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Abstract

The 2d ferromagnetic Ising model was solved by Onsager on the square lattice in 1944,
and an explicit expression of the free energy density f is presently available for some
other planar lattices. But determining exactly the critical temperature T. only re-
quires a partial derivation of f. It has been performed on many lattices, including
the 11 Archimedean lattices. In this article, we give general expressions of the free
energy, energy, entropy and specific heat for planar lattices with a single type of non-
crossing links. It is known that the specific heat exhibits a logarithmic singularity at
T.: cy(T) ~—AIn|1—T./T|, in all the ferromagnetic and some antiferromagnetic cases.
While the non-universal weight A of the leading term has often been evaluated, this is
not the case for the sub-leading order term B such that ¢y, (T)+AlIn|1—T,./T| ~ B, despite
its significant impact on the cy(T) values in the vicinity of T,, particularly important in
experimental measurements. Explicit values of T, A, B and other thermodynamic quan-
tities are given for the Archimedean lattices and their duals for both ferromagnetic and
antiferromagnetic interactions.
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1 Introduction

The Ising model is a simple model subject of extensive research since its introduction in 1920.
Although it was solved early in one dimension (1d), the 2d case endured for many years, be-
fore several solutions were developed. The historical solution, found in 1944 by Onsager [1]
on the square lattice, uses a transfer matrix and is a cumbersome calculation, later revisited
by Kaufman [2]. Magnetization was then derived by Yang [3] in 1952. The second method,
known as combinatorial, is due to Kac and Ward [4] and highlights the correspondence be-
tween the partition function and the count of loops, as formally derived in [5] and proved
by Dolbilin et al [6]. Magnetization was then derived in this framework by Potts and Ward
in 1955 [7]. Note that this method is related to the Pfaffian method used to solve the dimer
problem [8,9]. Finally, a Grassmann integral formulation was derived by Plechko [10, 11].
Relations between these various approaches have been discussed [12]. These methods are
valid on any 2d lattice with non-crossing links. We refer to several articles reviewing this sub-
ject [13-15], and references therein. However, no exact solution has yet been derived in 3d,
or in the presence of a magnetic field in 2d.

The exact methods described above confirm that all ferromagnetic Ising models on a pe-
riodic 2d lattice exhibit a phase transition in the thermodynamic limit, belonging to the same
universality class, characterized by specific critical exponents. In particular, the critical expo-
nent @ = 0 leads to a logarithmic singularity in the specific heat ¢,/(T), with the principal
behavior at the critical temperature T, given by: cy () ~ —Aln|1 — /.|, where p = 1/T
and 3, = 1/T.. The non-universal quantities T, and A have been calculated on several lattices:
the analytical expression of T, is known for all Archimedean and Laves lattices [16], while
A has been computed for the triangular, square and honeycomb lattices [15], as well as for
several decorated lattices in [11]. However, to our knowledge, the subdominant term B has
never been previously determined except for four lattices by Gonzalez and the present authors
in[17]:

cy(Bf) =—Aln +B+o0(1). (1)

_B
"

C

B is particularly important for comparing specific heat measurements near T, of experimental
realizations of the 2d Ising model [17,18] to theoretical predictions, as well as for benchmark-
ing extrapolation methods [17].

We will consider Archimedean lattices and their duals. Archimedean (also called uniform
or semi-regular) tilings have equivalent vertices under symmetry operations (and so of the
same degree z, called coordination number) and their faces are regular polygons. They include
three regular tilings with equivalent faces (square, triangular and honeycomb tilings) and eight
others, giving a total of eleven tilings, represented in Fig. 1. In this article, they are labeled
(in the hexadecimal system) by the number of edges of the faces clockwise surrounding a site,
with an A for Archimedean in front of these numbers. For example, A3CC is a tiling where
each site belongs to a triangle and two dodecagons. The dual of a lattice is named with a D in
front (for example, DA3CC is the dual of A3CC) and has a vertex on each face of the original
lattice, with links between them if the corresponding faces share an edge. Note that DA4444
is A4444 and DA333333 is A666.

The first contribution of this article is an exhaustive and careful review of all the steps
leading to the exact formula of the free energy per site for a planar Ising lattice through the
combinatorial solution (with many details in the appendices). Special attention is paid to the
treatment of the periodic boundary conditions and of the thermodynamic limit. Many articles
discussing this method, its proof and its extensions focus on the square lattice. We emphasize
that our proofs are valid for any planar lattice.
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A46C Bathroom-tile A488 Honeycomb A666
> 1 e
X - JAVAVAVAR 74

Bounce/Ruby A3464 Kagome A3636 Square A4444 Maple-leaf A33336

A33344 Shastry-Sutherland A33434 Triangular A333333

Figure 1: The 11 Archimedean tilings of the plane. The unit cell is indicated, and a
possible choice of m translationally inequivalent sites.

The second contribution is a complete exploitation of the combinatorial solution to derive
the expression (either analytical or numerical) of A and B, as well as thermodynamic quantities
characterizing the transition and the ground state (with again all the details relegated to the
appendices).

This article begins by revisiting the derivation of the free energy per site f of a planar Ising
model using the combinatorial solution, valid for both ferromagnetic (F) and antiferromag-
netic (AF) models (Sec. 2), and applying it to Archimedean lattices in Section 3. In Section 4
are derived the expressions of the energy e, the entropy s, the specific heat ¢, per site, and
the coefficients A and B, while Sec. 5 recovers ground state properties ey and s, for both ferro-
magnetic (F) and antiferromagnetic (AF) models. In Sec. 6 we exploit two well known ways
to relate the partition function of different lattices, which are duality and star-triangle trans-
formation. Thus, we extend our results to the dual Archimedean lattices: the Laves lattices,
and establish relations between several lattices. Finally, the conclusion and discussion are
presented in Section 7.

2 The combinatorial solution

2.1 Kac Ward identity for a planar graph

The aim is to calculate the free energy per site f () of an Ising model on a planar lattice, in
the thermodynamic limit. In graph theory a graph is planar if it can be drawn on a plane with
links (or edges), which are non intersecting curves. Our definition is more restrictive: A planar
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graph is actually drawn on a plane and its links are non intersecting straight line segments.

Let £ be a finite planar graph (hence without periodic boundary conditions, which are
relegated to further discussion) of N; = #L£ undirected links and N; sites. The Ising variables
on each site i are o; = 1. The energy reads:

(i.j)eL
We define:
Vij = tanh ﬁJU . (3)

From the identity e*® = cosha (1 £ tanh a), the partition function simply writes:

7 = Z eﬁZ(i,j>JijUi(Tj 4)
{o;=%1}
~1/2
(L.7) {o;=*1} (i,j)

From now on, we assume that all v;; have the same value
v =tanhf3J. (6)

For ferromagnetic interactions (J > 0), v varies from O (at high temperature) to 1 (at T = 0).
For antiferromagnetic interactions (J < 0), v varies from 0 to —1. In Eq. (5), each term of
the expanded product can be associated with a subgraph G of the graph £ and is v#¢ I'L O'?i.
The degree d; is the number of links in G that include site i and #G is the number of links
in G. If at least one d; is odd, the contribution of this term is zero when summed over all
spin configurations. Therefore, only subgraphs where all d; are even contribute, and these
are called even subgraphs. Summing over all spin configurations, the contribution of an even

subgraph gives a term 2Vsv#G. With g, the number of even subgraphs with r links, we obtain:
N;

Z=2M1 v M2 g 7)
r=0

This was used by Hendrik Kramers and Gregory Wannier in 1941 [19] to relate Z to the par-
tition function Z of the dual graph (see Sec. 6.1).
The combinatorial method uses the last equation (7) and the following Kac-Ward’s identity:

N
D v'g, = |fdet(loy, —vA), ®)
r=0

where I,y is the identity matrix of size 2N; and A is a square matrix of the same size, whose
rows and columns are labeled by the directed links of £. A directed link [ =1; — [ is charac-
terized by an angle a; with a reference direction. We denote [; and [; its initial and final sites
(see Fig. 2a).

The A-coefficients are:

Ay = B1,(1 =y Yl —l/2, 9

where the brackets [.] mean that the sum is reduced to the interval | — 7, 7] modulo 27t. The
Kronecker symbols & ensure that [ and [’ can be successive oriented links of a non back-tracking
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(a) )

Figure 2: Definition of some quantities related (a) to any lattice and (b) to a periodic
lattice. The dashed green contour is around the basic unit cell, with m = 2 sites in
this example.

path. The matrix Iy, — vA is the so-called Kac-Ward matrix [4, 6,20]. From Eq. (8), the Kac-

Ward determinant P(v) & det(Iyy, —vA) has to be the square of a polynomial in v of degree
at most N;. Eq. (8) is proved in a simple way by Lis [21], or by the Kasteleyn method [8] that
maps the Ising model to a dimer tiling on an auxiliary graph with directed links. These two
methods were not simply related until recently [12], through the use of a so-called terminal
graph. In App. A, we derive a proof of this formula, partly similar to [21], but without requiring
to transform the graph into a trivalent graph. Note that this proof is done in the more general
case of link-dependent v;. In this proof, the first stage A.1 proves that Kac-Ward determinant
P is the square of a polynomial denoted +/P. But this could be achieved by showing that P is
also the determinant of an antisymmetric matrix (based on terminal graph) and defining vP
as its Pfaffian.

2.2 Finite and infinite periodic lattices

L is now a periodic lattice. It is drawn on a flat torus, containing N, unit cells, N; sites and
N; links. We define m = N;/N,,., n; = N;/N,. and 1 = n; —m, the numbers of sites, links and
faces per unit cell. After recalling how to adapt the Kac-Ward identity of Eq. (8) to a torus, we
will give a simple formula that is valid in the thermodynamic limit.

Although £ is not planar, nothing forbids to naively extend the definition of A, taking in
Eq. (9) the lattice angles on a flat torus. The coefficient A; . is unchanged by translation of
both [ and I’ by a lattice vector. It allows us to consider A, the Fourier transform of A, with
N, diagonal blocks W (k) of size 2n; x 2n;, with k = (k,, ky) a vector of the Brillouin zone
(BZ). Let u(s) denote the Bravais lattice vector associated to a site s such that site s — u(s) is
the translate of s into the basic unit cell and | % (l; —u(l;)) — (I —u(l;)) the translate of an
oriented link [, with a new initial site into the basic unit cell: u(lvi) =0, see Fig. 2b. The matrix
W(K) is defined as: .

Wy = e WAy - (10)

Note that u(lv £) =u(ly) —u(l;) is non-zero when the sites of [ are in different unit cells, as in

the example of Fig. 2b. The notation [ will no more be used for the indices of W (k) as there is
no possible ambiguity with [. We also define:

Py(v) = det(I,, —vW(K)). (11)
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Note that the transformation A — A is such that det(Ioy, —vA) = det(Iyy, — vA) = [ I P(v),
where the product is over all the BZ wavevectors (it would have been a unitary transformation
by replacing u(lvf) by (u(lvf) — u(i})) /2 in Eq. (10)).

Since a graph drawn on a torus is not planar, the Kac Ward identity (8) has to be adapted in
this case. Any such graph can be seen as a minimal periodic lattice, with a single unit cell of N
sites, for which Eq. (10) is meaningful. The adaptation of the Kac Ward identity (see App. B)
then involves four polynomials which are square roots of determinants (proof in App. B.1):

Ny

1
2.8 =5 (VPom + VPro + VPem — VPo0) ). (12)

r=0

The polynomial Py is only used here for the 4 special reciprocal vectors k such that 2k = 0.
The single unit cell of N; links of the graph is considered with periodic (k, = 0 or k, = 0)
or antiperiodic (k, = 7 or k, = 7) boundary conditions, and W(K) is simply A in which
coefficients of links crossing the antiperiodic boundaries are multiplied by —1. The proof of
Eq. (12) is recalled in App. B.2.

Similarly, it is possible to calculate the partition function Z exactly on an orientable sur-
face of genus g. Then Z is a weighted average of 48 polynomials which are square roots of
determinants [7,22,23] (see App. B.3).

For a periodic lattice on a torus, with « x w unit cells, Py is the determinant of a matrix of
size 2cw?n; x 2w?n;. Each of the four occurences of Py in Eq. (12), can be Fourier transformed.
Then Eq. (12) writes in terms of the P, of a unit cell torus (w = 1):

(J)an
1
r = — i I T T -_
Z V8T (\J [ [P+ \J [ [P0+ \J [ [P \J ]_[Pk) ), {3
r=0 k k k k
where k assumes the w? values (%’Tix, 2E’Ti},) of the reciprocal space, with i,,i, =0...w—1.

