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Abstract

We introduce classical many-body dynamics on a one-dimensional lattice comprising lo-
cal two-body maps arranged on discrete space-time mesh that serve as discretizations
of Hamiltonian dynamics with arbitrarily time-varying coupling constants. Time evolu-
tion is generated by passing an auxiliary degree of freedom along the lattice, resulting
in a ‘fishnet’ circuit structure. We construct integrable circuits consisting of Yang-Baxter
maps and demonstrate their general properties, using the Toda and anisotropic Landau-
Lifschitz models as examples. Upon stochastically rescaling time, the dynamics is domi-

nated by fluctuations and we observe solitons undergoing Brownian motion.
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1 Introduction

Exactly solvable models play a crucial role in our understanding of diverse physical systems
by serving as paradigms of the underlying phenomena. Their importance is further sharpened
in the realm of many-body physics where few general analytical tools are available and even
numerical simulations of large systems quickly become computationally intensive.

The approach of statistical physics is to shift the focus from following all the microscopic
degrees of freedom, replacing them by a coarse-grained description in terms of mesoscopic
averages, while the remnants of the microscopic degrees of freedom often enter the description
stochastically. The prototypical example of this approach is Brownian motion, describing a
particle diffusing due to fluctuations of its environment which is modeled as stochastic noise.
While averages are easier to describe due to concentration of measure, the approach often
entails approximation which are difficult to control, especially in strongly-interacting systems.

An alternative approach, feasible only for a small subset of systems, is to first solve the ini-
tial value problem exactly and average over an ensemble of initial conditions only afterwards.
Many of these models owe their solubility to integrability, manifested as the existence of ex-
tensively many conserved quantities which stabilize solitons - stable nonlinear excitations that
preserve their identity upon scattering. In classical systems the conservation laws constraint
the dynamics sufficiently to allow for a complete separation of a many-body system in terms
of canonical variables, as exemplified by the inverse scattering transformation [1-3], or finite
gap integration [4] which solve the initial value problem for an integrable many-body system.
On the quantum side the Bethe ansatz [5-7] reduces the problem of diagonalizing an expo-
nentially large matrix, a daunting task for all but the smallest systems, to the comparatively
much simpler problem of solving a system of algebraic equations.

Despite these powerful analytical techniques, the investigation of dynamical properties of
ensembles of initial conditions remains a challenging task. An important step forward in this
direction has been the development of generalized hydrodynamics, a hydrodynamic theory for
integrable systems [8,9]. However, at present the assumptions of the theory limit its appli-
cability to leading-order dynamics on the ballistic scale. To access dynamics on sub-ballistic
scales a recourse to numerical simulations remains a necessity.

However, numerical simulations of integrable systems hide potential pitfalls as conven-
tional discretizations invariably break many conservation laws, spoiling the asymptotic proper-
ties of the discretization. To address this problem numerous integrable discretization schemes
have been developed [10-12], see also the book [13] for an overview. A particularly sim-
ple explicit approach, based on the Trotter-Suzuki decomposition, results in ‘brickwork’ cir-
cuits [ 14-17] which are integrable by construction.

While integrable brickwork discretizations have been successfully applied to numerically
study dynamical properties of both classical [18-20] and quantum systems [21-24] and even
implemented in modern quantum computing platforms [25-28], the approach has two draw-
backs. Firstly, each layer of the circuit must have the same time step to avoid breaking inte-
grability. Secondly, the conserved quantities of the circuit are deformed by the time-step and
converge to their continuous counterparts only in the limit of a large number of layers.
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1.1 Summary of results

In this paper, we construct a family of integrable classical dynamical systems in discrete space-
time, representing integrable discretizations of Hamiltonian systems. Our construction em-
ploys space-time lattices of ‘fishnet’ type [29-31],! unlike the commonly used ‘brickwork’ cir-
cuits. Circuits of similar type arise in the quantum transfer matrix formalism [32], where
they correspond to Trotter approximations of Gibbs states in integrable quantum spin chains.
Here, the circuits instead represent a canonical dynamical map acting on a many-body clas-
sical phase space. By utilizing Backlund transformations [33-35], we are able to fabricate
integrable circuits that depend on an arbitrary number of time-step parameters, which al-
lows us to interpret them as integrability preserving space-time discretizations of integrable
Hamiltonian flows with time-dependent coupling constants. The constructed circuits preserve
the conservation laws of the continuous-time Hamiltonian dynamics. By regarding the time-
step parameters as random variables, we obtain an integrable stochastic dynamics in discrete
space-time. We highlight several prominent physical features of such stochastic integrable fish-
net circuits. Particularly, we exhibit Brownian solitons and study the corresponding dressed
dynamical structure factors.

The central algebraic relation of our construction is a matrix refactorization problem [36-
38] of the form,

L5 (L5 (x") = £, ()L (), (1)

for a pair of matrices £(x) and £%(y) depending on a spectral parameter A € C, with the
shifted parameters A* = A+ 7/2 and a free time-step parameter T € R. Here, variables x and
y represent two local classical degrees of freedom. Given a pair (x, y) as an input, the solution
to Eq. (1) defines a one-parameter family of ‘dynamical maps’ ¢ . from (x, y) — (x’,y’), see
Figure 1.

Figure 1: (left panel) A two-body map 1 (red square, time-step not shown) located
at the middle of the square plaquette maps the input edge variables x and y (green
circles) from the bottom and right sides of the plaquette to the output edge vari-
ables x” and y’ on the top and left sides. Oriented dashed black lines indicate linear
transport of auxiliary vertex variables (not shown) induced by physical (horizontal
direction) and auxiliary (vertical direction) Lax matrices. (right panel) Reversing the
direction of propagation yields the inverse two-body map 1) ~! which maps the vari-
ables x” and y’ from the top and left sides to x and y from the bottom and left sides
of the plaquette.

!Note that we presently do not see a direct connection between such ‘fishnet diagrams’ and our construction
besides the shared geometry.
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Figure 2: A chain of 1y-maps, representing propagation of an auxiliary initial vari-
able y, (right green circle) from right to left (left green circle) subject to the periodic
closure, y, = y;, realizes the left chiral propagator &~ that maps physical input
variables X (bottom green circles) to the output variables X’ (top green circles) re-
spectively. The right chiral propagator ®* is obtained by reversing the directions of
arrows.

