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Abstract

Integrable systems feature an infinite number of conserved charges and on hydrody-
namic scales are described by generalised hydrodynamics (GHD). This description breaks
down when the integrability is weakly broken and sufficiently large space-time-scales
are probed. The emergent hydrodynamics depends then on the charges conserved by
the perturbation. We focus on nearly-integrable Galilean-invariant systems with con-
served particle number, momentum and energy. Basing on the Boltzmann approach to
integrability-breaking we describe dynamics of the system with GHD equation supple-
mented with a collision term. The limit of large space-time-scales is addressed using
Chapman-Enskog expansion adapted to the GHD equation. For length scales larger than
~ A72, where A is integrability-breaking parameter, we recover Navier-Stokes equations
and find transport coefficients: viscosity and thermal conductivity. At even larger length
scales, this description crosses over to Kardar-Parisi-Zhang universality class, character-
istic to generic non-integrable one-dimensional fluids. Employing nonlinear fluctuating
hydrodynamics we estimate this crossover length scale as ~ 174,
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1 Introduction

Hydrodynamics is a universal theory of many-body systems out of equilibrium emerging at
large space-time scales. It applies both to quantum and classical degrees of freedom and was
proven extremely useful in systems as diverse as classical and quantum fluids [1-4], biolog-
ical systems [5], relativistic matter [6], quantum circuits [7, 8] and electrically conducting
fluids [9]. Within hydrodynamic approach, an enormous number of microscopic degrees of
freedom is reduced to effective hydrodynamic fields, which follow the continuity equations
written for densities of conserved quantities of the system.

From the perspective of the long history of hydrodynamics, the system which attracted the
most attention was three-dimensional classical fluid (or gas), omnipresent in natural sciences.
Basing on phenomenological arguments, it was established long time age that such system
can be well described by the famous Navier-Stokes (NS) equations [2,3]. NS equations take
a universal form and non-universal details of the specific fluid are fixed by transport coeffi-
cients. In the context of NS equations, these are of two types: the first is fixed solely by the
thermodynamics of the fluid, whereas the second is related to dissipative effects and requires
knowledge about the microscopic dynamics of the particles. Dissipative coefficients of the
three-dimensional fluid are shear and bulk viscosities and thermal conductivity. An extremely
important challenge related to the NS theory is microscopic derivation of these quantities.

The microscopic explanation of NS equations was provided by the kinetic theory, with
the Boltzmann equation as the central object of the framework. The first method which suc-
cessfully connected collisional dynamics of Boltzmann equation to NS hydrodynamics was
formulated by S. Chapman and D. Enskog over one hundred years ago. It has uncovered not
only the universal NS equations by the means of suitable perturbative expansion but also pro-
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vided quantative predictions for dissipative transport coefficients in terms of explicit integral
equations, known today as Chapman-Enskog (ChE) integral equations.

Experimental [10-20] and theoretical progress [21-27] of the recent years gave rise to
a large interest in dynamics of one-dimensional quantum integrable systems, such as spin
chains or interacting bosonic and fermionic gases. Despite interactions between particles,
integrable models possess an infinite number of conserved charges, displaying significantly
different hydrodynamic behavior as compared to non-integrable counterparts. The relevant
theory, which takes an infinite number of conservation laws into account, was developed in
2016 [28,29] and is known under the name of generalized hydrodynamics (GHD) [30-32]. It
was tested in cold-atomic experiments [ 16,33] and nowadays GHD is the standard framework
to tackle out-of-equilibrium dynamics of integrable systems.

Shortly after its formulation, the theory was extended in various directions. Notably, it was
generalized to the case of external fields coupled to the charge densities [34,35] including per-
haps the most important case of external potential coupled to density of particles. Moreover,
the GHD theory was later extended to include the effects of diffusive broadening of quasipar-
ticles due to interactions [36-38]. For the comprehensive review of recent advances in GHD
theory, see the series of articles [39-46] with an introduction given in [47].

Integrable systems are fine-tuned models and are never exactly realized in experiments.
Thus, it is important to study the effects of weak integrability-breaking [12, 39, 48-61],
such as additional weak interactions between particles [62-65], which make the model non-
integrable. In the context of large space-time-scale dynamics, these can be treated as correc-
tions to the GHD dynamics of the underlying integrable model. It is established now that under
effects of weak integrability-breaking the relevant equation for dynamics of quasiparticles is
GHD equation supplemented with Boltzmann-like collision term [39,49, 63, 66], to which we
will refer as GHD-Boltzmann equation. This feature renders the setup similar to the dynamics
of classical Boltzmann equation, studied since a very long time.

The aim of the first part of this paper is to leverage this similarity and to adapt the ideas
of Chapman and Enskog to a new physical context of Galilean-invariant nearly integrable
quantum gases. In particular, as announced in a shorter paper [51], we derive the trans-
port coeficients for such class of systems in terms of generalized ChE equations. Although
GHD-Boltzmann equation differs from the standard Boltzmann counterpart by the presence
of nonlinear effective velocity in the streaming term and by diffusion of quasiparticles, we
show that a (generalized) ChE approach is capable of deriving the NS hydrodynamics from it,
including the dissipative transport coefficients.

The results presented here parallel our developments reported in [51] where transport co-
efficients where derived from a linearized GHD-Boltzmann equation. Here, by generalizing the
ChE method, we compute the transport coefficients beyond the linear approximation. Yet both
approaches predict the same expressions for the transport coefficients, a feature recognized
already in the classical kinetic theory [67] but a priori not guaranteed.

In the second part of our work, we address the important issue of the stability of NS equa-
tions due to interactions between hydrodynamic modes. Building on results of the first part,
we employ the nonlinear fluctuating hydrodynamics (NLFH) to analyze the crossover between
diffusive NS hydrodynamics and Kardar-Parisi-Zhang (KPZ) superdiffusion, which is expected
to occur in generic non-integrable one-dimensional fluids [68-71] at largest length and time
scales. Moreover, we estimate length scales on which different hydrodynamic descriptions
(GHD, NS, KPZ) are valid.

The paper is organized as follows. Section 2 introduces the main ingredients of the frame-
work that we use. These include Thermodynamic Bethe Ansatz (TBA), GHD-Boltzmann equa-
tion, collision integrals stemming from integrability-breaking, the role of Galilean invariance
and length-scales relevant for the problem. In the following Section 3, we recall the ChE
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theory for the classical Boltzmann equation. These first two sections serves as a basis for Sec-
tion 4 in which we adapt the ChE method to the nearly integrable quantum gases described
by the GHD-Boltzmann kinetic equation. In Section 5 we study equations of NLFH to analyze
the crossover between NS diffusive and KPZ superdiffusive behavior of two-point functions.
The paper finishes with conclusions presented in Sec. 6. Some additional formulas and short
supplementary derivations are relegated to Appendices A and B.

2 Preliminaries

In this section we introduce the main objects used to derive the NS equations for nearly-
integrable systems. We start with a short description of one-dimensional NS equations in 2.1.
Next, we discuss the thermodynamics of quantum integrable models within the framework
of the Thermodynamic Bethe Ansatz (TBA) and different representations of GHD-Boltzmann
equation in 2.2. Consequences of Galilean invariance on the TBA quantities are derived in 2.3.
After that in 2.4, we move to the discussion of the most important properties of collision inte-
gral in systems with conserved particle number, momentum and energy. In 2.5 we then derive
mesoscopic conservation laws: the starting point for ChE expansion, which will be motivated
by identification of small parameters in 2.6, which discussess the relevant lengthscales for our
problem.

2.1 Navier-Stokes equations

The NS equations are continuity equations for conserved densities and associated currents.
In (1 + 1) dimensions these are particle density ¢y(= o), momentum density ¢, and energy
density ¢,. Here and in the following, we suppress the dependence on the space-time coordi-
nates (x, t) unless its presence is required for the clarity. In the hydrodynamic treatment it is
customary to use velocity u and internal energy e instead of ¢; and ¢,. Furthermore, the in-
ternal energy density e is often replaced by local temperature T on the basis of the assumption
of local thermal equilibrium. We will refer to the sets {p,u, e} or {o,u, T} as hydrodynamic
fields.

The NS equations for the hydrodynamic fields, in the presence of the external potential
U(x) confining the particles, are [1-3]

3.0 =—0,(ow), 3.(ou)=—3.(ou®+P)— (8, U)o,

9,(pe) =—0, (upe+J)—Pd.u. ¢))

The equations, beside the hydrodynamic fields, involve also hydrodynamic pressure P and
heat current 7. In the phenomenological picture they take the following form

P=P—{3u, J=-xk0,T. 2)

Here, we expressed the heat current 7 through a gradient of the temperature to conform
with the standard formulation. The two transport coefficients are viscosity ¢ and thermal
conductivity k, and the two relations in (2) are respectively the Newton’s law for a viscous fluid
(with shear viscosity absent in one spatial dimension) and the Fourier’s law for the heat current.
P denotes here the standard thermodynamic pressure. The abovementioned thermodynamic
relation between e and T fields which together with (2) allows to close the equations is [2]

1 1(P T (0P
dT = —de——| ——— | — d 3
9% ‘ v (92 Qz(aT)e) e ®

where cy, is the specific heat at constant volume.

4
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The NS equations (1) describe a Galilean invariant fluid. The density o and temperature
T are invariant (scalars) under Galilean boost, whereas velocity and internal energy transform
in the standard way. Another invariants are pressure and transport coefficients. This implies
that pressure P = P(p, T) and transport coefficients depend only on the local density and
temperature of the fluid { = {(p, T), k =« (o, T).

The central result of this work is derivation of the NS equations for nearly-integrable quan-
tum gases described with a particle number, momentum and energy conserving Hamiltonian
of the form

H=Hy+AV, A<1, @)

where Hj is an interacting integrable Hamiltonian and V is the integrability-breaking term.
Using a generalization of ChE method we recover exactly (1) with thermodynamic quantities
such as specific heats and pressure dictated by the thermodynamics of the integrable model
and with the explicit expressions for the two transport coefficients.

The transport coefficients that we find are sums of two contributions { = {7 + {5 and
K = k7 + Kp. The contributions {4, ko originate from collisions of quasiparticles of the inte-
grable model. They are an effect of interactions present in H, and are straightforwardly com-
puted from the methods of integrability.! On the other hand, {7,k are related to Boltzmann
collision integral Z which represents the effects of integrability-breaking due to V. Similarly
as in the classical kinetic theory, computation of {7, k7 requires solution of integral equations.
Expressions for transport coefficients were reported in [51] and we present their derivation in
the ChE formalism in Sec. 4. In the classical kinetic theory there is only one type of contribu-
tions to the transport coefficients originating from the collision integral 7 since H, represents
then a non-interacting system.

Finally, we mention an alternative representation of the NS equations in terms of the local
conserved densities {¢q, ¢, ¢>}. These are related to the hydrodynamic fields through the
following relations

g 7 9
2 =40, u==t, e= =2~ 12- 5)
70 70 29

The NS equations (1) for the conserved densities are then
90+ 0xg1 =0,

2
9
at¢1 + ax (_1 + P) = _(axU)QO 5 6)
20

B,y + 0, (‘W’z +Npy .7) = —(8,U)g;.
20 90

The two formulations of the NS equations will be useful in what follows.

