Rep(S3), whose detailed form was discussed above (348) and (350) respectively.
Applying KT transformations (348) and (350) to the operators id, u and u* of the 3-state Potts
CFT, we deduce that these order parameters are are

Of=u, Ol=un, 0,=id, Of =, OF =y (522)

Here (’)}(Ek)i for k = 1,2 form two E-multiplets and O; forms a 1_-multiplet of Rep(S3). The
IR images of above operators are

(1) — W = - @ — @) —
ol =1, oll=1, o_=1, 0o¥=1, o0P=1. (523)

That is, the above operators are simply the identity operator viewed in different fashions as
transitioning between different line operators associated to the Rep(S3) symmetry. This result
is not surprising as identity operator is the only operator available in the trivial phase.
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6.9 Phase transition between Z, SSB and trivial phases for Rep(S;) symmetry

Now consider the KT transformation studied in section 5.9. This KT transformation converts
Z symmetry to Rep(S3) symmetry. We use the Ising CFT to obtain a Rep(S3)-symmetric phase
transition described below.

Using the map (355), we can quickly deduce that the Rep(S;)-symmetric gapped phases
obtained after applying KT transformation on Z, SSB and trivial phases for Z, symmetry are
described respectively by the physical Lagrangian algebras

£ 1eEeb,,
1

(524)
h
Egsys =1e1_o2E,
2
which correspond to the following Rep(S3)-symmetric gapped phases respectively
7] = Z, SSB phase for Rep(S3) symmetry,
[T7]1=12Z, SSBp p(S3) sy 1y, (525)

[Tg] = Trivial phase for Rep(S3) symmetry.

For more details on these gapped phases, we refer the reader to [2].

Another equivalent way to deduce these Rep(S3)-symmetric gapped phases is to apply the
results of section 5.9. Applying them to the theory g8 = ‘I‘ZSI appearing in (425), we learn
that the KT transformed theory T° = ng takes the form

TS = Trivial _ ) Rep(S3), (526)

which means that TZS is the trivial Rep(S3)-symmetric phase.
Now let us consider the KT transformation of the theory 75 = ‘3‘19' appearing in (421).

We know that T5' comprises of two vacua, and hence Tf contains Rep(S;) symmetry realized
on a 2d TQFT with two vacua, which fixes [T‘ls] Z, SSB phase for Rep(S;) symmetry. Using
(173), we can identify the lines implementing Rep(S3) symmetry of ‘3‘19 as

1_5101@110, E5100®111®101®110, (527)

which matches the results of [2].
The Rep(S;)-symmetric phase transition is simply the Ising CFT regarded as a Rep(Ss)
symmetric theory

T =1singRep(S), (528)
with the generators of Rep(S;) being realized as
1_=mn, E=1®n. (529)

The relevant operator responsible for the Rep(S3)-symmetric transition is €.

The order parameters for the Z, SSB phase [5’."18] involve an E-multiplet and a b, -multiplet
of Rep(S3), whose detailed form was discussed above (350) and (358) respectively. Apply-
ing KT transformations (356) and (358) respectively to the identity operator id and the spin
operator o of the Ising CFT, we deduce that these order parameters are

oY =id, 0O =id,, Oy, =0, Oy ,=0, O _=o0®id,, (530

+
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where id,, is the identity local operator on the 7 line. Here 01(503: form an E-multiplet and
O, Oy, + form a b, -multiplet of Rep(S3). The IR images of above operators are

0O =y, +v , 00 =id,, +id , Oy =vyg—Vq,
E+=Y0TtV1 E— . 01 ‘ 10 b, =Yo™V1 (531)
Op,r EVo—V1, Op,,— =idg; —idyo,

where id;; is the identity local operator on the 1;; vacua changing line.

The order parameters for the trivial phase [‘3‘29 ] involve a 1_-multiplet and two distinct E-
multiplets of Rep(S3), whose detailed form was discussed above (348) and (350) respectively.
Applying KT transformations (356) and (357) respectively to the identity operator id and the
disorder operator u of the Ising CFT, we deduce that these order parameters are

Op =id, O =idp, Oy =p, Ofi=p, O =p. (532)

Here (’)gdi for k = 0,1 form two E-multiplets and O; forms a 1_-multiplet of Rep(S3). The
IR images of above operators are

0 — © - W W)
oy =1, oY=1, o_.=1, o)=1, o =1. (533)

That is, the above operators are simply the identity operator viewed in different fashions as
transitioning between different line operators associated to the Rep(S3) symmetry. This result
is not surprising as identity operator is the only operator available in the trivial phase.

