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Abstract

The interplay between symmetry, entanglement and correlation is an interesting
and important topic in quantum many-body physics. Within the framework of ma-
trix product states, in this paper we study the minimal entanglement and correla-
tion enforced by the SO(3) spin rotation symmetry and lattice translation symme-
try in a quantum spin-J chain, with J a positive integer. When neither symmetry
is spontaneously broken, for a sufficiently long segment in a sufficiently large closed
chain, we find that the minimal Rényi-a entropy compatible with these symmetries is
min{—% ln(zia(l + ﬁ)), 2In(J + 1)}, for any @ € R*. In an infinitely long open
chain with such symmetries, for any a € R* the minimal Rényi-a entropy of half of the

system is min{—% ln(zia(l + W)), In(J + 1)}. When a — 1, these lower bounds
give the symmetry-enforced minimal von Neumann entropies in these setups. Moreover,
we show that no state in a quantum spin-J chain with these symmetries can have a van-
ishing correlation length. Interestingly, the states with the minimal entanglement may

not be a state with the minimal correlation length.
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1 Introduction

Symmetry, entanglement and correlation are three important concepts in quantum physics.
It is well known that certain symmetries can force the system to possess special patterns of
entanglement and correlation. The most familiar and elementary example is that an SO(3)
spin rotation symmetry forces a pure state of two qubits to be maximally entangled and be
a spin singlet. The many-body generalizations of such symmetry-enforced entanglement and
correlation are much richer and more nontrivial, and we list a few examples for illustration.
1) Spontaneous symmetry breaking in the ground states of a quantum many-body system
results in the Greenberger—Horne-Zeilinger-type (GHZ) long-range entanglement and long-
range correlation [1-3]. 2) In the entanglement-enabled symmetry-breaking orders intro-
duced in Ref. [4], there must be some other nontrivial structures of entanglement, in addition
to the GHZ entanglement that is common in all spontaneous symmetry breaking orders. 3) The
Lieb-Schultz-Mattis-type (LSM) theorems dictate that certain symmetry conditions can force a
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Figure 1: In a chain with L sites, we are interested in the von Neumann and Rényi
entropies of a subsystem with N contiguous sites (colored in red), where 1 <K N < L.
The left is a closed chain with two entanglement cuts, and the right is an open chain
with one entanglement cut. The closed chain is naturally compatible with a lat-
tice translation symmetry, and the open chain can be translation symmetric when
L — oo. For any a € R*, we denote the Rényi-a entropy in these two cases by
Sa(pre (N, L)) and So(po.c (N, L)), respectively, with p. (N, L) (po(N,L)) being
the reduced density matrix of the subsystem, where “t.c.” (“o.c.”) stands for two cuts
(one cut). For the special case with a = 1, these Rényi entropies become von Neu-
mann entropies, simply denoted by S(p,..(N, L)) and S(p, .. (N, L)), respectively.

many-body system to possess long-range entanglement and correlation, even if the symmetry
is not spontaneously broken [5-12]. 4) In mixed many-body states, some symmetries can also
impose nontrivial patterns of entanglement [13-15].

Despite these previous studies, some basic questions regarding the interplay between sym-
metry, entanglement and correlation remain unanswered. For example, if a system enjoys
certain symmetries, what is the minimal entanglement of this system, quantified by entangle-
ment measures such as the entanglement entropy of a large subsystem (see Fig. 1)? The min-
imally entangled states should obey the entanglement area law [16], which, in a one dimen-
sional (1D) system, means that the von Neumann entropies S(p...(N, L)) and S(p,(N,L))
in Fig. 1 are finite when we first take . — oo and then take N — oo. For a translation sym-
metric state satisfying the entanglement area law, the limits limy_, oo lim; 0 S(prc. (N, L))
and limy_, oo lim; 00 S(poc (N, L)) exist [17] (see also Appendix A). Although the argu-
ment in Ref. [17] and Appendix A does not imply that, for all a € R*, the limits
limy 00 lim; 00 Sq(Pre. (N, L)) and limy_, o0 lim; _, 00 Sg (0o (N, L)) exist, it is reasonable to
assume that these limits do exist for translation symmetric states with little entanglement,
which, in particular, include the minimally entangled states. Under this assumption, we
would like to find out the smallest possible values of limy_, o, lim; _, o0 So(prc. (N, L)) and
limp 00 lim; _, o0 Sq(Po.c (N, L)) compatible with the symmetries, for all « € R™.

Similarly, what is the minimal correlation length of this system due to these symmetries?
In particular, can some symmetries force the system to have a nonzero correlation length?
Is a state with the minimal entanglement entropy also a state with the minimal correlation
length? Note all these questions are about states,! and, a priori, we do not have to refer to any
Hamiltonian to discuss them.

In this paper, we address these questions in the context of quantum spin-J chains with an
S0O(3) spin rotation symmetry and a lattice translation symmetry that are not spontaneously
broken, where J € Z* (see Fig. 2). Concretely, we consider a 1D spin system where each site
is described by a (2J + 1)-dimensional Hilbert space, and the total Hilbert space of the entire
system is the tensor product of all the local Hilbert spaces. The degree of freedom at each site

!In the rest of this paper, all states are assumed to be pure unless otherwise stated.


https://scipost.org
https://scipost.org/SciPostPhys.19.1.020

e SciPost Phys. 19, 020 (2025)

N se500)
3&» \A

A

T

A A A

2y

Figure 2: Cartoon of a quantum spin chain with SO(3) and translation symmetries.
The blue sphere shows the discretized J, values. The action of an SO(3) operation
denoted by ¢ and the action of translation T are sketched.

transforms as a spin-J representation under SO(3), and they are shifted from one site to the
next under translation.

This setup is interesting for multiple reasons. First, the quantum spin problems are fun-
damental in both theoretical and experimental studies of quantum many-body systems, so it
is useful to thoroughly understand them [18-20]. Second, the structures of entanglement
and correlation in 1D systems are much better understood than their higher dimensional
counterparts, so more concrete conclusions can be reached. For example, the ground states
of a large class of gapped 1D Hamiltonians obey the entanglement area law [12, 21-25].
Meanwhile, for gapless 1D systems described by a conformal field theory at low energies,
S(pre.(N,L)) =28(poc.(N,L)) ~InN when 1 < N < L [26-29]. Moreover, many 1D states
can be efficiently represented by matrix product states (MPS) [30-36]. Third, the following
observation suggests some interesting constraints on the entanglement and correlation from
the symmetries in this setup. The LSM theorems imply that a quantum spin-J chain with SO(3)
and translation symmetries must be long-range entangled if J € N + % [8-12].2 However, the
case with J € Z* and the case with J € N+ % are expected to share similar physical properties
in the semi-classical limit where J > 1. So although a symmetric chain with J € Z* can satisfy
the entanglement area law and have a finite correlation length, for it to behave similarly as a
chain withJ e N+ % when J > 1, the minimal von Neumann entropy of a long segment in a
chain with J € Z* should diverge as J increases, and the minimal correlation length of such a
chain is also expected to diverge as J — oo.

Because in this paper we are after the states in such a quantum spin-J chain that
have the minimal entanglement and correlation length, it is natural to represent the states
by translation invariant MPS, which are suitable for describing states with finite entan-
glement and correlation. For these states, the limits limy_, oo lim;_, o0 Sy (prc.(N, L)) and
limpy 00 lim; _, 00 S (00 (N, L)) indeed exist for all @ € R*.> From now on we will denote
these limits as S,(p..) and S,(p, ) for simplicity. Within this setup, we establish the follow-
ing results.

2The long-range entanglement here means that the system either has long-range order or violates the area law.
If the symmetries are not spontaneously broken and there is no long-range order, the violation of the area law
means that the minimal entanglement entropy should be identified as infinity.

*In fact, a stronger result applies to such states. Namely, the limits limy ; yy(c0,00) Sa(Pic. (N, L)) and
lmgy 1wy (o0,00) Su(Po.c. (N, L)) exist for all & € R*.
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¢ In any state of a quantum spin-J chain (J € Z") with SO(3) spin rotation symmetry and
lattice translation symmetry that are not spontaneously broken,

. 1 1 1
Se(Pre) = 2min {ln(J + 1),—; ln(z—a (1 + —(2J e ))} , and

Sa(Po.c) = min {ln(J + 1),—ﬁln(% (1 + m))} .

The special case with a = 1 gives the symmetry-enforced lower bounds of the von Neu-
mann entropies, i.e.,

S(pie) Z min{2In(J + 1),In4(2J + 1)}, and
Sa(Po.c) = min{ln(J +1),In2v2J + 1},

which indeed diverge as J — oo.

* The simplest minimally entangled states saturating the above lower bounds take partic-
ular forms, which are referred to as type-I and type-II states in Eq. (20). For given values
of J and a, whether the type-I or type-II state saturates the minimal entropy is shown
in Fig. 6. For each such minimally entangled state, there exists a gapped local Hamil-
tonian with SO(3) and translation symmetries, whose unique ground state is this state.
In particular, in a spin-1 chain the Affleck-Kennedy-Lieb-Tasaki (AKLT) state [37,38] is a
minimally entangled state, which saturates the lower bound of the Rényi-a entropy for
all a > 0.

* No state of a quantum spin-J chain with SO(3) and translation symmetries can have
a vanishing correlation length. However, calculating the minimal correlation length or
proving that the minimal correlation length diverges as J increases is beyond the scope
of this work.

* A state with the minimal entanglement does not have to be a state with the minimal
correlation length. In particular, the AKLT state does not have the minimal correlation
length.

The rest of the paper is organized as follows. In Sec. 2 we review some basic facts about
MPS, focusing on the aspects of entanglement and correlation length. In Sec. 3 we discuss the
minimal entanglement of symmetric uniform MPS. We first present the main theorem on the
symmetry-enforced minimal von Neumann entanglement entropy and then take three steps to
prove it from Sec. 3.1 to Sec. 3.3. In Sec. 3.4, we construct some minimally entangled states
explicitly and verify that they saturate the lower bounds of the entanglement entropies. We
then discuss the minimal Rényi-a entropy with a general a € R* in Sec. 3.5. In Sec. 4, we
discuss the symmetry-enforced correlation length from two different perspectives. Finally, we
finish this paper by discussing our working assumptions and some open problems in Sec. 5.
Various appendices contain additional technical details, some of which may be of independent
interest. For example, in Appendix C we discuss how an infinite chain state as a limit of
some finite open chain states can have SO(3) and translation symmetries, and in Appendix I
we present results regarding the symmetry-enforced minimal entanglement entropies for all
SO(3)-symmetric translation invariant MPS, which may spontaneously break the symmetry.

2 Basics of MPS

In this section, we review some basics of uniform MPS (uMPS). We first introduce the def-
inition of uMPS and the left-canonical and right-canonical forms, along with the concept of


https://scipost.org
https://scipost.org/SciPostPhys.19.1.020

e SciPost Phys. 19, 020 (2025)

transfer matrices. Next, we discuss the properties of eigenvalues and eigenvectors of transfer
matrices, which determine the entanglement and correlation of the state. In particular, we
distinguish two classes of states, the “injective uMPS” and “non-injective uMPS”, which dis-
play crucially different properties in eigenvalues and eigenvectors. Lastly, we introduce the
constraints on the uMPS structures due to the SO(3)-symmetry, which are essential for the
subsequent sections.

2.1 MPS and its canonical forms

We consider a quantum state in the Hilbert space H = (C¢)®, characterizing a system in one
spatial dimension with L sites, where each site is described by a d-dimensional local Hilbert
space. A rank-3 tensor Aixl’ o is formed by d matrices A’ for 1 < i < d, with each A’ being a
D x D matrix. The D-dimensional vector space associated with A’ is called the bond Hilbert

space. A uniform matrix-product state (uMPS) is defined as

WplAD) = > Tr[AlAS - AL iyiy i) - (1)
)

This is a translation-invariant state on a closed chain (see Fig. 1).

Given a uMPS tensor A, if it satisfies ZiAi (A" =1, then Al is said to be right-canonical.
If it satisfies >, (A")'A' = 1, it is said to be left-canonical.

A uMPS can also be defined on an open chain with L sites,

hb[A]: a, ar) = Z(a;l )tAiz e 'AiL_la:.«L |i1i2 Tt lL) > (2)
{ix}

where af (ai) are a set of D-dimensional vectors. In general, the SO(3) and translation sym-
metries are explicitly broken in this state if L is finite, but they are not explicitly broken in
the thermodynamic limit where L — oo, if appropriate choices of aél and a,* are made. The

precise conditions of aél and a,* under which the state is symmetric when L — oo are dis-
cussed in Appendix C. Below we always assume that such choices are made. Note although
these symmetries are not explicitly broken with such choices, they may still be spontaneously
broken, if no other constraint on the uMPS is imposed.*

2.2 Entanglement and correlation from the transfer matrix

To study the entanglement and correlation in a uMPS, it is useful to consider the transfer
matrix. The transfer matrix associated with a uMPS tensor A’ is a D? x D? matrix defined as
T[A]l=Y;(A)* ® A", or equivalently,

T[A) (), p,8) = Z(A’)zlﬁ/Alaﬁ 3
1
(see Fig. 3 (a)). We denote the eigenvalues of T[A] by A;, ordered as |A{]| = |Ay] = -+ |Ap2].

If there is only one non-degenerate eigenvalue of T[A] with the largest magnitude, then the
tensor A' is called injective,” otherwise it is called non-injective.

“In this context, a state explicitly breaks a symmetry if the expectation values of two symmetry-related local
operators are different. If a state does not explicitly break a symmetry, this symmetry is spontaneously broken if
there is off-diagonal long-range order, i.e., the connected two-point correlation function of two local operators that
transform nontrivially under the symmetry does not decay at long distances.

SStrictly speaking, this is the C2-injectivity (named after the condition C2 in Ref. [31]). In the following we
will refer to C2-injectivity as “injectivity” and stress the other “Cl-injectivity” when necessary. These notions are
reviewed in more detail in Appendix F.
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According to the quantum analog of Perron-Frobenius theorem, among all eigenvalues of
T[A] that have the largest magnitude, there must be a real one (see Theorem 2.5 in Ref. [39]
or Theorem 6.5 in Ref. [40] for more details), which we choose to be A;. Therefore, we can
normalize A’ such that A, = 1, for both injective and non-injective uMPS. We will refer to such
tensors as being normalized for convenience. If A' is normalized and injective, the norm of the
state is (Y [A]|Y[A]) = Tr(T[A]L) =1 in the large L limit.

The eigenvalues {A;} and the corresponding left/right eigenvectors {v; ;. } of T[A] encode
important information about the entanglement and correlation of the uMPS. As we will see,
when L —N > 1 and N > 1, the dominant contribution to the entanglement is related to
the eigenvectors with the largest eigenvalues in magnitude. For the injective case such an
eigenvector is unique, which corresponds to the eigenvalue A; = 1 assuming that the tensor
Al is normalized as discussed. More generally, for uMPS that may be non-injective, there can
be multiple eigenvalues of modulus 1, which form the so-called peripherical spectrum. Let us
denote the i-th left/right eigenvector corresponding to |A;| =1 by v; /., i.e.,

Ad=1: v{TIA]= A, T[Alv,r = AV, 4)
These eigenvectors can always be chosen to satisfy the orthonormal condition
Vit’le,r = 51',]' 5 (5)

because eigenvalues of modulus 1 always have trivial Jordan blocks (i.e., the nilponent part in
the Jordan blocks vanishes, see Appendix D.1). It turns out to be useful to reshape v; ;. into

. Lr .
matrices Vl. via
l _ —
(Vi )a’a - (Vi,l)(a’,a) > (Vir)aa’ - (Vi,r)(a’,a) ’ (6)

where in the left hand sides of these equations a and a’ represent the row and column indices
of the matrices vl.l’r, and in the right hand sides the combination (a, a’) represents the index
of the transfer matrix (as in Eq. (3)). It can be shown that if A; = 1, then the corresponding
vl.l and v are hermitian matrices which can always be chosen to be positive semi-definite
(Theorem 2.5 in Ref. [39]). For simplicity, we call these eigenvectors with eigenvalues of
modulus 1 dominant eigenvectors. Without ambiguity, we use v" without subscript to denote
vi’r corresponding to A; = 1.

