
SciPost Phys. 18, 211 (2025)

On symmetry-resolved generalized entropies

Fei Yan1, Sara Murciano2,3, Pasquale Calabrese4,5 and Robert Konik1

1 Condensed Matter Physics and Materials Science Division,
Brookhaven National Laboratory, Upton, NY 11973, USA

2 Department of Physics and Institute for Quantum Information and Matter,
California Institute of Technology, Pasadena, CA 91125, USA

3 Walter Burke Institute for Theoretical Physics,
California Institute of Technology, Pasadena, CA 91125, USA

4 SISSA and INFN Sezione di Trieste, via Bonomea 265, 34136 Trieste, Italy
5 International Centre for Theoretical Physics (ICTP),

Strada Costiera 11, 34151 Trieste, Italy

Abstract

Symmetry-resolved entanglement, capturing the refined structure of quantum entangle-
ment in systems with global symmetries, has attracted a lot of attention recently. In this
manuscript, introducing the notion of symmetry-resolved generalized entropies, we aim
to develop a computational framework suitable for the study of excited state symmetry-
resolved entanglement as well as the dynamical evolution of symmetry-resolved entan-
glement in symmetry-preserving out-of-equilibrium settings. We illustrate our frame-
work using the example of (1+1)-d free massless compact boson theory, and benchmark
our results using lattice computation in the XX chain. As a byproduct, our computational
framework also provides access to the probability distribution of the symmetry charge
contained within a subsystem and the corresponding full counting statistics.
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1 Introduction

The relevance of entanglement as a tool to understand several physical phenomena and dis-
cover new ones is well established nowadays. For instance, entanglement can be used to detect
phase transitions [1], to understand out-of-equilibrium problems [2], to study the topological
properties of a system [3, 4], and to unravel the black hole information paradox [5]. In the
presence of global symmetries, the structure of quantum entanglement becomes even more
intriguing and an active area of research has been lately dedicated to studying this quantity in
the presence of global symmetries [6–8]. This goes under the name of symmetry resolution of
quantum entanglement, and it has been studied in several contexts, ranging from lattice sys-
tems [9–16], to conformal field theories (CFTs) [17–38]. Additionally, recent work of [39–42]
have generalized ground state symmetry resolution to non-invertible symmetries. The first in-
put towards the study of symmetry-resolved entanglement was an experiment done by Lukin
et al. [43] about the time evolution of a many-body localized system through particle fluctua-
tions and correlations. This work uncovered the relevance of the internal symmetry structure
of the total entanglement entropy, which can be better understood in terms of two quantities
into which the total entanglement can be split, i.e. the configurational entropy and the num-
ber entropy. In the presence of both disorder and interactions, the dynamics of configurational
and number entanglement occur over different time scales: the number entanglement quickly
saturates to an asymptotic value while the configurational one exhibits a slow logarithmic
growth.
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After this experiment, symmetry resolution of quantum entanglement has been studied in
a plethora of setups. An important topic is the dependence of symmetry-resolved quantum
entanglement on symmetry representations. For example, in CFTs with a U(1) symmetry free
of ’t Hooft anomaly, at leading order in the subsystem size, if we focus on small fluctuations
of the subsystem charge around its mean value, symmetry-resolved entanglement does not
depend on the charge sector and its leading order behavior coincides with that of the total
entanglement entropy [8]. By resolving with respect to the irreducible representations of a
non-abelian group, this result also holds for CFTs with non-abelian global symmetries, and
the entanglement equipartition is broken only by a constant term depending on the logarithm
of the dimension of the irreducible representation [25,44]. Understanding how quantum en-
tanglement splits into different symmetry representation sectors is worthwhile because we
can focus on a specific sector whose Hilbert space dimension is much smaller than the total
Hilbert space dimension, thereby reducing the memory resources normally needed in numer-
ical methods. For quantum entanglement of excited states in critical systems or in lattice
systems, equipartition can be broken by terms that explicitly depend on the microscopic de-
tails of the system or on the parameter that introduces the energy gap [10, 45]. The general
lesson is that, as far as the microscopic details of the models are negligible and we focus on
small deviations of the charge (i.e. the charge density is not fixed [15, 46]), equipartition of
quantum entanglement would hold.

As a byproduct, studying the symmetry resolution also allows us to compute the probabil-
ity distribution of an observable restricted in a subsystem and the corresponding full counting
statistics [47]. A prominent example is the probability distribution for the symmetry charge
contained within a subsystem, where the study of symmetry resolution gives us access to the
average together with all the moments (in addition to the variance) of the distribution.

Given the rapid developments in this field, our work in this manuscript is motivated
from two perspectives, namely the study of symmetry-resolved entanglement for generic ex-
cited states, and the dynamical evolution of symmetry-resolved entanglement in a symmetry-
preserving out-of-equilibrium setting. In the following, we will briefly describe these two mo-
tivations, before giving a summary of our results.

1.1 Symmetry-resolved entanglement measures for excited states

Compared with the ground state symmetry-resolved entanglement, relatively less studied are
the symmetry-resolved entanglement measures for excited states, which possess distinct prop-
erties from the ground state symmetry resolution. For example, Ref. [18] studied symmetry-
resolved entropies for low-lying primary excited states in 2d CFTs with a U(1) global symmetry.
Focusing on the example of the free compact boson CFT (or Luttinger liquid), they found that
entanglement equipartition still holds at the leading order in subsystem size, but there exist
subleading universal terms which break the equipartition. Additional studies of excited state
symmetry resolution include Refs. [48–50] which investigated the symmetry resolution due to
exciting a finite number of quasiparticles above the ground state of a free integrable quantum
field theory.

In addition to the excited state symmetry resolution, symmetry-resolved relative entropies
between low-lying excited states in CFTs have also been studied in [20, 27]. However, it re-
mains a challenging task to analyze the symmetry resolution of various entanglement measures
beyond the lowest energy states corresponding to primary fields in the CFT. Part of our moti-
vation for this paper is to develop a systematic approach to compute the symmetry-resolved
entanglement measures for arbitrary excited states, using as a prototypical example the free
massless compact boson theory relevant to the experimental setups involving Luttinger liquids
- for an overview see [51–53]. Luttinger liquid physics can include spin-charge separation
in 1D metals and nanotubes [54, 55], power-law correlations of the dynamic structure func-
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tion in 1D cold atomic systems [56–60], and the fractionalization of magnons into spinons in
quasi-1D spin chains [61, 62]. Additionally, the same computational framework can also be
applied to the analytical study of the subsystem charge distribution for excited states, with the
potential to compare with simulations and experiments on full counting statistics.

1.2 Dynamical evolution and generalized entropies

The out-of-equilibrium dynamical evolution of the entanglement and Rényi entropies can re-
veal the dynamical properties of quantum systems, in addition to their own interesting fea-
tures. In general it is difficult to track the dynamical evolution of entanglement measures
analytically. Suppose that we choose an appropriate basis {|ψi〉} for the Hilbert space of the
total closed system equipped with a bipartition A∪Ac , a pure state |ψ(t)〉 and its corresponding
reduced density matrix ρA(t) can then be expressed in terms of this basis as follows:

|ψ(t)〉=
∑

i

αi(t)|ψi〉 , ρA(t) = TrAc |ψ(t)〉〈ψ(t)|=
∑

i, j

αi(t)α
∗
j (t)TrAc |ψi〉〈ψ j| . (1)

It is then clear that, in order to compute entanglement measures built out of ρA(t), we have to
take into account “cross-term” contributions where the in-state and the out-state are distinct
from each other.

This setup has been studied for the standard Rényi entropies in [63], under the notion of
generalized Rényi entanglement entropies, defined as

Sn(ψ1, . . . ,ψ2n) :=
1

1− n
log

TrA [TrAc (|ψ2n−1〉〈ψ2n|) . . . TrAc (|ψ1〉〈ψ2|)]
TrA[TrAc (|0〉〈0|)n]

, (2)

where |ψ2i−1〉 and 〈ψ2i| denote the in-state and the out-state in the i-th (1 ≤ i ≤ n) replica
copy of the system, and |0〉 denotes the ground state. In particular, when ψ1,...,2n = ψ, Eq.
(2) computes the difference between the n-th Rényi entropy for the state |ψ〉 and the ground
state n-th Rényi entropy, which has been the subject of intensive investigations [64–78]. Ad-
ditionally, when |ψ2i−1〉 = |ψ1〉 and 〈ψ2i| = 〈ψ2| for all i, Eq. (2) reduces to the so-called
pseudo-entropies studied in [79, 80]. By choosing |ψi〉 to be basis states for CFTs and com-
bining with truncated conformal space approach [81–83], the generalized entropies behave
as building blocks of a new computational scheme for the dynamical evolution of entangle-
ment measures in out-of-equilibrium (1+1)-d theories. As a testbed of this idea, Ref. [84]
applied this framework to compute the time-dependence of the second Rényi entropy for an
experimentally-realizable quench protocol [58–60] of joining two Luttinger liquids in their
ground state by turning on a coupling between the two copies.

The computational scheme combining the analytical results of generalized Rényi entropies
with numerical methods tracking time evolution of the state of the system,1 represents the only
available method to quantify the post-quench dynamics of Rényi entropies in both integrable
and chaotic systems, where an intuitive picture of entanglement spreading via quasi-particle
excitations is missing. In this work, we aim to generalize this computational scheme to study
the entanglement dynamics in symmetry-preserving out-of-equilibrium processes.

1.3 Summary of our results

In this work, focusing on quantum systems with a global symmetry G, we develop a computa-
tional framework for the study of entanglement dynamics and subsystem charge distribution in

1See Section 2.1 and Ref. [63] for a more detailed description of such a computational scheme. The numerical
method applied in this framework is Truncated Conformal Space Approach (TCSA), which is the only reliable nu-
merical method which allows direct study of out-of-equilibrium quantum field theories. We remark that a promising
alternative method to study non-equilibrium quantum field theories has been explored in [85], which applied the
time-dependent variational principle to the variational manifold of continuous matrix product states.
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symmetry-preserving out-of-equilibrium settings. Although this framework can be generalized
to generic symmetry groups, here we will focus on the case of G = U(1).

We introduce the notion of symmetry-resolved generalized Rényi entropies capturing quan-
tum entanglement within a fixed subsystem charge sector, defined as

Sn(q;ψ1, ...,ψ2n) =
1

1− n
log

TrA

�

TrAc (|ψ2n−1〉〈ψ2n|) ...TrAc (|ψ1〉〈ψ2|)Πq

�

TrA

�

Trn
Ac |0〉〈0|Πq

� , (3)

where Πq denotes the projector into the sector where the subsystem A contains U(1) charge
q ∈ Z. As a special application, setting ψi =ψ (i = 1, ..., 2n) gives us access to the symmetry-
resolved Rényi entropies for an arbitrary excited state |ψ〉.

To facilitate the computation of symmetry-resolved generalized entropies
Sn(q;ψ1, ...,ψ2n), we introduce the normalized generalized charged moments

Fn(θ ;ψ1, . . . ,ψ2n) :=
TrA

�

TrAc (|ψ2n−1〉〈ψ2n|) . . . TrAc (|ψ1〉〈ψ2|)eiθQA
�

TrA

�

Trn
Ac |0〉〈0|eiθQA

� , (4)

where θ ∈ (−π,π] represents an Aharonov-Bohm flux coupled to the subsystem-restricted
U(1) charge operator QA. This quantity can be viewed as a generalization of the ground state
charged moment introduced in [6], to accommodate the dynamical evolution in symmetry-
preserving out-of-equilibrium settings. In addition to their roles in computing the symmetry-
resolved generalized entropies, the normalized generalized charged moments have their own
physical meaning. In particular, F1(θ ;ψ1, ...,ψ2n) can be viewed as the generating function for
the generalized subsystem charge distribution, behaving as building blocks in the computation
of full counting statistics.

Motivated by experimental interest in systems represented by Luttinger liquids, we demon-
strate our computational framework in the context of a free massless compact boson the-
ory. We outline the replica-trick computation of normalized generalized charged moments
Fn(θ ;ψ1, ...,ψ2n), providing explicit summation formulae for the case of n = 1 in Eq. (58)
and for the case of n = 2 in Eq. (81). We benchmark our results using lattice computation in
the XX chain. Given knowledge of the generalized charged moments, we outline the computa-
tion of generalized subsystem charge distribution and symmetry-resolved generalized second
Rényi entropy, where we observe universal subleading terms which break the entanglement
equipartition.

This paper is organized as follows. In Section 2 we define symmetry-resolved generalized
entropies and give a generic outline of their computation in 2d CFTs. In Section 3 we set up
our conventions in the compact boson CFT and describe the computation of the generalized
charged moments. We then give explicit summation formulae of the n = 1 and the n = 2
generalized charged moments in Section 4 and Section 5 respectively, and benchmark our
results using lattice computation in the XX chain. Finally, we outline the computation of the
generalized subsystem charge distribution in Section 6 and the computation of the symmetry-
resolved generalized second Rényi entropy in Section 7, before concluding an outlook on this
work in Section 8.

2 Generalities of the symmetry-resolved generalized entropies

In this Section, we will introduce the notion of symmetry-resolved generalized entropies and
outline their computations. In Section 2.1, we will illustrate the definitions and ideas for
theories with a tensor-product Hilbert space, such as 1d spin chains. We then move on to
outline the computations in the context of 2d conformal field theories in Section 2.2.
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2.1 Motivation and definition of symmetry-resolved generalized entropies

We consider a (1+1)-d system equipped with a bipartition of the spacial dimension. Through-
out this subsection, we work under the assumption that the bipartition is “clear-cut”, namely
the total Hilbert space admits a tensor-product decomposition H=HA⊗HAc . Examples where
this applies includes (1+1)-d quantum spin chains where the physical degrees of freedom re-
side on the qubit sites and the subsystem A consists of a subset of qubits.

Our setup in this paper concerns closed systems, where the total system is in a pure state
described by ρtot = |ψ〉〈ψ|. Tracing out the complement then gives the reduced density matrix
for the subsystem A,

ρA := TrAcρtot = TrAc |ψ〉〈ψ| . (5)

Quantum entanglement between the subsystem A and its complement can be captured by the
entanglement entropy (von Neumann entropy) defined as

SvN := −TrA [ρAlogρA] . (6)

For systems with a global symmetry G, quantum entanglement can be refined accord-
ing to different representations under the global symmetry. Given a symmetry operator Ug
supported on the whole space implementing the symmetry action labeled by g ∈ G, under
certain conditions one can define a symmetry operator Ug,A which only acts on the subsystem
A. This construction is possible if the operator Ug,A ends topologically on a chosen symmetry-
preserving entanglement cut boundary condition imposed at the boundaries of A [22,25,86].
For spin chains with on-site symmetries, the canonical entanglement cut boundary condition
is the free/open boundary condition, therefore Ug,A is well-defined as long as Ug is compatible
with the open boundary condition. Suppose that the subsystem-restricted symmetry operators
Ug,A are well-defined, then for any state of the total system ρtot satisfying

�

ρtot, Ug

�

= 0 for
all g ∈ G, its corresponding reduced density matrix would satisfy

�

ρA, Ug,A

�

= 0 for all g ∈ G.
This follows from

Ug,AρAU†
g,A = TrAc

�

Ug,AρtotU
†
g,A

�

= TrAc

�

Ug−1,Ac UgρtotU
†
g U†

g−1,Ac

�

= ρA . (7)

As a result, the reduced density matrix can be written as a direct sum over different super-
selection sectors labeled by representations of G. Within each sector, we can define and com-
pute the entanglement entropy and Rényi entropies as per usual.

In this paper we will focus on the case of G = U(1). The symmetry operator corresponding
to a U(1) group element g = eiθ is given by Ug = eiθQ, where Q represents the U(1) charge
operator. The corresponding subsystem-restricted symmetry operator is Ug,A = eiθQA, with QA
measuring the U(1) charge for the subsystem A. The reduced density matrix ρA can then be
written as a direct sum over super-selection sectors labeled by q ∈ Z representing the U(1)
charge contained in the subsystem A. Concretely we have

ρA = ⊕q∈ZρAΠq , (8)

where Πq denotes the projector into the charge-q sector, explicitly given by

Πq =

∫ π

−π

dθ
2π

e−iθqeiθQA . (9)

The entanglement entropy restricted to the charge-q sector is defined using the normalized
charge-q sector density matrix as follows:

SvN(q) = −TrA

�

ρA,qlogρA,q

�

, ρA,q :=
ρAΠq

TrA

�

ρAΠq

� . (10)
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The symmetry-resolved n-th Rényi entropy is defined via ρA,q as

Sn(q) :=
1

1− n
logTrA

�

ρn
A,q

�

=
1

1− n
log

TrA

�

ρn
AΠq

�

Trn
A

�

ρAΠq

� , (11)

where the n→ 1 limit produces the symmetry-resolved entanglement entropy SvN(q).
As described in the Introduction, the symmetry-resolved generalized entanglement and

Rényi entropies can be motivated by an analytical framework suitable for computing the dy-
namical evolution of these quantities in symmetry-preserving out-of-equilibrium settings of
the closed total system. Given a basis {|ψi〉} of the total Hilbert space, at any time t the total
system is in a pure state given by

|ψ(t)〉=
∑

i

αi(t)|ψi〉 . (12)

For symmetry-preserving non-equilibrium settings where the initial state |ψ(0)〉 is a symmetry-
eigenstate carrying a particular charge, the |ψi〉 appearing on the right-hand side of (12) are
basis states for the corresponding symmetry charge sector. The time-dependent total density
matrix is then given by

ρtot(t) =
∑

i, j

αi(t)α
∗
j (t)ρi j , ρi j := |ψi〉〈ψ j| . (13)

Correspondingly, the time-dependent reduced density matrix is

ρA(t) =
∑

i, j

αi(t)α
∗
j (t)ρi j,A , ρi j,A = TrAcρi j . (14)

Here ρi j,A can be regarded as a generalized reduced density matrix satisfying TrAρi j,A = δi j .
Moreover, as the non-equilibrium setting is symmetry-preserving andψi, j carry the same sym-
metry charge, ρi j,A commutes with the symmetry action restricted to the subsystem A.

