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Abstract

We theoretically explore the emergence of strong zero modes in a two-site chain consist-
ing of two quantum dots coupled due to a central dot that mediates electron hopping and
singlet superconducting pairing. In the presence of time-reversal symmetry, the on-site
Coulomb interaction leads to a three-fold ground-state degeneracy when tuning the sys-
tem to a sweet spot as a function of the inter-dot couplings. This degeneracy is protected
against changes of the dot energies in the same way as “poor man’s” Majorana bound
states in short Kitaev chains. In the limit of strong interactions, this protection is max-
imal and the entire spectrum becomes triply degenerate, indicating the emergence of a
“poor man’s” version of a strong zero mode. We explain the degeneracy and protection
by constructing corresponding Majorana Kramers-pair operators and Z3-parafermion op-
erators. The strong zero modes share many properties of Majorana bound states in short
Kitaev chains, including the stability of zero-bias peaks in the conductance and the be-
havior upon coupling to an additional quantum dot. However, they can be distinguished
through finite-bias spectroscopy and the exhibit a different behavior when scaling to
longer chains.
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1 Introduction

Arrays of quantum dots offer a platform for quantum simulation of strongly-correlated and
topological phases [1-4]. With a superconducting coupling in the form of crossed Andreev
reflections, quantum dots have been proposed to implement the Kitaev chain which can be
tuned into a topological phase [5]. Recently, it has been shown that both crossed-Andreev
reflection (CAR) and elastic co-tunneling (ECT) between two quantum dots can be effectively
tuned by an additional proximitized quantum dot between two normal quantum dots [6].
This has allowed to implement high-performance Cooper pair splitters [7-9] and to explore
Majorana physics in a minimal Kitaev chain of two sites [10-12] and three sites [13]. When
the quantum dots are in the spin-polarized regime and the amplitudes of these two processes
are equal, a condition referred to as the sweet spot, a double quantum dot system connected
by an ABS can feature Majorana bound states localized on the outer dots [6,14-16], so-called
poor man’s Majoranas (PMMs).

In these quantum dot systems, the charging energy U is typically the largest energy scale.
In current experiments, U is of order several meV, whereas the inter-dot coupling is of or-
der 30 — 80ueV [10-12]. This two-orders-of-magnitude difference in energy scales evokes
the question of the role of interactions in these systems. The presence of strong charging
energy makes the quantum dot platform fundamentally different from the original Majorana
proposal in nanowires [17, 18], and insights from those systems may not directly apply here.
For instance, can interactions lead to false positives in the search for Majorana bound states in
quantum dot systems? On the other hand, can interactions be used to engineer new types of
states in these systems? The exploration of these two questions is the main goal of this study.
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The importance of these questions is highlighted by a recent experimental work [11] im-
plementing an artificial Kitaev chain with two sites in a proximitized two-dimensional electron
gas. This experiment revealed stable zero-bias peaks for finite magnetic field, interpreted as
PMMs. However, measurements also revealed a stable zero-bias peak in the absence of a mag-
netic field. In fact, the zero-bias conductance features were remarkably similar regardless of
the value of magnetic field, despite PMMs only being expected at sufficiently large Zeeman
splitting. This raises the question whether signatures of PMMs can be mimicked by trivial
mechanisms in quantum dot systems. At the same time, a setup similar to the experiment was
predicted theoretically to exhibit Majorana zero modes induced by Coulomb interaction in the
presence of only a small Zeeman splitting [19]. Hence, it equally seems possible to induce pre-
cursors of topological states in quantum dot systems by interactions. Overall, this underlines
the need for a systematic understanding of the zero-field case.

In this manuscript, we investigate strongly interacting double quantum dot system coupled
by normal hopping and singlet superconducting inter-dot coupling via an additional proxim-
itized quantum dot in the presence of time-reversal symmetry. We find that any finite charg-
ing energy on the quantum dots allows for a sweet spot characterized by a triply degenerate
ground state. This ground state degeneracy is protected quadratically against changes of the
on-site potential of either dot, akin to the two-site spinless Kitaev chain case. In the limit of
large Coulomb interaction, the triple ground state degeneracy becomes completely protected
against local changes of the on-site energies. We show that the system in this limit exhibits
a poor man’s version of strong zero modes, and construct corresponding Majorana Kramers-
pair operators as well as Z3-parafermion operators explaining the protection against local
perturbations. Moreover, just as in the spinless two-site Kitaev chain case [20], the ground
state degeneracy is not lifted by coupling a third normal dot to the system via normal hop-
ping. However, we can distinguish the zero-field, interaction-induced strong zero modes from
PMMs through finite-bias spectroscopy and the absence of scaling to longer chains.

2 Charge stability diagram and transport properties of a double-
quantum dot system

We consider a double-quantum dot system coupled by ECT and CAR processes, as sketched in
Fig. 1(a). The Hamiltonian of this system is given by [19,21]

— T T
H= E €Ny + E Uinjpng +t E €1 5CRe T A E NoCroCre T H-C., (D
1,0 1 (o g

where i = L,R denotes the site index, n;, = C;;;Cia is the number operator on site i with spin
o, €; is the on-site energy, U; is the Coulomb energy of dot i, t is the normal hopping and A is
the singlet type of superconducting pairing between left and right dot.! The term n, = (—1)°
encodes the singlet pairing and & = —o denotes the opposite spin ¢ = T, |. We note that as
we consider a system with time-reversal symmetry, we can gauge-away the spin-orbit coupling
by redefining the spin quantization axis on each dot, as detailed in Appendix F. Consequently,
the presence of spin-orbit coupling, and consequently triplet superconducting pairing, is not
necessary for our investigation. Tuning the relative strength of t and A can for example be
achieved through changing the energy of an ABS in a hybrid segment or proximitized quantum
dot [6], as indicated in lighter color in Fig. 1(a). In the main text, we will exclusively use the
effective model (1). However, using a model that includes the ABS gives comparable results,
as shown in App. B.