The reason why reshaping eigenvectors v;; and v; , into matrices is helpful is the equiva-
lence between the eigenvalue problem of T[A] and the following problem. Given a normalized
tensor A, there are two induced completely positive (CP) maps &y and &4, [40],

Ei(X) =D (AN XA,

L 7)
4, 00 = > AX (A,

and the solutions of the following equations are equivalent to the left and right eigenvectors
of T[A] with eigenvalue A,

EnXD=2X;,  E0X)=2X,. (8)

In particular, if A = 1, this is a fixed-point problem of £, ; and &, .. Note that for a left-canonical
(right-canonical) uMPS, a left (right) dominant eigenvector corresponds to the identity matrix
after the reshaping in Eq. (6).
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The left and right dominant eigenvectors vl.l’r determine the entanglement of the uMPS.
Specifically, consider a subsystem with N contiguous sites (e.g., the red regions in Fig. 1).
Below we will focus on the limit N — oo and L —N — o0, and in the rest of the discussions
we will take these limits without clarification. We use p,. and p, .. to represent the reduced
density matrices of subsystem as depicted in Fig. 1, where “t.c.” (“o.c.”) stands for “two-cut”
(“one-cut”). Note that in contrast to p,. which is well-defined for any uMPS tensor, p, ..
is sensitive to the boundary conditions. As discussed below Eq. (2), we always choose the
boundary conditions so that the SO(3) and translation symmetries are not explicitly broken in
the thermodynamic limit where L — oo.

If Al is injective, which turns out to be the case we are mainly interested in, there is only
one dominant eigenvalue 1, and the spectra of p, . and p, . are determined by

eig(p,..) = eig((v'v")®?),

9
eig(po.c.) = eig(vlvr) . ©

The derivation of these results and their generalizations to non-injective uMPS is presented in
Appendix D.

With the eigenspectra of the reduced density matrices, we can compute the entanglement
entropy (von Neumann entropy) of a density matrix p,

S(p)=-Tr(pInp), (10)
and the Rényi-a entropy (a > 0,a # 1),

1
a—1
In the limit where @ — 1, the Rényi-a entropy becomes the von Neumann entropy. We will

simply call S,(p..) the two-cut Rényi entropy and S,(p,.) the one-cut Rényi entropy. In
particular, for injective uMPS, which we are mainly interested in, Eq. (9) implies

Sa(pt.c.) = 2Sot(po.c.) . (12)

This relation is no longer true if the uMPS is non-injective (see Appendix D for more discus-
sions).

Next, we move to the correlation of uMPS. The correlation length characterizes the long-
distance decaying rate of correlation functions, and in uMPS it is determined by the second
largest eigenvalue (SLE) in magnitude. For simplicity, suppose there is only one SLE in the
normalized T[A], i.e., 1 > |A,] > |A;~3|, then we insert two operators at positions 0 and x in
the chain of length L, and denote the transfer matrix with operators 012 inserted between
the physical legs as T2, the connected correlation function is

A 1 A —_y—
(OSD0@), = Tr (TIAL > 2TOT[AFT®) — (v 7O, ) (v, 7P, )

~ (v T(l)vz,r)lg(vil 7@y, ).

Sa(p) = ——— InTr(p®). (an

(13)

This is an exponentially decaying function with long-distance behavior ~ e™*/¢, where the
correlation length is £ = —m. For more general cases where there are multiple A; of mod-
ulus equal to |A,]|, possibly with nontrivial Jordan blocks, the correlation function will receive
contributions from all of them, and the scaling of (Oél)éfcz)) . is still the same for long distance
x> 1.

If the uMPS tensor is non-injective, then usually there exist some local operators such that
the connected correlation function is a constant at long distances. In such cases, the correlation
length of the uMPS is infinite (see Eq. (B.9) in Appendix B). For instance, the p-periodicity of
states, a type of non-injectivity that will be discussed in Sec. 3, indicates a spontaneously
broken translation symmetry, which leads to off-diagonal long range order.

8
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Figure 3: (a) The schematic of transfer matrix and left/right fixed point problem.
The arrows denote the direction from row index to column index. We use a, 3 to
denote the indices of A and ’, 8’ to denote the indices of A*. (b) The computation
of reduced density matrix and its eigenvalues.

2.3 Symmetric uMPS

In this subsection, we provide a synopsis of the structures of G-symmetric uMPS tensors with
G being a symmetry group, which have been discussed in literature [8, 30, 32,41-45].

Suppose the uMPS |y [A]) is invariant under the operation g € G of a global symmetry
group G that has an on-site action. A unitary symmetry operation U, acting on the physical
leg of the local tensor A! will lead to [32]

D (U yA = e ViAly,, (14)
J

where V, is a unitary D x D matrix. V, is in general a direct sum of some projective represen-
tations of group G, and the extra phase factor e'% is a homomorphism from from G to U(1).
For simplicity, we assume that the group G satisfies the following conditions.

(i) G is non-Abelian;
(i) Gis compact;6
(iii) G does not have a non-trivial one-dimensional representation.

Then the phase factor e!s = 1 (see Appendix E). The case G = SO(3) satisfies all these con-
ditions. Other groups satisfying these conditions include simple Lie groups like SU(n), SO(n),
etc.

The symmetry condition Eq. (14) imposes strong restrictions on the structure of A'. Since
the physical and bond degrees of freedom transform according to G, each of the physical
and left/right bond Hilbert spaces can be decomposed into some irreducible representations
(irreps), labelled by u,, u, and i;, where i, is the conjugate representation of uy, as required

The condition (ii) guarantees that G can always be unitarily represented and all finite-dimensional unitary rep-
resentations can be decomposed into a direct sum of irreducible representations. Groups satisfying this condition
include finite groups and compact semi-simple Lie groups.
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by the transformation Eq. (14). In each representation u of dimension d,, we use letter m
(1 <m<d,) to label the basis vectors of u. Suppose the physical degree of freedom is in the
sector W, we can construct a multiplet of operators in the bond Hilbert space,

R Upy,m - -
A = D A s e (s ] as)

UasMqsp,my

then the condition Eq. (14) is equivalent to saying that A*» forms a symmetric tensor of irrep-
Ups ie.,

According to Wigner-Eckart theorem (see Appendix E, or Thm 9 of Ref. [8], and Ref. [44]) and
its generalizations [46], this condition implies that

Mp>mmy, _ Mp,my,
Auaﬂmaiab’rhb = P(Mp’ Ma’ Mb)QMa’ma?ﬂb:mb ’ (16)
where Qﬁgﬁl:;ﬂb,rﬁb = (,up,m“p;ua,malﬂb,rﬁb) are the Clebsch-Gordan (CG) coefficients and

P(up, Uqs Up) 18 a constant only depending on u, 4, (not on mup’a,b).
For more general cases, the three legs may contain multiple irreducible representations,
say,

v, =D (Vie<),  xelpabl, 17)
iy

where each dupab represents the multiplicity (or degeneracy as called in Refs. [44, 45]) of
the sector u, ., as mentioned. Notice that the two bond subspaces V, and V; must be com-
patible, i.e., for each u, € V, there is i, in V; and vice versa, for ensuring that the sym-
metry operation V, and V' in the bond can be canceled in tensor contraction. Denote the
indices of the tensor legs as i, = (dup,,up, my,, )siq = (dy, s ha> My )s 1y = (dy, » By, My, ), Where

dup,ua,ub < Dy tiarity labels the degeneracy index of the irrep-u, 4 ;- The total bond dimension

is thus D = szp,a, p Dy d,, - Then the most general expression of a symmetric tensor is

Aip _ ‘LLP ‘upsmp,p
ia;i :u'a’l:"b Ug,my, ;p‘b:ﬁlub ’

(18)

where Pﬁ: iy is a rank-three tensor representing residual degrees of freedom in tensor compo-
nents which are not restricted by the symmetry.

In this paper we are mainly interested in the spin rotation group G = SO(3). The irreps of
SO(3) are labelled by integer or half-integer spin j € N/2 and the conjugate representation j
is equivalent to j. In terms of matrices, A’”""» consists of some diagonal blocks with each spin
sectors j, = j, and some off-diagonal blocks between different spin sectors j, # j,. For the
case j, € 77, say, Jp =1, the structure of AY™ is in the form of

1,mp 1,mp
JaysJbq Jaq 5Jby
1,m m
1m, __ »1p SMp
AL = ,

jaz ’jbl ja2 ;jbz

1,m 1,m
MMy _p . My
Bj iy Imamy = Pivy ® Qi jymy >

where P; ; is a D; x D; matrix of free parameters which we call the degeneracy parame-

1,m
ters,and Q. °

P is the aforementioned matrix of Clebsch-Gordan coefficients. The nonzero
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Figure 4: (a) Structure of a symmetric tensor A»=!. The blue blocks are diagonal

blocks Q; ; and green blocks are Q; ; ,|j, — j»| = 1. Each small block may have
some degeneracy parameters inside. (b) The symmetric tensor for V, = jff% @ jff%,
and its eigenvector ybr, Every number a; (b;) represents a matrix a;1 (b;1).

(ju» jp)-combinations in this case are restricted to (j,,j,) sectors and (j,,j, £ 1) sectors, so
the integer spin sectors and half-integer sectors are decoupled into two submatrices, and
each submatrix is block tridiagonal in different spin sectors, see Fig. 4(a). For higher spin-
Jp, the matrix will allow more off-diagonal blocks in different spin sectors, i.e., (jg, j) with
Jb =\lja—Jpls=** > JatJp- If j, is half-integer, the allowed blocks must satisfy j, € 7", j, € Z+%
or vice versa, which forces the uMPS to be non-injective [8]. We will focus on the integer j,
from now on.

3 Symmetry-enforced minimal entanglement

Equipped with the knowledge of MPS, in this section, by considering SO(3)-symmetric uMPS,
we discuss the symmetry-enforced minimal values of S,(p..) and S,(p,. ) for all a € R™,
assuming that the state in the quantum spin-J chain (J € Z) does not explicitly or sponta-
neously break the SO(3) or translation symmetry. We first consider the special case of von
Neumann entropies, which can be viewed as the Rényi-a entropies with a — 1. We use The-
orem 1 to reduce this problem to the problem of finding the symmetry-enforced minimal von
Neumann entropies for injective SO(3)-symmetric uMPS, the results of which are presented in
Theorem 2. The next few subsections give the proof of Theorem 2. At the end, we generalize
this discussion to Rényi-a entropies with all a € R in Sec. 3.5. The analogs of these results
to non-injective SO(3)-symmetric translation invariant uMPS, which spontaneously break the
translation symmetry, are presented in Appendix I.
Below we start by presenting Theorems 1 and 2, and then we present their proofs.

Theorem 1. Denote the set of all SO(3)-symmetric uMPS that do not spontaneously break the
translation symmetry in a quantum spin-J chain (J € Z") by ST\, and the subset of all injective

SO(3)-symmetric uMPS by S}nj G SJ'. Then the lower bounds of S(p...) and S(p,.) in S;" are
the lower bounds of S(p,.) and S(p,..) in the subset S}”, respectively.

This theorem allows us to focus on injective SO(3)-symmetric uMPS, whose symmetry-
enforced minimal von Neumann entropies are given below.

11
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V,=0@J

Figure 5: J = 1 AKLT state (upper) and valence bond state (lower). In upper figure
the pairs of black squares connected by segments are Bell pairs. In lower figure the
nearest spins form singlets.

Theorem 2. In the set of injective, SO(3)-symmetric uMPS for a spin-J chain (J € Z%), the
minimal entanglement entropies are lower bounded by the following relations:
S(pt,c.) = zs(po.c.) = S;:li]n 5
inj _ .
S i = min{2In(J + 1),1n(4(2J + 1))} .

1

(19)

These lower bounds are tight. The uMPS with the minimal S(p,,.) is also a uMPS with the
minimal S(p.. ), and vice versa.

For J < 7, 2In(J +1) < In(4(2J + 1)), and for J = 7, 2In(J + 1) > In(4(2J +1)). The
simplest injective uMPS saturating the lower bounds takes one of the following two forms

type-I: AHm = Birz ,

222
o B (20)
type-II: mﬂm=[ Jm %@], 0<e<l,
By By
where B”™ is the matrix form of the CG coefficients Q7™ . ie (BJ’”? ) =qQ/m .
Jisja Jimasjzsme’ 7T\ d2 Jmym, Jimasjasma”
The entanglement entropies of type-I and II states are
S(pre D) =25(poc (D) =2In(J +1), oD

S(pe.(ID) =25 (po.(ID) =1n4(2J + 1) + O(?).

For instance, the AKLT state in a spin-1 chain is of type-I, and the valence bond solid state can
be approached by type-II states in the limit where ¢ — 0 (however, the valence bond solid state
itself, which has ¢ = 0, is not a type-II state, but a non-injective MPS where the translation
symmetry is spontaneously broken). A graphic presentation of their entanglement is in Fig. 5.

To prove these theorems, we define some terminologies for later use. First, an irreducible
tensor is defined as follows.

Definition 1. Suppose a uMPS tensor A’ is normalized. A’ is called irreducible if T[A] has a non-
degenerate eigenvalue 1 and the corresponding eigenvectors v! and v are strictly positive definite
as matrices in the bond spaces.”

’The name “irreducible” comes from the irreducible positive maps in C*-algebra. See, for example, Ref. [39].

12


https://scipost.org
https://scipost.org/SciPostPhys.19.1.020

e SciPost Phys. 19, 020 (2025)

An irreducible tensor Al can always be transformed into the left (right) canonical form
using vl (v"), the matrix form of the left (right) eigenvector of the transfer matrix with eigen-

. 1, .. . i —1
value 1. More concretely, one can verify that +/v© “A'4/v" is right-canonical, and v v!A'v vl
is left-canonical.

By the theorems in MPS theory (Theorems 4 and 5 in Ref. [31] or Section IVA in Ref. [36]),
given a tensor A’ one can always find an equivalent standard form,® which is a direct sum of
some irreducible tensors. If the summand in this direct sum contains more than one irreducible
tensors, we say that the original tensor is reducible. If some of these irreducible tensors have
the same dominant weight, then the full tensor becomes non-injective. For a normalized,
irreducible tensor Aé{, if T[A;] has no other dominant eigenvalues other than 1 (i.e., A; is an
injective uMPS), then the uMPS A, does not spontaneously break the translation symmetry; if
there are other dominant eigenvalues e?, 0 € (0,2m), then these eigenvalues will form a Z,
cyclic group, and the uMPS A, spontaneously breaks the translation symmetry generated by T
down to its subgroup generated by TP. Such a uMPS with a spontaneously broken translation
symmetry is said to have p-periodicity [30,31].