In the realm of integrable systems, equation of the form (1) plays a role of a discrete zero-
curvature conditions [3], ensuring compatibility of the auxiliary linear transport problem. In
this view, we shall refer to £ as the physical Lax matrix, while the superscript ‘a’ indicates that
L is the auxiliary Lax matrix. Correspondingly, the variable x is interpreted as the physical lo-
cal degree of freedom of the model, while y is associated with the auxiliary degree of freedom.
We proceed by introducing the monodromy matrix of length L,

M (X)) =Ly(xp) ... Lalx2)Ly(xq), 2

depending on the set of physical variables X = (x;,x,,...,x;). Given y, as an input, an
iterative application of the local relation (1) yields the relation

L5 (y )Mo (X)) = My (X)L (o) » 3)

depicted in Figure 2, where y; in the final (output) y variable. We assume that there exists
an initial y, such that y; = y,, thereby closing the chain periodically. The outcome is a chiral
many-body left propagator, denoted hereafter by ®_, that maps X ~— X’ in the vertical (i.e.
time) direction.
We also introduce the right propagator &7, being simply the inverse of the left chiral prop-
agator ¢ with the same time-step,
<I>f 0®T =id, (€))

where o denotes the composition of maps. The right propagator can be realized by interchang-
ing X and X’ in Eq. (3) which amounts to reversing the arrows in Figure 2. It is important to
emphasize that the existence of auxiliary variables y, and y; that allowed for the periodic clo-
sure are crucial for the well-posedness of the defined propagators. Multiplying by the inverse
of £ and taking the trace of Eq. (3), periodicity in the spatial (i.e. horizontal) direction indi-
cates that the time-propagators <I>:Tt conserve the transfer functions obtained by tracing powers

of the monodromy matrix 7'}\(") =Tr M}

T ot =T, ©)

The time-evolution of the monodromy matrix is thus isospectral, and we can use the transfer
functions 7" as generating functions of local conserved quantities in involution.
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Figure 3: The finite-time propagator <I>(Tt) (shown for t = 2) is given by a sequential
application of t composite propagators ¢ (7) depending on arbitrary time-steps ;.
Composite propagators &, are composed from the right (odd layers) and left (even
layers) elementary chiral propagators <I>$ . related by the inversion relation (51) via
the corresponding Lax matrices. Propagation of auxiliary variables in the horizontal
direction is suppressed for clarity.
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A detailed construction of the time-propagators is given in Section 2. There we show that,
upon imposing the periodic closure, canonicity of the local two-body map ) gets naturally
extended to full propagators <I>f. Moreover, using the fact that 1 is a Yang-Baxter map, we
establish commutativity of the chiral time-propagators for arbitrary time-step parameters

@t odr, =07, 00" . (6)

This type of commutation property will play a pivotal role in our subsequent study of dynam-
ical properties. Specifically, it will permit us to randomly sample the time-step parameters
upon iterating the elementary time propagators without breaking integrability. Hence, our
construction is fundamentally different from the more standard ‘brickwork’ type discretization
of integrable dynamics [16,18-20].
In Section 3 we introduce a composite propagator ®. by composing both chiral propaga-
tors,
. =9 _odr. (7)

The full many-body evolution for time t € N is then simply given by a sequence of composite
propagators ®.., namely
@(Tt):q%to...ocbfzmbﬁ, (8)

depending on an arbitrary sequence of time-step parameters T = (7, Ty, ..., T;), See Figure 3.
In addition, we establish integrability of (8) and introduce a family of invariant measures which
we later use in our applications.

We proceed in Section 4 by discussing particular examples. Focusing on the classical Toda
lattice and the anisotropic lattice Landau-Lifshitz spin chain, we explicitly construct their re-
spective local maps with corresponding fixed points and discuss several other key properties.
These examples serve to elucidate the preceding algebraic construction. We also give the
continuous-time limit of the discrete-time dynamics.
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Figure 4: Time evolution fo the spin profile S° = S3(¢,t) from from an initial
Gaussian profile, corresponding to the easy-plane regime of the anisotropic Landau-
Lifshitz model with time-steps sampled from the two-point measure w, (10): (left
panel, 1 = 1) deterministic dynamics featuring ballistic soliton trajectories; (middle
panel, n = 1/2) stochastic microscopic dynamics governed by deterministic dynamics
at leading order indicated by asymptotically ballistic soliton trajectories, see Eq. (11);
(right panel, n = 0) subballistic spreading of asymptotic trajectories with diffusive
broadening governed by the effective stochastic hydrodynamics on the scale t/2, see
Eq. (12).

Finally, in Section 5 we numerically investigate the dynamical behavior of our circuits. We
mainly focus on the stochastic version obtained by averaging the evolution over time sequences
7 sampled from a given probability distribution £, that is

55? = J dr,d7,...d7, Q(7) 8. 9

As a simple example, we consider statistically independent time-steps, Q2(7) = ]_[]t.zl wy(75),
sampled from a discrete two-point probability distribution

1— 1
wz(u)=7n5(u+'r)+%6(u—'r), —1<n<1. (10)

When 7 # 0, the distribution’s mean is non-zero, and we find that the stochastic dynamics,
shown in Figure 4, becomes asymptotically deterministic with an effective rescaled timescale,

(1)
®,, ~ ol 11
On the other hand, the mean vanishes for n = 0 and the stochastic dynamics is now

governed by fluctuations that take place on the square-root scale. The latter are asymptotically
normal and therefore the effective evolution reads

—(t) du _» 1/2
| ——e /2 put D (12)
o | Lo

By invoking the central limit theorem, we show that such stochastic dynamics with indepen-
dent and identically distributed time-steps is universal in the continuous-time limit for any
probability distribution with a finite second moment.

Finally, we characterize the dynamical structure factor of the ensuing stochastic dynamics
featuring ‘Brownian solitons’. Specifically, by means of a dressing transformation, we express
it in terms of the the structure factor of the underlying deterministic dynamics.