Here, we choose a gauge such that t, A € R.
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Figure 1: (a) Schematics of a two-site chain consisting of three quantum dots. The
superconductor (blue) proximitizes the middle dot and facilitates normal hopping
and superconducting pairing between the left and right quantum dots, each charac-
terized by their respective on-site energies €; and charging energy U. (b) Sketch of
the charge stability diagram, excluding the doubly-occupied states. The blue regions
denote the odd fermion parity ground state, while the red regions represent the even
fermion-parity ground state. (c) The parameters for the sweet spot, A* and €*, are
depicted as a function of U. The evolution of the charge stability diagram for (d)
A* > A =0.293t, (e) A = A* = 0.493t, and (f) A* < A = 0.693t. Here, we use
U = 5t.

The charge stability diagram (CSD) of Eq. (1) of a double-quantum dot system coupled by
ECT and CAR processes in the absence of a magnetic field has been studied in [21]. We show
a sketch of the charge stability diagram in the absence of inter-dot interactions in Fig. 1(b),
focusing on the energy range where each dot can be either empty or singly-occupied. Due to
time-reversal symmetry, all states in the odd parity sector are doubly degenerate (blue parts
of the CSD). When both dots are occupied by one electron, there are four degenerate states
when the dots are decoupled: one singlet and three triplet states. However, in the presence
of any finite t or A, it was shown [21] that the triplet states are higher in energy. Hence, for
our purposes it is sufficient to only consider the singlet state and thus the even parity sector
generally is singly degenerate. Ref. [21] further showed that for finite inter-dot coupling,
either the odd or the even parity sectors merge, as we confirm in Figs. 1(d) and (f) by varying
A/t. This is due to either the ground state energy being lowered differently depending on the
relative strength of t and A. However, since the CSD connectivity can be completely changed,
it is always possible to find a relative strength of A/t such that there is a crossing, which we
refer to as a sweet-spot, as shown in Fig. 1(e).

Fig. 1(d)—(f) shows the charge stability diagram in the form of 6E = E‘g’gd —Egg’en being the
energy difference of the ground states with opposite fermion parity. At the sweet-spot, and in
general for the white lines in the CSD, the energies of the even and odd-parity ground states
are equal, and the ground state triply degenerate. Moreover, the crossing corresponding to a


https://scipost.org
https://scipost.org/SciPostPhys.18.6.206

e SciPost Phys. 18, 206 (2025)

SE/t

| 2
0
2
4 2 0 2

GR/t GLL[eQ/h]

(c)

(f)

1 0.3
‘ 0.2
_— 0.1
T T T T T T JI T T OO
—2 0 2 —2 0 2 -2 0 2
5€R/t (563/t 5€R/t

Figure 2: The charge stability diagram and local finite bias conductance as a function
of the charging energy. Top panels: The charge stability diagram of the two-site
spinful interacting chain for (a) U = 2t, (b) U = 5t, and (c¢) U = 15t, featuring a
sweet spot. The crossing of the degeneracy lines at the sweet spot becomes straighter
as U increases. Additionally, as U increases, the quadrants of the charge stability
diagram move further away from each other. Bottom panels: The local finite bias
conductance G;; for (d) U = 2t, (e) U = 5¢, and (f) U = 15¢t, as a function of
voltage bias V;;,; and the variation of the on-site energy on site R away from the
sweet spot, 6€g. The zero-bias peak persists for a wider range of detuning, dep,
for larger local charging energy. Additionally, the local conductance feature visible
in (f) for 6eg < 0 and V;;,, > O describes the transport process via coupling of the
ground state to the triplet states. For even larger voltage bias values, the conductance
features exhibit splitting, which diminishes as U increases.For transport simulations,
we use dot-lead coupling I' = 0.0125t and reservoir temperature T = 0.025¢.

sweet-spot represents a saddle point in 6 E. Hence, for small deviations around the sweet-spot,
the three-fold ground state degeneracy is protected quadratically. This quadratic protection of
ground state degeneracy is—up to the multiplicity of the degeneracy—identical to the spinless
Kitaev chain case [14]. This is not surprising, as our arguments show that it is due to the
intrinsic “topology” of the sweet spot, i.e. the fact the sweet spot must be a saddle point for
O0E. Hence we generally expect this quadratic protection when the connectivity of the CSD
switches.

Note that this quadratic protection is seemingly in contradiction to Ref. [22] which claimed
that the degeneracy in this system is changing linearly with changing the on-site energies eg | .
This contradiction can be resolved by observing that Ref. [22] only considered degeneracies
for eg = €; = 0. The sweet spot however is generally shifted away from zero on-site energy
as shown in Fig. 1(c).

A hallmark of spinless PMMs is the persistence of the ground state degeneracy when chang-
ing only a single site on-site energy [14]. In general this does not apply to the degeneracies for
the time-reversal symmetric Hamiltonian (1). In Fig. 2 we show the charge stability diagrams
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(a)-(c) and the corresponding conductances, calculated using a rate-equation approach [15],
for a normal probe on the left site (d)—(f) for different values of the Coulomb interaction U.
The separation between the lower left quadrant of the charge stability diagram, comprised of
states with double occupancy, from the upper right quadrant, comprised of empty dots, in-
creases with Coulomb energy U. As a consequence, the degeneracy lines of the sweet spot
crossing are initially tilted and become increasingly straighter with increasing U, Figs. 2(a)-
(c). Hence, the ground state degeneracy becomes increasingly better protected against local
potential changes, i.e. only changing eg(;) while keeping €z at the sweet spot value. This
can be directly observed in the behavior of the conductance that probes the excitation spec-
trum of the system. In particular, a ground state degeneracy gives rise to a zero-bias peak,
whereas any splitting gives rise to a conductance only at finite bias.

As U increases, the ground state degeneracy becomes more and more protected against
the changes in one of the local on-site energies. This protection is reflected as a robust zero-
bias peak in the local conductance spectroscopy on the left dot, as shown in Fig. 2(d)-(f). In
fact, for large values of U, the zero-bias conductance of the two-site spinful interacting chain
described by Eq. (1) becomes indistinguishable from the zero-bias conductance of a two-site
spinless Kitaev chain hosting PMMSs. Hence, these interaction-induced zero-energy states could
be mistaken for PMMs. However, they can be distinguished by additional features at finite-bias,
in particular the feature at positive bias voltage that approaches zero as the on-site energy of
one site is decreased. It originates from the triplet states, and allows to distinguish this system
from the spinless Kitaev chain, as discussed in detail in Appendix A.