2.2 Thermodynamic Bethe Ansatz and GHD-Boltzmann equation

In this section, we introduce the central object of our study — the GHD-Boltzmann equation.
Together with it we introduce the main ingredients of the TBA. As we focus on Galilean invari-
ant systems, the bare energy reads E(1) = A2/2 and bare momentum is p(1) = A. We set the
particle mass to unity m = 1.

The GHD equation, like a standard kinetic equation, is an equation for a (quasi-)particles’
distribution p,(4; x,t). The integrable structure provides a number of alternative represen-
tations of the state of the system. The two additional useful representations are through the

IThey are thermal matrix elements of the GHD diffusion operator ®.
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local values of conserved charges {¢,(x, t)} and local (generalized) temperatures {f3,(x, t)}.
The values of the former are given by

gn(x,t) = J dA 7%, (A)pp(A; x, t), (7

where #,(A) is the single-particle contribution to the charge density ¢,(x, t). For a Galilean-
invariant theory the ultra-local charges are given by choosing

An(A)=A"/n!, (8)

and charges are cumulants of the quasiparticles’ distribution.

The second representation of the state is through the generalized temperatures and re-
quires introducing the generalized TBA which we now quickly recall in the standard version
applicable to homogeneous systems [72-75]. The initial object is the pseudoenergy ¢, which
takes the following form

eoM) = D AWy ©)
The local distribution of quasiparticles is then determined from the generalized TBA equations
e(A) = Eo(l)+JduT(l—u)F[6(M)], (10)
1
Prot(A) = o + J du T(A — p)n(u)pwpd(u), (11)

where 7 (A) is the model-dependent scattering kernel. For instance, for the Lieb-Liniger model
[76,77] with coupling c it reads T(1) = £ ——. Function F[e(u)] is related to the free energy

T c2HA2”
density f = % f dAF[e(A)] and depends on the statistics of particles [31]. For models with
fermionic statistic of quasi-particles (as the Lieb-Linger model) it reads F[e] = —log(1 + 7€),
for bosonic F[e] = log(1 —e™¢) and for classical particles F[e] = —e ™. Solving the first
equation yields e(A) which enters the filling function
=3 (12)
de )

and in turn specifies the second equation. We note here that for the fermionic statistics
n(A) = 1/(1+eM). The total density p,,, determines then the particles’ density according to
Pp(l) = n(A)por(A)-

Generalization to the non-homogeneous systems relies on assumption that locally the state
of the system is described by the TBA with generalized temperatures varying in space. Namely
the pseudoenergy (9) is promoted to

eo(hx, ) = D fin(MBy(x, 1), (13)

and the outcome of the TBA is space-time dependent p, (A, x, t).
We move now to the GHD-Boltzmann equation for nearly integrable systems. It reads [35,
39,50]

1
atpp + ax (Vpp) = (3xU)aePp + Eax (anpp) +I[pp] P (14)

with effective velocity v, an external potential U, the diffusion kernel © and the Boltzmann col-
lision integral Z[p,,]. The effective velocity for Galilean-invariant models fulfills the following
integral equation [28,31]

v(A) =/ (M) + 2nJ dVT(A—A)p,(A) (v(A)—v(R)). (15)

6
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Before we describe the diffusion kernel D, we introduce some notation. For an arbitrary op-
erator O we introduce the following notation for its action on arbitrary functions v, ¢

(OY)(A) = f duO@, Wy (), YOy = f dAduO@, Wy (A)e(u), (16)

and use the standard notation for kernel multiplication

(010,)(A, ) = J dvO1(A, v)O, (v, ). (17)

The diffusion kernel is then (below p,, and n should be understood as diagonal kernels) [37]
D=01-nT) plDpa(l—nT), D(O,a)=5(0—a)w(0)—W(0,a), (18)

and
W(0,a)=p,(0)f(0)(T(0, a))2 V(@) —v(a)l, w(B)= f daW(a, 6), (19)

where f(6) denotes statistical factor [31]

d?F/de?

FO)=="35 /3

(20)

€(0)

which depends on the particles’ statistics (it reads f = 1—n for fermions, f = 1 +n for bosons
and f =1 for classical particles). The dressed scattering kernel fulfills

T =T(A=A)+ J AT —=A"n(A)TEA, 1), 21)

and in addition to that we define dressing of an arbitrary function g(A) as solution to the
integral equation

g =g+ J dA'T(A—2n(2)g™ (1), (22)

which implies that g9 = (1 —7n)'g.

The effective velocity and the diffusion operator depend on the state p,. This renders
the GHD-Boltzmann equations non-linear even in the absence of the collision integral. The
diffusion term leads to the entropy production [37] and in the interplay with the external
potential leads to a stationary thermal state even in the absence of the collision term [78]. For
now, we set U = 0 and discuss the effect of the external potential in Section 4.4.

In what follows, we will present a slightly different parametrization of the GHD-Boltzmann
equation (14). We start with the relation between the generalized temperatures and conserved
charges and associated currents, which are described by the hydrodynamic matrices

9 %a 94q
—Zle — f,Chy, B =—

where 7, is the expectation value of the conserved current operator 7, evaluated on the
generalized TBA state [28],

Cab =

= %,BA,, 23)

Lalx,t) = f dA%(A)v(A; x, )pp(A; x, t). (24)

7
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The kernels of the two operators introduced above are

C=1-nT) 'ppf1=Tn)™", B=Q-nT) 'pfv(1—Tn)". (25)

In the passing we note that hydrodynamic matrices (23) are symmetric. Moreover, the matrix
C defines a hydrodynamic inner product, which we will use throughout the paper

(flg)=fCg. (26)

After introducing the required ingredients we can now rewrite the GHD-Boltzmann equations.
First, from the TBA equations it follows that [31,51]
opy _ 0(vpy) _
9Pq 9Pq

These relations allow us to transform the GHD equations to equations for the generalized
temperatures

—Ch,, —B#,. 27)

Con@uly + Baefy = 50 (DC)ap 8y) — A TT{B, 1. (8)

We can also transform them into the continuity equations for the charges. The first two terms
transform easily using again the hydrodynamic matrices,

aL"}a = _Cabatﬂb > axJ'a = _Babaxﬂb . (29)

The diffusive term of the GHD equation requires expressing the change to 3, due to a change
to the conserved charges. Assuming the susceptibility matrix C,;, is invertible we have

Ba=—.Caldrp, (30)
b

and
. 1
at‘}a +axoza = Eax (Dabax{}b)"i'ﬁ/az[{{}b}]- (31)

The three representations of the GHD-Boltzmann equation given in egs. (14), (28) and (31)
will be important for the discussion ahead.

2.3 Galilean invariance and thermal boosted state

We discuss now the role of the Galilean invariance. Specifically, we introduce the thermal
boosted states and the transformations of the hydrodynamic matrices under the Galilean boost.

Consider a homogeneous state of the system described by distribution p,, which as a whole
moves with velocity u # 0, where

L [ dA%,(M)p,(1)
J daz(M)pp(2)

This state can be understood as a Galilean boost of the state with zero total momentum and
with distribution function p,(24) such that p,(1) = p,(A —u). If one distribution is a solution
to the TBA equations so is the other one and the corresponding bare pseudo-energies obey
the same type of relation €3(A) = €y(A —u). This relation is a consequence of the kernel
T (A—u) being a difference operator (which itself is required by the Galilean invariance). The
transformation under the Galilean boost can be realized by introducing a boost operator b,
such that p, = b;l ppby with by =1and b_, = b;l. In the rapidity variable the operators are
represented by b, = exp(ud,).

(32)
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As discussed above, the TBA offers 3 equivalent characterizations of the GGE states one of
which is the distribution function p,,. Another one is provided by the generalized temperatures.
The transformation laws for the generalized temperatures can be read off from the equality
between the bare pseudo-energies €y(1) = €y(A —u). Expanding both sides of the equality in
generalized temperatures we obtain

D Batia(W) =D Putia(A—u). (33)

Functions %,(A —u) expand in /4,(A),

Fra(A—u) = gap(—u)Ap(2), (34)
b

where we introduced a transformation matrix g,;(—u) whose structure is a consequence of
the monomial form of functions %,(A) defined in (8). From this it follows that

Ba= By8pa(—11). (35)
b

The transformation matrix g(u) is a representation of the boost operator b, in the space of
functions %, determining the local conserved charges. The matrix is lower triangular because
/4(A —u) expands into 7% (A) with b < a. We also have

g0=1, g w=g(-uw. (36)

In principle, g(u) is an infinite-dimensional matrix, but because of its triangular structure it can
be truncated at a chosen order. For example, in the subspace of 3 lowest conserved charges,
which will be relevant in deriving the NS equations, the matrix is

1
u

gu) = , (37)

S = O
— O O

12
zu

and its action in this subspace is closed and is invertible.
The expectation values of the conserved charges transform in the similar way as %4,

7a= 8. (38)
b

where ¢, and ¢, are values before and after the boost respectively. We also note that the
effective velocity transforms as
v(A) =V (A—u)+u. (39)

For the analysis of the transport coefficients the transformation properties of the hydrody-
namic matrices are important. First we note that, at the level of operators, we have

C(u,A)=Db_'Clu, A)b,,  B(u,A)= Db, B(u, A)b, +ub,'C(u, )b, (40)
with the operators acting now on both variables, b, ~ e“% ® e“%. This implies that
Cab = . 8acWCea(gT(W)ap = (s@)CgT W), »
cd

Bap = (¢Bg" (W), +u(g)Cg" W),y -

(41)
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Furthermore and independently of the boost, C,o = B,;. This follows from the fact [31] that
v(A) = /i‘lir(k)/ﬁgr(l) and from definitions (25) of C, B kernels.

Among all the states described by the generalized TBA a special role is played by thermal
states and boosted thermal states. The former are described by non-zero f, and 3, with all
other chemical potentials zero. Boosting the thermal state by u the generalized temperatures
become

Bo = Po + %Uzﬁz ) By =—ups, Bo=Ps. (42)

This implies that (inverse) temperature is an invariant of the thermal state under the Galilean
boost. Another invariant is the particle’s density ¢. Therefore, a triple (¢, ¢1, f2) provides
a convenient parametrization of thermal boosted states. It transforms minimally under the
Galilean boost by u to (g, g1 + U, ).

The particles distribution for a thermal state is an even function, p,(1) = pp,(—A). A
consequence of this is a checker-board structure of the hydrodynamic matrices. In the subspace
of the 3 first conserved charges

) Coo 0 Cop ) 0 By O
Cao=(0 Cuu 0|, By=(Bn 0 Bp]. (43)

We observe that C,, is invertible as detC = C;1(CpoCoz — Co2) = T*o*cyx1, where x is
isothermal compressibility of the integrable model and cy, is specific heat at constant volume.
Thermodynamic stability conditions guarantee that ¢, x; > 0, hence detC > 0. Above we
have used formulas for thermodynamic quantities expressed with matrix elements of C, 5,
given in Appendix A.1. The hydrodynamic matrices for thermal boosted states follow then
from transformations (41).