The time-dependent symmetry-resolved entanglement entropy and Rényi entropies can
be computed in terms of ρi j,A together with the projector into the desired charge sector. In
this paper we aim to develop a framework suitable for computing the time-dependence of
symmetry-resolved n-th Rényi entropy, which is obtained by substituting Eq. (14) into Eq.
(11). Concretely, we have

Sn(q, t) =
1

1− n
log

∑

i1,...,i2n

αi1(t)α
∗
i2
(t)...αi2n−1

(t)α∗i2n
(t)TrA

�

ρi2n−1 i2n,A...ρi1 i2,AΠq

�

∑

j1,..., j2n

α j1(t)α
∗
j2
(t)...α j2n−1

(t)α∗j2n
(t)TrA

�

ρ j1 j2,AΠq

�

...TrA

�

ρ j2n−1 j2n,AΠq

� . (15)

We would like to identify fundamental quantities for the evaluation of Sn(q, t) in Eq. (15).
Motivated from the global quench setup where the total system is in its ground state before the
quench, we consider relative quantities with respect to the ground state observables. Denoting

Gn(q;ψ1, ...,ψ2n) :=
TrA

�

ρ(2n−1)(2n),A...ρ12,AΠq

�

TrA

�

Trn
Ac |0〉〈0|Πq

� , (16)

we define the symmetry-resolved generalized n-th Rényi entropy as

Sn(q;ψ1, ...,ψ2n) :=
1

1− n
logGn(q;ψ1, ...,ψ2n)

=
1

1− n
log

TrA

�

TrAc (|ψ2n−1〉〈ψ2n|) ...TrAc (|ψ1〉〈ψ2|)Πq

�

TrA

�

Trn
Ac |0〉〈0|Πq

� , (17)
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where |ψ2i−1〉 〈ψ2i| (i = 1, . . . , n) denotes the generalized density matrix in the i-th replica
copy. A physically meaningful post-quench observable is∆Sn(q, t) = Sn(q, t)−Sn(q, 0), namely
the change of symmetry-resolved n-th Rényi entropy with respect to its pre-quench value. For
cases where the total system is in its ground state before the quench, from Eq. (15) we see that
∆Sn(q, t) can then be computed using the knowledge of Gn(q;ψi1 , ...,ψi2n

) and G1(q;ψi1 ,ψi2).
This framework is also applicable to quench setups where the total system is in a certain
excited state before the quench, where the post-quench change of symmetry-resolved n-th
Rényi entropy is obtained by further subtracting the difference between the excited state and
ground state symmetry-resolved n-th Rényi entropy.

One of our goals in this paper is to obtain analytical expressions of the symmetry-resolved
generalized n-th Rényi entropy in Eq. (17) for 2d conformal field theories. We will outline
the general methodology in Section 2.2, before demonstrating the procedure in the example
of the free compact boson CFT.

2.2 Computation in 2d conformal field theories

Here we outline the computation strategy for the symmetry-resolved generalized n-th Rényi
entropy in 2d CFTs. We consider a 2d CFT placed on a cylinder whose circumference is L,
where the spacial dimension is the circular direction of the cylinder parameterized by x ∼ x+L.
The subsystem A is given by a single interval [u, v] on the spacial circle. The characteristic
length scale in this cylindrical geometry is the chord length defined as

ℓ :=
L
π

sin(πr) , r =
v − u

L
. (18)

An important strategy in computing the symmetry-resolved entropies and their gener-
alized version is to perform the computation in “Fourier space”. By a Fourier transforma-
tion, symmetry-resolved entropies are related to the charged moments first introduced in
[6, 8], which can be computed by the appropriate CFT partition functions with the insertion
of the subsystem-restricted symmetry operator Ug,A. In a similar fashion, for the computa-
tion of symmetry-resolved generalized entropies, we introduce the normalized n-th generalized
charged moment Fn(θ ;ψ1, . . . ,ψ2n), defined as

Fn(θ ;ψ1, . . . ,ψ2n) :=
TrA

�

TrAc (|ψ2n−1〉〈ψ2n|) . . . TrAc (|ψ1〉〈ψ2|)eiθQA
�

TrA

�

Trn
Ac |0〉〈0|eiθQA

� , (19)

where the normalization in the denominator is given by the ground state n-th charged moment.
We remark that the n = 1 generalized charged moment also has its own physical meaning as
the generating function for the subsystem charge distribution. The symmetry-resolved gener-
alized n-th Rényi entropy can then be computed as

Sn(q;ψ1, . . . ,ψ2n) =
1

1− n
log

∫ π

−π
dθ
2πe−iθqFn(θ ;ψ1, . . . ,ψ2n)TrA

�

Trn
Ac |0〉〈0|eiθQA

�

∫ π

−π
dθ
2πe−iθqTrA

�

Trn
Ac |0〉〈0|eiθQA

� . (20)

Before delving into the CFT computation, we briefly remark on certain regularization is-
sues. In the context of continuum field theories, the Hilbert space of the total system does
not admit a tensor-product decomposition anymore, one needs to regularize the entangling
points at x = u and x = v by cutting out a small disk with radius ε and placing a chosen
boundary condition a at the boundary of the disk [87, 88]. In the setup to study symmetry-
resolved entropies, the entanglement cut boundary condition a has to be chosen such that the
subsystem-restricted symmetry operators Ug,A can end topologically on a [22, 25, 86]. The
benefit of our setup is that the observables we consider are defined with respect to the ground
state observables, such that there is little dependence on the choice of the boundary condition.
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Figure 1: Left: The replica geometry Cn for the computation of the generalized
charged moment, as a n-fold branched covering of a cylinder with infinite length.
The n sheets are glued together by identifying the edges of cut-open slits with the
same color, e.g. the maroon-colored slit edge on sheet 1 is identified with the maroon-
colored slit edge on sheet 2 etc. The operator O2i−1 corresponding to |ψ2i−1〉 are in-
serted at the past infinity of the cylinder while O2i corresponding to 〈ψ2i| are inserted
at the future infinity. The subsystem-restricted symmetry operator Ug,A is inserted on
sheet 1 spanning between the entanglement cut boundaries with boundary condition
a. Right: After a conformal transformation, the replica geometry Cn can be mapped
to an annulus with length 2log ℓε and circumference 2πn. The operators O2i−1 and
O2i (i = 1, ..., n) are inserted along the median of the annulus.

The computation of generalized charged moment Fn(θ ;ψ1, ...,ψ2n) requires the evaluation
of the CFT partition function on a n-fold branched covering of the cylinder denoted as Cn,
with the insertion of a subsystem-restricted symmetry operator Ug,A spanning between the
entanglement cut boundaries, together with additional insertions of O2i−1 and O2i (i = 1, ..., n)
at the past and future infinities of the cylindrical geometry respectively. This is illustrated on
the left-hand side (LHS) of Figure 1. Via a conformal transformation, we are lead to compute
a twisted annulus partition function, where the operators O2i−1 and O2i are inserted along
the median of the annulus, as illustrated on the RHS of Figure 1. In the special case where
all the operators O2i−1 and O2i are identity operators, this setup in the compact boson CFT
(with compactification radius 1/β) yields the known result for the ground state n-th charged
moment of the U(1) symmetry resolution [25]

TrA

�

Trn
Ac |0〉〈0|eiθQA

�

=
|〈aθ |θ 〉|2

|〈a|0〉|2n
e

1
6( 1

n−n)log ℓε e−
β2θ2

2π2n
log ℓε , (21)

where |aθ 〉 denotes the U(1) symmetric entanglement cut boundary state, and |θ 〉 is the ground
state in the Hilbert space on S1 with a U(1)-twist by eiθ . Performing the Fourier transform then
yields:

∫ π

−π

dθ
2π

e−iθqTrA

�

Trn
Ac |0〉〈0|eiθQA

�

=

∫ π

−π

dθ
2π

e−iθq |〈aθ |θ 〉|
2

|〈a|0〉|2n
e

1
6( 1

n−n)log ℓε e−
β2θ2

2π2n
log ℓε

∼ |〈a|0〉|2−2ne
1
6( 1

n−n)log ℓε

√

√ nπ

2β2log ℓε
e
− nπ2q2

2β2log ℓε ,

(22)

where in the second line we have expanded the integration domain to θ ∈ (−∞,∞) and
approximated the twisted g-function |〈aθ |θ 〉| using the untwisted one. The Fourier transform

behaves as a Gaussian, where the variance is proportional to β2

n log ℓε .

9

https://scipost.org
https://scipost.org/SciPostPhys.18.6.211


SciPost Phys. 18, 211 (2025)

For generic CFTs, it is difficult to obtain an analytical expression for the generalized charged
moment Fn(θ ;ψ1, ...,ψ2n). In this paper, we will focus on the free compact boson theory
where the calculation is manageable. Details on this are spelled out in Section 3, Section 4,
and Section 5. Concretely, the normalized generalized charged moment Fn(θ ;ψ1, . . . ,ψ2n) is
approximately given by a polynomial in θ , with finite coefficients being trigonometric functions
in the subsystem size ratio r.

Our main goal is to extract physical quantities at the leading orders in the chord length ℓ.
With this in mind, we can approximately evaluate the symmetry-resolved generalized Rényi
entropy in Eq. (20) by performing the Fourier transformation in a similar fashion as in Eq.
(22). The final result will be expressed in terms of the chord length ℓ, while the entanglement
cut boundary condition dependence cancels out between the numerator and denominator of
Eq. (20). We perform this calculation for the generalized subsystem charge distribution in
Section 6 and for the symmetry-resolved generalized second Rényi entropy in Section 7.

3 The case of free compact boson theory

Even though the computation frame that we develop here applies to a generic 2d CFT, we will
demonstrate our methodology using the prototypical example of the massless free compact bo-
son. Consider the massless free compact boson theory put on the cylinder with circumference
L. We denote the compactification radius as 1/β , namely

φ ∼ φ +
2π
β

. (23)

Our convention for the Euclidean action is

L(φ) =
1

8π

∫ L

0

d xdτ∂ µφ(x ,τ)∂µφ(x ,τ) , (24)

and we name the dual compact boson φ̃(x ,τ). Using the complex coordinate w = x + iτ on
the cylinder, we have2

φ(w, w̄) = φL(w) +φR(w̄) , φ̃(w, w̄) = φL(w)−φR(w̄). (25)

The mode expansion of φ(w, w̄) is given by

φ(w, w̄) = φ0 −
2π
L
π0(w− w̄)−

πm
β L
(w+ w̄) + i

∑

k ̸=0

1
k

�

ake
2πik

L w − ā−ke
2πik

L w̄
�

, (26)

where φ0 is the bosonic zero mode, π0 is its conjugate momentum which takes values in
{nβ |n ∈ Z}, and m ∈ Z is the winding number. The creation modes are:

a−k = −
1

2π
e−

2πk
L τ

∫ L

0

d xe
2πik

L x∂wφ ,

ā−k =
1

2π
e−

2πk
L τ

∫ L

0

d xe−
2πik

L x∂w̄φ .

(27)

Generic states in the Hilbert space on the spacial circle are obtained by acting with the left-
and right-moving creation modes on the highest weight states:

|ψ〉=N

NL
∏

j=1

a−k j

NR
∏

j̄=1

ā−k̃ j̄
|n, m〉 , (28)

2In our convention the left-moving part is holomorphic in the cylinder coordinate w= x+iτ, which corresponds
to the “right-moving” part in Minkowski signature.
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where the highest weight states |n, m〉 (n, m ∈ Z) are obtained by acting with the corresponding
vertex operators on the vacuum

|n, m〉= lim
τ→−∞

Vnβ+ m
2β ,nβ− m

2β
(w, w̄)|0〉 . (29)

Our convention for vertex operators on the cylinder is

Vα,ᾱ(w, w̄) =
�

iL
2π

e
2πi
L w
�
α2
2
�

−
iL
2π

e−
2πi
L w̄
�
ᾱ2
2

: eiαφL(w)+iᾱφR(w̄) : , (30)

such that after the conformal transformation to the complex plane coordinated by e−
2πi
L w,

one recovers the usual definition of vertex operator on the plane. The factor N in Eq. (28)
ensures that the state |ψ〉 is properly normalized. Concretely, given the list {k j , j = 1, ..., NL}
({k̃ j̄ , j̄ = 1, ..., NR}) labeling the chiral (anti-chiral) creation modes, we count each distinct
entry kℓ (k̃ℓ̄) with its multiplicity nℓ (ñℓ̄), then the normalization is given by

N=
∏

ℓ

1
�p

kℓ
�nℓpnℓ!

∏

ℓ̄

1
�q

k̃ℓ̄
�ñℓ̄p

ñℓ̄!
. (31)

In the following, we use a short-hand notation for the state |ψ〉 in Eq. (28) as

|ψ〉 := |k1, . . . , kNL
; k̃1, . . . , k̃NR

;α, ᾱ〉 , (32)

where α= nβ +m/(2β) and ᾱ= nβ −m/(2β).
The free compact boson theory has two U(1) symmetries: the U(1)m momentum symmetry

and the U(1)w winding symmetry. Even though there is a mixed anomaly between these two
symmetries, either U(1) symmetry is by itself free of ’t Hooft anomaly, and we can study the
corresponding U(1)-symmetry resolution of entanglement entropy. Motivated by the global
quench setup preserving the U(1)w symmetry, here we will focus on the U(1)w symmetry res-
olution. The U(1)m symmetry resolution of entanglement entropy works out in an analogous
manner.

We can write down the subsystem-restricted charge operator QA explicitly for each of the
U(1) symmetries in terms of the symmetry twist operators inserted at the entanglement-cut
boundaries. The subsystem in our setup is a single interval A= [u, v] on the spatial circle. After
a regularization with a cutoff of size ε, the endpoint coordinates are denoted as w0 = u+ ε
and w0′ = v − ε. The charges supported along Aε := [w0, w0′] are given by

U(1)m : QA,m = −
1

4πβ

∫

Aε

d x∂x φ̃ ,

U(1)w : QA,w = −
β

2π

∫

Aε

d x∂xφ .

(33)

Therefore in the compact boson theory, the symmetry generated by eiθQA can be implemented
explicitly by inserting two vertex operators at w0 and w0′ on one sheet of the replica geometry.
Using the conventions of Eq. (30), the twist operators implementing the U(1) momentum
symmetry and the U(1) winding symmetry can be realized, respectively, by the insertions of:

U(1)m : eiθQA,m =
�

2π
L

�
θ2

4π2β2

V θ
4πβ ,− θ

4πβ
(w0, w̄0)V− θ

4πβ , θ
4πβ
(w0′ , w̄0′) ,

U(1)w : eiθQA,w =
�

2π
L

�

θ2β2

2π2

Vθβ
2π , θβ2π

(w0, w̄0)V− θβ2π ,− θβ2π
(w0′ , w̄0′) .

(34)
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The regularization at each endpoint of A is obtained by cutting off a small disk of radius ε,
while imposing boundary conditions at the boundary of the disk (entangling surface) [87,88].
To investigate the symmetry resolution of the entanglement, one needs to choose symmetry-
preserving boundary conditions [22, 25, 86] at the entangling surface. In our setup, the res-
olution of the momentum symmetry U(1)m requires Neumann boundary conditions on φ at
the entangling surface, while for the U(1)w winding symmetry resolution, we need to impose
Dirichlet boundary conditions on the field φ.

3.1 The normalized generalized charged moment in free compact boson theory

Here we describe the computation of the normalized n-th generalized charged moment intro-
duced in Section 2.2 in the free compact boson theory. Using the convention in Eq. (32), we
denote the states as

|ψi〉= |ki,1, . . . , ki,NLi
; k̃i,1, . . . , k̃i,NRi

;αi , ᾱi〉 , i = 1, . . . , 2n . (35)

Recall that the normalized n-th generalized charged moment Fn(θ ;ψ1, . . . ,ψ2n) is defined as:

Fn(θ ;ψ1, . . . ,ψ2n) :=
TrA

�

TrAc (|ψ2n−1〉〈ψ2n|) . . . TrAc (|ψ1〉〈ψ2|eiθQA)
�

TrA

�

Trn
Ac |0〉〈0|eiθQA

� , (36)

where |ψ2i−1〉 〈ψ2i| (i = 1, . . . , n) denotes the generalized density matrix built from the states
(32) on the i-th sheet, while the normalization in the denominator is given by the ground state
n-th charged moment. We make a few comments about some properties of Fn(θ ;ψ1, . . . ,ψ2n),
which will be useful later:

• The chiral and anti-chiral contributions to Fn(θ ;ψ1, . . . ,ψ2n) factorize.

• The difference between the U(1)m momentum symmetry and the U(1)w winding symme-
try is reflected in the different expressions for eiθQA in Eq. (34). Due to the factorization
between chiral and anti-chiral contributions, there are only minor differences between
the U(1)m and U(1)w symmetry resolution results. In this manuscript, we will focus only
on the U(1)w symmetry resolution.

• After the normalization given by the ground state charged moment, the normalized gen-
eralized charged moment is a finite function in θ . As we will see later, at leading order
Fn(θ ;ψ1, . . . ,ψ2n) is a polynomial in θ whose coefficients are trigonometric functions
in the subsystem size ratio r. The regularization-dependent corrections are power-law
suppressed by log ℓε , where ℓ is the chord length defined in (18). For large ℓ/ε, the con-
tributions to Fn(θ ;ψ1, . . . ,ψ2n) from the sub-leading corrections are negligible. We will
therefore focus on computing Fn(θ ;ψ1, . . . ,ψ2n) as a polynomial in θ .