3 Strong zero modes in the U — oo limit

3.1 Eigenstates and eigenspectrum in the U — oo limit

While it is possible to find a sweet spot where the ground state is triply degenerate for any
finite charging energy U, the protection of the ground state degeneracy with respect to local
changes is only truly possible in the limit of U — ©0.2 In this limit, double occupancy of
a quantum dot is forbidden. This constraint can be implemented in Eq. (1) by replacing all
fermionic operators by constrained fermions [23]. The constrained fermions are defined by
the Hubbard operators ¢;, = (1 —n;5) ¢;- The Hamiltonian then takes the form

_Z - Z—T = Z -
H= ' €;n;+t CioCro T A ) MyC,Crs +Hec., 2)
L o o)

where i; = ) 5;"(,510-

In this limit, the many-body energy levels for the odd parity sector are
%(EL +ep) [tz + %(EL - eR)Z]l/Z with a multiplicity of 2 due to Kramers’ degeneracy. For
the even parity sector, the energy levels consist of (¢; + €) with a multiplicity of 3, describing
triplet states, and %(eL +ep) = [2A2 + %,(EL + eR)Z]l/z, describing singlet states. Therefore,

when t = v/2A and €; = e = 0, the ground state becomes triply degenerate with an energy

2In current experimental implementations, U exceeds all other energy scales in the system [10-12]. In this
case, coupling to doubly occupied states is strongly suppressed and corrections through these states would only
enter perturbatively and become visible through splittings in the excited states (see Fig. 2).
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Figure 3: Many-body energy spectrum of the double-quantum dot system. In panel
a), we demonstrate the many-body energy spectrum at the sweet spot as a function
of U. The different colors indicate the different total fermion parity eigenvalues
pr = (Y| X;(1 —2n;)|p) of the corresponding eigenstate. The second excited state
manifold becomes three-fold degenerate as U — oo. In addition, the states forming
the first excited state manifold for U — oo are three-fold degenerate for all U. Hence,
the full many-body spectrum is three-fold degenerate for U — ©o. Panel b) shows
the many-body spectrum for U — oo and protection of the three-fold degenerate
structure in the many-body spectrum with respect to changes in €;. The states with
distinct generalized Z, parity eigenvalues p are differentiated by their colors and line
styles.

of E, = —t [19]. The many-body eigenstates of the ground state manifold are

n=0,1) = %uow—uon, (3a)

n=0,1) = %mm—mm, (3b)
1 1

In=0,5) ==—=100)+ 3 (1) = I41) 30

where n = 0 denotes the ground state manifold (the states n = 1,2 are given in Appendix C),
we label odd-parity states with their spins |T(|)) and the even-parity ground state is a su-
perposition of vacuum state and a singlet state |S). These eigenstates are reminiscent of the
eigenstates of a two-site spinless Kitaev chain [14], except that the component with both dots
occupied has a singlet character. As we show below, this leads to non-local correlations.
However, the three-fold degeneracy extends beyond the ground state manifold in this sys-
tem. In fact, the many-body spectrum of the system consists of three different manifolds with
three-fold degeneracy. As the entire many-body spectrum exhibits the three-fold degenerate
structure, the zero energy excitations associated with this system are strong zero modes [24].
In Fig. 3(b), we show the many-body spectrum of the two-site chain as we vary one of the
on-site energies €;. The three-fold degeneracy of each three manifold is maintained upon
varying one local on-site energy, demonstrating the protection of strong zero modes to this
perturbation. Within these three manifolds, both the ground state (n = 0) and second excited
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state (n = 2) manifolds each feature two odd and one even parity states. In contrast, the first
excited state (n = 1) manifold comprises three triplet states with eigenvalues E = 0. We want
to stress that the strong zero modes in our system only exist in the limit of U — oo. For any
finite U, the entire many-body spectrum does not feature three-fold degenerate manifolds, as
shown in Fig. 3 a), and hence, the resulting zero modes are weak zero modes.

3.2 Majorana Kramers-pair operators

Given the shared parity structure of the ground state and the second excited state manifolds,
featuring two odd and one even fermion parity states, we introduce Majorana operators that al-
low switching between different parity states across the spectrum. Importantly, we exclude the
first excited state manifold, as it does not permit any parity-switching zero-energy excitations
and the triplet states do not couple to any of the other states by any term in the Hamiltonian.
The modes described by these operators are deemed strong Majorana zero modes due to the
consistent degeneracy throughout the spectrum [25,26]. Additionally, recognizing that the
odd states within each manifold are Kramers partners, we also associate Majorana operators
with their Kramers partners. Based on these restrictions, Majorana Kramers-pair operators
satisfy the conditions

Yo =70, (4a)
roIn,S) =e?|n, o), (4b)
Yoln,o) =e7?|n,S), (4c)

where ¢ is a phase.

We then use the eigenstates of the many-body Hamiltonian and construct the Majorana
Kramers-pair operators that satisfy Eq. (4) for a given spin projection.> We find these Majorana
Kramers-pair operators as

o 1, o -

YRo = Mo (1 —111) Cro — Wi (nLacRé - CingCRa) +H.c., (5a)
. N i oo

Yio =1iNg (1 —1g)Crs + E (nRaCLé' - C},ngR&CLO') +H.c., (5b)

where 1, = (—1)? and & = —o denotes the opposite spin. The strong correlation in the system
is evident from the presence of products of number operators in the definition of Majorana
operators, and by products of operators flipping the spin on a dot. The latter are related to the
fact that the even ground state involves a spin singlet state.

The Majorana Kramers-pairs operators given in Eq. (5) commute with the Hamiltonian at
the sweet spot by construction. Furthermore, each Majorana Kramers-pair operator commutes
with one of the number operators 7;, specifically [}, Yr, ] = [ig, Y1+ ] = 0. This explains why
any perturbation involving only one of the on-site energies ¢; will not lift the degeneracies
within the n = 0, 2 states. We note that in terms of the commutation relations with the number
operators on each dot, these Majorana Kramers-pairs operators are local. However, in terms
of dot creation and annihilation operators, they clearly are not.

It is worth emphasizing that these Majorana Kramers-pairs, or in other words the corre-
sponding ground state degeneracy, only exist due to interactions: A no-go theorem states that
Majorana Kramers-pairs cannot be realized in non-interacting electronic systems with a sin-
gle conventional superconductor [27]. Hence, the charging energy U is the driving force for
obtaining the ground state degeneracy.

