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Abstract

Topological holography is a holographic principle that describes the generalized global
symmetry of a local quantum system in terms of a topological order in one higher dimen-
sion. This framework separates the topological data from the local dynamics of a theory
and provides a unified description of the symmetry and duality in gapped and gapless
phases of matter. In this work, we develop the topological holographic picture for (1+1)d
quantum phases, including both gapped phases as well as a wide range of quantum crit-
ical points, including phase transitions between symmetry protected topological (SPT)
phases, symmetry enriched quantum critical points, deconfined quantum critical points,
and intrinsically gapless SPT phases. Topological holography puts a strong constraint on
the emergent symmetry and the anomaly for these critical theories. We show how the
partition functions of these critical points can be obtained from dualizing (orbifolding)
more familiar critical theories. The topological responses of the defect operators are also
discussed in this framework. We further develop a topological holographic picture for
conformal boundary states of (1+1)d rational conformal field theories. This framework
provides a simple physical picture to understand conformal boundary states and also
uncovers the nature of the gapped phases corresponding to the boundary states.
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1 Introduction

Classification and characterization of phases of matter has been a central theme in condensed
matter physics. Traditionally, phases and phase transitions have been described by Landau
symmetry breaking theory. However, recent developments in the field have led to the discovery
of novel phases of matter that cannot be described by Landau theory. As a prominent example
of phases beyond the Landau paradigm, there has been significant progress in the study of
gapped quantum phases, including topological orders with long-rang entanglement [1] and
various topological phases distinguished by symmetry, such as symmetry-enriched topological
(SET) [2–4] or symmetry-protected topological (SPT) phases [5], depending on whether there
are non-trivial fractionalized excitations.

Much less is known for the gapless phases and phase transitions. It has been found that var-
ious kinds of non-Landau transitions may occur in quantum systems, including the deconfined
quantum critical points (DQCPs) [6], where Landau-forbidden direct transitions are possible
between two phases, in which the symmetry groups on the two sides do not have the group-
subgroup relation, as well as transitions between topological phases, which can not possibly be
described in terms of fluctuating local order parameters. It is thus desirable to have a general
theoretical framework to describe gapless phases and critical points. Although conformal field
theories (CFTs) provide a powerful framework for a large class of gapless states, it is however
a non-trivial task to identify the correct CFT description of a phase transition.
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Symmetry plays a very important role in our understanding of phase of matter. It offers
useful guidance of classifications and also leads to important physical implications, such as
conservation laws, and constraints on low-energy dynamics. It has been well-known that there
is an intimate relation between the global symmetry described by a symmetry group G and
codimension-1 topological defects satisfying group multiplication fusion rules. Building on
this understanding, the notion of symmetry has been vastly generalized, so every topological
defect can be viewed as a generalized global symmetry [7–9]. Even though a full description
of a quantum phase includes many dynamical details, the description of topological defects
can be purely algebraic and is believed to have a higher categorical description [10–18].

Recently, a topological holographic framework has emerged, which provides a holographic
viewpoint of symmetry. The essential idea is to encode the symmetry data in terms of a topo-
logical order that lives in one higher dimension [18–41], which generalizes older develop-
ment in the context of (1+1)d rational CFTs [42–45]. This topological order is commonly
called a symmetry topological order or categorical symmetry in the condensed matter literature
[23,25,29,34–36], or a symmetry TFT in the high-energy literature [28,32,38,40,41,46,47].
This approach can describe both gapped and gapless phases in a unified framework, which
essentially decouples the dynamics of a quantum system from the symmetry we would like to
study and allows one to make non-perturbative statements about phases, phases transitions,
and dualities.

In this work, we develop the topological holographic picture for (1+1)d quantum systems
and boundary states in CFTs. In Section 2, we review the main idea of topological holography.
The central picture is given by the “sandwich” construction, where we can view the (1+1)d
quantum system of interest as a slab of (2+1)d topological order with appropriately chosen
boundary conditions. The left boundary is always chosen to be a gapped topological boundary,
and the confined anyon lines on the boundary implement the global symmetry of the original
(1+1)d system. We choose the right boundary condition such that when we compactify the
whole slab, it produces the (1+1)d quantum phase that we would like to study. Choosing a
gapped boundary on the right corresponds to realizing a (1+1)d gapped phase as a sandwich.
This picture can describe conformal field theories by choosing some non-topological boundary
condition on the right (Sec. 2.4) and also non-trivial gapless phases such as intrinsically gapless
SPT phases (Sec. 4.4). The algebraic theory and intuitions developed in topological orders can
be readily applied in our approach.

In this representation, local operators are organized into different classes labeled by the
anyon lines connecting the two boundaries, and the symmetry acts on the local operators
through mutual braiding with the confined anyons on the left boundary. Non-local defect
operators are also represented as anyon lines connecting the two boundaries with a “tail”
confining on the left boundary. This picture explicitly reveals the dual symmetry which acts
trivially on all the local operators and only acts non-trivially on the non-local defect operators.

We summarize the key contributions of this work as follows:

• We discuss (1+1)d gapped phases with modular category symmetry and the usual group
symmetry in the framework of topological holography in Section 3. Once the topological
gapped boundary on the left is fixed, the topological gapped boundaries on the right of
the sandwich correspond one-to-one with the (1+1)d gapped phases. The correspon-
dence is obtained by analyzing the order parameters and symmetry defect operators
in the sandwich picture. For spontaneous symmetry breaking (SSB) phases, we explic-
itly construct the order parameters in terms of the bulk anyon lines that connecting the
two gapped boundaries. For SPT phases, we also discuss the symmetry defect operators
and the relation to the protected edge degeneracy. We demonstrate this correspondence
through several examples with symmetry groups G = Z2, S3, Z4, and Z2 ×Z2.
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• We discuss (1+1)d gapless phases and critical points in the framework of topological
holography in section 4. Dualities1 in (1+1)d systems can also be systematically studied
in the framework of topological holography. In general, there are two classes of dualities.
For the first class, they correspond to inserting twist defects that permute anyons in the
sandwich picture. When the defect satisfying a Z2 fusion rule, it corresponds to a self-
duality. The other class corresponds to simply choosing a different topological gapped
boundary conditions on the left, which is not necessarily related to the old one by anyon
permutation. This topological holographic viewpoint of dualities is very powerful. It
allows one to relates the partition functions between different quantum critical points
and one can explicitly obtain the partition function of a critical point by dualizing it to
a known critical theory. We will see many examples in section 4, including some exotic
quantum critical points such as phase transition between SPT phases, symmetry enriched
quantum critical points, and DQCPs.

• Many of these exotic quantum critical points and the intrinsically gapless SPT phases can
be characterized by the non-trivial responses in the symmetry defect operators. These
responses serve as the topological invariants and can be obtained by calculating the
twisted partition functions. In section 4, we also discuss these topological invariants
and the twisted partition functions in the framework of topological holography. These
topological invariants are conveniently encoded through non-trivial braidings of anyons
in the symmetry topological orders in the bulk.

• (1+1)d gappled phases can be obtained by turning on some relevant perturbations in a
(1+1)d CFT. Studying the fate and the renormalization group (RG) flows of perturbed
(1+1)d CFTs is an important but difficult question. A useful tool to study such flow is
through studying boundary conditions, which is obtained by starting with a CFT on a line
and perturbing it by a relevant operator on a half-line. We consider the case where the
relevant perturbation drives the CFT into a gapped phase. The interface between the CFT
and the resulting gapped phase is described by a conformal boundary condition, which
is usually called an RG boundary. If the perturbed theory is trivially gapped, the RG
boundary is elementary (irreducible), described by the Cardy states (or the non-Cardy
states for non-diagonal CFTs). If there is a vacuum degeneracy, the RG boundary is in
general a superposition of elementary conformal boundaries. Therefore, for each gapped
phase, we can identify a set of elementary conformal boundary conditions appearing in
the RG boundary and thus establish the correspondence between the gapped phases and
the boundary states.

We show in section 5 that the topological holography gives a simple physical picture to
describe the conformal boundary states of (1+1)d rational CFTs. Specifically, the bound-
ary states correspond to the quantum quench process where the edge chiral CFTs of the
bulk topological order are coupled to form a gapped phase. This picture can describe
the traditional Cardy states as well as many non-Cardy boundary states in non-diagonal
CFTs. We use the topological holography picture to derive boundary CFT partition func-
tions in section 5.3. In section 5.5, we demonstrate through many examples that the
correspondence between the gapped phases and the boundary states can be achieved
by using the physical picture derived from the topological holography together with the
help of Cardy’s variational argument [48].

1Dualities in the high-energy community usually means that there are different representations of the same
IR theory. Here we adapt the convention in the condensed matter community, where dualities include mappings
between different IR theories. Such mappings are called gauging or (generalized) orbifold in high-energy commu-
nity.
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Figure 1: The sandwich picture in the topological holography. A (1+1)d theory
can be viewed as a sandwich built from a topological order T in the bulk with a
topological gapped boundary conditions on the left and a potentially non-topological
boundary condition on the right.

2 Topological holography and the sandwich construction

Here we give a brief overview of the topological holography, focusing on (1+1)d. The essen-
tial idea of the topological holography is to encode the symmetry data of a (1+1)d quantum
phase of matter into a sandwich, which is a (2+1)d topological order T defined on a strip with
appropriate boundary conditions. One of the main benefits of this approach is to separate the
topological data of the symmetry from the potentially non-topological contents in the (1+1)d
theory of interest. Fig. 1 illustrates the main idea. The left boundary is chosen to be a topo-
logical gapped boundary of the (2+1)d topological order, which encodes all the topological
data of the symmetry. Fixing a left boundary, different choices of the right boundary result in
different (1+1)d quantum phases. We note that the right boundary could be non-topological,
such as a CFT. We will sometimes call the left topological boundary as the reference boundary,
since different (1+1)d phases can be analyzed on the same footing only when we fix a choice
of the left boundary. As we will discuss below, changing the left boundary corresponds to a
duality transformation of the (1+1)d quantum system.

2.1 Boundary states and partition functions

To be more concrete, consider a topological order T described by a Euclidean (2+1)d topo-
logical field theory on an open 3D manifold M × I , where I = [0, 1] is a 1D interval, and M is
a closed surface. We assume T supports gapped (topological) boundary conditions. We take
M × {0} as the left boundary, and M × {1} as the right boundary. The partition function on
this (2+1)d manifold can be viewed as the inner product of two states:

Z = 〈A|Ψ|A|Ψ〉 , (1)

where |A〉 is the left (topological) boundary state, and |Ψ〉 is the right boundary state. When
the surface M is not a sphere (i.e. nonzero genus), the Hilbert space of the bulk topological
theory on M has dimension greater than 1, and we choose a (orthonormal) basis for the Hilbert
space labeled as |α〉. There is a canonical choice for the basis states |α〉 for any manifold
M [49]. When M is a torus, the label α corresponds to an anyon type in the bulk, and the
state |α〉 can be obtained as the basis of the Hilbert space on the solid torus D2×S1, where D2

is a disk, with an insertion of anyon α wrapping around S1.
The right boundary state |Ψ〉, which may or may not be topological, can always be ex-

panded in the anyon basis |α〉:
|Ψ〉=
∑

α∈T
Zα|α〉 . (2)
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When M is a torus T2, the coefficient Zα in this expansion is equal to the partition function
defined on the solid torus D2 × S1 with Ψ boundary condition and an insertion of anyon α
around S1.

In order for the sandwich construction to produce a (1+1)d theory, we must choose a
topological gapped boundary condition on the left boundary. Gapped boundaries of a (2+1)d
topological order are classified by the Lagrangian algebra A=⊕α∈T wαα, where wα are some
non-negative integers. Each topological gapped boundary corresponds to a state

|A〉=
∑

α∈T
wα|α〉 . (3)

The Lagrangian algebra needs to satisfy certain consistency conditions, which will be briefly
reviewed in Appendix A. Physically, the Lagrangian algebra describes condensation of anyons
on the boundary: if wα > 0, then an anyon α can condense on the boundary.

The sandwich construction is essentially a dimensional reduction of a (2+1)d topological
order with appropriate choices of boundary conditions such that, after the dimensional re-
duction, we recover the (1+1)d phase of interest. If M is a torus T2, we can also shrink the
topological boundary of the sandwich and obtain a (2+1)d topological order with an insertion
of Lagrangian algebra A as shown in Fig. 2. Now the partition function of the (1+1)d theory
can be computed by taking the inner product:

Z = 〈A|Ψ〉
=
∑

α,β∈T
wβ Zα〈β |α〉

=
∑

α∈T
wαZα . (4)

Therefore, the partition function of the (1+1)d theory can be written as a linear combination
of the partition function of the topological order T on the solid torus with an insertion of of
Lagrangian algebra A around S1. The construction can be easily generalized to higher genus
surfaces to compute the partition functions.

We now discuss two examples that will be important throughout the work.
Suppose G is a finite group, and consider the bulk topological order to be a twisted quantum

double Z(VecωG ), whereω ∈H3(G,U(1)). Physically the bulk can also be viewed as a (twisted)
G gauge theory, so there is a subcategory of gauge charges isomorphic to Rep(G) (i.e. the
category of irreducible linear representations of G). The canonical boundary is the one where
all gauge charges condense, and the gauge symmetry becomes a physical symmetry G on the
boundary. The Lagrangian algebra A is given by

A=
∑

α∈Rep(G)

dαα , (5)

where α runs over all irreps of G. Note that when ω is nontrivial, the G symmetry in this
(1+1)d system is anomalous.

For another example, suppose B is a modular tensor category. It is well-known that
Z(B) = B ⊠ B̄. The canonical boundary condition is given by the following Lagrangian al-
gebra:

A=
∑

a∈B
(a, a) . (6)

Here (a, a′) labels anyons in the bulk Z(B).
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Figure 2: When M is a torus T2, we can shrink the inner topological boundary of the
sandwich T2× I , and it becomes a Lagrangian algebra given by A. The figure shows
a spatial slice S1 × I of this process.

2.2 Symmetries and operators

Below we will discuss another aspect of the holography, namely the operator content, including
both local operators and topological defect lines.

To this end, it is useful to consider the spacetime picture as shown in Fig. 3. In the sand-
wich construction, the topological defect lines confined on the left boundary implement the
symmetry of our system. In general, the topological defect lines are described by a fusion
category C.2 The anyons in the bulk topological order are then described by a modular tensor
category called the Drinfeld center Z(C).

Local operators on the right boundary can be organized according to their transformations
under the fusion category symmetry. As a result, a local operator can be uniquely attached a
bulk anyon label αwith wα > 0. Intuitively, the local operator Oα corresponds to a bulk anyon
line α that condenses on the left topological boundary, and stretches across the sandwich, as
shown in Fig. 4(a). When α is an non-Abelian anyon, there may be multiple condensation
channels (splitting idempotents [50]) on the left boundary. Each condensation channel i cor-
responds to an local operator Oi

α.
The symmetry C acts on the local operator as the half braiding between the bulk anyon line

α ∈ Z(C) and the boundary topological line m ∈ C, which is defined as follows:
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<latexit sha1_base64="gQ0QZrHgZBkqf996/QQVBa6B0JU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJu+XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH0muM9g==</latexit>

i <latexit sha1_base64="wEI8JztgPf6N92x6CusVkC/0LZg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJ66LqXVZr97VK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AI5vjyE=</latexit>↵ =
∑

j

Ψmα(i, j)
p

S1α

<latexit sha1_base64="wEI8JztgPf6N92x6CusVkC/0LZg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJ66LqXVZr97VK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AI5vjyE=</latexit>↵
<latexit sha1_base64="Fnwhd7Ta5Tw0dHaaWO+17yDDvLg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLA7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAXj+7nfekKleSwfzSRBP6IDyUPOqLFSfdQrltyyuwBZJ15GSpCh1it+dfsxSyOUhgmqdcdzE+NPqTKcCZwVuqnGhLIxHWDHUkkj1P50ceiMXFilT8JY2ZKGLNTfE1MaaT2JAtsZUTPUq95c/M/rpCa89adcJqlByZaLwlQQE5P516TPFTIjJpZQpri9lbAhVZQZm03BhuCtvrxOmldl77pcqVdK1bssjjycwTlcggc3UIUHqEEDGCA8wyu8OSPnxXl3PpatOSebOYU/cD5/ANPvjPc=</latexit>

j
, (7)

where i, j label the condensation channels, S1α is the S-matrix element of the bulk anyons,
and Ψmα(i, j) is the half-braiding matrix. We denote the symmetry action as

Um ·Oi
α =
∑

j

Ψmα(i, j)
p

S1α

O j
α . (8)

2More precisely, the topological defect lines are described by a category CA of A module [92,93].
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For more detailed discussion of the half-braiding (also called the half-linking), please see
Ref. [37,51]. Here we follow the convention in Ref. [37]. In this convention, we have

Ψ11 =
p

S11 , Ψa1 =
p

S11da , Ψ1αi, j
= δi j
Æ

S1µ . (9)

When the symmetry is given by a symmetry group G, the topological defect lines on the
reference boundary are labeled by group elements, and the fusion satisfies the group multipli-
cations (described by VecG). The local operators correspond to the bulk anyon lines that can
condense on the reference boundary. When we choose the reference boundary to be the charge
condensed boundary, the local operators corresponds to the pure charges in the quantum dou-
ble D(G), labeled by ([1],π). Here [1] denotes the conjugacy class of the identity element and
π is an irrep of the centralizer of [1], which equals to the group G. The Lagrangian algebra is
then

A=
∑

π

dπ([1],π) , (10)

where dπ is the dimension of the irrep π. This agrees with the usual notion of global symmetry,
where operators can be organized by linear irreducible representations of the symmetry group.