Based on these facts, we can conclude that the most general form of a uMPS, where the
SO(3) and translation symmetries are not explicitly or spontaneously broken, is a direct sum
of some injective tensors.

Now we proceed to prove Theorem 1. The proof also reduces the proof of Theorem 2 from
the set of injective symmetric uMPS to a subset of irreducible injective symmetric uMPS.

Proof of Theorem 1 and reduction of Theorem 2.

As discussed above, any tensor A' € S;H can be put into a standard form A’ = @ZzlckAi , Where
each A is normalized and irreducible. Since A" does not spontaneously break the translation
symmetry, A, does not spontaneously break the translation symmetry. So A, does not have
p-periodicity and is injective. Then by Lemma 6,

S(pee) >, min (S(pec oy}, (22)

where S(p,.(p AL )) is the two-cut entanglement entropy of uMPS Aé(. So the lower bound

of S(p..) in SJTI is equal to the lower bound of S}nj . The proof of S(p,) is similar. This
completes the proof of Theorem 1. .
The above proof of Theorem 1 indeed reduces the proof of Theorem 2 in S}nj to the subset

of irreducible, injective tensors in S} Y since each Alk in the direct sum is irreducible.

Q.E.D.

To proceed to prove Theorem 2, we note that the form of the spin representations appearing
in the bond spaces of A’ also plays some role in determining the entanglement. For instance,
according to the structure of a symmetric uMPS in Eq. (18), a nonvanishing spin-0 sector in
the left bond space cannot appear alone. Instead, they must appear together with a spin-J
sector in the right bond space. In contrast, a spin-j sector with j > % can have diagonal blocks
in A'. We distinguish these two forms by the following definitions.

Definition 2. Suppose that an SO(3)-symmetric uMPS tensor A is irreducible. If the bond space
has no spin sectors smaller than %, we call A “extendable”. Otherwise, we call it “generic”.

We remark that an extendable uMPS can be either injective or non-injective, and so is a
generic uMPS.

8The standard form is termed “canonical form” in literature, for instance, [31,36]. See Appendix B for details.
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The relations between different sets of symmetric uMPS described above can be presented

as
{extendable} U {generic} = {irreducible}
¢ {symmetric}, (23)
{extendable} N {generic} = &.

Now we can sketch the steps of prove Theorem 2:

1. Prove Proposition 1 in Sec. 3.1, which shows that the dominant eigenvectors of the
transfer matrix associated with an irreducible symmetric uMPS can be decomposed into
multiple spin-j sectors. This structure will be used in the next steps.

2. Prove Theorem 2 for extendable, injective uMPS in Sec. 3.2.
3. Prove Theorem 2 for generic, injective uMPS in Sec. 3.3.

Below we carry out these steps, with some details presented in the appendices.

3.1 Step 1: Structure of dominant eigenvectors

Now that we can focus on irreducible uMPS, in this subsection, we present a key proposi-
tion about the dominant eigenvectors of the transfer matrix associated with these uMPS. This
proposition holds not only for SO(3)-symmetric uMPS, but also for uMPS with more general
symmetry groups discussed in Sec. 2.3. It states that the left and right dominant eigenvectors
of the transfer matrix associated with a symmetric tensor A have block diagonal structures in
different irrep sectors. A graphic description of the block-diagonal structure with G = SO(3)
is shown in Fig. 4(b), for degenerate bond space V, = ji% ) jf’%.

Proposition 1. Suppose G is an arbitrary symmetry group with no nontrivial one-dimensional
representation (e.g., G = SO(3)). For a uMPS tensor A' which is irreducible and G-symmetric,
the dominant left and right eigenvectors of its transfer matrix, after reshaped into matrices as in
Eq. (6), must be in the form of
Lr

D vrel,, (24)

Ka€Vq
where u, labels a projective representation of G with dimension d,, , 1
identity matrix, and M, is a m, X m, matrix with m

u, 180 du -dimensional
a a

. the multiplicity of p, in V.

Ya u w

Proof. Here we prove this proposition for left dominant eigenvectors, and a similar proof can
be applied to right dominant eigenvectors.

Given that A' is normalized and irreducible, the peripherical spectrum of the transfer matrix
T[A] is a Z, finite group, each eigenvalue being non-degenerate. We need to show that all
eigenvectors of each peripherical eigenvalue e'? satisfy the structure in Eq. (24). Consider any
group element g € G and the corresponding unitary transformations U, and V,, as well as the
symmetry property of A:

D (U4 = VA,
J
we have the following property,
VIgL X)WV, = > Vi) v vixv,vialy,
i
= > A (VX VA (U (Ui (25)
ik,

= En(ViXVy).
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This implies that if X is an eigenvector of £, ; with eigenvalue A, then VgX V, is also an eigen-
vector corresponding to A. Choosing X to be the unique eigenvector corresponding to a pe-
ripherical eigenvalue |A| = 1. Then the following relation will hold,

Vg"'XVg =aX,a, €C. (26)

It is clear that a, should form a one-dimensional representation of G, so a, = 1 as we assume.
From the discussion of the structure of A’, its bond space can be decomposed into a direct
sum of some irreps, so the transformation V, is also a direct sum of blocks in each irrep sector.
Therefore, according to the Schur’s lemma,’ as a matrix consisting of block matrices labelled
!Dy irliep sect(?rs (Ua> fip), X, p, is nonzero only if u, = Kb and it must be pr9portional to
identity matrlx., r.1a¥nely Xyoip = OuguyPugrly,s Pu,,n being a constant. Collecting all blocks

Xy, i,> We see it is in the form of Eq. (24).
Q.E.D.

We remark that although the proof of proposition 1 has used irreduciblity of tensors (which
may be either injective or non-injective), this structure of dominant eigenvectors in fact holds
for general reducible tensors. For instance, given a tensor which is a direct sum of two irre-
ducible components with the same weights, its dominant eigenvectors are also in the form Eq.
(24). For the detailed discussions of such cases, see Appendix H.

3.2 Step 2: Extendable uMPS

In this subsection, we restrict to the subset of extendable injective uMPS in S}nj. The key
feature of an extendable uMPS tensor is that it can have blocks in the diagonal spin sectors
(j,j) with only j = %, since all spin sectors in its bond space are no smaller than % For such
a subset, the proposition of minimal entanglement is as follows.

Proposition 2. Given an irrep j,, = %, consider the set of extendable injective uMPS, whose bond
space includes the irrep j, and all other irreps in the bond space have larger dimension than
the irrep j,,. The minimal value of entanglement entropies that can be achieved in this set are
In(2j,, + 1) for S(p,. ) and 2In(2j,, + 1) for S(p.. ).

Proof. Suppose the bond space of a uMPS tensor is €p; V;.'j"i with n; the multiplicity of spin-j;

sector. From the Proposition 1 we see that the left and right dominant eigenvector v are
block-diagonal in different spin sectors. Then, according to Eq. (9), the spectrum of reduced
density matrix is in a diagonal form which is a weighted sum of some simple-spin density
matrices:

n;

eig(po..) = eig( ),
@§ g 27)

eig(pt.c.) = eig((po.c. )®2) 5
(k)

; is the corre-

sponding weight of p; in the k-th V;, and they sum up to 1 (more precisely, these tfk)

determined by the eigenvalues of the matrices M L,r in Eq. (24)). Then by the concavity of the

1 . . .
where p; = 241 Loj+1 1 only supported in V; . Each non-negative number ¢

are

°See, e.g., Theorem 4.29 in Ref. [47] or Section 2.2 in Ref. [48].
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entanglement entropy (see, for example, Chapter 11.3 in Ref. [49]),

g
S(poc)> 2. > tPs(p;)
i k=1

e (28)
= ZZ tfk) In(2j; +1)

i k=1
= In(2j, +1),

and
S(pre) =25(poc) = 2In(2j, + 1). (29)

The equalities hold if and only if there is only a spin-j,, sector in the tensor.

Q.E.D.

Based on this theorem, we can construct the minimally entangled uMPS in the set of ex-
tendable uMPS. If the physical spin is integer J, the smallest j,, is % Then the uMPS ten-

sor A~ with a simple bond space of spin j, = % will saturate the entanglement entropy
S(poc)=In(J +1) and S(p..) = 2In(J + 1). These results are explicitly verified in Sec. 3.4.

3.3 Step 3: Generic uMPS

In the previous subsection, the minimal spin sector in the set of extendable injective uMPS
provides a natural lower bound of entanglement. For the set of generic uMPS, the previ-
ous argument does not apply, since there can be valence-bond-like blocks in the tensor, say,
(Ja»Jp) = (0,J) and (j,, jp) = (J,0). The key point is that such valence-bond-like blocks will
make the different spin sectors (those with spins smaller than % and the corresponding ones
with larger spins) in p, .. (and in p,.) related in some manner. Such relation will prevent the
entanglement from being too small. In this subsection, we complete the proof of Theorem 2
by proving it for the generic injective uMPS.

Proof for generic injective uMPS. For any j;,j, < %, j1 ® jy cannot include S, therefore the
blocks in the tensor A’ are nonvanishing only for j, < %, Jp > %, lja —Jpl < S < jq+ Jjp, where
jo(jp) are in left (right) bond space or vice versa. In such cases, by Proposition 1 and Eq. (9),
the spectrum of the reduced density matrix will be the spectrum of a direct sum of sectors with
j< % and sectors with j > % We now show that spectra of p, . in these two kinds of sectors
are closely related. Based on this result, we can bound S(p,.) = S(p..)/2.

Suppose the tensor A’ is expressed in a blocked form

, 0 B
i_| Y b1
Al = [B; ct]’ (30)

where C' only contains blocks where j > J/2, and Bi , involves blocks with j < J/2. In the

bond space of A\, we denote the total dimension of spins smaller than J/2 by D;, and the
dimension of remaining spins by D,. We further suppose A' is right-canonical, which does not
loss any generality because A is irreducible. Then it satisfies the following condition:

ZAL’(AL’)“" =1, (31)
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which is equivalent to

> BB =1,
i

. o (32)
> BLBLY +Cl(C) =1,

Now we consider the left dominant eigenvector X of the transfer matrix, which is in a block
diagonal form by Proposition 1. Due to Eq. (9) and the fact that v" = 1 for a right canonical
A', the eigenvalues of X will be equal to the spectrum of p, .. Explicitly, we write

X:[X1 } Tr(X)=1. (33)
X
X satisfies the fixed point equation of £, ;(X),
£4100) =D (A)'xA =X, (34)
i

which is equivalent to

X, = > (BL)'X,B},
L (35)
Xy =) (B)X,B! +(C)'X,C".

1

So we can rewrite X as

=[" g oom) | e
B &g, 1(X)By Eci(X1) (36)
@)

=p1p™M +prp®,

where p; +p, =1, p; » > 0 are weights of the two constitutions. pM and p® are two density
matrices defined by

X, @&, 1(X1)
Tr (X, ® &5, 1(X1))
@ _ 08 & (X1)
Tr(0® &g (X1))

P =

(37)

Notice that, by the right-canonicality of B!, Tr(zi(Bi)"LXlBi) = Tr(X;). So if we rescale
X; to X} such that Tr(X]) = 1, then Tr(&p ;(X7)) =1, and the spectrum of pM is

. 1.
eig(pM) = 5cig (x10&,,(X)). (38)

The spectrum of X/ is spin-wise by Proposition 1:

. . 1
eig(X]) = eig @ tipj | » pj=s—=1lajt1> (39)
~ 2j+1
J<3
with t; some non-negative weights which sum up to 1. So
t t; .
ooy Lo I, @ omix
eig(p*’) = > (Po®ps)+ Z 5 (p] ﬂapf(j)), (40)
0<j<§—1
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where p}”(l]’; = &g,(p;) is a diagonal reduced density matrix composed of spin sectors f(j)

which are coupled to j (i.e., the block (j, f (j)) is non-vanishing in A?).

Note that p(!) by definition is supported in both sectors of j < % and sectors of spin j = %,
while p® is only supported in the sectors with j > % Now we can bound the entanglement
entropy. By the concavity property,

S(Poc) = P1S(PM) + poS(p?)
poc >P1 P p2 P (41)

min{S(p™M),S(p¥)}.

We already know that S(p®) > In(J + 1) from Sec. 3.2. As for p1, the particular form Eq.
(40) indicates that

1 1 .
S(pM) > t,S (Epo @pJ) + >t (Epj Gap}'}lﬁ)
0<j<%—1 (42)

1 1 i
> mi - iy mix
mln{s(zpo epj):s (Zp] @pf(J))}‘

Further we know that

1
S(EpoeapJ):anVZJ—kl, (43)

and for0 < j < % — 1 we have the following inequality

1 . 1 .
S (Epj ep}"gg) = (S(p)+5(p1x)) +1n2

> 2 (n(2) + 1) +In(20/ — )+ 1)) +In2 (44)

>1n2v2J+1.

So we see that S(p)) > In2+/2J + 1, and the equality is only achieved in the limit of non-
injective uMPS with non-zero blocks (j;, j,) = (0,J) and (j;, j;) = (J,0).
Therefore, we find that for generic injective uMPS,

S(poc) = min{ln(J +1),In2+/2J + 1}. (45)

Finally, we turn to the two-cut entropy S(p.. ). In the subset of injective uMPS, the two-
cut entanglement entropy S(p...) = 25(p,..), so the state with minimal S(p, . ) also has the
minimal S(p . )-

In summary, for generic injective uMPS,

S(poc) = min{ln(J +1),In(2v2J + 1)},

. (46)
S(pre) = min{2In(J + 1),In(4(2J +1))}.

This also completes the proof of Theorem 2.

Q.E.D.

The proof in Sec. 3.2 and Sec. 3.3 gives the condition for an irreducible uMPS to saturate
the lower bound of entanglement entropy. For the extendable case the bond space should be
%, and for generic uMPS the bond space should be 0 ® J. In the next subsection we show that
these states are indeed injective and can saturate the lower bounds in Theorem 2. We remark
that there can be reducible injective uMPS also saturating the symmetry-enforced lower bound
of entanglement entropy, and in their standard form there is an irreducible block saturating
the lower bound, and all other irreducible blocks have a small coefficient.
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3.4 Constructing minimally entangled states

In this subsection, we construct some explicit injective uMPS with the symmetry-enforced
minimal entanglement dictated by Theorem 2.

As discussed previously, there are two classes of states which are candidates of minimally
entangled states of a spin-J chain:

L V,=%;
L. V,=0&/J.

For the type-I uMPS, the tensor is just a block made of the CG coefficients:

@A™ my = Q0 (47)

7 .
2,Mg;573,Myp

Such tensors have the following properties (see Appendix G for a summary of properties of
the CG coefficients).

Fact 1. Every MPS tensor A;" j with a single spin-j, is injective and T[A] has a unique strictly

a»Ja

positive left (right) eigenvector, i.e., v!(v") are invertible.
The proof can be found in Appendix A of Ref. [8].

Fact 2. Every MPS tensor Ai." . with a single spin-j, representation in the bond space is left-
canonical and right-canonical.