3We refer the reader to Appendix D for more details on how to construct the Majorana operators from the
eigenstates.
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3.3 Zs-parafermion operators

Majorana Kramers-pairs operators can only be meaningfully defined in terms of the manifolds
n =0, 2 containing even and odd parity states. In the following, we will introduce a different,
complementary description that takes the full spectrum into account.

Having a many-body spectrum that is three-fold degenerate signals a symmetry of the
system. Beyond the fermion-parity conservation, the system has the additional generalized-
parity symmetry
P, = ij(an+2njl) , (6)

3

with w = ?™/3 [28] and Nj, = c;.racjo the spin-resolved number operator defined on site j.
We find that the eigenstates within each degenerate manifold n are uniquely characterized by

their corresponding generalized parity eigenvalue p =0, 1, 2

PZ3|n7p>:wp|n7p) . (7)

As all the states |n, p) for fixed n, are degenerate, we can construct a parafermion operator
X - These operators switch between eigenstates with different P,_-parity eigenvalues p within
each degenerate manifold with

xIn,p) =a,,In,p+1(mod 3)), (8a)
P=1, (8b)
XPz, = wPz 1, (8c)

where the coefficients a,, , are complex and satisfy ]_[p a,, =1 for all n, ensuring that 2=1.
Note that the parafermion operators do not obey superselection as they must contain both
fermion-parity switching and conserving operators.

To construct the parafermion operators, we use the many-body eigenstates of the system.
In addition to satisfying the conditions outlined for parafermion operators in Eq. (8), we re-
quire that these operators commute with one of the number operators. This requirement helps
explain how the many-body spectrum is protected against changes in local on-site energies.*
We find two parafermion operators y; and yp expressed in terms of constrained fermion op-
erators as

_ - s 1/ St
XRZ(1_nL)(_C;,u+CRT)+(C£¢CRT+E(CRV"C;T))CLCLT

1. o+ 1+v2_ ). 1+v2_ )\ 4.
_E(nLTc£l+nLlcRT)—(1—WnL)c}'zTch—(l—TnR)cZTcLl, (9a)

_ 4 _ e 1 .+ _ 4+
2. = (1 —ng) (CL’l + cLT) + (CL'chT + 7 (CiT — Cu)) C}'uCRT

1. o+ . 1-v2_ i 1—v2_ )\ .
—E(nRTCL,l_anCLT)—"(l"'THL)C;%TCR“'(L'_THR)CiTCLl' (9b)

The parafermion operators given in Eq. (9) commute with the Hamiltonian at the sweet
spot and satisfy xl.?’ = 1 by construction. Furthermore, each parafermion operator commutes
with one of the number operators 7;, specifically [71;, yg] = [fig, 1] = 0. Hence these
parafermion operators also explain the protection of the degeneracy in the many-body spec-
trum against variations in the on-site energies.

The parafermion operators given in Eq. (9) do not satisfy Z, parastatistics. The reason
for this is that we want the parafermion operators to commute with the number operators

“We refer the reader to Appendix E for the details.
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Figure 4: (a) Quantum dot test: A two-site spinful interacting chain is coupled to a
quantum dot D via a spin-conserving normal hopping. (b) Three-site spinful inter-
acting chain with sites L, M and R, each coupled via normal hopping t and super-
conducting pairing A.

to explain the robustness with respect to changes in on-site energies. If we remove this re-
striction, we can find coefficients a, , such that the resulting parafermion operators obey the
Z, parastatistics y; ygp = w ¥rx..> As a interesting side-remark, we note that we were able
to find parafermion operators that commute with the number operators and satisfy the Z,
parastatistics when projected to the ground state manifold.®

3.4 Low-energy effective Hamiltonian with parafermion operators

Next, we explore the low-energy physics of the three-fold degenerate ground state manifold.
To this end, we project the parafermion operators given in Eq. (9) to the ground state manifold.
These projected operators, denoted as jyr and y;, still commute with their respective number
operators.

Mapping the parafermion operators onto the ground state allows us to derive the low-
energy effective Hamiltonian

(t+;/§A)]l+ (t_fA)

H=- (71 A+ 7h70) - (10)
Note that the low-energy Hamiltonian is akin to the low-energy Hamiltonian of a two-site Zs
parafermion chain [24,29-31]. The first term is an energy offset such that at the sweet spot,
with t = v/2A, the ground state energy is E, =—t.

4 Three-site spinful interacting chains

4.1 Quantum dot test

Having established the characterization of the two-site spinful interacting chain and its protec-
tion due to Py, parity, we now investigate its behavior when the chain length is increased. To
this end, we first consider adding a third spinful quantum dot only coupled by a normal hop-
ping t, as show in Fig. 4(a). This system is the time-reversal symmetric variant of a quantum
dot test originally designed for Majorana bound state detection. This test, aimed at identifying
unpaired localized Majorana bound states, has been previously considered in various setups,
including proximitized nanowires [ 32-34] and artificial Kitaev chains [20,35]. Here, we probe
the two-site chain by using a test quantum dot D in the single electron limit, i.e. U, — o0,

>The choice of coefficients with arll)p = w and aip = w? yields two parafermion operators that obey Z, paras-
tatistics. In this case, the first parafermion operator still commutes with ny, however the second parafermion
operator does not commute with n; .

See Appendix E.2 for details.
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Figure 5: Quantum dot test: Another quantum dot D is attached, coupled exclusively
to site R through spin-conserving hopping. Variation of (a) on-site energy €; results
in a splitting of the zero-bias peak in the local finite bias conductance measured from
quantum dot D. Conversely, changes in (b) on-site energy ex or (c) the test quantum
dot €5, do not induce a splitting of the zero-bias peak. For transport simulations, we
use dot-lead coupling I' = 0.0125t and reservoir temperature T = 0.025t.

with an on-site energy e, = 0. Quantum dot D is coupled to site R of the two-site chain with
spin-conserving hopping Hgp = tp . - E; »Cpo +H.c., as shown in Fig. 4(a). We then measure
local finite bias conductance Gpj, as we vary on-site energies of each of the three sites in the
system as shown in Fig. 5.