Therefore, to obtain the symmetry action, we need the half-braiding matrix between the
group elements and irreps of G, which is provided in Ref. [51]:

ΨgRi j
=

√

√ dR

|G|
πR

i j(g
−1) . (11)

Let’s consider an example given by the spontaneous symmetry breaking phase of
S3 = {r, s|r3 = s2 = srsr = 1}. The bulk of the sandwich is a S3 gauge theory. The S-matrix of
the S3 gauge theory is

S =
1
6























1 1 2 3 3 2 2 2
1 1 2 −3 −3 2 2 2
2 2 4 0 0 −2 −2 −2
3 −3 0 3 −3 0 0 0
3 −3 0 −3 3 0 0 0
2 2 −2 0 0 4 −2 −2
2 2 −2 0 0 −2 −2 4
2 2 −2 0 0 −2 4 −2























. (12)

Here the anyon types are labeled by A to H alphabetically. A is the identity, B is the sign irrep of
S3, C is the two-dimensional irrep. D and E both correspond to the conjugacy class {s, sr, sr2},
whose centralizer is Z2. D (E) carries a trivial (non-trivial) rep. under Z2. F, G, H correspond
to the conjugacy class {r, r2}, whose centralizer is Z3.

To describe the SSB phase that breaks the S3 symmetry completely, we choose the charge
condensed boundary A = A⊕ B ⊕ 2C on both boundaries of the sandwich. The half-braiding
matrix can be obtained by Eq. (11) [51]:

ΨS3 =
1
p

6





















1 1
p

2 0 0
p

2
1 −1

p
2 0 0 −

p
2

1 1 − 1p
2
−
q

3
2

q

3
2 − 1p

2

1 −1 − 1p
2
−
q

3
2 −
q

3
2

1p
2

1 1 − 1p
2

q

3
2 −
q

3
2 −

1p
2

1 −1 − 1p
2

q

3
2

q

3
2

1p
2





















, (13)

where we use the following basis for the group element: {1, s, r, sr, r2, sr2}, and the basis for
the irreps: {A, B, C(1,1), C(1,2), C(2,1), C(2,2)}. Now we construct the order parameters for the S3
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SSB phase. The first one is a Z2 order parameter OB given by the bulk anyon line B stretches
across the sandwich. From Eq. (7), Eq. (12), and Eq. (13), we find the order parameter OB is
odd under s transformation:

Us ·OB =
Ψ

S3
sB
p

SAB
OB = (−1)OB , (14)

and even under r transformation. The other order parameter has two component and is fully
faithful under S3. Recall that there are two condensation channels for the C anyon line. Let O1

and O2 be the local operators corresponding to the anyon line C with condensation channel
1 and 2 on the reference boundary, respectively (and we fix the condensation channel on the
right boundary). Using Eq. (7), Eq. (12), and Eq. (13), we have

Us ·O1 =O1 , Us ·O2 = (−1)O2 , (15)

and also

Ur ·O1 = cos
�

2π
3

�

O1 + sin
�

2π
3

�

O2 , Ur ·O2 = − sin
�

2π
3

�

O1 + cos
�

2π
3

�

O2 . (16)

We then define a two-components order parameter

OC =

�

O1 +O2

O1 −O2

�

, (17)

which transform under the S3 generators as

Us ·OC =

�

0 1
1 0

�

OC , (18)

Ur ·OC =

�

cos
�2π

3

�

− sin
�2π

3

�

sin
�2π

3

�

cos
�2π

3

�

�

OC . (19)

When the bulk is given by Z(B) = B ⊠ B̄ and the left boundary is the canonical gapped
boundary (6), local operators are labeled by α = (a, a) with a ∈ B, and the defect lines are
labeled by m ∈ B, but lifted into (m, 1) in the bulk. The half-braiding matrix is given by [37]

Ψmα =
S(a,a),(m,1)
p

S(1,1),(a,a)
= Sam . (20)

The symmetry action of the fusion category symmetry C on the local operator is then given by

Um ·Oα =
Sma

S1a
Oα . (21)

The result can be understood as follows: first the boundary line m can be lifted to a simple
anyon line (m, 1) in the bulk, and the symmetry transformation is simply given by the mutual
braiding between the bulk anyons α = (a, a) and m, which takes the same form as Eq.(21).
We note that the a symmetry operator acts non-trivially on the local operator Oα only when
the corresponding bulk anyon µ is mapped to an confined anyon m ∈ C on the left boundary
since the mutual braiding statistics between the set of condensed anyons is trivial.

A defect operator is an operator sitting at the end point of a topological defect line. This is
represented in the sandwich construction as a bulk anyon line β ∈ Z(C) stretched across the
bulk and connecting to a topological line a ∈ C on the left boundary as shown in Fig. 4(b). The
action of the symmetries on a defect operator can be formulated in terms of a lasso diagram,

9

https://scipost.org
https://scipost.org/SciPostPhys.18.6.213


SciPost Phys. 18, 213 (2025)

<latexit sha1_base64="/b6ZeRfVSv1KwW9Qs5haL5/FKLw=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3ASLUDclkaIui924rGAv2IYymU7aoZNJmJkIJcSNr+LGhSJufQt3vo2TNoi2/jDw8Z9zmHN+L2JUKtv+MpaWV1bX1gsbxc2t7Z1dc2+/JcNYYNLEIQtFx0OSMMpJU1HFSCcSBAUeI21vXM/q7XsiJA35rZpExA3QkFOfYqS01TcPewFSI4xYcpeWf7ienvbNkl2xp7IWwcmhBLkaffOzNwhxHBCuMENSdh07Um6ChKKYkbTYiyWJEB6jIelq5Cgg0k2mF6TWiXYGlh8K/biypu7viQQFUk4CT3dmO8r5Wmb+V+vGyr90E8qjWBGOZx/5MbNUaGVxWAMqCFZsogFhQfWuFh4hgbDSoRV1CM78yYvQOqs455XqTbVUu8rjKMARHEMZHLiAGlxDA5qA4QGe4AVejUfj2Xgz3metS0Y+cwB/ZHx8A4ERlu4=</latexit>Z(C)

<latexit sha1_base64="3VKeXhchGH4zrxhDQEeGx+sTJtc=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE1GWxG5cV7AOaUCbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMmrnffaBSsVjc62lC/QiPBAsZwdpIA7uKkccE8iKsxwTzrDkb2DWn7syBVolbkBoUaA3sL28YkzSiQhOOleq7TqL9DEvNCKezipcqmmAywSPaN1TgiCo/m0efoVOjDFEYS/OERnP190aGI6WmUWAm84hq2cvF/7x+qsNrP2MiSTUVZHEoTDnSMcp7QEMmKdF8aggmkpmsiIyxxESbtiqmBHf5y6ukc153L+sXdxe1xk1RRxmO4QTOwIUraMAttKANBB7hGV7hzXqyXqx362MxWrKKnSP4A+vzB6qIk6M=</latexit>

a 2 C

Figure 3: Topological defect lines on the left boundary implement the fusion category
C symmetry.

which is shown on the left boundary in Fig. 4(b). When we have Abelian anyons, this action
can also be lifted and represented as a mutual braiding between the bulk anyon µ and β .

We note that there exist a set of symmetry operators that act non-trivially only on the
defect operators, and act trivially on all the local operators. This set of symmetry operators
corresponds to the set of condensed anyons on the left boundary. We can call the symmetry
generated by such condensed anyon lines as a dual symmetry. As emphasized by Ref. [23,25,
29, 34–36], we can think of the bulk anyon lines generate a symmetry topological order (or
categorical symmetry), described by the MTC Z(C).

2.3 Dualities

Topological holography also provides a way to understand dualities between (1+1)d theories.
Given a bulk topological order T , in general there can be anyonic symmetry that permutes the
bulk anyons:

ρ : α→ ρ(α) . (22)

Each of this anyonic symmetry corresponds to an invertible codimension-1 twist defect D in
the bulk, such that a bulk anyon is permuted when it passing through the defect. In the
sandwich construction, we can insert this twist defect parallel to the sandwich, giving rise to
a new (1+1)d phase. If the twist defect satisfies a Z2 fusion rule, each of the twist defect
of this kind corresponds to a duality between two different (1 + 1)D gapped phases. More
specifically, consider two gapped topological gapped boundary conditions |L1〉 and |L2〉 on
the right boundary. The corresponding partition functions are given by Z1 = 〈A|L1〉 and
Z2 = 〈A|L2〉, where 〈A| is the left topological boundary. We say that there is a duality between
these two gapped phases, if there exist a twist defect D, such that D|L1〉 = |L2〉. Written in
terms of the partition functions, this means that Z ′1 = 〈A|D|L1〉= Z2.

Suppose we tune the right boundary to the transition point between the gapped boundaries
|L1〉 and |L2〉. Let’s denote the corresponding non-topological boundary condition by |Ψ〉.
The duality implies that the non-topological boundary condition has an important property:
D|Ψ〉 = |Ψ〉. This means that the duality becomes a self-duality at the phase transition point
as one can see explicitly from the invariance of the partition function under the insertion of
the twist defect: Z ′ = 〈A|D|Ψ〉 = 〈A|Ψ〉 = Z . Since we can move the twist defect to the left
and fuse with the left topological boundary, the self-dual theory will satisfy

Z ′ = 〈A|D|Ψ〉
= 〈A′|Ψ〉
= Z . (23)
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Figure 4: Symmetry actions on the local and defect operators. (a) A local operatorOα
corresponds to a bulk anyon line α that condenses on the left topological boundary,
and stretches across the sandwich. The symmetry C acts on the local operator as
the mutual braiding between the bulk anyon line α and the boundary topological
line m ∈ C. The boundary line m can be lifted to a bulk line µ and the symmetry
transformation is given by the mutual braiding between the bulk anyons α and µ.
(b) A defect operator corresponds to a bulk anyon line β stretched across the bulk
and connecting to a topological line a ∈ C on the left boundary. The action of the
symmetries on a defect operator can be formulated in terms of a lasso diagram (shown
on the left boundary), which can also be lifted and became a mutual braiding between
the bulk anyon µ and β .

We will encounter examples in Z2 ×Z2 gauge theory where there exist a twist defect sat-
isfies a S3 fusion rule. This kind of twist defects give rise to a triality for the corresponding
(1+1)d systems. For two critical boundaries Ψ1 and Ψ2 related by the twist defect of this kind:
D|Ψ1〉= |Ψ2〉, there is a relation between the partition functions of these two critical theories:

Z2 = 〈A|Ψ2〉
= 〈A|D|Ψ1〉
= 〈A′|Ψ1〉 , (24)

where 〈A′|= 〈A|D. This shows that the partition function of theory 2 is given by the sandwich
of theory 1 but with a different choice of the left topological boundary. We can thus use this
relation to write down the partition function for theory 2 by using the characters of theory 1.

More generally, for any two topological gapped boundaries A and B not related by an any-
onic symmetry, there is a corresponding duality between the two quantum systems. This class
of dualities is more general since the fusion category symmetries corresponding to the gapped
boundaries A and B might not be equivalent in the sense of fusion categories. Nevertheless,
this is still a duality between the two quantum systems as there is still a one-to-one mapping
between the local operators. A conjecture made by Ref. [23,35] is that two quantum systems
with fusion category symmetries C and C′ are dual to each other if Z(C) ∼= Z(C′). An explicit
example we will see below is that a system with a Z2 ×Z2 symmetry and a mixed anomaly is
dual to a system with a Z4 symmetry.
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Figure 5: A (1+1)d RCFTs corresponds to a (2+1)d chiral topological orders B on a
strip with an insertion of a gapped domain wall S in the middle. The sandwich pic-
ture is obtained by folding along the gapped domain wall, which results in a double
topological order Z(B) = B⊠B in the bulk with a gapped boundary condition AS .

2.4 Rational CFTs

Here we give a brief review of RCFTs and explain the relation to the sandwich picture. Gener-
ally, a (1+1)d CFT has both a chiral vertex algebra VL , and the anti-chiral one VR. Below we
assume that they are isomorphic, so we can just focus on VL . The Hilbert space of the CFT on
a circle decomposes as

H =
⊕

a,b

MabHa ⊗Hb . (25)

Here Ha ’s are irreducible representations of the chiral algebra VL , and Mab is a modular in-
variant matrix with non-negative entries. This data also enters the untwisted torus partition
function:

Z00(τ, τ̄) = TrHe−βH

=
∑

a,b

Mabχa(τ)χ̄b(τ̄) , (26)

where χa(τ) is the character of the irreducible representation of the chiral algebra, defined as

χa(τ) = TrHa
e2πiτ(L0−

c
24 ) . (27)

Here τ is the modular parameter of the torus, and Ln is the n-th Virasoro generator. The
diagonal RCFTs correspond to choosing Mab = δab.

There is a well-established bulk-boundary correspondence between (1+1)d RCFTs and
(2+1)d chiral topological orders on a strip [42–45]. A chiral algebra uniquely determines a
modular tensor category B = Rep(VL), whose simple objects are in one-to-one correspondence
with the irreducible representations of VL . The bulk chiral topological order is described by
the MTC B. The edge modes are described by the corresponding chiral CFT. When viewed as a
quasi-one-dimensional system, the left and right edges of the strip together describe a full non-
chiral RCFT. In general, for non-diagonal RCFT, there is a gapped domain wall inserted at the
middle of the strip, and the diagonal theory corresponds to inserting a trivial domain wall (no
domain wall). The sandwich picture discussed in the previous section is obtained by folding
along the domain wall so that it becomes a gapped boundary of a double topological order
Z(B) = B ⊠B. For diagonal theories, the topological defect lines on the gapped boundary is
simply described by the fusion category B.
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We can think of the partition function Eq. (26) as the inner product 〈A|Ψ〉 as follows.
We denote the bulk anyons as (a, b) ∈ B ⊠ B. Define an state corresponding to the gapped
boundary AS :

|A〉=
∑

a,b

w(a,b)|(a, b)〉=
∑

a,b

Ma,b|(a, b)〉 , (28)

where Ma,b is the modular invariant matrix. And define a state corresponding to the CFT
boundary condition:

|Ψ〉=
∑

a,b

χa(τ)χ̄b(τ̄)|(a, b)〉 . (29)

By taking the inner product 〈A|Ψ〉, we recover the partition function Eq. (26).
The bulk of the sandwich is not unique. Consider a topological order Z(C) on a solid torus

with an insertion of an anyon α and the boundary being a RCFT. The partition function of the
system is given by Zα. It is possible to change the bulk to another MTC Z(C′) such that Z(C)
and Z(C′) are related by the anyon condensation. Suppose Z(C) is a “child” topological order
obtained from Z(C′) through the anyon condensation. The original anyon α inserted in the
middle in general becomes some linear combination of the anyons in Z(C′):

α=
∑

µ′∈Z(C′)
Bα,µ′µ

′ , (30)

where each entry in Bα,µ′ is a non-negative integer, which is sometimes called a branching or a
tunneling matrix [52–54]. This implies the following relations between the partition functions:

Zα =
∑

µ′∈Z(C′)
Bα,µ′Zµ′ , (31)

where Zµ′ is the torus partition functions of the topological order Z(C′) with the insertion of
anyon µ′ and the boundary being the same RCFT. Inserting Eq. (31) into the RCFT partition
function Eq. (4) in the sandwich picture, we have

Z =
∑

µ′∈Z(C′)

�

∑

α∈T
wαBα,µ′

�

Zµ′

=
∑

µ′∈Z(C′)
wµ′Zµ′ . (32)

A simple example is given by taking Z(C) to be the Z2 toric code and Z(C′) to be the
double Ising theory. Anyons in the toric code are mapped to the anyons in the double Ising
theory following the rules of anyon condensation:

1= 1⊕ψψ̄ ,

e = σσ̄ ,

m= σσ̄ ,

f =ψ⊕ ψ̄ . (33)

Applying Eq. (31), we obtain

Z1 = |χ1|2 + |χψ|2 ,

Ze = |χσ|2 ,

Zm = |χσ|2 ,

Z f = χ1χψ +χψχ1 . (34)
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The torus partition function of the Ising CFT in theZ2 toric code basis is given by ZIsing = Z1+Ze
according to Eq. (4), where we have chosen the e-condensed boundary condition on the left
boundary. By using Eq. (32) and Eq. (34), we can write it in terms of the original characters
in the Ising theory as

ZIsing = Z1 + Ze = |χ1|2 + |χψ|2 + |χσ|2 . (35)

The Kramers–Wannier duality corresponds to the electro-magnetic (EM) twist defect DEM
in the Z2 toric code. By inserting the EM twist defect DEM and fusing with the left boundary,
the left boundary condition is changed to an m-condensed boundary. In the Ising CFT, the
Kramers–Wannier duality becomes a self-duality, which can be understood as a statement that
the dual partition function is the same as the original partition function. We can check this
explicitly in the sandwich picture as follows:

Z ′Ising = 〈Ae|DEM|Ψ〉 (36)

= 〈Am|Ψ〉 (37)

= Z1 + Zm (38)

= |χ1|2 + |χψ|2 + |χσ|2 , (39)

which is the same as the original partition function of the Ising CFT Eq. (35).