We are now ready to write down the explicit expression of Fn(θ ;ψ1, . . . ,ψ2n) for the U(1)w
winding symmetry. Due to the factorization between the chiral and anti-chiral part, we can
write

Fn(θ ;ψ1, . . . ,ψ2n) = FL
n(θ ; {k1,1, . . . , k1,NL1

}, . . . , {k2n,1, . . . , k2n,NL2n
}; {αi})

× FR
n (θ ; {k̃1,1, . . . , k̃1,NR1

}, . . . , {k̃2n,1, . . . , k̃2n,NR2n
}; {ᾱi}) .

(37)
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Figure 2: Left: The replica geometry Cn for computing the chiral normalized charged
moment, as a n-fold branched covering of a cylinder with infinite length. The n sheets
are glued together by identifying the edges of cut-open slits with the same color, e.g.
the maroon-colored slit edge on sheet 1 is identified with the maroon-colored slit
edge on sheet 2 etc. The vertex operators Vσiαi

and ∂ φ are inserted at the past
and future infinities of the cylinder. The symmetry-twist vertex operators V± θβ2π

are

inserted on sheet 1 by the regularized branch points. Right: After the conformal
transformation in Eq. (40), the replica geometry Cn is mapped to a n-fold covering
of the plane with cut-out disks at 0 and∞.

Using Eq. (27), the left-moving contribution is given by

FL
n(θ ; {k1,1, . . . , k1,NL1

}, . . . , {k2n,1, . . . , k2n,NL2n
}; {αi}) =

2n
∏

i=1

Ni

�

−1
2π

�NLi
NLi
∏

j=1

e−
2π
L σi ki, jτi, j

×
∫ L

0

d x i, je
2πi
L σi ki, j x i, j

D

Vθβ
2π
(w0)V− θβ2π

(w0′)
∏2n

i=1 Vσiαi
(wi,0)

∏NLi
j=1 ∂ φ(wi, j)

E

Cn
D

Vθβ
2π
(w0)V− θβ2π

(w0′)
E

Cn

. (38)

Here Ni is the left-moving part of the normalization factor given in Eq. (31), σ2i−1 = 1
and σ2i = −1 for i = 1, . . . n distinguish between the in-states and the out-states in Eq.
(19). The vertex operators Vσiαi

are inserted at wi,0 := x i,0 + iτi,0 and ∂ φ are inserted at
wi, j>0 := x i, j + iτi, j . For odd (even) i, we have τi, j → −∞ (τi, j → +∞) respectively. Each
vertex operator Vσiαi

comes from the (chiral) highest weight part of the state (32), while the
field ∂ φ comes from the oscillator contribution. The correlation functions are evaluated on
the replica geometry Cn, as a n-fold branched covering of the cylinder. This is shown on the
LHS of Figure 2, where we also demonstrate the locations of different field insertions. Without
loss of generality, the symmetry twist operators Vθβ

2π
and V− θβ2π

are inserted at the entanglement
cut boundaries on the 1st sheet.
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Similarly, the right-moving contribution is

FR
n (θ ; {k̃1,1, . . . , k̃1,NR1

}, . . . , {k̃2n,1, . . . , k̃2n,NR2n
}; {ᾱi}) =

2n
∏

i=1

eNi

�

1
2π

�NRi
NRi
∏

j=1

e−
2π
L σi k̃i, j τ̃i, j

×
∫ L

0

d x̃ i, je
− 2πi

L σi k̃i, j x̃ i, j

D

Vθβ
2π
(w̄0)V− θβ2π

(w̄0′)
∏2n

i=1 Vσi ᾱi
(w̄i,0)

∏NRi
j=1 ∂̄ φ(w̃i, j)

E

Cn
D

Vθβ
2π
(w̄0)V− θβ2π

(w̄0′)
E

Cn

, (39)

where the notation here is similar to that of Eq. (38).
To compute the left-/right-moving normalized generalized charged moment, it is conve-

nient to perform the following conformal transformation

w −→ z =

�

sinπ(w−u)
L

sinπ(w−v)
L

�

1
n

. (40)

This maps the replica geometry Cn to a n-fold branched covering of the plane with boundaries
at z = 0 and z =∞, where the branch cuts are located along the negative real axis. This is
illustrated on the RHS of Figure 2. We remark that this conformal map composed with the
logarithmic map yields the conformal transformation illustrated in Figure 1. By exploiting
this mapping, in Section 4 and Section 5, we will explicitly compute the normalized charged
moments for the cases n= 1 and n= 2.

4 The n = 1 generalized charged moment

In this Section, we compute the n = 1 generalized charged moment, which can be regarded
as the generating function for the probability distribution of the symmetry charge contained
in the subsystem A. For example, the expectation value of the subsystem charge is given by

〈QA〉= TrA [QAρA] = −i
∂

∂ θ
TrA

�

ρAeiθQA
�

�

�

�

�

θ=0
. (41)

Similarly, by taking higher derivatives in θ we obtain higher moments of the subsystem charge
distribution. If the total system is in a U(1) symmetric ground state, then the subsystem charge
distribution is a Gaussian distribution with 〈QA〉= 0. If the total system is in a generic excited
state, then 〈QA〉 is equal to the U(1) charge of the state for the whole system rescaled by the
subsystem size ratio, as the charge density on average is spatially uniform.

In the following, we will explicitly compute the generalized n= 1 charged moment in the
example of the free massless compact boson theory.

4.1 A sum formula for the n = 1 generalized charged moment

The normalized n= 1 generalized charged moment is given by

F1(θ ;ψ1,ψ2) =
TrA

�

TrAc |ψ1〉〈ψ2|eiθQA
�

TrA

�

TrAc |0〉〈0|eiθQA
� = FL

1 (θ ;ψ1,ψ2)F
R
1 (θ ;ψ1,ψ2) . (42)

As the right-moving contribution is related to the left-moving contribution by complex conju-
gation, in the following we will focus on the left-moving part.
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Figure 3: Left: The cylindrical geometry C1 for computing the chiral n = 1 normal-
ized generalized charged moment, together with locations of various field insertions.
Right: After the conformal transformation in Eq. (44), the cylindrical geometry C1
is mapped to the complex place with two disks cut out around 0 and∞, which we
denote as C′.

Using the convention in Eq. (32) for labeling the states, the left-moving/chiral part of the
normalized n= 1 generalized charged moment is

FL
1 (θ ;ψ1,ψ2) = FL

1 (θ ; {k1,1, . . . , k1,NL1
}, {k2,1, . . . , k2,NL2

}; {α1,α2})

=
2
∏

i=1

Ni

�

−
1

2π

�NLi
NLi
∏

j=1

e−
2π
L σi ki, jτi, j

∫ L

0

d x i, je
2πi
L σi ki, j x i, j (43)

×

®

Vθβ
2π
(w0)V− θβ2π

(w0′)Vα1
(w1,0)V−α2

(w2,0)
NL1
∏

j=1
∂ φ(w1, j)

NL2
∏

j=1
∂ φ(w2, j)

¸

C1
D

Vθβ
2π
(w0)V− θβ2π

(w0′)
E

C1

,

where C1 is a cylinder parameterized by w = x + iτ. The normalization factors Ni are given
by the chiral part of Eq. (31). The symmetry twist operators are inserted on the real axis at
w0 = u+ ε and w0′ = v − ε. The vertex operators and ∂ φ associated with |ψ1〉 and |ψ2〉 are
inserted at w1, j≥0 = x1, j−i∞ and w2, j≥0 = x2, j+i∞ respectively. We illustrate the cylindrical
geometry C1 together with the various field insertions on the LHS of Figure 3.

To evaluate the chiral normalized n = 1 generalized charged moment, we perform a con-
formal map from the cylinder to the plane:

w→ z =
sinπL (w− u)

sinπL (w− v)
. (44)

In particular, the vertex operator insertion locations w1,0 and w2,0 are mapped respectively to

y1 = eiπr , y2 = e−iπr . (45)

Moreover, integrals of the form
∫ L

0 d x1, j∂ φ(w1, j) (
∫ L

0 d x2, j∂ φ(w2, j)) are mapped to clockwise
(counterclockwise) contour integrals around y1 (y2). Pictorially this is illustrated on the RHS
of Figure 3. Additionally, we have

e
2πi
L x = e

2π
L τe

2πi
L v z − e−iπr

z − eiπr
. (46)
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The chiral normalized n= 1 generalized charged moment in Eq. (43) then becomes

FL
1 (θ ;ψ1,ψ2) =

2
∏

i=1

Ni

�

−
1

2π

�NLi
e

2πi
L v

NLi
∑

j=1
σi ki, j

NLi
∏

j=1

∮

C i, j
σi

dzi, j

�

∂ z
∂ w

�

�

�

�

wi,0

�

±
iL
2π

e±
2πi
L wi,0

�

�

α2
i

2

(47)

×
�

zi, j − y∗i
zi, j − yi

�ki, j
〈Vβθ

2π
(y0)V− βθ2π

(y0′)Vα1
(y1)V−α2

(y2)
NL1
∏

j=1
∂ φ(z1, j)

NL2
∏

j=1
∂ φ(z2, j)〉C′

〈Vβθ
2π
(y0)V− βθ2π

(y0′)〉C′
,

where σi is as defined in Eq. (38) and Cσi=1 (Cσi=−1) is a clockwise (counterclockwise)
contour around zi, j . The correlation functions inside the integrand in Eq. (47) are evaluated
on the complex plane with two disks cut out around 0 and∞, which we denote as C′. The
locations for various field insertions are illustrated on the RHS of Figure 3. Notice that the
vertex operators within the correlator follow the usual convention of vertex operators on the
plane, as the prefactors from Eq. (30) have been pulled out in the first line of the above
equation.

To explicitly compute FL
1 (θ ;ψ1,ψ2) in Eq. (47), we can express the correlation function

ratio in the integrand as an explicit sum according to different choices of Wick contractions.
As can be seen from Figure 1, the effects of entanglement cut boundary conditions on the
correlation function ratio are suppressed by powers of log(ℓ/ε). In this work, we focus on the
leading order results, where we approximate the correlation functions onC′ using the complex
plane correlation functions. In particular, the two-point functions are given by

〈Vα(y)∂ φ(z)〉C =
iα

y − z
,

〈∂ φ(z1)∂ φ(z2)〉C = −
1

(z1 − z2)2
.

(48)

For notational convenience, we denote α′0 := βθ/(2π), α′1 = α1 and α′2 = −α2. The
correlation function ratio in Eq. (47) can be written as

〈Vα′0(y0)V−α′0(y0′)
2
∏

i=1
Vα′i (yi)

NL1
∏

j=1
∂ φ(z1, j)

NL2
∏

j=1
∂ φ(z2, j)〉C′

〈Vα′0(y0)V−α′0(y0′)〉C′
∼

2
∏

i=1

〈Vα′0(y0)Vα′i (yi)〉C (49)

×
2
∏

i=1

〈V−α′0(y0′)Vα′i (yi)〉C〈Vα′1(y1)Vα′2(y2)〉C

×
�

〈∂ φ(z1,1)...∂ φ(z1,NL1
)∂ φ(z2,1)...∂ φ(z2,NL2

)〉C

+
∑

(i1, j1)

�

∑

k=0,1,2

〈Vα′k(yk)∂ φ(zi1, j1)〉C

�

­

∏

(i, j)̸=(i1, j1)

∂ φ(zi, j)
·

C

+
∑

(i1, j1),
(i2, j2)

�

∑

k=0,1,2

〈Vα′k(yk)∂ φ(zi1, j1)〉C

�

 

∑

k=0,1,2

〈Vα′k(yk)∂ φ(zi2, j2)〉C

!

­

∏

(i, j)̸=(i1, j1),
(i2, j2)

∂ φ(zi, j)
·

C

+ · · ·
∏

i=1,2
j=1,...,NLi

�

∑

k=0,1,2

〈Vα′k(yk)∂ φ(zi, j)〉C

��

.

From the correlator ratio expansion in Eq. (49), it is clear that to obtain a non-zero result, we
have to impose the condition α1 = α2 = α, from now on we will only keep the α-dependence.
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We now use Eq. (49) to write the chiral normalized n= 1 generalized charged moment as
a sum of contributions organized according to the Wick contractions:

FL
1 (θ ;ψ1,ψ2) =

�

2
∏

i=1

Ni

�

�

−
1

2π

�NL1
+NL2

ξ({ki, j})K(α)
∑

{km,n},
{kp,q}

gV∂ φ(θ ,α, {km,n})g∂ φ∂ φ({kp,q}) , (50)

where:

• The normalization factors Ni are as given in Eq. (31). The phase factor ξ is given by

ξ({ki, j}) = exp





2πi
L

v
2
∑

i=1

NL1
∑

j=1

σiki, j



 . (51)

When restricting to the zero-momentum sector, the phases ξ coming from the left- and
right-moving contributions will cancel out.

• The prefactor K(α) contains contributions purely from the vertex operators, which cor-
respond to the primary state part in |ψ1,2〉.

K(α) =
2
∏

i=1

〈Vβθ
2π
(y0)Vα′i (yi)〉

2
∏

i=1

〈V− βθ2π
(y0′)Vα′i (yi)〉〈Vα(y1)V−α(y2)〉

×
2
∏

i=1

�

∂ z
∂ w

�

�

�

�

wi,0

�

±
iL
2π

e±
2πi
L wi,0

�

�
α2
2

= y
βθ
π α

1 (y1 − y2)
−α2
(2i sin(πr))α

2
= eiβθ rα .

(52)

• The summation in Eq. (50) is organized according to different Wick contraction choices
for the correlator ratio. We denote locations for the ∂ φ insertions as zi, j , where the
first index i ∈ {1, 2} labels the pole yi that the contour integral

∮

dzi, j∂ φ(zi, j) cir-
cles around. The contour integrals

∮

dzi, j∂ φ(zi, j) originate from the creation modes
a−ki, j

(i = 1, 2; j = 1, ..., NLi
) acting on the primary state in |ψi〉. Given the total collec-

tion of {ki, j}, we enumerate all possible ways to divide this set into two subsets {km,n}
and {kp,q}. For the first subset {km,n}, the corresponding ∂ φ(zm,n) are contracted with
vertex operators. While for the second subset {kp,q}, the corresponding ∂ φ(zp,q) are
contracted between themselves.

• The function gV∂ φ(θ ,α, {km,n}) encodes contributions from Wick contractions of ∂ φ
with the vertex operators. Concretely we have

gV∂ φ(θ ,α, {km,n}) =
∏

(m,n)

σmβθ
�

e−σm2πirkm,n − 1
�

. (53)

The product is performed over all elements in the set {km,n}. Notice that the dependence
on the vertex operator charge α drops out in the final answer. We refer to Appendix A.1
for the detailed derivation of Eq. (53).

• The function g∂ φ∂ φ({kp,q}) encodes contributions from Wick contractions of ∂ φ with
themselves. In particular, g∂ φ∂ φ({kp,q}) is zero unless the set {kp,q} contains an even
number of elements. Given the collection {kp,q} with 2l elements, we first enumerate all
possibilities of forming l pairs (kp1,q1

, kr1,s1
), ..., (kpl ,ql

, krl ,sl
). The contribution from each
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pair-up possibility is then given by the product over contributions from each individual
pair (kpi ,qi

, kri ,si
). Namely

g∂ φ∂ φ({kp,q}) =
∑

{(kp1,q1
,kr1,s1 )

...(kpl ,ql
,krl ,sl

)}

∏

(kpi ,qi
,kri ,si

)

d(pi , ri , kpi ,qi
, kri ,si

) , (54)

where d(pi , ri , kpi ,qi
, kri ,si

) captures the contribution from the two-point function
〈∂ φ(zpi ,qi

)∂ φ(zri ,si
)〉C. Concretely it is given by

d(p, r, kp,q, kr,s) = 4π2kp,q , if p ̸= r and kp,q = kr,s ,

= 0 , otherwise.
(55)

In other words, contribution from the two-point function 〈∂ φ(zp,q)∂ φ(zr,s)〉C vanishes,
unless the integration contours for zp,q and zr,s circle around different poles, and their
integrands has the same pole order. We again refer to Appendix A.1 for a detailed dis-
cussion.

We remark on an important property of Eq. (50). As can be seen in Eq. (53), the function
gV∂ φ(θ ,α, {km,n}) ends up to be independent of the vertex operator charge α. Consequently,
the only α-dependence for the n= 1 normalized generalized charged moment comes from the
phase factor K(α) = eiβθ rα, multiplied by a similar phase from the right-moving contribution,
such that the final result carries an overall phase eiβθ rm where m is the U(1)w winding charge
of the total system, see Eq. (26). This implies that the subsystem charge distribution for a
charge-m total state is a shifted distribution, where the expectation value is shifted to the
rescaled charge rm (r is the ratio between the subsystem size and the total system size). This
is as expected because the average charge density is spatially uniform.

4.1.1 The normalized n = 1 generalized charged moment as an explicit sum

We can now work out the sum in Eq. (50) as follows. For notational convenience, we denote
the total number of left-moving creation modes as M = NL1

+ NL2
, and there are in total M

contour integral variables z1,2,...,M with pole orders k1,2,...,M . The input data to compute the
chiral n= 1 normalized generalized charged moment consist of

• The vertex operator charge α.