We know from the proof of Eq. (12) (in App. B.1) that each product [ [, Py is the square of
a polynomial. However, it is not the case for each of its factors: most are pairwise equal, since
P_,, = P, and only the four unpaired factors are squares, since then k' = —K’, or equivalently
2k’ = 0, and we fall in the situation of Eq. (12). Hence, we cannot exchange the \/ and l_[
symbols, but the four products are definitely squared polynomials in v and the four square
roots are polynomials of constant term 1.

The four products of Eq. (13) are equivalent in the thermodynamic limit and

0)21‘[[ 1/602
: r
Jim, (Z v gr) ’

r=0

is the geometric mean of 4/ Py (v) over the BZ. Hence the free energy density f = —T InZ /N in
the thermodynamic limit is correct if we naively extend the definition of A to periodic lattices,
taking in (9) the lattice angles on a flat torus. Thus the thermodynamic limit reads (for all
lv| < 1):
n; 2 1 d2k
- =mln2— —In(1—v*)+ = —— InP . 14
pmf =mIn2— " In(1—-v?) 2Lz4n2nk(v) (14)

Note that the integral is the average of In P, (v) over the BZ of area 472.

2.3 Calculation of P, (v)

Knowing P, among all Py is sufficient to obtain 3. for F models (see the end of Sec. 2.5).
However, knowing Py over the whole BZ gives much more information than just Py: indeed
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Algorithm 1 Faddeev-Le Verrier algorithm
M =1,
po=1
for j from 1 to n do
M x= W(k)
pj=—(TrM)/j
M += pj* I,
end for

Eq. (14) allows to determine the quantities A and B of Eq. (1), as well as the residual entropy
and energy of non-ordered AF models down to T = 0.

The coefficients of the polynomial P, = >’ iDj v/ are also the coefficients (in reverse order)
of Zj pjv”_j = v"P(1/v) = det(vI, — W(k)), which is the characteristic polynomial of the
matrix W (k). Hence they are given by the Faddeev-Le Verrier algorithm, see Algo. 1. Note
that n = 2n, is the size of the matrix W (k), and the degree of its characteristic polynomial, but
the degree of P, may be lower than n (see Sec. 2.5).

App. C.1 explains how to replace every non null coefficient of the matrix W (k) with a
mononial of ¢, ¢, 1/¢ and 1/, where ¢ = ex and ¢ = e'*r. Then the Faddeev-Le Verrier
algorithm handles only integer Laurent polynomials of low degrees in ¢ and . It is very effi-
cient and may reduce to less than 4n°z additions of integers, where z is the maximal degree of
sites (and the coordination number for an Archimedean Lattice). This method can be adapted
when the links in the unit cell do not all have the same J;. If the various v; assume only k
different values v, ..., v, the Fadeev-Le Verrier algorithm will work on the matrix W (k)v /vy,
where v is now the diagonal matrix of coefficients v;. It will handle polynomials of low degree
in¢, v, 1/¢, 1/¢, ry, ... 1, where r; = v;/v;. The computation time is multiplied by less

j
than n*~1.

2.4 Some properties of the polynomial P(v) for a planar graph

We denote P = +/P. Its constant term is 1. According to Eq. (8), deg P is the number of links
of the largest even subgraph (i.e. with all sites of even degree).

A planar graph £ has a dual graph £ in which vertices become faces, faces become vertices
and edges are rotated by about a quarter turn (see Fig. 3). Duality has been studied intensively
because P(v) is proportional to (14v)N P (%) and the square lattice is self-dual (see Sec. 6.1).
Here we only use this proportionality to infer that the multiplicity of the factor 1+v in P is
N; —degP. It is the minimal number of links to remove to make the dual graph even. It is
also (since a face with h edges generates a site of degree h on the dual lattice) the minimal
number of links to remove to make all the faces even, or (since the graph is planar) the minimal
number of links to remove to make the graph bipartite, or (since all J’s are equal) the number
of frustrated links in the AF ground state.

When the graph is drawn on a torus, it is not planar and we cannot use the dual graph to
prove it, but the multiplicity of the factor 1 + v in Z is still the number of frustrated links in
the AF ground state, since an extra factor 1+v in Z increases the free energy by In(1+v) and
the energy of the AF ground state (v = —1) by 2|J]|.

2.5 Properties of the polynomial P (v)

When 2k = 0, Py is the square of a polynomial 4/ Py of constant term 1 denoted in the following
Pk. This ensures that the right-hand side of Eq. (8) (special case where no link crosses the
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Figure 3: Duality relation between A3636 and D36363. Red and green points are
both the center of hexagonal and triangular faces of A3636 and the vertices of
D36363. Reciprocally, cyan points are the center of the losange faces of D3636 and
the vertices of A3636.

boundary) and the four terms in the right-hand side of Eq. (12) are polynomials.
A first set of properties will concern the multiplicity of the factor 14+v or v in various
polynomials, requiring the definition of several lattice-dependant numbers:

* N, is the number of links to remove in the one-cell torus to make it bipartite.

* N, is the number of links to remove in the one-cell torus to make all faces with an even
number of links, or equivalently to make its dual even.

* n, is the minimal average number of links to remove per unit cell to make the lattice
bipartite, or with even faces. It is the same number since the lattice is planar.

Obviously N, > N, > n,. For Archimedean lattices, n, is an integer, but not necessarily for
other lattices. N, —n, may be large. In Fig. 4, two lattices are given where N, =2n, =1 or
6. On A4444, N, = 2> N, = n, = 0. These numbers give the multiplicity of the factor 1+v in
some polynomials:

* There are N, frustrated links at T = O for the AF one-cell torus. So N, is the multiplicity
of the factor 1+v in its partition function and in P(O mn+ P(7T 0+ P(,T )~ P(o 0)-

* If 2k =0 then degf?k <n;—N, and (1 +v)™ divides P.

* P, (v) is an integer Laurent polynomial in v, ¢ = e* and ¢ = €. Let val,,, (P (v)) be
the multiplicity of the factor 14v in this polynomial. Then the multiplicity of 1+v in the
products [ |, Pw in Eq. (13) is proved equivalent to w?val, ., (Pc(v)) in App. C.2. But the
multiplicity of 14v in the polynomials 4/] [, P is the number of frustrated links, which
is equivalent to w?n,. Hence 2n, = val,,,(P,(v)). This proves that n, is an integer or

half an integer.
Other properties are:

* P —P, is divisible by v"¢, where n, > 0 is the minimal length of a loop with a non zero
winding number in the one cell torus (see App. C.3).

* For Archimedean lattices, the degree of Py is 2m|2/2 |, where z = n/m is the coordination
number i.e. the common degree of all sites and |.| the floor function. More generally
we prove in App. C.4 that degP, <2 |c,/2] where ¢, is the degree of site a. As well,

9
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Figure 4: Two sample lattices where N, = 2n, > 0. For a torus made of the single
cell surrounded by the green dashed line, we have to remove the blue links to make
the graph bipartite (N, links), and the black dashed links to make the faces even (N,
links). But to make the infinite lattice bipartite, we need only to remove the black
dashed links in every other cell (n, links per unit cell in average).

the degree of P, is m|z/2] when 2k = 0 since non-null coefficients correspond to even
subgraphs (see A.3). For example, the honeycomb lattice (A666) has 2n; = 6 but the
degree of Py is only 2m|z/2] = 4.

e When 2k =0, Pk takes special values at O (infinite temperature) and 1 (F ground state):
Py(0) = P(g 1)(0) = P )(0) = P, y(0) = 1, (15a)
—Po(1) = Po )(1) = Pl my(1) = P gy(1) = 2™ = 2™ ™, (15b)

Eq. (15a) is proved in App. B.1 and Eq. (15b) in App. C.5. This proves the existence
of a finite temperature phase transition in any 2d ferromagnetic model as Py(v) cancels
between v = 0 and v = 1, which leads to a singularity in Eq. (14).

We define the functions ,(k), Xy (v), a;(v) and the integers ny, ¢;;, n; such that:

P(v) S
)= g = %00+ 2 a &M, 16)
n ok
g =>" sinzcl]T . 17
j=1

The functions a(z) and a;- are polynomials. From these definitions, we deduce the following
properties:

¢ a,(0) = 1, since we choose ap = +(1 + v) ™ P,,.
e Since Py(1) = —2""™ (see Eq. (15b)), we have:

ag(1) = —2m—mm (18)

* The polynomials a;-.,(v) are divisible by v"«, and thus a;(0) = 0.

Finally, from Eq. (14) and the definitions above, the free energy density f takes the form:

2
—Bmf =—pmf + %J L nx), (19)

2
Bz 4T

10
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with

—ﬁmfo:mln2—%ln(1—v2)+nvln(1+v). (20)

The free energy density f is a continuous function of the temperature, thus the integral in
Eq. (14) or Eq. (19) converges. But singularities may occur when Xy (v) vanishes for some k
and v (or equivalently when P, (v) vanishes). This happens in the F models for k = 0, as q,
has a root v, and &;(0) = 0, leading to a critical inverse temperature f3. verifying

J . = atanh(v,). 21

For non-F models (either AF or models with both positive and negative values of exchanges),
zero, one or even more singularities can exist, for k = 0 or k # 0. An instructive example is
given in [24], where three successive phase transitions occur on a J; —J, Shastry-Sutherland
model (reentrancy of an ordered phase).

3 Partition function of the Archimedean and Laves lattices

We recall that all the sites of an Archimedean lattice have the same degree z = 2n;/m, while
in its dual, also called Laves lattice, all the faces have the same number of sides. Tab. 1 gives
some characteristics of these lattices, while the polynomial Xy (v) defined in Eq. (16) and fully
characterizing the free energy density (19) is given in Tab. 2. The code computing Xy (v) for
the Archimedean lattices is provided in the Supp. Mat. [25].

Table 1:  Characteristic quantities of the Archimedean lattices and of their
dual lattices. We have the coordination number z, the number m of sites
per unit cell, the number n; of links per unit cell and the multiplicity 2n,
of the factor 1 + v in Py(v). The critical value v. of the F model is re-
lated to the critical temperature through Eq. (6). The integer n, is de-

fined in Eq. (16). F(a) = g(€/37+27¢a+3\/3(51+27a+74ﬁ)) and
g(x) = (x% —2x —2)/(x? + 4x —2) (exact formula in [16]).

lattice Z n | n, | m|f, |ns V. First determination
A3CC 3169 |2(3]|3 |1 | Yzosis 1972 [26]
A46C 3(12/18| 0| 6| 6 | 3 |\ usfammns 1985 [27,28]
A488 3| 4 02| 2| 2| sz 1951 [29]
A666 32 (3]0]1]1]1 % 1944 [1]
A3464 |4| 6 |12 2|6| 0| 3 ”@ﬂ 1983 [28,30]
A3636 | 4|3 |6 |2|3|0|1 | xEVR2 1951 [31]
A4444 4|1 | 2|0 |1]0]1 V2-1 1941 [19]
A33336 |5| 6 |15 4|9 |3 ]| 3 F(3) 2010 [28]
A33344 |52 |5 |1 [3|1]3 1/3 1974 [32]
A33434 |5| 4|10l 2|6]| 2] 3 F(2) 1974 [32]
A333333|6| 1 | 3|1 |2]|0]1 2—4/3 1945 [33]

11


https://scipost.org
https://scipost.org/SciPostPhys.19.1.025

e SciPost Phys. 19, 025 (2025)

Table 2:  Polynomials of Xy(v) (see Eq. (16)) used in the free energy den-
sity Eq. (19) for the Archimedean lattices. The double brakets stand for
[ein cip -cinll = &,(K) = 27121 sin? %‘ In a3(v) of A3464’s model: w = v +1/v.
The way to obtain these polynomials for the dual lattices is given in App. G.

lattice ag(v) a;(v) &i(k)
A3CC (1—V+V2)2—3V4 4v4(1—v)(1—v+21/2) g‘) (; 1
—4y12(1 —v?)® g g 3
(1+2v% +5v%)x v 2 s 4 e l121]
MOC | (visrrap-a(ai | 8TV R3] 5 g |
8vo(1—v2)2(2v* +v2 +1)x (10 1]
(5v'0+38v8+25v0+19v*+6v2+3) [0 1 1 |
8v3(1—vH (1) (1)
A488 1—4v3—v* F1 1
4y*(1 —v?)? 1.1
A666 1- 32 4v3(1—v?) (1) (1) i
—4v5(1 +v)?(1—v)® g g 3
((1—v+v2)2—3v?) ; , s 121
A3464 x(14v2) A EEEY
8v7(1—v)%x 101
(wé—2w*—w®+2w? +4w—8) [0 1 1
A3636 (1—V+V2)2—3V2 4V2(1+V2)(1_V)2 é (; 1
) ,[10
A4444 1—-2v—v 4v(1—v?) 01
—4v5(1—v?)(1—v)® 3 g 3
(1+3v2)(3v6 —3v* s 4 sl121]
A6 1 12 av—1) 81—y —v) 211
8v3(1+v2)(1—v)3(2v8+5v7+v® 101
+6v° +14v*—7v3 +13v2—4v+2) |0 1 1]
0
—42(v+1)(1—v)? 9
2 2 3 =1_1-
A33344 (1-=3v)(1+v) 4ve(v+1)(1—v) 01
4y(1—v)(v*+ 12 + 512 —v +2) (1)
2
—4v*(1+v)2(1—v)° 0 g
(1—v2)(1—2v—6v?) . ) ) 1]
A33434 49+ 7v?) 8V (1 +vi)(1+v)*(1—-v) (11
8v2(1—vH)(1+3vH) (1 +v3)(1—v)? (1) (1)
(101
A333333 1—4v +v? WA=V 1J‘

12
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In App. D, we verify that Xy (v) = 0 and give the solutions of X, (v) = 0 for |v| < 1.
In addition to the single zero (v. > 0) of the ferromagnetic model, bipartite lattices have a
zero at —v, since Z(—v) = Z(v), and the AF model has the same singularity as the F model.
For A46C, A666, DA3464 and DA3636, the AF ground state and the lattice have the same
periodicity (and the same unit cell), and P, (—v) = P,(v), meaning that all polynomials a; are
even. But for the other bipartite lattices, A488 and A4444, the unit cell of the AF ground state
is twice as big as the unit cell of the lattice, and Py(—V) = Pyy(r )(v). The polynomial q; is
not even.