6.10 Phase transition between Rep(S3;)/Z, SSB and Rep(S;) SSB phases for
Rep(S3) symmetry

Now consider the KT transformation studied in section 5.10. This KT transformation converts
Z symmetry to Rep(S;) symmetry. We again use the Ising CFT to obtain a Rep(S3)-symmetric
phase transition described below.

Using the map (367), we can quickly deduce that the Rep(S;)-symmetric gapped phases
obtained after applying KT transformation on Z, SSB and trivial phases for Z, symmetry are
described respectively by the physical Lagrangian algebras

phys __
Eif =101_@&2a,,

(534)
2= 10a,00,,
which correspond to the following Rep(S;)-symmetric gapped phases respectively
[Tf] = Rep(S3)/Z, SSB phase for Rep(S;) symmetry, 535)

[ff] = Rep(S3) SSB phase for Rep(S3) symmetry.

For more details on these gapped phases, we refer the reader to [2].

Another equivalent way to deduce these Rep(S3)-symmetric gapped phases is to apply the
results of section 5.10. Applying them to the theory T5 = Tls appearing in (421), we learn
that the universes involved in the KT transformed theory T° = T‘f are

(Tf)e = Z, SSB = Trivial, & Trivial; ,

S 5 e . (536)
(%7)m = Z; Trivial = Trivial,,

where Z, denotes the dual symmetry obtained after gauging the original Z, symmetry of Tlsl.
Thus in total, [T‘f ] is a Rep(S3)-symmetric (1+1)d gapped phase with three vacua. Now the
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question arises which one it is, because there are two possible Rep(S;)-symmetric gapped
phases having three vacua, namely the Rep(S3)/Z, SSB and Rep(S3) SSB phases (see [2]
for more details). In order to answer this, we need to understand the precise form of the
line operators implementing the Rep(S;) symmetry on T, which follows from (193). The
identification of the lines appearing there is

1,.=1509 144, 1., =159, S, =150® 145,
ee ~ 00 11 mm ~ 22 em ~ 02 12 (537)
Pee =101 ® 199, P = 123, Sme =120 ® 133 .
This implies that the Rep(S3) symmetry generators are identified as
1_=1pp® 11101y,
009 111 @ 1o (538)

EE102@112@120@121@101®110.

Note that there are no relative Euler terms between the three vacua since the linking action
(364) becomes
Sem: VotV —2v,, Smet Vo= Vo+Vy, (539)

which means that the linking actions of the vacua changing lines are

1oy Vo = Vg, 159 Vo = Vg, (540)
ISPR V1=V, Ip: Vo = V1,
implying that there are no relative Euler terms between the three vacua. All these properties
imply that [3‘19] is the Rep(S3)/Z, SSB phase. In particular, note that the Z, subsymmetry of
Rep(S;) remains spontaneously unbroken as we have found in (538) that 1_ is realized by the
identity line operator. The three vacua are thus mixed into each other solely by the action of
the non-invertible symmetry E.
Applying the results of section 5.10 to the theory g5 = ‘3:‘25/ appearing in (425), we learn
that the universes involved in the KT transformed theory T° = T‘Zg are

(‘Z‘zg)e = Z, Trivial = Trivial,

R iy . (541)
(%3)m = Zy SSB = Trivial; @ Trivial, .

Thus in total, [3‘29 ] is a Rep(S;3)-symmetric (1+1)d gapped phase with three vacua. Again
the question arises whether it is the Rep(S3)/Z, SSB phase or the Rep(S;) SSB phase. The
identification of the lines appearing in (193) is now

1..=1y, 1,...=1;9 1y, Sen =191 ® 19,
ee ~ 00 mm ~ 11 22 em ~ 01 02 (542)
Pee:100: Pmm:112®121’ Sme:110®120-
This implies that the Rep(S3) symmetry generators are identified as
1_=1590®1:90 1y,
009 112® 1y (543)

EElOl@]'OZEB]'lO@]'ZOe]'OO'

Note that there are non-trivial relative Euler terms between the three vacua now. To see this,
note that the linking action (364) becomes

Sem Vo= 2v; +2v,, Sme : V1+Vy—Vg, (544)
which means that the linking actions of the vacua changing lines are

197 Vo = 2Vq, 1 vy — vy /2,
01 0 1 10 1 0 (545)
lop: Vo = 2vy, 1y vy = V/2,
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implying that there are non-trivial relative Euler terms between vacua 0 and 1, and vacua 0
and 2, but trivial relative Euler terms between vacua 1 and 2. All these properties imply that
[T‘zs ] is the Rep(S3) SSB phase in which both 1_ and E are spontaneously broken.