• The list of a−k modes acting on the primary states, denoted as {k1, k2, . . . kM}. This list
can be split according to whether the a−k mode acts on the in-state |ψ1〉 or the out-state
|ψ2〉, namely

{k1, k2, . . . , kM}= {k1,1, k1,2, . . . , k1,NL1
}, {k2,1, k2,2, . . . , k2,NL2

} . (56)

The sum formula for FL
1 (θ ; {ki, j};α) can be conveniently re-written in a recursive fash-

ion. Combining the normalization factors Ni and the powers of −1/(2π) with the function
g∂ φ∂ φ({kp,q}), we define

Rk1,...,kM
=R{k1,1,...,k1,NL1

},{k2,1,...,k2,NL2
}

=

¨

1 , if (k1,1, . . . , k1,NL1
) = (k2,1 , . . . , k2,NL2

) as unordered lists,

0 , otherwise.
(57)
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Additionally, we denote nki
as the multiplicity for ki within its corresponding k-list for either

the in-state |ψ1〉 or the out-state |ψ2〉. We further define a variable σki
such that, if ki is

associated with |ψ1〉, then σki
= 1, otherwise σki

= −1. Then we have

FL
1 (θ ; {ki};α) = ξ({ki})eiβθ rα

�

Rk1,...,kM
+
�

−
θ

2π

� M
∑

i=1

Rk1,...,�ki ,...,kM
N(ki)L(ki)

+
θ2

4π2

M
∑

i> j=1

Rk1,...,��k j ,...,�ki ,...,kM
N(ki , k j)L(ki)L(k j)

+ · · ·+
�

−
θ

2π

�M

N(k1, . . . , kM )
M
∏

i=1

L(ki)
�

.

(58)

In the following, we will describe in more details the various ingredients involved in this for-
mula.

• This sum formula recursively uses the quantity in Eq. (57), organizing the result in terms
of a polynomial in θ . To clarify the notations, as an example, Rk1,...,��k j ,...,�ki ,...,kM

takes as
input a k-list obtained by deleting ki and k j from the list {k1, k2, ..., kM}, and spells out
either 1 or 0 according to Eq. (57).

• The function N(ki) takes care of the normalization factors for the deleted k-values in
Rk1,...,kM

. For example, by removing only one mode, we obtain

N(ki) =
1

p

ki
p

nki

, (59)

while if we remove two modes we need to distinguish between two different cases

N(ki , k j) =







1
ki

q

nki
(nki
−1)

, ki = k j and σki
= σk j

,

1p
ki k j
pnki

nk j

, otherwise,
(60)

according to whether the modes are equal and they both belong to the same in-state or
out-state.

• The function L(ki) arises from contribution of the Wick contraction between ∂ φ(zi) and
the vertex operators.

L(ki) = σki
β
�

e−σki
2πirki − 1

�

. (61)

• Many terms in Eq. (58) will end up vanishing. In particular, if the total number of a−k
modes M is even (odd), then the sum reduces to only the terms with an even (odd)
power of θ . Additional terms could also vanish if they fail to satisfy the condition in Eq.
(57).

4.2 Examples and benchmarks of the results

We now provide some more explicit examples of the formula we derived above. In particular,
we first compute the generating function of the subsystem charge distribution for arbitrary
excited states, we then compute it for the conformal level-2 chiral states.
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4.2.1 Generating function of the charge distribution for excited states

As an application of the explicit sum formula Eq. (58), here we will work out the n= 1 charged
moment, which can be viewed as the generating function of the subsystem charge distribution,
when the total system is in a generic excited state |ψ〉. Notice that this is a special case of the
n = 1 generalized charged moment, where both the in-state |ψ1〉 and the out-state |ψ2〉 are
set to be equal to |ψ〉, given by

|ψ〉=
1

l
∏

i=1
kni/2

i

p

ni!

1
l̄
∏

ī=1

k̃ñī/2

ī

p

ñī!

l
∏

i=1

(a−ki
)ni

l̄
∏

ī=1

(ā−k̃ī
)ñī |α, ᾱ〉 . (62)

Due to the factorization of left- and right-moving contributions, we again focus on the
left-moving result and Eq. (58) reads

e−iβθ rαFL
1 (θ ; {ki , ni}, {ki , ni};α) (63)

= 1− θ2
l
∑

j=1

sin2(k jπr)

π2

�

C1
n j

�2

n jk j
+ θ4









∑

j,
n j≥2

sin4(k jπr)

π4

�

C2
n j

�2

n j(n j − 1)k2
j

+
∑

p,q
kp ̸=kq

sin2(kpπr)sin2(kqπr)

π4

�

C1
np

C1
nq

�2

npnqkpkq









+ · · ·+ θ
2

l
∑

j=1
n j

l
∏

j=1

sin2n j (k jπr)

(−π2)n j k
n j

j n j!
,

where Cm
n =

�m
n

�

is the number of possibilities to choose m unordered elements from a total
of n elements. To benchmark Eq. (63), we can take special limits to recover the charged
moments for excited states computed in Ref. [18]. If we start from |ψL〉= 1p

k
a−k|0〉, we find

FL
1 (θ ; {k}, {k}; 0) = 1− β2θ2 sin2(kπr)

kπ2
, (64)

which for k = 1 matches with the result found in [18] for the (chiral) primary field i∂ φ. In
the absence of oscillatory modes, we simply find FL

1 (θ ; {0}, {0};α) = eiβθ rα, that also matches
with the findings of [18] when the excited state is created by a vertex operator Vα.

4.2.2 The n = 1 generalized charged moments involving level-2 chiral states

As a further example, we compute the charged moments involving conformal level-2 chiral
states, i.e. all the combinations involving

|ψ1〉=
1
p

2
a−1a−1|α〉 , |ψ2〉=

1
p

2
a−2|α〉 . (65)

As the dependence on the vertex operator charge α is only a phase, in the following we will
express our results in the case of α= 0.

The chiral normalized n = 1 generalized charged moment, for all possible combinations
of |ψ1〉 and |ψ2〉, are given by

FL
1 (θ ; {1,1}, {1,1}; 0) = 1−

2β2θ2

π2
sin2(πr) +

β4θ4

2π4
sin4(πr) ,

FL
1 (θ ; {1, 1}, {2}; 0) = FL

1 (θ ; {2}, {1,1}; 0) = −i
β3θ3

π3
sin3(πr)cos(πr) ,

FL
1 (θ ; {2}, {2}; 0) = 1−

β2θ2

2π2
sin2(2πr) .

(66)
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Figure 4: Benchmark of the CFT results for the generalized charged moments in
the XX spin chain of size L = 64, with periodic boundary condition, as a function
of the subsystem size ratio r = ℓ/L. The continuous lines in the left (right) panel
correspond to Eq. (67) for θ = 1/2 (θ = 3/2). The insets are a test for the imaginary
part of the same quantity. The blue symbols are the numerical data obtained through
the techniques explained in Appendix C.

Linear combinations of the above quantities are expected to reproduce the n = 1 charged
moments of the linear combinations of operators T ± L−1∂ φ, where T is the stress-energy
tensor and L−1∂ φ is the Virasoro generator acting on the derivative field [68]. Indeed, we
can compute the ratio between the excited and the ground state charged moments

∆Z1(θ )≡
ZLevel 2

1 (θ )

Zgs
1 (θ )

−
ZLevel 2

1 (0)

Zgs
1 (0)

=
1
2
[FL

1 (θ ; {1, 1}, {1,1}; 0) + FL
1 (θ ; {2}, {2}; 0)] + FL

1 (θ ; {1, 1}, {2}; 0)− 1

= −
θ2β2

4π2
sin2(πr)

�

−
θ2β2

π2
sin2(πr) + 4+ 4cos2(πr) + 2i

βθ

π
sin(2πr)

�

. (67)

We have checked the result above against exact lattice computations in Figure 4, both for the
real and imaginary part (see the inset). In the X X chain the CFT state corresponds to two
states, one made up of two holes and one particle, and the other made up of one hole and two
particles, and they both give the same contribution to the charged moments with β = 1. We
refer to Appendix C for further details about the numerical techniques used to obtain the data
in Figure 4.

As a final remark, in Figure 4 we observe small oscillations as a function of the parity of the
subsystem size. This is reminiscent of the results found for the charged moments of the ground
state of the XX spin chain in [10]. The authors found that the corrections to the leading order
behavior of the charged moments (21) show an oscillatory behavior that depends both on the
flux θ and on the Rényi index n and they are amplified as both n and θ increase. Thus, we
expect that the oscillations we observe in Figure 4 are also due to the microscopic realization
of the compact boson we are considering.

5 The n = 2 generalized charged moment

In this Section, we detail the computation of the normalized n = 2 generalized charged mo-
ment F2(θ ;ψ1,ψ2,ψ3,ψ4), paving the way to the computation of generalized second Rényi
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entropy in Section 7. The input data here are four generic states |ψi〉 (i = 1, ..., 4) given by

|ψi〉=Ni

NLi
∏

j=1

a−ki, j

NRi
∏

j̄=1

ā−k̃i, j̄
|αi , ᾱi〉 , (68)

where the normalization factor Ni is given in Eq. (31). The vertex operator charges αi , ᾱi
need to satisfy the following conditions

α1 +α3 = α2 +α4 , ᾱ1 + ᾱ3 = ᾱ2 + ᾱ4 , (69)

to ensure a non-vanishing n= 2 generalized charged moment.
The normalized n= 2 generalized charged moment is defined as

F2(θ ;ψ1,ψ2,ψ3,ψ4) =
TrA

�

TrAc |ψ3〉〈ψ4|TrAc |ψ1〉〈ψ2|eiθQA
�

TrA

�

Tr2
Ac |0〉〈0|eiθQA

�

= FL
2 (θ ;ψ1,ψ2,ψ3,ψ4)F

R
2 (θ ;ψ1,ψ2,ψ3,ψ4) . (70)

In the following, we will derive a sum formula for the normalized n = 2 generalized charged
moment.

5.1 A sum formula for the n = 2 generalized charged moment

Due to the factorization between the left- and right-moving contributions in Eq. (70), here we
will focus on the chiral/left-moving normalized n= 2 generalized charged moment, while the
anti-chiral/right-moving contribution can be obtained via complex conjugation.

The chiral normalized n = 2 generalized charged moment is described by Eq. (38) with
n= 2. For computational purposes, we perform the following conformal transformation from
the cylindrical replica geometry to the planar replica geometry (see Figure 2):

w −→

√

√

√

√

sinπ(w−u)
L

sinπ(w−v)
L

. (71)

We then have

FL
2 (θ ; {ki, j}; {αi}) =

4
∏

i=1

Ni

�

−
1

2π

�NLi
e

2πi
L v

∑NLi
j=1 σi ki, j (72)

×
NLi
∏

j=1

∮

C i, j
σi

dzi, j

�

∂ z
∂ w

�

�

�

�

wi,0

�

±
iL
2π

e±
2πiwi,0

L

�

�

α2
i

2

×

�

z2
i, j − (y

2
i )
∗

zi, j + yi

1
zi, j − yi

�ki, j

×

〈Vβθ
2π
(y0)V− βθ2π

(y0′)
4
∏

i=1
V±αi
(yi)

NL1
∏

j=1
∂ φ(z1, j)

NL2
∏

j=1
∂ φ(z2, j)

NL3
∏

j=1
∂ φ(z3, j)

NL4
∏

j=1
∂ φ(z4, j)〉C

〈Vβθ
2π
(y0)V− βθ2π

(y0′)〉C
.

The field insertions on the planar replica geometry are as illustrated in Figure 2. In particular,
the four vertex operators are inserted at

y1 = e
iπr
2 , y2 = e−

iπr
2 , y3 = −e

iπr
2 , y4 = −e−

iπr
2 . (73)

The integrals in Eq. (72) are performed along contours circling around yi .
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The correlation function ratio inside the integrand can be expanded as a sum according to
different Wick contraction choices, in a fashion similar to Eq. (49) for the n = 1 generalized
charged moment. Consequently, we can organize FL

2 (θ ; {ki, j}; {αi}) as an explicit sum:

FL
2 (θ ; {ki, j}; {αi}) =

4
∏

i=1
Ni

�

− 1
2π

�M
ξ({ki, j})K(αi)

∑

{km,n},
{kp,q}

gV∂ φ(θ , {αi}, {km,n})g∂ φ∂ φ({kp,q}) , (74)

where M is the total number of (chiral) modes. In the following, we will describe in more
details the various ingredients involved in this formula.

• The normalization factors Ni are given in Eq. (31). Similar to the case of n = 1 gener-
alized charged moment, the phase factor ξ({ki, j}) is given by

ξ({ki, j}) = exp





2πi
L

v
4
∑

i=1

NLi
∑

j=1

σiki, j



 . (75)

When restricting to the zero-momentum sector, this phase will be canceled by a similar
phase coming from the anti-chiral/right-moving contributions.

• The prefactor K(αi) corresponds to the contribution purely from the vertex operators.
For notational convenience, we define α′1 = α1, α′2 = −α2, α′3 = α3, and α′4 = −α4.
Then we have

K(αi) =
4
∏

i=1

〈Vβθ
2π
(y0)Vα′i (yi)〉

4
∏

i=1

〈V− βθ2π
(y0′)Vα′i (yi)〉

4
∏

m>n=1

〈Vα′m(ym)Vα′n(yn)〉

×
�

e
2πi
L v isin(πr)

y1

�

α2
1

2
�

e−
2πi
L v−isin(πr)

y2

�

α2
2

2
�

e
2πi
L v isin(πr)

y3

�

α2
3

2
�

e−
2πi
L v−isin(πr)

y4

�

α2
4

2

=(−1)α
2
2−α

2
3+

1
2(α2

1−α
2
3)+α1−α2−α1α2−α1α3+α2α3eiβθ r(α1+α3)eiπr(α2−α1)(α2−α3)

× e
iπv
L (α

2
1+α

2
3−α

2
2−α

2
4)
�

cos
πr
2

�(α2−α3)2 �

sin
πr
2

�(α1−α2)2

,

(76)

where we have used
∑

i
α′i = α1 −α2 +α3 −α4 = 0.

• The summation in Eq. (74) is organized based on different Wick contraction choices
for the correlator ratio. Given the total collection {ki, j} where i = 1, ..., 4 labels the
state |ψi〉 and j = 1, ..., NLi

labels different creation modes a−ki, j
acting on the primary

state in |ψi〉, we enumerate all possibilities to divide this set into two subsets {km,n} and
{kp,q}. Elements in the first subset {km,n} corresponds to ∂ φ(zm,n) which are contracted
with vertex operators. For the second subset {kp,q}, the corresponding ∂ φ(zp,q) are
contracted between themselves.

• The function gV∂ φ(θ , {αi}, {km,n}) contains contributions from Wick contractions of ∂ φ
with the vertex operators. Concretely it is given by

gV∂ φ(θ , {αi}, {km,n}) = −
∏

m,n

σm

�

2πi
(km,n − 1)!

∂
km,n−1

zm,n

�

f (zm, zn)
km,n
−iβθ

2πzm,n

��

�

�

�

zm,n=ym

+
∑

µ ̸=m

2πi
(km,n − 1)!

∂
km,n−1

zm,n

�

f (zm, zn)
km,n

iα′µ
yµ − zm,n

�
�

�

�

�

zm,n=ym

(77)

+
2πi

km,n!
∂

km,n
zm,n

�

−iα′m f (zm, zn)
km,n
�

�

�

�

�

zm,n=ym

�

,
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where

f (zm, zn) =
z2

m,n − (y
2
m)
∗

zm,n + ym
. (78)

In Eq. (77), σm is again determined by the orientation of the corresponding integration
contour.

• The function g∂ φ∂ φ({kp,q}) encodes contributions from Wick contractions of ∂ φ with
themselves, which vanishes unless the set {kp,q} contains an even number of elements.
Denoting the number of elements in the collection {kp,q} as 2l, we first enumerate
all possibilities of forming l pairs (kp1,q1

, kr1,s1
), ..., (kpl ,ql

, krl ,sl
). The contribution from

each pairing possibility is the product over contributions from each individual pair
(kpi ,qi

, kri ,si
). Namely

g∂ φ∂ φ({kp,q}) =
∑

{(kp1,q1
,kr1,s1 )

...(kpl ,ql
,krl ,sl

)}

∏

(kpi ,qi
,kri ,si

)

d(pi , ri , kpi ,qi
, kri ,si

) , (79)

where d(pi , ri , kpi ,qi
, kri ,si

) contains contribution from the following two-point function
〈∂ φ(zpi ,qi

)∂ φ(zri ,si
)〉C. The function d(pi , ri , kpi ,qi

, kri ,si
) can be computed in the same

way as for the case of n= 1 generalized charged moment, see equations (A.10-A.12).

Unlike the case of n = 1 generalized charged moment, Eq. (77) and Eq. (79) generically
do not admit further simplifications, except for when the subsystem size is exactly half of the
total system size. We spell out the simplification for this special case in Appendix A.2.

5.1.1 The normalized n = 2 generalized charged moment as an explicit sum

We can write the result (72) in a form similar to Eq. (58), by introducing

Rk1,...,kM
=

4
∏

i=1

Ni

�

−
1

2π

�M

g∂ φ∂ φ({kp,q}) . (80)

The main difference is that the structure is more complex because a simplification like the one
in Eq. (53) does not occur. This means that all the contractions between derivative and vertex
operators contribute to the final result, and we get

FL
2 (θ ; {ki, j}; {αi}) = K(αi)ξ({ki, j})

�

Rk1,...,kM
+

M
∑

i=1

Rk1,...,�ki ...kM
N(ki)Lki

(θ ) (81)

+
M
∑

i1<i2

Rk1,...,��ki1 ...,��ki2 ,...kM
N(ki1 , ki2)Lki1

(θ )Lki2
(θ ) + . . .

+
M
∏

i=1

Lki
(θ ) +

M
∑

i=1

Rk1,...,�ki ...kN
N(ki)L̃ki

(ᾱ)

+
M
∑

i1<i2

Rk1,...,��ki1 ...,��ki2 ,...kN
N(ki1 , ki2)L̃ki1

(ᾱ)L̃ki2
(ᾱ) + . . .