A33434 and DA46C have a zero at some other negative v (see Tab. 3 and discussion in
Sec. 5.2). A3CC, A3464, A3636, A33366 and A333333 verifies Xy (—1) = 0 for some k, #0,
leading to a non-zero entropy of the AF model at T = 0 as shown in Sec. 5.2.

4 Energy and specific heat

Energy e and specific heat ¢y, per site are obtained from Eq. (19) (see App. E.1):
2

2 =y —n, (1= = ), (22)
1 —2)2
IZ;TIVZ =(1—v?) (n—n, —vIH(v))+ % (L(v)—1,(v)), (23)
with

[ PrXO0)
Io(V) = s ﬁ X—k(v) 5 (24a)

[k X)
L(v)= . a2 X ()’ (24b)

[k [X50T

I(v)= s m |:X—k(v):| > (240)

where the prime indicates a derivative with respect to v.

A singularity arises when Xy (v) = 0 for some k and v. For F models, it occurs when k = 0
and v = v, the positive root of a, associated to a critical temperature T, that is known for
all Archimedean lattices (see Tab. 1 for exact values and reference of first derivations), and
Tab. 3 for numerical values). Fig. 5 shows the variation of e and c;, versus the temperature
T /J for Archimedean F-models. On this figure, we recover the strong correlation (quasi-linear
dependancy) between the coordination number z and the critical temperature T., which is not
specific to the Ising model [34].

Near v,, we define three similar dimensionless small parameters:

_F
Be’
As Xy (v) ~ 63, both integrals I(v,) and I,(v.) are finite, while I;(v) exhibits a logarithmic

divergence at v,. In this section, we determine the lattice-dependent constants A and B such
that near v,:

621 eV:v_vC’ eX:/jCJGZJ(/jC_ﬂ)' (25)

cv(B) +Aln ~B. (26)

_B
"

C

In this section, the coefficient A is obtained analytically and B numerically for F models. Ana-
lytical expressions of B are obtained for lattices with n =1 (A3CC, A666, A3636, A444 and
A333333).

13
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00F T T T =
e 5L
1.0 -
-
- A3CC >
13 —— A46C S
—— A488 |
——- A666 r
20} ——me— A3464  H
——- A3636
——- A4444
A33336
—— A33344
—— A33434
A333333
3.0t : . T 0
0 2 4 6 0

T/]

Figure 5: Energy (left) and specific heat (right) per spin versus temperature for
Archimedean F models. Dashed lines are used for cases with ny = 1 where analyti-
cal solutions are presented in App. E.4. On the left figure, dots stand for the critical
temperature. We remark that all curves are grouped according to the coordination
number z.

Fig. 6 shows the scaled energy e and specific heat c;, using these results. We see that the
singular dominant term is accurate for T /T, € [0.9,1.05].

4.1 Evaluation of the dominant term Aln |1 — T./T| for ferromagnetic models

The divergent singularity in ¢y, at v, comes from the integral I, (v), that determines A in Eq. (1).
Moreover, the singular behavior in I;(v) comes from the integration around k = 0. For small
= |K]:

X (v) = ag(v) + Z (v)Z 5197, o, (27a)
X/ (v) = (ao)“(v) + O(kz), (27b)
2 7
L(v) =J d 1; () ") oz TO). (28)
Bz 4T az(v) +Zi a;(v )z c”

Then, near v,:

27
1 2kdk a6 Inle,|
I + ~ — ~—] 2 - _ v 2
1vete) 47'52J0 JO €2+ k2F(6) HGVJO FO) . nvsl 2

where
F(0) = iy, cos(0)? + Uyy SIN(20) + sin(0)?, (30a)
6= nu’xx.U’yy - .U’)ch > (30b)
a; (v, b
Hab = Z - ((v ))2 Z My (300
i=1 0\°¢

14
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3.0 T T T T T
mm= -In(1-Tc/T)
4t ——= A3CC
—— A46C
—— A488
2.0 H ——= A666
—~ A3464
5 3t ——= A3636
i < —— = Ad444
o ~
) = A33336
~ 1.04 m —— A33344
~ ) —— A33434
S L
& 5 A333333
! ~
o ~~o
~ e NS S~
0.0+ =
1+ ““‘"#:

0.0 0.5 1.0 1.5 06 08 10 12 14 16 18 20
T/T, T/ T,

Figure 6: Same data as Fig. 5 for scaled energy (left) and specific heat (right) versus
scaled temperature around the singularity. The energy at the transition and in the
ground state are respectively denoted e, and e,. We see that below T, scaled energies
are very similar for all models. On the right figure, the red dashed line corresponds
to the singular behavior: —In|1—T,./T]|.

As €, is equivalent to € up to a multiplicative constant for v — v, we have from Eq. (23) one
of the main result of this article, the analytical expression of A:

mA  (1—v2)?
B2J2  2714/5

(31

4.2 Evaluation of the subdominant term B for ferromagnetic models

The evaluation of B is more involved as it depends on Xj over the full BZ. We note that
e, =(1— vcz)ex + o(€e,). Accordingly, we define B,, B, and B, such that ¢y, + Alne ~ B,,
¢y +Alne, ~B, and ¢, +Alne, ~ B,:

B =B, =B, —Aln(f.J), (32a)
B, =B, —Aln(1—v?). (32b)

After evaluating Iy(v.), I5(v,.) and

—0

. 1
7, = e1v1m (Il(vc +e,)+ m/gln|ev|) ,

(see App. E for the calculations), we get the energy at the transition e, = e(v,) and B,,:
2

1—v
mJec =—nch_”v(1_Vc)—TCIO(vC), (33)
Bv (1 —VCZ)Z
/;anz =1—v)(n—n, —vIo(v.) + — (Z,—L,(v.)) . (34)

From this last equation, we get B, and B = B, —AlIn(f.J(1 — vcz)). Tab. 3 summaries the
values of T,, A, B, B, B, and of the energy e, at the transition. Despite strong variations in
the parameters z, m, n;, n, (see Tab. 1), the coefficients A and B of the singularity for the F
models show no simple correlations with them. For completeness, the exact expression of cy,,
Aand B, are given in Tab. 4 when n; =1 (derivation in App. E.4).

15


https://scipost.org
https://scipost.org/SciPostPhys.19.1.025

e SciPost Phys. 19, 025 (2025)

Table 3: Numerical values characterizing the F transition on all Archimedean lattices
and their duals: critical temperature T, and its inverse f3., energy e, coefficients A
and B of the specific heat, see Eq. (26). Exact expressions are given for some of them
in Tab. 4. As A4444=DA4444, A666=DA333333 and, DA666=A333333, results are
identical for these couples of lattices. For the AF model, we have three cases: either
the same singularity occurs (*) or a different one (*) orno singularity at all (no sign).

. T, . B, B,
lattice BeJ F ej A B e 7y
A3CC 0.81201 1.23151| -1.31279 [ 0.35600 -0.18408 -0.39161 -0.71424

A46C* 0.71951 1.38983 | -1.24563 | 0.40405 -0.20214 -0.64739 -1.02074
A488* 0.69507 1.43870|-1.20731 | 0.43867 -0.25016 -0.84806 -1.25539
A666* 0.65848 1.51865 | -1.15470 | 0.47811 -0.30478 -1.16363 -1.61072
A3464 0.46657 2.14332| -1.50483 | 0.44790 -0.21705 -2.56570 -2.99824
A3636 0.46657 2.14332| -1.48803 | 0.48006 -0.29809 -3.05062 -3.51421
A4444* 0.44069 2.26919 | -1.41421 | 0.49454 -0.30632 -3.66394 -4.14325
A33336 0.35896 2.78584 | -1.82807 | 0.46346 -0.24841 -5.61307 -6.06691
A33344 0.34657 2.88539 | -1.75821 | 0.47792 -0.61117 -9.30453 -9.77317
A334347 [0.79243 1.26194| 1.27439 | 0.59740 -0.70873 -1.34998 -1.89367
A33434 0.34173 2.92626 | -1.72493 | 0.49484 -0.30311 -7.14531 -7.63082
A333333 |[0.27465 3.64096 | -2.00000 | 0.49907 -0.30675 -12.61595 -13.10887

DA3CC 0.19972 5.00705 | -1.50419 | 0.25605 -0.07836 -12.30517 -12.55954
DA46C* 0.57100 1.75131| 0.86782|0.07804 0.061232  0.05368 -0.02046

DA46C 0.24176 4.13629 | -1.72371 | 0.36119 -0.13329 -11.05429 -11.41202
DA488 0.25439 3.93101 | -1.84949 | 0.41677 -0.20467 -11.97887 -12.39122
DA666 0.27465 3.64096 | -2.00000 | 0.49907 -0.30675 -12.61595 -13.10887

DA3464* 0.41572 2.40546 | -1.31874 | 0.41061 -0.15893 -3.00502 -3.40433
DA3636* 0.41572 2.40546 | -1.33678 | 0.44009 -0.24110 -3.63019 -4.05816
DA4444 0.44069 2.26919 | -1.41421 | 0.49454 -0.30632 -3.66394 -4.14325
DA33336 |0.53313 1.87572| -1.16289 | 0.41593 -0.17617 -1.54027 -1.93787
DA33344 |0.54931 1.82048 | -1.20423 | 0.45022 -0.55619 -2.73719 -3.16643
DA33434 |0.55581 1.79917 | -1.22274 | 0.47522 -0.28697 -1.83239 -2.28498
DA333333* | 0.65848 1.51865 | -1.15470 | 0.47811 -0.30478 -1.16363 -1.61072

5 Energy and entropyat T =0

The ground state energy per site e, is obtained from Eq. (22) at vy = J/|J|, i.e. vo =1 for F
and —1 for AFE As the integral I,(v,) is finite, we get:

/1

—— (= n,(1-vp)) . (35)
m

60 =
The entropy per site sy at T = 0 is obtained using Egs. (19), (20) and (22) from:
so= lim (Be—pf). (36)
B—oo
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Table 4: Exact expression of quantities characterizing the F transition on the
Archimedean with n; =1 and their dual lattices. The numerical evaluation is given
for all of them in Tab. 3. u,, is defined in Eq. (E.32), u = vV 12+ 104/3 in column
A3CC, and uj = v/ 36 +30+/3 in column DA3CC.

lattice A3CC A666 A4444 A3636 A333333
4
v, .U'—14—\/§ 1/\/§ \/E—l 1+\/§2—«/ﬁ 2_‘/§
9u(17+/3—29)
8
Uy, +144ﬁ_225 6 4 18 18
4
2+(13—v3)u 2 1 2
_A_ Upe 2v3 8 43 1243
B2J? 3v3n 7 P P P
5 (119-65v3)u—146+3+216
= 48 Am3 -2 |4m3—-2|-A+2—-2| —-A—6
272 A Us, 2 2 3 2 2
BeJ _zﬂCTJz (11'1 % + 2) € V3
lattice DA3CC DA3636
pp—3—3v3 6v/3-9
Ve 6 3
g, 3(5¢§—7)u1,2+162—60«/§ 12/3
. _ (143v3)up+48-90+/3 _ (5+3v3)v/6v3-9
c 36 9
_A_ Upe 8
ﬁchZ 331 T
5 (35-19v3)up+74+/3-192
_ox 18 _A 4+1n 4 + 10 _ 22
B2J2 —ﬁ:ﬁ(ln%+2) 4( 3) 37 33
Around T = 0 we have v — vy ~ —v,2e 2PVl hence:
1 d?k
so=—|2(m+n,—n;)In2+ — InX, (£1) | . (37)
2m 5z 412

5.1 Ferromagnetic models (J > 0)

As expected, we recover from the previous formulae the ground state energy and the zero-
entropy at T = 0:
F Jn Jz
eO = =——,
m 2
Indeed, for Archimedean lattices we note that a;=1(1) = 0 and thus X (1) = a,(1)?, cancelling
sg according to Eq. (18). For general lattices, as Eq. (18) always holds, in order to find a zero

sg =0. (38)

17
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Table 5: T = 0 energy and entropy of the Archimedean lattices for F (J > 0) and AF
(J < 0) interactions.

eAF eF
lattice < soF 2 sg
A3CC 5/6 | 0.2509 || -3/2 | 0
A46C 3/2 0 -3/2 0
A488 3/2 0 -3/2 0
A666 3/2 0 3/2 |0
A3464 4/3 0.0538 -2 0
A3636 2/3 0.5018 -2 0
A4444 2 0 -2 0
A33336 7/6 0.0538 -5/2 0
A33344 || 3/2 0 5/2 | 0
A33434 || 3/2 0 5/2 | 0
A333333 1 0.3231 -3 0

entropy, we obtain the following constraint:

d?k . X (1)
— In—===0.
JBZ47TZ nag(l) 0 (39)

A sufficient condition is a;~¢(1) = 0 (a;(v) divisible by 1 —v).