The Rep(S;3)-symmetric phase transition ‘Z‘g obtained after applying the KT transformation
to the Ising phase transition can be expressed as follows. It comprises of two universes

(‘E‘Cs)e =Ising,, (Tg)m = (Ising/Z,) 5 = (Ising,,,) /3 » (546)

where we have used the well-known isomorphism of Ising/Z, with Ising to express it as a copy
Ising,, of Ising CFT. Note that there is relative Euler term between the two Ising universes with
the linking action of universe changing lines

1y : id, — V2id,,,  1,,: id, —id,/v2, (547)

on the identity local operators id, and id,, of Ising, and Ising,, respectively. These linking
actions reproduce (364) for lines S,,,, and S,,,, as these lines can be expressed as

Sem =See ®lem = 1en ® S »

(548)
Sme = Smm ® 1me = 1me ®S€€ >

where S,, and S,,,, are Kramers-Wannier duality defects of Ising, and Ising,, respectively,
whose quantum dimensions are +/2, i.e.

S : id, = V2id,, Sy : id,, — v2id,,. (549)

The schematic form of Tg is thus

Tg = E (Ising ® (Isingm)ﬁg 1_.
o (550)
E

The Rep(S3) symmetry is realized as
1_= 1ee®nmm> E=S€m®sme®ne€’ (551)

where 1,, and 7,,,, are the Z, symmetries of Ising, and Ising,, respectively.

The relevant operator responsible for the transition is €, — €,,,. Adding this operator with
positive sign sends Ising, to Z, SSB phase and Ising,, to Z, trivial phase, and hence we land
on the Rep(S3)/Z, SSB phase discussed above. On the other hand, adding this operator with
negative sign sends Ising, to Z, trivial phase and Ising,, to Z SSB phase, and hence we land
on the Rep(S3) SSB phase discussed above.

The order parameters for the Rep(S;)/Z, SSB phase [‘I‘f ] involve a 1_-multiplet and two
distinct a;-multiplets of Rep(S3). Applying KT transformations (368) and (369) respectively
to the identity operator id and the spin operator o of the Ising CFT, we deduce that these order
parameters are

0P, =id, —2id,,

O(O) _ Bide
ap,t >
1+2w
O, =0,+Up, (552)
(1) _ 30-6

i 1+2w’
1
o =0,— 2y,

ap,t
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(’:) (’)C(lk)t} for k =0, 1 are the two a;-multiplets and the operator O; comprises the

where {O;° , O’
1_-multiplet. The IR images of above operators are

Og??u = Vo + V1 — 2V2 y

0O — 3o +v1)
ap,t — ’
14+2w
O1_=vo—vi+vs, (553)
oW =_30=n)
a,u - ’
14+2w

1) _
0511?t =vy—Vv;—2V,.

The order parameters for the Rep(S;) SSB phase [TZS ] involve an a;-multiplet and a b_-
multiplet of Rep(S3). Applying KT transformations (368) and (370) respectively to the identity
operator id and the disorder operator u of the Ising CFT, we deduce that these order parameters

are 0
0P, =id, —2id,,,

© __ 3id,

avt 1+2w’

Ob+ =0,, (554)
Ob+,+ = M
Op, — = Ue»

where {O© (’)((l??t} is the a;-multiplet and {0, , 0y ,, Oy, _} the b, -multiplet. The IR im-

a,u’
ages of above operators are

Og??u = Vo — 2V1 — 2V2 B

0) =_ 3V0
aut 142w’

— 555
Ob+ =V —V2, ( )
Ob+,+ =,
Ob _= Vo -

+>

6.11 Phase transition between two Ising SSB phases for Ising symmetry

Now consider the KT transformation studied in section 5.11. This KT transformation converts
Z symmetry to Ising = TY(Z,) symmetry. We use the Ising CFT to now obtain an Ising-
symmetric phase transition described below.

Using the map (379), we can quickly deduce that the Ising-symmetric gapped phases ob-
tained after applying KT transformation on Z, SSB and trivial phases for Z, symmetry are
described respectively by the physical Lagrangian algebras

Eglfsys =1®PP®SS,
! (556)
LMY — 1@ PP @SS
Tf ’

Thus, we have the same Ising-symmetric gapped phase on both sides of the transition, which
is the only possible irreducible Ising-symmetric gapped phase that we refer to as the Ising SSB
phase

[Tf] = Ising SSB phase for Ising symmetry, 557
[Tg] = Ising SSB phase for Ising symmetry.