2.4.1 Twisted partition function

For a theory with G symmetry, one can define twisted partition functions, namely partition
functions with in the presence of a background G gauge field. In (1+1)d and when the space-
time manifold is a torus, the gauge equivalence classes of background gauge field are labeled
by a pair of commuting group elements g, h ∈ G (up to conjugation) corresponding to twists
in the spatial and temporal directions. Without loss of generality, we may assume G is Abelian
and has no anomaly, so the twisted partition function has a well-defined value.

We now derive a general expression of the twisted partition function of RCFTs by using
the sandwich picture. We consider an RCFT with an Abelian anomaly-free G symmetry. Let
Zg,h be the twisted partition function of the RCFT with an insertion of h defect at a fixed time
and a g twisted boundary condition. Let W t

mg
, W x

mh
∈ C ∼= VecG denote the topological defect

lines on the reference boundary that generate g and h symmetry transformations, respectively.
Also let W t

µg
, W x

νh
∈ Z(C) ∼= D(G) be the corresponding anyon lines in the bulk, which could

be non-simple lines. The twisted partition function is given by

Zg,h = 〈A|W t
µg

W x
νh
|ψ〉 . (40)

To proceed, we shrink the radius of the left boundary so that it becomes an Lagrangian algebra
anyon A. Inserting an topological defect line W t

mg
corresponds to fusing the corresponding

bulk anyon µg to the Lagrangian algebra anyon A:

µg ×A=
⊕

α∈Z(C)
wαµg ×α (41)

=
⊕

α,γ∈Z(C)
wαNγµg ,αγ . (42)

We then have a corresponding state:

|W t
µg
A〉 :=W t

µg
|A〉=
∑

α,γ∈Z(C)
wαNγµg ,α|γ〉 . (43)
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The twisted partition function becomes

Zg,h = 〈W t
µg
A|W x

νh
|ψ〉 . (44)

Note that W x
νh

is an anyon line wrapping around the composite anyon µg ×A at the center,
which gives a mutual braiding phase between νh and µg×A. With this observation, we finally
arrive at the general expression of the twisted partition function:

Zg,h = 〈W t
µg
A|W x

νh
|ψ〉 (45)

=
∑

α,γ∈Z(C)
wαNγµg ,α

Sγνh

S0γ
Zγ . (46)

For example, in the Ising CFT, the Z2 symmetry is generated by the m anyon line. The
twisted partition function Z01 is given by

Z0,1 =
∑

α∈Ae

Sαm

S1α
Zα (47)

= Z1 − Ze (48)

= |χ1|2 + |χψ|2 − |χσ|2 , (49)

where Ae = {1, e} is the set of anyons of the e-condensed boundary. The twisted partition
function Z1,0 is

Z1,0 =
∑

α∈m×Ae

Zα (50)

= Zm + Z f (51)

= |χσ|2 +χ1χψ +χψχ1 . (52)

Finally, the twisted partition function Z1,1 is

Z1,1 =
∑

α∈m×Ae

Sαm

S1α
Zα (53)

= Zm − Z f (54)

= |χσ|2 −χ1χψ −χψχ1 . (55)

3 Gapped phases

In this section we study gapped phases from the perspective of topological holography (similar
results were presented in Ref. [46,47,55]). We assume that the bulk theory is a Drinfeld center
Z(C), and the reference boundary is the canonical one. The sandwich models a (1+1)d system
with fusion category C. Suppose the corresponding Lagrangian algebra is A0. Now we can
choose the right boundary condition, which can be described in two different but equivalent
ways: one can either choose a module category M over C (the canonical reference boundary
has C itself as the module category), or a Lagrangian algebra A in Z(C).

Once the right boundary condition is given, we have a (1+1)d gapped system. We would
like to emphasize that it is ambiguous to associate a topological gapped boundary condition
to a (1+1)d gapped phase without specifying the boundary condition on the reference bound-
ary of the sandwich. To understand the physics, first of all we need to determine the local
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Figure 6: The twisted partition function Zgh of an RCFT in the anyon basis is equiva-
lent to the partition function of the (2+1)D topological order on an solid torus with
an insertion of a composite anyon µg×A along the time-direction, which is wrapped
around by another anyon νh in the spatial direction.

operators, which are generated by Wilson lines that can end on both boundaries. If there are
nontrivial local operators (other than the identity Wilson line), then the C fusion category sym-
metry is broken (partially or completely, depending on the right boundary condition). As an
example, if the right boundary condition is also the canonical one, then the C fusion category
symmetry is completely broken. We can then classify gapped states according to the eigen-
values of these Wilson lines. Alternatively, one can imagine inserting different Wilson lines
parallel to the boundary in the bulk of the sandwich.

When no such Wilson lines exist, the full C symmetry is preserved. In this case we say that
this is a completely symmetric phase. When this happens, the corresponding module category
must have a unique object, i.e. it has a fiber functor. It is possible that there are multiple fiber
functors, corresponding to distinct fusion category symmetry protected phases.

In general, a part of the C fusion category symmetry is preserved. Physically, this is the
subcategory C̃ of boundary topological lines whose actions on the local Wilson lines (given by
half braiding) are trivial.

To summarize, a gapped state in the sandwich construction comes naturally with the fol-
lowing data:

1. The right boundary condition, given by a Lagrangian algebra A (or a module category
over C).

2. The algebra of local Wilson lines {Wx}, which is determined by the right boundary con-
dition.

3. The unbroken fusion category symmetry C̃. Again, this is fully determined by the right
boundary condition.

4. The eigenvalues of the local Wilson lines.

We will thus label a gapped phase by (A, C̃, {Wx}) where Wx are the eigenvalues of the local
Wilson lines.

To illustrate the main idea, here we provide some examples on topological holographic
description of gapped phases, which will be relevant for later parts of the work.

3.1 Phases with modular category symmetry

First, let us assume that C is a MTC, so Z(C) = C ⊠ C̄. The canonical boundary is given by

A0 =
∑

a∈C
(a, a) . (56)
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The TDLs are labeled by a ∈ C, and the fusion category is precisely C (forgetting the braiding).
A class of right boundary condition is given by the following Lagrangian algebra:

Aϕ =
∑

a∈C
(a,ϕ(a)) . (57)

Here ϕ ∈ Aut(C) is a topological symmetry of C. Then the local operators are generated by
Wilson lines of the form (a, a) where a = ϕ(a). If ϕ = 1, then one can see that the C fusion
category symmetry is completely broken. Otherwise there is a subcategory of C with trivial
braiding with ϕ-invariant anyons that remains unbroken.

Intuitively, one can view the sandwich simply as a cylinder of C, where the right boundary
becomes an invertible defect line ϕ. The number of ground states on the cylinder is given
by the number of ϕ-invariant anyons. The different states can be obtained by inserting anyon
lines parallel to the defect line. In the simplest case when ϕ = 1, the C symmetry is completely
broken, and ground states correspond to different anyon flux through the cylinder.

3.2 Gapped phases with G symmetry

For a discrete gauge theory, the gapped boundary is labeled by a pair (H,ω) (up to conjugacy),
where H ⊂ G is a subgroup of G and [ω] ∈H2[H, U(1)]. Mathematically, the pair (H,ω) clas-
sifies module categories over the fusion category VecG . Alternatively, one can also characterize
gapped boundaries by their Lagrangian algebras.

In the sandwich, we always choose the the reference boundary to be the one that com-
pletely breaks G symmetry, i.e. the one labeled by ({1}, 0). This corresponds to the pure charge
condensation boundary in the G gauge theory. The topological defect lines corresponding to
the confined fluxes on the reference boundary are labeled by group elements in G, which gener-
ate the G symmetry. Mathematically, they form the VecG category. The sandwich construction
realizes different gapped phases in (1+1)d with different choices of the gapped boundary on
the right. Since the gapped boundaries on the right are classified by the pair (H,ω), we con-
clude that the classification of the gapped phases in (1+1)d is also given by the same pair. A
complete spontaneous symmetry breaking phase corresponds to choosing both boundaries to
be the charge-condensed boundary ({1}, 0). The order parameters are the charge lines that
stretch across the sandwich and condense on both boundaries. More generally, H represents
the unbroken subgroup of G and ω labels a (1+1)d SPT phase under the H symmetry. We
discuss various simple examples below.

3.2.1 Gapped phases with G = Z2 symmetry

We begin with the discussion on gapped phases with G = Z2 symmetry [27]. The bulk of the
sandwich is a Z2 gauge theory. On the reference boundary, we choose e condensed boundary.
If we also choose e condensed boundary on the other side of the sandwich, this becomes a
Z2 SSB state. To see that, we consider the Z2 order parameter OZ2

, which is represented as
a e line stretched between the two boundaries. The Z2 symmetry is implemented by the m
line on the reference boundary. Due to the non-trivial braiding statistics between e and m, we
have an order parameter which transforms non-trivially under the symmetry. Fixing the state
on the reference boundary, we still have two degenerate ground states related by threading m
line on the right boundary. We denote the two states by |1〉 and |m〉. By the mutual braiding
between e and m, the order parameter has opposite expectation value for these two state:

〈1|OZ2
|1〉= 〈1|We|1〉= 1 , (58)

〈m|OZ2
|m〉= 〈m|We|m〉= −1 , (59)
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which is the non-trivial signature of the SSB phase.
Now we discuss m condensed boundary. Naively, it seems that there are still two degener-

ate ground states related by threading a e line along the boundary. However, the e line can be
adiabatically moved to the reference boundary and be absorbed. We actually have a unique
ground state with Z2 symmetry, hence it is a Z2 symmetric trivial state. Relatedly, there are
no nontrivial local order parameter in this case, since no anyons can terminate on both ends.

The EM exchange defect in the Z2 gauge theory corresponds to the Kramers-Wannier du-
ality between the Z2 SSB and Z2 symmetric phases as it exchanges the e and m condensed
boundaries.

3.2.2 G = S3

Let us consider a non-Abelian example with G = S3 = {r, s|r3 = s2 = 1, srs = r−1}. The bulk
is the S3 gauge theory with 8 anyon types. Following the convention in [56], we label them
as A, B, . . . , H. A, B and C are the three gauge charges: A corresponds to the identity represen-
tation, B is the one-dimensional representation and C is the two-dimensional representation.
D and E are the two fluxes with conjugacy class [s] = {s, sr, sr2}. F, G, H are the three fluxes
with conjugacy class [r] = {r, r2}. Note that the pure fluxes D and F are bosons, while the
“dyons” E, G, H are not.

The reference boundary is characterized by the pure charge condensation A+B+2C . The
right boundary has four possibilities:

1. A+ B + 2C and H = {1}. In this case, the S3 symmetry is completely broken, and there
are 6 ground states.

2. A+ D+ F and H = S3. There are no Wilson lines connecting the two boundaries, so the
S3 symmetry is unbroken. This is the fully symmetric state.

3. A+B+2F and H = Z3. The only nontrivial local operator is the local B Wilson line, which
braids trivially with the r and r2 lines on the reference boundary. Thus the remaining
symmetry is Z3. There are 2 ground states as expected from the S3→ Z3 SSB.

4. A+ C + D and H = Z2. The nontrivial local operators are given by O1
C ,O2

C , where 1
and 2 label the condensation channel on the reference boundary (the channel is unique
for C on the right). They form an irreducible representation under the S3 symmetry,
so the remaining global symmetry is trivial. However, there are three ground states.
This is in fact what we expect for the S3 → Z2 SSB: since Z2 is not a normal sub-
group, each (short-range-correlated) symmetry-breaking state corresponds to a different
Z2 subgroup. More formally, the three ground states form a reducible representation,
decomposing into the identity rep and the 2-dimensional rep.

3.2.3 Gapped phases with G = Z4 symmetry

For quantum systems with G = Z4 symmetry, we choose the bulk to be aZ4 gauge theory. There
are three gapped boundaries with the following Lagrangian algebra of condensed anyons

L0 = 1⊕ e⊕ e2 ⊕ e3 , (60)

L1 = 1⊕ e2 ⊕m2 ⊕ e2m2 , (61)

L2 = 1⊕m⊕m2 ⊕m3 . (62)

The reference boundary is a e condensed boundary L0. Choosing the right boundary to be
L0, L1, and L2 corresponds to the Z4 SSB, partially Z2 ordered, and Z4 symmetric phases,
respectively. The order parameter of the Z4 SSB phase is given by the e line connecting the
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two boundaries, and, for the partially Z2 ordered phase, the order parameter is given by the e2

line. Due to the EM exchange automorphism in the Z4 gauge theory, which exchange L0 and
L2 boundaries, we have a generalized Kramers-Wannier duality between the Z4 SSB phase
and the Z4 symmetric phase, and the partially Z2 ordered phase is invariant under the duality.

3.2.4 Gapped phases with G = Z2 ×Z2 symmetry

We move on to the examples with G = Z2×Z2 symmetry. The bulk of the sandwich is a Z2×Z2
gauge theory. We denotes the first Z2 symmetry by Za

2 and the second one by Zb
2 . There are 6

gapped boundaries for the Z2 ×Z2 gauge theory as summarized in Table. 1. We choose the e
condensed boundary L1 as our reference. Table. 1 show the gapped boundaries of the Z2×Z2
gauge theory.

Unlike all the previous examples, in this case we have two fully symmetric gapped bound-
aries, L5 and L6. Physically, we know that they correspond to the trivial symmetric phase
and the Za

2 ×Z
b
2 SPT phase. Let us see how to understand it from the sandwich construction.

To show that the two states corresponding to choosing L5 and L6 are distinct, we consider
the junction between them. It is easy to see that now there emerges a local operator at the
junction: a Wilson line of e1 starting from the reference boundary, splitting into m2 and e1m2.
Denote it by O1. Similarly, we have a Wilson operator O2 of a e2 line splitting into m1 and
e2m1. In particular, from the braiding we see that O1O2 = −O2O1. Therefore the junction
must harbor a zero mode. Notice that O1 can be deformed into a m2 line along the strip to-
gether with a e1 line ending on the reference boundary, so one can think of O1 as the effective
generator of the Zb

2 symmetry at the junction. This the familiar Za
2 × Z

b
2 projective rep. that

appears at the edge of the SPT state. This shows that L5 and L6 correspond to distinct phases.
It is a common convention to define L5 as the trivial phase, and then L6 is the nontrivial SPT
phase.