+
M
∏

i=1

Lki
(ᾱ) +

M
∑

i1<i2

Rk1,...,��ki1 ...,��ki2 ,...kM
N(ki1 , ki2)

× (Lki1
(θ )L̃ki2

(ᾱ) + Lki2
(θ )L̃ki1

(ᾱ))

+ · · ·+
∑

K1,K2

∏

i∈K1

∏

i∈K2

Lk j∈K1
(θ )L̃k j∈K2

(ᾱ)
�

.
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Here K1 and K2 are two arbitrary sets of the momenta {k j} such that K1∪K2 contains k1, . . . , kM ,
ᾱ= {α1,α2,α3,α4}, and we have introduced the functions

Lk j
(θ ) =

βθ

2π
σ j

1
Γ (k j)

∂
k j−1

z j

f k j (z j , k j)

z j
, (82)

which describes the contraction between ∂ φ and Vβθ
2π

, and

L̃k j
(ᾱ) =

4
∑

i=1

αiσ jJi j ,

Ji j =







1
Γ (k j+1)∂

k j
z j

f k j (z j , k j) , i = j ,

1
Γ (k j)

∂
k j−1

z j

f k j (z j ,k j)
z j−yi

, i ̸= j ,

(83)

which encodes the contraction between ∂ φ and V±αi
.

5.2 Examples and benchmarks of the results

We now use the formula (81) to compute the n= 2 generalized charged moments and bench-
mark them with known results. As a first example, starting from the chiral states

|ψ1〉= a−1 |0〉 , |ψ2〉= a−1 |0〉 , |ψ3〉= |α〉 , |ψ4〉= |α〉 , (84)

we can compute the charged moments for the second relative entropy between ∂ φ and Vα
previously computed in [20]. Indeed, using our procedure, we find

FL
2 (θ ; {1}, {1}, {0}, {0}; {0,0,α,α})

FL
2 (θ ; {0}, {0}, {0}, {0}; {0,0,α,α})

= ei r
2θβα

�

βθ2

4π2
sin(πr)2 + i

βθα

2π
sin
�πr

2

�2
sin(πr)

+
1+ cos(πr)

2
+α2 sin

�πr
2

�4�

, (85)

which reproduces the result found in [20]. As a further check, by setting α = 0, we retrieve
the charged moment for the second relative entropy between ∂ φ and the ground state [20]

FL
2 (θ ; {1}, {1}, {0}, {0}; {0, 0,0, 0}) = 1− 1

β2θ2 sin2
�

πr
2

�

π2
. (86)

Finally, we can consider

|ψ1〉= a−1 |0〉 , |ψ2〉= a−1 |0〉 , |ψ3〉= a−1 |0〉 , |ψ4〉= a−1 |0〉 , (87)

which gives the n= 2 charged moment for the excited state ∂ φ:

FL
2 (θ ; {1}, {1}, {1}, {1}; {0,0, 0,0}) = β4θ4 sin4(πr)

16π4
+ β2θ2 1

16π2
sin2(πr)[cos(2πr)− 9]

+
1

64

�

cos(2πr) + 7
�2

. (88)

This result also matches with the one found in [20].
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Figure 5: The top (bottom) panels are a test of the real (imaginary) part of the
CFT result for the n = 2 generalized charged moments in Eq. (89). The blue lines
correspond to numerical data for the XX spin chain of size L = 64 with periodic
boundary condition and the red lines correspond to predictions from Eq. (89). The
data are plotted as a function of the subsystem ration r for two different values of θ .

5.2.1 The n = 2 generalized charged moments involving level-2 chiral states

We can now perform an analysis, similar to that of Section 4.2.2, to compute the n= 2 gener-
alized charged moments at chiral conformal level-2. Starting from the states (65) where the
vertex operator charge is set to 0, we collect a list of all the level-2 chiral charged moments in
Appendix B.

As we did in Section 4.2.2, we group these results to obtain the normalized charged mo-
ment for the resolved second Rényi entropy for states corresponding to T ± L−1∂ φ, and we
get

∆Z2(θ )≡
ZLevel2

2 (θ )

Zgs
2 (θ )

−
ZLevel2

2 (0)

Zgs
2 (0)

(89)

=
�

FL
2 (θ ; {1, 1}, {1, 1}, {1, 1}, {2}) + FL

2 (θ ; {1, 1}, {2}, {2}, {2})

+
1
4

�

2FL
2 (θ ; {1, 1}, {2}, {2}, {1,1}) + 2FL

2 (θ ; {1, 1}, {1, 1}, {2}, {2})

+ 2FL
2 (θ ; {1, 1}, {2}, {1,1}, {2}) + FL

2 (θ ; {1,1}, {1,1}, {1,1}, {1,1})

+FL
2 (θ ; {2}, {2}, {2}, {2})

�

�

�

�

�

θ

θ=0
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=
β8θ8

4096π8
sin8(πr)−

β6θ6

2048π6
(41+ 23cos(2πr)) sin6(πr)

+
β4θ4

16384π4
(3129+ 1460cos(2πr) + 19cos(4πr)) sin4(πr)

+
β2θ2

32768π2
(−24826− 9417cos(2πr) + 1386cos(4πr) + 89cos(6πr)) sin2(πr)

−
iθ sin3(πr) cos(πr)

2048π

�3θ6

π6
−

89θ4

π4
+

681θ2

π2
+
�

1−
θ

π2

�2� θ

π2
+ 1

�2

×
��

68−
4θ2

π2

�

cos(2πr) +

�

θ2

π2
+ 15

�

cos(4πr)

�

+ 1453
�

.

This expression has been checked against numerical computations in Figure 5 for the chiral
component of the bosonic field when β = 1, θ = 1/2, and θ = 3/2. We notice that the
oscillatory behavior of Figure 5 is more evident than in Figure 4, thus confirming our idea
that the oscillations are due to lattice details, and they are amplified as θ and n increase, in
agreement with the findings of [10].

6 The generalized subsystem charge distribution

As we have explained in the Introduction, a basic building block in computing the time evolu-
tion of full counting statistics is the generalized subsystem charge distribution, defined as

P(q;ψ1,ψ2) =

∫ π

−π

dθ
2π

e−iθqTrA

�

TrAc |ψ1〉〈ψ2|eiθQA
�

=

∫ π

−π

dθ
2π

e−iθqF1(θ ;ψ1,ψ2)TrA

�

TrAc |0〉〈0|eiθQA
�

,

(90)

where F1(θ ;ψ1,ψ2) is the normalized n= 1 generalized charged moment.
For out-of-equilibrium settings such as global quenches, suitable post-quench observables

are defined relative to their pre-quench values. Therefore, a useful quantity to consider is the
ground state normalized generalized subsystem charge distribution

Prel(q;ψ1,ψ2) :=
P(q;ψ1,ψ2)
P(q; |0〉, |0〉)

=

∫ π

−π
dθ
2πe−iθqF1(θ ;ψ1,ψ2)TrA

�

TrAc |0〉〈0|eiθQA
�

∫ π

−π
dθ
2πe−iθqTrA

�

TrAc |0〉〈0|eiθQA
� . (91)

We recall that to leading order in the chord length ℓ, F1(θ ;ψ1,ψ2) is a finite polynomial in
θ . To compute Prel(q;ψ1,ψ2), we explicitly perform the numerator Fourier transformation at
each order in θ in a similar way as in Eq. (22). The dependence on the entanglement cut
boundary conditions cancels out between the numerator and the denominator.

As discussed in Section 4, F1(θ ;ψ1,ψ2) is a polynomial in θ in which all the powers of
θ are either exclusively even or exclusively odd. We focus on the case where F1(θ ;ψ1,ψ2)
only contains even powers of θ , while a complete analysis involving the odd power case will
be given elsewhere. In practice, the coefficients of the polynomial decrease as the power of θ
increases, such that the result can be truncated at a certain order in θ . Here we choose the
truncation at o(θ4), namely we have

F1(θ ;ψ1,ψ2) = 1+ θ2β2h2 + θ
4β4h4 +O(θ6) , (92)

where h2 and h4 are trigonometric functions in the subsystem size ratio r. We can then com-
pute the normalized generalized subsystem charge distribution as an expansion in 1

logℓ′ , where
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ℓ′ := ℓ/ε. Concretely, we find

Prel(q;ψ1,ψ2) = 1+ h2
π2(β2logℓ′ −π2q2)

(β logℓ′)2

+ h4

π4
�

3(β2logℓ′)2 − 6π2q2β2logℓ′ +π4q4
�

(β logℓ′)4
+O

�

1
(logℓ′)3

�

= 1+ h2
π2

logℓ′
+ (3h4 −

h2

β2
q2)

π4

(logℓ′)2
+O

�

1
(logℓ′)3

�

.

(93)

This then yields the generalized subsystem charge distribution P(q;ψ1,ψ2) as a modified dis-
tribution (compared with the ground state Gaussian distribution), where the correction is
given as an expansion in 1/logℓ′.

We can also directly approximate P(q;ψ1,ψ2) in a more compact form which indicates
more clearly the correction to the variance of the subsystem charge distribution. Using the
Gaussian approximation

F1(θ ;ψ1,ψ2)∼ eh2β
2θ2

, (94)

we have

P(q;ψ1,ψ2)∼
√

√ π

2β2 b1
e
− π2q2

2β2 b1 , (95)

where the shifted variance is given by β2 b1 with

b1 := logℓ′ − 2π2h2 . (96)

We recall that, in the ground state, the variance is simply given by β2 logℓ′. However, here we
find a universal shift arising purely from the fact that we are considering the generalized sub-
system charge distribution involving excited states. Such a shift in the variance of the charge
distribution has also been observed in other contexts. For instance, in [10], the charged mo-
ments were computed for the one-dimensional tight-binding model and the shift in variance
is due to lattice contributions, which can be exactly calculated in a free fermionic system.
Another setup where the shift in variance is universal and arises solely from field theory con-
tributions was studied in [45]. In this case, by analyzing symmetry resolution in a massive
field theory, the corrections to the variance remain universal and are due to the presence of a
mass.

7 Symmetry-resolved generalized second Rényi entropy

In this Section, we outline the details involved in the computation of the symmetry-resolved
generalized second Rényi entropy in the charge-q sector, together with its application in the
computation of the excited state symmetry-resolved second Rényi entropy.

The symmetry-resolved generalized second Rényi entropy, as defined in Eq. (3), can be
expressed as

S2(q;ψ1,ψ2,ψ3,ψ4) = −log

∫ π

−π
dθ
2πe−iθqF2(θ ;ψ1,ψ2,ψ3,ψ4)TrA

�

Tr2
Ac |0〉〈0|eiθQA

�

∫ π

−π
dθ
2πe−iθqTrA

�

Tr2
Ac |0〉〈0|eiθQA

� , (97)

where F2(θ ;ψ1,ψ2,ψ3,ψ4) is the normalized n = 2 generalized charged moment discussed
in Section 5. To evaluate S2(q;ψ1,ψ2,ψ3,ψ4), we adopt the same strategy as that used
for the generalized subsystem charge distribution. To leading order in the chord length ℓ,
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F2(θ ;ψ1,ψ2,ψ3,ψ4) is a finite polynomial in θ , enabling us to perform the Fourier transfor-
mation at each order in θ similar to Eq. (22). Here we again focus on the case where the
normalized generalized charged moments only contain even powers of θ . To illustrate the
computation, we truncate the polynomials at o(θ4), as the coefficients of higher-order terms
in θ are significantly smaller.

Taking the following expansion

F2(θ ;ψ1,ψ2,ψ3,ψ4) = f0 + θ
2β2 f2 + θ

4β4 f4 +O(θ6) , (98)

we can write S2(q;ψ1,ψ2,ψ3,ψ4) as an expansion in 1
logℓ′ as follows:

S2(q;ψ1,ψ2,ψ3,ψ4) = −log f0 −
2 f2

f0

π2

logℓ′
+

�

2 f 2
2

f 2
0

−
12 f4

f0
+

4 f2

f0β2
q2

�

π4

(logℓ′)2
+O

�

1
(logℓ′)3

�

. (99)

As previously discussed, the symmetry-resolved generalized Rényi entropies are the fun-
damental building blocks for calculating the symmetry resolution of entanglement in excited
states. Here we consider the symmetry-resolved second Rényi entropy for an arbitrary excited
state |ψ〉, defined as

S2(q;ψ) = −log
TrA

�

TrAc (|ψ〉〈ψ|)TrAc (|ψ〉〈ψ|)Πq

�

Tr2
A

�

TrAc (|ψ〉〈ψ|)Πq

� . (100)

In particular, the difference between the excited state and the ground state symmetry resolu-
tion is given by

∆S2(q;ψ) := S2(q;ψ)−S2(q; |0〉) = S2(q;ψ,ψ,ψ,ψ) + 2logPrel(q;ψ,ψ) ,

where Prel(q;ψ,ψ) is the normalized excited state subsystem charge distribution obtained by
setting ψ1 =ψ2 =ψ in Eq. (91).

We now evaluate ∆S2(q;ψ) in a similar fashion as before. Concretely, taking

F2(θ ;ψ,ψ,ψ,ψ) = f0 + θ
2β2 f2 + θ

4β4 f4 +O(θ6) ,

F1(θ ;ψ,ψ) = 1+ θ2β2h2 + θ
4β4h4 +O(θ6) , (101)

the difference between the excited state and the ground state symmetry-resolved second Rényi
entropies can be written as

∆S2(q;ψ) = −log f0 + 2
�

h2 −
f2
f0

�

π2

logℓ′
(102)

+ 2

�

f 2
2

f 2
0

−
6 f4
f0
−

h2
2

2
+ 3h4 +

�

2 f2
f0β2
−

h2

β2

�

q2

�

π4

(logℓ′)2
+O

�

1
(logℓ′)3

�

.

In particular, the dependence on the subsystem charge q only appears at O((logℓ′)−2), and this
resembles once again the terms breaking the equipartition of the entanglement found in [10],
in a lattice context, or in [18], by studying the symmetry resolution of excited states in CFT.

We can also directly perform an approximate evaluation of the excited state symmetry-
resolved second Rényi entropy S2(q;ψ), by approximating the charged moments as

F2(θ ;ψ,ψ,ψ,ψ)∼ f0e
f2
f0
β2θ2

,

F1(θ ;ψ,ψ)∼ eh2β
2θ2

.
(103)
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This rewriting allows us to express the excited state symmetry-resolved second Rényi entropy
in a compact form as

S2(q;ψ) =
1
4

logℓ′ −
1
2

log log(ℓ′δ)− log
2β f0p
π
+ 2logga

− 2
π4(2 f2/ f0 − h2)2

(logℓ′)2
+

2π4q2(h2 − 2 f2/ f0)
β2(log(ℓ′κ))2

+O
�

1
(logℓ′)2

�

, (104)

where ga is the entanglement boundary g-function and

δ = e−4π2(h2− f2/ f0) , κ= e−π
2(h2+2 f2/ f0) .

Beyond the breaking of the equipartition at O((logℓ′)−2), this rewriting shows the presence of
a double logarithmic correction, which is another salient feature of the ground state symmetry
resolution [8,10].

8 Conclusions

In this manuscript, we have introduced the notion of symmetry-resolved generalized entropies,
which form important computational building blocks in the study of symmetry-resolved en-
tanglement for generic excited states as well as the dynamical evolution of symmetry-resolved
entanglement in symmetry-preserving out-of-equilibrium settings. A crucial ingredient in the
computation of symmetry-resolved generalized entropies is the generalized charged moments,
which also have their own physical meaning. In particular, the n= 1 generalized charged mo-
ment is an essential ingredient for the study of the probability distribution of the symmetry
charge contained within a subsystem, giving access to the corresponding full counting statis-
tics.

We have illustrated our computational framework in the example of (1+1)-d free massless
compact boson theory, motivated by the experimental accessibility of Luttinger liquids. Us-
ing the replica-trick computation, we have provided explicit analytical formulas for the n = 1
and the n = 2 generalized charged moments and, when possible, benchmarked our results
through lattice computations in the XX chain. Furthermore, we have outlined the computa-
tion of generalized subsystem charge distribution and symmetry-resolved generalized second
Rényi entropy, where we have observed universal subleading terms breaking the entanglement
equipartition.

As already mentioned, the most direct and appealing application of our results would be
the study of the full counting statistics or the symmetry-resolved entanglement after a global
quantum quench, especially in those setups where a quasi-particle picture or other tools are
not available [84]. Given the connections of the quantities studied here with the pseudo-
entropies introduced in [79, 80], an interesting further possibility would be to compare our
results with the holographic findings, also in the absence of global conserved charges. Finally,
explicit results could be also derived for other CFTs with different global symmetries, such
as the Ising model with a Z2 symmetry, or further extended away of criticality by applying
conformal perturbation theory.
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A Computational ingredients for generalized charged moments

In this Appendix, we spell out some detailed ingredients involved in the evaluation of normal-
ized generalized charged moments.

A.1 The chiral normalized n = 1 generalized charged moment

The chiral normalized n = 1 generalized charged moment, FL
1 (θ ;ψ1,ψ2), is given by Eq.

(50). Here the main computational ingredients are the functions gV∂ φ(θ ,α, {km,n}) and
g∂ φ∂ φ({kp,q}).

The function gV∂ φ(θ ,α, {km,n}) encodes contributions from Wick contractions of ∂ φ(zm,n)
with the vertex operators. Concretely, each contour integral of ∂ φ(zm,n) contributes the fol-
lowing:

∮

Cm,n

dzm,n

�

zm,n − y∗m
zm,n − ym

�km,n
∑

k=0,1,2

〈Vαk
(yk)∂ φ(zm,n)〉C , (A.1)

where Cm,n are contours around ym(m= 1, 2) (see Figure 3 for more details) andα0=βθ/(2π),
α1 = −α2 = α. We then have

gV∂ φ(θ ,α, {km,n}) = −
∏

(m,n)

σm × (g
(1)
V∂ φ(m, km,n,θ ) + g(2)V∂ φ(m, km,n,α)) . (A.2)

Here σm is as defined in Eq. (38) with σm=1 = 1 and σm=2 = −1. The functions g(1),(2)V∂ φ are
given by

g(1)V∂ φ(m, km,n,θ ) :=
2πi

(km,n − 1)!
∂

km,n−1
zm,n

�

f (m, n)km,n ×
�

−
iβθ

2πzm,n

���

�

�

�

zm,n=ym

, (A.3)

g(2)V∂ φ(m, km,n,α) :=
∑

µ ̸=m

2πi
(km,n − 1)!

