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Abstract

The coexistence of Ferromagnetism and superconductivity in so called ferromagnetic su-
perconductors (FMSC) is an intriguing phenomenon which may lead to novel physical
effects as well as applications. Here in this work we have explored the interplay of topo-
logical excitations, namely vortices and Skyrmions, in ferromagnetic superconductors
using a field theoretic description of such systems. In particular, numerical solutions for
the continuous spin field compatible to a given vortex profile are determined in absence
and presence of a Dzyaloshinskii-Moriya interaction (DMI) term. The solutions show that
the spin configuration is like a Skyrmion but intertwined with the vortex structure — the
radius of the the Skyrmion-like solution depends on the penetration depth and also the
polarity of the Skyrmion depends on the sign of the winding number. Thus our solution
describes a Skyrmion-vortex composite — but as a topological object in a bulk ferro-
magnetic superconductor, rather than on the interface of a ferromagnet-superconductor
heterostructure. We have also determined the spin wave solutions in such systems in
presence and absence of a vortex. In absence of a vortex, the frequency and the wave
vector satisfy a cubic equation which leads to various interesting features. In particular,
we have shown that in the low frequency regime the minimum in dispersion relation
shifts from k = 0 to a non-zero k value depending on the parameters. We also discuss
the nature of spin wave dispersion when the frequency ω is close to the photon mass m̃ ,
for which we find multiple local minima in the dispersion curve. The group velocity of
the spin wave would change its sign across such a minimum which is unique to FMSC.
Also, the spin wave modes around the local minimum looks like roton mode in superfluid
and hence called a magnetic roton. In presence of a vortex, the spin wave amplitude is
shown to vary spatially such that the profile looks like that of a Néel Skyrmion. Possible
experimental signature of both solutions are also discussed.
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1 Introduction

Superconductivity and ferromagnetism are among the most important phenomena encoun-
tered in condensed matter physics. Apriori, the properties of superconductors and ferromag-
nets seem to be totally incompatible with each other. The diamagnetic property of a supercon-
ductor prevents magnetic fields from penetrating into the bulk; on the other hand in a ferro-
magnet, local spins arrange themselves in a certain orientation producing a net magnetization
which in turn can produce a magnetic field of their own. Thus it can be expected that con-
trolled interaction among these phenomena may lead to new physics, as well as opening new
ways for technological applications. One of the possible ways to explore such an interaction is
by forming a heterostructure consisting of ferromagnetic and superconducting layers coupled
via an electromagnetic coupling [1] or/and by means of a proximity coupling [2, 3], which
is expressed by the Lifshitz invariant [4]. Hybrids of superconductors and ferromagnets have
received much attention in the recent past due to their importance in exploring their funda-
mental aspects, as well as in applications attempting a realization of Majorana fermions [5–8],
in superconductor spintronics [9–11], etc. A number of papers in this direction [12–16] have
considered the appearance of Skyrmions and vortices in ferromagnetic and superconducting
layers respectively and studied their interaction. In particular, the possibility of formation
of a composite of these topological excitations was studied [1, 3, 12, 15]. Composite objects
formed out of vortices and Skyrmion are fundamentally interesting and may lead to intriguing
applications.
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The other way of exploring this interplay of ferromagnetism and superconductivity is to
find systems which have a phase where these properties coexist. Such systems are called fer-
romagnetic superconductors – these are very difficult to find and stabilize in the mentioned
phase. One of the possible ways to realize this phase is to use spin triplet superconductiv-
ity where the Cooper pairs have a net spin angular momentum S = 1. These Cooper pairs,
having a net spin magnetic moment can give rise to ferromagnetism as well as long range
superconducting order [17, 18]. There also exist a number of material systems where the
electrons which are responsible for superconductivity are different from the static unpaired
electrons which lead to ferromagnetism. This mechanism allows the conventional supercon-
ducting order to coexist with ferromagnetic ordering. Examples include Rare Earth Rhodium
Boride (ErRh4B4) and some other rare earth materials (HoMo6S4, HoMo6Se8) [19–21,21,22].
In such materials superconductivity exists between an upper critical temperature (Tc1) and a
lower critical temperature (Tc2) and is called reentrant superconductivity. Below Tc2 a ferro-
magnetic phase appears and near to this temperature long range ferromagnetic ordering exist
with superconductivity in a narrow range of temperature (∆T ∼ 50 mK). More recently, a
number of materials, prepared as thin films, is shown to have similar property of coexisting
ferromagnetism and superconductivity [23–25]. One of the examples is the ultra-thin samples
of NbSe2 with structural modulation via adsorption of Hydrazine molecules [24].

In this work we are interested in the second kind of ferromagnetic superconductors
(FMSC), in which the electrons responsible for superconducting order are different from those
responsible for ferromagnetic order, for studying the interplay of superconductivity and mag-
netism. Although a heterostructure of superconductor and ferromagnet is convenient in terms
of formation and control, similar studies in a bulk ferromagnetic superconductor can reveal
rich physics as the ferromagnetic and superconducting orders are more intricately coupled.
One intriguing example of this intricate coupling came from the works by Varma and oth-
ers [26,27] where they have discussed a phase called the spontaneous vortex phase (SVP) in
which vortices are generated self-consistently by the underlying magnetization. Existence of
this SVP phase motivates us to investigate the emergence of a unique topological configuration
resulting from the coupling between superconductivity and magnetism within a field-theoretic
framework. This configuration may manifest as a fusion of a vortex and a Skyrmion. It may
also be possible that this configuration could host local Majorana modes in ferromagnetic su-
perconductor bulk as is known to happen on the interface [28]. Previous studies have exam-
ined interactions between vortices and Skyrmions in heterostructures, where these topological
objects form in separate layers. For instance, Baumard et al. [2] studied vortex generation by
Néel Skyrmions, while Dahir et al. [1] and Andriyakhina et al. [13] explored Skyrmion – Pearl
vortex composites involving Bloch and Néel Skyrmions, respectively. In contrast, our focus
lies on a three-dimensional bulk system where superconductivity and ferromagnetism coex-
ist. We aim to derive a vortex-Skyrmion composite structure as a direct outcome of the field
equations. Field-theoretic approaches are particularly well-suited for capturing the universal
low-energy features of condensed matter systems. In our case, this framework not only facili-
tates the derivation of novel composite solutions but also enables an analysis of their stability
using tools like Derrick’s theorem.

Here in this work we shall model the FMSC using a field theoretic framework which takes
into account the low energy fluctuations of ferromagnetic and superconducting order. It is
known for a long time that magnetic Skyrmions naturally emerge as topological configurations
in the nonlinear sigma model. In presence of a Dzyaloshinski-Moriya interaction (DMI) term,
the magnetic Skyrmion with a non-zero winding and finite size appear as the lowest energy
topological configuration or ground state configuration [29, 30]. In this work, we extend the
conventional nonlinear sigma model by coupling it to a gauged Ginzburg-Landau theory. This
coupling happens via a spin-magnetic field interaction (SMFI). As we demonstrate through the
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Euler-Lagrange equations, this coupling leads to a novel hybrid structure in which the vortex
configuration of the superconducting order parameter is intrinsically linked to a Skyrmion-like
spin texture. In particular, within the region influenced by the vortex-induced magnetic field,
the spin field exhibits a Skyrmion-like configuration. This interplay becomes evident from the
dependence of the Skyrmion radius (as defined in Sec. 2) on the characteristic length scale
of the vortex, namely the penetration depth of the superconducting component. Beyond this
region, the spin field exhibits oscillatory behavior as a function of radial distance. Furthermore,
we find that the nature of the solution is sensitive to the sign of the vortex winding number.
Specifically, a well-defined Skyrmion-like structure emerges only when the central spin aligns
with the vorticity direction dictated by the sign of the vortex winding number N . We discuss the
Skyrmion-vortex composite structure in absence and presence of DMI term. We also provide
an analysis on the stability of such composite structure by minimizing the energy of the system
with respect to Skyrmion length scale and vortex winding number. This interplay between two
different topological objects suggests intriguing physical consequences that may be observable
in experimental systems.