The automorphism in the Z2×Z2 gauge theory is discussed in Ref. [?]. All automorphisms
are generated by the EM exchange for the Za

2 and Zb
2 gauge theory:

σi : ei↔ mi , (63)

and the twist defect from the gauged Z2 ×Z2 SPT:

s : ei → ei , mi → mie j , i ̸= j . (64)

Choosing the right boundaries to be Li for i = 1 to 6 realizes phases with the unbroken
subgroup and the SPT index H2(G, U(1)) shown in the second and third columns in Table. 1.
The automorphisms correspond to the Kramers-Wannier duality between these gapped phases,
which is discussed in Ref. [33]. The order parameters are given by the Wilson lines Wα con-
necting the two gapped boundaries, where α is in the common anyon set in the two Lagrangian
algebra L1 and Li .

4 Phase transitions

4.1 Phase transitions between SPT phases

In this section, we illustrate how to obtain the CFT partition function for a transition between
different SPT phases by using topological holography and duality. This is an explicit application
of Eq. (23). Ref. [33] contains somewhat similar discussion based on Fourier transformation of
finite groups. Our analysis however is done entirely in the anyon basis, which is more general.

To illustrate the main idea, we consider systems with G = Z2 ×Z2 symmetry. Our starting
point is the Ising2 transition between the Z2×Z2 SSB and the trivial symmetric phase. This is
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Table 1: Gapped boundaries of a Z2 ×Z2 gauge theory. The first column shows the
Lagrangian algebra. The second and the third columns show the symmetry and the
SPT index realized in the sandwich construction by choosing the reference boundary
to be L1. The fourth column shows the order parameters as the Wilson line.

Lagrangian algebra Unbroken subgroup H2(G,U(1)) Order parameters
L1 = 1⊕ e1 ⊕ e2 ⊕ e1e2 1 1 OZa

2
=We1

, OZb
2
=We2

L2 = 1⊕m1 ⊕ e2 ⊕m1e2 Za
2 1 OZb

2
=We2

L3 = 1⊕ e1 ⊕m2 ⊕ e1m2 Zb
2 1 OZa

2
=We1

L4 = 1⊕ e1e2 ⊕m1m2 ⊕ f1 f2 Zdiag
2 1 OZD

2
=We1e2

L5 = 1⊕ e1m2 ⊕m1e2 ⊕ f1 f2 Za
2 ×Z

b
2 (−1)g1h2 -

L6 = 1⊕m1 ⊕m2 ⊕m1m2 Za
2 ×Z

b
2 1 -

realized by tuning the boundary of the sandwich to be at the phase transition point between
the gapped boundaries L1 and L6. We denote the corresponding state on the right boundary
by |ψ1,6〉. The partition function of the Ising2 CFT is given by

Z Ising2
= 〈L1|ψ1,6〉 (65)

=
∑

ν∈L1

Zν (66)

= (|χ1|2 + |χψ|2)2 + 2(|χ1|2 + |χψ|2)|χσ|2 + |χσ|4 (67)

= (|χ1|2 + |χψ|2 + |χσ|2)2 , (68)

where we have used L1 = 1⊕ e1 ⊕ e2 ⊕ e1e2 and Eq (34) in the second equality.
Knowing this CFT partition function allows us to obtain the partition function for other

phase transitions related by the duality. In particular, we can write down the partition function
for the transition between the Z2×Z2 SPT and the trivial symmetric phase. We tune the right
boundary of the sandwich to be at the critical point between the gapped boundaries L5 and L6.
We denote the corresponding state as |ψ5,6〉 and the partition function of the SPT transition
is ZSPT = 〈L1|ψ5,6〉. Consider a twist defect D = Dσ1σ2

◦Ds. The twist defect D acts on the
gapped boundaries as

D|L1〉= |L6〉 , D|L6〉= |L5〉 . (69)

Therefore, we have
|ψ5,6〉=D|ψ1,6〉 . (70)

The partition function for the SPT transition is then given by inserting the twist defect D:

ZSPT = 〈L1|ψ5,6〉 (71)

= 〈L1|D|ψ1,6〉 (72)

= 〈L5|ψ1,6〉 (73)

=
∑

ν∈L5

Zν (74)

= (|χ1|2 + |χψ|2)2 + 2|χσ|4 + (χ1χψ +χψχ1)
2 , (75)

where, in the third equality, we have used the fact that 〈L1|D = 〈L5|. Eq. (75) is exactly the
partition function obtained in Ref. [57].
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4.2 Symmetry enriched quantum critical points

The topological holography can also be used to understand the symmetry enriched quantum
critical points [58–60]. These kind of quantum critical points generally happens at the transi-
tion between an SSB and a non-trivial SPT phases. The key feature of these quantum critical
points is that the untwisted partition functions are the same as the partition function of the
transition between the SSB and a trivial symmetric phases. The differences only showed up in
the twisted sectors. Roughly speaking, they can be understood as stacking an SPT state to a
CFT, and one can show that there will be localized boundary states coming from the SPT state.

Here we focus on systems with G = Z2×Z2 symmetry. To study the critical point between
the SSB and the SPT phases, we tune the right boundary of the sandwich to be at the transition
point between L1 and L5. This theory is called Ising2∗ in Ref. [59]. We denote the correspond-
ing state by |ψ15〉. Now consider a twist defect Ds obtained from gauging the non-trivial SPT
state, which implements the anyon permutations shown in Eq. (64). The untwisted partition
function of the symmetry enriched CFT can be obtained with the help of the twist defect:

Z Ising2∗
= 〈L1|ψ15〉 (76)

= 〈L1|Ds|ψ16〉 (77)

= 〈L1|ψ16〉 (78)

= Z Ising2
, (79)

where we have used the fact that 〈L1|Ds = 〈L1| in the second equality. We see that the
untwisted partition function of Ising2∗ is the same as the Ising2 CFT. The interpretation here
is that the Ising2 CFT can “absorb” the SPT state.

Using Eq. (46), one can check that the twisted partition functions Zg,0 and Z0,h are also
the same as the twisted partition functions in the Ising2 CFT. The differences show up in the
partition functions with both spatial and temporal twists:

Z Ising2∗

(1,0)(0,1) = 〈m1 ×L1|Wm2
|ψ15〉

= 〈m1 ×L1|Wm2
Ds|ψ16〉

= 〈m1e2 ×L1|We1m2
|ψ16〉

= −Zm1
− Z f1 + Zm1e2

+ Z f1e2

= −(|χ1|2 + |χψ|2)|χσ|2 − (|χ1|2 + |χψ|2)(χ1χψ +χψχ1)

+ |χσ|4 + (χ1χψ +χψχ1)|χσ|2

= −Z Ising2

(1,0)(0,1) , (80)

where, in the third equality, we push the twist defect Ds into the left, which implements the
corresponding anyon permutation for the spatial and temporal twist, and deform the sand-
wich into the picture shown in Fig. 6 with the anyon νh = e1m2 wrapping around the anyon
µg × A = m1e2 × L1 threading through at the center. The minus sign in Eq. (80) is origi-
nated from the decoration of the Za

2 defect line with the Zb
2 charge and vice versa. The twisted

partition function Eq. (80) precisely measures this charge decoration.
We have seen that the untwisted partition function of the G = Z2×Z2 enriched critical point

is the same as the Ising2 CFT, which belongs to the same universality class as the usual Lan-
dau symmetry breaking transition. We conjecture that this is generally true for all symmetry
enriched quantum critical points. The argument goes as follows. Suppose |Ψ〉 is the boundary
state of a G symmetry breaking transition. The partition function is given by 〈Ae|Ψ〉, where
〈Ae| is the charge condensed boundary. The partition function of the corresponding symmetry
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enriched critical point between a G symmetric and a G SPT phases is

ZSEQCP
0,0 = 〈Ae|Ds|Ψ〉 , (81)

where Ds is the SPT twist defect in the bulk of the G gauge theory. It was shown in Ref. [61]
that most SPT twist defects in the G gauge theories implement the automorphism:3

([g],π[g])→ ([g],π[g] ×σ[g]) , (82)

where [g] is a conjugacy class of G, π[g] is an irreducible representation of the centralizer
Cg of g ∈ G, and σ[g] ∈ igω ∈ H1(G, U(1)) is the slant product of the (1+1)d SPT ac-
tion ω ∈ H2(G, U(1)), which also defines a 1d representation of the centralizer Cg . The
automorphism Eq. (82) keeps the pure charge ([1],π[1]) invariant. This property implies
that the charge condensed boundary is invariant under the fusion of the SPT twist defect Ds:
〈Ae|Ds = 〈Ae|. Therefore, we have

ZSEQCP
0,0 = 〈Ae|Ds|Ψ〉= 〈Ae|Ψ〉 . (83)

We have thus shown that the G symmetry enriched quantum critical points are in the same
universality class as the Landau symmetry breaking transition between the G symmetric and
the completely G symmetry breaking phases since the universality class is determined by the
untwisted partition function. However, the non-trivial SPT invariants will show up in the
twisted partition functions. In general, we expect that the twisted partition function of the a
CFT and its symmetry enriched version differed by the SPT torus partition function:

ZSEQCP
g,h = ZSPT

g,h ZCFT
g,h . (84)

4.3 ’t Hooft anomaly and deconfined quantum critical points

Here we discuss how to use the topological holography and the sandwich picture to under-
stand deconfined quantum critical point (DQCP) in (1+ 1)D. DQCP is a critical point with an
mixed anomaly for the emergent symmetry in the IR limit. Let G be the emergent IR sym-
metry at the critical point and K be its normal subgroup that sits in the short exact sequence
1 → K → G → H → 1 where H = G/K . In (1 + 1)D, the mixed anomaly is classified by
H2(K ,H1(H,U(1))) ∈ H3(G, U(1)). Due to this mixed anomaly, gapped phases adjacent to
the DQCP generally breaks G symmetry to its subgroup spontaneously.

Now we discuss an example where G = Z2 ×Z2, K = Z2, H = Z2. We denote the first Z2
symmetry by Za

2 and the second one by Zb
2 . In the sandwich construction, we choose the bulk

to be a gauged SPT state with the type-II cocycle, i.e. one in H2(Z2,H1(Z2,U(1))). We then
have a twisted Z2 ×Z2 gauge theory in the bulk. We use the anyon labeling of the toric code
and label the e and m excitations as ei and mi with i = 1, 2 for the first and the second copies.
Unlike the usual Z2 ×Z2 toric code, the anyons satisfy a Z4 ×Z4 fusion rule, generated by mi
with m2

1 = e2 and m2
2 = e1. The twisted Z2 ×Z2 toric code is in fact equivalent to the Z4 toric

code after relabeling anyon. More explicitly, we can write the anyons in the twisted Z2 × Z2
gauge theory in terms of the anyons in Z4 gauge theory as follows:

e1→ m̃2 , (85)

m1→ ẽ , (86)

e2→ ẽ2 , (87)

m2→ m̃ , (88)

3In principal there could be SPT twist defects that implement a trivial permutation of the anyons but acts
nontrivial on the fusion space (with a nontrivial U symbol). Such defects correspond to nontrivial elements of
H2(G,U(1)) which cannot be detected on a torus.
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where ẽ and m̃ generate the charge and the flux in the Z4 gauge theory respectively.
The non-trivial mutual braiding data that we are going to use are listed below:

Sm1,m2

S0,m j

= i ,
Sm1,e1

S0,m1

= −1 ,
Sm2,e2

S0,m1

= −1 , (89)

where j = 1, 2.
The topological symmetry of the anyon theory is Z2 ×Z2. The first Z2 is generated by

σ : m1↔ m2 , e1↔ e2 , (90)

which corresponds to the EM exchange automorphism of the Z4 toric code. The other auto-
morphism is given by

s : mi → m3
i , (91)

which comes from the automorphism of the Z4 group. s can also be viewed as the charge
conjugation symmetry of the Z4 toric code.

Due to the non-trivial mixed anomaly, there are only three gapped boundaries:

L0 = 1⊕m1 ⊕ e2 ⊕m1e2 , (92)

L1 = 1⊕ e1 ⊕ e2 ⊕ e1e2 , (93)

L2 = 1⊕m2 ⊕ e1 ⊕m2e1 . (94)

The topological defect lines on the L0 and L2 boundaries generate a Z4 symmetry, while on
the L1 boundary, the symmetry is Z2 ×Z2.

Since we are interested in systems with Z2×Z2 symmetry, we choose the reference bound-
ary to be L1. The Za

2 and Zb
2 symmetries are generated by the m1 and m2 lines. Now we discuss

the possible gapped phases. If we choose the L1 boundary on the right of the sandwich, this
corresponds to a completely symmetry broken phase. The Z2×Z2 order parameters OZ2a

and
OZ2b

are given by the anyon lines e1 and e2 across the sandwich. The degenerate ground states
|m1〉, |m2〉, and |m1m2〉 are obtained by threading m1, m2, and m1m2 lines on the boundary,
respectively. Due to the non-trivial mutual braiding between mi and ei as shown in Eq. (89),
the expectation value of the order parameters OZ2a

(OZ2b
) is opposite for |1〉 and |ma〉 (|mb〉).

Let’s move on to the L0 boundary. There is only one local order parameter OZ2b
since

only e2 can condense on the L0 boundary but e1 cannot. There are only two degenerate
ground states obtained by threading m2 line on the L0 boundary. Note that threading a m2

2
line is equivalent to threading a e1 line, which can be deformed and absorbed by the reference
boundary. This is therefore a partially ordered phase with non-zero expectation value of OZ2b

,
which breaks Zb

2 symmetry.
One of the non-trivial signatures of the partially ordered phase adjacent to a DQCP is that

the disorder operator satisfies a Z4 fusion rule [62]. This can be seen rather easily from the
sandwich picture. The disorder operator of the Zb

2 symmetry in this case corresponds to the
m2 anyon line across the sandwich with a tail running on the reference boundary. The Z4
fusion rule of the disorder operator simply follows from the Z4 fusion rule of the m2 anyon in
the bulk.

Another non-trivial feature of the partially ordered phase is that the disorder operator of Zb
2

symmetry carries half of the Za
2 charge [62]. This property can be understood in the sandwich

picture as follows. The Za
2 symmetry is generated by the m1 line on the reference boundary.

The m1 line acts non-trivially on the disorder operator of Zb
2 as follows. We can move the m1

line into the bulk and the symmetry action on the disorder operator is simply given by the
non-trivial mutual braiding phase “i” between m1 and m2 as given in Eq. (89), which can be
viewed as half of the Za

2 charge.
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The analysis of theL2 boundary is completely parallel to the discussion for theL0 boundary
with a ↔ b. This choice realizes another partially ordered phase in which the local order
parameter OZ2a

has non-zero expectation value. There is a duality between these two partially
ordered phases, which is generated by the automorphism σ in Eq. (90) in the bulk.

4.3.1 Duality to Z4: The effect of changing reference boundary

In Ref. [62], the authors introduce an exact mapping between a Z2 ×Z2 spin chain and a Z4
spin chain. We now discuss this mapping in the topological holography framework.

The key point is the equivalence between the twisted Z2 × Z2 Dijkgraaf-Witten theory
and the Z4 gauge theory. Recall that the reference boundary encode the global symmetry
of the systems we are interested in. In the DQCP setting, we choose L1 to be the reference
since the global symmetry is Z2 ×Z2. If now we choose L0 to be the reference boundary, the
global symmetry of the systems becomes Z4. This is also in some sense a “duality” between
the quantum systems even though there is no automorphism defect in the bulk that connects
different choices of the reference boundaries.

Let us rephrase the gapped phases in the Z4 toric code representation. The L0 becomes
the electric charge condensed boundary: L0 = 1 ⊕ ẽ ⊕ ẽ2 ⊕ ẽ3. Choosing different gapped
boundary on the right boundary of the sandwich corresponds to the following gapped phases:

L0→ Z4 SSB phase, (95)

L1→ Z2 partially ordered phase, (96)

L2→ Z4 symmetric phase. (97)

The DQCP transition is thus related to the transition between Z4 SSB and Z4 symmetric phases.
The two transitions, however, are not exactly the same. The torus partition function of the
transition between Z4 SSB and Z4 symmetric phases in the anyon basis is given by

ZSSB = 〈L0|Ψ〉 (98)

= Z1 + Ze + Ze2 + Ze3 . (99)

The DQCP partition function is given by

ZDQCP = 〈L1|Ψ〉 (100)

= Z1 + Ze2 + Zm2 + Ze2m2 . (101)

Interestingly, the two partition functions are always related by a Z2 orbifold. To see this,
we construct the twisted partition functions (twisted by the Z2 ⊂ Z4):

Z00 = Z1 + Ze + Ze2 + Ze3 ,

Z02 = Z1 − Ze + Ze2 − Ze3 ,

Z20 = Zm2 + Zem2 + Ze2m2 + Ze3m2 ,

Z22 = Zm2 − Zem2 + Ze2m2 − Ze3m2 .