6
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2 Elementary chiral propagators

In this section we provide the algebraic construction of the elementary chiral propagators.

Phase spaces and Poisson structure Integrable fishnet circuits involve physical and aux-
iliary classical degrees of freedom. To this end, let X and ) denote the local physical and
auxiliary phase spaces, representing symplectic manifolds of dimensions dim X = 2n, and
dim Y = 2n,, respectively. In general, we do no assume the phase spaces X and ) to be
isomorphic.

To equip A and )Y with Poisson brackets, we utilize Lax matrices, representing matrix-
valued functions on their respective Poisson manifolds. We introduce the ‘physical’ and ‘aux-
iliary’ Lax matrices, £L(A,x) : C x X — C™" with x € X and L%(A,y) : C x Y — C™*" with
y € ), respectively, depending on the analytic spectral parameter A € C and respective local
degrees of freedom. We assume both Lax matrices to be invertible. For compactness of no-
tation, we regard A as a parameter and denote £,(x) = L(A,x) so that £, : X —» C™" and
likewise for £9.

The Poisson brackets on X’ can be specified in terms of the quadratic Sklyanin bracket,

{,C)L(Xg) ? EH(X[/)} = [TA_M, EA(Xg) ® EH(XE/)] 5&(/ , (13)

where the so-called classical r-matrix [3], r, € End(C" ® C"), plays the role of structure
constants. To ensure the mutual compatibility of both Lax matrices we additionally stipulate
that the Poisson brackets on ) can similarly be realized with the same r-matrix upon replacing
L, with £§ in Eq. (13).

Discrete zero-curvature condition With a pair of Lax matrices in hand, we consider the
zero-curvature condition in discrete space-time, taking the form of a local exchange relation,

L5-()Lx+(xX") = L+ ()L5-(¥) (14

where A* = A £ 7/2 and 7 € R. Eq. (14) can be viewed as a matrix refactorization problem
[36,37]. We shall assume that it admits a unique solution. In such a case, the solution can be
interpreted as a dynamical two-body map ¢, : X x Y - X x Y

(', ¥y )= (x, ), (15)

with the time-step parameter T, see Figure 1 for a graphical representation. We note that
the map (15) is formally an entwining Yang-Baxter map [39]. By reversing the direction of
propagation in Eq. (14) we similarly define the inverse local propagator

(x, )=y 1 (x"y), (16)

see right panel of Figure 1.

Monodromy matrix and transfer functions We next consider a physical chain of length
L € N with local physical degrees of freedom X = (x,Xs,...,x;) € XL, and define an
inhomogeneous monodromy matrix M, : XL — C™" of length L with inhomogeneities
2=(&1,&,,...,&.) €R! as a spatially ordered matrix product of physical Lax matrices,

Mo X)) = Lo, (x1) ... Log,(x2) L5 ¢ (x1). 17)

2By analogy with quantum R-matrices, classical r-matrices obeying the classical Yang-Baxter equation do not
admit a unique Poisson algebra.
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In the following, we mostly suppress the dependence of functions on inhomogeneities Z for
convenience. By taking traces of the n-th powers of the monodromy matrix, we define a family
of transfer functions T)f“) Xl >,

TV =Tr M7 (18)

We now construct a pair of chiral propagators <I>f that leave the functions TA(“) invariant.

Chiral one-step propagators The first step is to derive the chiral one-step propagators <1>f.
This is achieved by extending the local exchange relation (14) to the monodromy matrix M,

L5 (M (X)) = M (L5 (o) - (19)

One may interpret this as bringing the auxiliary Lax matrix £¢ through the monodromy matrix
by starting from the right with an initial value y,. The relation (19) is resolved iteratively by
repeated applications of the local exchange relation (14),

(xii .. .,Xé, .yf) = \IJT,Z(xl) .. ')XZ’yO) = ,l/JT—Q(XZ).yZ—l) o \Ij’r,l—l(xl) .. -,Xz—l,)’o), (20)

as shown graphically in Figure 2. Iteration of the right-hand side of Eq. (20) for{ =1,2,...,L
with the initial condition

¥ 0(¥o) = Yo, (21)
yields themap ¥, | =¥, : X L'x Yy — XL x Y. We assume that ¥_ has a fixed point yi
V(X)) =myo ¥ (X, y (X)), (22)

where 7y,(X, y) = y is a projection onto the auxiliary space ). By evaluating ¥_ at the fixed
point value y* we obtain the left one-step chiral propagator &_ : X’ L at,

(X)) =my oW (X, yr(X)), (23)

where 74(X,y) = X is a projection onto the physical phase space XL. Correspondingly,
the right one-step chiral propagator <I>;r : X1 — X! is given by the inverse of the left chiral
propagator,

®*odT =id. (24)
The inverse of & is found by swapping X and X’ in Eq. (19), yielding
L5-(y )Mo+ (X)) = M (XNL5- (o) » (25)

which is subsequently resolved by the following iteration
(xé, . ,xi,yg_l) = \I/T_}_l(xl, ce X1, YL) = i,b;ige(xe,y@) o \I’;}(XZ_H, X, yr),  (26)
and by using Eq. (16) to invert 1 for { = L,L —1,..., 1, with the initial condition
‘P;IL(YL)=YL- (27)
By construction the map \IJT_%) = ‘~I!T_1 : XL x Y — X x Y is the inverse of ¥,
v low, =id, (28)
and therefore has the same fixed point
Yi(X) = my o ¥ (@7 (X), yi(X)). (29)

Changing variables as ®_(X) — X, we then have an explicit description of the left one-step
chiral propagator &} in the form of

T(X) =y oW (X, y ([®.TH(X))). (30)

Note that the chiral propagators <I>f are implicitly defined by the fixed point y. When there
exist multiple fixed points, each defines a distinct propagator. For simplicity we suppress the
propagators’ dependence on the choice of fixed points in our notation.