Another interesting aspect of these systems is the behaviour of the spin waves in the bulk.
The existence of ferromagnetic order as well as the domain structure in a superconductor
are hidden due to the Meissner effect. Due to this, the usual methods of studying magnetic
properties of a system like Knight shift or muon spin relaxation are not useful. However, spin
waves provide a direct probe into the nature of bulk magnetization, its direction and degree
of uniformity. This provides a strong motivation for studying spin waves in such systems.
The first study along this direction was done by Ng and Varma [27] and later by Braude and
Sonin [31]. They have shown that, unlike other magnetic systems, in such ferromagnetic
superconductors the circularly polarized spin waves have two modes having both positive
and negative group velocity. In our work we shall show that the frequency ω satisfy a cubic
equation in general. To get a physical picture we shall try to solve the cubic equation with
various approximations. We shall show that in the low frequency regime the dispersion relation
derived in [31] appears. Also, we find that the spin wave dispersion curve has more than one
local minima. The excitations around the non-trivial minimum are similar to roton modes of
superfluids. Finally, we have found the spin wave equation in presence of a static vortex along
the z direction – it suggests that in this case, for a given ω and k, the spin wave amplitude
depends on the distance from the vortex core.

The plan of the paper is as follows. In Sec 2 we introduce the model under considera-
tion and through the solutions of Euler-Lagrange equation we try to argue about the coupled
Skyrmion-vortex structure. In Sec 3 we introduce the DMI term and discuss how the solution
of the spin field changes in presence of this term. In Sec 4 We have discussed on stability of
the composite structure. In Sec 5 we derive the spin wave dispersion relation for different
frequency regimes and discuss interesting features of the dispersion curve. Finally, in Sec 6
we conclude with some discussion on our results and directions for future research.

2 Nonlinear sigma model coupled to Ginzburg-Landau model

We start by discussing Skyrmion solutions in the nonlinear sigma model [32] which can be
expressed by the following Lagrangian,

Lσ =
ρM

2

�

∇ni
�2

, (1)

where ρM is called the ground state spin stiffness and is defined as ρM = JS2a2−d . Here
J is the coefficient of the exchange coupling term of the microscopic lattice model, a is the
lattice spacing and S is spin per site [33]. n̂ is the unit vector along the magnetization density
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Figure 1: Skyrmion solution.

M whose magnitude |M| = µ is assumed to be a constant in this model. This model can be
obtained in the continuum limit of the Heisenberg model and it describes a magnetic system
where the amplitude of the magnetic moments is fixed while the direction is varying in space.
To derive the Skyrmion solution from this model we write the unit vector n̂ as

nx = sin F(ρ) cosφ , ny = sin F(ρ) sinφ , nz = cos F(ρ) , (2)

where (ρ,φ, z) are cylindrical coordinates in space, and F(ρ) represents the angle of spin field
n̂ with the z-axis at a radial distance ρ from the origin. Eq. (2) defines a mapping between
two dimensional unit sphere in spin space and two dimensional plane perpendicular to the
Skyrmion axis. We proceed by rewriting the Lagrangian using the ansatz of Eq. (2) and the
resulting Lagrangian is

L=
ρM

2

�

∂i F∂i F +
1
ρ2

sin2 F
�

. (3)

Now we derive the Euler-Lagrange equation for the field F(ρ) from the above Lagrangian and
find the equation

∂ 2
ρ F +

1
ρ
∂ρF −

sin2F
2ρ2

= 0 . (4)

The solution of this equation corresponding to the initial condition that F(ρ = 0) = π,
∂ρF(ρ = 0) = 1 behaves as shown in Fig. 1.

It is known that different initial values of ∂ρF give rise to Skyrmions of different sizes or
radii [34]. Skyrmions of this type are known as Néel type Skyrmions and their polarity is
defined as [35]

p =
nz(r =∞)− nz(r = 0)

2
. (5)

Thus the polarity of this Skyrmion solution can be p = ±1. To describe a ferromagnetic su-
perconductor, where the topological objects like Skyrmion and vortex interact, one needs to
extend the former model suitably so that the ferromagnetic order would interact with the su-
perconducting order. We shall consider an interaction term which couples the spin field n̂ with
any magnetic field arising in the system. The resulting model is expressed by the following
Lagrangian

L= −1
4

F2
i j −

ρM

2

�

∇ni
�2 −

ρs

2m
(∇θ − qA⃗)2 −µniϵi jk∂ jAk . (6)
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Here ρs represents the superfluid density, q and m are the charge and mass of the Cooper pairs
and µ is the amplitude of magnetization, µ= |M|. Here we have considered the limit in which
the amplitude of the superconducting order parameter is constant while the phase field θ varies
in space. A winding in the phase variable introduces topological vortices into the theory. The
core of the vortex contains a normal region where the order parameter vanishes. Here we
shall consider this core radius to very small or effectively zero in comparison to penetration
depth λ. The unit magnetization vector n̂ is assumed to vary over a unit sphere in spin space
and therefore described by Eq. (2). Putting this ansatz into the Lagrangian (6) we derive the
Euler-Lagrange equation for the fields F(ρ) and A⃗. These are given by

∇2F −
sin 2F
2ρ2
−
µ

ρM
(sin FBz − cos F cosφBx − cos F sinφB y) = 0 , (7)

�

−∇2 +
q2ρs

m

�

B=
qρs

m
ΣΣΣ−µ∇2n̂ . (8)

Here we have defined the vorticity Σi = ϵi jk∂ j∂ kθs, where θs is the part of the phase which is

multivalued and thus creates vortices in the system. The quantity

√

√q2ρs

m
acts as an effective

mass of the photon. As suggested by Eq. (8), in the absence of superconductivity (ρs = 0)
the magnetic field is generated by spin configuration present in the system. In the presence
of superconductivity this magnetic field may nucleate vortices in the system [2,26,27]. Here
we consider that a vortex is created by the spin configuration and try to see what type of spin
configuration is compatible to a vortex configuration. For that we first try to solve Eq. (8)
using the method of Green functions. The solution for B can be written as

Bi(x) =

∫

d3 x ′ G( x⃗ − x⃗ ′)
hqρs

m
Σi −µ∇2ni
i

( x⃗ ′) , (9)

where G( x⃗ − x⃗ ′) is the Green function satisfying the equation
�

−∇2 +
q2ρs

m

�

G( x⃗ − x⃗ ′) = δ3( x⃗ − x⃗ ′) . (10)

We can put this solution of Eq.(9) into Eq. (7) to get a nonlinear integro-differential equation
for F (or n̂̂n̂n) in terms of the sources ΣΣΣ and n̂̂n̂n .

∇2F −
sin2F
2ρ2
−
µ

ρM
sin F

∫

d3 x ′ G( x⃗ − x⃗ ′)
hqρs

m
Σz −µ∇2nz
i

( x⃗ ′)

−
µ

ρM
cos F cosφ

∫

d3 x ′ G( x⃗ − x⃗ ′)
hqρs

m
Σx −µ∇2nx
i

( x⃗ ′)

−
µ

ρM
cos F sinφ

∫

d3 x ′ G( x⃗ − x⃗ ′)
hqρs

m
Σy −µ∇2ny
i

( x⃗ ′) = 0 .

(11)

In principle one can solve that equation self-consistently to know the resulting spin configura-
tion as well as the vortex configuration which will be intertwined. However, the equation is a
nonlinear integro-differential equation which is difficult to solve in general. To gain physical
understanding out of this equation one may choose a simple vortex configuration and solve
for the spin configuration compatible with this, or one can solve for the superfluid velocity
vs = ∇θs for a given spin texture like Skyrmion. In this work we shall limit ourselves to the
first case and shall leave the second possibility for a later work. Now, to proceed we shall take
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a straight vortex with the vortex line or string aligned along the z axis. This configuration is
expressed by the following equation

Σ= 2πN

∫

dz′ẑ δ3( x⃗ − z′ẑ) . (12)

This ansatz for the vortex configuration will simplify the Eq. (11) by some degree. However,
since F(ρ) itself appears in the integrals of Eq. (11), the only possible way to proceed is to solve
the equation in an iterative manner. For that we shall ignore the ∇2ni terms in Eq. (11) and
shall try to solve the remaining part. With all these in mind let us write down the approximated
equation

∇2F −
sin 2F
2ρ2
−

µ

qρM
m̃2 sin F

∫

d3 x ′ G( x⃗ − x⃗ ′)Σz( x⃗ ′) = 0 , (13)

where we have written
q2ρs

m
= m̃2 which is the photon mass in this case. Writing the superfluid

density in natural units as ρs =
m

2πq2λ2
, where λ is the London penetration depth, we rewrite

the above equation as

∇2F −
sin2F
2ρ2
−

µ

2πqρMλ2
sin F

∫

d3 x ′ G( x⃗ − x⃗ ′)Σz( x⃗ ′) = 0 . (14)

Recognizing the Green function G( x⃗− x⃗ ′) for the differential operator

�

−∇2 +
q2ρs

m

�

in three

spatial dimensions to be the Yukawa potential of a point source, we can perform the integration
over the Green function as follows

∫

dz′ G( x⃗ − ẑ z′) =

∫

dz′
exp
�

−m̃
p

ρ2 + (z − z′)2
�

p

ρ2 + (z − z′)2

=

∫ ∞

−∞
d x e−m̃ρ cosh(x) = 2K0 (m̃ρ) .