Then it is straightforward to show that

ZDQCP =
1
2
(Z00 + Z02 + Z20 + Z22) , (102)

which is the Z2 orbifold of ZSSB.
Let us apply our result to two examples of the transition. Ref. [62] considered the Z4 clock

model, where the Z4 SSB transition is described by the Ising2 = U(1)4/Z2 CFT. Therefore, the
DQCP transition is the U(1)4 CFT.
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We can also consider a multi-critical point for the Z4 SSB transition. An example is the
4-state Potts model, whose order-disorder transition is described by the c = 1 Z4 parafermion
CFT. We review the ZN parafermion CFT in Appendix. B. We can write the partition function
by using the character χlm of the Z4 parafermion CFT:

ZSSB =
∑

lm

|χlm|2 , (103)

where 0 < l ≤ 4, −l + 2 ≤ m ≤ l with l = m mod 2 and identification (l, m) ∼ (4− l, m± 4).
There are two Z4 symmetric primary operators: (2,0), which is a relevant operator, and the
exact marginal (4,0). The former indeed tunes the Z4 SSB transition, and the latter moves
along a conformal manifold. It is known that the Z4 parafermion CFT can be represented as
U(1)6/Z2, so the conformal manifold is the orbifold line of c = 1 CFTs.

Via the correspondence, we have a DQCP transition Eq. (101) given by the Z2 orbifold
of the Z4 parafermion CFT. It is known that the Z4 parafermion CFT can be represented as
U(1)6/Z2, so the DQCP (multicritical) transition is the U(1)6 CFT. Explicit form of the DQCP
partition function is given in Appendix B.

4.3.2 Duality between Z3
2 and D8 CFTs

In this section we study another example of DQCP. The symmetry group is Z3
2, with an anomaly

given by the type-III cocycle ω. Thus the bulk theory is the twisted gauge theory Z(Vecω
Z3

2
).

Interestingly, the bulk theory can also be represented as a (untwisted) D8 gauge theory. Thus
we expect that the DQCP transition is dual to the D8 SSB transition.

Suppose the bulk is a G gauge theory D(G), with anyons ([g],πg), where [g] denotes a
conjugacy class, g is a representative element of the conjugacy class, and πg is an irrep of the
centralizer group Cg . Choose the reference boundary to be the G symmetry breaking boundary,
with the following Lagrangian algebra:

AG =
∑

π∈Rep(G)

dimπ · ([1],π) . (104)

The partition function is
Z =
∑

π∈Rep(G)

dimπ · Z([1],π) . (105)

We now consider twisted partition function on a torus. Suppose there is a spatial twist labeled
by the conjugacy class [g]. Fixing g, choose a conjugacy class [h]g of Cg as the twist in the
temporal direction, then we have a twisted partition function

Z [g],[h]g =
∑

πg∈Rep(Cg )

χπg
(h)Z([g],πg ) . (106)

Let us now specialize to G = D8 = 〈r, s|r4 = s2 = 1, srs = r−1〉. The conjugacy classes are
then

[1] = {1} , C1 = D8 ,

[r2] = {r2} , Cr2 = D8 ,

[r] = {r, r3} , Cr = Z4 = 〈r|r〉 ,

[s] = {s, sr2} , Cs = Z2
2 =



s, r2
�

�s, r2
�

,

[sr] = {sr, sr3} , Csr = Z2
2 =



sr, r2
�

�sr, r2
�

.

(107)

25

https://scipost.org
https://scipost.org/SciPostPhys.18.6.213


SciPost Phys. 18, 213 (2025)

Following [61], we denote the irreps of D8 by J0, J1, J2, J3 and α, where Ji ’s are 1 dimen-
sion, and α is 2 dimensions. We need the following fact: χJi

(r2) = 1,χα(r2) = −2. The
Lagrangian algebra corresponding to the Z3

2 duality frame is given by

AZ3
2
=
⊕

i

([1], Ji)⊕
⊕

i

([r2], Ji) . (108)

Namely, it is a direct sum of all the Abelian bosons.
To get the DQCP partition function, we orbifold the Z2 center symmetry




r2
�

�r2
�

. The
twisted partition functions are

Z1,1 = Z(1,J0) + Z(1,J1) + Z(1,J2) + Z(1,J3) + 2Z(1,α) ,

Z1,r2
= Z(1,J0) + Z(1,J1) + Z(1,J2) + Z(1,J3) − 2Z(1,α) ,

Z r2,1 = Z(r2,J0) + Z(r2,J1) + Z(r2,J2) + Z(r2,J3) + 2Z(r2,α) ,

Z r2,r2
= Z(r2,J0) + Z(r2,J1) + Z(r2,J2) + Z(r2,J3) − 2Z(r2,α) .

(109)

Thus the orbifold partition function is

Zorb =
1
2
(Z1,1 + Z1,r2

+ Z r2,1 + Z r2,r2
) = ZDQCP . (110)

The simplest CFT with a type-III Z3
2 anomaly is the SU(2)1 ≃ U(1)2 theory. Orbifolding Z2

yields U(1)8.

4.4 Intrinsically gapless SPT phases

In this section, we discuss the topological holography picture of the intrinsically gapless SPT
(igSPT) phases. An igSPT phase is a gapless phase that exhibits an emergent IR anomaly in a
lattice model with an anomaly-free UV symmetry [63,64]. In general, we have the following
symmetry structure. Let Γ be the microscopic on-site symmetry, which is anomaly free. Below
an energy scale ∆, there is an emergent IR symmetry G that sits in the short exact sequence:

1→ H → Γ → G→ 1 , (111)

where H is a normal subgroup of Γ which acts trivially on the IR degrees of freedom, and
G = Γ/H. The emergent IR symmetry G has an anomaly in HD+1(G,U(1)), where D is the
spacetime dimensions. This anomaly becomes trivial when it is pulled back intoHD+1(Γ , U(1)),
so the entire system can be realized in D dimensions with non-anomalous G symmetry.

To illustrate the main picture, we focus on the (1+1)d igSPT phases with Γ = Z4, H = Z2,
and G = Z2. The non-trivial igSPT phase realized in the Γ = Z4 lattice model shares the same
(emergent) anomaly as the gapless edge modes of the Z2 Levin-Gu SPT state. The holographic
picture of this igSPT state is shown in Fig. 7. The bulk of the sandwich consists of a Z4 toric
code topological order on the left and a double semion order on the right. The two topological
orders are separated by a gapped domain wall on which the e2m2 particle in the Z4 toric
code condenses. We will denote the domain wall by Ie2m2 . After the anyon condensation, the
deconfined anyons in the Z4 toric code are {[1], [em], [em3], [m2]}, which can be identified
with the anyons in the double semion order {1, s, s̄, b}, respectively.

The left topological gapped boundary is the e condensed boundary of the Z4 toric code.
The confined anyons on the left boundary are generated by the m particle, which satisfies a
Z4 fusion rule. The m line on the left boundary thus generates the Z4 global symmetry in
the sandwich picture. On the right non-topological boundary of the double semion order, we
have the edge theory of the Z2 Levin-Gu SPT state. Upon dimensional reduction, the sandwich
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Figure 7: The sandwich picture of the Z4 igSPT state. The bulk of the sandwich is
formed by a Z4 toric code (Z4 TC) on the left and a double semion (DS) order on
the right, separated by a gapped domain wall Ie2m2 on which the e2m2 particle in the
Z4 toric code condenses. The left topological boundary is the e condensed boundary.
The right boundary supports the edge modes of the Z2 Levin-Gu SPT state.

construction realizes the igSPT state where the low-energy theory is described by the gapless
edge of the Z2 Levin-Gu SPT state in a system with a Z4 global symmetry.

We can use the sandwich picture to understand the following three main properties of the
Z4 igSPT state:

1. There exists a low-energy subspace such that the end of the Z4 symmetry defect line is
charged under the Z2 normal subgroup.

2. There exists a low-energy subspace such that the end of the Z2 symmetry defect line is
charged under the Z4 symmetry.

Now we discuss the first property. Fig. 8 (a) shows an open Z4 symmetry defect line with a
defect operator O1 attached to the end. The Z4 symmetry U1 is implemented by the m line
confined on the left topological boundary. The defect operator O1 is attached to the end of the
Z4 defect line m, which corresponds to the bulk anyon line em in the Z4 toric code, attaching
to a semion line s in the double semion order at the gapped domain wall Ie2m2 . Note that
the defect operator should correspond to the anyons that can freely pass through the gapped
domain wall Ie2m2 since, after dimensional reduction, they become operators localized at the
end of the symmetry defect line. In the IR limit, the m line becomes a s line which generates
the G = Z2 symmetry.

The H = Z2 symmetry in the Z2 normal subgroup is implemented by a m2 line on the left
boundary, which can be moved into the Z4 toric code bulk and becomes an e2m2 line. Since
e2m2 condenses on the domain wall Ie2m2 , it only acts on the gapped degrees of freedom,
and acts as the identity in the IR limit (in the double semion side). However, there exists
a low-energy subspace such that an m2 line becomes an e2m2 × e2 = m2 line in the bulk of
Z4 toric code, and then becomes the b line in the double semion bulk.4 Within this low-
energy subspace, the Z2 symmetry generated by the bulk m2 line then acts non-trivially on the
defect operator of the Z4 symmetry, due to the non-trivial mutual braiding between m2 and
em particles as shown in Fig. 8 (a). Therefore, we see that the Z4 defect operator is charged
under the Z2 symmetry in the low-energy subspace.

4This statement can be translated into lattice model. Let σ spins living on sites to be charged under G = Z2

and τ spins living on links to be charged under H = Z2. It’s possible to define a Z4 symmetry such that
U2

g = Ua =
∏

i τ
x
i+1/2 (Ref. [94]), and write down the lattice model for the igSPT state explicitly. The low-energy

subspace defined here corresponds to the constraint: τx
i+1/2 = σ

z
iσ

z
i+1. We can identify τx with the e2m2 line in

the Z4 toric code and σz is identified with the e2 − b line stretching across the whole sandwich.
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For the second property, we consider the defect operator O2 of the Z2 symmetry U2 in the
low-energy subspace defined above. It is represented in the Z4 toric code as an m2 line that
meets a b line in the double semion order at the gapped domain wall Ie2m2 , as shown in Fig. 8
(b). The generator of the Z4 symmetry is given by the m line on the left boundary. When we
move the m line into the bulk of the Z4 toric code, it becomes an em line, and then becomes a
semion line s in the double semion order. Due to the non-trivial mutual braiding between em
and m2 (or s and b) particles, the Z2 defect operator is charged under the Z4 symmetry in the
low-energy subspace.

Now we discuss the partition function of the igSPT phases. For concreteness, we take the
right boundary to be the U(1)2 CFT [65]. The partition functions in the DS sectors are given
by:

Z1 = |χ0|2 ,

Zs = χ1χ0 ,

Zs̄ = χ0χ1 ,

Zb = |χ1|2 .

(112)

The gapped domain wall Ie2m2 in the sandwich picture can be written as

Ie2m2 =
∑

α∈Z4TC,µ∈DS

Wα,µ|α〉〈µ| . (113)

The untwisted torus partition function can then be obtained from the sandwich:

Z00 = 〈Ae|Ie2m2 |Ψ〉

=
∑

α∈Z4TC,µ∈DS

wαWα,µZµ

= Z1 + Zb , (114)

which is the same as the usual U(1)2 CFT. The non-trivial characterization is in the twisted
partition functions since we can twist by the element in H. Specifically, consider the partition
functions with a g ∈ G = Z2 twist in the space direction and a h ∈ H = Z2 twist in the time
direction:

Zg,h = TrHg
he−βH . (115)

Recall that the g twist corresponds to an m line on the left boundary that generates the Γ = Z4
symmetry. The h twist corresponds to the m2 line (which can be moved into the Z4 TC bulk and
remains the m2 line) that generates the Z2 normal subgroup in Γ = Z4. The twisted partition
function can be calculated in the sandwich picture as

Zg,h =
∑

α∈m×Le ,µ∈DS

Sα,m2

S0,α
Wα,µZµ

= −(Zs + Zs̄)

= −Zg,0 , (116)

where m × Le = (m, em, e2m, e3m). The minus sign in Eq. (116) is the h charge decorated
on the g defect line, and the twisted partition function Zg,h precisely measure this charge
decoration. Following the argument in Ref. [63], one can show that the h defect line is also
charged under the g symmetry in the “low temperature” limit, i.e. β →∞, by using the S
transformation:

Zh,g(β) = Zg,h(1/β) = −Zg,0(1/β) . (117)

In the limit β → ∞, the minus sign is the leading term of the twisted partition function
Zh,g(β).
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Figure 8: The defect operators for Z4 igSPT phases. (a) The Z4 defect operator O1 is
given by the anyon line em in the bulk of the a Z4 toric code connecting to a s line in
the double semion theory. Due to the non-trivial braiding between the m2 (red loop)
and em (or b and s if we move m2 loop into the double semion bulk), the defect
operator O1 is charged under the Z2 normal subgroup. (b) The Z4 defect operator
O2 is given by the anyon line m2 in the bulk of the a Z4 toric code connecting to a
b line in the double semion theory. The defect operator O2 is charged under the Z4
symmetry due to the non-trivial braiding between em (red loop) and m2 lines.

5 Boundary states in RCFTs

We will now apply the topological holography framework to boundary conformal field theories,
to provide holographic interpretations of Cardy and Ishibashi boundary states for RCFTs.

5.1 Review of BCFTs

In this section, we review basic facts about boundary states in RCFTs [66,67]. There are two
pictures for boundary CFTs. In the open-channel picture, one considers the partition function
of a CFT on an interval of length L, with conformal boundary conditions A and B on the two
ends. Define the Euclidean partition function

ZAB = TrHAB
e−βH . (118)

Here HAB is the CFT Hilbert space with the given boundary conditions.
To get the closed-channel picture, we perform a space-time rotation on the cylinder, and

viewZAB as evolving the system defined on the “time” circle of circumference β from boundary
states A to B:

ZAB =



A|e−LH |B
�

�A|e−LH |B
�

. (119)

It turns out to be most convenient to describe boundary conditions using boundary states.
In general, a conformal boundary condition only preserves one copy of the Virasoro sym-

metry. For simplicity, let us assume that the boundary conditions preserve one copy of the
chiral algebra. Then the Hilbert space HAB admits the following decomposition:

HAB =
⊕

a
na

ABHa , (120)

and the partition function
ZAB =
∑

a

na
ABχa(q) . (121)
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The non-negative integers na
ab give the operator content with the boundary conditions A, B.

A complete basis for boundary states is given by the Ishibasha states:

|h〉〉=
∞
∑

n=0

dh(n)
∑

j=1

|n, j; h〉L ⊗ |n, j; h〉R . (122)

Here h labels a chiral primary operator, and |n, j; h〉L/R are the descendant states in the con-
formal tower labeled by h with dimension h+ n, with j labeling the dh(n)-fold degeneracy of
the corresponding state. However, the Ishibashi states are not physical boundary states in the
sense that the partition function with Ishibasha boundary states does not take the desired form
in (121).

Physical boundary states can be constructed from linear superpositions of Ishibashi states.
For diagonal RCFTs, a complete set of physical boundary states that preserves one copy of the
chiral algebra are constructed by Cardy: for each primary a there is a corresponding Cardy
state |a〉, given by

|a〉=
∑

b

Sab
p

S0b
|b〉〉 . (123)

From the Verlinde formula, we find the multiplicity nc
ab = N c

ab. In particular, n1
ab = δab̄.

For minimal models (with diagonal partition functions), the Cardy states give all physical
boundary states. For RCFTs with extended chiral algebra, there can be physical boundary
states that break the chiral algebra. Fully classifying boundary states for RCFTs is a challenging
problem and remains open to date.

5.2 Holographic perspective

In this section, we provide a simple physical interpretation of the boundary states based on the
holographic description. For simplicity, let us first consider a diagonal RCFT, whose associated
MTC is C. As reviewed in Sec. 5.1, we can view the partition function ZAB as the time evolution
from boundary state A at t = 0 to B at t = L with circumference β . In the topological holo-
graphic picture, we choose the bulk to be Z(C) = C ⊠ C. The reference topological boundary
is the canonical one ⊕a∈C(a, a).