82


https://scipost.org
https://scipost.org/SciPostPhys.18.5.156

e SciPost Phys. 18, 156 (2025)

For more details on this gapped phase, we refer the reader to [2].

Another equivalent way to deduce this Ising-symmetric gapped phase is to apply the results
of section 5.11. Applying them to the theory T8 = Tls/ appearing in (421), we learn that the
universes involved in the KT transformed theory T° = ‘I‘f are

(‘Z‘f)e = Z, SSB = Trivial, & Trivial; ,

S 5 e . (558)
(%7 )m = Zy, Trivial = Trivial,,

where Z, denotes the dual symmetry obtained after gauging the original Z, symmetry of
T‘f . Thus in total, [‘Z‘lS ] is an Ising-symmetric (14+1)d gapped phase with three vacua. The
identification of the lines appearing in section 5.11 is

lee =190 ® 141, Lnm =159, Sem =102 ® 113,

— _ _ (559)
Pee =101 ® 199, Ppm =1, Sme = 120 ® 13
This implies that the Ising symmetry generators are identified as
P=1y 1100 1oy,
01®110® 122 (560)

S=1p20 112812 ® 1,

where we have used (209). Note that there are non-trivial relative Euler terms between the
three vacua since the linking action (376) becomes

Sem : Vo+ Vv — V2v,, Sme : V2 = V2(vo +v1), (561)
which means that the linking actions of the vacua changing lines are

102: V0—>V2/\/§, 120: V2—>'\/§V0,

(562)
lip: v = n/V2, Iy vp—= 2y,

implying non-trivial relative Euler terms between vacua 0 and 2, and vacua 1 and 2, but trivial
relative Euler terms between vacua 0 and 1. All these properties imply that [T‘ls] is the Ising
SSB phase in which both P and S are spontaneously broken.

Applying the results of section 5.11 to the theory g5 = ‘I‘ZSI appearing in (425) leads to a
similar analysis.

The Ising-symmetric phase transition BZ‘CS obtained after applying the KT transformation
to the Z,-symmetric Ising phase transition can be expressed as follows. It comprises of two
universes

(‘Z‘g)e =Ising,, (Tg)m =Ising/Z, = Ising,,, (563)

where we have used the well-known isomorphism of Ising/Z, with Ising to express it as a copy
Ising,, of Ising CFT. Note that there is no relative Euler term between the two Ising universes

as the linking action of universe changing lines is
1,,: id, —id,,, 1,.: id, —id,, (564)

on the identity local operators id, and id,, of Ising, and Ising,, respectively. These linking
actions reproduce (376) for lines S,,,, and S,,,, as these lines can be expressed as

Sem = See ® 1em = 1em ® Smm’

(565)
Sme = Smm ® 1me = 1me ® See >

where S,, and S,,,, are Kramers-Wannier duality defects of Ising, and Ising,, respectively,
whose quantum dimensions are /2, i.e.

S, : id, = V2id,, Sy, : id,, — v2id,,. (566)
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The schematic form of Tg is thus

Tg = p Clsingeelsingmj P.
N, (567)
S

The Ising symmetry is realized as
P = nee ®nmm’ S :S€m®sm€’ (568)

where 1., and 7,,,, are the Z, symmetries of Ising, and Ising,, respectively.

The relevant operator responsible for the transition is €, — €,,. Adding this operator with
positive sign sends Ising, to Z, SSB phase and Ising,, to Z, trivial phase, and hence we land
on the Ising SSB phase. On the other hand, adding this operator with negative sign sends
Ising, to Z, trivial phase and Ising,, to Z, SSB phase, and hence we again land on the Ising
SSB phase.