Proof. This is due to the orthonormality relation of Clebsch-Gordan coefficients:
Z (J, Mjy, my; jo, ma) (1, my; jo, mald’, M) = 8,558 pgpy - (48)
my,my
Being left-canonical can be shown as
Jo N : : . : . .
Z ((Aji:ja)'AJi’ja)mzm’z = Z (]p: mjp;]a: my |]a: m2>*(.]p, mjp;]m my |Ja: m/2>
mjp mjpxml (49)
= 5m2m’2 .
The right-canonical can be shown as
J J . . . . : .
Z (Aji:ja(AjZ’ja )T)mlm'l = Z (]p: mjp;]ar my |]a: m2> (]p: mjp;]a: mll |]a: m2>*

mjp mjp,mz

= Z <jp:mjp;ja,_m2|ja>_m1>(jp,mjp;ja:_m2|ja)_m/1> (50)
m]«p,mz
=0

mymy >

where we used the symmetry property of CG coefficients (Eq. (G.3) in Appendix G)

Q.E.D.

The next claim is about the entanglement entropy carried by such a bond space with a
single spin-j sector.

Fact 3. The uMPS with single spin-j representation in the bond space has all its (half chain)
Schmidt values being %, or equivalently, all eigenvalues of reduced density matrices are %, where
D=2j+1

19


https://scipost.org
https://scipost.org/SciPostPhys.19.1.020

e SciPost Phys. 19, 020 (2025)

Proof. This follows from the canonical property in Fact 2. Since AJJ." . is left and right-canonical,

asJa
l

the eigenvectors are v = v" = 1,; ,;, with the normalization of state Tr(viv") = 2j, + 1. So

according to Eq. (9), the spectrum of reduced density matrix of a half chain is equal to the
1

spectrum of 27,71 L2j,+1-

Q.E.D.
Therefore, for a type-I uMPS, S(p.) = 2S(po) =2In(J +1).
The type-II uMPS takes the following form,
o B
AT (e) = [ Jm Ofm] , (51)
By €Bj;

J,m
Jimy;jamy
a perturbation to the tensor such that A”™ is injective (thus the translation symmetry is not
spontaneously broken).

The following arguments show the injectivity of A’"™(¢) with & > 0. If ¢ = 0, then the state
is a valence bond state with 2-periodicity. This is because in order to have a non-vanishing
normalization the chain length must be an even integer, and furthermore, the coarse-grained
tensor of two sites is block diagonal, with the bond space of each block only containing one
irreducible spin representation. The dominant eigenvalues of T[A’(¢ = 0)] will be {£1} and
both eigenvalues are non-degenerate. Under a small perturbation, the eigenvalues vary con-
tinuously with e. To show that A”™(¢) is injective when & > 0, we just need to show that the
absolute values of the eigenvalues of the transfer matrix are different when £ > 0.

By Proposition 1, we assume that a right eigenvector is in the matrix form

a
X, = , 52
¢ [ ]12J+1] (52

SA,r(Xa) = A'aXa . (53)

J . . . .. .
where le";z is the matrix form of Q with column and row indices m;,my. € > 0 is

and put it in the equation

With the orthogonality of Clebsch-Gordan coefficients, we see the left hand side of Eq. (53) is

2J+1
. (54)
[ (51 +92)12J+1]
Therefore, we find an equation for a and A4,
a 5 o 2J+1
+ —1=0, A= , 55
G Y T (55)
which leads to
27 +1 Vet +4+¢2
ay = 2 (—e2 £ Vet +4), Ai=%. (56)

We see that when 0 < ¢ < 1, |A,| > 1 > |A_|, which means the magnitudes of two
largest eigenvalues of T[A’(¢)] are different, and there is only one dominant eigenvalue in
T[A’ (e > 0)]. Therefore, the injectivity of A”™(¢) is proved.

With the right eigenvector X, and the corresponding left eigenvector

|:%(—€2+\/84+4) :|
Loy ]’
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the entanglement entropy S(p, . ) can be shown to be

S(Poc(8))=In(2vV2T +1)+ %zln(zJ +1)+0(eY, (57)

which can indeed saturate the lower bound of entanglement entropy in Theorem 2 when
€— 0.

We remark that, for the type-II uMPS in Eq. (51), S(p,...(¢)) is continuous at £ = 0. In con-
trast, S(p...(€)) is not continuous: lim,_,g+ S(pc.(€)) = lim, o+ 25(poc.(€)) = In(4(2J + 1)),
while S(p, . (¢ =0)) =In(2(2J + 1)) (see Appendix 1.2).

In conclusion, the type-I and type-II states are verified to be some minimal entangled
states in the set of all injective uMPS. We remark that such states (in fact, any injective
SO(3)-symmetric uMPS) can have parent Hamiltonians which are local, uniquely gapped, and
S0O(3)-symmetric and translation invariant. The explicit construction of such Hamiltonians is
discussed in Ref. [31].

3.5 Minimal Rényi entropy

In the previous subsections, we have identified the symmetry-enforced minimal entanglement
entropy S(p..) and S(p,. ) in the set of injective uMPS, as summarized the Theorem 2. It
turns out the same candidates of minimally entangled states for a given spin-J chain, Egs. (47)
and (51), also exhibit the minimal Rényi entropy S,(p) for a € R*, a # 1. However, for given
J and a, whether the state in Eq. (47) or the state in Eq. (51) has a smaller Rényi entropy
depends on the precise values of J and a.

We summarize the results in the following theorem and give the details of the proof in
Appendix J.

Theorem 3. In the set S;nj (the set of injective, symmetric uMPS of spin-J (J € Z*) chain), denote

1
inj , 2 1 G
S min.cc, = Min {ZIH(J +1),———In—70p , (58)
then the Rényi-a entropies are bounded by
Salpee) =28.(poc) = S::gnin’t.c. . (59)

The lower bound is a tight bound, and can approached by the type-I and type-II states in Eq. (20).
Essentially, the above lower bound is also the lower bound in the set SJTI, namely,

$uPe) > S SalPoc) > S8 (60)

For given J and a, Fig. 6 indicates whether the type-I or type-II state has a smaller Rényi
entropy.

To prove Theorem 3, we follow a similar strategy of the proof of Theorem 2. The reduction
of S}I to S}m is similar to the proof of Theorem 1 (also see Eq. (J.5) in Appendix 3.5). If
0<a<1,S,(p)is a concave function of density matrix p [50], so the proof can be carried
out parallel to the proof of Theorem 2. For a > 1, although S,(p) is no longer concave,
we notice that the function H,(p) = Tr(p?) is convex [51], so the proof of Theorem 3 can
be achieved by finding the maximum of the function H,. Then the monotonicity of S, as a
function of H, implies that the minimum of S,(p) can be found at the maximum of H,(p).

Using analysis similar to Sec. 3.4, it is straightforward to see that
Sa(Pre) = 2S.(Poc) = 2In(J + 1) for the type I state, and
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6 Type II

2+t Typel

1.0 2.0 3.0 a

Figure 6: Depending on the values of J and a, the minimal Rényi entropy can be
saturated by either the type-I or type-II state. In this figure, for parameters below the
curve the type-I state has a smaller S,(p,. ), and the for parameters above the curve
the type-II state has a smaller S,(p;. ). The solid dots represent integer J < 10 with
corresponding a such that both type-I and type-II states have equal S,(p)-

Sa(Pic) = 254(poc) = —% lnHZJZ—tl)l_a + O(&?) for the type-II state. In Fig. 6, we show

whether the type-I or type-II state has a smaller Rényi entropy as a function of J and a. In
particular, we see that the AKLT state saturates the minimal value of S,(p..) for all & > 0
among all spin-1 injective uMPS.

4 Symmetry-enforced correlation length

In this section, we turn to the correlation length of a state in a quantum spin-J chain with
J € Z, where neither the SO(3) nor translation symmetry is explicitly or spontaneously bro-
ken. As reviewed in Sec. 2.2, non-injective uMPS have an infinite correlation length, and for
an injective normalized uMPS, the correlation length £ is related to the second largest eigen-
value (SLE) of the transfer matrix, A,, via & = ﬁ It is an interesting question if there
exists a symmetric injective uMPS with zero correlation length, i.e., the connected correlation
function of two local operators is exactly zero as the distance between these operators becomes
sufficiently large. This will happen if all eigenvalues of the transfer matrix except one of them
vanish. In other words, the transfer matrix of such an MPS is T[A] = Vl,lvi,z' We would call

such MPS a renormalization group fixed point (RGFP).'?

Here we show that such symmetric RGFP does not exist for integer spin-J chain (it is known
to not exist if J € N+1/2[8]). We present two proofs of this statement. The first proof utilizes
the symmetry-enforced minimal entanglement discussed in Sec. 3, and the second uses some
detailed properties of the CG coefficients. After presenting the two proofs, we also provide
some numerical examples of uMPS with small correlation lengths. In particular, we will see
that a minimally entangled spin chain state, such as the AKLT state, does not necessarily have
the minimal correlation length. This is because the off-diagonal spin blocks in the tensor may
reduce the correlation length. Nevertheless, these AKLT-like states can serve as a good starting
point and their correlation lengths can be reference length scales for further searching the
minimal correlation length of a symmetric state.

1°Notice that this notion is different from the RGFP in Ref. [36] where the correlation length is defined in a
slightly different way. In their definition, a GHZ state has zero correlation length, while in our definition (see Eq.
(13) and the discussions below it) it has an infinite correlation length.
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4.1 Proof 1: Entanglement-based arguments

In this subsection, we show that the SLE of a symmetric uMPS cannot be zero based on the
previous results of symmetry-enforced minimal entanglement.

A uMPS with zero correlation length, if exists, satisfies the following property of
entanglement saturation, i.e., S(p..(N,L)) = ¢ for any N < L, which can be seen
from the defining property that T[A] = vl’rvil. In particular, an RGFP should have
S(pre.(N = 1,L — 00)) = limy_, 0 lim;_,00 S(prc.(N,L)). This is a very strong con-
dition. To see its implication, consider a RGFP state of a spin-J chain which is transla-
tion and SO(3) symmetric. The reduced density matrix of a single spin must be max-
imally mixed, i.e., p,.(N = 1,L) = ﬁ]lzjﬂ, and the corresponding two-cut von
Neumann entropy is S(p..(N = 1,L)) = In(2J + 1). But according to Theorem 2,
limy_, 00 iM; 00 S(Pre (N, L)) 2 min{21In(J + 1),In(4(2J + 1))} > In(2J + 1), violating the
condition S(p; . (N =1,L — 00)) = limy_, o lim; _, o, S(prc. (N, L)). So we reach the follow-
ing theorem.

Theorem 4. Suppose a uMPS tensor At describes an SO(3)-symmetric state of a quantum spin-J
chain (J € Z™), then the correlation length of |y)[A]) cannot be exactly zero.

4.2 Proof 2: CG-coefficients-based arguments

An alternative way of showing that the correlation length cannot be exactly zero is based on
the properties of the Clebsch-Gordan coefficients. As we will see, although this proof is more
complicated than the previous entanglement-based argument, it provides some estimation of
lower bound of correlation length as a function of bond dimension of the uMPS.

To start, recall that from the previous discussion, if an RGFP exists, it must be an injective
uMPS. So we restrict our attention to injective uMPS in this subsection. We first prove Lemma
1, a property of the Clebsch-Gordan coefficients, based on which we can also prove Theorem
4, without invoking the entanglement properties.

Ip

j ’m . .o, . . .
Lemma 1. Q jp . i traceless for any positive integer Jp € N*.
as»Ja

Proof. The elements in Q ].p j  is defined as
as»Ja

]p’ J . . .

(Qla] p)ml,mz = (]p’ mjp;]aa m1|.]a’ m2) . (61)

For m; # 0, the diagonal elements in Q] o e (i.e., the elements with m; = m,) are always
sJa

zZero, s0 we only need to consider the m; = 0 case to show the traceless-ness. The trace is

then

Jp

j,0 . . .
TrQ)2) = D 1 (p» 05 jas mljs m)

m
_ | 2atl E : jotm
—\ 2j, + (-1) (Jar—m; 3 Ja> Mjps 0) (62)
2ja+1 -
=225 W2 T 1=0,
\ 2j,+1 " oV e

where the second line comes from the symmetry property

2J +1
2j1+

(j1, M1; jo, ma|J, M) = (—1)2%™2 (J —M; jo, my|jy,—my), (63)
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and the last line comes from the summation property (see Ref. [52], Page 259)

D (=1, —m; j,mlg,0) = 6,0v/2] + 1. (64)

Q.E.D.

We make two remarks here. First, Lemma 1 can be directly generalized to any half-integer
Jp € N+1/2, since in this case there is no m j, = 0. Second, the symmetry property,

(J1, My jo, molIM) = (=127 (), —my; o, —my T, —M), (65)
implies that, for the case of odd integer j, = 2k + 1, the diagonal elements in jS Z?a satisfies

(jp: 05 Ja m|ja: m) = (_1)<]p: 05 Ja _m|ja> _m> B (66)

so the diagonal entries are anti-symmetric around the index m = 0. This also implies the
jP’O .

traceless property of Q i for odd jp,.
as»Ja

Now we present a second proof of Theorem 4.

Proof of Theorem 4. From Eq. (18), the generic structure of A»™i s a block matrix, where

each block is a tensor product B/*"™i» JarJp) = PUg> Jp) ® Qj.p’;.:jp , made of the free degeneracy

parameters P(j,, j,) and the CG coefficients Qj.p’;:jp . From the Lemma 1 and property of tensor

product Tr(A®B) = Tr(A)Tr(B), the matrix A’»’""» is also traceless. The transfer matrix, defined
as
T[A]= > (AP0 ) @A™ (67)
mjp

is then also traceless. This means that the eigenvalues of T[A] sum up to 0. If the uMPS is
RGFE then the trace of T[A] cannot be zero, which is a contradiction.

Q.E.D.

From the proof we see if there is only one largest eigenvalue 1 in T[A], then some other
eigenvalues must be nonzero to cancel the largest one in trace. This immediately provides a
lower bound of the second largest eigenvalue.

Corollary 1. Ifa uMPS Al is SO(3)-symmetric, and the bond dimension of A’ is D, then magnitude

. 1
of the second largest eigenvalue cannot be smaller than ;.

Proof. The traceless condition implies that A, + -+ Ap2 = —1. On the other hand,

Ag+ -+ Apa < Aol 4+ + | Ap2l, (68)

1

pi-7» the traceless condi-

so if the magnitude of the second largest eigenvalue is smaller than
tion is violated.

Q.E.D.

Notice that this lower bound ﬁ may not a tight bound in general, at least the above

arguments do not show it. In fact, we do not expect it to be tight, because the combination of
the semi-classical picture and Lieb-Schultz-Mattis theorem in the Introduction suggests that the
correlation length should diverge as J — oo, so it should be possible for the SLE to approach
1 when J — oo.
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4.3 Examples of states with small correlation lengths

In this subsection, we provide some numerical examples of SO(3)-symmetric uMPS whose
SLE is locally minimal in the parameter space. Due to the simple tensor structure in AKLT-like
states in Eq. (47), we can take their correlation lengths as reference length scales (see the
end of Appendix E for their values), and add more spin sectors in the tensor. We expect that
the correlation length may decrease in the presence of off-diagonal spin blocks (i.e., blocks
corresponding to spin sectors (j;, jo), j1 7 Jo)-

In the following discussion, the physical spin degree freedom is fixed to be J = 1. Ac-
cording to Sec. 3, the AKLT state is a minimally entangled state in this case, whose SLE is
—%. Below we see that the presence of multiple spin sectors in the bond space can result in
a decrease of the magnitude of the SLE, which in turn leads to a reduction in the correlation
length. This reduction roots in the off-diagonal blocks in the transfer matrix coming from dif-
ferent irreps, as shown in the following examples. Indeed, both examples show an SLE with
magnitude smaller than 1/3, so both examples represent states that have smaller correlation
length than the AKLT state.