At time immediately before t = 0 (or immediately after t = L), the system is in a gapped
phase. This gapped phase corresponds to a choice of the gapped boundary condition for the
right boundary in the sandwich construction. The simplest and most obvious choice is again
the canonical boundary ⊕a∈C(a, a). This leads to a gapped phase with degenerate ground
states with dimension |C|, and can be labeled by the anyons in C. However, this gapped phase
is not always accessible by some relevant operators. If we consider the gapped phase that is
driven by a relevant operator, this relevant operator could cause the splitting of the ground
state degeneracy. In this case, it proves to be more instructive to think of the system as a
strip (annulus) of a (2+1)d chiral phase described by the MTC C. For diagonal RCFTs, the
canonical boundary becomes the completely trivial domain wall in the middle of the strip
(annulus). Choosing a gapped boundary means that the gapless edges of the strip (annulus)
described by the chiral CFT are glued together such that the strip becomes a cylinder (torus)
as shown in Fig. 9. Therefore, the boundary states can be viewed as coupling the edge chiral
CFTs to form a cylinder (torus) with different anyon flux threaded, which can be naturally
understood as gapped phases of (1+1)d systems.

We now discuss the gluing process and the boundary states in more detail. The discussion
below will be focused on the boundary states, and the holographic derivation of the boundary
partition function is in Appendix. 5.3. Let us focus on the boundary state A, the gluing process
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Figure 9: Holographic picture for the boundary states. The top figure shows the
sandwich construction of a diagonal RCFT with boundary states denoted as A and
B (red lines). The bulk of the sandwich is C ⊠ C. In the space-time rotated picture,
the direction of time evolution is going from the boundary state A to B defined on a
circle of circumference β . Through unfolding, the blue planes near t = 0 and t = L
can be viewed as a quantum quench problem of a (2+ 1)D chiral topological order
with MTC C. The Cardy states then correspond to coupling the edge chiral CFTs to
form a torus with different anyon flux threading through as shown in the lower left
figure, which can naturally be understood as the ground states of a (1+1)d gapped
phase. After the S transformation, we obtain a different quantum quench problem
where the cut is perpendicular to the anyon threading through as shown in the lower
right figure. Coupling the edge CFTs in this case correspond to the Ishibashi states.

can be viewed as a quantum quench problem with the following Hamiltonian:

H = HL +HR + gHint , (124)

where HL and HR denote the Hamiltonians of left/right-moving edge states, respectively, and
Hint a RG relevant interedge coupling. We start at t = 0 from the Hamiltonian with the
interedge coupling turned on, and then switched off completely. The initial fully gapped state
corresponds to the conformal invariant boundary state A. The boundary state is then mapped
to a state of the topological phase on a torus with possible insertion of anyons a. We denotes
the corresponding boundary state as |a〉. We will see that this boundary state is the Cardy
state.

The other set of closely related boundary states, the Ishibashi states, can be obtained by
performing a S transformation. After the S transformation, the quantum quench problem
is defined on the same torus but with a different cut as shown in the lower right figure in
Fig. 9. In this case, the cut is glued back such that the anyon line threading through the torus
is perpendicular to the cut. This problem has been studied in Ref. [68–71], and it has been
shown that the initial gapped state corresponds to the Ishibashi state:

|a〉〉=
∞
∑

n=0

da(n)
∑

j=1

|k(a, n), j; a〉L ⊗ |−k(a, n), j; a〉R . (125)

Here k(a, n) = 2π(ha + n)/L y denotes the momentum, where L y is the circumference of the
boundary circle; j labels the elements of an orthonormal basis in the subspace of fixed mo-
mentum k(a, n).
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We note that there is an issue related to the Ishibashi states |a〉〉 being non-normalizable.
To make sense, it is reasonable to introduce some high energy cut-off. In the case of the
topological phase, the cut off is given by the bulk energy gap. Here a more convenience choice
is to introduce a “temperature” and consider the smeared states:

e−
τ
2 (HL+HR)|a〉〉 . (126)

The overlap is given by
〈〈a|e−

τ
2 (HL+HR)|a〉〉= χa(e

−4πτ) . (127)

We can use S transformation to write

χa(e
−4πτ) =
∑

b

Sabχb(e
−π/τ) . (128)

We are interested in the limit τ→ 0 (i.e. high-temperature) so that

χb(e
−π/τ)∼= e−

π
τ (hb−

c
24 ) . (129)

The vacuum sector b = 0 dominates the sum, therefore we obtain

〈〈a|e−
τ
2 (HL+HR)|a〉〉 ∼= Sa0e

πc
24τ . (130)

While the τ→ 0 limit is formally divergent, which is a consequence of the high-temperature
density of states (Cardy’s formula), the relative normalization between different a’s are given
by
p

Sa0. In other words, the normalized states

|b〉〉
p

S0b
, (131)

now have a uniform norm independent of b. We will therefore use Eq. (131) as the properly
normalized states.

As discussed above, the original initial state |a〉 of the quantum quench is related to
Eq. (131) by a S transformation:

|a〉=
∑

b

Sab
p

S0b
|b〉〉 , (132)

which is precisely the relations between the Cardy and Ishibashi states. Therefore, boundary
states can be viewed as coupling the edge CFTs on the cut to form a torus with different anyon
flux threaded, which can naturally be understood as the ground states of a (1+1)d gapped
phase.

This holographic picture naturally explains why Cardy states are physical. As a gapped
state in one dimension, the Cardy state with an anyon threaded in the long direction of the
cylinder has only short-range correlations (i.e. satisfy cluster decomposition). Recall that
local operators correspond to Wilson lines connecting the two edges, which become Wilson
loops along the compactified direction after gluing. The Cardy states are eigenstates of the
Wilson loops. In contrast, Ishibashi states, being superpositions of Cardy states, are generally
long-range correlated (i.e. do not obey cluster decomposition).

This physical picture can be generalized to non-diagonal RCFTs. For non-diagonal RCFTs,
there is a non-trivial domain wall in the middle of the strip, which can be viewed as having
a thin strip of a topological order described by another MTC D. The two MTCs C and D
are separated by a gapped domain wall described the module category T .5 Physically, D is

5There is a natural C module structure in the category CA of A module in C. CA is then endowed to be a module
category T =ModC(A) over C [95].
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obtained by condensing an algebra A in C. The particles living on the gapped domain wall are
described by the module category T , which contains confined and deconfined anyons in the
condensed phase D. Similar to the case of diagonal RCFTs, the boundary states can then be
viewed as coupling the CFTs to form a torus in the presence of this defect. The Cardy states
then correspond to inserting anyons that can freely tunnel through the defect. Hence, they
are labeled by the deconfined anyons in D. The most general object that can be inserted to
the torus is particles in the gapped domain wall T . Some of them are mapped to the confined
anyons, which correspond to the non-Cardy boundary states. Therefore, elementary boundary
states for general RCFTs are labeled by the simple objects in the module category T .

5.3 BCFT partition functions from holography

We now explain the holographic derivation of the BCFT partition function for RCFTs. For
diagonal RCFTs, it is a well-known result that

Zab =
∑

c∈C
N c

abχc(q) , (133)

where q = exp(−πβ/L), and a, b, c ∈ C. Consider a diagonal RCFT defined on a cylinder with
length L and circumference β with boundary conditions a and b, which are Cardy states. We
go through the sandwich construction with the bulk being C⊠C̄ such that the RCFT lives on the
right boundary and we choose the left topological boundary condition to be the A = ⊕i(i, i)
condensed boundary. Fig. 10 shows the picture for general RCFTs. For diagonal RCFTs, we
simply choose the gapped domain wall T to be the trivial domain wall. To proceed, we shrink
the left topological boundary so that we obtain a solid cylinder consisting of the bulk topolog-
ical order C⊠ C̄ with a Lagrangian algebra anyon A= ⊕i(i, i) threading through the bulk. The
solid cylinder can be unfolded into a solid torus with a major circumference of 2L. The bulk
topological order is C with a direct sum of anyons ⊕i ∈ C threading through. The boundary of
the solid torus is the chiral CFT with characters χi(q̃), where q̃ = exp(−4πL/β). For diagonal
RCFTs, a and b are simple objects in the category C. Using the fusion rule to fuse the loops a
and b: a× b = ⊕cN

c
abc, and the definition of the S matrix, the boundary CFT partition function

is then given by

Zab =
∑

c

∑

i

(
p

S0i)
2N c

ab
Sci

S0i
χi(q̃)

=
∑

c

∑

i

N c
abSciχi(q̃) , (134)

where the (
p

S0i)2 factor is the normalization of the TQFT partition function involving the
boundary states [72]. Using the modular transformation of the characters:

χc(q) =
∑

i

Sciχi(q̃) , (135)

we obtain Eq. (133).
We now generalize the derivation to non-diagonal RCFTs. Recall that our holographic

picture for a non-diagonal RCFT is a strip of the chiral topological phase C, with a thin strip of
D topological order inserted in the middle as a topological defect. Boundary states correspond
to objects in the module category T , which describes the gapped domain wall between C
and D. This can be “folded” into a sandwich construction, where the left topological gapped
boundary can be viewed as a composition of a gapped domain wall between C⊠C̄ andD⊠D̄ and
a canonical AD = ⊕a(a, a) condensed boundary in D⊠ D̄. We then shrink the left topological
boundary to obtain a solid cylinder with a coaxial gapped domain wall separating C ⊠ C̄ and
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T ⇥ T̄

Figure 10: Derivation of the boundary partition function for RCFTs based on hologa-
rphic picture. A non-diagonal RCFT with boundary states A and B can be constructed
as a sandwich, in which the bulk is described by C ⊠ C̄ and D ⊠ D̄, separating by a
gapped domain wall T ⊠ T̄ . The reference boundary is the canonical AD = ⊕a(a, a)
condensed boundary. We then shrink the reference boundary to obtain a solid cylin-
der with a Lagrangian algebra ⊕a(a, a) threading through. We unfold this solid cylin-
der and obtain a solid torus with a gapped domain wall T separating C and D with
an insertion of anyon ⊕aa ∈D.

D⊠ D̄, and with a Lagrangian algebra anyon ⊕a(a, a) threading through. We unfold this solid
cylinder and obtain a solid torus with a gapped domain wall T separating C and D with an
insertion of anyon ⊕aa ∈ D as shown in Fig. 10. The particles in the gapped domain wall
are described by a theory T , which is a category CA of A-module in C, and A is a C algebra
corresponding to the condensed anyon in C. In general, boundary states correspond to simple
objects in T .

Suppose that the boundary states are given by A = s ∈ T and B = t ∈ T . We first apply
the fusion rule in the theory T to fuse the boundary states: s× t = ⊕u(NT )ustu. We lift u into
an object in C: ⊕i(BT |C)u,i i ∈ C, where (BT |C)u,i is the lifting coefficient [73] (also called a
branching matrix [53,54]). We also lift each anyon a inserted in the middle of the solid torus
into an object in C: ⊕ j(BD|C)a, j j ∈ C. Using the definition of the S matrix in C, we obtain the
boundary partition function:

Zst =
∑

u,a,i, j

(nT )ust(B
T |C)u,i(B

D|C)a, jS
C
i jχ

C
j (q̃)

=
∑

u,a,i, j

(nT )ust(B
T |C)u,i(B

D|C)a, jS
C
i j(S

C)−1
jk χ

C
k (q) .

(136)

Here we apply the modular transformation of the characters in C:

χC
b (q) =
∑

a

SD
abχ

C
a (q̃) . (137)

Generalizing the diagonal case, we conjecture that Eq. (136) can be written as follows:

Zst =
∑

u,i

(nT )ust(B
T |C)u,iχ

C
i (q) . (138)
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We have verified the conjecture for many examples.
The boundary partition functions for the Cardy states can be obtained by restricting s and

t in Eq. (138) to be the particles that map to deconfined anyons in D.

5.4 Boundary states and renormalization group flows

To understand the nature of the gapped phases corresponding to the boundary states, we
consider the gapped phase is obtained from a CFT perturbed by a relevant operator Φ:

H = HCFT +λ

∫

Φ(x)d2 x . (139)

We assume that this relevant operator takes the CFT to a gapped phase, which corresponds to
a Cardy state |A〉. As discussed in the previous section, using the bulk picture, we can think
of the boundary state as the dimensional reduction of a (2+ 1)D chiral topological order on
a long cylinder with anyon flux threading through. The Wilson loop operator Wb along the
compactified direction becomes a local operator in the (1+1)D system. The expectation value
of the Wilson loop operator is given by the mutual braiding:

〈a|Wb|a〉=
Sab

S0a
. (140)

In the gapped phase perturbed by a relevant operator Φb, we should have 〈Φb〉 ≠ 0. Eq. (140)
provides a easy way to calculate this expectation value by the identification 〈Φb〉 = 〈Wb〉. We
can also compute the expectation value of the order parameter by using Eq. (140), which is
helpful to identify the symmetry breaking phases.

In practice, we may find there are several possible boundary states for a given sign of
the coupling. To determine which one survives in the low energy limit, we can use Cardy’s
variational approach [48] to see which boundary states have the lowest energy. The general
expression of the variational energy is given by

Ea =
πc

24(2τa)2
+

Sab

S0a

λ̃b

(2τa)∆b
, (141)

where τa is the cut-off in the variational Ansatz, λ̃b is the rescaled coupling
λ̃b = π∆b(S00/Sb0)1/2λb, ∆b is the scaling dimension of the coupling Φb. We see that the
same factor Sab/S0a appears in Eq. (141). Therefore, the expectation value of the Wilson loop
〈a|Wb|a〉 can also help us to find the minimum variational energy among the possible boundary
states.

5.5 Examples

5.5.1 Ising model

We begin the discussion with the simplest example: Ising CFT. The bulk topological order is
given by the Ising category with anyons {1,σ,ψ}. It is known that all boundary states are
Cardy states.

We consider the ψ perturbation. Vising from the bulk picture, this is a Wφ Wilson loop
winding along the compactified direction. In the 〈Wψ〉 > 0 phase, we find two degenerate
Cardy states |1〉 and |ψ〉 have the lowest energy by using Eq. (141). To see the nature of the
gapped phase, we note that the local Z2 order parameter corresponds to the Wσ Wilson loop
winding along the compactified direction. Using Eq. (140), we see the Z2 order parameter
〈Wσ〉 has opposite eigenvalues in these two states, indicating that we are in the Z2 sponta-
neously broken phase.
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In the 〈Wψ〉 < 0 phase, on the other hand, there is a unique ground state given by |σ〉.
One can check that 〈Wσ〉= 0 so that we are in the Z2 symmetric phase.

5.5.2 Tricritical Ising model

Now we apply this approach to the tricritical Ising CFT. The tricritical Ising CFT has six pri-
maries:

10,0 , ε 1
10 , 1

10
, ε′3

5 , 3
5

, ε′′3
2 , 3

2
, σ 3

80 , 3
80

, σ′7
16 , 7

16
. (142)

In the Landau-Ginzburg picture, they correspond to the scalar fields:

1 , φ2 , φ4 , φ6 , φ , φ3 , (143)

respectively. There is a Z2 invertible line η which only acts non-trivially on σ and σ′, and four
non-invertible Verlinde lines generated by W and N .

The bulk topological order corresponding to the tricritical Ising CFT is described by the
stacking of a Spin(7)1 theory and a time-reversal conjugation of a Fibonacci theory: Spin(7)1 ×
Fib [74]. We label the bulk anyon by a tuple a = (aI , aF ), where aI ∈ {1,σ,ψ} and aF ∈ {1,ε}.
The correspondence of the primaries and the bulk anyons is given below:

1↔ (1,1) , ε′↔ (1,ε) , σ′↔ (σ, 1) , (144)

σ↔ (σ,ε) , ε′′↔ (ψ, 1) , ε↔ (ψ,ε) . (145)

The S-matrix is given by

Sab = SaI ,bI SaF ,bF =
1

2
p

ξ2 + 1

















1 ξ
p

2
p

2ξ 1 ξ

ξ −1
p

2ξ −
p

2 ξ −1p
2
p

2ξ 0 0 −
p

2 −
p

2ξp
2ξ −

p
2 0 0 −

p
2ξ

p
2

1 ξ −
p

2 −
p

2ξ 1 ξ

ξ −1 −
p

2ξ
p

2 ξ −1

















, (146)

where ξ = (1+
p

5)/2 is the golden ratio. In the sandwich picture, the reference boundary is
the canonical one, and the TDLs are in one-to-one correspondence with anyons in the chiral
MTC Spin(7)1 × Fib:

η↔ψ , W↔ ϵ , N↔ σ . (147)

Perturbed by σ′ Let’s consider the σ′ perturbation of the tricritical Ising model. This per-
turbation breaks the Z2 and the N but preserves W symmetry. The RG flow is known to arrive
at a gapped phase described by a non-trivial TQFT. In the GL picture, this corresponds to an
asymmetric double well with two minimum.