2.4 Collision integral

In this section we look more closely at the collision integral Z[p,] and discuss the most im-
portant properties of it. The collision integrals considered by us originate from integrability-
breaking. In Ref. [35,63] it was shown how such terms arise due to perturbative treatment
at the level of Fermi’s Golden Rule (FGR). However, the ChE method does not depend on the
precise form of the collision integral. Instead, it relies on two general and physically motivated
properties that we now discuss. We refer to [51] for an example of a collision integral in the
system of two coupled Lieb-Liniger models. It can be explicitly checked that collision integrals
derived in [35,63] have the properties listed below.

First of all, a characteristic feature of the collision integral Z[p,, ] is a set of collision invari-
ants, namely quantities conserved by it. The natural choice for the collision invariants are the
particle number, momentum and energy and such choice yields the NS equations. For collision
integral 7 respecting these three conservation laws we have

ﬁaI=fd9ﬁa(9)I[pp](9)=O, a=0,1,2. (44)

Another choice, for example, is to respect only the particle number, the resulting hydrody-
namic equations are the non-linear diffusion equations. We will investigate such situation in
a future work.

The second important feature of the collision integral are the stationary states pls)t fulfilling

Tlpy1=0. (45)

10
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We will generally assume that the stationary states are TBA boosted thermal states described
in the section above. This can be shown for classical Boltzmann collision kernel [2]. Moreover,
in Ref. [35] it was demonstrated for collision integrals constructed from FGR that indeed the
stationary states are TBA boosted thermal states with pseudoenergies of the form

€o(0) =—PBu+ v7%1(0) + /4(0). (46)

However, collision integrals might also posses non-thermal stationary states as discussed, for
example, in [65]. Such situations are also beyond the scope of the present work.
In our calculations we will be mostly interested in the operator

67
o0p
The conservation of energy, momentum and particle number by the collision integral implies

that I" has three zero eigenvectors

I'= (47)

J dA%(AT(A,u) =0, a=0,1,2. (48)

In our work, we also assume that I beside these three zero eigenvalues, the rest of the spectrum
is positive and gapped, with a gap v > 0 providing a characteristic time-scale for thermalization
in the system. These assumptions were confirmed in a concrete example of coupled Lieb-
Liniger models investigated in [51].

2.5 Mesoscopic conservation laws

In this section we make the first steps towards recovering hydrodynamic equations from GHD-
Boltzmann equation (14). We start by writing the equations for the dynamics of the first three
charges. Existence of three collision invariants leads to three mesoscopic conservation laws,
c.f. (31),

. 1
at¢a + axoza = Eax (Qababe) 5 a=0,1,2, (49)

with 7,(x, t) defined in (24).

This set of three equations is not closed. The equations depend on the full information of
the state of the system, not only on the first three charge densities. Otherwise, these equations
are similar to the NS equations in a proper representation. The ChE method allows us to
effectively integrate out the information about the evolution of the other charges which are
not conserved by the collision term. Because of that, they are decaying and lead to appearance
of additional (beside the contribution from the GHD diffusion) dissipative terms.

It is helpful to write equations (49) more explicitly. First, we use the Markovianity property
of the diffusion operator. It implies that %, = O for Galilean-invariant systems [36] and the
density obeys a conservation laws without diffusive terms,

O q0+0xLo=0, Jo=1791- (50)
The other two continuity equations are

Org1+0x21=—0xPo,

) (51)
Orqa+ 0y so=—0x (UPs +Ts),
where we defined
1
P@ = _E J dkd“ ﬁ’l(l)g(ﬂv .U')axpp(.u) = _ﬁlgaxpp/z; (52)
1
uPy +Jp = 3 f dAdu %o (A)D(A, w0, pp(u) = —%200,pp/2, (53)
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anticipating the structure of the expressions.

The currents 7, involve two types of contributions. The first one depends only on the
hydrodynamic fields, the second requires knowledge of the full rapidity distribution p, via
contributions to hydrodynamic pressure P, and heat current .7,. The result is

. f} .
H=224P,, =L up, 47, (54)

90 90

where we defined the contributions to pressure and heat current
P, = f dAA—uv(D)py(A), (55)

Jy = f dE&*(v(u+&)—wpp(u+&) = f dAA—ul(v(A) —wWp,(A).  (56)
The resulting equations are now

Orq0+0yq1 =0,

42
1 —

By + By (%% +uP+j) =
70

They take a form of the NS equations (1) with P =P, + Py and J = J, + Jp. Anticipating
our findings, the ChE method approximates expressions for P and .7 such that they depend
only on the hydrodynamic fields through Newton’s and Fourier’s laws (2), thus closing the set
of equations.

2.6 Relevant lengthscales

In the GHD-Boltzmann equation we have (at least) 3 relevant scales in the system. There is a
microscopic length-scale 14, (given by the scattering shift of the integrable theory), there is a
hydrodynamic length-scale I, at which p,, varies in space and there is time-scale 77 specyfing
the rate of the integrability-breaking collisions. Introducing the latter into the GHD equations
we obtain (below we defined 7 = %i)

1
atpp + ax(vpp) a (anpp) - [pp] (58)

with the following dimensions

1

—7 [tz]=s, [vl=m/s, [D]=m?/s. (59)
m2/s

[pp]=[Z]=

We introduce also (v), a typical velocity of quasiparticles which is a characterstic of the
state. Then I = (v)77 is a distance travelled by a quasiparticle between the non-integrable
collisions. We can now rewrite the GHD equations in a dimensionless form. To this end, we

write 5
Vv ~

=Y = (60)
(v) ()ls

which defines the dimensionless effective velocity and diffusion operator. Then, in the reduced
variables t = t/1}, and ¥ = x/I;,, we find

<t

. 17 - Th =~
Otpp + 0(7pp) — Ef—i’a,?(@afpp) = T—zz[pp]. (61)

12
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The two ratios appearing in the equation can be reinterpreted through length-scales. Intro-
ducing parameters which can be identified as generalizations of Knudsen numbers [2] from
standard kinetic theory

—on 5T (62)
Th h

the GHD-Boltzmann equation becomes
. 1 ~ 1 -
Fpp+ 0x(Vpp) — 5593;%(@5&/%) = 5—I[Pp] . (63)
I

We note that in order to be in the hydrodynamic regime we require 65 < 1 and in order to treat
the collision integral as a perturbation we need also 67 < 1. The second condition guarantees
that collisions occur in effectively homogeneous background and system thermalizes locally.
Lastly, it is useful to realize that almost identical set of mesoscopic conservation laws as
(57) can be derived in the rescaled units. What happens is that we recover the same equations
with a single difference that parameter 65 appears explicitly in expressions for Py and 75

P@ :—6@)%198)([)1)/2, llpg'i‘j@ =—5©ﬁi2®3xpp/2. (64)

In what follows we work with the rescaled units (but without using the tilde symbol explicitly)
which introduces small parameters d4, 7. After truncating expansion at a given order, as a
last step we will restore the original units, thus eliminating the generalized Knudsen numbers
from the equations.

3 Chapman-Enskog theory for the Boltzmann equation

ChE expansion [2-4] was the first theory, which successfully connected microscopic dynamics
of Boltzmann equation to the equations of hydrodynamics. It was developed by S. Chapman
and D. Enskog more than one hundred years ago. Originally formulated for three-dimensional
classical gas, it has uncovered not only the universal NS equations but also provided quantative
predicitions for transport coefficients in terms of explicit integral equations. In this section we
write a summary of this classic result. It provides context for the generalization of the method
to quantum integrable theories developed in the next section.
We start with the Boltzmann equation written as

dp +vorp =Iglpl, (65)

where p(x,v) is one-particle distribution function on a phase space and I3[ p ] is the Boltzmann
collision integral, a nonlinear functional of the p distribution. For the sake of this discussion,
we do not discuss the of the operator Iy and consider one-dimensional system. The main idea
behind ChE expansion is based on two important observations about the Boltzmann equation:

* The only stationary states of collision integral I3[ p] are space-varying boosted thermal
states. For classical gas these are given by boosted Maxwell-Boltzmann distributions

o) (0P
V21T (x) 2T (x) ’

where p(x),u(x), T(x) are density, velocity and temperature of the gas at the point
x, respectively. We have set m = 1 and kg = 1. The process of relaxation from a
generic state towards local boosted thermal states happens on a characteristic relaxation

Po(x,v) = (66)
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time-scale 7, which depends on the interaction potential between particles encoded in
collision integral Iz[ p] and on the state itself.

We emphasize here that in general the states (66) are stationary states of collision in-
tegral term only and some dynamics is generated by the streaming term vd, p. Global
equilibrium states of (65) correspond to boosted thermal states with hydrodynamic fields
uniform in space p(x),u(x), T(x) = const, for which the streaming term vanishes as
well.

* Collision integral conserves density of particles, momentum and energy. This is equiv-
alent to the existence of three collision invariants %Z,(v) = 1, Z,(v) = v, %,(v) = %vz,

such that
Jdvﬁa(v)IB[p](v)ZO, a=0,1,2. (67)

Naturally, collision invariants can be directly related to hydrodynamic fields p(x), u(x),
e(x), which are given by

(%1) () 1 .
e(x)= (%), ulx)=-—,  e(x)=-—+—cu(x), (68)
’ (40) (o) 2
where (-) denotes average over velocities with respect to p. What is more, the tempera-
ture field is simply given by e(x) = %T(x), assuming that the system is in local thermo-
dynamic equilibrium. We collectively denote the hydrodynamic fields as {p,(x, t)}.

The observations listed above point towards the existence of two characteristic timescales
in the system. Starting from an initial distribution, on a timescale given by 7 the system
will locally thermalize, such that it can be described by hydrodynamic fields p(x),u(x) and
T(x). On a longer, hydrodynamic timescale 7}, the streaming term will be dominant and these
fields will evolve according to the standard equations of hydrodynamics. In order to see their
structure explicitly, we multiply the Boltzmann equation with collision invariants and integrate
over dv, similarly as in Sec. 2.5. We recover three equations which read

d.0 +0,(ou) =0,
d,(ow) + 8, (eu*+P) =0, (69)
o, (pe)+ 0, (upe+J)+Po,u=0,

with dynamical pressure and heat current
P:Jdv(v—u)vp(v), (70)

J= %f dv(v—u)ip(v). (71D

The hydrodynamic equations presented above are not closed as the dynamical pressure and
heat current depend on the whole distribution p, not only on its first three moments (or equiv-
alently, on hydrodynamic fields). The closure of equation will be the central point of the ChE
expansion procedure, which we now discuss.