(15)

Finally we get the following simplified equation1

∂ 2
ρ F +

1
ρ
∂ρF −

sin2F
2ρ2
− N

2µ
qρMλ2

sin FK0

�

ρ
p

2πλ

�

= 0 . (16)

We shall solve this equation numerically below.2 It can be inferred by looking at Eq. (16) above
that the last term is the contribution from the vortex and may change the solution non trivially.
However, for large λ the last term will decouple from the rest and thus for extremely weak
superconductor there will be no coupling between vortex and spin degrees of freedom. The
same is also valid for very small penetration depth, λ → 0 , as the term starts to fall rapidly.

This can be understood from the plot of the function ξ=
1
λ2

K0

�

ρp
2πλ

�

against λ as we can see

from Fig. 2. It can be shown that in these extreme limits of penetration depth the last term has
practically no effect on Skyrmion solution. However, if we use parameter values appropriate to,

say NbSe2, for which λ∼ 1eV−1 i.e. a few hundred nanometers, and
2µ

qρM
∼ 63 1, a Skyrmion

like solution exists within a region where the magnetic field due to the vortex is non-vanishing.
This is expressed by the plot of nz vs ρ shown in Fig. 3 and Fig. 4. In addition, comparing

1An alternative way to derive this equation is to use a duality transformation, discussed in Appendix B.
2The numerical solution provided here have been evaluated for the parameter values specific to NbSe2 [24].

The details can be found in Appendix A.
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Fig. 3 and Fig. 4 we can infer that with increment of penetration depth λ the length of the
region, over which Skyrmion like solution exists, also increases– which indicates a coupling
between these two objects. To examine this coupling further, one can also try to measure the
changes in the Skyrmion radius due to change in λ. The Skyrmion radius RS is defined as a
distance at which the sign of the nz changes. We have measured this distance for different
values of λ. The variation of RS with penetration depth λ is shown in Fig. 5. This shows that
Skyrmion radius is indeed affected by variation of penetration depth which in turn leads us
to infer that in this solution vortex structure is coupled to Skyrmion-like spin configuration.
Also, the solution shown above in Fig. 3 is only possible for a specific choice of vorticity N . For
N > 0 (N < 0) the Skyrmion like solution exist only if we take the initial condition nz = +1
(nz = −1) at the origin. The reason for choosing this initial condition is that in the vortex core
the magnetic field strength is maximum and would lead to maximal alignment of the spin field
at this point. This shows another evidence of coupling of the two topological structures. At
this point we must mention that for any choice other than this results in a Skyrmion solution
at a much greater length scale than penetration depth and it does not show any feature of
coupling to the vortex. This shows that for the other choices of the initial condition the two
structures decouple.

0 2 4 6 8 10

0.0

0.2

0.4
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ξ(
λ
)

Figure 2: The function ξ for three different values of distance ρ: ρ=2 (Red), ρ=6
(Magenta), ρ=10 (Blue).
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Figure 3: Skyrmion solution for λ= 1 eV−1: (a) short range behavior, (b) long range
behavior.
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Figure 4: Skyrmion solution for λ= 2 eV−1: (a) short range behavior, (b) long range
behavior.
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Figure 5: Skyrmion radius RS vs penetration depth λ (both in eV−1).

Thus we conclude that the Skyrmion-like configuration has appeared around the vortex
configuration and extends only up to a finite region which is related to penetration depth of
the superconductor. To understand the oscillating nature of the solution we note that in this
region a finite magnetic field is present. Thus we first need to understand the nature of the
Skyrmion in presence of a constant magnetic field. For that we take a look at the Eq. (7) and
assume for a moment that the magnetic field is external and have components B⃗ = (0,0, B).
For that we get the following equation for the field F(ρ)

∇2F −
sin2F
2ρ2
−
µB
ρM

sin F = 0 . (17)

We solve the above equation numerically for a magnetic field B = −1 eV2 and plot the solution
in Fig. 6. We see that the solution in this case looks exactly similar to that in the presence of a
vortex. The only difference is that, in the case of a constant magnetic field, far from the centre
the fluctuation becomes small and curve converges to nz = +1 line. In comparison, in presence
of a vortex, the fluctuation continues up to some length scale related to penetration depth and
shows wave like oscillation outside that. This can be related to the fact that magnetic field in
the system is penetrating only through the vortex and extends only in a finite region. On the
other hand the wave like oscillating features outside this region might have some similarity to
the oscillations in spiral magnetic phase discussed by Ng and Varma [26].
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Figure 6: Skyrmion solution in a constant magnetic field.

3 Dzyaloshinskii-Moriya interaction and Bloch skyrmion

In the previous section we have shown how a coupled structure of vortex and Skyrmion-like
spin configuration arises in a nonlinear sigma model coupled to Ginzburg-Landau theory of
superconductivity. The Skyrmion configuration that we considered previously is the Néel type
in which spins rotate in radial plane from core to the periphery. However, this configuration
is one of the many possible configurations of Skyrmions which can be taken into account by a
more general ansatz of the form

nx = sin F(ρ) cosΦ(φ) , ny = sin F(ρ) sinΦ(φ) , nz = cos F(ρ) . (18)

Here, the field Φmust be determined from the Euler-Lagrange equations. The general solution
for the field Φ in the absence of the DMI term is of the form Φ= mφ+γ, where m is the winding
number for Skyrmion and the phase γ decides the helicity. As we shall see, in presence of DMI

the solution takes the specific form Φ = φ ±
π

2
. Furthermore, this particular configuration

becomes the lowest energy (or ground state) configuration in presence of the DMI term. For
this reason, the DMI term is said to stabilize the Skyrmion configuration [29]. We shall try
to discuss these points in the context of a nonlinear sigma model in presence of a DMI term
which is expressed by the Lagrangian

L= −
ρM

2

�

∇ni
�2 − Dϵi jkni∂ jnk . (19)

With the above generalized ansatz, Eq. (19) becomes

L= −
ρM

2

�

∂i F∂i F +
1
ρ2

�

∂Φ

∂ φ

�2

sin2 F

�

− D
�

∂ F
∂ ρ
+

1
2ρ
∂Φ

∂ φ
sin2F
�

sin(Φ−φ) . (20)

The Euler-Lagrange equation for the fields F and Φ(φ) are then

∇2F −
1

2ρ2

�

∂Φ

∂ φ

�2

sin2F +
D
ρMρ

�

∂Φ

∂ φ

�

sin (Φ−φ) (cos 2F − 1) = 0 , (21)

and
1
ρ2

∂ 2Φ

∂ φ2
−

D
2ρρM

sin 2F cos(Φ−φ)−
D
ρM

∂ F
∂ ρ

cos(Φ−φ) = 0 . (22)
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One can check that the Eq. (22) is trivially satisfied if we take Φ = φ ±
π

2
. This choice also

leads to minimum energy Skyrmion configuration as shown by Nagaosa and Tokura [29] and
this configuration is called a Bloch type Skyrmion. Putting this solution for Φ into Eq. (21) we
get

∇2F −
1

2ρ2
sin 2F +

D
ρMρ

(cos2F − 1) = 0 . (23)

This equation leads to the desired Skyrmion solution in presence of a potential term as shown
in [34] (see Appendix C). With this background, we extend the model of Eq. (19) by coupling
it to Ginzburg-Landau theory. The new model is expressed by the Lagrangian