Example 1: V, = % ® %
In this case we have four free parameters, for (j,, j,) = (2, 2) (2, 2) (2, 2) (2, 2) We use
t = {t;};,1 <i < 4 to represent them. The local tensor A“™ is

T, | - (69)
33
2°2

Since there is a overall normalization, the four free parameters t is actually in complex pro-
jective space CP3. Moreover, not all these parameters are physically independent, since some
will be related by gauge transformations in the bond space.

Analytically minimizing the SLE here is very difficult even with this small bond dimension.
So we use the dual_annealing method in python to numerically find a global minimum of
the SLE within this parameter space, which turns out to be around 0. 1061. There are different
sets of parameters t; 5 5 4 giving rise to this SLE. For instance, one of them is

|:t1 tz]_|:0.95445719 0.80820555}

t3 ty 0.04342765 0.12444592

Example 2: V, = (%)2 ® %

In case the bond dimension is D = 8, and there are 9 free parameters. The local tensor is

1,m 1,m 1,m

t1B, l" tzBl . tsBY 5"

. T N
A Ry t?’Bl 1 t4Bl 1 téBl 3 (70)

T S-S 3

t7By )" tgBys" toBy s’

222 222 222

The smallest SLE is numerically found to be around 0.07624, and an example of set of pa-
rameters that result in this SLE is

t, ty ts 0.33348632 0.70578404 0.66865946
ty t, tg | =| 099352508 0.17884033 0.20196437
t, tg to 0.30224507 0.15770677 0.16274883

For tensors with larger bond dimensions, it is not clear whether there can an even smaller
SLE than the above one. It may be interesting to search for smaller SLE in tensors with larger
bond dimension and more spin sectors in the future by improving the numerical algorithms.
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5 Discussion

In this work, we have discussed the constraints from translation and SO(3) symmetries on
the entanglement and correlation in integer spin chain states, based on the framework of
translation invariant MPS. The main findings are summarized in Theorems 2, 3 and 4.

An intuitive understanding of why the AKLT-like states (i.e., type-I states in Eq. (20)) can
be the minimally entangled states is to consider the bond space dimension counting. Very
roughly speaking, a larger bond dimension usually yields larger entanglement. For a spin-J
chain, the smallest bond dimension is J + 1, corresponding to the AKLT-like state with a single
spin-% sector in the bond Hilbert space. This fact suggests that AKLT-like states may be the
minimally entangled states. However, we stress that this intuition is not fully correct, because
the actual minimally entangled states can be the type-II states in Eq. (20). In general, we need
to carry out detailed analysis to determine the minimally entangled states.

A potential application of our results is to use the AKLT-like states as an initial seed to
study the minimal correlation length in all symmetric states. As we have seen, the minimally
entangled states may not exhibit the smallest correlation length. But due to their simplicity in
the tensor language, these AKLT-like states serve as a good starting point to search the state
with the smallest correlation length. For instance, we can perturbatively add off-diagonal spin
blocks into the tensor of the AKLT-like states and see how the correlation length varies, which
can in principle be done analytically. This provides a new and interesting perspective to study
the relation between correlation length and entanglement measures.

Although our work is based on translation invariant MPS, we expect that the symmetry-
enforced minimal Rényi entropies (Theorems 2 and 3) and the impossibility of a zero corre-
lation length (Theorem 4) actually hold for all integer spin chain states where the SO(3) and
translation symmetries are not explicitly or spontaneously broken. In other words, this work
is based on the following two working assumptions, which we believe are reasonable but have
not proved.

1. For a state in an integer spin-J chain with SO(3) and translation symmetries,
if Sy(prc(N,L)) and S,(poc(N,L)) are bounded when we first take L — o0
and then take N — oo, then the limits limy_ oo lim;_ o0 Se(prc(N,L)) and
limp 00 lim; o0 Su(Po.c (N, L)) exist, for any a € RT. So far we can only prove this
statement for the special case where a = 1 (see Appendix A), but we are unable to
prove or disprove it for other values of a.

2. Assuming that the above limits exist, the minimal values of these limits can be achieved
by a state described by a translation invariant MPS. Also, the minimal correlation length
can also be achieved by such a state.

Below we enumerate some interesting open questions for future studies.

1. Within the framework of uMPS, one can show that the limits
limy _, 00 lim; _, o0 S(prc. (N, L)) and limy_, 0 lim; o0 S (00.c. (N, L)) exist. However, as
far as we know, it has not been shown in full generality that these limits exist for all trans-
lation symmetric states where S, (p.. (N, L)) and S,(p...(N, L)) are bounded when we
first take L — oo and then take N — 00, except for @ = 1 (see Appendix A). Can one
prove or disprove the existence of these limits?

2. The uMPS considered in this paper can only represent states with a zero momen-
tum. Can one prove that states with a nonzero momentum must have larger values
of limy_, o0 lim; _, o0 S (01 (N, L)) and limy_, oo lim; _, o0 Sg(00.c. (N, L)) than the ones
found in Theorems 2 and 3, when these limits exist? Also, even within the set of states
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with zero momentum, can one rigorously prove that the minimal values of these limits
of entropies are indeed given by Theorems 2 and 3?

3. In this paper, we have shown that a state described by SO(3) symmetric uMPS cannot
have a zero correlation length. But what is the precise value of the minimal correlation
length? Does itindeed diverge whenJ — o0, as expected by combining the semiclassical
analysis and Lieb-Schultz-Mattis theorem?

4. How can the considerations in this paper be generalized to multi-partite entanglement,
other non-Abelian symmetry groups and/or higher dimensions? For the case of other
non-Abelian symmetries, note that our Proposition 1 still holds, and one needs to use
the properties of the representations of these groups to find the minimal entanglement,
as done in Sec. 3.

5. Can the minimal entanglement found in this work be used for some tasks relevant to
quantum information and quantum computation?
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A Convergence of entanglement entropy

In this appendix, we consider a translation symmetric state that satisfies the en-
tanglement area law, and we show that the limits limy_, oo lim;_ o S(0¢c (N, L)) and
limy _, o0 lim; _, o0 S(po.c.(N, L)) exist for these states. The proof is already given in Ref. [17],
and here we review it in our context. The proof is identical for these two limits, so we will
only focus on the former.

As shown in Fig. 7, the strong subadditivity [49,53] of the entanglement entropy and trans-
lation symmetry together imply that 2S(p. (N + 1,L)) = S(p;(N,L)) + S(prc.(N + 2,L)).
This means that, when L is large, S(p...(N,L)) cannot decrease as N increases, otherwise
S(pce.(N,L)) will be unbounded from below as N increases, contradicting the fact that
S(pic.(N, L)) is non-negative. To see it, suppose S(p;.(Ny,L)) > S(pi..(No + 1, L)) for some
NO € Z+’ then S(pt.c.(NO + i> L)) _S(pt.c.(NO +i+ 1, L)) = S(pt.c.(NO; L)) _S(pt.c.(NO +1, L))

: ~ ~ S(Ppe (No.L
foralli € Z*, so S(p..(Ny + iy, L)) < O for any i, > S(pt_c,(No,gg)—é(gt,c,)()Nﬁl,L))'

A B C

Figure 7: Both A and C contain one site, while B contains N sites. The strong sub-
additivity states that S(pap) + S(ppc) = S(pasc) + S(pg), where p. is the reduced
density matrix of the subregion -.
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Now that S(p.. (N, L)) is a monotonically increasing function of N when L is large, the
entanglement area law, which means that S(p, . (N, L)) is upper bounded as N increases when
L is large, guarantees that the limit limy _, oo lim; _, oo S(p;. (N, L)) exists.

An identical argument as above shows that the limit limy_, o, lim; _, o S(p, (N, L)) also
exists for translation symmetric states obeying the area law.

We remark that the above proof of the convergence of the entanglement entropy as N — oo
crucially relies on the strong subadditivity, which is not satisfied by the Rényi-a entropy with
a generic Rényi index a € R* [54,55]. Therefore, this argument cannot be applied to show
that the limits limy_, oo lim; _, o0 Su(prc. (N, L)) and limy_, oo lim;_, o0 Sy (00 (N, L)) exist for
a generic a € R™.

B Structure theorem of uMPS and a useful lemma

In this appendix, we review more details about the structure and reduction of uMPS, and
present a useful lemma for the discussions in the main text.

As discussed in Refs. [36,56], given any uMPS tensor, one can always get an equivalent
uMPS tensor A’ such that

A=A, (B.1)
k

where each Al}( is irreducible and left-canonical. As described in the main text, “irreducible”
means

(i) The eigenvalue 1 is non-degenerate.

(ii) After the reshaping in Eq. (6) the dominant eigenvector corresponding to eigenvalue 1
is strictly positive definite (so the reshaped matrix corresponding to this eigenvector is
invertible).

(iii) There is no projection invariant subspace, i.e., there is no projector P onto any proper
subspace of the full bond space such that A'P = PA'P.

Conditions (i) and (ii) are defining features, and, taken together, they are equivalent to con-
dition (iii) (for a proof, see Theorem 6.4 in Ref. [40]).

If the uMPS tensor A’ is block diagonal, then the resultant wavefunction is the superposition
of the states represented by each block. In this case, each block can be transformed into a
normalized form independently, and the coefficients in front of each normalized block (we
call them the weights of normalized forms) will determine their portion in the full quantum
state. This property can be put as the following lemma.

Lemma 2. Suppose a uMPS tensor has two blocks,

) i
Al = [ 14, (B.2)

C2Ai2 ] ’
where A, 5 are physically inequivalent, irreducible and normalized tensors, and c¢; > c, are two
real numbers, then the largest eigenvalues of T[A] and the corresponding dominant eigenvectors
are determined by the largest eigenvalues and the corresponding eigenvectors of Zi(All)* ® Al
If ¢; = c,, the largest eigenvalues and corresponding eigenvectors are determined by the largest
eigenvalues and the corresponding eigenvectors of both Y (A} )* ® A| and ) ,(A,)* ® AL,
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To unpack the meaning of this lemma, note that the transfer matrix T[A] can be grouped
into a block diagonal form of the following 4 blocks:

SO AN AL, ey Y (A ®AL, oo D (AL RAL, 2 (AL) @AY,
i i i i

and we need to show that the largest eigenvalues will only appear in the first block if ¢; > ¢,
(therefore the dominant eigenvector is supported only in the first block). Here we first give an
argument for this lemma based on the physical requirements of state normalization, and then
give a more rigorous proof.

The state [1)[A]) represented by tensor A’ is a superposition of two wavefunctions

[WIAD) = cf [[AL]) +c5 YAz ]) (B.3)

with |1/J[A1,2]> represented by Ail’z. The condition that AiL2 are physically inequivalent indi-
cates that (Y[A;]|4[A,]) is exponentially suppressed as the length of chain increases, and in
the thermodynamic limit the two wavefunctions are orthogonal to each other. Since AiL2 are
normalized, both components |1/)[A1’2]> are also normalized. For large L, the relative weight
cé / cf is exponentially small, so [1[A]) is approaching |)[A;]) in the large L limit.!! Thus in
the large-L limit, the normalization of the state [y[A]) is equivalent to the normalization of
|y[A;]), which exactly depends on the largest eigenvalue of T[A;]. So we can conclude that
the largest eigenvalues must be in the block Zi(Ai1 )* ®Ai1, and the eigenvector also follows.

Now we give a rigorous proof of Lemma 2, following the proof in Lemma. A.2 of Ref. [56].

The procedures of getting a standard form does not change the normalization of the state
(and the tensor A'). So without loss of generality, we can assume the CP map &; 5 of two blocks
A; and A, have strictly positive definite right fixed points.

Proof. We now want to show that the eigenvalues of mixed transfer matrix Zi(Aiz)* ®Ai1 are al-
ways of modulus smaller than 1, and a similar proof shows that the eigenvalues of Zi(A‘1 ) ®A,
are also always of modulus smaller than 1.

Denote the fixed point of £&; by A;, which satisfies ZiAllAl(All)'*‘ = A,. Denote by X the
eigenvector of the map

> (AL XA =X, (B.4)

with 2 an eigenvalue of ,(A)* ® (A)).
Consider the following inequality

2

ATeCeAX [P = D I Tr(XAL VA VAT (AD))

< D Tr(xAL A (A X ) ©5)
x Z Tr(A,X A, X (A))")
j
< |Tex A XD,

where in the second line the Cauchy-Schwarz inequality is used, and in the last line we used
the fact that the spectral radius of A, is 1. Since A, is positive definite, |Tr(XA;X")|?> > 0, so
Al < 1.

1This does not mean the state |)[A]) is equivalent to |3)[A]) in the large L limit. In fact, the SLE of T[A] may
live in other blocks in the T[A], which will determine the correlation length of |y [A]).
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The equality |A| = 1 holds only when Ai2X = oaXAi1 for all i. In this case, one can further
show «a is a phase factor, since |[A| = 1 and

X =Y (A)ALX = o ) (L) XA, = 20X . (B.6)
i i

Moreover, the equality |A| = 1 requires X be a unitary, meaning that A, and A, are equivalent.
This can be seen as follows. Notice that

XX = A)XTALX = a Y (A XTXAL . (B.7)
i i

Combining this equation with Aa =1 and |A| = 1, we see

xtx = (A x XA, (B.8)
i

so the left-canonical property of A; requires X'X = 1 (up to a normalization), meaning X
is an isometry. Then we have X "'AiZX = ozAl1 Denote the bond dimension of A; (A,) by D;
(D;). Now that X is an isometry, we have D, > D;. As we assume, A}, is irreducible, so it does
not have any proper invariant subspace, which means that D; = D,, otherwise XX will be a
projector onto a proper invariant subspace of Aiz. Therefore X is a unitary matrix. This implies
that |A| = 1 only if A} is equivalent to A;,. On the other hand, if A’ and A, are equivalent, then
one can transform them to the same tensor without affecting the physical state, and in this
case clearly |A| = 1. Therefore, |A| = 1 if and only if Ai1 and Ai2 are equivalent.

In the statement of Lemma 2, if ¢c; > ¢, then the largest eigenvalue of ¢;c, Zi(AiZ)* ®Ai1 is
c1CoA, so its absolute value is smaller than the largest eigenvalue cf in T[A;]. If ¢c; = ¢y, since
the two tensors A| and A, are inequivalent, then A < 1 according to the above discussion, so
the largest eigenvalues only lie in sectors T[A;] and T[A,].

Q.E.D.

This property is easily generalized to the case with multiple diagonal blocks.

The conclusion in Lemma 2 implies that if there are two inequivalent, irreducible blocks
in A', the multiplicity of eigenvalue 1 in T[A] is exactly two. This can be understood as some
accidental non-injectivity, since any small perturbation in the off block-diagonal elements or
the weights c; , can destroy the non-injectivity.