The two observations about Boltzmann equation listed before can be turned into pertur-
bative expansion. To formally motivate it, we start with estimating the order of terms in (65).
We assume that the state varies at a hydrodynamic length-scale [}, and the particles have some
characteristic velocity ¥. Then the hydrodynamic timescale associated to the streaming term
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is T, = l;,/V. In the dimensionless units X = x /I, t = t /1y, ¥ = v/ and explicitly extracting
the timescale from collision term Iz = %I 5 we can write Boltzmann equation as
B

1.
P +V0:p = <I3lp], (72)

where 6 = 7, /7y, defines the so-called Knudsen number [2]. We wish to address hydrody-
namic limit of slow (in comparison to microscopic scales) space and time variation, hence
Knudsen number is considered to be small 6 < 1. The form of Boltzmann equation (72)
suggests perturbative solution in 6 and indeed, in the ChE method we essentially assume that

p(x,v;t) = pO(x,v;t) (1 —Z 5" pM(x, v; t)) . (73)

n=1

However, the expansion cannot be considered to be fully systematic as it is supplemented by
additional assumptions which we will discuss now. Before that and in what follows we drop
tildes from the notation.

Firstly, the crucial aspect of the method is the assumption about the time evolution of dis-
tribution p. We assume that it depends on time through three time-dependent hydrodynamic
fields collectively denoted {p,(x,t)},

p(x,v;t) = p(x,v[{gq(x, 0)}). (74)

Moreover, there is an assumption about expansion which can be formulated as the following
conditions

(fq) = f dv £, (VpO(x,v), 0= J dvpO(x,v) %,(M)p™(x,v) = (£alp™),  (75)

for n > 1, which means that the averages of collision invariants (and in consequence, hydro-
dynamic fields) are given solely by the zeroth order contribution to the distribution p®. In
other words, we essentially assume that the hydrodynamic fields are not expanded in 6 and
corrections {p(™},~; are orthogonal to collision invariants (in the sense of the hydrodynamic
inner product (:|-), see (26), note that for classical particles C = p). However, we crucially
assume that dynamical pressure and heat current (70) do admit expansion in &

oo o

P=>15"PMW,  g=>5"gm. (76)
n=0 n=0

Expanding now the problem to different orders in 6 yields hydrodynamic equations at different

scales.

3.1 Euler scale

We proceed now to (72) and plug the expansion (73). At zero-th order in & we find
Ilp@]=0. (77)

From the properties of the scattering integral this equation implies that the distribution is
locally thermal
P O(x,v; t) = ppun(x, vH{a ()} (78)

With this solution, we may evaluate

PO=p=p1, J®=0, (79)
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where by P we have denoted the hydrostatic pressure of ideal gas. Moreover, at this order of
expansion the hydrodynamic equations take the form of Euler equations

atQ = _ax(Qu);
atuz—ué‘xu—gaxg—axT, (80)

0;T =—=2To,u—ud,T,

which do not lead to entropy production in the system [3]. We point out that these are Euler
equations with thermodynamics of ideal gas, even though interactions encoded in Boltzmann
term were necessary for their emergence.

3.2 Navier-Stokes scale
We go now to the first order in 6. We find an equation
9P 0x,v; ) +va,p O (x,v; 1) = [TppV1(x, v; 1), 81)

where Ty = —(615/6p)|,0 p©®. More explicitly we have

3 ap©
> ;’Q 6O+ Y. e U i CRER (82)

a a a a

o©
where derivatives aa_o can be explicitly computed. Moreover, the operator G(”)({Q }) de-
fines the dynamics of hydrodynam1c field p, at n-th order in 6 (dependence on & enters via
hydrodynamic pressure and heat current)

oo
di0a= Y 5"G({op}). (83)
n=0
The expressions for Ggo)({gb}) can be simply read off from (80). After short calculation we

get
(0) u(x)—v § — M — (1)
pl (x,v)( e (ZT(X) 5 . T | =[TzpWM(x,v). (84)

We evaluate this equation at v = £ + u. In the relative & variable, the equation can be ex-
pressed with local unboosted thermal state 5©(&) = p©(& 4 1) (corresponding to the same
hydrodynamic fields p(x), T (x) but with u(x) = 0) and gV (&) = pM(& + u). We then find

2
LGRS (% - %T) 8.7 = [TpM1(E). (85)

Transformation between Egs. (84) and (85) is in fact a Galilean boost and illustrates Galilean
invariance of the theory and as a result of the transport coefficients.
Assuming that 5(D(&) = ¢(£)3, T, we find that function ¢ (&) fulfills an integral equation

BTy 5 £ 3
[Tz 1(8) = x(&), x(&)= (5) __ET , (86)

with additional conditions (75)

(/gl¢)=0, a=0,1,2. (87)
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We note that the function ¢ (&) is antisymmetric (this follows from antisymmetry of y (&) and
properties of I;) and compute corrections to hydrodynamic pressure and heat current finding

P =0, jm:—% f depD(£)E*d(£)a, T, (88)

recovering Newton’s and Fourier’s laws (2) with

n=0, K= J dgpD(EEB(E). (89)

We have thus found NS equations with vanishing bulk viscosity. This is a known result for a
weakly perturbed ideal gas [2,3]. In order to evaluate thermal conductivity x one has to find
¢ (&) which involves solving the integral equation (86).

The expansion in 6 can be carried out to higher orders which leads to so-called Burnett
hydrodynamic equations [2]. We close our discussion at the first order and point out that
the found expressions for transport coefficients (89) can be understood as special cases of the
general formulas (143) (or (A.18)) derived by us in this work. One can recover them by plug-
ging non-interacting limits of hydrodynamic matrices, diffusion operator and thermodynamic
quantities computed for ideal gas.

4 Chapman-Enskog theory for the GHD-Boltzmann equation

We apply now the ChE method to the GHD-Boltzmann equation. The procedure parallels the
classical method presented in the previous section, which can be summarized as a two-step
scheme:

1. Write suitable expansion of the state p, in parameters which are small in hydrodynamic
limit. Assume that time dependence of the state is given by the time-dependence of the
conserved hydrodynamic fields, which are not expanded in the small parameter of the
theory. Expand GHD-Boltzmann equation and solve it order-by order finding corrections
to the stationary state obtained at the leading order.

2. Evaluate corresponding corrections to the hydrodynamic pressure P and heat current
J . These after plugging into (57), yield hydrodynamic equations at subsequent orders
(Euler scale, Navier-Stokes scale and so on) and provide expressions for transport coef-
ficients.

However, there are two main differences with respect to the previous section: a) the thermody-
namics of the underlying theory is not of a free system, b) there are two expansion parameters.
In the general discussion presented in this section the second point will be especially impor-
tant. More precisely as we will see the presence of the two expansion parameters leads to
two types of contributions to the transport coefficients. Instead, the thermodynamics of the
system will be important for the properties of the transport coefficients. Ultimately, it is the
thermodynamics that is responsible for non-zero bulk viscosity unlike in the ideal gas. This we
discuss in further sections.

4.1 General structure

Recall that the central assumption of the ChE method is that the time dependence of p,, enters
through the values of hydrodynamic fields, which we again collectively denote as {p,(x, t)}.
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This then leads to the NS equations formulated in terms of these fields. However, equiva-
lently we can assume that the time dependence of p,, is governed by the expectation values
of the conserved charges {¢,(x,t)}. The resulting NS equations will be then automatically
formulated in terms of them, or by using charge and current susceptibility matrices in terms
of the corresponding chemical potentials. We will mainly use the second option as it provides
a more symmetric presentation of the problem but occasionally we will also display results for
the hydrodynamic fields as they are more standard.
We choose local conserved charges to control the time-dependence of p,,

Pp(A;x,t) = pp(A, x|[{gq(x, )}, (90)
with p, (A, x[{gq(x, t)}) called normal solutions. Their time evolution is given by
op ap
8pp= 2, 7 0= 2, 7 tGla)), (O1)
a=0,1,2 Y 7a a=0,1,2 Y 7a

where we defined (below a,b=0,1,2)

Go({gp}) = =0 sa{gp}) + 57@3xfd)'ﬁa(l) (D8pp) (x, Al g}, (92)

in accordance with the time evolution of the conserved charges (31). G,({¢}}) are nonlinear
functionals of p, and determine the dynamics of the hydrodynamic fields

at@a = Ga({Qb})- (93)

The GHD-Boltzmann equation for the normal solutions becomes

op 1) 1
> 8—;Ga(%) +0, (vpp) = =0 (D0:pp) + 5, Zles]- (94)

a=0,1,2 a

This is an ordinary differential equation in x in which time ¢t plays a role of a parameter. We
assume that the normal solutions can be expanded as follows

oo o0
o=, 5857 p{"™, (95)
n=0m=0
where plg”’m) = plgn’m)(x,/ll{ga(x, t,A)}). To make closer connection with the standard ex-

pansion we reparametrize the corrections as

pl()n,m) _ _C(O,O)egn,m) ’ (96)

where C(®9) is the kernel C evaluated on pI()O’O). The reason for such change is the following.
We would like to think of small corrections as perturbations to the bare pseudoenergy of the
state, a quantity which has a natural expansion in ultra-local basis. Note that in the classical
case the corrections are in fact of the form —p®p™  n > 1 which agree with our definition
after realizing that for classical non-interacting gas C¥) = p(©. In what follows, we will drop
the superscript from matrix C.

A crucial point of the method is that we do not expand ¢, in 65, 57. This implies that
local values of the conserved charges are determined solely from pl(po,o),

Falx, ) = f A %,(Mp O (x, 2],
97)
0= J dA (1) (Cel™™) (x, Al{p}) = (falel™),  (n,m) # (0,0).
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Which once again means that corrections ef)n’m) are orthogonal to collision invariants in the

sense of hydrodynamic scalar product. These equations form constraints (constitutive condi-
tions) on the expansion of the normal solutions. The evolution operator for hydrodynamic
fields is expanded as well

Go{gpD) =D, > 6087 GI™({g}). (98)

n=0m=0

The first equation (level 1 ChE approximation) in the hierarchy is
I[pPM1 =0, (99)

which implies that péo’o) is a stationary state of the collision integral, i.e. thermal boosted
state. The next ones, at level 2, are

(0,0)

o)
1.0 P 0,1
re” = o, D a_Ggo,O)({ s} + 0, (VO 00) =1V, (100)
a=0,1,2 a

we defined here T' = —Z(MC where Z(! is the functional derivative of I[pp] evaluated at

Pp = plgo,o)_ The first equation is solved by any function from the kernel of operator I'. Its

kernel contains collision invariants /%, with a = 0, 1, 2 and therefore any solution is of the form
egl’o) = Zi:o cq(x,t)%,(A). However, according to the constitutive conditions (97) only the

leading term in the ChE expansion contributes to the hydrodynamic fields. This enforces that

e(()l’o) = 0. Alternatively, equation Fe(()l’o) = 0 can be understood as coming from expanding
I[pP0 —55cel ] =0. (101)

On the other hand, this equation itself just states that the combination p©® — 5@Cegl’0) isa

p
stationary state. Hence, choosing egl’o) # 0 has an effect of shifting the stationary, thermal

boosted state and therefore is redundant. The role of the constitutive conditions is to remove
this redundancy.

The second equation of the ChE hierarchy at level 2 given in (100) determines e(()O’l). Note
that it does not involve explicitly the diffusion term of the GHD and is structurally similar to
the standard ChE equation at level 2, c.f. (82).