The order parameters for the Ising SSB phase [‘E‘f ] involves an operator with generalized
charge PP and two operators forming an SS-multiplet of Ising symmetry. Applying KT trans-
formations (380) and (381) respectively to the identity operator id and the spin operator o of
the Ising CFT, we deduce that these order parameters are

Opp = id, —id,,, ogg) =0,, (’)g‘gt ST (569)

where O, is the operator transforming in generalized charge PP and the operators

{(’)gu, Oé%)t} forming the SS-multiplet. The IR images of above operators are
— (&) — (e) _
OP}_’ =Y + Vi—Vy, OS§,u =Vo— V1, Os§,t =Vy. (570)

The order parameters for the Ising SSB phase [‘I‘g ] also involve an operator with gen-
eralized charge PP and two operators forming an SS-multiplet of Ising symmetry. Applying
KT transformations (380) and (382) respectively to the identity operator id and the disorder
operator u of the Ising CFT, we deduce that these order parameters are

Opp =id,—idy,, O =0,, OD —y, (571)

where O, is the operator transforming in generalized charge PP and the operators

{Og) , Oé’g)t} forming the SS-multiplet. The IR images of above operators are
u ,
Opﬁ =Vg—V1—Vy, Oé%),u =V —Vy, O;ES_),t =7. (572)

6.12 Phase transition between (Z,, Z,) SSB and (Z,,Z,) SSB phases for TY(Z,)
symmetry

Now consider the KT transformation studied in section 5.12. This KT transformation converts
Z symmetry to TY(Z,) symmetry. We use the Ising CFT to obtain a TY(Z,4)-symmetric phase
transition described below.

Using the map (390), we can quickly deduce that the TY(Z,)-symmetric gapped phases
obtained after applying KT transformation on Z, SSB and trivial phases for Z, symmetry are
described respectively by the physical Lagrangian algebras

phys _ .+ — + -
Lis =Log+Lo+Ly+Ly+2Ly,
! (573)
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which correspond to the following TY(Z,4)-symmetric gapped phases respectively

[‘I‘f] = (Z,,Z,) SSB phase for TY(Z,) symmetry,

574
[‘S‘ZS] = (Z,,7Z4) SSB phase for TY(Z,) symmetry. (>74)

A (Z,,Z4) SSB phase for TY(Zy) symmetry with pqg = N has p + q vacua, where the first p
vacua comprise a Z, SSB phase for the Zy subsymmetry, and the last q vacua comprise a Z,
SSB phase for the Zy subsymmetry, with these Z,, and Z; SSB phases exchanged by the action
of non-invertible duality defect S € TY(Zy). For more details on these gapped phases, we
refer the reader to [2].

Another equivalent way to deduce these TY(Z,)- symrnemc gapped phases is to apply the
results of section 5.12. Applying them to the theory T8 = T‘f appearing in (421), we learn
that the universes involved in the KT transformed theory ° = BZS are

(T‘ls)g = Z, SSB = Trivial, @ Trivial; ,
(‘I‘ls )= 7., Trivial = Trivial, (575)

(S‘f)'zn = 7, Trivial = Trivials

where Z, denotes the dual symmetry obtained after gauging the original Z, symmetry of 5’."18/.
Thus in total, [Tf] is a TY(Z,4)-symmetric (14+1)d gapped phase with four vacua. This is
enough to fix it to (Z,,Z,) SSB phase. We can also identify the TY(Z,) lines following (229)
as

(576)

which is precisely the realization of TY(Z,) symmetry in the (Z,,Z,) SSB phase. Note that
(233) is satisfied by linking action
102 L Vg ™ Vo, (577)

which implies that there are no relative Euler terms between any of the four vacua, reproducing
again a property expected of the (Z,,Z,) SSB phase as described in [2].

Applying the results of section 5.12 to the theory g5 = TS/ appearing in (425), we learn
that the universes involved in the KT transformed theory T° = TS are

(%5)8 = Z, Trivial = Trivial,,
(%5)" =Z, SSB = Trivial, ® Trivial,, (578)
(Tzs)g1 = 7, SSB = Trivialy @ Trivial,,

where Z, denotes the dual symmetry obtained after gauging the original Z, symmetry of Tgl.
Thus in total, [TZS ] is a TY(Z,)-symmetric (1+1)d gapped phase with five vacua. This is
enough to fix it to (Z,,Z,4) SSB phase. We can also identify the TY(Z,) lines following (229)
as

A= 100@ 113 @124@132 @141,

(579)

which is precisely the realization of TY(Z,) symmetry in the (Z,,Z,) SSB phase. Note that
(233) is satisfied by linking action
101 Vo 2V1 B (580)

which implies that there is a non-trivial relative Euler term between vacua 0 and
i €{1,2,3,4} but trivial relative Euler terms between vacua i € {1,2,3,4} and j € {1,2, 3,4},
reproducing again a property expected of the (Z;,Z4) SSB phase as described in [2].
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The TY(Z,4)-symmetric phase transition Tg obtained after applying the KT transformation
to the Ising phase transition can be expressed as follows. It comprises of three universes