L= −1
4

F2
i j −

ρM

2

�

∇ni
�2 −

ρs

2m
(∇⃗θ − qA⃗)2 −µniϵi jk∂ jAk − Dϵi jkni∂ jnk . (24)

Using the ansatz of Eq. (18), we can write the Euler-Lagrange equations for F and Φ as

∇2F −
1

2ρ2

�

∂Φ

∂ φ

�2

sin 2F +
D
ρMρ

�

∂Φ

∂ φ

�

sin (Φ−φ) (cos2F − 1)

−
µ

ρM
(sin FBz − cos F(cosΦBx + sinΦB y)) = 0 , (25)

1
ρ2

∂ 2Φ

∂ φ2
−

D
2ρρM

sin 2F cos(Φ−φ)−
D
ρM

∂ F
∂ ρ

cos(Φ−φ)

−µ sin F(ρ) (sinΦ(φ)Bx + cosΦ(φ)B y) = 0 . (26)

We notice that the Euler-Lagrange equation for Φ in the present case becomes identical with
Eq. (22) when the vortex is along the z axis, since in that case Bx = B y = 0 , Bz ̸= 0. Thus the

solution to the field equation for the field Φ is Φ = φ ±
π

2
. Putting the solution Φ = φ +

π

2
to

the Euler-Lagrange equation for F(ρ) we get the following equation for F

∇2F −
1

2ρ2
sin2F +

D
ρMρ

(cos 2F − 1)−
µ

ρM
sin F Bz = 0 . (27)

We shall now proceed similarly to what was discussed in Sec 2. For a z-directional vortex
configuration and in the first order approximation for the spin-spin interaction term, we have
the following decoupled equation

∇2F −
1

2ρ2
sin 2F +

D
ρMρ

(cos2F − 1)− N
2µ

λ2qρM
sin FK0

�

ρ
p

2πλ

�

= 0 . (28)

The last term in the above equation due to the vortex provides the potential term needed for
Skyrmion solution. However, this term decays with distance very rapidly and therefore the
Skyrmion-like spin configuration is limited only up to a length scale which is determined by

the penetration depth λ and the ratio
2µ

qρM
. Outside this length scale the solution exhibits

spiral wave like configuration which is a feature of the solution in presence of the DMI term
and in the absence of the potential terms. The numerical solution for the choices 1 λ= 1 eV−1,
D
ρM
= 15.12 eV,

2µ
qρM

= 63 and N = −10 is shown in Fig. 7. Thus the solution in presence

of DMI shows very similar qualitative features to previous solutions without DMI close to the
vortex.
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Figure 7: Skyrmion solution with DMI interaction: (a) short range behavior, (b) long
range behavior.

4 Stability of the composite object

In the previous sections we have discussed Skyrmion-vortex composite solutions and their in-
terdependent features in the context of Ginzburg-Landau + nonlinear sigma model in absence
and in presence of DMI term. However, for realizing such topological objects in real systems
these objects should be stable in the sense that the energy of such configuration should mini-
mize the total energy of the system. In the discussion below we provide the necessary analysis
in which we shall minimize the energy of the system with respect to two relevant parameters
— (a) length scale of the spin configuration, (b) winding number of the vortex.

4.1 Derrick’s theorem and length scale R of skyrmion like configuration

It is well known in the context of physics of solitons that stability of a soliton solution is exam-
ined by Derrick’s theorem [30,36]. It states that finite energy stable solutions of a field theory
should correspond to the minima of energy expressed as a function of spatial scaling factor.
For the Skyrmion solution in non-linear sigma model the relevant length scale is the radius R
of the Skyrmion, defined as the distance from the center at which the z-component of the spin
vanishes. To apply this theorem to our case, we need the energy functional for the system of
interest which can be obtained from Eq (20) using a Legendre transform

H = Πn̂∂t n̂−L , (29)

where H is the Hamiltonian corresponding to the Lagrangian L given in in Eq (20), and Πn̂ is
the conjugate momentum for the field n̂. For the static case when the first term becomes zero,
and in presence of the SMFI interaction, we get the following energy functional

E =

∫ ∞

0

udu
�

πρM

�

(∂uF)2 +
1
u2
(sin F)2
�

+ 2RπD
�

∂uF +
sin(2F)

2u

�

− 2πµBR2 cos F
�

. (30)

Here we have written the earlier F , which represents the angle of the spin with the z-axis, as a

function of the dimensionless radial coordinate u =
ρ

R
. As the spin configuration is assumed

to be independent of the z coordinate, this expression in Eq. (30) is the total energy per unit
length along the z direction.

For constant B, varying the energy with respect to R one can show that the energy func-
tional has a minimum at a finite length scale R which is fixed by the constant magnetic field
strength B and DMI coefficient D. Thus the Skyrmion solution is stable in presence of DMI and
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SMFI [30]. We shall now follow the same method to check whether the Skyrmion-vortex com-
posite solutions are stable. For Skyrmion-vortex composite solutions, we write B = Bvortex+B0
in the energy functional of Eq (30) , where Bvortex is the magnetic field due to the vortex, with
a spatial profile given by

Bvortex(u) =
2N
qλ2

K0

�

uR
p

2πλ

�

, (31)

and B0 is a constant background magnetic field. The purpose of putting this background field
will become clear shortly. We also note that due to the rescaling ρ = uR , a factor of R has
appeared in the argument of the modified Bessel function. Thus the contribution due the
vortex in the last term of Eq. (30), when integrated over the dimensionless variable u , will
have a very nontrivial dependence on R. The total energy is now given by

E = πρM INL + 2πDIDMR− 2πR2
�

2Nµ
qλ2

IVortex-Spin +µB0 IB0-Spin

�

, (32)

where INL, IDM, IVortex-Spin, IB0-Spin represent the nonlinear sigma model term, the DMI term,
the energy of interaction between spin field n̂ and the magnetic field of the vortex, and the
energy of interaction between the spin field n̂ and the background magnetic field B0,

INL =

∫ ∞

0

u du
�

(∂uF)2 +
1
u2
(sin F)2
�

, (33)

IDM =

∫ ∞

0

u du
�

∂uF +
sin(2F)

2u

�

, (34)

IVortex-Spin =

∫ ∞

0

u du cos F K0

�

uR
p

2πλ

�

, (35)

IB0-Spin =

∫ ∞

0

u du cos F . (36)

Let us rewrite the total energy by redefining different parameters as

µ̃=
4πNµ
qλ2

, D̃ = 2πD , µ′ = 2πµB0 , (37)

so that E = πρM INL + D̃IDMR− R2
�

µ̃IVortex-Spin +µ
′ IB0-Spin

�

. (38)

We now evaluate the energy ∆E = E−πρM INL numerically by putting the numerical solution
for F(u) for different possible values of λ. Let us consider following three scenarios: (a) the
system lacks both the Dzyaloshinskii-Moriya interaction (DMI) and a background magnetic
field, (b) the system includes a DMI term with D < 0 but no external magnetic field, and
(c) the system is subject to a finite external magnetic field but does not include a DMI term.
The variation of ∆E vs. R for these three scenarios are shown in Fig. 8. In the absence of
background magnetic field and DMI term if we solve the field equation for F(u) and evaluate
the energy functional for that solution numerically, we obtain the ∆E vs. R plot shown in
Fig. 8(a). This plot suggests that in the absence of the background field B0 and the DMI term,
no minimum appears and thus in this limit it is difficult to stabilize the solution. It is widely
known that in the presence of the DMI term and an SMFI type term, a finite size Skyrmion
solution stabilizes. We can also verify this for our model by considering the DMI term with a
small negative DMI coefficient in the absence of any background magnetic field. This case is
shown in Fig. 8(b) which shows that in this case a minimum indeed appears in the∆E vs. R plot
assuring the stability of the solution. In the third scenario we introduce a small background
magnetic field B0 = 0.001 eV2 ∼ 10−5T along the same direction as the vortex in the absence
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Figure 8: Variation of ∆E (in eV) as a function of R (in eV−1) for (a) D̃ = 0, B0 = 0,
(b) D̃ = −0.02eV3, B0 = 0, (c) D̃ = 0, B0 = 0.001 eV2 for λ= 2, 2.2, 2.5 (eV−1).

of the DMI term and obtain the ∆E vs. R variation shown in Fig. 8(c). We notice that in
this scenario also a minimum has appeared. Thus we can conclude that either a DMI term
or a background magnetic field B0 is necessary to stabilize the Skyrmion solution. Although
there is no evidence of a DMI-type interaction in a ferromagnetic superconductor phase, one
can try to induce such a term by external means like doping of heavy elements [37], strain
engineering [38], external electric field [39] etc. On the other hand, an internally generated
background magnetic field contribution along the direction of vortex is available in a vortex
lattice environment which can also appear in a ferromagnetic superconductor phase. We also
note that although the minima of energy appear at very large negative energies, adjustment of
the nonlinear sigma term through manipulation of the exchange coupling constant J , structure
constant a etc. can bring the minima to physically realizable energies ∼meV.