∂
km,n−1

zm,n

�

f (m, n)km,n ×
�

iαµ
yµ − zm,n

���

�

�

�

zm,n=ym

+
2πi

km,n!
∂

km,n
zm,n

�

−iαm f (m, n)km,n
�

�

�

�

�

zm,n=ym

,

(A.4)

with
f (m, n) = zm,n − y∗m . (A.5)

Explicit calculation then yields

g(1)V∂ φ(m= 1, k1,n,θ ) = βθ
�

1− e−2πirk1,n
�

,

g(1)V∂ φ(m= 2, k2,n,θ ) = βθ
�

1− e2πirk2,n
�

, (A.6)

g(2)V∂ φ(m, km,n,α) = 2π(α−α) = 0 .
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Putting everything together, we have

gV∂ φ(θ ,α, {km,n}) = −
∏

(m,n)

σmβθ
�

1− esign(m)2πirkm,n
�

. (A.7)

We now turn to g∂ φ∂ φ({kp,q}) which corresponds to the contribution where ∂ φ contract
between themselves. In particular, g∂ φ∂ φ({kp,q}) is zero unless the set {kp,q} contains an
even number of elements. Given the collection {kp,q} with 2l elements, we first enumerate
all possibilities of forming l pairs (kp1,q1

, kr1,s1
), ..., (kpl ,ql

, krl ,sl
). The contribution from each

pair-up possibility is then given by the product over contributions from each invidual pair
(kpi ,qi

, kri ,si
). Namely

g∂ φ∂ φ({kp,q}) =
∑

{(kp1,q1
,kr1,s1 )

...(kpl ,ql
,krl ,sl

)}

∏

(kpi ,qi
,kri ,si

)

d(pi , ri , kpi ,qi
, kri ,si

) , (A.8)

where d(pi , ri , kpi ,qi
, kri ,si

) captures the contribution from the following two-point function
〈∂ φ(zpi ,qi

)∂ φ(zri ,si
)〉C. Concretely it is given by

d(p, r, kp,q, kr,s) =

∮

C p,q

dzp,q

∮

C r,s

dzr,s

�zp,q − y∗p
zp,q − yp

�kp,q �zr,s − y∗r
zr,s − yr

�kr,s −1
(zp,q − zr,s)2

. (A.9)

We define an intermediate function h(zp,q, r, kr,s) as

h(zp,q, r, kr,s) = −σr
2πi

(kr,s − 1)!
∂

kr,s−1
zr,s

�

−
1

(zp,q − zr,s)2
f (r, s)kr,s

��

�

�

�

zr,s=yr

. (A.10)

Then when p ̸= r, namely when the two integration contours in Eq. (A.9) circle around two
different poles, we have

d(p, r, kp,q, kr,s) = −σp
2πi

(kp,q − 1)!
∂

kp,q−1
zp,q

�

f (p, q)kp,q h(zp,q, r, kr,s)
�

�

�

�

�

zp,q=yp

. (A.11)

When p = r, we then have

d(p, r = p, kp,q, kr,s) = −σp
2πi

(kp,q + kr,s)!
∂

kp,q+kr,s
zp,q

�

(zp,q − yp)
kr,s+1 f (p, q)kp,q h(zp,q, r, kr,s)

�

�

�

�

�

zp,q=yp

. (A.12)

Explicit calculation with y1 = eiπr and y2 = e−iπr then gives

d(p, r, kp,q, kr,s) = −4π2σpσr e(p, r, kp,q, kr,s) , (A.13)

where

e(1,2, k1, k2) = k , if k1 = k2 = k ,

= 0 , if k1 ̸= k2 ,
(A.14)

and e(1,1, k1, k2) = e(2,2, k1, k2) = 0. In other words, contribution from the two-point func-
tion 〈∂ φ(zp,q)∂ φ(zr,s)〉C vanishes, unless the integration contours for zp,q and zr,s circle around
different poles, and their integrands has the same pole order.
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A.2 Simplification of the chiral normalized n = 2 generalized charged moment

at r =
1
2

The normalized n = 2 generalized charged moment admits a simplified expression when the
subsystem size is half of the total system size, namely when r = 1

2 .
Without loss of generality, we consider the chiral normalized n = 2 generalized charged

moment FL
2 (θ ; {ki, j}; {αi}), given in Eq. (74). The main ingredients in computing this quan-

tity are the functions gV∂ φ(θ , {αi}, {km,n}) encoding contributions from Wick contractions of
∂ φ with the vertex operators, and g∂ φ∂ φ({kp,q}) corresponding to contributions from Wick
contractions of ∂ φ with themselves. Our goal here is to find simplified expressions for these
functions at r = 1

2 .
First, we consider gV∂ φ(θ , {αi}, {km,n}) which can be written as:

gV∂ φ(θ , {αi}, {km,n}) = −
∏

(m,n)

σm ×
�

g(1)V∂ φ(θ , km,n) + g(2)V∂ φ({αi}, m, km,n)
�

, (A.15)

where σm=1,3 = 1 and σm=2,4 = −1. The two constituents in Eq. (A.15) are given by

g(1)V∂ φ(θ , km,n) :=
2πi

(km,n − 1)!
∂

km,n−1
zm,n

�

f (m, n)km,n
−iβθ

2πzm,n

��

�

�

�

zm,n=ym

, (A.16)

g(2)V∂ φ({αi}, m, km,n) :=
∑

i ̸=m

2πi
(km,n − 1)!

∂
km,n−1

zm,n

�

f (m, n)km,n
iα′i

yµ − zm,n

��

�

�

�

zm,n=ym

+
2πi

km,n!
∂

km,n
zm,n

�

−iα′m f (m, n)km,n
�

�

�

�

�

zm,n=ym

,

(A.17)

where

f (m, n) =
z2

m,n − (y
2
m)
∗

zm,n + ym
. (A.18)

At r = 1
2 , the four points around which the contour integrals are performed, are evenly

distributed on the unit circle:

y1 = eiπ4 , y2 = e−iπ4 , y3 = −eiπ4 , y4 = −e−iπ4 . (A.19)

Then explicit calculations yield

g(1)V∂ φ(θ , km,n) =

¨

0 , ∀ km,n even,

βθ , ∀ km,n odd.
(A.20)

The expression for g(2)V∂ φ({αi}, m, km,n) is a bit more complicated. First of all, we have the
following relations

g(2)V∂ φ({αi}, m= 3, k) = −g(2)V∂ φ({αi}, m= 1, k) ,

g(2)V∂ φ({αi}, m= 4, k) = −g(2)V∂ φ({αi}, m= 2, k) .
(A.21)

It then remains to compute g(2)V∂ φ({αi}, m= 1, 2, km,n), which are given by

g(2)V∂ φ({αi}, m= 1, k1,n) =

¨

2πics(α2 −α4) , for k1,n = 2s+ 1 ,

2πcs(α1 −α3) , for k1,n = 2s ,
(A.22)
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and

g(2)V∂ φ({αi}, m= 2, k2,n) =

¨

2πics(α1 −α3) , for k2,n = 2s+ 1 ,

−2πcs(α2 −α4) , for k2,n = 2s .
(A.23)

In the above formulae, cs are rational numbers, with the first few ones (for k ≤ 17) given by

c0 =
1
2

, c1 =
1
4

, c2 =
3
16

, c3 =
5
32

, c4 =
35
256

,

c5 =
63

512
, c6 =

231
2048

, c7 =
429
4096

, c8 =
6435
65536

.
(A.24)

The simplification for g∂ φ∂ φ has been worked out in [63].

B Details about the n = 2 generalized charged moments for chiral
level-2 states

We report in this Appendix the contributions to the n= 2 charged moments at chiral conformal
level-2 due to different combinations of the descendant states in (65) of the vacuum module.
For notational convenience, here we will omit the vertex operator charge labeling.

F L
2 (θ ; {1,1}, {1,1}, {1, 1}, {1,1}) =

β8θ 8

1024π8
sin8(πr) +

β6θ 6

512π6
sin6(πr) (cos(2πr)− 17)

+
β4θ 4

4096π4
sin4(πr) (5cos(4πr)− 84cos(2πr) + 1359)

+
β2θ 2

8192π2
sin2(πr) (3cos(6πr) + 142cos(4πr)− 83cos(2πr)− 8254)

+
1

131072
(9cos(8πr) + 1080cos(6πr) + 4604cos(4πr)

+37256cos(2πr) + 88123) ,

F L
2 (θ ; {1, 1}, {2}, {1, 1}, {2}) = −β6θ 6 cos2(πr)sin6(πr)

64π6
+ β4θ 4 (25cos(2πr) + 23) sin6(πr)

1024π4

− β2θ 2 3 (7cos(2πr) + 17) sin6(πr)
512π2

+
3 (9cos(2πr) + 71) sin6(πr)

1024
,

F L
2 (θ ; {1, 1}, {1,1}, {2}, {2}) = −

β6θ 6

64π6
cos2(πr)sin6(πr)

+
β4θ 4

8π4
cos6

�πr
2

�

sin4
�πr

2

�

× (−2cos(3πr) + 13cos(2πr) + 8cos(πr) + 17)

−
β2θ 2

32π2
cos6

�πr
2

�

sin2
�πr

2

�

× (cos(4πr)− 34cos(3πr) + 64cos(2πr)− 46cos(πr) + 143)

+
1

128
cos6

�πr
2

�

× (25cos(4πr)− 118cos(3πr) + 376cos(2πr)− 778cos(πr) + 623) ,

F L
2 (θ ; {1, 1}, {2}, {2}, {1,1}) = −

β6θ 6

64π6
cos2(πr)sin6(πr)

+
β4θ 4

8π4
cos4

�πr
2

�

sin6
�πr

2

�

× (2cos(3πr) + 13cos(2πr)− 8cos(πr) + 17)

−
β2θ 2

32π2
cos2

�πr
2

�

sin6
�πr

2

�

× (cos(4πr) + 34cos(3πr) + 64cos(2πr) + 46cos(πr) + 143)
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+
1

128
sin6

�πr
2

�

× (25cos(4πr) + 118cos(3πr) + 376cos(2πr) + 778cos(πr) + 623) ,

F L
2 (θ ; {2}, {2}, {2}, {2}) =

β4θ 4

64π4
sin4(2πr) +

β2θ 2

512π2
sin2(2πr) (9cos(4πr)− 4cos(2πr)− 133)

+
1

32768
(81cos(8πr) + 56cos(6πr) + 1628cos(4πr)

+8072cos(2πr) + 22931) ,

F L
2 (θ ; {1, 1}, {2}, {2}, {2}) = −

iθ 3 sin3(πr) cos(πr)
1024π3

(4 cos(2πr)− 17cos(4πr) + 141)

+
iθ 5 sin5(πr) cos3(πr)

16π5

−
iθ sin3(πr)

2048π
(754 cos(πr) + 5 cos(3πr) + 9cos(5πr)) ,

F L
2 (θ ; {1,1}, {1,1}, {1, 1}, {2}) = −

iθ 7 sin7(πr) cos(πr)
256π7

+
iθ 5 sin5(πr)

1024π5
(67cos(πr)− 3 cos(3πr))

−
iθ 3 sin3(πr)

4096π3
(650cos(πr)− 143cos(3πr) + 5cos(5πr))

−
iθ sin3(πr)

4096π
(1466 cos(πr) + 73 cos(3πr)− 3 cos(5πr)) .

C Details about the numerical computations

This part of the appendix is devoted to the description of the numerical tools used to reproduce
the data shown in Figs. 4, 5. In particular, we will adapt the computations done in [63] to the
evaluation of the generalized normalized charged moments defined in Eq. (4).

We start by introducing the Hamiltonian describing the XX chain of N spins with periodic
boundary condition

HX X = −
1
4

N
∑

j=1

�

σx
j σ

x
j+1 +σ

y
j σ

y
j+1

�

, (C.1)

where σα are the Pauli matrices. This model can be rewritten in fermionic variables,
{c†

m, cn} = δmn, after a Jordan-Wigner transformation. The complex fermions cn, c†
n can be

rewritten in terms of 2N Majorana modes as
¨

a2m−1 = c†
m + cm ,

a2m = i(c†
m − cm) ,

(C.2)

and the reduced density matrix can be expressed in terms of the Majorana modes as

ρA =
1
Z

e1/2
∑

jk B jka j ak , (C.3)

where B is a pure imaginary antisymmetric matrix and Z is the normalization constant. The
main goal is then computing the correlation matrix ΓΩmn of an eigenstate of the XX spin chain
specified by a set of occupied momenta Ω= {ki}. This can be written as

ΓΩmn = 〈aman〉Ω −δmn , (C.4)

where 〈· · ·〉Ω means that the expectation value is taken on the state labeled by Ω. It reads

ΓΩ =









Π0 Π1 · · · ΠN−1
Π−1 Π0 . . .

· · · · · · . . .
...

Π−N+1 · · · Π0









, Πm =

�

g(1)m g(2)m

−g(2)−m g(1)m

�

, (C.5)
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where
¨

g(1)m−n = 〈a2ma2n〉Ω −δmn = 〈a2m−1a2n−1〉Ω −δmn ,

g(2)m−n = 〈a2m−1a2n〉Ω .
(C.6)

These quantities can be calculated by relating the correlation functions of Majorana fermions
am to those of the fermionic variables cm. This is achieved by doing a Fourier transform and
reducing the problem to the computation of the correlation functions of free fermions, leading
to [67]
(

g(1)m−n = 〈c
†
mcn〉Ω + 〈cmc†

n〉Ω −δmn =
1
N

�

∑

k∈Ω e−i πk
N (m−n) +

∑

k ̸∈Ω ei πk
N (m−n)

�

−δmn ,

g(2)m−n = −i 〈c†
mcn〉Ω + i 〈cmc†

n〉Ω =
i
N

�

−
∑

k∈Ω e−i πk
N (m−n) +

∑

k ̸∈Ω ei πk
N (m−n)

�

.
(C.7)

For a specific bipartition made up of ℓ sites, we simply restrict the correlation matrix to a
2ℓ-block of Eq. (C.5), ΓΩ

ℓ
[1]:

ΓΩℓ =









Π0 Π1 · · · Πℓ−1
Π−1 Π0 . . .

· · · · · · . . .
...

Π−ℓ+1 · · · Π0









. (C.8)

In this basis, the charge operator reads

QA =
∑

m

ia2m−1a2m − ia2ma2m−1. (C.9)

For a general non-Hermitian matrix H, we can use that

Tr(e
1
2

∑

jk a j H jkak) =
Æ

det(1+ eH) , (C.10)

and that the reduced density matrix can be written in terms of the correlation matrix (C.8) as

eB =
1+ ΓΩ

ℓ

1− ΓΩ
ℓ

. (C.11)

Therefore, using the single-particle operators, we find that

Tr(ρn
AeiθQA) =

√

√

√

det

�

1− ΓΩ
ℓ

2

�n

det

�

1+

�

1+ ΓΩ
ℓ

1− ΓΩ
ℓ

�n

eiθQ̃A

�

, (C.12)

where (Q̃A)2m,2m−1 = −(Q̃A)2m−1,2m = −i. We stress that this result can be easily extended to
different (quadratic) charges and quadratic models, by simply adapting the form of the charge
in Eq. (C.9) and computing the new correlators in Eq. (C.7).

The low-lying energy eigenstates in the spin chain can be mapped to the corresponding
states in the bosonic CFT described in the main text. For the XX spin chain, this mapping has
been detailed in Ref. [67]. When N is an even integer and a multiple of 4, the spin chain states
corresponding to the derivative operator and the vertex operator are, respectively:

c N
4 −

1
2
c†

N
4 +

1
2
|0〉↔ i∂ φ ,

c†
N
4 +

1
2
|0〉↔ V1,0 ,

(C.13)

where |0〉 is the ground state of the half-filled fermionic model.

36

https://scipost.org
https://scipost.org/SciPostPhys.18.6.211


SciPost Phys. 18, 211 (2025)

References

[1] G. Vidal, J. I. Latorre, E. Rico and A. Kitaev, Entanglement in quantum critical phenom-
ena, Phys. Rev. Lett. 90, 227902 (2003), doi:10.1103/PhysRevLett.90.227902 [preprint
doi:10.48550/arXiv.quant-ph/0211074].

[2] P. Calabrese and J. Cardy, Time dependence of correlation functions following a quan-
tum quench, Phys. Rev. Lett. 96, 136801 (2006), doi:10.1103/PhysRevLett.96.136801
[preprint doi:10.48550/arXiv.cond-mat/0601225].

[3] A. Kitaev and J. Preskill, Topological entanglement entropy, Phys. Rev. Lett. 96, 110404
(2006), doi:10.1103/PhysRevLett.96.110404.

[4] M. Levin and X.-G. Wen, Detecting topological order in a ground state wave function,
Phys. Rev. Lett. 96, 110405 (2006), doi:10.1103/PhysRevLett.96.110405 [preprint
doi:10.48550/arXiv.cond-mat/0510613].

[5] D. N. Page, Information in black hole radiation, Phys. Rev. Lett. 71, 3743 (1993),
doi:10.1103/PhysRevLett.71.3743 [preprint doi:10.48550/arXiv.hep-th/9306083].

[6] M. Goldstein and E. Sela, Symmetry-resolved entanglement in many-body systems,
Phys. Rev. Lett. 120, 200602 (2018), doi:10.1103/PhysRevLett.120.200602 [preprint
doi:10.48550/arXiv.1711.09418].