In Fig. 5(a), we observe that detuning the on-site energy of site L leads to a splitting in
the zero-bias peak in the local differential conductance G measured by tunnel coupling a
normal lead to quantum dot D. In contrast to varying the on-site energy of site L, varying the
on-site energy of site R or the test dot D does not lead a splitting in the zero-bias conductance
peak, as shown in Fig 5(b)-(c).

The outcome of the quantum dot test closely resembles the quantum dot test for poor
man’s Majorana zero modes [20]. There the splitting of the zero-bias peak, when the on-site
energy of site L is detuned, is attributed to the leakage of the left Majorana wavefunction to
the right site. Then, the right site no longer hosts an isolated Majorana wavefunction and the
zero-bias peak splits linearly. On the other hand, detuning the on-site energies of site R or the
test quantum dot would not lead to any splitting as there would be a single Majorana residing
on the site R. Disregarding the interacting nature of our system, the outcomes of the quantum
dot test could thus be (mis)interpreted as the presence of an isolated zero-mode in each dot.

To understand the role of the quantum dot test in our spinful interacting system, we con-
struct a low-energy Hamiltonian using the Zs-parafermion operators that we constructed be-
fore to show the stability against changes in local potentials. To that end, we project the
spin-conserving coupling term between site R and test quantum dot H, = tj, Y. E; -Cpe T H.C.
to the ground state manifold. Then, the projected coupling Hamiltonian takes the form

= t
L=

V6
where operators A, , act on site L and site R of the original two-site chain and are expressed
in terms of parafermion operators

(A}, +Aqdf +He), an

1 .

A= E(XL + ¥r)» (12a)
1 - . .

Ay = E(XL' + X1 ¥R)> (12b)
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and operators

201 .
dp o, = —(—C}gaﬂna), (13)

act on the test quantum dot states.

The form of Eq. (11) together with Eq. (12) indicate that the fermionic states in the quan-
tum dot D actually couple to both of the parafermions. Therefore, the result of the quantum
dot test for our system cannot be interpreted as selectively coupling to a single parafermion,
in contrast to Majorana bound states [20, 32,33].

This leaves the question of why the quantum dot test leaves the ground state degeneracy
unchanged. In fact, we find that the entire many-body spectrum of the combined three-dot
system is also comprised by degenerate manifolds. The fact that the system still features P,
symmetry, each degenerate manifold has eigenstates with three different generalized parity
eigenvalues. This property allows us to construct two parafermion operators y; and y-, similar
to how we constructed parafermion operators for the two-site chain case given in Eq. (9).”

Each parafermion operator, in addition to commuting with the Hamiltonian at the sweet
spot and 71, also commutes with either 1; or ng, specifically [ y;,7;] = [ ¥2,7zg] = 0. On the
other hand, only y, commutes with Hgp, the operator that describes spin-conserving hopping
between site R and quantum dot D. As a consequence, varying €; results in the splitting of the
degenerate energy levels, whereas varying e or €, does not.

A natural question to ask is whether parafermion operators in three-site and two-site cases
are related. Given the strongly-correlated nature of the system, the form of these operators
are quite involved, and involve terms mixing operators from all three dots. Nevertheless,
we can project the parafermion operators for the three-site system onto a two-site system by
tracing out the degrees of freedom related to quantum dot D. In this case, we recover that the
projected three-site parafermion operators are identical to the parafermion operators for the
two-site case

Trp x1 = Xr> (14a)
Trp o = X1 - (14b)

This equivalence underlines the protection mechanism for the degeneracies in these two
setups as parafermion operators.

4.2 Absence of scaling

The presence of strong zero modes in a two-site system raises a key question: Can extending
the chain to more sites bring about topologically protected zero modes? An example is seen in
Majorana zero modes within an N-site Kitaev chain with uniform t = A for all hoppings and
€ = 0 for all on-site energies. To explore the emergence of such modes in a strongly interacting
chain with time-reversal symmetry, we examine a three-site chain, with sites L, M and R as
shown in Fig. 4(b), with normal hopping and superconducting pairing between adjacent sites
induced by proximitized quantum dots. Given our focus on strong zero modes, we assume
infinite charging energy in each site and use constrained fermion operators as detailed in
Sec. 3.

7See App. E.3 for the construction of the parafermion operators.
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Figure 6: The local finite bias conductance for the three site chain shown in Fig. 4(b)
as we detune (a) €;, (b) €),, and (c) e on-site energies. At zero-detuning for each
case, the system shows a gap, indicating the absence of ground state degeneracy
with opposite fermion parity. For transport simulations, we use dot-lead coupling
I' =0.0125¢ and reservoir temperature T = 0.025t.

To investigate this, we set the condition t = +/2A for all hopping magnitudes and € = 0 for
all on-site energies. We find that the many-body ground state no longer maintains the triply
degenerate structure with one even- and two odd-parity eigenstates. Instead, the ground state
exhibits even fermion parity, accompanied by an excitation gap to the lowest odd fermion
parity eigenstates. This aspect becomes apparent in the local finite bias conductance spec-
troscopy of the three-site chain as illustrated in Fig. 6. The absence of a zero-bias peak in
Fig. 6, which signifies degenerate ground states with opposite fermion parities, is replaced by
a gap in the excitation spectrum. As either €; or €y is detuned such that the site in question
is depleted, the system effectively reduces again to a two-site chain. We observe this feature
in local differential conductance shown in Fig. 6(a),(c) as a development of zero bias peak for
€; >t.

Hence, despite the zero-bias conductance being identical for a two-site spinless Kitaev
chain and a spinful interacting two-site chain and despite the similarity for the quantum dot
test in both cases, the spinful interacting three-site chain differs crucially from the spinless
three-site Kitaev chain. We believe that this should be testable in current experiments.

5 Discussion and conclusion

In this work, we have studied spinful interacting quantum dots coupled by normal hoppings
and singlet-type of superconducting pairings under time-reversal symmetry. The combina-
tion of local Coulomb interactions, normal hopping and singlet-type superconducting pairing
within a two-site system results in a three-fold degenerate ground state, which is quadratically
protected against changes in the on-site energies. This yields experimental features similar to
regular Majorana zero modes in a two-site chain, although they can be distinguished through
finite bias conductance spectroscopy. Hence, our results show that the presence of a sweet
spot alone does not guarantee the existence of localized Majorana bound states.