Suppose the coupling is positive, in the 〈Wσ′〉=
p

2> 0 phase, we have two Cardy states:
|1〉 and |ε′〉. From Eq. (141), we know that they are degenerate. Since W is preserved, we
can check the expectation value of the W in these two degenerate ground states. Noting that
W acts on 1 by ξ and on ε′ by −1/ξ, we obtain

〈1|W |1〉= ξ , 〈ε′|W |ε′〉= −1
ξ

. (148)

This is consistent with the property of the non-trivial TQFT described in Ref. [75].

36

https://scipost.org
https://scipost.org/SciPostPhys.18.6.213


SciPost Phys. 18, 213 (2025)

Perturbed by ε′ Here we consider the ε′ perturbation with negative coupling. The RG flow is
known to ends in a first-order transition with three degenerate ground states. In the 〈Wε′〉< 0
phase, we find that 〈Wε′〉 = −1/ξ for |ε′〉, |σ〉, and |ε〉 and they are degenerate. The per-
turbation preserves the Z2 and N lines. By the action of the topological defect lines given in
Ref. [75], we find that |ε′〉 and |ε〉 are Z2 even and |σ〉 is Z2 odd. Also N takes the eigenvalues
±
p

2 for |ε′〉 and |ε〉 and annihilates |σ〉. We can also compute the Z2 order parameter given
by 〈Wσ〉:

〈ε′|Wσ|ε′〉=
−
p

2
ξ

, (149)

〈σ|Wσ|σ〉= 0 , (150)

〈ε|Wσ|ε〉=
p

2
ξ

. (151)

We see that |ε′〉 and |ε〉 are the pair of the spontaneous symmetry-breaking ground states and
|σ〉 is the disorder state. Therefore, the gapped phase corresponds to the first-order transition
where these three states are degenerate, which is consistent with the GL picture where ε′

perturbation corresponds to the φ4 coupling. Note that if we consider positive coupling, we
obtain a similar conclusion but it’s actually not correct since it’s known that the system flows
to the Ising CFT in this case. This is the limitation of this method, where it can not distinguish
first-order transition v.s. continuous transition.

Perturbed by ε We then consider the ε perturbation which preserves the Z2 symmetry. In
the GL picture, this corresponds to the φ2 coupling, so we expect to see a disorder state on one
sign of the coupling and spontaneous symmetry breaking for the other sign of the coupling.

We first consider a positive coupling. There are three Cardy states with positive 〈Wε〉:

〈1|Wε|1〉= ξ , (152)

〈σ|Wε|σ〉= 1/ξ , (153)

〈ε′′|Wε|ε′′〉= ξ . (154)

Since the expectation values are different, we need to compare their energy by using Eq. (141).
We see that the state |σ〉 has the lowest energy as 1/ξ ∼ 0.618 < ξ ∼ 1,618. Therefore,
we have a unique ground state, which should be the disorder state. We can check that the
expectation value of the order parameter vanishes by computing 〈Wσ〉= 0.

For negative coupling, there are also three Cardy states with negative 〈Wε〉:

〈ε′|Wε|ε′〉= −1/ξ , (155)

〈σ′|Wε|σ′〉= −ξ , (156)

〈ε|Wε|ε〉= −1/ξ . (157)

Using Eq. (141), we find that |ε′〉 and |ε〉 have the lowest energy so that we have two degen-
erate ground states (note that the one with the minimum energy is given by the one having
the smallest |〈Wε〉| due to the negative coupling). The Z2 symmetry is spontaneously broken
since 〈Wσ〉 has opposite eigenvalues in these two states:

〈ε′|Wσ|ε′〉=
−
p

2
ξ

, (158)

〈ε|Wσ|ε〉=
p

2
ξ

. (159)
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Table 2: The values of Sab/S0b in the Ising2 theory with b =ψ1+ψ2 and b =ψ1−ψ2.

1 σ1 ψ1 σ2 ψ2 σ1σ2 ψ1ψ2 σ1ψ2 ψ1σ2

Sa,ψ1+ψ2
/S0a 2 0 2 0 2 −2 2 0 0

Sa,ψ1−ψ2
/S0a 0 −2 0 2 0 0 0 −2 2

5.5.3 Z2 ×Z2 spin chains

Here we consider boundary states of several CFTs that can appear in a Z2 ×Z2 spin chain.

Ising2 theory We begin with two decoupled critical Ising models, which is described by a
Ising2 CFT. The Cardy states are labeled by the anyons in the bulk Ising2 topological order.
There are four nearby gapped phases of this model, trivial, Za

2 SSB, Zb
2 SSB, and Za

2 ×Z
b
2 SSB

phases. We discuss the relevant perturbations of these phases and the corresponding boundary
states below.

We consider adding the ψ1 +ψ2 perturbation. Table. 2 lists Sa,ψ1+ψ2
/S0a for convenience

of calculating the variational energy of the Cardy states. If the coupling is positive, in the
〈Wψ1

+Wψ2
〉> 0 phase, there is a unique Cardy state |σ1σ2〉 that minimizes the energy. This

state has a Z2×Z2 symmetry and all the order parameters have vanishing expectation values:
〈Wσ1
〉 = 0 and 〈Wσ2

〉 = 0. If the coupling is negative, we are in the Za
2 × Z

b
2 SSB phase with

four degenerate Cardy states: |1〉, |ψ1〉, |ψ2〉, and |ψ1ψ2〉, among which the order parameters
Wσ1

and Wσ2
having non-trivial expectation values.

We then consider ψ1 −ψ2 perturbation. Using table. 2, we find that there are two Cardy
states |σ1〉 and |σ1ψ2〉 if the coupling is positive. This is a Zb

2 SSB phase since the order
parameters have expectation values 〈Wσ1

〉 = 0 and 〈Wσ1
〉 = ±1 for |σ1〉 and |σ1ψ2〉, respec-

tively. Similarly, for negative coupling, there are two Cardy states |σ2〉 and |ψ1σ2〉 and the Za
2

symmetry is spontaneously broken.

Ising2∗ theory Another closely related model can be obtained by applying the Z2 ×Z2 SPT
entangler to the two decoupled Ising models [59]. We can view it as the stacking of the cluster
state and the two critical Ising chains, and make the symmetry act diagonally. The analysis of
the boundary states is completely paralleled to the previous two paragraphs. The SPT state is
driven by the ψ1 +ψ2 perturbation with positive coupling. The corresponding Cardy state is
|σ1σ2〉, which is the tensor product of the free boundary condition of the Ising model. The
fact that there is only one boundary state with the lowest energy suggests that there will be
no ground state degeneracy for an open chain. It was explicitly shown in Ref. [76] that there
is no edge degeneracy in this case.

Ising2∗/Z2 = XY theory As discussed in Sec. 4.1, the transition between the trivial and the
SPT phase is described by the Z2 orbifold of the Ising2∗ theory, which we denoted as Ising2∗/Z2
with the partition function given in Eq. (75). It turns out that this partition function is the same
as the XY model [59] (the free Dirac point of the c = 1 compact boson CFT). The bulk picture
of the Ising2∗/Z2 theory is given by a Ising2 topological order defined on an strip with an
insertion of a non-invertible defect line. This non-invertible defect line can be viewed as a
thin strip of U(1)4 topological order sitting in the middle of the Ising2 theory, where the U(1)4
theory is obtained by the ψ1ψ2 condensation in the Ising2 theory. The anyons in the U(1)4
theory are labeled by {1,λ, λ̄, ψ̃} with Z4 fusion rules:

λ×λ= λ̄× λ̄= ψ̃ , λ× λ̄= 1 , ψ̃× ψ̃= 1 , λ× ψ̃= λ̃ , λ̄× ψ̃= λ . (160)
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They are mapped to the anyons in the Ising2 theory as follows

1= 1⊕ψ1ψ2 ,

λ= σ1σ2 ,

λ̄= σ1σ2 ,

ψ̃=ψ1 ⊕ψ2 . (161)

There are two confined anyons which are invariant under the condensation:

σ̃1 = σ1 ⊕σ1ψ2 , σ̃2 = σ2 ⊕ψ1σ2 . (162)

The relevant fusion rules are σ̃1 × σ̃1 = σ̃2 × σ̃2 = 1+ ψ̃, and σ̃1 × σ̃2 = λ+ λ̄.
We can explicitly check that the partition function of the U(1)4 CFT agrees with Eq. (75).

We first extend the region of U(1)4 such that the entire bulk of the strip is given by the U(1)4
topological order. Upon folding the strip, we obtain a sandwich described by U(1)4 ⊠ U(1)4
with left reference boundary being the canonical boundary, and the right boundary is described
by the Ising2 CFT. Using Eq. (4), we obtain the partition function:

Z = |χ1|2 + |χλ|2 + |χλ̄|
2 + |χψ̃|

2 (163)

= |χ2
1 +χ

2
ψ|

2 + 2|χ2
σ|

2 + |2χ1χψ|2 . (164)

It is then straightforward to check that Eq. (164) is equal to Eq. (75). The microscopic Z2×Z2
symmetry corresponds to the charge conjugation C and the Z2 symmetry R generated by the
ψ̃ line in the U(1)4 CFT.

Now we discuss the boundary states of U(1)4 CFT. The boundary states are in one-to-
one correspondence to the particles in the theory T , given by the particles in Eq. (161) and
Eq. (162). The Cardy states are given by the deconfined anyons in Eq. (161) in the U(1)4
theory. There are two non-Cardy boundary states given by the confined particles in Eq. (162).

The four Cardy states are listed as follows. The Cardy states |1〉 and |ψ̃〉 correspond to
the two ground states of the ZR

2 symmetry breaking phases since they are invariant under
the charge conjugation symmetry C and exchanged under fusing the ψ̃ line. The |λ〉 and |λ̄〉
correspond to the two ground states of theZC

2 symmetry breaking phases as they are exchanged
under the charge conjugation C and are invariant under the ZR

2 symmetry.
There are two non-Cardy boundary states |σ̃1〉 and |σ̃2〉. It is straightforward to see that

these two boundary states are invariant under the ZC
2 ×Z

R
2 symmetry. We may identify them as

the SPT and the trivial phases (see also Ref. [77]). If we consider an open chain with the two
boundary conditions |σ̃1〉 and |σ̃2〉 at the two ends, the boundary partition function is given
by

Zσ̃1σ̃2
= χλ +χλ̄ = 2χ2

σ (165)

=
ϑ2

η
(166)

= 2q
1
12 (1+ 2q+ 3q2 + . . .) , (167)

where we have used Eq. (138) and the definition of the ϑ2 and η functions

ϑ2 =
∑

n∈Z
q

1
2 (n−

1
2 )

2
, η= q

1
24

∞
∏

n=1

(1− qn) .

We find that there is a two-fold degeneracy which is consistent the nontrivial projective repre-
sentation of the Z2 ×Z2 symmetry.
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U(1)4 CFT is a free compact boson theory. We now discuss how to describe the boundary
states in the compact boson representation. First, it turns out that these four Cardy states all
correspond to the Dirichlet boundary conditions in the free compact boson theory. Since all of
our boundary states can be written in terms of the boundary states in the Ising2 CFT, using the
dictionary between the boundary states in the Ising2 CFT and the compact boson provided in
Ref. [78], we find

|1〉= |D(0)〉 , (168)

|ψ̃〉= |D(π)〉 , (169)

|λ〉= |D(π/2)〉 , (170)

|λ̄〉= |D(−π/2)〉 , (171)

where |D(ϕ0)〉 is the Dirichlet boundary condition in the compact boson theory. Note that the
charge conjugation symmetry acts on the compact boson ϕ and the dual variable θ by

C : ϕ→−ϕ , θ →−θ , (172)

and the ZR
2 symmetry acts by

R : ϕ→ ϕ +π , θ → θ . (173)

Using these symmetries, we can also see that |D(0)〉 and |D(π)〉 break ZR
2, and |D(π/2)〉 and

|D(−π/2)〉 break ZC
2 .

On the other hand, the two symmetry-preserving boundary states correspond to the Neu-
mann boundary conditions in the compact boson:

|σ̃1〉= |N(π)〉 , (174)

|σ̃2〉= |N(0)〉 . (175)

5.5.4 Three-state Potts model

Here we consider the boundary states of the three-state Potts model. The three-state Potts
model is closely related to the minimal model M(6, 5), which has 10 Virasoso primaries with
spins:

(1, 1)0 , (1,2) 1
8

, (4, 3) 2
3

, (4, 2) 13
8

, (4,1)3 ,

(2, 1) 2
5

, (2,2) 1
40

, (3, 3) 1
15

, (3, 2) 21
40

, (3,1) 7
5

.
(176)

Among the ten Virasoro primaries in M(6, 5), only six appear in the energy spectrum of the
three-state Potts chain with periodic boundary conditions. They are (1,1)0, (2, 1) 2

5
, (3, 1) 7

5
,

(4, 1)3, (3, 3) 1
15

, and (4, 3) 2
3
, where the subscripts denote the corresponding spins. The torus

partition function is a non-diagonal modular invariant:

Z = |χ1,1 +χ4,1|2 + |χ2,1 +χ3,1|2 + 2|χ3,3|+ 2|χ4,3| . (177)

By including the chiral Virasoro primary field (4, 1) in the chiral algebra, the Virasoro algebra
is extended to a W3 algebra. The W3 characters are given by

χ1 = χ1,1 +χ4,1 , (178)

χε = χ2,1 +χ3,1 , (179)

χσ = χσ† = χ3,3 , (180)

χψ = χψ† = χ4,3 . (181)

In terms of these W3 characters, the torus partition function is diagonal.
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Table 3: The correspondence between JK4 ⊠ Fib and the spins. The anyons of JK4
are denoted by 2 j, where j = 0, 1

2 , . . . , 2.

0 1 2 3 4
1 0 1/8 2/3 13/8 3
τ 2/5 1/40 1/15 21/40 7/5

This non-diagonal partition function can also be understood from the bulk TQFT point of
view. The topological order corresponding to M(6,5) can be expressed as the tensor product
of the Fibonacci category (i.e. (G2)1) and JK4, where JK stands for Jones-Kauffman. Here JK4
is a cousin of the more familiar SU(2)4 MTC: they have the same fusion rules, so we label the
anyons using SU(2) spins 2 j, j = 0,1/2,1, 3/2, 2, but the topological spins are different. For
JK4, the spins are

θ0 = 1 , θ1 = −θ3 = e
πi
4 , θ2 = e

4πi
3 , θ4 = 1 . (182)

SU(2)4 has the same spins except θ2 = e
2πi
3 . Another difference is that the chiral central charge

of JK4 is −2, while it is 2 for SU(2)4. We denote this category as JK4⊠Fib. The correspondence
between JK4 ⊠ Fib and the M(6,5) spins is given in Table. 3.

The JK4⊠Fib has only one non-trivial bosonic condensation, which is condensing the high-
est spin j = 2 particle, denoted by z, corresponding to the W3 current. After the z condensation,
we have six deconfined anyons:

1= (0,1)⊕ (4,1) , σ = (2,τ)1 , σ† = (2,τ)2 ,

ε= (0,τ)⊕ (4,τ) , ψ= (2,1)1 , ψ† = (2,1)2 ,
(183)

where we denote the anyons in JK4⊠Fib as a pair (a, b). Note that (1,1) and (1,τ) split in the
condensed phase. The z condensed phase is described by the category SU(3)1⊠Fib. The bulk
picture of the three-state Potts model is given by a strip of JK4⊠Fib with an insertion of a defect,
consisted of a thin strip of the SU(3)1 ⊠ Fib theory, in the middle. The W3 characters of the
non-diagonal modular invariant are simply labeled by the deconfined anyons in SU(3)1⊠ Fib.

Now we discuss the boundary states of the three-state Potts model and the corresponding
gapped phases. There are six Cardy states labeled by the deconfined anyons in SU(3)1 ⊠ Fib.
First we deform the critical theory by a perturbation ε, which leads to ferromagnetic and para-
magnetic states. The fixed boundary conditions are |1〉, |ψ〉, |ψ†〉 and we may identify them
as the Z3 symmetry-breaking states. The other three Cardy states |ε〉, |σ〉, |σ†〉, corresponding
to the mixed boundary conditions, are obtained from the symmetry-breaking ones by inserting
a ε flux, and thus also break the Z3 symmetry.