8
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Conservation laws Substituting the fixed point y? in place of y, and y; on both sides of
Eq. (19) and shifting A — A — 7/2, it is straightforward to show that M’ (X) is similar to

ME(X "). The transfer functions 7'1(") are therefore preserved by the time-evolution with the
chiral propagators d>f,

TW oot =T, (31)
This shows that the chiral propagators <I>iE conserve the entire spectral curve
det[pl — M 0 ®* | =det[ul — M;,]. (32)

As a direct corollary of (13), powers of the monodromy matrix (17) satisfy the Sklyanin brack-
ets

n

NgE

My eam} =305 (M M) [ Mo M ] (Mo M) (33)

Il
=}

i=0 j
By tracing out the matrix space, Eq. (33) implies Poisson commutativity of transfer functions
(T, 7MW} =0, (34)

for arbitrary n,m € N and spectral parameters A, u € C. By expanding the transfer functions

TA(") as power series in 1/A,
L

T = Qak, (35)

k=1
we generate multiple towers® (labelled by n) of conservation laws QE{") : X — Cin involution
(due to Eq. (34)),
{Q.Q0"} =o, (36)

invariant under the time evolution generated by the one-step chiral propagators, i.e.
QMoo =ql". (37)

It is worth noting that the conserved quantities (35) not do depend on the parameter 7, in stark
contrast with the conserved quantities of integrable brickwork circuits [16, 18-20] generated
from inhomogeneous commuting transfer functions with staggered spectral parameters. In
fact, Qg:) are precisely the conserved quantities associated with integrable Hamiltonian flows
[3] associated to the physical Lax matrix £;. In general, the charges Qg(") are neither real
nor local. Locality typically arises due to extra model-specific symmetry properties of the Lax
matrix, see Section 4 and e.g. Refs. [3,5] and Appendix C of Ref. [20].

Yang-Baxter relation We introduce the intertwiner? X2 Y x)Y— Y x) as the solution to
the local exchange relation involving two auxiliary Lax operator, cf. Eq. (14),

L8 (LS () = L5 L5 (1) (38)

Given a triplet of initial variables (x, y5, y;) and the corresponding product of Lax matrices
L,(x)L5( yz)CZ( ¥1), the local exchange relations (14) and (38) allow us to reverse the order

of factors, yielding E“M(y{)ﬁal(yé)ﬁn(x’ ) depending on the output variables (x’, y;, y;). This

3The total number of functionally independent charges mutually in involution acting in X can be at most L .
“To underline the fact that y. acts on a Cartesian product of auxiliary spaces only, we denote it with a different
symbol. In the case of X =), y. becomes equivalent to ..

9
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X

Figure 5: A pair of ¢)-maps (red squares) and y (blue squares) satisfy the Yang-Baxter
relation (40) (as a consequence of Eq. (39) and uniqueness of factorization), an
equality between two distinct sequences of transformations between the initial vari-
ables (x,y1,Y,) and the final variables (x’, y7,y,). Spectral parameters not shown
for clarity.

can be achieved in two (apriori inequivalent) ways: either by first interchanging the two £¢
followed by two exchanges involving £, or the other way around. The two exchange schemes
are illustrated in Figure 5. Either of these two protocols results in

L)L )Ly () = L () L5 (y2) L5 (1), (39)

albeit with in principle different output tuples (x’, y,, y;). Nevertheless, provided that factor-
ization into Lax matrices is unique (see e.g. Ref. [19] for an explicit example), both exchange

protocols yield identical results.” As a consequence, we deduce a compatibility condition on

X x Y x Y reading
32 31 21 _ 21 31 32
n-2° wn—u X = Xy © wn—u °Wy-a- (40)

The superscripts here indicate the pair of spaces on which the maps acts non-trivially; i.e.

F2Hy2, 70 = (3,55, v7), (41)
fgz('x’yZ’yl):(X/)yé:yl), (42)
fgl(X,J’b)’l):(XI,J’z:J’{)- (43)

We note that Eq. (40) is an entwining Yang-Baxter equation [39-42].

. . . . + .
Commuting chiral propagators The left and right elementary chiral propagators & with
identical inhomogeneities commute for arbitrary time-step parameters 7,7’ € R, i.e.

®' o ‘I’j = qﬁ/ odf. (44)
Commutativity is a direct corollary of the following exchange relation,
oozl =72 oudou, @

obtained by an L-fold application of the local Yang-Baxter relation (40), where the bold su-
perscript 3 pertains to the global physical phase space X%, see Figure 6 for a diagrammatic
representation. Given a pair of fixed points (y;, y7), evaluating the left-hand side of Eq. (45)
for an arbitrary X, the intertwiner y, outputs the pair of fixed points ( yf’ s _y;’ ) and, vice-versa,
evaluating the left-hand side of Eq. (45) with (y;’, y;’) as an input, we obtain (y;, y7). Notice

SIn the absence of a general proof, we regard uniqueness of factorization as a technical assumption.

10
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X X

Figure 6: Repeated use of the Yang-Baxter relation (40) yields the composite ex-
change relation (45). The fixed points yf’z of the right-hand side are mapped by y
to the fixed points yiz’ of the left-hand side. Matching maps in the vertical space
gives the commutation of two left row propagators (46). Time-step parameters are
omitted for clarity.

that the resulting map from X'’ to itself (in the vertical direction, see Figure 6) is precisely the
left chiral propagator given by Eq. (23). Therefore, Eq. (45) implies®

®_0d, =309, (46)

T

and, by repeating the same reasoning, the same conclusion holds for <I>;’. Commutation be-
tween the left and right chiral propagators is an immediate consequence of the inversion re-
lation (24).

Canonicity A map is canonical whenever it preserves the canonical Poisson brackets

{qi,pj} =06y, {q:,q;} =1{pi>pj} =0. (47)

Denoting the vector of canonical coordinates of a point x € X’ by x = (q1,P1,- - -qn,>Pn, ) and
similarly by y the coordinates for y € ), a map v preserves the Poisson bracket (47) precisely
when the associated Jacobian matrix

X ox
v, :[ 39 ] 49
ox y
satisfies the condition
V2V, =Q, (49)

where Q = 1 ® io? (with the Pauli y-matrix o2) is the symplectic unit of dimension n. Our
construction involves canonical time propagators, i.e. maps @f satisfying

Vg: QVge =0, (50)

Since establishing Eq. (50) for <I>:Tt in full generality appears rather difficult, we demonstrate
canonicity of 7 case by case, see Section 4.