4.2 Minimum value of winding number N

Next we want to minimize the energy of the system with respect to N to obtain the allowed
values of N for the composite excitation. To proceed we write down the terms contributing in
total energy that explicitly depends on the winding number of the vortex in general

E(N) = N Eint + N2EV + N2EVV , (39)

where Eint represents the interaction energy of the magnetic field configuration of a vortex and
the Skyrmion-like spin configuration, EV represents the self-energy of a vortex configuration,
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and EVV is the vortex-vortex interaction energy which is non-zero in a vortex (or a anti-vortex)
lattice environment. The expression for the vortex-Skyrmion interaction energy is

Eint =

∫ ∞

0

ρdρ [−2πBznz]

=
4µ

qρMλ2

2πR2λ2
�p

R2 + 2πκ2λ2 −
p

2πκλArcSinh
�p

2πκλ
R

��

(R2 + 2πκ2λ2)3/2
,

(40)

where for the spin configuration we have used the standard Skyrmion configuration repre-
sented by F(u) = π− κu as an approximation and κ is an undetermined constant [30]. Also,
the vortex self-energy is given by

EV =
1
πλ

�

φ0

2

�2

ln
�

2λ
ξ

�

. (41)

Lastly, the vortex-vortex interaction energy is (see Eq (B.8) in Appendix B)

EVV =
1

2πλ2

∫ ∞

0

ρdρ Σ⃗ ·
�

1
−∇2 + m̃2

Σ⃗

�

. (42)

Now from Eq. (39), we complete the square to get

E = (EV + EVV)
�

N +
Eint

2(EV + EVV)

�2

−
E2

int

4(EV + EVV)
. (43)

For 2λ > ξ as expected for a type-II superconductor, EV > 0 , and for a vortex (or a anti-vortex)
lattice environment the interaction energy EV V > 0 as well. Then the energy is minimum when

N = −
Eint

2(EV + EVV)
. (44)

Thus the winding number of the vortex will be the integer closest to the quantity on the right
hand side of Eq. (44). This can depend on the other parameters of the system, such as R,κ,λ,µ.
We note that for a Skyrmion (anti-Skyrmion) configuration, for which F(u) = π − κu (resp.
F(u) = κu), the sign of vorticity N is negative (resp. positive). This coupled behavior is in
agreement with our previous analysis. For Eint > 0 , the parameters q, R, λ, κ must satisfy the
condition

1
q





√

√

√

1+

�p
2πκλ
R

�2

−
p

2πκλ
R

ArcSinh

�p
2πκλ
R

�



> 0 . (45)

We can plot the two expressions in the square brackets to obtain the critical value for the

dimensionless constant A =
p

2πκλ
R

for satisfying the above condition. As we can see from

Fig. 9, the value of this constant is A≃ 1.5. Thus below this critical value the composite will
form.

5 Spin waves in Ginzburg-Landau + nonlinear sigma model

In the previous sections we have shown that in our model a Skyrmion like spin configura-
tion arises within a length scale determined by penetration depth and the ratio of coupling
constants, as well as the winding number of vortex configuration. However, this is a static
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Figure 9: Critical value for the dimensionless constant A≡
p

2πκλ
R

.

configuration of the unit spin field n̂. In general, the spin configurations in such systems can
be time dependent. As mentioned in the introduction, the study of spin waves in such systems
provides a possible way to probe their magnetic features. In this section we shall consider the
spin field to be time dependent and try to derive an exact propagating wave solution from
the Euler-Lagrange equation, both in the absence and presence of vortices. We start from the
action for the NLS+GL model with time dependent spin field n̂(t),

L= −1
4

F2
µν +M0C⃗(n̂) · ∂t n̂−

ρM

2

�

∇ni
�2
+
ρs

2m
(∂µθ − qAµ)

2

−µni(ϵi jk∂ jAk +δizB0) +ρM Q ϵi jkni∂ jnk ,
(46)

where we have written the DMI coefficient D = ρMQ and C⃗(n̂) is introduced as the conjugate
momentum for the field n̂(t) . M0 is the spin per unit volume as defined earlier, M0 = S a−3,
and B⃗0 ≡ B0ẑ is the effective background magnetic field due to spontaneous magnetization
existing in ferromagnet. The equation of motion of the field n̂ from the above action is given
by

M0

�

∂n j
Ci − ∂ni

C j

�

∂t ni +ρM∇2n j + 2ρM Q ϵ jkl∂knl +µ(B j +δ jzB0 j) = 0 . (47)

Here we have denoted by ∂ni
a partial derivative with respect to ni . The conjugate vector

field C⃗ obeys [33,40]
�

∂ni
C j − ∂n j

Ci

�

= ϵi jknk , (48)

using which we get the Landau-Lifshitz equation

M0∂t n̂= ρM n̂×∇2n̂+ 2ρM Q (n̂ ·∇) n̂+µ n̂×
�

B⃗ + B⃗0

�

. (49)

To derive the spin wave solution we shall solve this equation along with the wave equation
for magnetic field

�

∂ 2
t −∇

2 +
q2ρs

m

�

B⃗ =
qρs

m
∇× (∇θ ) +µ∇× (∇× n̂) . (50)
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5.1 Spin wave dispersion in absence of vortex

We shall first try to solve for the case where no vortex is present i.e. ∇× (∇θ ) = 0. For the
spin waves propagating along ẑ we take the following ansatz3

n̂= sinα [cos ((k+Q)z −ωt) x̂+ sin ((k+Q)z −ωt) ŷ] + cosαẑ . (51)

Here we have taken the wave to be circularly polarized and have chosen the polarization to
be right handed one. We shall continue with this notation through all subsequent sections.
We can find the expression of the magnetic field for this spin wave ansatz using the method of
Green functions,

Bi =

∫

d4 x ′ GW (x − x ′)
�

−µ∇2ni
�

(x ′) . (52)

Using Fourier transform, we can write the Green function as

GW (x − x ′) =

∫

d4p
(2π)4

1

−p2
0 + p2 + m̃2

ei(p0(t−t ′)−p⃗·( x⃗− x⃗ ′)) , (53)

where we have written m̃=
q2ρs

m
as before. We get an expression for Bx from this,

Bx =
µ sinα(k+Q)2

−ω2 + (k+Q)2 + m̃2
cos (−ωt + (k+Q)z) , (54)

and an expression for B y in a similar manner,

B y =
µ sinα(k+Q)2

−ω2 + (k+Q)2 + m̃2
sin (−ωt + (k+Q)z) . (55)

However, as ∇2nz = 0 , there is no z component of B⃗. Therefore the total solution can be
written as

B⃗ =
µ(k+Q)2

−ω2 + (k+Q)2 + m̃2
n̂−

µ cosα(k+Q)2

−ω2 + (k+Q)2 + m̃2
ẑ . (56)

With this expression in hand, one can now put the ansatz of Eq. (51) for the spin field into
Eq. (49) and find the following equation involving the frequency ω and wave vector k ,

ω−ω0 − a
�

k2 −Q2
�

+
b(k+Q)2

−ω2 + (k+Q)2 + m̃2
= 0 , (57)

where we have written a =
ρM cosα

M0
, b =

µ2 cosα
M0

, ω0 =
µB0

M0
. Clearly, the last term of

Eq. (57) is the contribution from the dynamically generated magnetic field and therefore is
in general dependent on ω, k. Thus in absence of this contribution we recover the usual
dispersion relation for spin waves in a ferromagnet: ω=ω0 + a

�

k2 −Q2
�

.
To understand the physical meaning of the above cubic equation we shall try to derive

approximate solutions corresponding to different regions of the frequency of spin waves. For
that we shall compare the frequency of the spin waves with the characteristic scale of the
superconductor i.e. the photon mass m̃. First we consider the low frequency limit in which
the frequency is much lower than photon mass, ω2≪ m̃2. In this approximation we get

ω−ω0 = a
�

k2 −Q2
�

−
b(k+Q)2

(k+Q)2 + m̃2

�

1−
ω2

(k+Q)2 + m̃2

�−1

≃ a
�

k2 −Q2
�

−
b(k+Q)2

(k+Q)2 + m̃2
−

b(k+Q)2

[(k+Q)2 + m̃2]2
ω2 .