5.2 Antiferromagnetic models (J < 0) and application to Archimedean lattices

The ground state energy per site is:

eOAF = —m (n;—2n,) . (40)
m

We now evaluate the entropy at zero temperature séF. Most non-bipartite lattices have
sg\F # 0. It has been calculated exactly for several lattices (triangular [35], kagome [36]), and
numerically for others [37]. The non zero value finds its origin in Eq. (37), where X;(—1)
vanishes for some isolated k-points. We present here the analytical expression and values of
s‘gF on all Archimedean lattices, summarized in Tab. 5 together with the numerical values of

A
A46C, A488, A666, A4444, A33434: We remark that a;5;(—1) = 0 and |ag(—1)| = ay(1)

for these lattices (see Tab. 2). The definition (16) and the property (18) lead to
AF _
So = 0.

This is expected for bipartite lattices, but may be more surprising for A33434 (usually called
Shastry-Sutherland) as it possesses triangular faces. At minimal energy, only links shared by
two triangles are frustrated. This is why the ground state degeneracy is only due to global spin
flips (see Fig. 7a).

A3CC, A3636: X (—1)=36+ 32&(k)>0 with £(k)= sin2 %x + sin2 k?y + sin? kx';ky and
fBz z—?; In(X,(—1)) ~ 4.39729 leading to

AF

_ o AF
50.A3636 = 250,a3cc = 0-5018.
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(a) A33434 (b) A33344

Figure 7: Ground states of the AF model on the A33434 and A33344 lattices. Blue
and red points are for opposite spins. For A33434, magenta bonds are the only ones
shared by two triangles. Frustrating them is the only way to minimize the energy:
the ground state is completely fixed up to a global spin flip. For A33344, two choices
are offered for each column of triangles: frustrating links oriented in the magenta or
in the dark green direction, resulting in a sub-extensive entropy.

A3464, A33336, A333333: X, (—1)=2"(§—&(k)), with v = 10, 12, 4 respectively. Sin-

gularities arise at k # 0: XiZTﬂ:(—].) =0 and fBZ % In(Xy(—1)) ~ vIn2 —0.74016, leading
to

AF _ AF _ AF
S0,A3464 = S0,A33336 — SO,A333333/ 620.0538.

A33344: X (—1) = 2°cos? %y and fBZ % In(X,(—1))=41n2, leading to

sé\F =0.
Although the entropy per site of this lattice is zero at T = 0, the total entropy is sub-extensive,
growing with the lattice linear size (see Fig. 7b).

Fig.8 shows the energy and specific heat for the AF Archimedean models. Bipartite lattices
are not shown as they have the same variations as ferromagnetic models. Frustation (quanti-
fied by the entropy ng at T = 0 and by n,) has consequences on the shape of the specific heat,
as In2 —sg\F = f dT cy(T)/T. This effect is spectacular for the kagome lattice whose almost
3/4 of its entropy is conserved at T = 0.

6 Relations between different lattices

6.1 Duality for ferromagnetic models

The dual £ of a planar graph or lattice £ is obtained by replacing sites by faces and faces
by sites. The link number is preserved, n; = fi;, but they are rotated. An example of dual
transformation is given for the kagome lattice A3636 (see Fig. 3).

In the F case (v > 0), it is known that the partition function Z of £ at high temperature is
related to the partition function Z of £ at low temperature:

N
. 1N, vV o\ 7
20) =202 () 7 (41)
. 1—v
v=1 (42)
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Figure 8: Same data as Fig. 5 for the antiferromagnetic models on non-bipartite

Archimedean lattices. On the right figure, the red dashed line is —Aln|1—f/B.|+ B
for the A33344 lattice.

This was first discovered on the self-dual square lattice [19], then used on the regular trian-
gular lattice and its dual the honeycomb lattice [35]. Appendix F provides two demonstrations
for the relation between the Kac-Ward polynomials in £ and £ leading to the above formula
and valid at any temperature (note that when v goes from 0 to 1, ¥ goes from 1 to 0).

Eq. (41) allows to derive these relations between the quantities defined in Egs. (16) and
(17), on £ and L:

Go(P)(1+9)  2lutm—m)/2

M@+ (L+v)u (43)
) =%, (44)
where )
_ Xk(V) _ ! Cll'(V)
)= 20) =1+ ; 20) £.(K). 45)

In the thermodynamic limit, the relation between the free energies per site f and f is:

. 2 _#
—ﬁrhf(ﬁ)=—/5mf(v)—%ln1_vv2—mzmlnz, (46)

or equivalently, in a symmetric way:

—ﬂﬁlf(f/)—%lnlivf/z =—/5mf(V)—%ln%' (47)

The relations between the energies e and é and specific heats ¢, and ¢, per site of £ and
L are:

mée(v) —2v me(v) 1+v2
= - 8
7 1-vz g o2 (48)
ﬁlfv(f’) _ 4y? ' (mcv(v) 1+ v2 me(v) _an) 49)
B2J2 (1—v2) p2J2 v J

The symmetric version of Egs. (48) and (49) (as in Eq. (47)) are given in App. G.
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K,
0K 1 2 1 0 2
A | & ) Mg —— o & o—o—a
J. K, K
7 s 3 1 2
3 3
(a) Star-triangle transformation (b) Decoration transformation

Figure 9: Star-triangle transformation in the general case (left) and for K3 = 0
(right).

From Eq.(49), we deduce the relations between A and A, and between B and B:

mA w: mA

22 72 = 2 R2712° (50)
ﬂc‘] (1 —VCZ) ﬁcJ

mB 4VC2 mB 1+VC2 me. mA (1—VC2)ﬂC

— = 3 373 —2n; + 22ln = . (51)
ﬂchZ (1 —VCZ) ﬁc‘] Ve J ﬁc‘] 2Vc/5c

6.2 Duality for antiferromagnetic models

Egs. (43) and (44) for ferromagnetic models are still valid in the antiferromagnetic case, as
they relate the two polynomials P and P independently of the values of v, while Eq. (42) would
relate a v corresponding to a positive temperature with a ¥ > 1 (giving an unphysical negative
temperature) and vice-versa. Then the antiferromagnetic thermodynamic functions have to
be calculated separately on a lattice and its dual.

6.3 Star-triangle transformation

We have seen that the partition function of two dual lattices are related at different tempera-
tures. We now give a well known relation between different lattices at the same temperature
when they are related by a star-triangle transformation [33, 38], rederived in App. H.

The Ising model on a lattice with a triangle and the one with a star obtained from the
triangle by adding a spin in its center (see Fig. 9a) are equivalent (the ratio of their partition
function does not depend on f3) when

- §$381 +59)(8515, + S
b=y oS ) (52)
(8283 +51)(518283 + 1)
and t, and 5 verify Eq. (52) with a cyclic permutation of the indices, with
t; =exp(—2BJ;), $; = exp(—2BK;). (53)
Equivalently, we have
taty +ty)(t1t5+ ¢
5 = (t3ty + to)(t1Ly 3), (54)
(tats+t1)(t1tats+1)
and similarly for s, and s5, where
1—¢;
t; = — =tanh 3J;, 55a
L1+ P (532)
1= _, hBK (55b)
;= = tan .
1+ '
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Two special cases will be used below:

* All the exchanges are the same, J; = J: then the site and link indices can be removed
and

- § 1—s2
t= = , 56a
\J§2—§+1 \J1+352 (56a)

/ t A 1—122
s= = — . 56b
t2—t+1 1+ 3¢t2 (56b)

* K3=0: then$; =1and {; = f, = 1, hence J; = J, = 0, which means that the remaining
link J5 is replaced by two links K; and K, (see Fig. 9b). We obtain:

. 514385
t3 = — , t3 =5159. (57)
3 A 3= 35152

6.4 Applications

Duality alone relates the critical v, in £ to ¥, in £. The values of the F critical temperatures T,
of Laves lattice are obtained from T, and given in Tab. 3.

Using duality and star-triangle transformation allows to relate v, and other critical con-
stants of several lattices with homogeneous coupling J:

* A4444: A4444 is self dual, hence v, = ¥, i.e. 1—2v,—v?>=0and v, = v2—1[19].
We recover that A=A and B = B.

* A666, A333333: A666 (critical v. denoted vg) is the dual of A333333 (critical v, de-
noted v3), hence 95 = v4. Triangle-star transformation turns back A333333 into A666

[33], hence using Eq. (56b) we obtain vg = \/(1 — ”g)/(l + 3175), ie. vg=1/+/3and
v3 = 2 — +/3. We verify that e., v,, A and B of the triangular and honeycomb lattices
respect the relations (48),(50) and (51).

* A3636: the kagome lattice (critical v. denoted v5¢) through a star-triangle transforma-
tion becomes a variation of the honeycomb lattice (A666), in which every link is replaced
with two links in a row [38]. Hence according to Egs. (56b) and (57), we obtain:

2
~2 ~2
_ 1— Ve 1— Vg
V6 = ) = —5 (58)
1+ 3v36 1+ 3v36
S O A | _ 1+/3-712
or Vzq = 1+3‘f’6 =5 and vz = =

* A3CC: A3CC (critical v, denoted v.) through a star-triangle transformation becomes a
variation of the honeycomb lattice (A666), in which every link is replaced with three
links in a row, with different energies [39,40]. Hence Egs. (56b) and (57) give:

1 Ve ve

— =y, =V = ) (59)

V30 N\ 1o+ 1—ve 2
V/12+4+104/3—-1—+/3

VC= . (60)

4

22


https://scipost.org
https://scipost.org/SciPostPhys.19.1.025

e SciPost Phys. 19, 025 (2025)

More generally, duality and star-triangle transformations relate many lattices with several
exchanges. For example, A488 with J, on links of squares and J; on links shared by two
octogons is related to A33434 with K, on links of squares and K; on links shared by two
triangles through a star-triangle transformation where a star (J;,J,,J,) turns into a triangle
(K1/2,K,,K,) [41]. Similarly A46C with J; between a hexagon and a dodecagon, J, between
a square and a dodecagon and J5 between a square and a hexagon is related to A33336 with
K, for the three sides of a triangle touching three hexagons, K5 for a side of a hexagon and K;
for the other links, through a star-triangle transformation, where a star (J;,J,,J3) turns into
a triangle (K;/2,K,, K3). For both transformations, if all J;s are equal, then K; is twice as big
as other K;s, as in [41].

7 Discussion and conclusion

In this article, we have reviewed the combinatorial method for calculating the free energy
of Ising models on general planar lattices (for finite lattices or in the thermodynamic limit)
and have provided the general formulae of the free energy, entropy, energy and specific heat.
We also provide a review of the star-triangle and duality transformations, that relate different
lattices.