®Recall that, in case of multiple fixed points, the propagators are implicitly defined by the choice of fixed point,
see Egs. (23) and (30). To obtain Eq. (46) we additionally assume that the fixed points defining the propagators
are not mixed by the intertwiner y, which we believe holds in general.

11
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Parity Provided that there exists a parametrization of the spectral parameter A such that the
physical and auxiliary Lax matrices satisfy an inversion identity of the form

£A£—A =~ ﬁiﬁik ~ 1 5 (51)

where ~ indicates proportionality up to a scalar factor, we find the two-body map obeys the
following inversion formula
1/J—¢ o 1/% =id, (52)
as a direct corollary of applying Eq. (51) to the exchange relation (14). The inversion relation
(52) allows us to resolve the iteration (26) for the right propagator &7 using v_, directly in-
stead of its inverse w;l. The two chiral propagators <I>:Tt are then related by the space inversion
transformation P,
PX)=(xg,...,Xx9,Xx71), (53)

which is clearly involutive, P o P = id. By applying (53) to Egs. (19) or (25), and comparing
the resulting local maps (20) and (26), we deduce that

Po @f’E oP =oF (54)

7,—P(E) *

Notice that the inhomogeneities transform as well, as indicated by the second subscript.

3 Integrable fishnet circuits

Equipped with a pair of integrable chiral propagators <I>f, we now proceed to define a discrete-
time evolution on the physical lattice X'*. Due to the discrete space-time structure resembling
a fishnet, see Figure 3, we dub the resulting systems “fishnet circuits”.

Having established the elementary one-step chiral propagators <I>f are in mutual involution
for any value of 7, the most general integrable fishnet circuit is simply obtained by a sequential
iteration of @f, where we are free to choose an arbitrary sequence of time-step parameters.
Motivated by physical applications, we however consider only a restricted family of fishnet
circuits obeying additional symmetry and regularity properties. We are particularly interested
in constructing integrable space-time discretizations of integrable Hamiltonian flows, which
dictates the choice of fixed points to insure a smooth continuous-time limit.

Combined one-step propagator Seeking to remedy the inherent chirality of the propagators
&=, we combine them into a single propagator &, : X* — X’ of the form
@, =3 _odr. (55)

Being the composition of canonical maps, the constructed propagator & is canonical itself.
Owing to Eq. (44), ®, forms a one-parameter commuting family of maps,

$.0d, =d0d_. (56)
Moreover, from Eq. (24) it follows that
®_od__=id. (57)

The definition (55) is motivated by noting that, provided the inversion relation (52) is satisfied,
the combined propagator .. transforms under parity (54) as

Po CI)T,E oP = CI)T,_'/)(E) . (58)
The combined propagator @, then becomes achiral, i.e. symmetric under parity P, when

=+ P(E) = 0, which is trivially satisfied in the homogeneous case = =
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Finite-time propagator Given an arbitrary sequence of time-steps T = (7, 75,...,T;), We
furthermore introduce the finite-time propagator () : X — X with t € Z,, given by an
n-fold composition of one-step propagators

¥ =3 0.0 od, , (59)

Owing to Eq. (56), individual components can be freely permuted without altering <I>(Tt). Using
the inversion relation (57), the definition (59) can be readily extended to negative values of t
upon inverting the time-step parameters, CI>(T_t) = <I>(_2, so that <I>Ef) o <I>(T_t) = id. We denote the
time-evolution of an observable O : X — C as

O(t)=008W, (60)

where we have suppressed the dependence of the time-evolved observable on 7. The charges
Qg(n) introduced in Eq. (35) are preserved by <I>(Tt),

Ultralocal conservation laws Certain integrable models admit additional local conservation
laws not generated by the transfer functions. These are commonly related to the manifest
global symmetries of a system and may be interpreted as Noether charges. To this end, we
assume that the map ¢ (15) admits one or more ultralocal conservation laws of the form

qo(x") = qo(x) + qo(¥") —qo(y) =0, (62)

with density g, : X — C. Note that Eq. (62) takes the form of a local continuity equation, with
charge densities of auxiliary variables corresponding precisely to local densities of physical
Noether currents (whose sign depends on chirality, i.e. direction of propagation). The total
ultralocal charge Qq : X* — C reads

L
Qo(X) = qolx). (63)
=1

By summing the local continuity equation (62) over the entire chain and using that chiral
propagators are defined by imposing the fixed point condition, we readily deduce that Q) is
also preserved by the time evolution with <I>(Tt),

Qoo @) = Q. (64)

Invariant measure Given an arbitrary countable basis of conservation laws {H k},fio we de-
fine a family of stationary phase-space measures on X’ of the form

L

dr, =z;'e* [ |dp,, (65)
=1

depending on chemical potentials = (g, 1, Us,--.) coupling to H = (Hy,H,,H,,...), with

normalization Z,, = fXL eH ]_[5:1 dp, corresponding to the partition function and dp, de-

noting the uniform measure on the ¢-th copy of X'. Canonicity of <I>(Tt) and conservation of

H implies the measure (65) is invariant under the time-evolution by <I>(Tt). The average of an

observable O : XL — C with respect to the invariant measure (65) reads

(O)u= f Odr,. (66)
XL
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4 Examples

To exemplify the general construction presented in Section 2 and Section 3, we now exhibit
two particular examples. Our first example is the widely studied Toda chain [43,44], a proto-
typical model of nonlinearly coupled oscillators, which permits a fully analytic construction,
including specification of the fixed points (as in eg. [45]). The second important example is
the anisotropic Landau-Lifshitz model on a lattice, where we first prove the existence of fixed
points, construct them analytically and also show how to efficiently approximate them using
fixed point iteration.