As mentioned earlier, hydrodynamic equations at subsequent orders follow from evalu-
ating corrections to pressure P and heat current 7. The same equations in {¢g, ¢1, ¢} or
{Bo, B1, B2} variables follow now from evaluating G,({¢4}) on the series expansion of p,,.
To discuss a general structure of the resulting equations it is useful to decompose G, in two
contributions differing in the scaling parameters,

Gan s} = —f dA (12, (voy(x, Al{gs}) = D > 6257 UM ({g]),

n=0m=0

R (102)
o
Gongs = f dA 74(A)2, (D8, py(x, Al{gp D) = X D 6587 G5 ({4 ]).
n=1m=0
The hydrodynamic equations, up to and including the first order terms, are then
8iga = GOV PP+ 645G [pL]+ 5,60V, (103)
E;gr NS
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where in the brackets [-] we have indicated dependence on correction to the state (95).
In the following sections we will derive the Euler and NS hydrodynamics equations from the
ChE equation. The two relevant functions are p(o 0) and 6(0’1) because e(1?) = 0. Therefore, to

simplify the notation, we write p(o) p(o 0) e(l) = (O D and G(O) G(0 9, The ChE equations

are then
(O]

d
I[p©@]=0, >’ ap GO(g) + 8, (vOp®) =Tell. (104)
a=0,1,2 a
It is worth emphasising again that the GHD diffusion enters these equations only through
G,({¢1}). In the following two sections we discuss the equations (104) and (103) at the
Euler and at the NS scales respectively.

There is also an alternative route to the NS equations which capitalizes on the knowledge
of their form. Therefore, instead of computing G, and rediscovering the NS equations, we can
directly compute the hydrodynamic pressure P and heat current /. Both quantities have an
expansion in 6’s

P = i i 5%5% plnm) ) T = i i 5%5%1 j(n’m) ’ (105)

n=0m=0 n=0m=0
and knowing the expansion of the normal solutions they can be evaluated order by order.
This offers a shortcut in deriving the hydrodynamics and occasionally we will take advan-
tage of it. Note however, that obtaining the hydrodynamics by computing G, is more system-
atic as it does not anticipate the structure of the resulting equations. The later, in the present
context, is dictated by the Galilean invariance. This is specific to continuum non-relativistic
systems and does not hold for example in the spin chains systems or relativistic theories.

4.2 Euler scale

Consider first of the equations in (104). This equation implies that pI()O) is a stationary state
of the collision integral. Because the collision integral acts only on the rapidity dependence
of p[()o), the parameters of the stationary state may vary in space and time. This implies that
a stationary state of the collision integral is a boosted thermal state that can be characterized
by 3 generalized temperatures {f, 3, 82} or equivalently by hydrodynamic fields {o,u, T}.
With this, we can evaluate dynamic pressure and heat current at the leading order

7)(0,0) — 731(}0,0) =P, j(0,0) — jv(0,0) — O, (106)

where P is the thermodynamic pressure from TBA. Computations involve some operations on
TBA objects and are demonstrated in Supplemental Material of [51]. We note that once again
that diffusion contributions do not enter at zeroth order due to 64 prefactor in (64). Plugging
this into (57) we recover the standard Euler hydrodynamics

o0 =—0(ou), 3(ou)=—0(eu*+P),  3,(0e)=—0(oue)—Pdu. (107)

We note now that the same equations can be derived in {f, 1, B>} variables by finding oper-
ators Gg({{;b}) and expressing them in these variables using (27),

GO gp}) = /oy (VO D) = By 8,y (108)
where we used eq. (27). This leads to the following representation of the Euler scale equations

2
> (Capd:By + BapdBy) =0,  a=0,1,2, (109)
b=0

which will be useful in the next section. We note that these equations have appeared previously
in [79].
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4.3 Navier-Stokes scale

At the NS scale the hydrodynamic equations receive two types of corrections. The first one is
due to the GHD diffusion and follow from evaluating the diffusion operator on the stationary
state p(®). The second type of corrections come from the collision integral and require solving
the second ChE equation. We start with the former. In terms of the corrections to pressure and
heat current we have

Py =—#,9C8,p0 /2, uPY? + IS =—4,9C8,0 /2, (110)

moreover, contributions to G, at this level are

1
1,0
G = 5 (£.28,0). (111)
In both cases we evaluate the coefficients by transferring the spatial derivative from the distri-
bution to the generalized temperatures using (27)

2
2upf = —C;)fébaxﬂb. (112)

This reduces the problem to determining #,9C/%; which in principle leads to 9 coefficients.
However, the diffusion operator has left zero eigenvector %, and right zero eigenvector C/%.
This simplifies the problem from determining 9 to 4 coefficients. Furthermore, from the
Galilean invariance it follows that in fact there are only 2 independent coefficients. To demon-
strate this we use the boost operators to write

%qDChy = fgb'DCb, Aoy, (113)
from which we find
%19Ch, = #,9Ch, 719Clhy=ukh19Chq, 114)
%yDChy =uh,DChq, $yDClay = hy®DChoy+u2h,DCHh,,

which indeed involve only 2 independent coefficients /4,9C/%, and %,9C/%, which depend on

the local density po(x,t) and local temperature T (x, t) characterizing the local thermal state

p.

For the dynamic pressure and the heat current we get
PUO = roou, I8V =kl T, (115)
with the corresponding transport coefficients
(o =4 19Ch,/(2T), Ko = A20Ch,/(2T?). (116)

Moreover, expressing the G operators through the two independent coefficients 4,9C/%, and
ﬁz@Cﬁz, we find

(1,0)r (0)7 —
G [PR1=0,

1 _ -
ng’l’@O)[ng)] = Eax (ﬁil’DCﬁlﬁzaxu) B (117)
1 - - 1 - -
Gg’lg)[plgm] =—5% (%4,DC/40,By) + 70 (us,DCr%1 B0, u) .
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In writing this expressions we have used that (it follows from (42))

axﬁl + uaxﬂz = —ﬁzaXU, (118)

which points to using u = —f3;/f35 as a hydrodynamic field instead of f3;.

The knowledge of G(1 0 [p©] allows us to write down the equations for the hydrodynamic
fields which beside the Euler scale include also the effect of the GHD diffusion. As we shall
see, the structure of the contributions to Ggg )[ pI()O)] and Ggg[ g )] is the same. Therefore, we
will discuss the resulting equations after computing the contribution from the collision term.
This requires solving the ChE equation which we discuss next.

We turn now our attention to the second equation of (104) which determines egl) and in
: r (1)
turn determines Gg’v)[ ]. The equation is
0p + 0, (V@) =Tel", (119)
and
GWeM1=0, (4,8¢") . (120)

Recall that since pl(jo) is a thermal boosted state it is completely characterized by fields {op}
or equivalently by the three chemical potentials 8, with a = 0,1,2. Equation (119) deter-
mines the correction to pseudoenergy e(l) which additionally has to fulfill the constitutive

relations (97) which can be written as
0=#.,Ce", a=0,1,2. (121)

We observe that the constitutive relation itself is enough to conclude that G(()lv) [egl)] = 0. In-
deed, we have

Gf)lv) [eg”]= 0, (7%368)) = 0Oy (%Ceg”) =0. (122)

Together with the first formula in (117) this implies that there is no diffusion of the density as
expected in a single component fluid.

We now go back to the full problem (119) and start by expressing the left hand side by the
derivatives of the chemical potentials

2
0ipp” + 8V OP) == D, (Cy0.y + BAyBcfy) (123)
b=0

where we used (27). The chemical potentials evolve now according to the Euler scale equa-
tions (109).

The Euler scale hydrodynamics is a truncation of this set to 3 equations for a = 0,1, 2.
Therefore, this expression in general is non-zero and gives rise to finite eg ). Denote by CEU!
and B®! reductions of the susceptibility matrices C,, and B, to a subspace of a,b = 0,1, 2.

The Euler scale hydrodynamics (109) gives

2

OBa == ABIO By, (124)

b=0

where A = (CEUI) BEY! (invertibility of CF! is demonstrated in Sec. 2.3) and

2
ath()O) + aX(V(O)p;(>O)) — bZ (51”5% C/ibAEul) 2.p.. (125)
,c=0
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1)
0 >

This gives then the following equation for €

2
> (8ot —ChyAR) 8, =Tel". (126)
b,c=0

The rapidity variable on the left hand side appears only in the terms in front of the spatial
derivative. Therefore, the space-time and rapidity dependence factorize and the solution has
to be of the following form

2
ePAx, 1) == w (A3, Be(x, 1), (127)
c=0
Substituting this expression to equation (126) we find that functions w, obey
2
Tw,=Bh.— » CA AR, ¢=0,1,2. (128)
b=0

Additionally, function egl) obeys the constitutive relations (121) which translate into the fol-
lowing conditions on functions w.,

% Cw, =0, a,c=0,1,2. (129)

Equations (128) and (129) are the final equations determining the structure of egl). They
depend on the local local thermal boosted state plgo)(k; x,t). This in turn is characterized by
the density p, temperature T and boost u. From the Galilean invariance of the theory it follows
that the collision integral is an invariant object. Therefore, by going to the reference frame in
which fluid-cell at position (x, t) is at rest the equations are invariant,

2
P, =Bh.— Y CA AR, 4,00, =0, a,c=0,1,2, (130)
b=0
where all the formulas are now evaluated for a thermal state with density o and temperature T.
The transformation rules for I' and w, are I' = b_'T'b, and w. = b 'w,(g" (u))g. with a
summation over d implied. The details are presented in Appendix A.2.
In a thermal state matrix A" has only four non-zero matrix-elements, c.f. (43),

[5,12602_6016_22

0 Al o O T Guln 0

A= | ARl o AR )= f Bu 0 Se (131)
o A o U BuCoBuly
21 0 212007 20102 0

CooCa2—C2,
This simplifies the structure of the equations (130). Writing them explicitly we find
MWy =Brh,—Cr A, a=0,2, (132)
Ty =Bl —C (/g A + /i, AS) (133)
Recall again that in the Galilean invariant systems 8%, = C#%. This implies that B; = C;; and
Aggl = 1. In the consequence wy = 0. This reduces the problem to solving for two unknown

functions. Notice also that w is an even function of the rapidity while w5 is odd.
Boosting the state in general mixes different contributions according to

2
we=b71> (s - (134)


https://scipost.org
https://scipost.org/SciPostPhys.18.6.186

e SciPost Phys. 18, 186 (2025)

Thanks to the triangular structure of the transformation matrix and wy = 0, the result is simple

Wqo = 0, wp = b;lﬁ/l B Wy = b;l (V_VZ + qu) 5 (135)
or more explicitly
Wo()(.) = O, Wl(A) - V_Vl(k—u), Wz(A) - (WZ(A«_U.)'Fuwl(A_u)) . (136)

We evaluate now the Gglg operators. As mentioned earlier Gé? = 0. The other two evaluate
as follows

G = — (#,Bw0, By + %, Bwy8,85) ,  GS) =—(AiaBw,8, By + 8wy, 8,) . (137)

We write now

hBw, = %,b1 (B+uC)bw, = /.b ' Bb,w,, (138)
where we used the constitutive relations. More explicitly, we find
ﬁ’lel = ﬁlgﬁ/l , ﬁ/lBWZ = uﬁlgﬁ/l B (139)
ﬁzBWl = uﬁlgﬁ/l , ﬁzBWz = ﬁsz_wZ + uzﬁ/lgﬂ/l 5

which is of the same structure as (114) and therefore the G operators takes also form analogous
to (117).
This allows us to write the NS equations in {f, 3, 82} variables

2

1
> (Catibs + Bt + 50 (DF08)) =0, a=012,  (40)
b=0

where the diffusion coefficients are DN = DC + D! with
(DC)gp = %,0Chy, DN =24,Bw,, (141)

expressed through in total 4 transport coefficients %,9C%, %#,DC/%-, /i1BW, and /,Bw,. In
the Galilean invariant systems Dy, = D} = 0.
Instead, computing corrections to pressure (55) and heat current (56) we find

P1(;1’0) = _Z.:’Zaxu) \71;(1’0) = _KIaxT > (142)

with ) )
(7 =ABw /T,  Kkr=/#hBw,/T?. (143)

The Eq. (140) can be recast into the more canonical form (57). In order to do so, we apply
(29) to the first two terms and rewrite transport coefficients DNS using (114) and (139). As a
result we recover exactly (57) with P and .7 found in this section.