(T2} = (Ising/Z5) y5 = (Ising]") 5,

(TS = Ising? , ) ) (581)
€0 0 (‘3:‘3);1 = (Ising/Zy) /5 = (Isingy') /5 .
The schematic form of Tg is thus
S
A O\
‘I‘g = Ising; @ Ising}" ® Ising?'. (582)
@) N
A A
The TY(Z,) symmetry is realized as
A=Ngo®112® M1, S =501 ®Sp2®S10® Sy - (583)

The relevant operator responsible for the transition is e; — €]' — €5'. Adding this operator
with positive sign sends Ising( to Z, SSB phase and Ising;" to Z, trivial phase, and hence we
land on the (Z,,Z,) SSB phase. On the other hand, adding this operator with negative sign
sends Ising to Z, trivial phase and Ising}" to Z SSB phase, and hence we land on the (Z,Z,)
SSB phase.

The order parameters for the (Z,,Z,) SSB phase [TS] involve a copy each of L, L;c multi-
plets and two distinct L, o multiplets of TY(Z,) symmetry. Applying KT transformations (392)
and (394) respectively to the identity operator id and the spin operator o of the Ising CFT, we

deduce that these order parameters are
O, =idj—id]' —id]',
u (1) .
0,y =id]"—id7',

o=,
Oy =o§+ul'—uy, (584)
Oy =0g5—u +uy,

O30 =05,

0% = Ui + 1z,

where OF form L] multiplets and {0} (()k), 0y (k)} for k = 1,2 form the two L, o-multiplets of

TY(Z4) symmetry. The IR images of above operators are
OEEVO+V1—V2—V3,

1)
Ohp) = va—vs,

1) _
(’)t( )_v0+v1,

OF =vo—vy +Vy—vs, (585)
2 :VO_Vl_V2+V3,
u,(1) _
Og0 =Vo—

Ot (1) = V2+V3
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The order parameters for the (Z,,Z4) SSB phase [‘If ] involve a copy each of
Ly,Ly,Ly0, Lo multiplets of TY(Z,) symmetry. Applying KT transformations (392) and
(396) respectively to the identity operator id and the disorder operator u of the Ising CFT, we
deduce that these order parameters are

Oy =id§ —id —idy,
Oy =idn —idy,

Oyt =idg,
(’)‘1‘0 =o' —ioy, (586)
0) 0= Ho>

u — . m
05 —01 +ioy,
t
030 Ho

where O forms L, multiplet, {(’); (()1), (’)t (1)} forms L, o-multiplet and {(’)e 0 0% o} form L, o-

multiplets for e = 1,3 of TY(Z,) symrnetry The IR images of above operators are
Oy =EVvo—V1—Va—V3— Vs,

(1)_
O _V1+V2_V3 Vg,

t,(1) —

OZ,E) ) =Y,
Olllo = Vz_iV3+iV4, (587)
Ol0=Vo,

Ogozvl—V2+iV3_iV4,

t —
03,0 =Y.

6.13 Extensions: Higher-order phase transitions and multi-critical points

We can also apply KT transformations to known higher-order phase transitions and multi-
critical points to obtain new higher-order phase transitions and multi-critical points, including
the ones involving non-invertible symmetries. For example, it is well-known that the tri-critical
Ising CFT admits a relevant deformation preserving the Ising symmetry that leads to the gapless
Ising CFT on one side of the deformation and to the gapped Ising SSB phase on the other side
of the deformation. See e.g. [125] for more details. We can now apply KT transformations
to the tricritical Ising CFT with S’ = Ising, and obtain S-symmetric CFTs (for some larger
symmetry S) that act as phase transitions between S-symmetric gapless phases on one side,
and S-symmetric gapped phases on the other side.

Such considerations are natural extensions of this paper, which we leave to future works.
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A Gapped (boundary) phases as pivotal higher-functors

A.1 General systems with non-invertible symmetries

Let S be a pivotal'® fusion (d — 1)-category characterizing symmetries of d-dimensional sys-
tems. Consider a d-dimensional system T, which may be a bulk or boundary system, or even
a defect inside a higher-dimensional system. The S symmetry is realized on ¥ by specifying a
pivotal tensor (d — 1)-functor

¢: S—=Ci1(%), (A1)

where C4_,(%) is the pivotal monoidal (d — 1)-category formed by topological defects of the
system T. Different functors provide different realizations of the symmetry S on ¥. This
includes different couplings to background fields for & symmetry, including discrete torsion.
The non-existence of such a functor means that ¥ cannot be made S-symmetric.