4.1 Toda lattice
The Toda lattice describes a one-dimensional chain of particles interacting via a nearest neigh-
bor exponential potential, governed by the Hamiltonian

L

Hioqa = Y, 3p% + el 70t 67)
=1

subjected to the periodic boundary conditions £ = L + £. The displacements and momenta
(qs,pe) € R? obey the canonical Poisson brackets
{q, Py =640,  {de:qe} ={pe;per} =0. (68)

For convenience, we introduce the exponential of the displacement, x, = e € R, in terms of
which the Poisson brackets reads

{X[,pe/} :X€6f,€” {X[,XZ/} = {pf’pl’} :O, (69)
while the continuous-time evolution is given by
d
—Xy) =XyPy, —py =X Xp— X /[Xp_q - 70
g X = XePy b +1/X¢ — X [Xg— (70)

Lax matrix The Lax matrix of the Toda lattice reads [46]

L=

There are various compatible auxiliary Lax matrices £ to choose from. In order to be able to
retrieve the Hamiltonian limit, we here pick [46,47]

A+vk —y
a —
EA(Y, k) - |: k _1:| s

(71)

(72)

depending on variables y and k that satisfy the same Poisson brackets as x and p, see Eq. (69),
whereas x, p Poisson commute with y, k. If the latter were considered as physical degrees of
freedom, the Lax matrix (72) generates the integrable Hamiltonian hierarchy corresponding
to the discrete self-trapping model. Both Lax matrices £ and £? are compatible and satisfy the
Sklyanin bracket (13) with the classical r-matrix’

r)y=— (73)

where II(u ® v) = v ® u represents the permutation in C2 ® C? which, expressed in terms of

Pauli matrices {o¢ 3:0’ reads explicitly IT = %Zzzooa ® o, where 0° = diag(1,1).

"The Toda Lax matrix is obtained from the discrete self-trapping Lax matrix by contracting the oscillator algebra
into the Euclidean Lie-Poisson algebra [47].
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Two-body map The exchange relation (14) is solved by (x;, p;, ¥¢, k()= - (X¢> Pe> Vo1, Ke—1);
where

X = Vi1, (74)
Py = X¢/Yi1 + Y1k — 7T, (75)
Ve = X(pe+T—%¢/yi-1), (76)
ke= 1/%. (77)

The inverse map (X2:p25YE—1) ke—l) = Tl’;l (anprYKﬁ k[) is given by

xz = 1/ky, (78)
p; = Vik¢ +1/kx,— 7, (79)
Ye—1= X¢» (80)
ko1 = X, (e +7—1/kgxy). (81)

A straightforward calculation shows that the map 1 ; is not canonical. Nevertheless, the chiral
propagators <I>jf'E are canonical, as already established by Sklyanin [33, 34,46].

Fixed points We now seek to determine the fixed points of the elementary one-step chiral
propagators constructed from the two-body map 1, given by Egs. (74)-(77). We begin by
identifying the fixed points of the left chiral propagator ®_. Firstly, it is immediately evident
from Egs. (77) that the fixed-point value of the auxiliary momentum k is simply given by
k* = 1/x;. To compute the fixed-point value of the conjugate variable y, we cast Eq. (76) as a
matrix equation

ap—1Ve = FyVe-q, (82)

where v, = [ay,1]" with a; =y,/x, and

+T X /Xp—
]_-[:[Pel z{)e 1], (83)

while identifying x, = x;,,. Iterating Eq. (82) along the entire chain amounts to multiplying
the initial vector v, by a unimodular matrix F = F; ... F,F;, namely

AVL = fVO B (84)

where A= n§=1 a,_,. Imposing the periodicity condition v; = v, is then equivalent to finding
a right eigenvector v = [y*/x;,1]" of F,

Fv=Av. (85)

We therefore have two fixed points y?, one for each eigenvector v, with eigenvalues A,. Note
that if we wish to preserve the model’s phase space, the fixed point value y* must be positive
real. However, the eigenvector v is not guaranteed to be real and a suitable fixed point does
not exist for all initial conditions. When real eigenvectors exists they define two distinct chiral
propagators, depending on which fixed point we use. Since F is unimodular, i.e. A,A_ =1,
we assume that |A,| > |A_]| so that |A,| > 1 while |A_| < 1. Both fixed points can be numer-
ically approximated using fixed-point iteration, as discussed in more detail in Section 4.2. In
particular, the eigenvector with eigenvalue A, corresponds to an attractive fixed point while
the eigenvector with eigenvalue A_ corresponds to a repulsive fixed point.

For completeness, we also consider the fixed points of the right chiral propagator . We
first note that the fixed-point value of the auxiliary displacement y is simply given by y* = x;.

15
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To determine the fixed-point value of the auxiliary momentum k, we note that Eq. (81) can be
cast as a matrix equation

Beug—1 = Geuy, (86)
where uy = [, 117 with B, = k;x,,; and
_|petT X /%

Introducing B=] | 1 B¢, an iteration with the unimodular matrix G = G;G, ... G;, of an initial
vector u; can be cast as

BUO = guL . (88)

The periodicity condition u; = ugy is then equivalent to finding a right eigenvector
u=_[k;x;,1]7 of G, c.f. Eq.(85)

Gu = Bu. (89)

Continuous-time limit We now demonstrate how the Toda lattice can be retrieved by taking
the T — oo limit. To this end, we consider the left propagator ¢ with & = 0 and rewrite
Egs. (75) and (76) as

X /X =p+T— Z ;Z: ; (90)
Py =X/X + X, /X1 — 7T, (€29)
which we subsequently expand for large 7, obtaining
Xy, 1/X =P +T— %, /%1 + O(172), (92)
Py =X¢/Xy + 7 (Xe/Xe1 —Xe—1/X—2) - (93)

Next, we consider the right propagator & with = = 0 and rewrite Eqs. (81) and (79) as

XU%4=PFJ+T—ﬁﬂ£3, 94)
X!Z+1/Xe
Py =X /X + X /X, — 7T, (95)
whose expansion at large T reads
X/Xg_y = Pea1 + T =T Xepr /3 +O(772), (96)
Py =Xe/Xp + T (Xeg1/Xe — Xg42/Xe11) - 97)

Denoting the $_-propagated variable by a double prime, the composed time-propagator &, to
the leading order in 1/7 reads