All these formulae have been applied to the 11 Archimedean lattices and their duals for
which we provide explicit expressions of the free energy (see Tab. 2) and deduce T,, A and B
(see Eq. (1) and Tab. 3). The value of T, was already known for these lattices, but the value of
Awas only known for some of them, and the value of B had not yet been evaluated. They have
been calculated in this article, either analytically or numerically: when the unit cell contains
many sites, the matrices to handle become large, and an analytical calculation is impossible
after the last analytical step involving the calculation of a determinant (for which a code is
provided in Supp. Mat. [25]). The zero temperature properties for F and AF models, and
among them, the residual entropy sOAF for extensively degenerated antiferromagnet (Tab. 5 for
Archimedean lattices) have been determined. The exact sOAF was known for the triangular [35]
and kagome [36] lattice, but to our knowledge, only numerical evaluation were provided for
A3CC, A3464 and A33336 [37]. Thus, we have either recorevered or calculated for the first
time many quantities, usually spread in many papers but grouped here for a large set of com-
monly used lattices. We hope they will be useful to researchers to fit data with experimental
or numerical results [42,43].

The formulae in this article are directly applicable to any model on a planar lattice with a
single type of link, for which the program given in Supp. Mat. [25] can be used. The formulae
can be extended when several link types are present, as mentioned in Sec. 2.3 (examples of
solutions in [13,27]). However, extension to magnetization calculations, or to disordered
systems [44] are left for future work.
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A Proof of the Kac-Ward identity

We prove here Eq. (8), for a planar graph, in three steps. First, following Lis [21], we prove
that the right-hand side y/det(I5y, —vA) is a polynomial in v (Sec. A.1), that we will denote
v/P. Then we define a polynomial P and prove it equal to +/P (Sec. A.2). Finally we prove P
equal to the left-hand side of Eq. (8) when the graph is planar (Sec. A.3). Planarity is needed
only at the end of Sec. A.3. Until there, the graph may be drawn on a flat torus.

A.1 Proof that /det(I,y, —vA) is a polynomial denoted vP
We define:

P: v det(lyy, —vA), (A.1D)
VP:ve— y/ det(Ioy, —vA). (A.2)

P is a polynomial and is defined for any v, but +/P is a priori only defined for small v. However
this function turns out to be a polynomial, which we will also denote +P and use for all v.
Then +/P(v) may be equal to £+/P(v) depending on v.

To prove that +/P is a polynomial, we prove that In det(I,y, — vA) is twice the logarithm
of some other polynomial by considering the following series (that absolutely converges when
vl < o)

i Tr ((vA)")

Indet(I,y, —vA) =—
-

(A.3)

r=1

(to obtain this formula, we have replaced vA by a triangular matrix A~'vAA, in which neces-
sarily the diagonal coefficients are the eigenvalues of vA, then expanded the logarithms into
series and grouped the terms in traces).

The diagonal coefficient (A");; is the sum of the weights of all closed paths of length r
on the lattice £ departing from [ without backtracking, where the accumulation of direction
changes (starting from the direction of [) determines the weight of each closed path c¢: %1
depending on its turning number parity. We define ®(c) as the opposite of the weight of ¢. For
example, a non-self-intersecting closed path always has weight -1 if the graph is planar. The
trace of A" is the sum of weights on all closed paths of length r.

To proceed with the proof, each link [ needs a different v; and v is now a diagonal matrix
in vA. An oriented link [ is denoted —I when reversed and [ when unoriented. Most of the
time and eventually, we will choose v; = v_; = v;, but sometimes we will have v_; # v; for
some or all [. We define

8,(c)=2()] [w- (A.4)
lec
The trace of (vA)" is the sum of —®,(c) on all closed paths c of length r.

But an oriented loop corresponds to several closed paths as we can choose several depar-
tures. Their number is the loop length, except when the loop is periodic, then it is the length of
its smallest period. We extend the definitions of ¢ and ¢, to apply equally to oriented loops,
since their values for a closed path does not depend on its starting point. Hence InP is the
sum of &, (c) for all oriented loops c, but divided by k if the loop is periodic with k periods.

If each [ is given a different variable v; (v_; # v; for all [) then det(I,y, — vA) is a poly-
nomial of degree 1 in each of the 2N; variables v;. But a priori, v_; = v; = v; for all | and
P(v) = det(Iy, — vA) is a polynomial of degree 2 in each of the N; variables v;. However, we
denote P(v, = 0) when v;; = 0 and v; = v; for all other [. Hence v_; = v; and P(v;, = 0)
is a polynomial of degree 1 in v;; and 2 in any other v;. We choose an oriented link [. In

24


https://scipost.org
https://scipost.org/SciPostPhys.19.1.025

e SciPost Phys. 19, 025 (2025)

Eq. (A.3) the total contribution of closed paths containing both [ and —I is 0, because in such
a path we may reverse the subpath starting at the first occurence of [ or —I and ending at the
last occurence of the reverse link. This involution negates the weight. Furthermore the total
contribution of loops containing [ and no —I is equal to the contribution of loops containing
—I and no I, since reversing a loop does not change its weight. Hence removing contributions
of loops containing —! and halving contributions of loops containing no [ and no —I, halves
the value of Eq. (A.3):

%lnP(v) =InP(v;=0)— % InP(v; =0,v_; =0), (A.5a)
VP(v)=P(v_; =0)/4/P(v,=0,v_; =0), (A.5b)

which is a polynomial of degree 1 in v;. This holds for any [. Hence 4/P(v) is a polynomial
of the N; variables v; when they are small. We may denote this polynomial as +'P. Then both

polynomials P and VP~ have the same value for all small v, hence they are equal and have the
same value for all v. Then we only have /P(v) = |[+/P(v)|, since +/P(v) may be far enough
from 1 to be negative. Anyway polynomial P is a square and +/P denotes the polynomial of
constant term 1 and of square P.

A.2 Definition of P and proof that vP =P

Now that we are sure that both sides of Eq. (8) are polynomials, it remains to prove that they
are equal, with as intermediate step to prove that +/P is equal to a polynomial P defined in
this section, before showing that P is the left-hand side of Eq. (8) (next one).

An oriented loop ¢ is denoted —c when reversed and ¢ when unoriented. We can de-
fine ®(¢) = ®(c) (defined in Sec. A.1), since ®(—c) = ®(c) = £1. Similarly we can define
®,(c)=o,(c), since vy =v_; and &, (—c) = &, (c).

Let D, be the set of all sets s of disjoint simple oriented (no duplicate oriented link)

loops and D, the same for unoriented loops. For s € D,, we define ®(s) = [ 1. ®(c) and
®,(s) =[ [, ®,(c), and similarly for s € D,. We finally define
P=>"2,s). (A.6)

s€D,

A preliminary step is to justify the following identity, first part of which is the Leibniz
formula for determinants:

P= Z € 1_1(51,0(1) —Vilo@) = Z ®,(s). (A.7)
T

SED)

A permutation o of all oriented links is the product of its cycles. Its signature €, is the
product of the signatures of its cycles. The product of factors —v;A; ;) corresponding to a
cycle of o is not zero if and only if this cycle is an oriented loop c. Then this product is
—&(c) [ Te. (=) = (=1)k*1& (c), where (—1)*? is the signature of this cycle of length k.

Acycle (1) of o of length 1, (i.e. o(I) = [) may yield a factor 6; ; = 1, meaning this oriented
link will not appear in this set of loops. It may also yield a factor ®(c) = —v; of ®(s), if c = (1)
is a loop of length 1 of 5. All of this proves Eq. (A.7).

2

To show that P = P?, we prove that squarefree (with no factor Vs ) monomials of both poly-

nomials are the same. For any set A C £ of unoriented links the coefficients of v* =[,, v; in
P and in PP are equal, since any partition of A in a set s of r loops has the same contribution
2"®,(s) in both polynomials: each loop may be in first factor P or in second factor P, and it
may be reversed or not in P. Since all the squarefree monomials of VP” and P2 are equal, and
VP and P are squarefree polynomials of constant term 1, we conclude that +/P = P.
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(@) (a)2(b) =—2(c)

(0) 2(g) =—2(h)

Figure 10: Operation of loop crossing. The red dot figures a site, and the function ®
acting on unoriented loops is defined in Sec. A.2.

A.3 ProofthatP =Y v'g,

To conclude, we now have to identify P with the left-hand side of Eq. (8). In the polynomial
P =3, ,Pav", the coefficient p, is 0 if A is not even. We now prove that p, = 1 if A is
even. Let A be an even set of unoriented links. Let s be a partition of A into a set of loops.
Crossing two parts of loops of s (Fig. 10) changes the sign of &(s), either because we cross
two parallel paths of oriented loops, changing the number of loops (see Figs. 10a and 10b),
or because we reverse a part of a loop between two occurrences of a same site a, changing the
evenness of its turning number (Fig. 10c). If in A, the site a has 2k adjacent links, then there
are i, =1 % 3 x...(2k — 1) ways to pair these 2k links. (7, + 1)/2 of these pairings have an
even number of crossings at site a, and (7, — 1)/2 of them have an odd number of crossings.
Hence the sum of the ®(s) when s assumes all of these 1) pairings, equals a single ®(s) with no
crossing at a in s. Hence p; is equal to ®(s) for any partition s of A in loops with no crossing
at any site. This proves that p, = 1. So far £ does not need to be planar.

If £ is planar, p; = ®(s) = 1 since any loop ¢ € s is simple with no self-crossing and
¢ (c) = 1. Hence P is the sum over even subgraphs A of v*, which directly gives the left-hand
side of Eq. (8) when all v; are equal or the more general formula for link-dependent v;:

z:stP/]_[,h—vl?. (A.8)
1

B The Kac Ward identity for graphs on a torus

When the graph is on a flat torus Eq. (8) turns into Eq. (12), recalled here:

n

1
Zvrgr = 5 (\/P(O,TE) + \/P(TE,O) + \/P(Tc,ﬂ) — \/P_O) (V) . (B].)

r=0

In this section, we prove this generalization of the Kac Ward identity on a torus in two steps,
the first one being the analog of the proof in Sec. A for a planar graph. In a last subsection,
we discuss the generalization to lattices drawn on surfaces of any genus g.

B.1 Proof that P? = P, when 2k =0

We now try to replace A by W (k) both in the proof that P? = P for a planar graph (Sec. A)
and in the proof that p; = ®(s) = +1. Although the definitions of ®(c) and &,(c) change,
the proofs still work provided any oriented loop still verifies ®(c) = ®(—c) = £1, which holds
when 2k = 0 as proven just below. This common value defines ®(¢) for the non oriented loop.
Hence P is well defined.
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Proof. Consider a single unit cell on a flat torus. For that graph, A = W(0) and the previous
proofs work as long as planarity of graph is not needed. For any other k, previous proofs need
amendment. The upper side and lower side of a flat torus are identified. We may assume they
are horizontal. For any link [ crossing this side upward (resp. downward), v; is replaced with
vielky (resp. v;e~) within Eq.(A.7). Similarly for every link I crossing the non horizontal
(vertical if the torus is square or rectangular but slanted in case of rhombus or rhomboid)
side rightward (resp. leftward), v; is replaced with vleikx (resp. vle_ikX) within Eq.(A.7).
Hence they turn A = W(0) into W (k) (see Eq. (10)), and they affect ®(c) and @, (c) for any
oriented loop c: Eq. (A.4) still holds but —&(c) is now a product of coefficients of W (k). Now
®(c) and ®,(c) implicitely depend on k. To ensure ®(c) = ®(—c) for any oriented loop c,
we need e'fx = ek« and etky = ey e, ky,k, € {0,m}. Then etkx = +1, ey = +1 and
®(c) = P(—c) = ®(c) = £1. O

B.2 New expression of 2 v'g,

An even set of links, A, may be split into a set of loops, s, with no crossing. Then p, = &(s). If
any loop in s crosses each side of the torus an even number of times, then ®(s) = 1 whatever
k, and the contribution of A to Eq. (B.1) (meaning into coefficient of v* in its right-hand side)
is(1+1+1—1)/2=1. If an extra loop crosses once the horizontal side, the non horizontal
side, or both of them, then ®(s) = —1 for half of the four values of k, including (0,0), and the
contribution will be (—1 + 1+ 1—(—1))/2 = 1. This explains Eq. (B.1).

B.3 Generalization to a graph on a surface of genus g

When the graph is drawn on a surface of genus g, this surface has g handles and each handle
is around a hole. A handle is a torus grafted on the surface. Handle i is given k, ;. Hole i is
given k ;. This allows to define p(kxl’kyl)“-(kxgrkyg) as was done on the torus. Then Eq. (B.1)

turns into
n

g
1 = Sk ik -
E :Vrgr =2 E : P(kxl,kyl)...(kxg,kyg)l |(—1) feithyi (B.2)
i=1

r=0 kyi-kygs
ky1...kyg€{0,m}
Note that a link [ drawn on the surface is a curve making a fixed angle a; with a vector field €,
on the surface. A priori we would like €, # 0 at each point of the surface. But then the surface
would be a torus, because we cannot “comb” a connected closed orientable surface of genus
g # 1. So we must allow a few points on the surface where €, = 0, but the turning number of
field €, around any such point must be even for the previous theory to work.