[7] N. Laflorencie and S. Rachel, Spin-resolved entanglement spectroscopy of critical spin chains
and Luttinger liquids, J. Stat. Mech.: Theory Exp. P11013 (2014), doi:10.1088/1742-
5468/2014/11/P11013.

[8] J. C. Xavier, F. C. Alcaraz and G. Sierra, Equipartition of the entanglement en-
tropy, Phys. Rev. B 98, 041106 (2018), doi:10.1103/PhysRevB.98.041106 [preprint
doi:10.48550/arXiv.1804.06357].

[9] M. Kiefer-Emmanouilidis, R. Unanyan, J. Sirker and M. Fleischhauer, Bounds on
the entanglement entropy by the number entropy in non-interacting fermionic sys-
tems, SciPost Phys. 8, 083 (2020), doi:10.21468/SciPostPhys.8.6.083 [preprint
doi:10.48550/arXiv.2003.03112].

[10] R. Bonsignori, P. Ruggiero and P. Calabrese, Symmetry resolved entanglement in free
fermionic systems, J. Phys. A: Math. Theor. 52, 475302 (2019), doi:10.1088/1751-
8121/ab4b77 [preprint doi:10.48550/arXiv.1907.02084].

[11] K. Monkman and J. Sirker, Operational entanglement of symmetry-protected topological
edge states, Phys. Rev. Res. 2, 043191 (2020), doi:10.1103/PhysRevResearch.2.043191
[preprint doi:10.48550/arXiv.2005.13026].

[12] X. Turkeshi, P. Ruggiero, V. Alba and P. Calabrese, Entanglement equipar-
tition in critical random spin chains, Phys. Rev. B 102, 014455 (2020),
doi:10.1103/PhysRevB.102.014455 [preprint doi:10.48550/arXiv.2005.03331].

[13] B. Oblak, N. Regnault and B. Estienne, Equipartition of entanglement in quantum Hall
states, Phys. Rev. B 105, 115131 (2022), doi:10.1103/PhysRevB.105.115131 [preprint
doi:10.48550/arXiv.2112.13854].

[14] B. Estienne, Y. Ikhlef and A. Morin-Duchesne, Finite-size corrections in critical symmetry-
resolved entanglement, SciPost Phys. 10, 054 (2021), doi:10.21468/SciPostPhys.10.3.054
[preprint doi:10.48550/arXiv.2010.10515].

37

https://scipost.org
https://scipost.org/SciPostPhys.18.6.211
https://doi.org/10.1103/PhysRevLett.90.227902
https://doi.org/10.48550/arXiv.quant-ph/0211074
https://doi.org/10.1103/PhysRevLett.96.136801
https://doi.org/10.48550/arXiv.cond-mat/0601225
https://doi.org/10.1103/PhysRevLett.96.110404
https://doi.org/10.1103/PhysRevLett.96.110405
https://doi.org/10.48550/arXiv.cond-mat/0510613
https://doi.org/10.1103/PhysRevLett.71.3743
https://doi.org/10.48550/arXiv.hep-th/9306083
https://doi.org/10.1103/PhysRevLett.120.200602
https://doi.org/10.48550/arXiv.1711.09418
https://doi.org/10.1088/1742-5468/2014/11/P11013
https://doi.org/10.1088/1742-5468/2014/11/P11013
https://doi.org/10.1103/PhysRevB.98.041106
https://doi.org/10.48550/arXiv.1804.06357
https://doi.org/10.21468/SciPostPhys.8.6.083
https://doi.org/10.48550/arXiv.2003.03112
https://doi.org/10.1088/1751-8121/ab4b77
https://doi.org/10.1088/1751-8121/ab4b77
https://doi.org/10.48550/arXiv.1907.02084
https://doi.org/10.1103/PhysRevResearch.2.043191
https://doi.org/10.48550/arXiv.2005.13026
https://doi.org/10.1103/PhysRevB.102.014455
https://doi.org/10.48550/arXiv.2005.03331
https://doi.org/10.1103/PhysRevB.105.115131
https://doi.org/10.48550/arXiv.2112.13854
https://doi.org/10.21468/SciPostPhys.10.3.054
https://doi.org/10.48550/arXiv.2010.10515


SciPost Phys. 18, 211 (2025)

[15] L. Piroli, E. Vernier, M. Collura and P. Calabrese, Thermodynamic symmetry resolved en-
tanglement entropies in integrable systems, J. Stat. Mech.: Theory Exp. 073102 (2022),
doi:10.1088/1742-5468/ac7a2d [preprint doi:10.48550/arXiv.2203.09158].

[16] F. Ares, S. Murciano and P. Calabrese, Symmetry-resolved entanglement in a long-range
free-fermion chain, J. Stat. Mech.: Theory Exp. 063104 (2022), doi:10.1088/1742-
5468/ac7644 [preprint doi:10.48550/arXiv.2202.05874].

[17] A. Belin, L.-Y. Hung, A. Maloney, S. Matsuura, R. C. Myers and T. Sierens,
Holographic charged Rényi entropies, J. High Energy Phys. 12, 059 (2013),
doi:10.1007/JHEP12(2013)059 [preprint doi:10.48550/arXiv.1310.4180].

[18] L. Capizzi, P. Ruggiero and P. Calabrese, Symmetry resolved entanglement entropy of ex-
cited states in a CFT, J. Stat. Mech.: Theory Exp. 073101 (2020), doi:10.1088/1742-
5468/ab96b6 [preprint doi:10.48550/arXiv.2003.04670].

[19] L. Capizzi, D. X. Horváth, P. Calabrese and O. A. Castro-Alvaredo, Entanglement of
the 3-state Potts model via form factor bootstrap: Total and symmetry resolved en-
tropies, J. High Energy Phys. 05, 113 (2022), doi:10.1007/JHEP05(2022)113 [preprint
doi:10.48550/arXiv.2108.10935].

[20] L. Capizzi and P. Calabrese, Symmetry resolved relative entropies and distances in confor-
mal field theory, J. High Energy Phys. 10, 195 (2021), doi:10.1007/JHEP10(2021)195
[preprint doi:10.48550/arXiv.2105.08596].

[21] A. Milekhin and A. Tajdini, Charge fluctuation entropy of Hawking radia-
tion: A replica-free way to find large entropy, SciPost Phys. 14, 172 (2023),
doi:10.21468/SciPostPhys.14.6.172 [preprint doi:10.48550/arXiv.2109.03841].

[22] G. Di Giulio, R. Meyer, C. Northe, H. Scheppach and S. Zhao, On the
boundary conformal field theory approach to symmetry-resolved entanglement, Sci-
Post Phys. Core 6, 049 (2022), doi:10.21468/SciPostPhysCore.6.3.049 [preprint
doi:10.48550/arXiv.2212.09767].

[23] M. Fossati, F. Ares and P. Calabrese, Symmetry-resolved entanglement
in critical non-Hermitian systems, Phys. Rev. B 107, 205153 (2023),
doi:10.1103/PhysRevB.107.205153 [preprint doi:10.48550/arXiv.2303.05232].

[24] C. Northe, Entanglement resolution with respect to conformal symmetry, Phys.
Rev. Lett. 131, 151601 (2023), doi:10.1103/PhysRevLett.131.151601 [preprint
doi:10.48550/arXiv.2303.07724].

[25] Y. Kusuki, S. Murciano, H. Ooguri and S. Pal, Symmetry-resolved entanglement en-
tropy, spectra & boundary conformal field theory, J. High Energy Phys. 11, 216 (2023),
doi:10.1007/JHEP11(2023)216 [preprint doi:10.48550/arXiv.2309.03287].

[26] L. Capizzi, S. Murciano and P. Calabrese, Full counting statistics and symme-
try resolved entanglement for free conformal theories with interface defects, J. Stat.
Mech.: Theory Exp. 073102 (2023), doi:10.1088/1742-5468/ace3b8 [preprint
doi:10.48550/arXiv.2302.08209].

[27] H.-H. Chen, Symmetry decomposition of relative entropies in conformal field the-
ory, J. High Energy Phys. 07, 084 (2021), doi:10.1007/JHEP07(2021)084 [preprint
doi:10.48550/arXiv.2104.03102].

38

https://scipost.org
https://scipost.org/SciPostPhys.18.6.211
https://doi.org/10.1088/1742-5468/ac7a2d
https://doi.org/10.48550/arXiv.2203.09158
https://doi.org/10.1088/1742-5468/ac7644
https://doi.org/10.1088/1742-5468/ac7644
https://doi.org/10.48550/arXiv.2202.05874
https://doi.org/10.1007/JHEP12(2013)059
https://doi.org/10.48550/arXiv.1310.4180
https://doi.org/10.1088/1742-5468/ab96b6
https://doi.org/10.1088/1742-5468/ab96b6
https://doi.org/10.48550/arXiv.2003.04670
https://doi.org/10.1007/JHEP05(2022)113
https://doi.org/10.48550/arXiv.2108.10935
https://doi.org/10.1007/JHEP10(2021)195
https://doi.org/10.48550/arXiv.2105.08596
https://doi.org/10.21468/SciPostPhys.14.6.172
https://doi.org/10.48550/arXiv.2109.03841
https://doi.org/10.21468/SciPostPhysCore.6.3.049
https://doi.org/10.48550/arXiv.2212.09767
https://doi.org/10.1103/PhysRevB.107.205153
https://doi.org/10.48550/arXiv.2303.05232
https://doi.org/10.1103/PhysRevLett.131.151601
https://doi.org/10.48550/arXiv.2303.07724
https://doi.org/10.1007/JHEP11(2023)216
https://doi.org/10.48550/arXiv.2309.03287
https://doi.org/10.1088/1742-5468/ace3b8
https://doi.org/10.48550/arXiv.2302.08209
https://doi.org/10.1007/JHEP07(2021)084
https://doi.org/10.48550/arXiv.2104.03102


SciPost Phys. 18, 211 (2025)

[28] R. Bonsignori and P. Calabrese, Boundary effects on symmetry resolved entanglement, J.
Phys. A: Math. Theor. 54, 015005 (2020), doi:10.1088/1751-8121/abcc3a [preprint
doi:10.48550/arXiv.2009.08508].

[29] F. Ares, P. Calabrese, G. Di Giulio and S. Murciano, Multi-charged moments of
two intervals in conformal field theory, J. High Energy Phys. 09, 051 (2022),
doi:10.1007/JHEP09(2022)051 [preprint doi:10.48550/arXiv.2206.01534].

[30] M. Ghasemi, Universal thermal corrections to symmetry-resolved entanglement
entropy and full counting statistics, J. High Energy Phys. 05, 209 (2023),
doi:10.1007/JHEP05(2023)209 [preprint doi:10.48550/arXiv.2203.06708].

[31] A. Bruno, F. Ares, S. Murciano and P. Calabrese, Symmetry resolution of the com-
putable cross-norm negativity of two disjoint intervals in the massless Dirac field the-
ory, J. High Energy Phys. 02, 009 (2024), doi:10.1007/JHEP02(2024)009 [preprint
doi:10.48550/arXiv.2312.02926].

[32] C. Berthiere and G. Parez, Reflected entropy and computable cross-norm negativ-
ity: Free theories and symmetry resolution, Phys. Rev. D 108, 054508 (2023),
doi:10.1103/PhysRevD.108.054508 [preprint doi:10.48550/arXiv.2307.11009].

[33] A. Foligno, S. Murciano and P. Calabrese, Entanglement resolution of free Dirac fermions on
a torus, J. High Energy Phys. 03, 096 (2023), doi:10.1007/JHEP03(2023)096 [preprint
doi:10.48550/arXiv.2212.07261].

[34] H.-H. Chen, Charged Rényi negativity of massless free bosons, J. High Energy Phys. 02, 117
(2022), doi:10.1007/JHEP02(2022)117 [preprint doi:10.48550/arXiv.2111.11028].

[35] H. Casini, M. Huerta, J. M. Magán and D. Pontello, Entanglement entropy and su-
perselection sectors. Part I. Global symmetries, J. High Energy Phys. 02, 014 (2020),
doi:10.1007/JHEP02(2020)014 [preprint doi:10.48550/arXiv.1905.10487].

[36] S. Murciano, J. Dubail and P. Calabrese, More on symmetry resolved operator entanglement,
J. Phys. A: Math. Theor. 57, 145002 (2024), doi:10.1088/1751-8121/ad30d1 [preprint
doi:10.48550/arXiv.2309.04032].

[37] G. Di Giulio and J. Erdmenger, Symmetry-resolved modular correlation functions in free
fermionic theories, J. High Energy Phys. 07, 058 (2023), doi:10.1007/JHEP07(2023)058
[preprint doi:10.48550/arXiv.2305.02343].

[38] H. Gaur and U. A. Yajnik, Multi-charged moments and symmetry-resolved Rényi entropy of
free compact boson for multiple disjoint intervals, J. High Energy Phys. 01, 042 (2024),
doi:10.1007/JHEP01(2024)042 [preprint doi:10.48550/arXiv.2310.14186].

[39] P. Saura-Bastida, A. Das, G. Sierra and J. Molina-Vilaplana, Categorical-symmetry re-
solved entanglement in conformal field theory, Phys. Rev. D 109, 105026 (2024),
doi:10.1103/PhysRevD.109.105026 [preprint doi:10.48550/arXiv.2402.06322].

[40] Y. Choi, B. C. Rayhaun and Y. Zheng, Noninvertible symmetry-resolved Affleck-Ludwig-
Cardy formula and entanglement entropy from the boundary tube algebra, Phys. Rev. Lett.
133, 251602 (2024), doi:10.1103/PhysRevLett.133.251602.

[41] A. Das, J. Molina-Vilaplana and P. Saura-Bastida, Generalized symmetry resolu-
tion of entanglement in conformal field theory for twisted and anyonic sectors,
Phys. Rev. D 110, 125005 (2024), doi:10.1103/PhysRevD.110.125005 [preprint
doi:10.48550/arXiv.2409.02162].

39

https://scipost.org
https://scipost.org/SciPostPhys.18.6.211
https://doi.org/10.1088/1751-8121/abcc3a
https://doi.org/10.48550/arXiv.2009.08508
https://doi.org/10.1007/JHEP09(2022)051
https://doi.org/10.48550/arXiv.2206.01534
https://doi.org/10.1007/JHEP05(2023)209
https://doi.org/10.48550/arXiv.2203.06708
https://doi.org/10.1007/JHEP02(2024)009
https://doi.org/10.48550/arXiv.2312.02926
https://doi.org/10.1103/PhysRevD.108.054508
https://doi.org/10.48550/arXiv.2307.11009
https://doi.org/10.1007/JHEP03(2023)096
https://doi.org/10.48550/arXiv.2212.07261
https://doi.org/10.1007/JHEP02(2022)117
https://doi.org/10.48550/arXiv.2111.11028
https://doi.org/10.1007/JHEP02(2020)014
https://doi.org/10.48550/arXiv.1905.10487
https://doi.org/10.1088/1751-8121/ad30d1
https://doi.org/10.48550/arXiv.2309.04032
https://doi.org/10.1007/JHEP07(2023)058
https://doi.org/10.48550/arXiv.2305.02343
https://doi.org/10.1007/JHEP01(2024)042
https://doi.org/10.48550/arXiv.2310.14186
https://doi.org/10.1103/PhysRevD.109.105026
https://doi.org/10.48550/arXiv.2402.06322
https://doi.org/10.1103/PhysRevLett.133.251602
https://doi.org/10.1103/PhysRevD.110.125005
https://doi.org/10.48550/arXiv.2409.02162


SciPost Phys. 18, 211 (2025)

[42] J. Heymann and T. Quella, Revisiting the symmetry-resolved entanglement for
non-invertible symmetries in 1+1d conformal field theories, (arXiv preprint)
doi:10.48550/arXiv.2409.02315.

[43] A. Lukin, M. Rispoli, R. Schittko, M. E. Tai, A. M. Kaufman, S. Choi, V.
Khemani, J. Léonard and M. Greiner, Probing entanglement in a many-body-
localized system, Science 364, 256 (2019), doi:10.1126/science.aau0818 [preprint
doi:10.48550/arXiv.1805.09819].

[44] P. Calabrese, J. Dubail and S. Murciano, Symmetry-resolved entanglement en-
tropy in Wess-Zumino-Witten models, J. High Energy Phys. 10, 067 (2021),
doi:10.1007/JHEP10(2021)067 [preprint doi:10.48550/arXiv.2106.15946].

[45] S. Murciano, G. Di Giulio and P. Calabrese, Entanglement and symmetry resolution in
two dimensional free quantum field theories, J. High Energy Phys. 08, 073 (2020),
doi:10.1007/JHEP08(2020)073 [preprint doi:10.48550/arXiv.2006.09069].

[46] S. Murciano, P. Calabrese and L. Piroli, Symmetry-resolved Page curves, Phys.
Rev. D 106, 046015 (2022), doi:10.1103/PhysRevD.106.046015 [preprint
doi:10.48550/arXiv.2206.05083].

[47] P. Calabrese, M. Collura, G. Di Giulio and S. Murciano, Full counting statistics in
the gapped X X Z spin chain, Europhys. Lett. 129, 60007 (2020), doi:10.1209/0295-
5075/129/60007 [preprint doi:10.48550/arXiv.2002.04367].

[48] L. Capizzi, O. A. Castro-Alvaredo, C. De Fazio, M. Mazzoni and L. Santamaría-
Sanz, Symmetry resolved entanglement of excited states in quantum field theory. Part
I. Free theories, twist fields and qubits, J. High Energy Phys. 12, 127 (2022),
doi:10.1007/JHEP12(2022)127 [preprint doi:10.48550/arXiv.2203.12556].