Finally, let us summarize the main results of the method. As described above, we have
found four non-trivial transport coefficients DN which enter the NS equations written for the
dynamics of {f,, 8;,85}. At the same time, we have recovered Newton’s and Fourier laws,
which appear when NS equations are expressed with hydrodynamic fields. Contributions to
transport coefficients are computed straightforwardly from (116). On the other hand, contri-
butions to the transport coefficients from the collision integral (143) are found from solution
of integral equations (132). Note that these equations are slightly different than the equations
given in the main text of [51]. The difference lies in using the orthonormal (with respect to
hydrodynamic inner product (26)) basis {h,},ey in our earlier work as opposed to the ultralo-
cal basis {/,},ey in the present paper. The equivalence between the two representations is
demonstrated in Appendix A.3.
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4.4 External potential

We generalize now our results to systems with external potential U(x) that couples to the
density of particles. The GHD-Boltzman equation is

1
0rpp + Ox (vpp) = Eax (anpp) +Zlppl + (6,U) 050y - (144)

Following the same procedure as before, we start by deriving the mesoscopic conservation
laws. They take the expected form, see eq. (6),

Org0+ 991 =0,
2
b ro | Bap|=—(0.0)
t91 X 20 xY )40, (145)
at¢2+ax(%+u7>+y)=—(axu){h,
0

with P and J of the same form as discussed in Section 2.5.

The external potential in principle introduces a new length-scale to the problem. However,
at the level of the conservation laws its effect enters only through the hydrodynamic fields.
Because of that it can be treated exactly within the ChE method which we now demonstrate.

The GHD equation for the normal solutions takes the following form

p 1
>, . 2 Galgp) + 0 (vpp) = 20, (D8,0,) + ZLpp] — 3105 » (146)
£ Za 2
a=0,1,2
where f = —0, U. Solution to this equation is a particle distribution function pghE determined

by the local values of the 3 conserved charges. From the point of view of the GGE this state
can be described by the 3 lowest chemical potentials. We emphasize that the state is not a
boosted thermal state and hence the higher chemical potentials are not zero. However, they
are not free parameters either, they are functions of the 3 lowest chemical potentials by the
virtue of eq. (146).

Because of these relations, the susceptibility matrix of state described by pghE does not
take the usual form. Indeed, the standard susceptibility matrix assumes that all the chemical
potentials are free parameters. We define the ChE susceptibility matrix (a,b =0, 1,2)

g4
By’

where ¢, are now values of conserved charges in state pghE. As with the GGE susceptibility
matrix, we can use the ChE susceptibility matrix to evaluate various expressions. For example,

ChE _
Cab -

(147)

orpg™ = —CM A By, (148)

with the summation over the 3 independent chemical potentials. In a similar fashion we can
evaluate the additional contribution to G, from the external potential

ff A2 %4(2)32pp(x, Ml{gp}) = —14,C % By (149)

Collecting then the terms proportional to f in eq. (146) we find

2 ap
— (Z a—;ﬁa + 1)0“%;,/3,,, (150)

a=0 a
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where used the expression for derivative of the particle distribution with respect to the rapidity
introduced above. On the other hand, assuming that the ChE susceptibility matrix is invertible,
we have

2Py 9P 9B _
— = =—CEN . (CEPEY (151)
994 ; P 994 Z
and therefore )
3
Zﬁﬁa =—1. (152)
=994

Hence, the part proportional to f drops from the equations for the normal solutions. Therefore,
the external potential does not modify the transport coefficients of the NS equations.

5 Crossover between NS diffusion and KPZ superdiffusion

So far, we have shown the emergence of NS equations in nearly integrable quantum gases de-
scribed by the Hamiltonian (4). However, transport in one-dimensional momentum conserving
fluids is expected to be anomalous at the largest space-time scales [68-71], in contrast to diffu-
sion predicted by NS hydrodynamics. Moreover, the so-called long-time tails [80] in autocor-
relation functions are expected to occur, leading to the divergence of Green-Kubo formulas for
transport coefficients, again as opposed to finite values found by us. On the other hand, there
are numerical and analytical evidences that at intermediate space-time scale conventional NS
hydrodynamics prevails [81-85]. In particular in [82], a classical system admitting a collision
integral description was considered. At large length scales, anomalous transport was found,
whereas for smaller scales the diffusive behavior with diffusion constants predicted by kinetic
theory was confirmed.

In this section, we will address these issues. In particular, we will look at the behavior of
the system across different length scales and uncover that while hydrodynamics indeed be-
come anomalous at the largest length scales, there is a clear regime, where the NS description
(with finite transport coefficients) is the correct hydrodynamic theory of the system. Existence
of such a regime is essentially due to the fact, that we are close to the integrable model, which
results in large transport coefficients, allowing diffusive terms to compete with anomalous con-
tributions at finite, but small inverse length scales k. The general picture, which emerges from
our analysis is presented in Fig.1. We will present the estimation of different crossover regions
in what follows. To start our analysis, let us estimate on which characteristic length scale the
NS equations are expected to emerge. The collision integral for a nearly integrable system
follows from Fermi’s Golden Rule and scales with the small integrability-breaking parameter
A as

T~ A2, (153)

leading to the scaling of the characteristic length scale I discussed in Sec. 2.6 as [; ~ A™2. The
crossover from GHD to NS happens around the point, when the Knudsen number 67 = I7/I
becomes of order one. This leads to crossover length scale

-2
s jmn ~ A2 (154)

The same estimate can be inferred from the analysis of linearized Boltzmann equation done
in our other work [51]. There, we found three gapless modes (two sound modes denoted by
o = £1 and the heat mode denoted by 0) with dispersion relations that at small k behave as
Im(w, o(k)) = D, ok?, where the diffusion constants are

171 1
Dy=——, D,= —[(———)K+g] (155)
©ecp 20 Cp
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0 ~ A0 ~ A2 ~ A

Figure 1: Hydrodynamic universality classes of the nearly integrable system across
different length scales [. For 0 < I < I, where I, ~ A° is the microscopic length scale
of integrable Hamiltonian H,, the hydrodynamics is not applicable and system be-

haves in non-universal way. At length scales o <1 < I{¢ /GHD? where [{ /GHD ™ A2

the gas can be effectively described by GHD. For [{ Jeip < | < Ui, /NS
l*

Kpz/NS ~ A% the gas is in NS hydrodynamic regime with transport coefficients com-
puted in present work. Finally, at the largest length scales [, s < [ the system
is characterized by KPZ anomalous transport, as expected for generic non-integrable

one-dimensional fluids with momentum conservation.

where

where cp is specific heat at constant pressure. As mentioned earlier both viscosity and thermal
conductivity have two contributions

K:K©+K1, §:§©+§I (156)

It is clear that transport coefficients stemming from © do not depend on integrability-breaking
parameter A, as visible from (116). On the other hand, the contributions from 7 scale as A2, as
can be examined from (143) and (132). Therefore, for A small, contributions from Z dominate
over D contributions leading to an overall scaling of diffusion constants

Dy, ~ A2, (157)

We emphasize here that this scaling will be crucial also for the analysis of crossover between
NS diffusion and KPZ superdiffusion.

The NS description breaks down, when imaginary part of frequencies become comparable
to the gap v of linearized Boltzmann kernel, proportional to A? as the kernel itself. A com-
parison Im(w, o(k)) = Da,ok2 ~ y gives the same crossover length scale (154) as the simple
argument with Knudsen number. At smaller length scales, the GHD theory applies [51]. Ob-
viously, it inevitably has to break down to non-universal dynamics around [ ~ [, where [ is
microscopic length scale of integrable Hamiltonian H,,.

Having established that NS equations occur for [ > [{¢ /GHp We address the issue of KPZ
anomalous transport emerging at the largest scales. Our point of interest will be the behavior
of two-point functions of hydrodynamic fields close to the stationary, thermal state. The stan-
dard theory for such purpose in the context of one-dimensional non-integrable systems is the
NLFH [71], to which we now turn.

5.1 Nonlinear fluctuating hydrodynamics for one-dimensional fluids

The framework of Ref. [71] is developed in the specific context of anharmonic chains. How-
ever, as noted in appendix of that work, the same theory can be equally well applied to one-
dimensional fluids with conserved particle number, momentum and energy. The symmetries of
those inter-mode couplings, which lead to long-lived perturbations are exactly the same [70].
We adapt the notation of [71] with only slight differences.
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We start with NS equations written in the form (6) and with no external potential U(x) = 0.
We consider small deviations from equilibrium as

QO(XJ t)_)40+5'¢0(x5 t), QI(X: t)_’0+5¢1(x, t): 42()(5 t)_)42+6¢2(x> t): (158)

and expand the NS currents

‘NS _

az() =71,

72

. 1
JFS:{}—'*‘P—(ax(fh/f}o), (159)

0

. 9192 | 71
Jgs =—+—P— g_ax(al/QO)_ KaxT:
70 70 70
keeping terms linear and quadratic in deviations 6¢ as well as linear in derivatives. Deriva-
tive 0, T can be expressed with derivatives of charges via relations (3) and (5). The general
structure of the resulting hydrodynamic balance equations is

1 ~ -
8t5¢a + ax (Aaﬁ5¢ﬁ + EHSY5¢/55¢Y —Daﬁ3x5{}/5 +Baﬁ€ﬁ) = 0, (160)
aJ-NS aZJ-NS ~
withA,g = ﬁ, Hgy = Wé’%, and matrix D involves terms with transport coefficients ¢, k.