C The Kac-Ward determinant properties

C.1 Calculation of P,: Method and complexity

We prove here that P, (v) defined in Eq. (11) can be stored efficiently in an array of integers
and evaluate the complexity of Algo. 1 used in its calculation.

Each of the n = 2n; rows (or columns) of the matrix W (k) corresponds to an oriented link
l = l; — l¢, where the site [; is chosen in a basic unit cell. [; may be in another cell. The
coefficient W(k)u/ is not zero if ] is the translate of I; by a Bravais lattice vector (translates
of links may be successive steps of a path) and I; —[; # Ii— l} (no U-turn allowed). Its value is
then given by Egs. (9) and (10): W(k)u/ = ei[“l’_“l]/zeik'“(lf), with a and u defined in Sec. 2.2.
We will successively get rid of these two exponentials.
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First, P does not change if we multiply row [ and divide column [ by eil%}/2. The factor
eller—al/2 js replaced with el(lev—al+lal=larD/2 which is 1 when |[;] = [a;/]] < © and —1
otherwise.

The factor e is of the form ¢ ¥ ¢”%, where ¢ = ek, ¢ = eike,
u(ly) = X ey + ey, where X, Y1, € Z and (e,,e,) denotes a lattice basis. For all the
lattices we will consider, we manage to have x; Y, € {—1,0,1}. This way, the coefficients of
the matrix M used in Algo. 1 are Laurent polynomials in ¢ and ¢, with exponents in [—n, n]
and M can be stored as a four dimensional array M[1..n][1..n][—n..n][—n..n] of integers.

Matrix multiplication M x= W (k) performs less than n?(2n+1)?z additions or subtractions
of integers, since W (k) is a sparse matrix with on row [ only ¢, ,—1 < z—1non zero coefficients

of the form +¢™¥ (,oy ', where z is the greatest degree of all sites (and the coordination number
for an Archimedean lattice). Therefore, the time of the Faddeev-Le Verrier algorithm is mainly
spent for less than n®(2n + 1)z additions of integers, with n = mz for a Archimedean lattice.
However most of these additions are 0 + 0 = 0, because the degree of a coefficient of M after
j iterations is not n. It is not greater than j, and even not greater than j/n, for a diagonal co-
efficient (see C.3). Fortunately a straightforward transcription of Faddeev-Leverrier algorithm
in Maple, avoids these useless additions and is very efficient if the coefficients of the matrix

W(k) are all 0, £1, +¢, +¢, £ * ¢, £ /¢, p/¢, £1/¢/¢, £1/¢ or +1/¢:

with(LinearAlgebra) :
n:=RowDimension (W) :
M:=IdentityMatrix(n):
P:=1:
for j to n do
M:=expand (M. W) :
p:=expand(-Trace(M)/j):
P+=p*xv~j:
for k to n do
M[k,k] :=expand (M[k,k]+p) :
od:
od:

Note the use of expand rather than simplify, which would be far much slower. This
Maple program takes less than a second for any Archimedean lattice. It is provided in Supp.
Mat. [25].

C.2 Multiplicity of the factor 1+v in Py

In this section, we prove a property given in Sec. 2.5. Let val;, (Q(v)) be the multiplicity of
the factor 1+v in a polynomial Q(v). Let n,, be the minimal average number of links to remove
per unit cell to make the graph bipartite. Then val; ., (P (v)) = 2n,,.

Proof. P(v) is an integer Laurent polynomial in v, ¢ = e** and ¢ = ek, Let
a = valy,(Px(v)) be the multiplicity of the factor 1+v in this polynomial. Let aj be the
multiplicity of the factor 1+v in P, seen as a polynomial of R(v). It depends on k, but a; > a.

However if p and q are two different prime numbers, polynomials sz a fori=1,2...p—1

and j = 1,2...q — 1 are all isomorphic through automorphisms of ﬁeld Q[ V1]. Hence

@2ir 2in = by, o does not depend on i or j. We can prove that if p and q are large enough,
P q )

then b, , = a. Otherwise the set {(2;7“, Z{Tn) | bpqg>a,0<1i<p,0<j<q}would be dense in

[0,27]? and for all k we would have ay > a + 1 proving val; ., (Pc(v)) = a + 1 which is wrong.
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Hence when p and g are large prime integers, in the product ]_[f:1 ?:1 Pjir 2jz the multiplic-
p’q

ity of 1+v is a for (p —1)(q — 1) factors and in [a,n] for the p + g — 1 other factors. Hence
it is ~ pqa for the whole product. Similarly, since a; = a for allmost all k, we may assume
that in Eq. (13), the four square roots of products and their sum have the same behavior and
have a factor 1+v of multiplicity equivalent to w?a/2. But for the sum, this multiplicity is the
number of frustrated links, which is w?n, + O(w). Hence n, = a/2. O

C.3 Proof that v™ divides P, — P,

Let n, be the length of the shortest loop with a non zero winding number in the single cell
torus, v« divides P, — P, (property given in Sec. 2.5).

Proof. As seen in Sec. A.1, the coefficient of degree j in the Maclaurin series in v of In Py is
the sum over all loops ¢ of length j, of ®(c) or ®(c)/i if c is periodic with i periods. If j < n,
then both winding numbers of such a loop are 0, and ®(c) does not depend on k. Hence
InPy —InPy=0O(v"™) and P, — Py = O(v"a). O

C.4 Proof that degP, <2, [c./2]

In this section, we prove one of the properties given in Sec. 2.5, relating deg P, and c,, the
degree of site a.

According to Eq. (A.7), degP <n=) c,. Ifs € D, and loops of s use all oriented links
getting in (and out of) a site a, then if in s we rewire connections in site a and replace each
and every b — a — ¢ by ¢ = a — b, then ®(s) and &, (s) are multiplied by (—1)%. Then these
terms cancel in ZseﬁA &, (s) if ¢, is odd. Hence contribution to degP of links getting out of
site a is at most ¢, if even, or else ¢, — 1. Hence degP < 2" |c,/2]. This proof still works
with Py instead of P.

C.5 Value of P,(1) for 2k=0

In this section, we prove one of the properties given in Sec. 2.5 about special values of P (1)
for 2k = 0. The symmetric difference AAAX = (AUA)\(ANA) = A\ A)U A\ A) of
two even subgraphs of L is even. Hence the set E, of all even subgraphs of L is a vector
space over field F, = Z/27Z. Set E, has a partition in four parts E, Ey;, E1o and E;;, where
A € E ., if €, (respectively €,) is congruent modulo 2 to the number of links of A which
cross the horizontal (resp. non horizontal) side of torus. These four parts have the same
cardinality since A — A A 4, is a bijection from E onto E, ., if Ao € E.,.,. The set Ey, is
a vector space of dimension m — 1, since (perimeters of) faces but one form a basis. Hence
#Eqy = #Eq = #Eyo = #E;; = 2™ ! and

Py(1) = #Eqgy — #Ey, — #E1g— #Eq; = —2™, (C.1)
Py,(1) = #Eqy — #Ey, + #E1o + #E1; = 2™, (C.2)
P,o(1) = #Eqy + #Eg, — #E1o + #E;; = 2™, (C.3)
P, (1) = #Eg + #Eq; + #Eqg — #E1; = 2™, (C.4)

(pﬂ'ft(]‘) + 1311-0(1) + poﬂ:(l) —130(1))/2 - #EOO + #EO]. + #Elo + #Ell == #EC = 2ﬁl+1 . (CS)

Furthermore P,..(0) = P,,(0) = P,,(0) = Py(0) = 1. Since Py(0) > 0 and Py(1) < 0, there
exists v, € (0, 1) such that Py(v.) = 0 implying a finite temperature phase transition in ferro-
magnetic 2d models.

All of this holds when the graph is connected and double-periodic. If ever it
is only simple-periodic, like the unbalanced ladder of Fig. 4, then (for instance)
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#Ey = #Ey > #E,0 = #E;; = 0 and Py(1) = 0 (ordering only occurs at T = 0 in 1d
ferromagnetic models).

D Signs and zeroes of characteristic polynomials for Archimedean
lattices

In this appendix, we show that X (v) > 0 (see Eq. (16)) and determine the zeroes for Archime-
dean lattices for the F (v > 0) and AF Ising model (v < 0). Value v = 0 corresponds to 3 =0
(infinite temperature), whereas v = %1 corresponds to T = 0 (+1 for E —1 for AF).

Bipartite lattices A46C, A488, A666 and A4444: As these lattices are not frustrated, the
energy depends only on |v|, as it will be proved from the expression of Xj in this paragraph.
A666 and A46C have a magnetic unit cell for the AF order (see Fig. 11) which is the lattice
unit cell. It leads to even polynomials a;(v) and the proof is obvious. But for A488 and A4444,
the magnetic unit cell is doubled in the AF case (see Fig. 11). The equivalence between the
F and AF models appears in Xj: the sum ag(v) + a,(v)&, (k) is unchanged when replacing v
with —v and k with k + (7, 7t) since 2a,(v) = a(z)(—v) — ag(v) and &,(k) =2—¢&;(k+ (7, m)).
A4444 has no other terms, while for A488, the extra term a,(v) is even.

Hence, for these 4 lattices, it is sufficient to search the zeros and sign of Xy(v) for the F
case (see next paragraphs).

Lattices A488 and A4444: &, (k) is between O (k= 0) and 2 (k = (7, 7)) and from previous
paragraph we know that 2a;(v) = ag(—v)—aj(v). Hence a2(v)+a;(v)&, (k) is between aj(v)
and a(z)(—v) for any k. For A488, the extra term a,(v)&,(k) = 0 since a,(v) is a square. Thus
for both lattices Xy (v)=0. Furthermore a,(v) vanishes only at v, (given in Tab. 2) and the two
zeroes of Xy (v) are for {v=v.,k=0} and {v=—v,.,k=(m, 7)}.

Lattices A3CC and A3636: a,(v) vanishes only at v.>0 (given in Tab. 2), a;(v)>0. Thus
X, (v)=0 and the single zero of X (v) is for {v=v.,k=0}.

Lattices A46C, A3464 and A33336 have a rotational symmetry of order 6 and share the
same three £ (k) € [0, %] related by:

&, (k) +2&, (k) = 108 ,(k) — 4&3(K). (D.1)
Eliminating &, (k) in Xy (v) with Eq. (D.1) gives:

X () = @g(V) + (a2(v) = 2, ()€, (K) — 4a; (M)E5(K) + (a3(v) + 10, (V)E5(K) . (D-2)

(a) A4444 (b) A488 (c) A666 (d) A46C

Figure 11: AF ground state on bipartite Archimedean lattices. The green and ma-
genta cells are respectively the lattice and magnetic order unit cells.
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For v > 0, ay(v) vanishes at v. (given in Tab. 2). Furthermore a;(v) < 0, a,(v) = 0 and
as(v)+10a;(v) = 0, hence X (v) > ag(v). Thus X (v) vanishes for {v=v,,k=0} and is positive
elsewhere. This holds for all three lattices.

The case v < 0 is handled differently for each lattice.

A46C: Polynomials a;(v) are even and Xy(v) = Xy(—v). Thus Xy(v) vanishes for
{v = £v_,k =0} and is positive elsewhere. The singularities at v, and —v, are identical.

A3464: For negative v, eliminating &, (k) in X, (v) with Eq. (D.1) gives:

X () = gV + (a1 (V) — aa(1)/2)&, () — 2a, (V)& (K)* + (a3(v) + 58, (1)E,5 (k). (D.3)

Here all terms are negative but a(z)(v). Setting &, (k) and &,(k) to their maxima 9/4 gives

a lower bound X3 (v)>a2(v) + 2(a,(v) + as(v)) which is positive and vanishes at v=— 1.
X (v=—1) vanishes for k = :lz(%n, %ﬁ .

A33336: For v<O0, all a;(v) are negative. X(v) vanishes only at v=—1, for £,(k) =
that is k = :I:(ZT”, %“). To prove this we will search for minima of X;(v). With ¢ = ex an
¢ = e'*y we notice that

9
4
d

Xy (v) 49°p?
d¢ 1—¢2yp
=2a;(M(@*¢ + DA+ ¢*) + a,(vV)(@* + ¢ +2¢%0*/2¢) + az(V)p (1 + ),
Xy (v) ¢+¢2 _an(V) <P+‘P2 4¢2 2
op 1—¢2¢p  dyp 1—¢y2 7
=2a(v)—ax(v)(P —p)1—9)1—9)1—9¢).
At the minimum of X, (v) for a fixed v, Xy (v)/d ¢ = dXy(v)/d¢ = 0. Hence in Eq. (D.5)

either 1 — ¢2¢ = 0 or 1 — ¢ 2 = 0 or the right-hand side is 0. At least one of the following
seven equations holds:

D.4)

(D.5)

pp*=1, P=0, PPp=1, (D.6)
=1, =1, pp=1, (D.7)
2a,(v) = ay(v). (D.8)

* Eq. (D.8) and (D.2) give X (v) = a(z)(v) + a3 (v)&,(k) + a; (v)(10€,(k) — 4€§(k)). It is
a monotonic function of &,(k) which is extremal like £,(k) when the three equations
(D.6) hold. Hence we may ignore Eq. (D.8).