The system T may naturally lie in a family F of d-dimensional systems satisfying certain
desired properties. Then, we have a pivotal d-category C4(F) associated to F in which ob-
jects are the systems in the family and morphisms are topological defects that may transition
between different systems inside the family. We may now be interested in possible ways of
realizing the symmetry S on some system in the family 7. Such ways are classified by pivotal
d-functors

&: BS—Cy(F), (A.2)

where BS is the pivotal d-category obtained by delooping the pivotal fusion (d — 1)-category
S.'! The image under ® of the sole object in BS is the system ¥ € F on which the symmetry S
is being realized. The rest of the information of ® descends to a pivotal tensor (d — 1)-functor

¢: S—Endg, (%), (A.3)

where End¢,7)(T) is the pivotal monoidal (d — 1)-category formed by endomorphisms of the
object T in C4(F), which are precisely the topological defects living in the system ¥, and hence
we have Endc, (7)(T) = C4_1(%), recovering the description (A.1).

See also the recent review [82] which also takes this perspective on S-symmetric systems.

A.2 Gapped phases with non-invertible symmetries

Taking F to be the family F™P formed by d-dimensional (unitary, oriented, fully extended)
TQFTs leads to the classification of S-symmetric d-dimensional TQFTs as the classification of
pivotal d-functors

®: BS—Cy(F*P). (A4)

The non-symmetric d-dimensional TQFT underlying an S-symmetric d-dimensional TQFT is
obtained as the image under & of the sole object of BS. The S-symmetric d-dimensional
gapped phases are then obtained as deformation classes of such d-functors.

In the special case d = 2, the irreducible 2d TQFTs are 3, parametrized by A € R. There
is a single irreducible interface 7, ,, from 3, to 3,, whose linking action on the identity
operator 1, of 3, is

Tpa,: 1p, — ety | (A.5)

where 1, is the identity operator of 3,,. The corresponding pivotal 2-category is denoted as

Cy (F©°P) = 2-Vec®, (A.6)

1Tn the cases of interest in this paper, we want the pivotal structure to be spherical (and in fact unitary).
The d-category BS contains a single object, and the endomorphism (d —1)-category of this object is the pivotal
fusion (d — 1)-category S.
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and understood as the Euler completion of the 2-category of 2-vector spaces. See [126] for
more details on the operation of Euler completion. Thus, S-symmetric (where S is a fusion
category) (1+1)d gapped phases are obtained as deformation classes of pivotal 2-functors of
the form

®: BS —2-Vec®. (A.7)

The complete information of such a 2-functor ® can be extracted from the SymTFT sandwich
construction, as discussed in detail in [2].

As a special case of the above, consider the case when the underlying 2d TQFT is trivial,
i.e. the image of ® picks out the object 3, in 2-Vec®. In this case, we have

End, e (30) = Vec, (A.8)

where Vec denotes the category formed by finite dimensional vector spaces. The possible
S-symmetric TQFTs whose underlying TQFT is trivial are known as symmetry protected topo-
logical (SPT) phases for S-symmetry. Applying (A.1), we recover the well-known fact [127]
that 2d SPT phases for S-symmetry are classified by fiber functors from S, i.e. functors of the
form

¢: S—Vec. (A.9)

In fact, by what we discussed above, we also have
End, \eco(32) = Vec, (A.10)

for any A. Thus, we learn that any S-symmetric 2d TQFT whose underlying non-symmetric
2d TQFT is invertible can be obtained by stacking the underlying invertible 2d TQFT with an
SPT phase.

A.3 Gapped boundary phases with non-invertible symmetries

As another instance relevant for this paper, take F to be the family ]-';:Iil formed by all topolog-

ical boundary conditions of a (d +1)-dimensional TQFT 3,4,;. Then C,4 (}';Zlil) is the pivotal d-

category B(3,44,) formed by topological boundary conditions of the TQFT 34,,. S-symmetric
topological boundary conditions of the TQFT 3,4,; are then classified by pivotal d-functors

®: BS—B(3441)- (A.11)

Moving forward, let’s restrict to d = 2 and 34, to be an irreducible 3d TQFT 3 admitting
gapped boundary conditions. As discussed in the main text, such a 3d TQFT can be identified
as the SymTFT associated to a unitary fusion category C

3=3(0). (A.12)