We have also added noise term B representing fluctuations of the currents satisfying
(Ealx, 1)) =0,  (E40x,0)Ep(x", 1)) = 84p8(x —x)5(t — ). (161)
Moreover, we have
(6gq(x,t)) =0,  (8g4(x,t)0qp(x",)) = Copb(x —x'), (162)

where C,g = C,p is the susceptibility matrix, which fulfills AC = CAT. The strength of the
noise is fixed by fluctuation-dissipation relation DC + CDT = BB”. Equation (160) forms a
starting point for the theory of NLFH. We will now recall main results of [71] for the correlation
functions in that theory, which will allow us to understand the crossover between the NS and
KPZ regimes.

We start with finding the normal modes (two sound modes denoted o = £1 and heat mode
denoted by 0) by diagonalizing the matrix A, with transformation R such that RCRT =1 and
RAR™! = diag(—c, 0, c), where c is sound velocity. Writing the equation in the normal mode
basis ¢ =R we arrive at

Bidpa+ O (Cabu+ Gl bpd, —Dupdutbp +Baplp) =0, (163)

with ¢, € {—c, 0, c} and where matrices G, D, B follow from rotations of corresponding matrices
H,D,B with R. We are interested in two-point correlations of the fields ¢,

fa,0) = (@a(x,0)94(0,0)),  folx,0)=6(x), (164)

and analyze mode-coupling equations [71] giving approximate dynamics of f,(x,t)
t
Oifo(x,t) = (—c, 0, + Daé‘xz)fa(x, t)+ J dsJ dyfa(x—y,t —s)anaa(y,s), (165)
0

where D, = D,, and memory kernel reads

Moo(x,0) =2 > (G gl Of, (x, ). (166)

B,y=0,%1
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It is expected that the sound modes will move with velocity ¢ and therefore, after a sufficiently
large time fg(x, t)f,(x,t) ~ O for § # y. Therefore, in this diagonal approximation

Moa(x,t) m ME =2 " (G )%f,(x,0)?. (167)
y=0,%£1

In general, for one-dimensional fluids G couplings have the following symmetries, which will

be important for the structure of mode-coupling equations

— 0 _ 0 _ 0 — —
G;;Y - G;}ﬂ ’ GOO - O’ GO'O' - _G—o'—o- ;é 0) Ggﬁ - _G—g—ﬁ ;é 0- (168)

We stress that G couplings follow from thermodynamics given by TBA and thus, do not depend
on integrability-breaking parameter A, as predicted by ChE. With this, we move to the analysis
of sound-sound correlation functions through mode-coupling equation.

5.2 Sound-sound correlation function

Due to the fact that peak travels with c, the only term kept in memory kernel corresponds to
the same sound mode - for others, the overlap faanaa is small. Hence, only one coupling is
relevant and we have

Ocfo(x,t) = (=405 + Dy 02) fo (, t)+2(GgU)2f dsf dyfo(x—y, t—S)ayzfo(y,S)z- (169)
0

We go to Fourier space in position f,(x,t) = f dke** f_(k, t), remove the ballistic part of the
evolution by replacing £, (k, t) — e~k f_(k, t) and find

8, fs(k, t) =—k> (Dafa(k,r)n(cgg)zj dsfo(k,t —s) f dqf“a(q,s)fa(k—q,s)). (170)
0

To make some progress with this equation we consider solutions in the scaling form
foll, ) = po(Ask™ 1), (171)
where
* NS diffusion is v, =2, p,(w) =e™ and A, = D, ~ O(172),
* KPZ superdiffusion is v, = 3/2, p,(w) = fmc(w) and A, = Zx/iGgU ~0(1).

Here fmc is solution to fixed-point equation (178), which turns out to be close to KPZ scaling
function [71]. Introducing new integration variables u = A k”s and then r = u(q/k)”> we
arrive at the following expression (scaling variable is w = A k" t)

2(G2_)?

k”UAUp;(w) =—Kk2 [Dapo(w) + k1= J d,u,u_l/”“pg(w —u)
0

oo

) (172)
X J drr e po(r)pe (u(1—(r/wY*)"™) } .

First, let us see what happens when the diffusive scaling function is assumed. We plug the
corresponding values of v, and A, getting

(Go )2 w
kzDO'p(/)'(W) = _k2|:DO'po‘(W) + %k_l f dnu’.u_l/zpa(w - .U')
0

o

(173)
x f drr2py(r)pe (M (1- (r/“)l/z)z) ] '
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Figure 2: Dynamics of sound-sound correlation function fa(k, t). The initial state is
a bimodal Gaussian distribution with variance defining characteristic inverse length
scale of the state k. ~ 1/3. In the equation (170), we rescaled k by k. and time
by (k.D2)~" finding a single parameter a = 2(G7_)*/(DZk,) controlling the relative
strength of diffusive and mode-coupling terms in (170). Upper panel: correlator
plotted versus anomalous scaling variable k3/2¢, lower panel: the same data against
diffusive scaling variable k2t. For smaller a, we recover diffusive behavior and good
collapse to k?t variable, whereas for large a, where mode-coupling term dominates,
we recover anomalous scaling as predicted by our analysis.

We see that due to large diffusion constant (D, ~ A~2), at finite, but small k the first term on
RHS may dominate the mode-coupling contribution (recall that G coupling do not depend on
A). The characteristic value of k, for which this happens may be found by comparing the two
terms. This corresponds to D, ~ 1/(D,k) leading to an estimate

k~ 2%, (174)

Above this characteristic value of k, diffusion dominates and mode interactions can be ne-
glected. In this regime we recover standard equation for diffusion, here written in scaling
variable w

py(w) =—ps(w). (175)

Similar analysis may be performed assuming the superdiffusive form of the scaling function.
Let us estimate when the purely diffusive behavior will break down to superdiffusion. We plug
the corresponding values of v, and A, getting

2G?

w
k*224/2G9_p! (w) = —kZ[Dgpa(W)B—jgk‘” 2 J dup>Rp, (w—u)
0

(176)
x f drr=po(rpo (1(1=(r/u?)” 2)]
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Again we can estimate the crossover k, below which we can drop the first term with diffusion as

D, ~ kY2, 177)

leading again to k ~ A* consistently with the previous analysis. Below these values of k,
mode-coupling dominates. Neglecting now the diffusive term, we find the following equation

1 v 1
p;(w)=—gJ du2Ppo(w—p) | drr=3po(rpe ((1=r/w??)),  a7s)
0

which gives a scaling function, which turns out to be close to KPZ scaling function [71].

In summary, we have found that above inverse length scales k ~ A%, the diffusion domi-
nates over the mode-coupling term and sound-sound correlators are described by the standard
diffusion equation with diffusion constant determined by transport coefficients found in this
work (155). Therefore, we estimate the crossover length scale above which KPZ superdiffusion
emerges as

l*
KPZ/NS

~24 (179)
In principle, there are additional terms in mode-coupling equation, but they have a subleading
role. We present a short analysis in Appendix B.1.

The conclusions from analytical analysis of mode-coupling equations can be supported by
numerical solutions. In Fig. 2 we present dynamics of sound-sound correlation function for
different values of parameter a0 = Z(Gga)2 / (ngc), where k. is characteristic inverse length-
scale of initial state. For sufficiently small a, we observe diffusive behavior, whereas for large
a we find the collapse using scaling variable k3/2t.

In a similar fashion, one can analyze equation for heat-heat correlations, we shortly discuss
that in Appendix B.2. One finds then, the mode-coupling terms are relevant only at even larger
scales ~ A%, Thus, we keep length scale ~ A™* as a scale for the crossover between the NS
and KPZ regimes.

5.3 Additional remarks

Let us conclude these results with a few more comments. The NLFH predicts long-time tails in
current-current correlation functions [86]. Thus, transport coefficients given by Green-Kubo
relations are infinite as the formulas involve integration from t = 0 to t = 0o probing all the
scales in the system. However, the bare transport coefficients [87], which enter the equations
of NLFH via diffusion matrix D are finite and have to be finite in order to recover the KPZ
superdiffusion [70]. Our work provides microscopic formulas for them as derived from ChE
theory applied to the GHD-Boltzmann equation. Even though the formulas for correlators
in KPZ regime do not depend on them, they are crucial for the NS dynamics in intermedi-
ate length scales (which in practice may be very large). Interestingly, as the KPZ correlation
functions depend only on thermodynamic quantities fixed by TBA, namely G couplings and
sound velocity, at the largest scale the dynamics of the system does not depend on the details
of integrability-breaking perturbation.

It is also worth mentioning that Refs. [83-85] studying 1D nearly integrable systems found
a normal transport across a large window of system sizes. This is in agreement with conclu-
sions of our work, which is based on NLFH. The general picture of nearly-integrable dynamics
are quasiparticles with parametrically (in integrability-breaking parameter A) long relaxation
times. From kinetic theory point of view this naturally leads to large bare transport coeffi-
cients, proportional to thermalization time. We emphasize that their large values are the only
ingredients needed to arrive at our conclusions using NLFH. Thus, these observations point
towards a more general implications of our analysis.
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Lastly, we note that our framework incorporates external trapping, which breaks the mo-
mentum conservation. In such scenario, the transport is expected to be diffusive with finite
thermal conductivity [88-91].

6 Conclusions and discussion

In this work, we have addressed a problem of non-equilibrium dynamics of nearly integrable
quantum gases starting with the description of the system at the level of the generalized hydro-
dynamics. We have shown that, in the presence of integrability-breaking collision integral the
problem can be studied by adopting the methods of kinetic theory. This allowed us to derive
the NS equations, valid at large space-time-scales, together with the exact expressions for the
transport coefficients.

The computations presented here complement findings of [51] where the NS equations
were derived for a linearized theory and applied to a concrete setup of coupled Lieb-Liniger
gases. Here instead, the full non-linear problem was analyzed by generalizing the ChE method
known from the kinetic theory of dilute gases. Interestingly, we find that the transport coef-
ficients in both approaches, linearized and ChE, yield the same expressions for the transport
coefficients. We stress that derivation of the full, nonlinear hydrodynamics is of key impor-
tance to the study of crossover between NS diffusion and KPZ superdiffusion in our system.
The theory of NLFH, on which our analysis is based, requires nonlinear contributions to the
currents, which were absent in derivation presented in [51]. In addition to that, the ChE
framework allowed us to incorporate the effects of external potential into the NS equations.

The resulting transport coefficients have two contributions reflecting the two types of inter-
actions present in the system. There is an integrable interaction captured by the diffusion term
of the unperturbed generalized hydrodynamics, and there is an integrability-breaking interac-
tion described by the collision integral. Importantly, both contributions are non-perturbative
in the strength of the integrable interactions and are valid beyond the dilute limit. As already
pointed out in [51], the viscosity is generally non-zero. This should be contrasted with the
kinetic theory of dilute gases which predicts always zero viscosity for 1d fluids.

One interesting direction in which the result of present work could be extended is the
following. We could envision supplementing the NS equations by a dynamic equation for the
slowest decaying mode [82]. This would extend the resulting description towards shorter
timescales when more information on the integrable structure is relevant for the dynamics.