X/ /xg=—1+21""p,+O(r7?), (98)
P} =pe =27 (Xer1 /X —X¢/%g—1) + O(72). (99)

Apart from the —1 term on the right of Eq. (98), Egs. (98) and (99) match with the continuous-
time evolution (70). This small mismatch is remedied by considering instead the composition
of two composed propagators with equal step-steps, thatis ® o® .. Denoting the corresponding
propagated variables by hatted symbols e, we thus find

(% —x)/8 =xp + O(6%), (100)
(e —Pe)/6 = Xg i1 /% —X¢ /%1 + O(5?), (101)
where § = —47~L. Clearly now in the continuous-time limit 6 — 0 the doubled composed

propagator recovers the Hamiltonian dynamics given by Eq. (70).
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4.2 Anisotropic lattice Landau-Lifshitz model

In the anisotropic lattice Landau-Lifshitz model [3,48,49], local spin degrees of freedom live
on the unit two-sphere S = (S!,52,5%) € §2, and satisfy the SO(3) Lie-Poisson bracket,

{Sa,szb,} = Sabcsg5g’g/, (102)

where £ is the Levi-Civita symbol.

Lax operator The auxiliary Lax operator of the anisotropic Landau-Lifshitz model coincides
with the Lax operator i.e. £L* = L, satisfies the inversion relation (51) and is given in Ref. [3]

L,(8)=

. . 3 35—
1 [smh(2191+95 ) Fo(8°)S :| (103)

sinh(2ipA) Fy(8%)s* sinh(2ipA — pS%)

where $* = §! +iS2, Fyo(s) = \/(Sil’thQ —sinh®[ps])/(1 —s2). The parameter o pertains
to axial anisotropy. We distinguish three ‘regimes’ of the model: (i) the easy-axis regime for
o € R™, (ii) the easy-plane regime for p = iy € i(—n/2,7/2) and (iii) the isotropic point for
o — 0. The Lax matrix (103) satisfies the inversion relation (51) and Sklyanin’s quadratic
bracket (13) with the trigonometric classical r-matrix of the form

@

= m (01 ®ol+o’@c?+ cos(g?t)a3 ® 03) . (104)

The Lax matrix enjoys two involutive symmetries,
E_A = azﬁxaz , EZ{ = O'ZE_AO'Z ) (105)
where o indicates complex conjugation, which are inherited by the monodromy matrix,
M, =o*Mz0?, M) =0*M_,0%0P. (106)
Two-body map The solution to the local exchange relation (14) with the Lax matrix (103)
is already known from Ref. [20], where it is also shown that the resulting Yang-Baxter map

1) . is canonical. For completeness, we here collect the main expressions.
It is convenient to introduce an anisotropic stereographic variable { € C

_ \J sinh[p(1—S3)] S~
~ \sinh[o(1+5%)] T3

(107)

with the inverse

3_ 1 ICle™@ + ]| el +_ Re(¢) Film(¢)
S’ = 20 log(|g|ee+|§|—1e—e)’ S H ————==4/1—(83)2. (108)

The anisotropic variable { reduces to the standard stereographic variable z = % € C in the
isotropic limit o — 0. In terms of the variable { the Lax operator (103) takes the form

|:sinh[g(1 +2iA)]—sinh[ p(1 —2iA)]¢¢ sinh(2p)¢ }
D)= sinh(2p)¢ sinh[g(l_ + ZiA)]CZ:sinh[g(l —2iA)] 109)
sinh(2ipA)y/ (€20 + (7)(e2 +¢7)

while the two-body map (x’ = {7,y = {,) = ¢.(x = {1,y = {,) takes the form (derived
from the one given in Ref. [50] after elementary manipulations)

gll = HT,Q(C].J CZ)J C/z = HT,Q(Z:ZJ gl): (110)
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where
{5sinh(20) + ¢11¢5|? sinh[2p0(1 —it)] — {; sinh(2iTp)
He ({1, 0p) = 220 m "8I 2102 e el (111)
{1Zysinh(2p) + sinh[2p(1 —iT)]— |{5|2sinh(2iT )
At the isotropic point, i.e. in the limit p — 0, the map simplifies considerably
2+ 21|25]%(1 —it) —iTzy
H 13y) = —— — , 112
wo(&1,%) 2129 + (1 —it) —it|2,|? (112)
and can be written compactly in terms of canonical spin variables [18,51]
1
Y.(S1,S,) = P (A28, + 728, + 78y x S1,A%S; + 728, + 181 x S,) , (113)
T

with A% = %(1 +8S;:S,). The map v, is canonical for all values of p and 7, and its canonicity
immediately carries over to W defined in Eq. (20),

ViQv,=Q, (114)

since ¥, is obtained by compositions of .. Remarkably, a direct calculation reported in
Appendix A shows that the elementary chiral propagators d)f remain canonical after projecting
W_ and its inverse to the physical phase space, cf. Egs. (23) and (30).

Existence of fixed points and the Lefschetz-Hopf theorem The construction of Section 2
crucially relies on the existence of a fixed point y of 7ty,0¥_. Before proceeding with an analyt-
ical construction of the fixed points of the anisotropic Landau-Lifshitz model, we demonstrate
their existence on general topological grounds which can be generalized to other models.