[49] L. Capizzi, C. De Fazio, M. Mazzoni, L. Santamaría-Sanz and O. A. Castro-Alvaredo,
Symmetry resolved entanglement of excited states in quantum field theory. Part II. Numer-
ics, interacting theories and higher dimensions, J. High Energy Phys. 12, 128 (2022),
doi:10.1007/JHEP12(2022)128 [preprint doi:10.48550/arXiv.2206.12223].

[50] L. Capizzi, M. Mazzoni and O. A. Castro-Alvaredo, Symmetry resolved entanglement
of excited states in quantum field theory. Part III. Bosonic and fermionic negativ-
ity, J. High Energy Phys. 06, 074 (2023), doi:10.1007/JHEP06(2023)074 [preprint
doi:10.48550/arXiv.2302.02666].

[51] J. Voit, One-dimensional Fermi liquids, Rep. Prog. Phys. 58, 977 (1995),
doi:10.1088/0034-4885/58/9/002.

[52] A. M. Tsvelik, Quantum field theory in condensed matter physics, Cam-
bridge University Press, Cambridge, UK, ISBN 9780521529808 (2003),
doi:10.1017/CBO9780511615832.

[53] T. Giamarchi, Quantum physics in one dimension, Oxford University Press, Oxford, UK,
ISBN 9780198525004 (2003), doi:10.1093/acprof:oso/9780198525004.001.0001.

[54] D. Laroche, G. Gervais, M. P. Lilly and J. L. Reno, 1d-1d Coulomb drag signature of a
Luttinger liquid, Science 343, 631 (2014), doi:10.1126/science.1244152.

[55] S. Wang et al., Nonlinear Luttinger liquid plasmons in semiconducting single-walled carbon
nanotubes, Nat. Mater. 19, 986 (2020), doi:10.1038/s41563-020-0652-5.

40

https://scipost.org
https://scipost.org/SciPostPhys.18.6.211
https://doi.org/10.48550/arXiv.2409.02315
https://doi.org/10.1126/science.aau0818
https://doi.org/10.48550/arXiv.1805.09819
https://doi.org/10.1007/JHEP10(2021)067
https://doi.org/10.48550/arXiv.2106.15946
https://doi.org/10.1007/JHEP08(2020)073
https://doi.org/10.48550/arXiv.2006.09069
https://doi.org/10.1103/PhysRevD.106.046015
https://doi.org/10.48550/arXiv.2206.05083
https://doi.org/10.1209/0295-5075/129/60007
https://doi.org/10.1209/0295-5075/129/60007
https://doi.org/10.48550/arXiv.2002.04367
https://doi.org/10.1007/JHEP12(2022)127
https://doi.org/10.48550/arXiv.2203.12556
https://doi.org/10.1007/JHEP12(2022)128
https://doi.org/10.48550/arXiv.2206.12223
https://doi.org/10.1007/JHEP06(2023)074
https://doi.org/10.48550/arXiv.2302.02666
https://doi.org/10.1088/0034-4885/58/9/002
https://doi.org/10.1017/CBO9780511615832
https://doi.org/10.1093/acprof:oso/9780198525004.001.0001
https://doi.org/10.1126/science.1244152
https://doi.org/10.1038/s41563-020-0652-5


SciPost Phys. 18, 211 (2025)

[56] J.-S. Caux and P. Calabrese, Dynamical density-density correlations in the one-dimensional
Bose gas, Phys. Rev. A 74, 031605 (2006), doi:10.1103/PhysRevA.74.031605.

[57] A. H. van Amerongen, J. J. P. van Es, P. Wicke, K. V. Kheruntsyan and N. J. van
Druten, Yang-Yang thermodynamics on an atom chip, Phys. Rev. Lett. 100, 090402 (2008),
doi:10.1103/PhysRevLett.100.090402.

[58] M. Pigneur, T. Berrada, M. Bonneau, T. Schumm, E. Demler and J. Schmiedmayer, Relax-
ation to a phase-locked equilibrium state in a one-dimensional bosonic Josephson junction,
Phys. Rev. Lett. 120, 173601 (2018), doi:10.1103/PhysRevLett.120.173601 [preprint
doi:10.48550/arXiv.1711.06635].

[59] T. Schweigler et al., Experimental characterization of a quantum many-body system via
higher-order correlations, Nature 545, 323 (2017), doi:10.1038/nature22310 [preprint
doi:10.48550/arXiv.1505.03126].

[60] B. Rauer, S. Erne, T. Schweigler, F. Cataldini, M. Tajik and J. Schmiedmayer, Re-
currences in an isolated quantum many-body system, Science 360, 307 (2018),
doi:10.1126/science.aan7938 [preprint doi:10.48550/arXiv.1705.08231].

[61] B. Lake, A. M. Tsvelik, S. Notbohm, D. A. Tennant, T. G. Perring, M. Reehuis, C. Sekar,
G. Krabbes and B. Büchner, Confinement of fractional quantum number particles in a
condensed-matter system, Nat. Phys. 6, 50 (2009), doi:10.1038/nphys1462.

[62] D. Hirobe, M. Sato, T. Kawamata, Y. Shiomi, K.-i. Uchida, R. Iguchi, Y. Koike, S.
Maekawa and E. Saitoh, One-dimensional spinon spin currents, Nat. Phys. 13, 30 (2016),
doi:10.1038/nphys3895.

[63] S. Murciano, P. Calabrese and R. M. Konik, Generalized entanglement entropies
in two-dimensional conformal field theory, J. High Energy Phys. 05, 152 (2022),
doi:10.1007/JHEP05(2022)152 [preprint doi:10.48550/arXiv.2112.09000].

[64] P. Calabrese, F. H. L. Essler and A. M. Läuchli, Entanglement entropies of the quarter
filled Hubbard model, J. Stat. Mech.: Theory Exp. P09025 (2014), doi:10.1088/1742-
5468/2014/09/P09025 [preprint doi:10.48550/arXiv.1406.7477].

[65] F. H. L. Essler, A. M. Läuchli and P. Calabrese, Shell-filling effect in the en-
tanglement entropies of spinful fermions, Phys. Rev. Lett. 110, 115701 (2013),
doi:10.1103/PhysRevLett.110.115701 [preprint doi:10.48550/arXiv.1211.2474].

[66] F. C. Alcaraz, M. I. Berganza and G. Sierra, Entanglement of low-energy ex-
citations in conformal field theory, Phys. Rev. Lett. 106, 201601 (2011),
doi:10.1103/PhysRevLett.106.201601 [preprint doi:10.48550/arXiv.1101.2881].

[67] M. I. Berganza, F. C. Alcaraz and G. Sierra, Entanglement of excited states in crit-
ical spin chains, J. Stat. Mech.: Theory Exp. P01016 (2012), doi:10.1088/1742-
5468/2012/01/P01016 [preprint doi:10.48550/arXiv.1109.5673].

[68] L. Taddia, F. Ortolani and T. Pálmai, Rényi entanglement entropies of descendant
states in critical systems with boundaries: Conformal field theory and spin chains, J.
Stat. Mech.: Theory Exp. 093104 (2016), doi:10.1088/1742-5468/2016/09/093104
[preprint doi:10.48550/arXiv.1606.02667].

[69] T. Pálmai, Excited state entanglement in one-dimensional quantum critical systems:
Extensivity and the role of microscopic details, Phys. Rev. B 90, 161404 (2014),
doi:10.1103/PhysRevB.90.161404 [preprint doi:10.48550/arXiv.1406.3182].

41

https://scipost.org
https://scipost.org/SciPostPhys.18.6.211
https://doi.org/10.1103/PhysRevA.74.031605
https://doi.org/10.1103/PhysRevLett.100.090402
https://doi.org/10.1103/PhysRevLett.120.173601
https://doi.org/10.48550/arXiv.1711.06635
https://doi.org/10.1038/nature22310
https://doi.org/10.48550/arXiv.1505.03126
https://doi.org/10.1126/science.aan7938
https://doi.org/10.48550/arXiv.1705.08231
https://doi.org/10.1038/nphys1462
https://doi.org/10.1038/nphys3895
https://doi.org/10.1007/JHEP05(2022)152
https://doi.org/10.48550/arXiv.2112.09000
https://doi.org/10.1088/1742-5468/2014/09/P09025
https://doi.org/10.1088/1742-5468/2014/09/P09025
https://doi.org/10.48550/arXiv.1406.7477
https://doi.org/10.1103/PhysRevLett.110.115701
https://doi.org/10.48550/arXiv.1211.2474
https://doi.org/10.1103/PhysRevLett.106.201601
https://doi.org/10.48550/arXiv.1101.2881
https://doi.org/10.1088/1742-5468/2012/01/P01016
https://doi.org/10.1088/1742-5468/2012/01/P01016
https://doi.org/10.48550/arXiv.1109.5673
https://doi.org/10.1088/1742-5468/2016/09/093104
https://doi.org/10.48550/arXiv.1606.02667
https://doi.org/10.1103/PhysRevB.90.161404
https://doi.org/10.48550/arXiv.1406.3182


SciPost Phys. 18, 211 (2025)

[70] T. Palmai, Entanglement entropy from the truncated conformal space, Phys.
Lett. B 759, 439 (2016), doi:10.1016/j.physletb.2016.06.012 [preprint
doi:10.48550/arXiv.1605.00444].

[71] J. Zhang and M. A. Rajabpour, Excited state Rényi entropy and subsystem dis-
tance in two-dimensional non-compact bosonic theory. Part II. Multi-particle states,
J. High Energy Phys. 08, 106 (2021), doi:10.1007/JHEP08(2021)106 [preprint
doi:10.48550/arXiv.2011.11006].

[72] J. Zhang and M. A. Rajabpour, Universal Rényi entanglement entropy of quasiparticle exci-
tations, Europhys. Lett. 135, 60001 (2021), doi:10.1209/0295-5075/ac130e [preprint
doi:10.48550/arXiv.2010.13973].

[73] J. Zhang and M. A. Rajabpour, Subsystem distances between quasiparticle excited
states, J. High Energy Phys. 07, 119 (2022), doi:10.1007/JHEP07(2022)119 [preprint
doi:10.48550/arXiv.2202.11448].

[74] J. Zhang and M. A. Rajabpour, Corrections to universal Rényi entropy in quasipar-
ticle excited states of quantum chains, J. Stat. Mech.: Theory Exp. 093101 (2021),
doi:10.1088/1742-5468/ac1f28 [preprint doi:10.48550/arXiv.2010.16348].

[75] J. Zhang and M. A. Rajabpour, Entanglement of magnon excitations in spin chains,
J. High Energy Phys. 02, 072 (2022), doi:10.1007/JHEP02(2022)072 [preprint
doi:10.48550/arXiv.2109.12826].

[76] B. Chen, W.-Z. Guo, S. He and J.-q. Wu, Entanglement entropy for descendent local oper-
ators in 2d CFTs, J. High Energy Phys. 10, 173 (2015), doi:10.1007/JHEP10(2015)173
[preprint doi:10.48550/arXiv.1507.01157].

[77] J. Zhang, P. Ruggiero and P. Calabrese, Subsystem trace distance in quantum field theory,
Phys. Rev. Lett. 122, 141602 (2019), doi:10.1103/PhysRevLett.122.141602 [preprint
doi:10.48550/arXiv.1901.10993].

[78] P. Ruggiero and P. Calabrese, Relative entanglement entropies in 1+ 1-dimensional confor-
mal field theories, J. High Energy Phys. 02, 039 (2017), doi:10.1007/JHEP02(2017)039
[preprint doi:10.48550/arXiv.1612.00659].

[79] A. Mollabashi, N. Shiba, T. Takayanagi, K. Tamaoka and Z. Wei, Pseudo-
entropy in free quantum field theories, Phys. Rev. Lett. 126, 081601 (2021),
doi:10.1103/PhysRevLett.126.081601 [preprint doi:10.48550/arXiv.2011.09648].

[80] Y. Nakata, T. Takayanagi, Y. Taki, K. Tamaoka and Z. Wei, New holographic
generalization of entanglement entropy, Phys. Rev. D 103, 026005 (2021),
doi:10.1103/PhysRevD.103.026005 [preprint doi:10.48550/arXiv.2005.13801].

[81] V. P. Yurov and AL. B. Zamolodchikov, Truncated comformal space approach to scaling Lee-
Yang model, Int. J. Mod. Phys. A 05, 3221 (1990), doi:10.1142/S0217751X9000218X.

[82] V. P. Yurov and A. B. Zamolodchikov, Truncated-fermionic-space approach to the crit-
ical 2d Ising model with magnetic field, Int. J. Mod. Phys. A 06, 4557 (1991),
doi:10.1142/S0217751X91002161.

[83] A. J. A. James, R. M. Konik, P. Lecheminant, N. J. Robinson and A. M. Tsvelik, Non-
perturbative methodologies for low-dimensional strongly-correlated systems: From non-
Abelian bosonization to truncated spectrum methods, Rep. Prog. Phys. 81, 046002 (2018),
doi:10.1088/1361-6633/aa91ea [preprint doi:10.48550/arXiv.1703.08421].

42

https://scipost.org
https://scipost.org/SciPostPhys.18.6.211
https://doi.org/10.1016/j.physletb.2016.06.012
https://doi.org/10.48550/arXiv.1605.00444
https://doi.org/10.1007/JHEP08(2021)106
https://doi.org/10.48550/arXiv.2011.11006
https://doi.org/10.1209/0295-5075/ac130e
https://doi.org/10.48550/arXiv.2010.13973
https://doi.org/10.1007/JHEP07(2022)119
https://doi.org/10.48550/arXiv.2202.11448
https://doi.org/10.1088/1742-5468/ac1f28
https://doi.org/10.48550/arXiv.2010.16348
https://doi.org/10.1007/JHEP02(2022)072
https://doi.org/10.48550/arXiv.2109.12826
https://doi.org/10.1007/JHEP10(2015)173
https://doi.org/10.48550/arXiv.1507.01157
https://doi.org/10.1103/PhysRevLett.122.141602
https://doi.org/10.48550/arXiv.1901.10993
https://doi.org/10.1007/JHEP02(2017)039
https://doi.org/10.48550/arXiv.1612.00659
https://doi.org/10.1103/PhysRevLett.126.081601
https://doi.org/10.48550/arXiv.2011.09648
https://doi.org/10.1103/PhysRevD.103.026005
https://doi.org/10.48550/arXiv.2005.13801
https://doi.org/10.1142/S0217751X9000218X
https://doi.org/10.1142/S0217751X91002161
https://doi.org/10.1088/1361-6633/aa91ea
https://doi.org/10.48550/arXiv.1703.08421


SciPost Phys. 18, 211 (2025)

[84] S. Murciano, P. Calabrese and R. M. Konik, Postquantum quench growth of Rényi entropies
in low-dimensional continuum bosonic systems, Phys. Rev. Lett. 129, 106802 (2022),
doi:10.1103/PhysRevLett.129.106802 [preprint doi:10.48550/arXiv.2112.04412].

[85] J. Haegeman, D. Draxler, V. Stojevic, I. Cirac, T. Osborne and F. Verstraete, Quantum gross-
Pitaevskii equation, SciPost Phys. 3, 006 (2017), doi:10.21468/SciPostPhys.3.1.006.

[86] Y. Choi, B. C. Rayhaun, Y. Sanghavi and S.-H. Shao, Remarks on bound-
aries, anomalies, and noninvertible symmetries, Phys. Rev. D 108, 125005 (2023),
doi:10.1103/PhysRevD.108.125005 [preprint doi:10.48550/arXiv.2305.09713].

[87] J. Cardy and P. Calabrese, Unusual corrections to scaling in entanglement entropy, J.
Stat. Mech.: Theory Exp. P04023 (2010), doi:10.1088/1742-5468/2010/04/P04023
[preprint doi:10.48550/arXiv.1002.4353].

[88] K. Ohmori and Y. Tachikawa, Physics at the entangling surface, J. Stat. Mech.:
Theory Exp. P04010 (2015), doi:10.1088/1742-5468/2015/04/P04010 [preprint
doi:10.48550/arXiv.1406.4167].

43

https://scipost.org
https://scipost.org/SciPostPhys.18.6.211
https://doi.org/10.1103/PhysRevLett.129.106802
https://doi.org/10.48550/arXiv.2112.04412
https://doi.org/10.21468/SciPostPhys.3.1.006
https://doi.org/10.1103/PhysRevD.108.125005
https://doi.org/10.48550/arXiv.2305.09713
https://doi.org/10.1088/1742-5468/2010/04/P04023
https://doi.org/10.48550/arXiv.1002.4353
https://doi.org/10.1088/1742-5468/2015/04/P04010
https://doi.org/10.48550/arXiv.1406.4167

	Introduction
	Symmetry-resolved entanglement measures for excited states
	Dynamical evolution and generalized entropies
	Summary of our results

	Generalities of the symmetry-resolved generalized entropies
	Motivation and definition of symmetry-resolved generalized entropies
	Computation in 2d conformal field theories

	The case of free compact boson theory
	The normalized generalized charged moment in free compact boson theory

	The n=1 generalized charged moment
	A sum formula for the n=1 generalized charged moment
	The normalized n=1 generalized charged moment as an explicit sum

	Examples and benchmarks of the results
	Generating function of the charge distribution for excited states 
	The n=1 generalized charged moments involving level-2 chiral states


	The n=2 generalized charged moment
	A sum formula for the n=2 generalized charged moment
	The normalized n=2 generalized charged moment as an explicit sum

	Examples and benchmarks of the results
	The n=2 generalized charged moments involving level-2 chiral states


	The generalized subsystem charge distribution
	Symmetry-resolved generalized second Rényi entropy
	Conclusions
	Computational ingredients for generalized charged moments
	The chiral normalized n=1 generalized charged moment 
	Simplification of the chiral normalized n=2 generalized charged moment at r=12

	Details about the n=2 generalized charged moments for chiral level-2 states
	Details about the numerical computations
	References