(58)

3F. S. Nogueira, private communication.
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The last line of the above equation lead to the following simple quadratic equation

ω2 +ωcω−ωc(ω0 +ωBS) = 0 , (59)

where ωBS = a
�

k2 −Q2
�

−
b(k+Q)2

(k+Q)2 + m̃2
, ωc =

[(k+Q)2 + m̃2]2

b(k+Q)2
. (60)

The solution of Eq. (59) is

ω= −
ωc

2
±
ωc

2

√

√

√

1+ 4
(ω0 +ωBS)

ωc
. (61)

Then in the mentioned approximation, which implies ωc ≫ω0,ωBS , we find that

ω≃ −
ωc

2
±
ωc

2

�

1+ 2
(ω0 +ωBS)

ωc

�

. (62)

Considering only the positive sign we get

ω=ω0 +ωBS =ω0 + a
�

k2 −Q2
�

−
b(k+Q)2

(k+Q)2 + m̃2
, (63)

which is identical to the result obtained by Braude and Sonin [31] with Q = 0, cosα > 0. This
dispersion relation has a particular feature that the minimum in the spin wave dispersion curve
appears at some finite value of momentum k = kQ=0 = k0. Therefore around that point two
different spin wave modes exist: one with positive group velocity and another with negative
group velocity. This is a distinctive feature for the ferromagnetic superconductors. In presence
of a DMI term with a small value of Q this minimum changes. If we denote the k value at which
the minimum occurs for a DMI coefficient Q as kQ, it is easy to see that kQ satisfies the equation

kQ

�

(kQ +Q)2 + m̃2
�2
=
µ2

ρM

�

kQ +Q
�

m̃2 . (64)

From the above equation we can see that at Q = 0 we have three real solutions: k0 = 0 and

k0 = ±m̃

√

√

√

√

1
m̃

√

√

√ µ2

ρM
− 1 . It was shown in [31] that for

√

√

√ µ2

ρM
< m̃ there is a minimum at k = 0,

while for

√

√

√ µ2

ρM
> m̃ the minimum shifts to k = k0. This is depicted in Fig. 10a and Fig.10b

for two different values of ω0 and m̃ = 10, Q = 0. The wave stops propagating when the
frequency goes to zero, so that for a sufficiently small ω0 , the spin wave disappears for some
values of k, leading to a break in the spectrum. The spin waves with k < k0 will propagate
with a negative group velocity while for the spin waves with k > k0 the group velocity is
positive. In presence of a DMI term one of the two minima has lower energy, depending on
the sign of Q, as shown in Fig. 11a and 11b where we have taken m̃ = 10 eV, a = 0.06 eV−1,
b = 10 eV, |Q|= 0.4 eV. In the small Q approximation the location of the two minimum points
of the dispersion curve can be written as

kQ ≈ ±(k0 −Q) + . . . (65)

Thus we can see that in presence of DMI term the location of k0 gets shifted by Q. A similar

analysis can be done for cosα < 0. In this case, depending on whether
b
a

is smaller or larger

than m̃2 there can be one or two maxima. Next let us consider the region where the frequency
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(a)
b
a
< m̃2 (Green),

b
a
> m̃2 (Blue), ω0 = 1. (b)

b
a
< m̃2 (Cyan),

b
a
> m̃2 (Purple), ω0 = 0.4.

Figure 10: Dispersion of spin waves at different values of a, b, Q, and m̃, forω≪ m̃.

(a) Q > 0, ω0 = 1 (Red), ω0 = 0.4 (Magenta). (b) Q < 0, ω0 = 1 (Blue), ω0 = 0.4 (Cyan).

Figure 11: Dispersion of spin waves at different values of a, b, Q, and m̃, forω≪ m̃.

is close to the photon mass, i.e. |ω − m̃| is small compared to ω or m̃. In this case one can
expand the cubic equation as

ω−ω0 = a
�

k2 −Q2
�

−
b(k+Q)2

−ω2 + (k+Q)2 + m̃2

= a
�

k2 −Q2
�

− b

�

1−
ω2 − m̃2

(k+Q)2

�−1

≃ a
�

k2 −Q2
�

− b

�

1+
ω2 − m̃2

(k+Q)2

�

+ . . .

(66)

The solution of this quadratic equation is

ω= −
(k+Q)2

2b
±

√

√

m̃2 +
(k+Q)4

b2
− (k+Q)2
h

1−
ω0

b
−

a
b
(k2 −Q2)
i

. (67)

In Fig. 12 we have displayed a particularly interesting case of this solution, which describes

the dispersion in presence of superconductivity, for the choices m̃ = 4,
b
a
∼ 1 and with the

DMI coefficient Q taken to be Q = −0.1, 0, 0.1. At Q = 0 the dispersion curve describes two
degenerate minima at some non-zero value of wave vector k. As we start to increase Q from
0 the degeneracy breaks and two non-degenerate minima develop on the dispersion curve.
The excitation around the local minimum with a finite gap describes a roton like mode. Such
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(a) Q > 0. (b) Q = 0. (c) Q < 0.

Figure 12: Dispersion of spin waves at different values of a, b, Q, m̃ for ω∼ m̃.

roton like character in spin waves was proposed theoretically for different magnetic systems
and termed magnetic rotons [41,42]. Thus we can say that the spin wave excitations near to
these minima shown in Fig. 11 and Fig. 12 describes magneto roton excitations which is a very
interesting feature.

Lastly, one can take the frequency of the spin waves to be higher than the photon mass i.e.
ω2≫ m̃2. In this limit, the effect of superconductivity on the the spin wave spectrum will be
suppressed and the nature of spin waves will be similar to that in a ferromagnet coupled to
electromagnetic fields. The equation governing the behavior of spin waves in this regime is
given below

ω−ω0 − a
�

k2 −Q2
�

+
b(k+Q)2

−ω2 + (k+Q)2
= 0 . (68)

The nature of the spin waves in a ferromagnet with the SMFI interaction is a well studied
subject and therefore we do not discuss that here.

5.2 Effect of a static vortex on spin wave solution

Let us now introduce vortices in the theory. These act as a source of an inhomogeneous mag-
netic field. Due to this inhomogeneous field the amplitude of the spin field cannot remain
constant through out the system. In particular, in the presence of a cylindrically symmetric
Abrikosov vortex along the z axis, a radially varying magnetic field profile is created, decay-
ing sharply with distance. In such a case, let us take the following ansatz for the spin wave
inspired from that in Eq. (51)

M0 n̂= sinα(ρ) [cos ((k+Q)z −ωt) x̂+ sin ((k+Q)z −ωt) ŷ] + cosα(ρ)ẑ , (69)

where ρ is the radial distance from the axis, while the frequency and wave vector are assumed
to be constant. The profile of the function α(ρ) has to be determined from the Landau-Lifshitz
equation of motion for n̂. For this let us again write down again the Landau-Lifshitz equation
of Eq. (49)

M0 ∂t n̂= ρM n̂×∇2n̂+ 2ρM Q (n̂ ·∇) n̂+µ n̂× B⃗ . (70)

As the DMI term will bring a dependence on the angular coordinate φ, in presence of this
term solution will be much harder to derive. For simplicity, we set Q = 0 and proceed to
solve the equation. We showed earlier that the magnetic field due to a cylindrically symmetric
Abrikosov vortex has the profile

Bz =
1

2πλ2q

∫

d3 x ′ G( x⃗ − x⃗ ′)Σz( x⃗ ′) =
2N
λ2q

K0

�

ρ
p

2πλ

�

, (71)
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where G( x⃗ − x⃗ ′) was defined in Eq. (10). Adding this magnetic field of a vortex to the field
for the spin wave as found in Eq. (52) , we can rewrite Eq. (70) as