Note that in general there are multiple choices of C satisfying the above relation, all of which
are related by Morita equivalences.
The 2-category B(3) is completely determined in terms of C, whose Drinfeld center Z(C)
is equivalent to the MTC Z
Z(O)=Z. (A.13)

Let us describe the information of B(3) in terms of the information of C. The simple objects
of B(3) are irreducible topological boundary conditions of 3 and they are parametrized by
pairs (M, A) where M is an indecomposable module category for C and A € R. We label the
corresponding irreducible topological boundary condition, or the corresponding simple object,
as B, (M).
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The morphisms

Hom(B; (M), B,(M)), (A.14)
from B, (M) to B,,(M’) are the given by the category N having the property
ch%/\f:/\/l’, (A.15)

where R, is the Deligne product taken relative to the fusion category ), obtained as the
dual of C with respect to M. The category N describes the topological lines acting as interfaces
from B, (M) to B,,(M’). In particular, we have

Hom (B, (M), B,,(M)) =C,, (A.16)

and
Hom(%8,(C),B,.(C)) =C, (A.17)

for the special case of a regular module M = C. Thus, the topological line operators on a
boundary %, (M) form the fusion category C} ;, and for the special case M = C, we have that
the topological line operators on 9B, (C) form the fusion category C.

Let us now describe some properties of the pivotal structure. Consider a simple line oper-
ator L in N = Hom(%xl(/\/ll), %AZ(MZ))- It has some quantum dimension d,_ »,(L), i.e. its
linking action on the identity operator 1y 2 (M) of the boundary B, (M,) is

L: 1‘311(/\/‘1) - dll,lz(l’)l%lz(/\/fz)j (A.18)
where 1y 1y (M2) is the identity operator on the boundary %, (M,). Then the quantum dimen-
sion of the same operator L in N' = Hom(% x (M;),8 A;(Mz)) is

(1)
dy (L) = mdxl,xz(]a)- (A.19)

Toric code example. As an example, take 3 to be the Toric Code. In this case, the only choice
for C is
C= VecZ2 . (A.20)

There are two module categories M = Vec;, and M = Vec. We thus have irreducible topo-
logical boundaries

B, (Vecy,), B, (Vec), (A.21)
with

Hom(%l(VecZZ), ‘B;V(Veczz)) = Vecy, = {13’/1,, Pzw} ,

Hom(%l(Vec), %A/(Vec)) = Vecy, = {12/1,, P)’\’}A,} ,

om (A.22)
Hom(%A(VecZZ), %;L/(Vec)) =Vec = {SAW} ,
Hom(%A(Vec), ‘BA/(VecZZ)) =Vec = {S;’fi,} s
where we have displayed the simple lines as well.
The non-zero fusion rules are
i i _ i
17‘1:12 ® 112:13 - 111,13 ’
i i _ pi i _ pi
131712 ® Plz:ls - Pll,lz ® 132@3 - pkl,ks ’
i i i
PM,AZ ® PAZ,M - 111,)»3 ’ (A.23)
i ij _ ol j _ clj .
Bt @S, = 5202, @ Uipa, =S40,
i ij _ clJ J _ clJ
Py @S0 = 5000 © Pagny T Sa00,0

ij Jji _qi i
Sauy @S0, = L, @ Paay
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where i, j € {e, m}, and the quantum dimensions are

' _ (A=A
d(p] , )=e et (A.24)
ij _ —(A—2
d(Sle) = v/2e M),
B Condensable algebras
The conditions that condensable algebra A = &,n%a in Z must satisfy are [120]
(CA1) n'=1, n%eN, n*=n.
(CA2) s, =0, forae A.
Sz S%nb ..
(CA3) &2—— = cyclotomic integer for alla € Z.
Zbezs n
(CA4) n*<d,—o(d,) .
(CAS) n®n® <> Nn°—65_+56(d,) .
(CA6) =), sabpb if A is Lagrangian.
Here S is the S-matrix and s, the spin, and 6(d,) is defined as
6(d,)=0, ifd, N,
(do) ifd, ®.1)
6(dy)=1, ifd, ¢N.

We note these are only the necessary conditions ( see the Introduction — around (6) — for further
discussion). We proceed by identifying algebras that satisfy the above necessary conditions
and then check that there is a consistent condensation, assuming the limitations discussed
above. Once we have a condensable algebra A, the associated reduced topological order Z/.A
is determined by computing local .A-modules in Z(S) [123], which form a “smaller” modular
tensor category Z’.
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