* If 2 of the 3 equations (D.6) hold, then they all hold and either k=0 and Xk(v)=a(2)(v)>0,
orky == (ZT“, 2?“) and Xy (v) = ag(v) + %al(v)+ %ag(v) > 0. It vanishes only at v = —1.
These three k-points are indeed the extrema of X (v).

* Similarly if two of the three equations (D.7) hold, then they all hold and k = 0 and
Xix(v) = ag(v) > 0.

* When one equation of (D.6) and one equation of (D.7) hold, like ¢ =1 = ¢(p2, there
are only three new cases: k= (71,0), k= (0, ) and k = (7, ©). Then X (v) is the square
of polynomial B (v) = 7v8 + 6v® + 12v° + 8v* —8v® + 10v2 —4v + 1> 0.

* From now on we will assume that only one of the six equations (D.6) and (D.7) holds.
But (¢, ¢) — (¢,1/¢ ) does not change Xy (v) and permutes the three equations (D.6)
(or (D.7)). Hence we may also assume ¢ p? # 1 # ¢2p and ¢ # 1 # ¢ . It remains
two cases to study: ¢ =1 or ¢ = ¢, combined with a null right-hand side of Eq. (D.4).
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e = 1 and 0 = (2)a1((vg(1 + ¢2) + a;(V)(1 + ¢ + ¢2) + az(v)¢p. Thus
2cosk, = ¢ + % = —% < —3. This is impossible.

* ¢ =y and Eq. (D.4) give
0=(a3()P>+2a;(V)(1 + $*)(1 — ¢ + ¢*) +3a,(V)P(1 — ¢ + $*)(1 + ¢).
But ¢ # —1. Hence x = ¢ + 1/¢ is a root of equation
2a;(V)x(x — 1) + 3a,(v)(x—1)+a4(v)=0.

This polynomial in x has a negative discriminant if —1<v<0 and is equal to -4096 at
v = —1. Hence this equation has no root.

This proves that X (v) is minimal at k =+ (2?”, %”) and maximal at k = 0. It never vanishes.

A666: ay(v) and a,(v) are even function of v. ay(v) vanishes at +v,=+1/+/3 and a;(v)>0.
Thus X, (v)>0 and Xy (v) vanishes at {v==+v,,k=0} and the singularity occurs at +v,.

A33344: ay(v) vanishes only at v=v, (given in Tab. 2). Let t = cos(k, + %y) and z = cos %y
Then &,(k) = 1—zt, £,(k) = 1 —2? and &, (k) = 42% — 4z, Then X} (v) becomes:

X(v,z,t)= ag(v) +a,(V)(1 —2t — 422 + 42%) + a3 (v)(1 —22), (D.9)

Xi(v,z,t) is always between Xy (v,2,1) and Xy(v,2,—1) = Xy(v,—2,1). Then Xy(v,z,t) is
positive for all t,z in [—1,1] iff Xy(v,2,1) is positive for all z. It is true for negative v
since a,(v)z* > 0 and X (v, 2, t) — 4a,(v)z* is a polynomial of degree 2 in z, of discriminant
4a§(v) + 4(a(2)(v) + ay(v) + a3 (v))(4ay(v) + a3(v))<0 and 4a,(v) + az(v) < 0. Thus X (v)=0
for v < 0, and vanishes for v =—1 (a;(—1) = ay(—1) =0, a(z)(—l) =—a3(—1)=64)andz =0
that is for k = (k,, ) (see 5.2).

For positive v, 10a,(v) < az(v) and (1 —zt —422 +42*)/10+ (1 —22) > 0 and vanishes for
z =t ==1 (k= 0). Then for positive v, X;(v) = 0 and vanishes only at {v =1/3;k = 0}.

A33434: ay(v) vanishes at v=v,>0 (given in Tab. 2) but also at V?F ~ —0.659784. For v>0,
we have a;(v)<0, and a,(v) > 0 and a3(v) > 0. The relation between the &, (k) is:

48 ,(k)* — 85 ,(k) + &, (k) + 25 (k) = 0. (D.10)
Substituting &, (k) in Xy (v) gives:
X (V)=(—2a;(v) + a;("))E,(K) — 4a; (V)€ (K)* + (Ba; (v) + az(v))E,(K) + ag(v).  (D.11)

For positive v, as 8a;(v) + a3(v)=0, X, (v)=0 and vanishes only at {v=v,; k=0}. For negative
v, a;(v)<0, a,(v)<0 and a3(v)=0, with a;(v)/as(v)> — 0.1 and a,(v)/as(v)> — 0.2, thus
we have XZa(z)(v) + as(v)(—&,(k)/10 — &,(k)/5 + &,(k)). Substituting &, (k) in Xy (v) gives
ag(v) + (253(k)2 + &,(k))as(v)/5 which is positive and vanishes for {v=va; k=0}.

A333333: &, (k) is between 0 (k=0) and % (k= + (%",2?”)). Hence X (v) is between
a2(v) > 0 and a2(v) + 2a;(v) > 0. Last bound vanishes only at v = —1 while aZ(v) vanishes
only at v=v, (given in Tab. 2). Hence X;(v) > 0 and vanishes only at {v=—1;k==+ (&, 2%)}

3073
and {v=v,.;k=0}.
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E Calculations for the specific heat

In this section, we evaluate the integral I;(v) around v, and I, and I, , . These integrals are
defined in Egs. (24a).
E.1 Expression of energy and specific heat

Eq. (19) states that —3mf depends on 8 only through v = tanh 3J. To get Egs. (22) and (23),
we start with intermediate functions, the derivatives of —f3mf with respect to v:

__d(—ﬁMf)__ nyv _ n, _1
v dv. 1—vZ 1+v ZIO(V)’ E1)
,_ Qv n, LO)—Ih(v)
YT T Ao T ate 2 (E-2)

where I, I; and I, are given in Eq. (24a) and recalled below, and the prime indicates a deriva-
tive with respect to v.

[ kX [ kX0 [ ek X7
I(v) = J;sz 472 X () L(v)= LZ A2 X (v) L(v)= LZ a2 [Xk(v)] . (E.3)

Using g—g =J(1—v?), the energy e and specific heat ¢, per site are given by:

me  1d(=pmf) .,
=7 dp =(1—v%e, (E.4)

1—v?

=—nlv—nv(1—V)_ Io(V),

mey _ 1 dX(—pmf) _

B2J2 T2 dp2 —(1-v%) ((1—\/2)6;—2116‘))

(1—v?)?

=(1—v)(y—n,—vI()+ ()= LO). (E.5)

E.2 Singular and constant term of I;(v)

We expand Xy(v) around the singularity as a function of €, =v —v,:

X (v)

y = €2 + Sp(k) + S;(K)e, + Sy (k)e2 + o(e?), (E.6)
ao(vc)z Y Y Y
Yo d W)
S,(kK)=> ——Z ¢ (K), E.7
(k) ;aa(vc)za!;( ) (E.7)
where aga) is the ath derivative of a; with respect to v.

We define a function I gs)(v) with the same dominant term as I; (v), chosen as the right-hand
integral of Eq. (29) and determine its behavior near v,:

Ty y +Kyelxy

d?k 2 " dk. arctan —2 "%
I?)(Vc“v):J 2 © :J = —
Bz A 2487 (k) Ja T T

where T = 4/€2u,,, + 5k,2, S((f)(k) = ,uxxk)zc + 2uyy ki ky, + uyyk}z,. 6 and u,; are defined in
(30b) and Eq. (30c¢). If uy, > u,y, the argument of the arctan is positive for all k, € [—, ]
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. . _m 1.
and we use the identity arctan(x) = 5 —arctan :

n arctan ——=——
1 ey y R by
I%S)(VC-I-EV) ——f dkx|: — 2 “V:|

r 27T n2T
E.8)
inh—Zv8 Valk, | (
aSIHh|€v|1/.Uyy T arctan Ty y+hy My
= dk, +0(1),
nv/& - 2 1/glkxl

where the first term is exactly integrated while in the second we use lim, _,,7 = V& lky|.

Using the dilogarithm function Liy(z) = —fgdu ln(lT_u) and:

lp
a+bp

A(a,b,p) = J dp |
pl (E.9)

() 0 () v () 2).

where ¢ = bp + a, we find:

arctan

v, +e,) = —— (—m el +1n znﬁ) - AR o), ®10)

ﬂ\/g 4/ H’y_y 7T21/§

with a = 7u,,/ V6 and b = Uy / V5. As expected, this formula is symmetri-
cal by exchanging the indices x and y. For the square lattice, with u,, = 0 and

VE = Uxx = Uyy, we find A(m,0,+7) = =+Catalan, where the Catalan’s constant is

Catalan = 3% =iy ~ 0.915965594.

We now evaluate I(v, +€,) — If)(vC + ¢€,) in the limit €, — 0:

2
Il(vc+€v)_1§5)(vc+€v)zf 4’k [2(1"‘52(1()) 2
B

7 472 6% + So(k) 6% + S(()S)(k)
J d%k [232(1() 285K }
pz 412 | So(k) So(k)S(()s)(k) ’

:|+o(1)
(E.11)

where Sy(k) = Sy(k) — S(()s)(k). Finally, around v, we obtain:

7, = lim011(Vc +e€,)+ Tr/\/gln le, |
€,—

-1 21v5 + A(a,b,n)—A(a,b,—m) +J d?k ZSz(k)Sés) —25,k)  (E12)
Vs VHyy w2/8 B2 4772 So(k)S(()s)(k) .

E.3 Iy(v.) and I,(v.)

Keeping the leading terms of I5(v) and I;(v) we obtain successively:

4%k S;(K)
L= | &2 , F.13
o(ve) JBZ 472 S,(K) (E.13)

a2k [ Sy(K) +2¢, T
I(ve+€,)~ f [ -
2 5z 412 | So(k) + €2

d?k S;1(k) 2 d%k 2%, 2
NLZW [So(k)} * 87 42 63_‘_80(1() . (E.14)
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The second integral has significant contributions near k = 0, where we replace S, by S(()s):

2
d?k 2e 1
v = +o(1). (E.15)
Lz 4m? (eg + S((f)(k)) /&
Thus, in the limit €, — 0, we obtain:
d2k Sl(k)T 1
I = + . E.16
2(ve) LZ a2 [so(k) /5 (E.16

E.4 Exact results when n =1

This concerns the lattices A4444, A333333, A666, A3636 and A3CC. &, (k) has the following
simple expression, with the square lattice as a special case:

k k
il(k):sin2§+sin2?y (A4444), (E.17a)
k k k. +k
= sin? ;+51n2 2y + sin % (A333333, A666, A3636, A3CC). (E.17b)

An analytical expression is obtained for ¢y, using a slightly different method than in previ-
"( ) and when a;(v) > 0 (which is not true for AF-A333333),

ous subsections. With u(v) =
Egs. (19) reads:

In((1+v)*™a;(v)) 1 dzk
—mBf = m1n2——1n(1 v2) + ( 1) 4= In(u+&,(K). (E.18)
2 2 )z 4m2
The energy per site e is:
1—v2 (q
me =—vn;—(1—v)n,— Y (—1+u’H1(u)) , (E.19)
J 2 a
with: )
d<k 1
H;(u)= -~ (E.20)
J JBZ 4n2 (u+ &, (k)
At v = v,, u’'H; vanishes, thus the critical energy is:
2 7
me, 1—vZai(ve)
— = —(1— — . E.21
J Ve ( Vc)nv 2 a](Vc) ( )
Then ¢y, becomes:
d’Ina d?u
MY (1) 4 aay + apop i - (d(ﬂJ)) Hy(u) (£.22)
ﬁzjz —_ l v 2 . .
For the square lattice we obtain:
2 1
H = K R E.23
1) m(u+1) (1+u) ( )
Hy(u) = —— s( ! ) (E.24)
2T ruw+2) “T\1+u)’ '
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where K(z) = foldt/(w/l—tz\/l—zztz) = %fonfoﬁdxd_y/(l + zcosxcosy) and

E(z)= fol dtv'1—22t2/+/1— t2 are elliptic functions assuming z € [0, 1].
For the other lattices with ny =1, we have:

Hy(u) = h, K(20) , (E.25)
_ h, 12(u + 2)%&(z0)
Hy(u) = 4u+9 [’C(ZO)JF (u, +1)(u_—1)]’ (E.26)
with
h,= 4 (E.27)
¢ n,/u+—11/u_+1, '
2 /uy—u_
20 = V2y/u—u , (E.28)
Vuy—1lyu_+1
up =2u+4++v4u+9. (E.29)
Around the singularity, we have:
d?u
A~ 2t tol), (E-30)
du 2
(d([jJ)) =4uy.u+o(u), (E.31)
1 —v2)Y2d (v.)?
Uy, = (1= ve)ap(ve) . (E.32)

al(vc)
Thus we are left with the limit of H;(u) — 2u Hy(u) around u = 0. Noting that £(1) = 1 and
K(l—e¢e)= —% In g +o0(1), we obtain:

H,(u)—2uH,(u)=¢c; (—ln£—2)+o(1), (E.33)

C2

with ¢; = 1/, ¢, = 8 for the square lattice and ¢; = 1/(7+/3), ¢, = 18 otherwise. Around the
singularity, we have u = uZCei and:

mA
B2J2 = 2cqUye, (E.34)
mB, Uy, 1 7
ﬂCZJZ =(n;—n,)(1— vcz) —C1Usg, (ln E + 2) + 5(1 — vcz) [(1 — vz)(ln(al(v))) ] . (E.35)

Tab. 4 shows the exact results for n f=1L

F Duality

The dual £ of a graph £ drawn on a surface (not necessarily plane) with non-intersecting links,
is a graph where links are quarter turned or so, and faces become vertices and converse.
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E1 Relationship between the Kac-Ward polynomials of dual lattices

The Kac-Ward polynomial P, of a connected finite planar graph or pW(o) of a period of a
connected double-periodic planar graph yields the Kac-Ward polynomial of its dual through:

=2, (12
Px(¥)=2""5(1+7) ZPA(1+17 , (E1)
- - _ 1_"’

Pvf/(o)(‘j) =2""(1 +17)HIPW(0)(?;) . (F2)

N, and N; are the numbers of faces and links of the finite planar graph. N, counts an outer
face, which contains point at infinity added to plan to turn it into a sphere. m and n; are the
numbers of faces and links per period.

Proof. If ' =c — b and [ = a — b are two clockwise consecutive oriented links leading to

site b, then | and —I’ = b — ¢ are two clockwise consecutive oriented links of a face. Let
. . Ao

ll—, = —iA;_p. It is the common value of ﬁ for all d but a and c. We denote e; the vectors

that form a basis of the vector space on which matrix A operates (its rows and columns are
labeled by I). Hence

A(el —%el/) 1ll—/e_1/ +le_l,

z z £
(I — VA) (el — Fel/) =€ — ive_l — Z_/ (el/ + ive_l/) .

. . 1 i - _ 5
LetR: e, — e; +ie_;. Hence detR = 2M since det(i 1) =2. Let # = 1%. Hence v = 173

(14+7)(I—vA) (el — ll—,el,) — (147)e; —i(1—P)e_, — zl_/ (1+9)ep +i(1—Fe_y) (B4
=R (ﬁel — ie_l — ZZ_/ (el/ — if/e_l/)) . (FS)

For Archimedan lattices, faces are regular polygons, and links of the dual lattice are obtained
by turning all links by +7. Then [’ and —I are clockwise consecutive or1ented lmks on L. Pre-

vious calculations work when replacing [, I, v, A and 1 7 with l’, —Z, 7, A and - —_Z__ T:—l/ -
Eq. (E3) becomes:

(I—%A) (el, +lll ) = e —ive_j, +il (e [ +ive;), (E6)
- vA)( Loy —ie_;)=re;—ie ;- L (ef, —ive;). ®7)
Equations (E5) and (E7) have very similar right-hand side and prove that

TR Y1+ %) —vAM = (I —VA)MST,

where
l - U
M: e—e— l’el/ M : ez,'—>el~,—_—ze_7, T: e—ej, S: ei'—>—l—/ep,
et = 1—[(1_ I ) [T2=2%, deeii=2%, ders=1.
b site l=a—>b b site
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Hence

det((1 + %)(I —vA)M) = det(R(I — ¥A)MS),
(14 9)2Mip(v)2N = 2N p(§)2% | (E8)

(1+7)Np (1 ;v) = oWHN=N)/2p(55)

The Euler-Poincaré characteristic of a sphere is 2, meaning that Ny — N; + N, = 2 for a
planar connected graph. Then 2(MNi+N—N:)/2 — 2N—1_ Byt the Euler-Poincaré characteristic of
a torus is 0, meaning that m —n; + m = 0 (= 2/00) for a mesh of a decorated lattice i.e. a

period of a planar connected double-periodic graph. Then 2 N=ND/2 5 1o be replaced with
2(nl+ﬁl—m)/2 — Zﬁ’l. O

This proof still works if the initial graph is not Archimedean. Then dual links are not
exactly orthogonal to initial links. But det(I — vA) does not change when directions of links
are slightly changed.

Eq. (43) is the direct consequence of Eq. (E8), but the proof of Eq. (E8) works also with
k # 0 and proves also Eq. (44).

E2 Kac-Ward polynomial and duality for finite planar ferromagnetic graph

In this section, we give another proof, the one used historically, relating a F model on a finite
graph at high temperature with the F model on the dual graph at low temperature.

To get an Ising model on the graph £, we can keep the graph £ and put a spin on each
face, instead of each vertex of £. Then an even subgraph of £ can be viewed as the borderline
between the set of faces of spin 1 and the set of faces of spin -1. If £ is planar and v = e 2h
then 2v—N/2 > v"g, is the partition fonction of L. The factor 2 is here because the borderline

is the same when flipping the spins of all faces. We have v = tanh §J = e 2P For L, we have
i = tanh BJ = e72P/ since # = 1=~ and v = 15%. Then v, # € [0, 1]. This gives the last part of:
N, 1
22N =2 = g, = VP(v) = Ele”Z : (E9)
r=0

Eq. (7) and (8) give the first and middle part of it. The dual of this equation is:

N

Uy = 1

227N (-2 =5, = VB(P) = 57z, (E10)
r=0

Equating Z from these two equations gives:

= ~2\N;/2
VP o (1—92\" ]
vPE) =21—Ns(—v) = 217N (1 + )M, (E11)
VP(v) v
Equating Z gives an inverse ratio equal to 21N (14+v)M., But (1+v)(1+7¥) = 2 and the product
of both ratios is 227NN = 20 35 due. Similarly, Eq. (E9) gives
N/2 .
Z _ 1N/ (2_") T /2 G2 98y F12)
Z 1—v2
which emphasizes that sinh2f8J is the inverse of sinh2.J. However ﬁvvz 122 =1 is equiv-
alent to ¥ = %N‘V’Nor V= % This is why, in this paper, we always use ¥ = %% rather than
sinh2fJ sinh2J = 1, to avoid the wrong value ¥ = %

38


https://scipost.org
https://scipost.org/SciPostPhys.19.1.025

e SciPost Phys. 19, 025 (2025)

All of this is a simpler way to get Eq. (E1). But this way we cannot directly get Eq. (E2),
because the middle and last part of Eq. (E9) need a planar graph: A loop on a flat torus which

crosses once the right side does not part the torus in two zones.

So far, we assumed all v; are equal to v. This is not mandatory. For instance in Eq. (E11)

we may replace (14 #)M by [ ],(1+ 7).

G Derivation of duality relation for some thermodynamic quanti-

ties in F models

In this section, we detail the results given in Sec. 6.1.

The function d, is deduced from Eq. (43), &i(f/)/&g(ﬁ) = ai(v)/ag(v) and éi(k) =&, (k).
From the relation of the free energies of the lattice £ and its dual £, given in Eq.(46), we
deduce the relations between the energy and specific heat in £ and £. The energy per site

e(v)is:
me(v) __13(=pmf)
J J 9B
G.1
__13Chmp)ay __3pmp) | _ o oy
J odv 9B v ’
Similarly, we have )
mE(H) __19(=pif)
J J 3B
9GP oy, BB G.2)
ov av
=2y me(v)_n 1+v2
T1-v2 -2’
that we rewrite in a symmetric way as
~ ~ 1 ~2 1 2
m~(g+ +~v )+ m (g+ +v):0 G.3)
1—-v\J 2V 1—v\J 2v
The specific heat per site cy, is given by
mcy 1 82(—/3mf)
272 J2 2
" 22( ﬁaﬂ) 9(=pmf) o
= —mf(l —v2)2 —2v(1 _VZ)—mf,
dv? av
and ) . .
ﬁ15V _ d (_ﬁﬁlf) ~2\2 ~ ~2 3(_ﬂﬁ1f)
T - T
9 pnE P
_ 42 2CBRA) |, o(=pm)
A av (G.5)
_ 2 02CPmp) |, a(=pmf) __&v'n |
ov2 av (1—v2)2
4v? (mcv 1+v%me )
= - ——2n; |,
(1—v2)? \ B2J2 v o J
that we rewrite in a symmetric way as
29 mcy _1+\72@+ﬂ\74—6f/2+1 2y mey _1+vzg+ﬂv4—6v2+1 (G.6)
1-92f252 1—-92J 20 1—-92  1—-v2B2Jj2 1—v2J 2v 1—y2 =~
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As expected, we recover the two correct limits for f — O and 8 —» oco. When § = 0
(thus v =0 and ¥ = 1), e¢(0) = 0, leading to and é(1) = —Jn;/m. Expanding the right-hand
side of Eq.(49), we find &) _ o, Reciprocally, when f — oo (thus v — 1 and v — 0),

/52
e(1) = —Jn;/m. Then, factorizing n;, we find é(¥ — 0) ~ —(1—v)n; /2 — 0. CVﬂ# = 0 leading

&v(0)
p2J2

Around the transition, we have:

to = n;. For the self-dual square lattice, we easily deduce e, = —J v/2.

mA W mA
= G.7)
ﬁc J (1 - VCZ) ﬁc
that we rewrite in a symmetric way as
20, mA 2v, mA
== : (G.8)
1-v2payz 1—vzp2J?
For the relation of B we have to account that € # e:
V—9 v—v (1—v>)B.J
e=1-F o —~———C iﬂc €. (G.9)
ﬁc (1 - vcz)/jc‘] Zvcﬂcj ZVCﬁCJ
The term —Aln € gives the constant contribution:
mA mA mA | (1—v)BJ
——In|é|=—=——1Inle|— ——1In < Pe . (G.10)
B2J2 p2J>2 B2J2 2v.B.J
Finally
mB 4VC2 mB 1+ VCZ me, mA . (1— ch)ﬁc
= = 5| 222 — —2n+——1n — , (G.11)
p2J2 (1 —vcz) BzJ ve J BeJ 2v. B,
that we rewrite in a symmetric way as
2 @B 1+%me mvi-692+1 1 (1—92)B2
> = - ~> 1 a4 ~0 —AlN——/———
1-92p252 1-92J 2§, 1-—92 2 27, G.12)

2v, mB 1+vime mvi—6vi+1 1Aln (1—ch)/§¢2
1—-v2p2J2 1-v2J 2y, 1-—v2 2 2v,

H Derivation of the star-triangle transformation

The energies e} of the triangle with exchanges J;, J, and J; and eg of the star of exchanges
K, K, and K3 (see Fig. 9a) are:

eT:—J10'203—J20'30'1_J30'10'2, (Hl)

€s =—K10'10'0—K20'20'0—K30'30'0. (HZ)

Replacing e} by eg, the partition function is multiplied by r if:

1

16

; (H.3)

~ »n
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where t; = exp(—2J;) and §; = exp(—2BK;). Solving these equations for t; gives:

= J (8387 +355)(8155 +33) (H.4)

(5283 + 51515253+ 1)

A cyclic permutation of the indices in Eq. (H.4) gives formulae for t, and 5. To invert these
relations, we first set:

- - . i S1+€1)S+e5)S3+¢€
F(eq,€9,€3) =1+ €1tyts + €xt3t; +€3t115 = S I)N( 2 2@+ ) , (H.5)
515253+1

for e; = %1, e, =+1 and €5 = €,€,. Hence

1-8; F(—1,—1,+1)F(-1,+1,-1) (H.6)
1+5  \F(+1,—1,—1)F(+1,+1,+1)’ '
and similarly for §, and 5.
Eq. (H.6) is Eq. (H.4) where §; is replaced by t; and £; by s; with
1—4;
t; = — =tanh 3J;, H.7
N anh fJ (H.7)
1=5% _ ianh BK (H.8)
S: = = tan . .
L1+ '

since the star is the dual of the triangle.
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