M0 ∂t n̂= ρM n̂× ∇2n̂+
2µN
λ2q

K0

�

ρ
p

2πλ

�

n̂× ẑ−µ2n̂×
∫

d4 x ′GW (x − x ′)∇2n̂(x ′) . (72)

Putting the ansatz of Eq. (69) into Eq. (72) we obtain for the field α(ρ)

∂ 2
ρα+

1
ρ
∂ρα−

k2

2
sin(2α(ρ))−
�

2µN
λ2qρM

K0

�

ρ
p

2πλ

�

−
M0ω

ρM

�

sinα+
µ2

ρM
ζ (ω, k,ρ) = 0 , (73)

where we have written

ζ (ω, k,ρ) =

∫

d2 x ′∥d
2p∥ e−ip∥·(x−x′)∥

�

cosα(ρ) f1(ρ
′,ω, k, m̃) + sinα(ρ) f2(ρ, m̃)

�

,

f1(ρ
′,ω, k, m̃) =

�

cosα(ρ′)
�

∂ 2
ρ′α(ρ

′) + 1
ρ′ ∂ρ′α(ρ

′)
�

− sinα(ρ′)(∂ρ′α(ρ′))2 −
k2

2 sin
�

α(ρ′)
�

�

p2
∥ + k2 + m̃2 −ω2

,

f2(ρ
′, m̃) =

�

sinα(ρ′)
�

∂ 2
ρ′α(ρ

′) + 1
ρ′ ∂ρ′α(ρ

′)
�

+ cosα(ρ′)(∂ρ′α(ρ′))2
�

p2
∥ + m̃2

. (74)

Here the symbols x∥, p∥ denote the x , y components of the position and momentum vec-
tors. The field ζ(ω, k,ρ) is the magnetic field generated by the spin field n̂ and has to be
determined in a self-consistent way. Eq. (73) governs the behavior of the field α(ρ) for a given
constant frequency ω and wave number k. As we can see, this equation resembles Eq. (16)
where we had not taken µ2 term for simplicity. Thus the amplitude of the spin wave give rise
to a spatial profile similar to the Skyrmion solution shown previously. Solving Eq. (73) should
produce a more detailed understanding of the behavior of spin waves in the presence of a
vortex. We leave that for later work.

6 Discussion and outlook

In this work we have considered a nonlinear sigma model coupled to a Ginzburg Landau model
of superconductivity in the Landau limit via an SMFI coupling term. Such a model would
describe a ferromagnetic superconductor and topological excitation that may appear in such
systems. Here we have analyzed how topological structures, like vortices in superconducting
order and Skyrmions in the ferromagnetic order, can become intertwined. We have shown
that for a straight vortex along the z-axis, a Skyrmion like configuration arises within a finite
region with a size depending on the London penetration depth of the superconductor and also
on other parameters of the model.

This indicates that in a system described by the coupled models, a coupled structure of
Skyrmion and vortex does indeed appear. In addition, we have shown that this particular
solution arises only when the spin at the origin aligns along the magnetic field of the vortex.
This suggests that such systems, if stabilized, can manifest a coupled motion of the Skyrmion
and vortices. It has been known for a long time that in the presence of an external current JT ,
a moving vortex with velocity VL experiences a force transverse to the direction of its velocity,
given by [43]

FL = πħh(n∞ − n0)ẑ×VL , (75)

where n0 and n∞ are the particle densities at the core and far outside the vortex, respectively.
This force is independent of the charge and not of electromagnetic origin. For a vortex coupled
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to a Skyrmion in the manner described in this paper this transverse force will produce a motion
of the vortex which in turn will produce a motion of the Skyrmion perpendicular to the applied
current. The motion of a Skyrmion perpendicular to the applied current is famously known as
Skyrmion Hall effect [29,44]which was recently discovered [45]. In that context the Skyrmion
Hall effect appears due to the torque applied by the conduction electron spin via a s− d type
exchange interaction of the local spins and conduction electron spin [44]. However, in the
present case the Skyrmion Hall effect, if found, would be a manifestation of the coupling
between the vortex and Skyrmion like structures.

It was previously shown that ferromagnetic superconductors in two and three dimensions
can act as a host to finite density of zero energy Majorana surface modes [28]. In comparison
to such modes, the Majorana modes at the vortex core or Skyrmion centre seem more advan-
tageous for quantum computing applications due to their localized nature and possibility of
braiding through vortex motion [46]. Since the Skyrmion-vortex composite described in this
work may also host such Majorana fermions, it opens up possibilities of further work evaluating
the potential of the bulk ferromagnetic-superconductors for detecting Majorana fermions.

We note that while solving the equations for the function F(ρ) we have always considered
cylindrical symmetry. For this, the solutions will be valid for any plane perpendicular to the
object’s axis which in our case is the z-axis. Thus our solution describes a cylindrically sym-
metric three dimensional structure having a finite energy per unit length along the axis – its
total energy increases with its length along the axis. For a thick bulk sample the energy of
such a configuration may get out of the realizable limit in condensed matter systems. To avoid
this problem one can focus on ferromagnetic superconductors made as thin films. The small
thickness of the sample would thus allow such a composite excitation to extend only over a few
nanometers of distance along the axis and thus its energy will be within the experimentally
realizable limit.

We also note that the interaction between superconductivity and ferromagnetism consid-
ered in this paper occurs only via the magnetic fields generated by static spins. One can ask
how the Skyrmion-vortex composite configuration would modify if one include direct interac-
tion terms such as those considered by Greenside et al [26], Ng et al [27]. To answer this let
us first write down the direct coupling terms considered by these authors,

E ∼ η1|M⃗ |2|ψ|2 +η2|∂i M⃗ |2|ψ|2 , η1 ∼
Tmag

TC
, η2 ∼ ξ2η1 , (76)

where Tmag and TC are the ferromagnetic and superconducting transition temperature respec-
tively and ξ is the coherence length of the superconductor. It was argued in [26] that, as
Tmag ≪ TC for the rare earth compounds that we have mentioned in the introduction, the
direct coupling terms will not be relevant. Although this argument is still valid for thin film
samples of rare earth compounds, it fails for other systems mentioned by us like Hydrazine
treated NbSe2 [24]. However, we note that we have taken the approximation that the am-
plitude of the condensate is a constant outside the vortex and also that M⃗ = µ n̂ — then the
first term of the expression of E above is a constant, while the second term of E renormalizes
the second term of the action of Eq. (6). Thus with these approximation the direct coupling
term would not affect the nature of our action and hence the solutions for the Skyrmion-vortex
composite remain unchanged.

The spin wave solution in such a model also shows some very interesting features as
we have discussed. In particular roton like gapped excitation appear around the local min-
imum in dispersion curve. The dispersion of spin waves in these gapped local minima resem-
bles that of a massive particle. This suggests the intriguing possibility of an Anderson-Higgs
mass generation mechanism for magnons which was recently discussed in a superconductor-
ferromagnet-superconductor heterostructure [47]. Constructing a field theoretic description
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of the Anderson-Higgs mass generation for magnons, starting from a microscopic theory of
the present system and using effective bosonic representations, is an interesting possibility for
future work.

We mentioned that as soon as frequency of the spin waves approaches zero it becomes
non-propagating, leading to a discontinuity in the dispersion curves of Fig. 10b and Fig. 11.
With the approximations we had taken in Eq. (58), the ω− k curve crosses the ω = 0 axis at
most twice for a given direction of propagation. However, one can consider other higher order
terms which would lead to multiple such crossings. This would create a band like formation
in ω− k diagram.