We close this section by a brief discussion on the correlation length of a non-injective uMPS.
Similar to Eq. (13), we consider the correlation function for an non-injective uMPS At which is
a direct sum of a few dominant blocks (the p-periodicity can always be eliminated by grouping
neighboring tensors). Therefore T[A] has a multiple dominant eigenvectors corresponding to
eigenvalue 1, and these dominant eigenvectors are in different subspaces as in Eq. (D.6), then

A 1 A
(O(() )O@) = Z Vi, T(l)vj’rv;.,l @y, — Z(vil T(l)vi’r)(v;,l T@y; )+

i,j i,j
= Z v T(”vi,rvit,,T(Z)vi,r _ Z(vit,l T(l)vi,r)(V},l T(Z)vj,r) T B.9)
i,j i,j
== > 5T Oy ) T )+
i#]

where --- represents the subleading terms coming from eigenvalues of modulus smaller than
1. In the second equality we have used the fact that T(?) are also block diagonal. It is clear

that ((A)(()l)(A)J(CZ))C is in general a constant for large distance x, so we regard the correlation length
as infinity in this case.
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C Open chain and infinite chain

In this section, we discuss the properties and boundary dependence of the open chain state
defined in Eq. (2):

[Y[AL a;,a,) = Z(ail)tAiz - ~Al~Ha£L liyig--ip) - (C.1)
{ic}

We assume that ali . are in the image of Al with A’ viewed as a linear map in the bond space,

SO we can write (ali)t = bltAi, ai = A'b, with b; and b, two vectors. For later use we would like
denote

(VIb D, = (B (5
(V[br])aLa’L = (br)aL(b;k)ai .

We would like to identify the conditions under which the SO(3) and translation symmetries
of the in Eq. (C.1) are not explicitly broken (but we allow them to be spontaneously broken).
SO(3) symmetry. Such an MPS on a finite open chain breaks the SO(3) symmetry, because
symmetry transformations of the physical degrees of freedom are turned into unitaries in the
bond space, and the boundary vectors are not SO(3)-symmetric. However, if we take the
thermodynamic limit where L — oo and consider an infinite chain, we can see the restoration
of the SO(3) symmetry, i.e., the expectation values of any two local operators related by an
S0O(3) transformation are the same.

To see this, we can consider any locally supported operator O, and denote the T[O] as the
mixed transfer matrix. Then

(C.2)

(0) = V[ IT[AM T[OIT[A]™V[b,], (C.3)

where N, , are some integers denoting the distances from the edges of support of O to the
boundaries. For large Ny 5,

(O) ~ > Vb v, i, T[OIv, vE, VLD, ]. (C.4)

k,k!

Applying an SO(3) spin rotation to the operator O, Eqs. (14) and (C.4) imply that the
expectation value of the transformed operator is (in the thermodynamic limit)

D VIV, @ Vodvi, v TLOIve, i, (Ve @ VIV D, ], (C.5)
k,k’

where V, is the symmetry action on the bond space, such that the boundary vectors are trans-
formed according to

Vb1 - VIbI(V] ®V,),

2 (C.6)
V[b.]— (V; ® Vg’ )V[b,].
So the requirement of the SO(3) symmetry is that
(0) ~ D VbV, ® Vv vE T[0TV, vk, (V @ VIV D, 1. ()

k,k’

Since v ; and v, are dominant eigenvectors, by Proposition 1 they are singlets under the
SO(3) unitary VgT ® V,. So the expectation value (O) is invariant under SO(3). Notice this

invariance is under the assumption of large L and local support of operator O.
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Therefore, as long as the boundary vectors ali . are in the image of Al, the SO(3) symmetry
is not explicitly broken in the thermodynamic limit, which describes an infinite chain.

Translation symmetry. We also want to check if the translation symmetry is restored in an
infinite chain, which can be viewed as the limit of an open chain where L — oo.

Let us consider a tensor A’ of a single site in the standard form'? in Eq. (B.1), and denote
the inner product of the dominant eigenvectors and the boundary vectors by

Ye =D Vb law (Vi )aa

aa’
(C.8)
O = Z(vk,l)a’av[br]aa’ .
Eq. (C.4) can then be rewritten as
(0) = 10w, TIOIv,). C.9)
Kk

Notice because A’ is in the standard form, vll(’r are in a block structure (see, e.g., Eq. (D.6)).
Moreover, any mixed transfer matrix T[] is also block-wise: Suppose A’ = @Aé{ with each
Al irreducible,'® then

(T[éx])a’a,ﬁ’ﬁ = Z(Ai)z//j/(Aj)aﬁ(Ox)ij > (C.10)

can be nonzero only if a () and a’ (') are in the bond space of the same irreducible block.
This means the v, ; and v,/ has to be in the same irreducible block such that v]il T[CA)]vk/,r is
nonzero.

If none of the dominant irreducible blocks has p-periodicity, then as long as b;, b, are
chosen such that for some k, y, and oy are not zero, then the translation symmetry can be
restored in the large L limit. This is because the expectation value of the locally supported
operator does not depend on the position of the support. Notice that we have used the fact
that irreducible blocks without p-periodicity have a unique left (right) dominant eigenvector.

If some dominant irreducible blocks in A’ do have p-periodicity, the boundary vectors have
to be chosen more suitably. Because every irreducible block lives in different bond space and
they do not affect each other’s dominant eigenvectors, we can simply consider the case A’ has
only one irreducible block with p-periodicity. To proceed, we first do the periodic decompo-
sition and grouping of tensors (see Ref. [30], Ref. [40] or Appendix I). The expectation value
(O) is

P
(O)= > oW, T01,), (C.11)
kk'=1
where we use v ;. to denote the eigenvectors after periodic decomposition. Now that after
grouping, each v ;/, are direct sum of p blocks, and T[O] is a direct sum of p? blocks. So the
expectation value is indeed

p
(0) = 745k, T[O1%,). (C.12)
k=1

12In this section we do not require each block of irreducible tensor in the standard form to be left-canonical.
13If a tensor A, , appears multiple times in the direct sum, we can put them together into a bigger block, which
. . . . . . . . l .
ﬁ.nally causes a multiplicity in the spectrum of reduced density matrix of a single copy of A, ,. The relevant discus-
sions are similar.
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The key point is that the translation operation T shifts the site x to x + 1, and in the pe-
riodic decomposition it transforms T[O,] to T[Oy4;], so (¥ ,T[O]¥ ) is transformed into

(7 T [(A)]ﬁkﬂ’r) where we identify p + 1 with 1. However, the translation acting on the
operator does not modify the boundary part, so the expectation value transforms as

(FOT) =D 7164ty TO1Ppn,). (C.13)
k

Now it is clear that for (O) = (TOT™'), 7,6 should be a nonzero constant independent of k.

In conclusion, a suitable boundary condition can be chosen as follows:
BC: 017k =x >0, for every k. (C.14)

Under this condition, the open chain state in Eq. (C.1) can restore the translation symmetry
in the large L limit, which can be used to describe an infinite chain.

D Computation of reduced density matrix

In this appendix, we derive the spectra of the reduced density matrices p,. and p,.. The
results are summarized in Eq. (9) in the main text, and Egs. (D.4),(D.7) and (D.10) in this
appendix.

Two-cut reduced density matrices

We start with the two-cut reduced density matrices p, . and its spectrum.

Given a normalized tensor A', suppose there are n left (right) dominant eigenvectors Vil
(Vi) corresponding to the peripherical spectrum {A; : |A;| = 1};<x<n- As long as the length
of the chain, L, is large enough, the normalization of the uMPS is n.

Now we want to trace out some physical degrees of freedom in a region (call it R) of (L—N)
consecutive spins (see Fig. 1), so the reduced density matrix of the complementary region is
the bond-contraction of tensors in region R with their conjugation, as shown in Fig. 3(b). As
shown in Appendix D.1, so long as the size L—N of region R is big enough, all R-boundary con-
tributions to p, . is from the dominant eigenvector v ;, vy , with indices rearranged (exchange
the a and o’ in Eq. (6)), i.e.,

o ~ iy N~ . . ./ ./
pt.C. OCZ Z (vk’lpl.;..'pillvvk’r)|ll...lN><ll'..lN

k {il“‘iN;ii“‘iI/v}

B

- (D.1)
e Daey = Vi) »

(f/k,r)(a,a’) = (Vk,r)(a’,a) P

where we label the N spins in p, . by 1,---N and denote (p:z)aa/,ﬁ/j/ = Ai;(,/j ® (Al )z,ﬁ,. Notice
that if n > 1, this expression of j, .. is up to a normalization, which will be determined below.
With the notation of a dV x D? matrix

(\I"t.c.)ilmiN = (AilAi2 e A )alaNH ’ (D.2)

10N +1

we can rewrite the matrix form of §, . as

Pre. ¢ iy iylpeclif i) = e - O (R @) - ¥ . (D.3)
k
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Then using a theorem in linear algebra which states that the nonzero eigenvalues of matrix
product M;M, is equal to the nonzero eigenvalues of M,;M;, the spectrum of p.. can be
computed as follows (see Sec. I1.B.3 in Ref. [36]),

eig(py.) o< eig ([\PZ Ve (Z(vk)t ®v; D
— e1g ((T[A]N alaN+1 (Z(Vk)t r)Z};vaLl)
(D.4)
= eig ((Z(vlz,)t ® v,l(,) . (Z(V}{)t ® vﬁ))
14 k
= eig (Z((vkvk,)t ® (v, v )) ,

k,k’

where “eig” means the non-zero eigenvalues. The third line is valid as long as N is very large.
The exact expression of eig(p, . ), including the normalization, can be further simplified
under certain circumstances. First, if A' is injective, then n = 1, and

eig(p..) = eig ((vlvr)®2) . (D.5)

Second, if all eigenvectors vll{’r are block-diagonal and are supported in orthogonal subspaces
in the bond space basis

Vi’r 0 0
0 Lr
s V2 JEER s (D6)

where we abuse the notion of v]l(’r and its nonzero block, then
. (1
eig(pr..) = eig (; @(v,iv,:)®2)
k
~ Peig L 0hp?).
k

In particular, for any non-injective tensor A, by first turning it to the standard form Eq. (B.1),
and then doing grouping if there is any p-periodicity (see Ref. [30], Ref. [40] or Appendix I),
we can always find the left and right eigenvectors corresponding to the final tensor in the form
Eq. (D.6), with each vll(’r being strictly positive definite. The simplified form Eq. (D.7) is used
frequently in our proofs.

(D.7)

One-cut reduced density matrices

Next, we turn to the spectrum of the one-cut reduced density matrices p, .. .

In Sec. 2 we mentioned that a uMPS state can be defined on an open chain as shown in
Eq. (2) or Eq. (C.1). With suitable boundary conditions it can restore translation symmetry
and SO(3)-symmetry in the infinite L limit, which is discussed in Appendix C. We now assume
that such a suitable boundary condition is chosen, and compute the one-cut reduced density
matrix by similar procedures as in Eq. (D.4).

Under similar to analysis as in Eq. (D.3), we find

eig(po.c,) < eig (Z V[bl]vk,rqjo.c. ' (V]l()t : “IIZ.C.) B (D-8)
k
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where (¥, )1 = Zﬁ (\Pt.c.)sgilv(br)ﬂm with by . the vectors introduced below Eq. (C.1).
Then

eig(po.c.) x eig (\Pg'c.qjo,c.(z Yk(v]l{)t))
k

~ eig (Z(V;:/)t(vli)tUk/Yk) (D.9)

k,k’
: l
= eig (Z(vkv,:,)ok/yk) :
k,k’

where o and v, are defined in Eq. (C.8).

For a general tensor A!, this expression cannot be simplified further. If A’ is in the standard
form, then all irreducible tensors are in different bond spaces, so k and k’ have to be in the
same irreducible bond space in above equation to give a nonzero contribution. Therefore,

. . 1
cig(poc) = cig | @ B vl v Tt | (0.10)
k2

where A denotes the dominant eigenvalues in the k-th irreducible block.

The above equations can be applied to any state in the form of Eq. (C.1), and do not require
any symmetries. For our purpose, choosing a suitable boundary condition can further simplify
the above expression.

Let us consider the boundary condition in Appendix C. First, the boundary vectors a;’r

are in the image of A'. Second, we demand Eq. (C.14), which means that, after grouping
tensors if there is any periodicity, the boundary vectors satisfy (- means that the eigenvectors
are corresponding to grouped tensors)

BC: oO7xr=x>0, for every k.

Under this boundary condition, both SO(3) and translation symmetry will be restored in the
large L limit. Then the spectrum of one-cut reduced density matrix is simplified to

. (1 N
eig(po..) = eig (; P vs’") , (D.11)
s=1

where n is the total number of left dominant eigenvectors. We will ignore the symbol bar in
later use.
For injective uMPS, the result is even much simpler,

eig(p,..) = eigvv"). (D.12)

The entanglement entropy of the one-cut reduced density matrices and two-cut reduced
density matrices are closely related. For injective uMPS, Egs. (D.5) and (D.12) imply

S(pre) =2S(Poc)- (D.13)

For non-injective uMPS whose dominant eigenvectors fulfill the condition in Eq. (D.6),

S(pre) = %s (@(v;iv;i)) +Inn,
k

5(Poc) = %s (@(v;iv;i)) +Inn,
k

(D.14)
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which implies

S(pt.c.) = Z(S(po.c.)) —Inn

=2(S(poc)—Inn)+Inn. (D.15)

The last line of the above equation will be useful in the proof of minimal entanglement of
non-injective uMPS, where we will search for the minimum of S(p,.)—Ilnn=S (@k("ll(";:))

D.1 Derivation of Eq. (D.1)

In this subsection, we derive Eq. (D.1) for completeness. We remark that Eq. (D.1) is valid
as long as both N and L — N are large, and it does not require the uMPS be injective or the
transfer matrix be diagonalizable.

First, we note that the reduced density matrix is given by

(i1 lNlpptI = Trg l_[P l_[P

yeR 7 xeR (D.16)

= >0 e [eih

aa’Bp’ x€R

where pff = Ak ® (Ai;)* (recall that the transfer matrix of an MPS A’ is defined as

= Zi(Ai)* ® A). a,f denote the indices coming from (A))* and a, 8 denote indices
coming from A’ respectively. Try means tracing out the physical degrees of freedom in R.
Notice the indices matching after taking the trace of degrees of freedom in R.
To proceed, we need to use the following structure of T[A].
In general, the transfer matrix T[A] can be brought into a Jordan normal form by a simi-
larity transformation:

T[Al=QJQ,J =P,
k
A 1 (D.17)

My Xmy

where each A, is an eigenvalue of T[A] with multiplicity m; (there can also be multiple Jordan
blocks sharing the same eigenvalue, in which case the total multiplicity of this eigenvalue is
the sum of the m;’s of all these blocks). As usual, we normalize the MPS so that A; = 1 and
order the eigenvalues such that 1 = A; = |A,]| = |A5| = ---. Because T[A]Q = QJ, the matrix
Q is made of the right eigenvector and generalized eigenvectors of T[A]:

ORI n @ @) 2 MORNO) k
(1r’ 2,r? “’Vr(nl)r’vlr’ 2,r? T r(nz)r"“’ 1,r’ 2r’ h r(nk)r’.“)’ (D18)

where
T[A]v(k) Akvgkr),
(T[A]—A Il)v(k)—v(k)

i—1,r?

(D.19)

fori =2,3,---,my. Similarly, because Q! T[A] = JQ}, the matrix Q! is made of the left
eigenvector and generalized eigenvectors of T[A]":

Qle=® Y 0@ @ @0 0 e (o)

Vim0 VYm0 VL0 Vg 0 Ving—1,0 " o VL o Vi 0 V-1, T 0 Ve
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k k
T[A]tvil) = Akv( )

1,1 °
t (k) _ (k)
(T[A] —Ak]l)vi’l =V

(D.21)

fori=2,3,---,my.