There are two remaining boundary states which are labeled by the confined anyons during
the z condensation:

η= (1,1)⊕ (3,1) , ξ= (1,τ)⊕ (3,τ) . (184)

The free boundary state |η〉 corresponds to the Z3 symmetric trivial phase. The remaining
boundary state |ξ〉 is the “new” boundary condition introduced in Ref. [79] and also corre-
sponds to a Z3 symmetric phase. Boundary partition functions can be readily written down by
using Eq. (138).

5.5.5 SU(2)k WZW model

In this section we consider the boundary states of SU(2)k CFTs. We denote chiral primaries of
SU(2)k theory by 2 j, where j is the SU(2) spin j = 0, 1

2 , . . . , k
2 . The corresponding characters

are denoted by χ2 j(τ).
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The modular-invariant partition functions of SU(2)k CFTs are completely classified, known
as the ADE classification [80–82]. Here we discuss the corresponding bulk TQFT picture. The
bulk picture of a SU(2)k CFT is simply a C = SU(2)k topological order defined on a strip with
an insertion of a defect in the middle. In general, this defect belongs to two classes. For the
first class, the defect can be viewed as a very thin strip of another MTC D separated by a
gapped interface T . In all examples below, D is obtained from C by condensing an algebra A,
and T is a category CA of A modules in C. In the second class, the defect is an invertible one,
corresponding to a topological symmetry of the SU(2)k MTC.

The category of T = CA and the condensed theory D for SU(2)k topological order are
completely classified by the Dynkin diagrams of the ADE type [53,83]. There are four cases:

1. An series of all k,corresponding to no defect in the strip.

2. D2n+2 for k = 4n .

3. E6 for k = 10 .

4. E8 for k = 28 .

We briefly summarize the results of Ref. [83] below. There is a correspondence between T
and Dynkin diagrams of types An, D2n+2, E6, E8. Under this correspondence, the algebra A
always sit at the longest leg of the diagram, and the simple objects of T correspond to vertices.
Deconfined anyons in D correspond to filled circles in the Dynkin diagram.

1. D2m+2 series for k = 4m: Filled circles correspond to the deconfined anyons in D written
in terms of the anyon labels in SU(2)k theory. Open circles are simple objects in T but
not in D. We see that A= 0⊕ 4m.

0⊕ 4m 1⊕ (4m− 1) (2m− 2)⊕ (2m+ 2)
(2m− 1)⊕ (2m+ 1)

2m

2m

2. E6 for k = 10 with A= 0⊕ 6:

0⊕ 6

3⊕ 7

1⊕ 5⊕ 7 2⊕ 4⊕ 6⊕ 8 3⊕ 5⊕ 9 4⊕ 10

3. E8 for k = 28 with A= α1 below:

α8

α7

α6α5α4α3α2α1
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with

α1 = 0⊕ 10⊕ 18⊕ 28 ,

α2 = 1⊕ 9⊕ 11⊕ 17⊕ 19⊕ 27 ,

α3 = 2⊕ 8⊕ 10⊕ 12⊕ 16⊕ 18⊕ 20⊕ 26 ,

α4 = 3⊕ 7⊕ 9⊕ 11⊕ 13⊕ 15⊕ 17⊕ 19⊕ 21⊕ 25 ,

α5 = 4⊕ 6⊕ 8⊕ 10⊕ 12⊕ 14⊕ 14⊕ 16⊕ 18⊕ 20⊕ 22⊕ 24 ,

α6 = 5⊕ 7⊕ 11⊕ 13⊕ 15⊕ 17⊕ 21⊕ 23 ,

α7 = 5⊕ 9⊕ 13⊕ 15⊕ 19⊕ 23 ,

α8 = 6⊕ 12⊕ 16⊕ 22 .

The modular invariant partition function is then given by the deconfined anyons in D la-
beled by the filled circle in the Dynkin diagram. For example, the E6 type modular invariant
correspond to the condensate A= 0⊕6 in SU(2)10 and the resulting state is Spin(5)1 topolog-
ical order. The Spin(5)1 CFT partition function is

Z = |χ0 +χ6|2 + |χ3 +χ7|2 + |χ4 +χ10|2 . (185)

The boundary states are labeled by the simple objects in the module category T , which
correspond to the vertices in the Dynkin diagram. Among those boundary states, the Cardy
states correspond to the deconfined anyons in D, labeled by the filled circle in the Dynkin
diagram. Non-Cardy boundary states are labeled by the open circles, corresponding to the
confined anyons. For example, for Spin(5)1 CFT, there are three Cardy states

|1〉= |0⊕ 6〉 , |σ〉= |3⊕ 7〉 , |ψ〉= |4⊕ 7〉 . (186)

There are three non-Cardy boundary states:

|η1〉= |1⊕ 5⊕ 7〉 , |η2〉= |2⊕ 4⊕ 6⊕ 8〉 , |η3〉= |3⊕ 5⊕ 9〉 . (187)

Boundary partition functions can be obtained by using Eq. (136) or Eq. (138). For example,

Zη1,η1
= χ1 +χη2

(188)

= (χ0 +χ6) + (χ2 +χ4 +χ6 +χ8) (189)

= q−5/48(1+ 3q1/6 + 5q1/2 + 17q+ . . .) , (190)

Z1,η1
= χ1 +χ5 +χ7 (191)

= 2q−1/24(1+ 3q2/3 + 3q+ . . .) , (192)

where q = exp(−πβ/L).
Another physically relevant example is given by condensing A= 0⊕4 in SU(2)4 and obtain

an SU(3)1 topological order, which we have discussed in Sec. 5.5.4 as a subcategory in the
three-state Potts model. The three Cardy states for SU(3)1 CFT are |0〉 = |0⊕ 4〉, |3〉 = |21〉,
|3̄〉 = |22〉, where the j = 1 particle splits after the condensation. There is only one non-
Cardy boundary state from the confined particle: |free〉= |1⊕3〉, which corresponds to a free
boundary condition. It is straightforward to write down the boundary partition function by
using Eq. (136) or Eq. (138). For example,

Zfree,free = χ0 +χ3 +χ3̄ (193)

= χ0 +χ4 + 2χ2 (194)

= q−1/12(1+ 6q1/6 + 8q1/2 + 18q2/3 + . . .) , (195)

Z0,free = χ1 +χ3 (196)

= 2q1/24(1+ 2q1/2 + 3q+ . . .) . (197)
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Other boundary partition functions can be obtained similarly.
Lattice realizations of both examples (non-Cardy boundary states for Spin(5)1 and SU(3)1)

have been studied recently in Ref. [84].

6 Conclusion

In this work, we develop the topological holographic picture for (1+1)d quantum systems.
The central picture of the topological holographic is given by the “sandwich” construction,
where we can view the (1+1)d quantum system of interest as a slab of (2+1)d topological
order with appropriately chosen boundary conditions. The left boundary is chosen to be a
gapped topological boundary, and the confined anyon lines on the boundary implement the
global symmetry of the original (1+1)d system. We choose the right boundary condition such
that when we compactify the whole slab, it produces the (1+1)d quantum phase. Choosing a
gapped boundary on the right corresponds to realizing a (1+1)d gapped phase as a sandwich.
This picture can describe conformal field theories by choosing some non-topological boundary
condition on the right and also non-trivial gapless phases such as intrinsically gapless SPT
phases.

This framework also provides a systematic understanding of the dualities between gapped
phases and critical points. In particular, it allows one to relate the partition functions between
different quantum critical points, and one can explicitly obtain the partition function of a
critical point by dualizing it to a known critical theory.

We further develop the topological holographic picture for the conformal boundary states
of (1+1)d RCFTs. We show that the conformal boundary states correspond to coupling the
edge chiral CFTs to form a torus with different anyon flux threading through the long direction,
which can naturally be understood as the ground states of a (1+1)d gapped phase. This
picture can describe the traditional Cardy states as well as many non-Cardy boundary states
in non-diagonal CFTs. We use this picture to derive boundary CFT partition functions and
demonstrate through many examples the correspondence between the gapped phases and the
boundary states.

Our work has left a number of open questions and directions for future work. Although
we mostly focus on phases with a discrete symmetry group G in this work, the framework can
be applied to studied phases with non-invertible fusion category symmetries. One interesting
direction would be to consider transitions between gapped phases with non-invertible fusion
category symmetries and try to identify the CFT descriptions of the critical points.

Gapless SPT phases may support non-trivial edge states protected by symmetry. It would be
interesting to apply the topological holography framework to study the edge states of gapless
SPT phases, in particular, the intrinsically gapless ones, and explore how these edge states
relate to the conformal boundary states in the IR CFT.

Lastly, an important future direction is to develop the topological holography for systems
in higher dimensions. In higher dimensions, the symmetry is described by a fusion n-category,
which describes the boundary topological defects/operators of some bulk TQFT. The formal
mathematical framework has been developed by Freed, Moore, and Telemann in Ref. [31], but
many details still need to be explicitly worked out in order to apply it to the study of phases
and phase transitions.
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A Review of gapped boundaries and Lagrangian algebra

Here we give a brief review of the gapped boundaries and the Lagrangian algebra. Please see
Ref. [42,50,73,83,86,87] for more details. An algebra in a MTC C is a direction sum of simple
objects: A = ⊕αwαα, α ∈ C. More formally, we define a Lagrangian algebra A in a MTC C to
be an object A ∈ C along with a multiplication morphism µ : A⊗A→A and a unit morphism
ι : 1→A such that the following conditions hold:

• Commutativity: µ ◦ RA,A = µ, where RA,A is the braiding in C. It can be expressed
diagrammatically:

<latexit sha1_base64="8LVrqJucQl9xNwsjgr7UF8xAfX0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4+7jMo=</latexit>= , (A.1)

where solid line represents A and the junction where three A lines meet is the morphism
µ.

• Associativity: µ ◦ (µ⊗ id) = µ ◦ (id ⊗µ),

<latexit sha1_base64="8LVrqJucQl9xNwsjgr7UF8xAfX0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4+7jMo=</latexit>= . (A.2)

• Unit: µ ◦ (ι ⊗ id) = id,

<latexit sha1_base64="8LVrqJucQl9xNwsjgr7UF8xAfX0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4+7jMo=</latexit>= . (A.3)

A is called connected if Hom(1,A) is 1-dimensional

• Separability: There exists a splitting morphism σ : A→A⊗A such that µ◦σ = id, and
satisfies

<latexit sha1_base64="8LVrqJucQl9xNwsjgr7UF8xAfX0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4+7jMo=</latexit>= <latexit sha1_base64="8LVrqJucQl9xNwsjgr7UF8xAfX0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4+7jMo=</latexit>= . (A.4)

• Lagrangian: DA = DC , where DA =
∑

α∈C wαdα is the dimension of the algebra

A= ⊕αwαα, and DC =
q

∑

α∈C d2
α is the total quantum dimension of C.
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It can be shown that A is a commutative associative algebra in a MTC C if and only if A
decomposes into simple objects as A = ⊕αwαα, with θα = 1 for all α such that wα ̸= 0 [88].
The above definition of a Lagrangian algebra is the same as a special, symmetric Frobenius
algebra [50, 87], with a Lagrangian condition such that A has the maximally possible quan-
tum dimension. Physically, it means that we enter a trivially gapped phase after the anyon
condensation given by A, or equivalently A describes the set of anyons that are condensed on
the gapped boundary between the topological order C and the vacuum.

B ZN parafermion CFT and the DQCP partition function

The ZN parafermion CFT is a diagonal RCFT described by the coset model SU(2)N/U(1)2N

with central charge c = 2(N−1)
N+2 [89–91]. There are N(N+1)

2 primaries which are labeled by a
pair of integers (l, m) in the range

0< l ≤ N , −l + 2≤ m≤ l , l −m ∈ 2Z , (B.1)

together with the identification

(l, m)∼ (N − l, m− N)∼ (N − l, m+ N) . (B.2)

The conformal dimensions of the primaries are given by

hlm = h̄lm =
l(l + 2)

4(N + 2)
−

m2

4N
. (B.3)

The parafermion CFT has a non-anomalous ZN symmetry and the primary labeled by (l, m)
carries a ZN charge m mod N .

The modular T-matrix is given by

T l ′m′
lm = e2πihlmδ l ′

l δ
m′

m , (B.4)

and the modular S-matrix is

S l ′m′
lm =

2
p

N(N + 2)
sin
�

π(l + 1)(l ′ + 1)
N + 2

�

e
iπmm′

N . (B.5)

The twisted partition functions is given by [91]

Zgh =
∑

l,m

e
2πih(m+g)

N χl,m+2g χ̄l,m . (B.6)

Now we would like to write the Z2×Z2 DQCP partition function in terms of the characters
of the Z4 parafermoin CFT. As shown in Sec. 4.3, the DQCT partition function in the Z4 toric
code anyon basis is

ZDQCP = Z1 + Ze2 + Zm2 + Ze2m2 . (B.7)

In general, the partition functions in the anyon sectors are given by the linear combination of
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the twisted partition functions. Here we list the relevant twisted partition functions explicitly.

Z00 = Z1 + Ze + Ze2 + Ze3 =
∑

l,m

|χl,m|2 ,

Z01 = Z1 + iZe − Ze2 − iZe3 =
∑

l,m

e
2πim

4 |χl,m|2 ,

Z02 = Z1 − Ze + Ze2 − Ze3 =
∑

l,m

e
4πim

4 |χl,m|2 ,

Z03 = Z1 − iZe − Ze2 + iZe3 =
∑

l,m

e
6πim

4 |χl,m|2 , (B.8)

Z20 = Zm2 + Zem2 + Ze2m2 + Ze3m2

= χ4,4χ̄4,0 +χ1,1χ̄3,1 +χ3,3χ̄3,−1 +χ2,2χ̄2,2 +χ2,0χ̄2,0

+χ3,1χ̄1,1 +χ3,−1χ̄3,3 +χ4,2χ̄4,−2 +χ4,0χ̄4,4 +χ4,−2χ̄4,2 ,

Z21 = Zm2 + iZem2 − Ze2m2 − iZe3m2

= −χ4,4χ̄4,0 − iχ1,1χ̄3,1 + iχ3,3χ̄3,−1 +χ2,2χ̄2,2 −χ2,0χ̄2,0

− iχ3,1χ̄1,1 + iχ3,−1χ̄3,3 +χ4,2χ̄4,−2 −χ4,0χ̄4,4 +χ4,−2χ̄4,2 ,

Z22 = Zm2 − Zem2 + Ze2m2 − Ze3m2

= χ4,4χ̄4,0 −χ1,1χ̄3,1 −χ3,3χ̄3,−1 +χ2,2χ̄2,2 +χ2,0χ̄2,0

−χ3,1χ̄1,1 −χ3,−1χ̄3,3 +χ4,2χ̄4,−2 +χ4,0χ̄4,4 +χ4,−2χ̄4,2 ,

Z23 = Zm2 − iZem2 − Ze2m2 + iZe3m2

= −χ4,4χ̄4,0 + iχ1,1χ̄3,1 − iχ3,3χ̄3,−1 +χ2,2χ̄2,2 −χ2,0χ̄2,0

+ iχ3,1χ̄1,1 − iχ3,−1χ̄3,3 +χ4,2χ̄4,−2 −χ4,0χ̄4,4 +χ4,−2χ̄4,2 .

(B.9)

Note that the Z4 symmetry is implemented by the m line on the left boundary, which can be
pulled into the m line in the bulk.

Using Eq. (B.7), Eq. (B.8), and Eq. (B.9), we obtain the partition function for the Z2 ×Z2
DQCP:

ZDQCP =
1
2
(Z00 + Z02 + Z20 + Z22)

= |χ4,4|2 + 2|χ2,2|2 + 2|χ2,0|2 + |χ4,2|2 + |χ4,0|2 + |χ4,−2|2

+χ4,4χ̄4,0 +χ4,0χ̄4,4 +χ4,2χ̄4,−2 +χ4,−2χ̄4,2 . (B.10)

This is the orbifold of the Z2 center symmetry in the diagonal SU(2)4/U(1)8 CFT. It corre-
sponds to choosing the D type modular invariant in the parent SU(2)4 theory. It is known
that the diagonal Z4 parafermion SU(2)4/U(1)8 CFT can be represented as the U(1)6/Z2 CFT.
Therefore, the DQCP transition can also be represented as the U(1)6 CFT [89,91].
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