The spin wave dispersion i.e. the ω − k relation, comes from solving Eq. (57), a cubic
equation, in the absence of a vortex — a more general equation needs to be solved in the
presence of a vortex. In general, this differs from the quadratic dispersion which is usually
seen in magnetic systems. A change in the ω − k relation can lead to a modification of the
thermodynamic property of a collection of magnonic excitations. We know that magnons in-
fluence the electronic specific heat as well as thermal and electrical conductivity of magnetic
systems [48]. Thus a change in nature of spin wave dispersion affect these properties which
would be experimentally observable. This also opens a possible direction for future investiga-
tion.
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A Values of different constants for NbSe2 (ħh = c = 1)

• Mean field method of determining the value of the exchange coupling J

If the ferromagnetic transition temperature is Tc then

kB Tc ∼
2
3

ZJS(S + 1) , (A.1)

where Z is the number of nearest neighbors, S is the spin per site, kB is the Boltzmann
constant. For NbSe2 the transition temperature is Tc ∼ 40K and Z = 6 [24]. These
values give

J =
2kB Tc

z
= 1.146meV . (A.2)

• Determination of exchange stiffness ρM

We use the formula ρM ∼
JS2

a , where a is the lattice constant. For NbSe2, we have
a = 0.344 nm. Then we can estimate ρM in eV units as

ρM ∼
JS2

a
∼ 0.165 eV2 . (A.3)
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• Determination of magnetization µ

In the region of coexistence of superconductivity and ferromagnetism i.e. below ∼ 7K ,
the saturation magnetization in NbSe2 is 2 emu/g [24]. The density of such materials is
approximately 6.3 g/cm3. Thus the magnetization density in eV units is given by

µ= 2× 6.3emu/cm3 ∼ 3.18 eV2 . (A.4)

• Using all these values we can now determine, for given values of N and λ,

2Nµ
qρMλ2

∼
N
λ2

63 . (A.5)

• Penetration depth The penetration depth for NbSe2 in its superconducting phase is
∼ 124 nm [49]. However, this is obtained in absence of any magnetic property. After
the Hydrazine treatment the substance becomes ferromagnetic and in presence of mag-
netism the penetration depth must increase to higher values. We have therefore assumed
λ to be in the range 200 nm to 1000 nm, which in eV units becomes 1 eV−1 to 5 eV−1.

• We take the value of DMI coefficient D to be ∼ 0.1 mJ/m2 which corresponds to
2.496 eV3.

• Lastly, we note that magnetic field is converted to eV2 unit as 1 T ∼ 200 eV2.

B Alternative derivation of Eq. (16) via dual formulation

Here we provide a derivation of Eq. (16) from a dual description of the theory. Let us write
down the generating functional Z of our system

Z =
∫

DniDAiDθ exp

�

i

∫

d4 xL
�

,

L= −1
4

F2
i j −

ρM

2

�

∂µni
�2 −

ρs

2m
(∇⃗θ − qA⃗)2 −µniϵi jk∂ jAk .

(B.1)

To proceed, we linearize the third term in the Lagrangian by Hubbard-Stratonovich transfor-
mation,

Z =
∫

DniDAiDθD f i exp

�

i

∫

d4 xL
�

,

L= −1
4

F2
i j −

ρM

2

�

∂µni
�2 − 2
s

ρs

2m
f i(∇⃗θ − qA⃗)i − f i f i −µniϵi jk∂ jAk ,

(B.2)

where f i is a new auxiliary vector field. The phase field θ is multivalued in presence of a
vortex. So we can breakdown ∇⃗θ into two different parts: ∇⃗θ = ∇⃗θ r + ∇⃗θ s, where the first
part is irrotational while the second part is constituted of multivalued field θ s and has non-zero
curl. Also, the fields θ r and θ s behave as independent variables. With this decomposition we
can write the above partition function as

Z =
∫

DniDAiDθ rDθ sD f i exp

�

i

∫

d4 xL
�

,

L= −1
4

F2
i j −

ρM

2

�

∂µni
�2 − 2
s

ρs

2m
f i∂ iθ r

− 2
s

ρs

2m
f i
�

∇⃗θ s − qA⃗
�i − f i f i −µniϵi jk∂ jAk .

(B.3)

24

https://scipost.org
https://scipost.org/SciPostPhys.19.1.022


SciPost Phys. 19, 022 (2025)

We can now integrate out θ r functionally to obtain the delta functional δ(∇⃗ · f⃗ ). This
imposes the constraint that the vector field f⃗ is conserved. This can be satisfied by the ansatz

f⃗ =
1
2
∇⃗ × C⃗ , (B.4)

where C⃗ is a new vector field. This ansatz allows us to rewrite the delta functional as
δ( f⃗ − 1

2∇⃗ × C⃗) . We can now functionally integrate over f i to get the action

Z =
∫

DniDAiDθ sDC i exp

�

i

∫

d4 xL
�

,

L= −1
4

F2
i j −

ρM

2

�

∂µni
�2 −
s

ρs

2m

�

∇⃗ × C⃗
�

· ∇⃗θ s

+ q
s

ρs

2m

�

∇⃗ × C⃗
�

· A⃗−
1
4

�

∇⃗ × C⃗
�2 −µniϵi jk∂ jAk .

(B.5)

We can define the vorticity as

Σ⃗=
Φ0

2π
∇⃗ × (∇⃗θ s) . (B.6)

With this definition and recalling that
s

ρs

2m
=

1
p

4πλ

Φ0

2π
, where λ is the penetration depth,

we can rewrite the generating functional

Z =
∫

DniDAiDθ sDC i exp

�

i

∫

d4 xL
�

,

L= −1
4

F2
i j −

ρM

2

�

∂µni
�2 −

1
p

4πλ
C⃗ · Σ⃗

+
1
p

4πλ

�

∇⃗ × C⃗
�

· A⃗−
1
4

�

∇⃗ × C⃗
�2 −µniϵi jk∂ jAk .

(B.7)

To obtain a theory written in terms of the vorticity Σ⃗ and unit vector field n̂ we integrate
out both the vector fields Ai and C i and obtain the following partition function [27,50,51]

Z =
∫

DniDθ s exp

�

i

∫

d4 xL
�

, (B.8)

L= −
ρM

2

�

∂µni
�2 −

µ

2πλ2
n̂ ·
�

1
∇2 − m̃2

Σ⃗

�

+
1

2πλ2
Σ⃗ ·
�

1
∇2 − m̃2

Σ⃗

�

+µ2n̂ ·
�

∇2

∇2 − m̃2
n̂

�

, (B.9)

where we have written m̃2 = 1
2πλ2 . This is the dual theory we wanted to achieve. We shall

now show that the Eq. (16) can be easily obtained from the above dual theory. For that we
first use the ansatz of Eq. (2) in the Lagrangian of Eq. (B.9) to get

L=
ρM

2

�

∂i F∂i F +
1
ρ2

sin2 F
�

−
µ

2πλ2
n̂ ·
�

1
∇2 − m̃2

Σ⃗

�

, (B.10)

where we have ignored the spin-spin interaction term which is a higher derivative term, and
also the vortex-vortex interaction term is zero in the scenario where only one vortex is present.
The Euler-Lagrange equation for the field F is given by

∇2F −
sin 2F
2ρ2

+
µ

2πρMλ2
sin F
�

1
∇2 − m̃2

Σz
�

−
µ

2πρMλ2
cos F cosφ
�

1
∇2 − m̃2

Σx
�

−
µ

2πρMλ2
cos F sinφ
�

1
∇2 − m̃2

Σy
�

= 0 .
(B.11)
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For a vortex along the z-axis the last two terms vanish and we can write

∇2F −
sin 2F
2ρ2
−

µ

2πρMλ2
sin F
�

1
−∇2 + m̃2

Σz
�

= 0 . (B.12)

It is easy to see that

�

1
−∇2 + m̃2

Σz
�

= N Φ0

∫

d3 y dz′ G( x⃗ − y⃗)

∫

dz′δ3( y⃗ − ẑ z′) = 2N Φ0 K0(m̃ρ) . (B.13)

Thus finally we obtain

∇2F −
sin2F
2ρ2
− N

2µΦ0

2πρMλ2
sin FK0(m̃ρ) = 0 , (B.14)

which agrees with Eq.(16), with Φ0 =
2π
q

.

C Form of the potential in Sec-3

It is known that, the equation (23) leads to a Skyrmion configuration only in the presence of
a potential term [34], given by

V (F) = K
�

1−µ2 (r̂ · n̂)2
�

+µ
�

B − n̂ · B⃗
�

. (C.1)

The first term describes uniaxial magnetocrystalline anisotropy with the coefficient K , with r̂
being the unit vector in the direction of the high symmetry axis, whereas the second term is
the SMFI energy. In the presence of this potential, Eq. (23) will be modified as

∇2F −
1

2ρ2
sin 2F +

D
ρMρ

(cos2F − 1)− K sin F cos F −
µB
ρM

sin F = 0 . (C.2)

This equation leads to the desired Skyrmion solution.
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