In the low temperature regime, the conventional hydrodynamics may emerge from GHD
without integrability-breaking. In particular, the Euler-scale GHD becomes equivalent to con-
ventional Euler hydrodynamics at zero temperature [79]. When the diffusive effects are in-
corporated into the GHD, the effective low-temperature description at early times is the NS
hydrodynamics [92]. One then finds transport coefficients given by the contributions from
integrable interactions k4, {5 solely.

Conventional hydrodynamics in one-dimensional momentum-conserving systems is known
to be unstable at the largest space-time scales due to mode interactions [68-71]. The transport
universality class changes then from diffusive to anomalous, KPZ class. The relevant theory
of anomalous transport in such systems in the NLFH [71], which starts with 1D NS equations
supplemented with noise terms. At the largest space-time scales, KPZ behavior of two-point
functions is recovered.

We addressed this issue in Sec. 5, where we have shown the mode interactions are rele-
vant only at the largest length scales ~ A™*, where A is the integrability-breaking parameter.
At smaller scales, the leading effects are captured by NS hydrodynamics with finite transport
coefficients determined by us in this work. More precisely, we have found that nearly inte-
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grable quantum gases are characterized by three different hydrodynamic regimes: GHD at the
smallest (but still macroscopic) length scales, NS in the intermediate regime, and KPZ at the
largest scales. The superdiffusive correlation functions in the KPZ regime are determined by
the couplings fixed with the thermodynamics given by TBA and do not depend on the details
of integrability-breaking perturbation.

A possible direction for future work is the comparison of the results from GHD-Boltzmann
equation against NS hydrodynamics with transport coefficients computed in this work. As the
numerical solution of GHD-Boltzmann equation suffers from costly computation of Boltzmann
integrals, it seems natural to consider the so-called relaxation time approximation to collision
integral. In Ref. [52] such equation was solved showing signatures of diffusive spreading
characteristic to the NS dynamics. We also note that NS equations were proven useful in
description of dynamics of 1d gases as recently demonstrated in Refs. [93, 94] comparing
numerical simulations of blast waves initial conditions with NS hydrodynamics.

In this work, we have focused on a theory with Galilean invariance which determines the
structure of the resulting hydrodynamic equations to be of the NS form. However, the devel-
oped methods are applicable to other systems described by the generalized hydrodynamics.
The most natural and important are integrable spin chains whose non-equilibrium dynamics
can be efficiently studied with tensor networks methods.
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A Chapman-Enskog theory: Additional formulas and results

A.1 Thermodynamics with hydrodynamic matrices

Starting from GHD-Boltzmann equation we naturally encounter matrix elements of C, I3 matri-
ces evaluated in thermal states. To recast the equations which follow from ChE expansion into
universal NS form it is useful to connect these quantities to thermodynamics of the system. The
calculations are presented in Supplemental Material of [51]. Here, we list the most relevant
expressions which are formulas for adiabatic compressibility xg, isothermal compressibility
x 7, sound velocity ¢ and specific heats at constant volume ¢, and pressure cp:

3 C2C00—C
xszl(_‘?) e . (A1)
e \3PJs = B2 Cop+ B3 Cop—2B10B21Ca0
1(0 1C
xTz—(—Q) — -0 A.2)
o op T QBLO
1 Biocz,z+B§,1CO,0_261,082,1C2,0 (A3)
c= ) _
Bl,O Cz,zco,o - Cio
%0 5Co o —C?
oy =— (ﬁ) = 22200 (A.4)
e\dT /), T CooBip
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( Js ) 1 Bioc_z,z + 33,160,0 —2B10B5,1Ca
cp=\| == = — =3
oT)p T 81,0

B3,1C0,0 = B1,0C2,0

v CP/CV—]. = B BLO:QT. (A6)

3 5 5 52
B o Cz,zco,o—cz,o

) (A.5)

A.2 Galilean invariance of the Chapman-Enskog equations

In this Appendix, we demonstrate that the ChE equations are invariant under the Galilean
boost. The equations, including the constitutive relations, are

2
Tw,=Bh,— Y CA AR, %,Cw.=0, a,c=0,1,2. (A7)
b=0

To prove the invariance we start with the transformation rules of the (3 x 3)-dimensional
hydrodynamic matrices at the Euler scale,

CEul — g(u)(fE‘ﬂgT(u), BEul — g(u)BEulgT(u) + ug(u)éEUIgT(u), (A.8)
from which follows 4 1
(e) " = ¢7 () () ), a9)
and
AR = o T () AB g T () 1. (A.10)

This allows us to rewrite the right hand side as

2 2
Bhi.— Y Chy AR = b1 (Bbu/zc —> Cb,#y (gT(—u)AEulgT(u))bc) . (A.11)
b=0 b=0

We can now use that b, Y., %,(g” (—u))p. = %, and b, %. = Y., g.,(W)%}, to obtain

2 2 2
Bhi,— Y Chy AR = b1 (Bﬁb -> éﬁd(AEUI)db) (g"w),, - (A.12)
b=0 b=0 d=0
Defining T' = b 'T'b, and w, = b, 'w,(g" (u))4. we find
2
P, =Bh.— D Chy A, A,0m =0, a,c=0,1,2, (A.13)
b=0

as reported in (130).

A.3 Equations for transport coefficients in the orthonormal basis

In this Appendix, we show explicitly that integral equations (132) are the same as equations
presented in our earlier work [51], where a basis orthonormal with respect to the hydrody-
namic inner product with matrix C, (h,|h,,) = &, was used.

Transport coefficients {7, ks are determined from formulas (143) with functions wy, W,
determined from integral equations (132). The orthonormal basis {h,,} .y is constructed using
Gram-Schmidt procedure on the ultralocal basis {/%,},cy. The first three elements are

¢
(/@z - ﬁféo) . (A14)
CO,O

CO,O

ﬁ
CZ,ZCO,O - Cz,o
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Rewriting equations (132) and using thermodynamic expression from Appendix A.1 we find

I'wy =+ 0TBhy —/T/%7:C(hy + v/cp/cy —1hy), (A.15)

Twy =T /,08(hy — v/cp/cy —1hy), (A.16)
defining now
pr=w1/T,  ¢.=wy/T?, (A.17)

we recover the equations given in the main text of [51]

P, = v/BoBhy—v/B/xrClhg + v/cp/cy —1hy), (A.18)

T'¢.=BvocyBlhy—+/cp/cy —1hg), (A.19)
and with the same transport coefficients. Indeed, expressions (143) become then
{1 =718y, K = /B, (A.20)

as in [51].

B Mode-coupling equations: Additional results

B.1 Analysis of the subleading mode-coupling terms

In this part we investigate subleading corrections to sound-sound mode-coupling equation
which stem from additional interactions. Before, we were considering memory kernel in the
form

M;(x,t) = 2(Gy ) f1(x, O f1(x, £), (B.1)

now, we include more terms, i.e.

Mi(x, 6) = 2[ (G1)*F10x, f1(x, ) + (Gl Y folx, O)folax, ) + (G, 2 foa (x, O)f 1 (x, )]

(B.2)
Let us look on the mode-coupling equation in Fourier space
8 filk, £) = (—ike —K*Dy)fy (k, )
t
=2k | dsfylk,t—5)| (G1})* | dafi(q,$)fr(k—g,s)
0 (B.3)
+(Ggo) J dqfo(g,$)folk —q,5) +(G,_,)* J dgf 1(g,9)fa(k —q,s)] :
We write the phases explicitly replacing
Al ) = e fil,t),  falkt)— e fik o), (B.4)
and get
t
O f1lk, t) = —kZ[lel(k, t) +2f dsfy(k,t—s)
0
x ((G}1)2 f dgf1(g,9)f1(k—g,5) +(Ggo)e™™ (B.5)

x f dqfo(q,s)fok —q,s) + (G, _,)?e?kes f dqfl(q,s)fl(k—q,s))].
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The idea here is to assume diffusive scaling of heat-heat and sound-sound correlators and
estimate, under this assumption, the role of additional interactions. Thus we write

fo(k; t)=go ((Dot)l/zk) s fl(k: t)=pi(D1k*t) =g, ((Dl t)l/zk) s (B.6)

where, for convenience we introduced two representations of the same function through
pi(w)=e"" and go;(w) = e™". In RHS of (B.5) we have three mode coupling terms and we
already analyzed the first one in Sec. 5.2. For the second one we introduce w = D; k?t change
variables as § = ks and then r = (Dy5)"/2k™1/2q getting

Z(G—(’)2 %ds‘ﬁ (w—D,k3) | drgo(r)go((Des)2k2—r) (B.7)
Dé/zkl/z ‘/Epl 1 8olr)&o\ Lo . .

We note now that due to our assumption k < A2 we also have Dy 1k < 1. This allows to
extend the integration to 0o and drop k-dependent terms in arguments of p; and g, getting

1

2(Gyo)* [° oo
f ds—Jdrgo(r)gO( r)pr(w) := 1/2 1/2171( w), (B.8)
0

1/2
D, k1/2

where 6(1)0 = const. Similar analysis may be performed for the third term, one finds

—( ) i (r)g1(=r)p1(w) _—1 (w), (B.9)
ds drgq(r r)p1(w) = w B.9
11/2 1/ 7 81181 P1 1/2 1/2P1

thus we can write the full mode-coupling equation as

1 )2 w X 5
k?Dypy(w) = _kle[pl(W)+ DK J dw‘”zpl(w—u)fdrr‘zpl(r)pl(u(l—(r/u)”z))
0
Q:]' 1
mm( w)+ 3/2 1/2p1( )}

(B.10)
We clearly see, that for inverse length scales much bigger than ~ A% (which means Dg’lk >1)
both the second term and also the two additional ones are negligible comparing to the first
one, which gives standard diffusion. Actually, the two additional terms become comparable to
diffusion at inverse lengths scales ~ A® and thus are subleading corrections.

B.2 Heat-heat correlation function

The heat-heat correlator is characterized by a different exponent and is described by Levy-%
distribution, instead of KPZ scaling function. This is essentially due to the fact that for heat
mode self-coupling is absent as G(())o = 0 [71] and one has to look for subleading terms in the
memory kernel. Including the coupling to the sound-modes gives

3, fo(x, t) = Dyd2fo(x, t)+2Z(G° )Zf dsJdyfo(x—y,t—s)ayzfa(y,s)z. (B.11)
0

We start with the relevant equation in Fourier space. It reads (we write phase factors e*¢s

explicitly)

3, fok, t) = —k> (Dofo(k, t)+4(G°,)? J ds cos(kes) fo(k, t —s)J dqf,(q,s)fs(k— q,s))
0
(B.12)
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Once again we try with solution in scaling form

A

folk, t) = po(Agk™t), (B.13)
where
e NS diffusion is vy = 2, po(w) =™ and Ay = Dy ~ O(172),
. Levy-% superdiffusion is v, =5/3, po(w) = e ™ and Ay = Alaevy ~0(1).

Following similar calculation to the one presented for the case of sound-sound correlator and
in [71] we find that there again is a crossover between normal diffusion and superdiffusion.
This time however, we find that it happens at even larger scales

h —6
e s~ AS (B.14)
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