In the limit of U — o0, the entire many-body spectrum features three-fold degenerate
manifolds, revealing the emergence of strong zero modes. We find two different interpre-
tations for the existence of such strong zero modes, namely Majorana Kramers-pairs and Zs
parafermions. We explicitly construct corresponding Majorana Kramer-pairs operators and
Z5 parafermion operators. In particular, from the parafermion operators, we can understand
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the protection of the degeneracy in the entire spectrum with respect to changes in the on-site
energies and the coupling strength to the test quantum dot as discussed in Sec. 4.1. Pro-
jecting the parafermion operators of the two-site spinful interacting chain onto the ground
state manifold yields a low-energy Hamiltonian, represented by Eq. (10), which resembles a
two-site parafermion chain Hamiltonian. Moreover, by selecting appropriate phases for the
parafermion operators, the projected operators obey Z; parastatistics.

We find that these strong zero modes present in the two-site spinful interacting chain fea-
ture the same resilience as regular Majorana zero modes [20, 32, 33] against the quantum
dot test. In contrast, however, extending the chain to more sites does not retain its triply-
degenerate many-body spectrum. The deviation from the triply degenerate structure in the
many-body spectrum for longer chains emphasizes the need for further investigation.

Previous studies [28,36] have used Fock parafermions proposed in Ref. [37] to embed a
parafermionic chain [29] in a fermionic system, resulting in fermionic Hamiltonians with parity
breaking terms or three-body interaction terms that are hard to implement in experimental
settings. Here, we start from a setup that can be realized experimentally [11] and construct
parafermion operators for this system. Given that the system has two sites only, we call these
modes “poor man’s Z; parafermions” in analogy to poor man’s Majoranas [ 14]. However, there
are several open questions: Can these strong zero modes obtain topological protection once
extended to longer chains? Can we use this minimal model to demonstrate braiding or fusion
for Z, parafermions that could be used for universal quantum computation? Answering these
questions may open promising avenues in strongly-correlated time-reversal invariant systems.
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Figure 7: Comparison between a two-site spinless Kitaev chain and a two-site spinful
interacting chain. Top panels: (a) depicts the charge stability diagram of the two-site
Kitaev chain at the sweet spot. (b) illustrates the local and (c) nonlocal differential
conductance of the two-site Kitaev chain at the sweet spot, plotted as a function of
the voltage bias and simultaneous detuning of both on-site energies. Bottom panels:
(d) depicts the charge stability diagram of the two-site spinful interacting chain in
the limit U — oo. (e) shows the local and (f) nonlocal differential conductance
of the two-site spinful interacting chain, plotted as a function the voltage bias and
simultaneous detuning of both on-site energies. For transport simulations, we use
dot-lead coupling I' = 0.0125¢ and reservoir temperature T = 0.025¢.

A Experimental features of spinless Kitaev chain vs. spinful inter-
acting chain

This section compares two-site spinless Kitaev chain to two-site spinful interacting chain, focus-
ing on their charge stability diagrams and the resulting finite bias conductance spectroscopy.
The many-body Hamiltonian for spinless two-site Kitaev chain is expressed as

Hyitaey = Z eicz‘ci + thcR + ACZC£ +H.c. (A1)
i=L,R

The sweet spot condition for two-site spinless Kitaev chain requires ¢; = 0 and t = A,
leading to a two-fold degenerate many-body spectrum. This degeneracy becomes apparent in
the charge stability diagram illustrated in Fig. 7(a), where detuning the on-site energies causes
the degeneracies to split. The impact is also reflected in the local finite bias spectroscopy,
depicted in Fig. 7(b), where the zero-bias peak splits upon detuning both on-site energies by
€ = €; = €g. For completeness, in Fig. 7(c), we show the nonlocal finite bias conductance G;
as both on-site energies are varied. In comparison with the poor man’s Majorana zero modes,
we illustrate the charge stability diagram and finite bias conductance spectroscopy for two-site
spinful interacting chain in Fig. 7(d-f). Although the charge stability diagrams for each system
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Figure 8: Comparison of the finite bias differential conductance between (top panels)
a two-site spinless Kitaev chain and (bottom panels) a two-site spinful interacting
chain while detuning the left on-site energy €;. For transport simulations, we use
dot-lead coupling I' = 0.0125t for both leads and temperature T = 0.025¢t for both
reservoirs.

is almost identical, we observe that the finite bias conductance spectroscopy can distinguish
between two cases. Specifically, in Fig. 7(b) and (e), we show the local finite bias conductance
spectroscopy for the spinless Kitaev chain and spinful interacting chain, respectively. Detuning
both on-site energies, we observe that the local conductance for the spinful interacting chain,
as shown in Fig. 7(e), features an additional trace of enhanced conductance at finite energy
that moves down with decreasing €. The high charging energy of the dots prevents double
occupation, allowing the ground state to only connect with triplet states by adding a single
particle. This restriction on the transport process via triplet states explains the conductance
asymmetry observed in Fig. 7(e) for the two-site spinful interacting chain with respect to bias
voltage. The additional feature arises from the triplet states of the spinful interacting chain and
is absent in the local conductance spectroscopy of the two-site spinless Kitaev chain. Finally,
in Fig. 7(c) and (f), we examine the nonlocal differential conductance spectroscopy of both
systems and observe that, similar to the local conductance signal, the transport processes via
the triplet states in the spinful interacting chain can help distinguish between the two cases.

For completeness, we present all of the conductance matrix elements as we detune the left
on-site energy €; in Fig. 8. Similar to Fig. 7(b,e), the local conductance elements G;; and Ggg
of the spinful interacting chain, shown in Fig. 8(e) and (h), feature an additional enhanced
conductance trace compared to the spinless Kitaev chain case, shown in Fig. 8(a) and (d). This
difference between two cases is also observed for the nonlocal conductance G;y, as shown in
Fig. 8(b) and (f). On the other hand, the most striking difference between the spinless Kitaev
chain and the spinful interacting chain is observed in the nonlocal conductance Gg;. While
the conductance vanishes entirely for the spinless Kitaev chain, as illustrated in Fig. 8(c), it
remains finite for the spinful interacting chain. We observe that the transport via triplet states
remains visible for the spinful interacting chain.
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Figure 9: The change in connectivity of the charge stability diagram as the energy
of the ABS is varied. The ground state switches its fermion-parity from (a) odd,
with €y = €3, —0.5A, to (c) even, with €), = €}, + 0.5A,. This ensures that the
degeneracy lines cross for a specific value of middle dot on-site energy €},, as shown
in panel (b). Here, we have t, = 0.25A, U = 0.1A, €}, ~ —0.677A,.