If my = 1 for all Jordan blocks, T[A] is diagonalizable and its structure greatly simplifes.
Even if T[A] is non-diagonalizable, the observation in Appendix B of Ref. [9] shows that m; =1
for any physically valid MPS. Therefore, denoting the dominant eigenvectors as vy ; (v ), we
have!*

TIAI N =P NQ D v v (D.22)
k

At this point, it should be clear that Eq. (D.1) can be obtained reshaping the indices of Eq.
(D.22) according to the second line of Eq. (D.1) and substituting the resulting equation into
Eq. (D.16).

In passing, we note that the fact m; = 1 combined with Egs. (D.18) and (D.20) implies
that the dominant eigenvectors are orthonormalized,

V;;lvk/’r = 5kk’ N (D23)
which is equivalent to Tr(v,ivlz,) = Okpr-

D.2 Open chain and closed chain

Given a open chain state with translation symmetry in the thermodynamic limit, it may be
natural to expect that deep in the bulk of the chain, the state locally looks like being in a
closed chain with periodic boundary condition. More concretely, we may expect the reduced
density matrix py, o Of a local region deep in the bulk of an open chain to be the same as
a corresponding reduced density matrix py, . in the periodic chain. Below we verify this
relation explicitly. Notice the support of p, is arbitrary and does not have to very large.

Now consider a tensor A' which is in the standard form and has been grouped if there is
any periodicity. Use

(Tp)L oy = (ATAZ - AV )g o

which is the same as ¥, . but we do not require N to be very large. For the uMPS in the very
long periodic chain, the reduced density matrix in the bulk is

Popve =y Y (P @ 71T, (D.24)
k
while for an open chain state in Eq. (C.1),

Probe = T D (VD ®VEIreow Y]

kK l (D.25)
=y, Z((Vk)t @ VYKo KY,
k

where the summation over k is for all dominant eigenvectors. The boundary condition (C.14)
will indeed make the two reduced density matrices equal.

14We always assume the length L — N or N is a multiple of p when there is any p-periodicity, so that the factor
of power of dominant eigenvalues is always 1.
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E More about symmetric tensors

In this appendix, we review more details related to Sec. 2.3. First we discuss why the symmetry
transformation in the bond space, V,, is a direct sum of projective representations, and then
we present the statement of Wigner-Eckart theorem. We also present some concrete examples
of symmetric tensors.

E.1 Representations and Wigner-Eckart theorem

Suppose g,h € G where G is the symmetry group. To see why V, can be in a projective
representation, consider

(Ugn)ijA = (Ui (Up)y;A'
= (Up)ike "V AV, (E.1)
— (0,461, T1/T Al
e R AW IAS

but meanwhile we know
(Ugn)ij& = %1V AV, (E.2)

So if we have V,V;, = w(g,h)V,;, where w(g,h) is a phase factor satisfying

w(g1,82)w(g182,83) = w(g1,8283)w(82,83), (E.3)

then Egs. (E.1) and (E.2) are satisfied and consistent. In such case, Vg form a projective
representation.

In general, V, may be a direct sum of some irreducible projective representations (this
direct sum itself may not be a projective representation), and w(g,h) can be a direct sum of
identity matrices multiplied by the phase factors related to the projective representations in
V,.

On the other hand, the phase e'% satisfies e!%e% = ei%n 5o this is an homomorphism
from G to U(1). For the case we are interested in, G is the SO(3) spin rotation group, and
the only homomorphism from SO(3) to U(1) is the trivial one, so e!% = 1 by the first iso-
morphism theorem.'® Our discussion will be focused on G = SO(3) from now on, but it is
straightforwardly generalized to other symmetry groups. '

Next, we present some details of Wigner-Eckart theorem. Consider an operator 17, in spin-j

representation, i.e. UT; 0" =3 — T/, where U is an operator of SU(2) transformation

acting on the basis of the Hilbert space T7, lives in (i.e., the bond space in our case) and DTJn /m 1S
the Wigner D-matrix of spin-j. The Wigner-Eckart theorem states that the elements of 1) arein
the form (jy, m1|f1r{1|jz, my) = (j1,m1; j, mlja, mz)(h”ﬁ%”iz) where (J'1||7A1;11||J'2> is independent
of m,my, m,.

The Wigner-Eckrat theorem was originally proposed for the SO(3) group, and it can be
generalized to other groups satisfying the complete reducibility of finite dimensional repre-
sentations. For instance, analogue of the previous statement can be proved for finite groups,
compact groups and semisimple Lie groups. Interested readers are referred to Ref. [46] for
details.

5More concretely, G/kerf = im(f) C H for a homomorphism f : G — H. The kerf is a normal group of G.
But SO(3) is simple having no nontrivial normal subgroup, thus f has to be trivial.
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E.2 Examples

In this subsection, we present some examples of symmetric tensors.

Example 1: j, = 1,j, = jp = 1/2. This choice of j, ; is the allowed bond space with the
smallest dimension for spin-1 chain. The fusion rule involved here is % ®1= % ® % The
Clebsch-Gordan coefficients are organized into Q-factors

R R A

The row and column indices of Q are ordered as decreasing m; from m; = j, here just
[1/2,—1/2]. In this case there is no extra free parameter except an overall constant, so
A™ = const.x Q™. In fact this is the unique uMPS of bond dimension D = 2 for a translation-
invariant, SO(3)-symmetric spin-1 chain (up to some bond-space gauge transformations which
do not change the physical correlations). In fact, this state is exactly the ground state of the
renowned AKLT model [37,38].

Example 2: Bond space with a single j,. These tensors can be thought of as generalizations

of the AKLT state from the MPS perspective. Each A»™ is equal to Q;p ”].n" . These states also
have no free parameters. For instance, j, = 1, j, = 1, the matrices are

1 1
1 (1) 0 O . —7 0O o0 . 0 —7 01
Q=5 0 0], Q"= 00? , Q'=|0 0 —%|. (E5
1
0 7 0 0 0 7 0 0 0

The entanglement of uMPS with single-j, bond is simple, which we discuss in Sec. 3. The
correlation length, by some observation of examples, obeys the following rules.

Observation 1: For the spin-1 uMPS, the second largest eigenvalue of T[AJ].” jl] is of mag-

nitude |1 —

j(j%l) , regardless of j, being integer or half-integer.

Observation 2: For the spin-J uMPS with bond space V, = “5’, J € Z, the second largest

eigenvalue of T[Aj," - ] is of magnitude 1 — and it is always three-fold degenerate.

2
- +2)

Ja=%Ja

_J
=3
The right eigenvectors of s

econd largest eigenvalues are (B}") Jmym, With j = 1.
222

F C1- and C2-injectivity

In this appendix, we review the distinction and relation between the Cl-injectivity and C2-
injectivity [31]. Define a map I; from the matrix space My, to the physical Hilbert space of

dimension d!,
Li, () = D T XA 1] iy - 1y) (1)
{ix}
where X is a D x D matrix and A?mil = A" -..All, Atensor A' is Cl-injective if I3, is an injective

map for every integer [ > [, and A’ is C2-injective if T[A] has 1= A1 > |A;5,].
The following proposition shows that Cl-injectivity is stronger than C2-injectivity.

Proposition 3. Suppose there is a tensor Al, the following two statements are equivalent:
(i) Alis CI-injective;

(ii) Al is C2-injective, and its dominant eigenvector is strictly positive definite.
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Proof. (i)= (ii) is straightforward. Being Cl-injective requires the standard form Eq. (B.1)
has only one block, otherwise any X with only off-diagonal blocks will lie in the kernel of
map [ for every integer [. Then the C2-injectivity and strictly positive dominant eigenvector
follows from the properties of block in the standard form.

(ii)=(1) is more complicated and is proved in Lemmas 5.2 and 5.3 in Ref. [30] (also The-
orem 6.7 (4—1) in Ref. [40]).

Q.E.D.

G Properties of CG coefficients

We summarize some properties of the CG coefficients of the SO(3) group for reference (see
Chapter 8 of Ref. [52], for example). First, CG coefficients are real, i.e.,

(j1,m1; jo, malJ, M) = (J, M|j;, my; jo, my) . (G.1)

Then the orthogonality relation:

Z (J, M|j1, my; jo, ma) (i1, mys o, molJ . M') = 855,61/,
my,my

Jitia J (G.2)

Z Z (1, m1; o, malJ, M), M|jy, my; jo, Ma) = Sy ), S mym, -
J=j1—jo| M=—J

The symmetry properties:

(j1, my; oo Mol I M) = (—1)V27 (G, —my, jp, —mylJ, —M)
= (=12 Gy, my; i, my T, M)

; 2J+1
= (=1)rmA\| =——(j;,m;;J,—M]|j,,— (G.3)
(-1) \ 2j2+1<h my |j2, —my)
; 27 +1
=(-=1 Jo+my J,_M’ ] ,m 7 ,—my).
(-1) \2].1+1< J2, Maljy 1)
And summation property:
> (G, —ms j,mlg,0) = 8,,0v/2] + 1. (G4
m

H Generalizations of Proposition 1

In section 3.1 we have proved Proposition 1, stating that the dominant eigenvectors of irre-
ducible tensors, after the reshaping in Eq. (6), are singlets in each spin sectors. In this ap-
pendix, we show that the singlet structure also holds for reducible tensors which is equivalent
to a direct sum of some irreducible tensors.

Consider the case where the tensor A’ contains a few dominant blocks, each of which
is irreducible. We only need to show that each irreducible block is G-symmetric, then by
Proposition 1, each irreducible block will have eigenvectors of peripherical spectrum in the
form of Eq. (24), so Proposition 1 is generalized to reducible tensors.
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Suppose we have two such irreducible blocks which are not equivalent (i.e., there is no
similarity transformation connecting the two),

Aiz[All

A

] , (H.1)
and consider an arbitrary symmetry transformation of physical degrees of freedom U,. Denote
Ay =D Ui,

J
then the mixed transfer matrix Tj;[A] defined below

Ty[Al =D (Uy);(A) @ A/, (H.2)
i,j

will decompose into a direct sum of four pieces
TylAi]® Ty[A], Ayl @ Ty[AG,A1]@ TylA,], (H.3)
where we use the notation

TylAL A= > (Up)(A)* @ AL, .
i,J

Since A’ is symmetric, T;[A] must have two sets of peripherical eigenvalues (as the action
U goes to the bond space and do not influence the eigenvalues), and T;[A%,A,] and Ty [A%,A;]
cannot have spectral radius 1, by a smilar argument as in Appendix B. The two sets of periph-
erical spectra must come from Ty;[A;] and Ty [A;]. Suppose Ty[A;] has a set of peripherical
spectra, then by the Lemma 1 in Ref. [32], A; must be G-symmetric. This also requires A, to
be G-symmetric, by the symmetry of [y)[A])

[WIAT) = [WlAL 1) + [lAb1) = [WIAL D)+ [$I41) .

We can further consider the reducible tensor A’ with more than two irreducible components
Al(k), 1 < k < n. We first group all blocks A} _; as a tensor A’, and analysis above shows that
Ai1 and A" are both symmetric. In particular, the transfer matrix of A" has spectral radius 1.

Iterating the analysis for A, we finally conclude that all irreducible blocks Ai(k) are symmetric.

I Entanglement of non-injective uMPS

In Sec. 3.3, we have discussed the proof of the minimal entanglement for generic injective
uMPS. We have also seen from Eq. (20) that the type-II states can approach non-injective
uMPS when ¢ — 0, which spontaneously break the translation symmetry. In this appendix, we
give more details about the entanglement of such translation-symmetry-breaking states. These
results complete the understanding of the symmetry-enforced minimal entanglement for all
SO(3)-symmetric uMPS, rather than only those without spontaneous symmetry breaking.

For simplicity, suppose A is irreducible, i.e., there is only one block in the standard form Eq.
(B.1) of the non-injective uMPS. According to the MPS theories (Proposition 3.3 in Ref. [30] or
Theorem 6.6 in Ref. [40]), the peripherical spectrum is a finite Z, group, consisting of all p-th
roots of unity for some positive integer p. This uMPS admits a periodic decomposition [31], i.e.,
there are p different tensors A’ , - - - ,A; constructed from the projection Al;( = P,A'P,,, where

41


https://scipost.org
https://scipost.org/SciPostPhys.19.1.020

e SciPost Phys. 19, 020 (2025)

P, is the projection to a subspace of the bond space, such that the original uMPS is equivalent
to the uMPS of a clustered tensor A2 defined below. More precisely, let

Uiy by _ iy gln | plp—ktl glp—kt2  4lp
Ak _AkAk+1 AP Al Ak—l ’ (I 1)

o i
i = @A

then the original MPS [1[A]) can be identified as

[Y[A]) = [y[A]), (1.2)

where [)[A]) is viewed as an MPS defined on a lattice formed by enlarged sites, with each
enlarged site being p consecutive sites of the original lattice, and the basis of each enlarged
site is the tensor product of the basis of p original sites, i.e., |i1iy-"1,).

It is also useful to think of such |y[A]) = |y[A]) as a superposition of p states which are
related by translation,

plAl) = > [WIA). T [YIAL) = |lAwa]) -

k

Each component |¢[Ak]> is SO(3)-symmetric and symmetric under p-site translation 77, and
it can also be viewed as an MPS defined on a lattice with the enlarged sites.

For our purpose, we only need the existence of such a periodic decomposition, and we
do not have to explicitly construct P,. Readers interested in constructing P, are referred to
Ref. [31] for details.

I.1 Some lemmas

Below we first present multiple useful lemmas.

Lemma 3. Given a density matrix p, and a right-canonical tensor A' together with the induced
CPmap &

Earlp) =D (4N pAT,
i
then the image £, (p) is still a density matrix.

Proof. We need to show that &£, ;(p) is positive and has trace 1. The positivity is clear by
definition. Since A' is right-canonical, ZiAl(Al)T =1, &, is indeed a trace-preserving map,
since

Tr [Z(Ai)i'pAi] =Tr(p]=1. 1.3)
So &4(p) is a density matrix.

Q.E.D.

. : o ; o .. ; iy
Lemma 4. Given a normalized p-periodic tensor A" and the periodic decomposition A} and Ak1 P

as discussed in Eq. (I.1), suppose X}, is the dominant left eigenvector of T[A,] for 1 <k < p, then
the dominant left eigenvector of T[Ay,,] satisfies

Xiy1 = Z(Aé{)*XkAZ 1.4)

1

up to multiplication by a constant.
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Proof. Because X is left eigenvector of T[A;],

Xi= D> (A XGAT (L.5)

i,
So

. . ioei i ; i ~lgeeelpl
DA XA = > AL (Z(A‘;)TXkAle)A,jHP , (L.6)

i ip+ 1yl iy

which implies Zi(A‘}()"LX kA‘;( is the dominant left eigenvector of T[A;.4].

Q.E.D.
. sl L, . ..
Furthermore, if every Ak1 ¥ is right-canonical, we can choose the proper normalizations
for each A} such that each A} satisfies the right-canonical condition

D ALAD =1,
i
To see this, consider

STATA Y =1 = DTAATE @) =D A, a7

ll"'lp lll"'lp i

so by the uniqueness of the left eigenvector of T[Ap] we see ZiA;(AfU)T = a,1. Similar
manipulations lead to ZiAl}((AZ)T = a1l for 1 < k < p and a;ay---a, = 1. It is always
possible to choose a; = 1 for every k. Based on this choice, X;. satisfies Tr(X;) = 1 and is thus
a valid density matrix, then Zi(Al;()"LX kA§< is also a valid density matrix.