B The model including the Andreev bound state

In this appendix, we show the results obtained with the full model, including the proximitized
quantum dot hosts an ABS. Here, ABS in the middle region mediates CAR and ECT between
left and right quantum dots. The Hamiltonian for this system is given as [15,39]

H:HD+HS+HT> (Bla)
Hp = Z €Nz + Z Uinjtngy, (B.1b)
o,i=L,R i=L,R
H = ey D Mo + BolCuru + 6y Chrp) (B.10)
g
Hy = Z(foCLoCLo + toChoCuo) + HoC., (B.1d)

oz

where Hp, is the Hamiltonian of the quantum dots, n;, = cjacig is the spin-resolved electron
occupation number on dot i, U; is the charging energy, €; is the on-site energy. Hy describes
the tunnel coupling between the outer dots and ABS in the middle, which features a spin-
conserving hopping process with strength t,. Hg describes the middle dot that hosts an ABS
in the low-energy approximation with an induced gap A,.

In Fig. 9(a-c), we demonstrate the evolution of the charge stability diagram while changing
the energy of the ABS by varying €,,. Changing the ABS energy alters the effective parameters
we use in the main text superconducting pairing A and normal hopping t. Similarly to the
charge stability diagram of the effective model portrayed in Fig. 1, the connectivity of the
charge stability diagram transitions from an odd ground state, as depicted in Fig. 9(a), to an
even ground state, as illustrated in Fig. 9(c). Consequently, this ensures that a sweet spot
condition can be achieved for any given €,, value, as demonstrated in Fig. 9(b).

Furthermore, in Fig. 10, we depict the evolution of the charge stability diagram and the
corresponding local differential conductance at the sweet spot as a function of the charg-
ing energy U on the left and right quantum dots. Despite the increased complexity of the
full model, qualitative features of the charge stability diagrams and corresponding local con-
ductances exhibit similar behaviors to the effective model results, presented in the main text
Fig. 2. As in the effective model, increasing the Coulomb interaction U in the quantum dots
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Figure 10: The evolution of charge stability diagram and local finite bias conductance
G;; at the sweet spot for various charging energies for two-site chain with an ABS in
the middle dot. For (a) and (d), we set U = 0.15A; for (b) and (e), U = 0.25A;
and for (c) and (f), U = 0.45A,. Here, we use t, = 0.25, T = 0.0025A,, and
I'=0.00125A,.

results in a widening separation between the regions of double occupancy and empty dots in
the charge stability diagrams. Consequently, the degeneracy lines of the sweet spot crossing
become straighter with increasing U, indicating the increased protection of the ground state
degeneracy against local potential changes.

C Energy levels and many-body eigenstates of two-site spinful in-
teracting chain

In this appendix, we list the eigenstate and eigenvalues of the spinful interacting chain in the
limit of U — oo. At the sweet spot, i.e. t = +/2A and e Lr = 0, the spectrum exhibits three
triply-degenerate manifolds. The many-body eigenstates for the ground state are already given
in Eq. (3). Here, we show the eigenstates of the excited state manifolds. We start withn =1,
namely the triplet manifold

|Tl = 1: l) = _lll> > (Cla)

In=1,1) =+IT1), (C.1b)
1

In=1,0) ——E(llT)HTl))- (C.10)
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Finally, the eigenstates of the second excited state manifold, which consists of the bonding
version of eigenstates of the ground state manifold

n=2,1)= —% (1L0) +101)) , (C.23)

n=2,1) =—%m0> +1om)., (C.2b)
1 1 1

n=2,5) =—E|00)—(5|T i>—§m>) . (.20

In the subsequent appendices, we will make use of these many-body eigenstates to con-
struct operators.

D Majorana Kramers-pair operators

In this appendix, we describe how we obtain the Majorana Kramers-pair operators. As de-
scribed in the main text, the first excited state manifold is entirely composed of even fermion
parity states. Consequently, our analysis of Majorana Kramers-pair operators excludes this
manifold. We begin by constructing Majorana operators from the eigenstates of the many-
body Hamiltonian. For a given spin projection, we define

Vi = Z e'®in|n, o) (n,S| +H.c., (D.1a)
n=0,2

Yoo = Z ie'®2n|n, o) (n,S| +H.c., (D.1b)
n=0,2

where |n,S) denotes the even parity state (singlet) and |n, o) denotes the odd parity state with
spin o in the n manifold, and ¢, is an arbitrary phase. We find that for phase configuration

$1,=0, (D.2a)

by = 0 ifn=0, (D.2b)
27 ifn=2, )

Y1o commutes with the number operator on the right site ng, while y,, commutes with the
number operator on the left site n;. Consequently, we relabel y,, and y,, as y;, and vz,
respectively. Eq. (5) of the main text, we present the decomposition of these operators in terms
of constrained fermion operators.

E Zs parity and parafermion operators

The three-fold degenerate structure of the many-body eigenstates of the two site chain pre-
sented in Sec. 3 and also quantum dot test presented in Sec. 4.1 signals a conserved sym-

metry of the system. As discussed in the main text, this symmetry is the generalized parity
.o -

Py, =e'3 2 mt2n8 where n jo = C;,Cjo is the spin-resolved number operator defined on dot

j. Given the three-fold degenerate manifolds of the system under consideration, we express

the parafermion operators as

1
X =2, 2, anpln,p) (n,p+1mod3|, (E1)

n=0p=-—1
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where n denotes the three-fold degenerate manifolds and p represents the generalized parity
eigenvalues of the states

PZganp):wpanp) . (Ez)

In Eq. (E.1), the coefficients a, , are complex and satisfy ]_[p a,, =1 for all n, ensuring that
22 =1.