The next lemma is useful in the discussion of the entanglement in p-periodic states. Sup-
pose Al is an irreducible generic, p-periodic tensor, and the tensors A;,--- ,A, are obtained
from periodic decomposition such that each A; is normalized and right-canonical. Denote the
left dominant eigenvector of T[A;] as §;, whose spectrum is the same as the spectrum of one-
cut reduced density matrix of |¢[A1]> due to the injectivity, right-canonicality of A; and Eq.
(9). Denote

Prs1 = (A1 A) (A1 Ar),
for 1 < k < p—1. By Lemma 4, p; is the reduced density matrix of |¢[Ak]>. For brevity we
hide the summation of physical indices and use A"XA to denote the map Ep1(X).

Lemma 5. The spectrum of p, . is

. N
eig(p,.c.) = eig (— Pk) ) (1.8)
P =1
and the following inequality holds,
S(po.) > In(2v2T +1), L.9)
S(p..)>In2(27 +1). (1.10)

Proof. Because the tensor A% is block diagonal and has p blocks, then Eq. (D.11) implies
that the spectrum of p, .. is in the form of Eq. (I.8).
By the property of entanglement entropy

S(poc) = I%(S(m) +5(By)+ - +5(5,)) +1np, @11)
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and the inequality

S(AK) +5(Pr+1) 2 In(2J +1), (1.12)

we can obtain S(p, ) = In(2v2J + 1).

The inequality (I.12) can be shown as follows. Since the entanglement entropy is deter-
mined by the entanglement spectrum, by Proposition 1 we can suppose p; = D, tj pj, in
eigenbasis where each p; is ﬁlzjkﬂ (here t; is determined by the eigenvalues of the ma-
trix M[.IL: in Eq. (24)). The direct sum is over all spin sectors with multiplicity counted (i.e.,
if spin-j has multiplicity m;, then there are correspondingly m; summands in the direct sum),
so the same j; may appear multiple times in the direct sum. Then

Pr+1 = Z t AP Ak,
Jk
where we abuse the notation of p; and its embedding into the full left bond space of Al;(. So
the following inequality can be derived,

S(Pr) +S(Pr+1) =S (@ t;05)+S (Z fjkA;inkAk)
Jk
> Z [tij(pjk) +(—t; Int; )+ tij(A}ipjkAk)] (1.13)
Jk

>1n(2) + 1)+ Y (—t; Int;) >In(2] +1),
where to obtain the last line we have used

S(p:)+SAlp. A) = i In((2J; + 1)(2J, + 1

(pj) +S(ALpjALK) |J1—J2F<1L192J1+J2{ n((2J; +1)(2J; + 1))} 1.14)
=In(2J +1).

The inequality (I.14) comes from the fact that, if there is a spin-J; sector in the left bond
space of A;, there must exist at least one spin-J, sector in the right bond space of A; such
that |J; —J5| < S < J; +J,. Then the eigenspectrum of A}( P, Ak will be a direct sum of some
Pije,, With |S — ji| < jig1 S S+ i, s0 S(A;';p j.Ax) is greater than or equal to the entanglement
entropy of p;  with smallest ji,; in right bond space of Ay.

The equality in Eq. (1.9) holds only when p = 2 and the bond space is composed of j =0
and j =S.

In particular, we have shown that

S(poc)—In(p)=Inv2s+1, (1.15)

by the above argument. By Eq. (D.15), we see the corresponding minimal subregion entan-
glement entropy is S(p;.) = 2(S(poc)—Inp)+Inp =1n2(2J + 1).

Q.E.D.

I.2 Minimal entanglement

In the subsection we discuss the minimal entangled states in the set of all non-injective, SO(3)-
symmetric uMPS. The result is summarized in Theorem 5. Combined with Theorem 2, we can
obtain the lower bound of entanglement entropy of S(a) in the set of all uMPS.
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Theorem 5. In the set of all non-injective uMPS, the entanglement entropies are lower bounded

by
S(pee) = In(2(27 + 1)),
(L.16)
S(poc)=In(2v2J +1).

Both lower bounds are saturated by type-II state in Eq. (20) with € = 0.

In order to prove Theorem 5, we first prove the following lemma, which implies that we
only have to prove Theorem 5 for irreducible non-injective uMPS.

Lemma 6. Suppose a symmetric uMPS A is a direct sum of some irreducible blocks A%, -- -A;,
ie., .
ClAll
. CLAL
Al = > , (1.17)
anl;l

where each Al}( is normalized and the weights c; are positive numbers ¢; 2 ¢y -+ 2 ¢, > 0. Denote
m as the number of equally dominant weights,

C]_ :CZZ"':Cm.
Then the two-cut entanglement entropy S(p, . ) will be no smaller than the following minimum:

min{S(p,.. (A))), S(prc.(A})), - S(prc (AL},

where p; .. (A’;() is the two-cut reduced density matrix from the uMPS Al;c. Similarly, the one-cut
entanglement entropy S(p,...) will be no smaller than the following minimum:

min{S(po.q.(A1)), S(Po.c.(A)); -+ S(Po.c. (A, )},
where p, .. (Aé{) is the one-cut reduced density matrix from the uMPS Aé{.

Proof. We present the proof of two-cut entanglement entropy here, and the proof of one-cut
entanglement entropy is similar.

First we consider the cases that all Al}( are inequivalent. Without loss of generality, we can
assume that all dominant weights ¢, (1 < k < m) are equal to 1, so the full tensor A’ is normal-
ized. Because Al}( are inequivalent, by Lemma 2 in Appendix B, the largest eigenvalues of T[A]
must come from the block submatrices T[A; ] with 1 < k < m, and the dominant eigenvectors
T[A] after being reshaped into matrices are also supported in the subspace corresponding to
Al;c. Denote the reduced density matrix from the whole state |{)[A]) as p; ., then its expression
in Eq. (D.4) can be simplified to a direct sum of the spectra of each block (see Eq. (D.7) in
Appendix D for details),

. (1 ‘
eig(pr.) = eig (— b pt.c.(Alk)) , (1.18)
M=
where pt.c.(Al;{) is the two-cut reduced density matrix from the uMPS |¢)[A;]) constructed from

tensor Aé{ .
The entanglement entropy obeys the following equality,

Sy Do) = %;s@mmw inm. 119)
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Therefore, we conclude that

S(pre) = min{S(pc.(A))), S(Pc.(AL)), - S(ppe (A )}

Notice that in the above inequality the equality only holds when there is only one irreducible
block.

Finally we show that the above statements hold even if some Aé{ are equivalent. In that
case, we can put all equivalent Aé{s together as a bigger block, and the reduced density matrix
of uMPS of this bigger block is the same as the reduced density matrix of the uMPS of single
tensor A‘;{ since the two uMPS are the same. Now repeat the argument above we can achieve
the conclusion in the lemma.

Q.E.D.
Now we can present the proof of Theorem 5.

Proof of Theorem 5. We present the proof of S(p,.) and the proof of S(p, . ) can be carried
out similarly.

By Lemma 6 we only need to consider A’ in the subset of irreducible non-injective tensors.
By the discussion above Eq. (I.1), A’ is p-periodic. With the periodic decomposition Eq. (I.1),
we see the dominant eigenvectors vll{’r(l < k < p) of T[A] will be supported in orthogonal
subspaces in the bond space basis, i.e., , in the form of expression (D.6). Further by Lemma 4
and comments below it, and Lemma 5, we see that the entanglement entropy S(p;. ) is lower
bounded by In(2(2J + 1)).

The saturation of the lower bound can be seen through the following computations: the
type-II state with € = 0 has two pairs of dominant eigenvectors:

A A
A==+1: vl= , V= , (1.20)
A [ 12J+1i| A [ 2J1+1 ]12J+1i|

put them into Eq. (D.4) we can get

o= {1 ()
Bl =12\ 2@+ 12 )iy )

where subindex (2J + 1)* is the multiplicity of
S(pec (11, & = 0)) = In(2(2J + 1)).

m. Then it is clear

Q.E.D.

J The minimal Rényi entropy

In this appendix, we first present some details of the proof of Theorem 3, the minimal Rényi

entropy in the set of injective uMPS. Then we discuss the minimal Rényi entropy in the set

of non-injective uMPS. For 0 < a < 1, S,(p) is an entanglement monotone which obeys the

concavity [50], so the proof for both injective subset and non-injective subset go parallel to

the proofs for Theorems 2 and 5. So we mainly consider a > 1 in the remaining discussions.
For convenience, we define a function of density matrices

Hy(p) =Tr(p®).

We list some properties of H,(p):
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1. For a > 1, H(a) is a convex function in p, ie, H(Q t;p;) < X, t;H(p;) for
0<t;<1,>,t;=1,and p; some density matrices (see Theorem 3.27 in Ref. [51]).

2. Ha(% @?:1 pl) = % ZiHa(pi) .

These properties will be used in the following discussions.
Before moving to the proof, we need to understand the relation between one-cut Rényi
entropy and two-cut Rényi entropy. If the tensor is injective, then

eig(po.) = eig(v'v"),
eig(pee.) = eig((v'v")®?),

50 S, (pic) =2S,(po.c)- If the tensor is non-injective and

eig(po.c.) elg( @(V,i )
eig(py..) —elg( @(v,i )@2),

then

S(po.c.) =

ln(nl—a ZHa(pk)) ,
(ni ZHa(pk)Z) ,

where eigp; = eig(v}(vl:) For non-injective uMPS, the relation between S,(p,...) and S, (o ) is
not obvious. Physically the definition of S,(p, . ) is more clear so we mainly consider S, (o )-
For completeness, we prove the minimality for both quantities.

J.n

1
S(pt.c.) = _a_ 1 In

Injective uMPS

We start by proving Theorem 3, the symmetry-enforced minimal Rényi entropy for injective
SO(3)-symmetric uMPS.

For injective uMPS, the spectra of reduced density matrices p,. and p,. have been dis-
cussed in Sec. 3. We only need to consider the set of irreducible injecitive uMPS and search
for the minimum of S,(p, ). The relation S,(p¢..) = 2S,(po..) Will ensure that the state with
the minimal S,(p,.) also has the minimal S, (o )-

First consider the extendable case. The spectrum of the reduced density matrix is in the
form of Eq. (27), so by the convexity of H,(p) we can deduce that

Ha(po.c.) = a( 12]m+1) ln(2jm + 1)3 J.2)

s0 Sa(po.c) = In(2j, +1). For a spin-J system, j, = %, so the minimal one-cut Rényi en-
tropy for extendable uMPS is S,(p,.) = In(J + 1). The minimal two-cut Rényi entropy is
Sa(Pic) =2In(J + 1). The minimum is achieved by the type-I state in Eq. (20).

Next, consider the irreducible, generic case (we use “ig” to represent irreducible and
generic below). For the ig-injective uMPS, the spectrum of the density matrices is decomposed

as shown in Eq. (36). The convexity of H,(p) indicates

Hy(X) < max{Hy(p"), Hy(p®)},
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and from the spectrum of X;, we see

1 H 1 ® i
W 1 ' mix
H(p )gmaX{H(po@pJ)’ (2‘] ‘f(j))}

—H(l ® )—1(1+ L )
QPP T 0, (27 +1)*1 )’

where the inequality is proved later in the Eq. (J.16). The other candidate H,(p®) is al-
ready discussed in the extendable case. For the two-cut entropy S,(p...), since the tensor is
ig-injective, S,(Prc) = 2S4(Po.c. ). This concludes the proof of Theorem 3.

J.3)

Non-injective uMPS
Next, we turn to non-injective uMPS. We first present the theorem of the symmetry-
enforced lower bound of Rényi-a entropy in the set of all non-injective uMPS.

Theorem 6. In the set of non-injective, symmetric uMPS of spin-J (J € Z™) chain, the Rényi-a
entropies are bounded by

1 1 1
s > n(—(1+—""—
a(pt.c.) a_]. n(Za( (2]—{—1)26‘_2))’
1 1 1
s >—— In|—(1+——]].
alPoc)Z =77 n(za( (2J+1)°‘—1))

Both lower bounds are tight bounds, and are saturated by the type-II states with ¢ — 0 in Eq.
(20).

J.4)

The proof strategy is parallel to the proof of Theorem 5. First, we do reduction to restrict
to the irreducible tensors. Following the setup of Lemma 6, we want to show

Sa(pre) = min{Sy(pre (A)), Su(Prc. (), -+, Selpre (A}, (J.5)
Sa(Poc) = min{S,(Po.c. (A1), SalPoc.(A)),+* ,Sal(Po.c (A} (J.6)

From Eq. (1.18) and the convexity of H,(p), we see

1 . _
Ha(pee) < — ;Ha(pt.c.(Ap) < max{H(p. ()}, 1.7)

so applying —ﬁ In(-) on two sides we obtain inequality (J.5). Similarly one can show the
statement for p, . .

Next, to deal with the p-periodic cases we need an analog of Lemma 5, which we put as
Lemma 7. With this lemma we can directly follow the proof of Theorem 5 in Sec. 1.2 and find
the minimum of S,(p,.) and S,(Pcc.)-

Lemma 7. Consider the setup of Lemma 5. Then the spectrum of the reduced density matrix is

. 1A -
eig(pc) = = (EB pfz) ,
b\ k=1

and the following inequality holds,

1 1
H <—(1+—"—),
(o) < 32 (14 5 )
1 1 J.8)
Ho(pre) < > (1 + m) .
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Proof. The proof goes similarly as the proof of Lemma 5. Denote pj,; = A;; Pl for1<k<p

1 )4
Ha(po.c.) = _aZHa(ﬁk)- (J9)
p k=1

Using the inequality
Hy(pi) + Ho(Pres1) S m}fch{Ha(Pj) +Hy(ps—j)}
1 (J.10)
=14+ —,
(2J + 1)1
we find

1 1
Hy(poc) S 2—a(1+m) . J.11)

For two-cut entropy, from Eq. (J.1) H,(p.. ) can be expressed as

1 P
Hlpie) = o2 > Hy(p)?. (J.12)
k=1

A similar argument to inequality (J.10) shows
Ho(pi)* + Ho(prs1)” < m]ax{Ha(;oj)2 +H,(ps—;)*}
1 (J.13)
=1+ —,
(2J + 1)2e—2

so finally we see

1 1
Q.E.D.
Proof of the inequality (J.3)
Finally, for completeness, we prove the inequality (J.3).
In general,
1
Xloc@tl,jpj, pj= =Ly, Ztl,j=1;
e} 2j+1 -
J<3 J
so from p( o< X; @ BIX, B,
t .
W _ L
P —27(131'95A1,1(Pj))- (J.15)
j<3
With the help of Jensen’s inequality, and the diagonal nature of every p;, we see
1
H(p ) < 3 0 507 04,1007
i<y
1 n n
Smax 4| —-Trlp] ® &y, 1(p;)"]
j<g \\2 (J.16)
1 n n
<max(5mter ot 1))

=5 (e
oon (2J + 1)1 )

where the last line is true for j = 0,S —j = S, i.e., the valence bond case. The last line is
obtained by the monotonicity of the second last line with respect to j.
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