Based on Eq. (E.2), we relabel the eigenstates according to their parity eigenvalues Py, . In
the ground state manifold, given in Eq. (3), and the second excited state manifold, given in
Eq. (C.2),we assign T—p=1, | = p=—1and S — p = 0. Furthermore, in the first excited
state manifold given in Eq. (C.1), the labeling slightly varies due to the state |n = 1,0): we
assign T—p=1,l—»p=—1land 0— p=0.

Our procedure to construct parafermion operators relies on the following steps:

* Obtain the entire many-body spectrum and its eigenstates by exact diagonalization of
the Hamiltonian.

* Label the eigenstates based on their energy-manifold n and generalized parity eigenstate
p.

* Construct the numerical matrices given in Eq. (E.1) using the eigenstates.

* Find the complex coefficients a, , such that the corresponding parafermion operators
commutes with a corresponding number operator.

* Express the resulting numerical matrix in terms of fermionic creation and annihilation
operators.

In the next two subsections, we follow this procedure and construct the parafermion op-
erators.

E.1 Parafermion operators for two-site chain

For two-site chain, we have three three-fold degenerate manifolds, as shown in Fig. 3 in the
main text. Following the method described above, we determine two sets of coefficients, a, ,,
which yield two parafermion operators. Each parafermion operator either commutes with the
left or right number operator. The coefficients for the operator commuting with 71;, which we
name a;,p, is

—1 ifn=0andp#-1,

aﬁ’p =<{—1 ifn=2andp#0, (E.3)
1 else,
a,,=1. (E.4)

We note that the relative minus sign in aﬁ ) is crucial for the commutation with the left
number operator 71;. Plugging the coefficients given in Eq. (E.3) into Eq. (E.1), we obtain the
parafermion operators defined in Eq. (9).
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E.2 Different gauge choice for parafermion operators and parastatistics

We now use a different gauge choice for y; parafermion operator of the two-site spinful inter-
acting chain, while keeping yy as the same defined in Eq. (E). This amounts to changing the
coefficients aﬁ ) defined in Eq. (E.3) as follows

—wP™ ifn=2andp#0,
a,, = { (E.5)

wPtl else.

We express the resulting parafermion operator y; in terms of constrained fermion opera-
tors as

= —w(1—rg) + —1 + i e — | gt +—1 e + w3l ¢ ché
XL = RT ﬁ w an CLT ﬁCLT ﬁCLl w CL,LCLT CRLCRT
1 2\(7 =t = = =F = w? 1 = =T - = =T -
+ E-l—co (nRTcLTcLl+nLTCRTCRl)+ m—ﬁ (anCLTCLl+nLlCRTCRl)

w _ _ _t St o2y AT s
" ((E - 1) gy (1= an)) o), = (T + Gy ) - (E6)

We now explore the low-energy physics of the three-fold degenerate ground state manifold.
To that end, we project the parafermion operators, specifically yz given in Eq. (9) and y;
given in Eq. (E.6), to the ground state manifold. These projected operators, denoted as 7z
and 77, still commute with their respective number operators. Additionally, we observe that
the projected parafermion operators satisfy Z; parastatistics

AR, = WX IR - (E.7)

Mapping the parafermion operators on to the ground state and establishing that they
obey Zs-parafermionic statistics allow us to derive the low-energy effective Hamiltonian using
parafermion operators

f=—

(2t +v24)  (t—+24)
1+ (
3 3
We realize that the form of the low-energy Hamiltonian is similar to the low-energy Hamilto-

nian of a two-site Zy-parafermion chain. Similar to Eq. (10), the first term serves to ensure
that at the sweet spot t = v/2A, the parafermions are decoupled.

It aR+ a7 - (E.8)

E.3 Parafermion operators for the quantum dot test

For the quantum dot test, we introduce a third quantum dot, labeled as D, which is attached
to the right quantum dot of the two-site spinful interacting chain. In the absence of coupling
between the right site and quantum dot D, the system exhibits three nine-fold degenerate
manifolds, with each manifold labeled by its Z eigenstates. As the fermion-parity is conserved,
we further order every eigenstate in each degenerate manifold according to its fermion-parity
eigenvalue.

To ensure that the coupling between the test quantum dot and the two-site spinful inter-
acting chain does not cause a splitting of the ground state degeneracy, we perform a unitary
rotation on the ordered basis. This rotation is designed to ensure that the coupling, repre-
sented by H, = tp >, E; -Cpo + H.c., maintains an identical matrix structure within each Z;
block. This property guarantees a three-fold degenerate structure in the entire spectrum for
any value of tj,. Having established this basis, we proceed with the remaining steps of the pro-
cedure described above to determine the coefficients afl’p. These coefficients ensure that the
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resulting parafermion operators commute with either i; or fiz. Furthermore, we confirm that
the obtained parafermion operators remain identical to their two-site version once the trace is
taken over the test quantum dot. Details on the steps taken to get these coefficients and the
expression of resulting parafermion operators in terms of fermionic creation and annihilation
operators can be found in the code repository [38].

F Spin-orbit insensitivity of the degeneracies

This appendix demonstrates how a unitary transformation on the fermion operators in spin-
space transforms the Hamiltonian given in Eq. (1) to one with spin-orbit interaction (cf. e.g.
[40]). We follow the procedure outlined in Ref. [41] and perform a unitary transformation:

cr | _ [ Crp crr) _ (cos(8) —sin($))( exr
(Cu)_(%) and (Cm)_(sin(%) cos(%) J\ér )’ (ED)

where 0 is the spin-orbit angle relative to the basis of choice. Plugging the above identities
into Eq. (1) we find the on-site term stays invariant

Deilchen +clc) =D e@han +lE), (E2)

i 1

for the ECT term we have
. 0
t (chTcRT + CLCRl + h.c. ) tcos( )(CLTCRT + CLlCRl +h.c.)
0
+tsm( )( CLTCRl+CLlCRT+hC) (E3)

and finally for the CAR term

. 0N . .
A(cchI'u Ll RT+hc) ACOS(_)(CL(TC;u Ll RT+hc)
+As1n( )(cLT Cry Ll Rl+hc) (E4)

The Coulomb term keeps its form only replacing c;, — ¢;,. Collecting all terms we find
the two-site Hamiltonian with spin-orbit hopping between the dots (cf. [40]).
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