By invoking the Lefschetz-Hopf theorem [52] we can prove the existence of fixed points.
The theorem relates the number of fixed points of a continuous map f : Y — ) from a compact
topological space onto itself to the so-called Lefschetz number A; € Z,

> ind(f, )= Ay, (115)

Yefix(f)

where fix(f) = {y € Y|f(y) = y} is the (assumed to be finite) set of the fixed points of f,
and ind(f, y) € Z\{0} is the index associated to a given fixed point. The index of a fixed point
captures the orientation and counts the degeneracy of the fixed point under small generic
perturbations of the function, see e.g. chapter 3 of Ref. [52] for more details. Crucially, the
Lefschetz number can be alternatively computed as the alternating sum of traces of maps
induced by f on the singular homology groups H;, of ),

Ap =D (—DFr[H(f, )] (116)

k=0

Presently, the local physical space is the unit two-sphere )) = S? whose only non-zero homol-
ogy groups are Hy and H,. The function 7g2 o ¥, is invertible for T # 0. The trace of the
induced map on Hj, is trivial

tr[Ho(ng2 0¥, 8%)] =1, (117)

while the trace of the induced map on H, depends on whether the map is orientation-
preserving or not. Noting that lim,_, ., 52 o ¥, = id for arbitrary X, the map is continuously
connected to the identity and therefore orientation preserving, yielding

tr[Hy(nge 0¥, 8%)]=1. (118)
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The Lefschetz number follows from Eq. (116) and equals

Appou, =2. (119)
hence the map mg2 o ¥, is guaranteed to have a fixed point for all X and 7. Note that the
theorem is not constructive, that is, it tells us nothing about how to find the fixed points.
Fixed points of isotropic propagator The fixed points of the isotropic Landau-Lifschitz
model can be obtained explicitly due to the simple form of the isotropic Lax operator,

S-o
isorg) =1 120
L£5°(S) i (120)

where 0 = (0!,02,02)7 is a vector of Pauli matrices. Parametrizing the associated mon-

odromy matrix M“‘L(X )= E‘SO et (xp).. £i/1sﬁ él(xl) in the form

iso __ a(l) b(l)
M —[C(A) d(k)]’ (121)

the first involution (106) yields the following relations
aW)=d), b)) =—c(A). (122)

We note that the monodromy matrix is a polynomial of degree L in 1/A. On the other hand,
considering the defining relation of the left propagator _ (19) we have the relation,

M) =[L£5(s)] ME(X)LE(SE), (123)

which would result in apparent poles of the monodromy matrix. To determine the poles we
consider the group element g € SU(2) that aligns the fixed-point spin S} with the third axis,

g(St-o)g =0, (124)
Introducing the rotated monodromy M‘SO = g/\/lISO ~1, Eq. (123) yields the relation
ME(x) = (1+03%/2iA~ ) M) (1 +03/2iA7), (125)

where the 12 and 21 matrix elements of the right-hand side of Eq. (125) have poles located
at 1/2A_ = i respectively

—1/2A_

[M5200)],, = b(A 2R TSI (126)
[ G0],, =0 (127)

Absence of poles on the left-hand side of Eq. (125) requires that the off-diagonal elements of
the rotated monodromy vanish at their respective poles, namely

b(t+1i/2) =&(t—i/2)=0. (128)

To solve them we fix the U(1)-gauge freedom of g and write the gauge transformation g in
terms of the stereographic projection z € C,

1 1 z
g(z)zﬁ[_g 1]- (129)
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A direct calculation now shows that the first condition (128) translate into the same quadratic
equation for z of the form

22c(t +1/2) +z(a(t +1i/2) —d(t +i/2))—b(Tr +i/2) =0, (130)

which can be shown to be also equivalent to the second condition using Eq. (122). The
quadratic equation (130) gives two solutions 2’ with corresponding fixed-point spins

S .= S”;(z]. ) that follow from Eq. (124) with

je{1,2}°

1 1—2z 2z
S(z)-o0= 1+z§|: oz 25_1]. (131)

Repeating the analysis for the fixed points of the right propagator & we find the conditions
b(t—i/2) =&t +i/2) =0, (132)
both of which are equivalent to the quadratic equation
z2c(t—1i/2) +z(a(t —i/2) —d(t —i/2))—b(r —i/2) =0, (133)

for z;’ that characterize the fixed-point spins S;“T = Sj(z;). Using the relations (122) it is easy
to show that the quadratic Eq. (130) for & and Eq. (133) for <I>JTr are related by the variable
transformation z — —1/z, which implies that the solutions satisfy

2,75, =—1. (134)

The justification for pairing different solution indices in Eq. (134) is given in the next paragraph
when we consider the fixed points of the anisotropic propagator.

Fixed points of the anisotropic propagator A complementary approach that generalizes to
deriving the fixed points of the anisotropic propagator is closely related to the construction of
fixed points of the Toda model described in Section 4.1.

Starting with the left-to-right propagation defined in Eq. (19), we note that the iteration
of the anisotropic map 1, (111) in anisotropic stereographic coordinates ¢ can be written as

apupy1 = Logifo($dug, (135)

where u, = [{7™ ,—11" with gy the an1sotrop1c stereographic variable of the £-th auxiliary
spin while a, = [L£()]11 — [ﬁ(Cz)hoCa“X

[sinh(Zi’c‘g)—sinh[Zg(l —iT)]CZ sinh(2p)¢ ]
LoD = sinh(2p)¢ sinh(Zirg)Ef— sinh[z_g(l —i7)] . (136)
sinh[2ig (7 +i/2)]v/(e2 + {0)(e=20 + {T)

The map 7y, o W, is realized by passing an initial vector u, across the monodromy matrix

AU.L = MT+i/2(X)u07 (137)

where A = ]_[5:1 ay—1 and X = (¢1,¢s,-...,¢;). Imposing the periodicity condition u; = u,
then amounts to finding a right eigenvector u = [{~,—1]" of the monodromy matrix

Au= My iip(Xu. (138)
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The two eigenvectors u;c; o) With eigenvalues A; of the monodromy matrix correspond to two
fixed points that define the left propagators ¢_. Since there are no additional reality conditions
on the deformed stereographic variables, the two fixed points exists for all physical spins X in
agreement with the Lefschetz-Hopf theorem, unlike in the Toda model, where a reality condi-
tion precluded the existence of fixed points for some inputs. We note that the relation (137)
can be interpreted as a power method for estimating the eigenvalues and eigenvectors, as we
further elaborate when discussing fixed point iteration. For generic X, the eigenvalues’ moduli
are non-degenerate and we order them as |A;| > |A,|. The eigenvectors u; 5 then correspond
to the attractive and repulsive fixed points of the power method iteration respectively.

We similarly analyze the left-to-right propagator defined in Eq. (25) by noting that
Eq. (135) can also encode iteration of ¢__ in the opposite direction by

Bewg—1 = L_r4ij2(Seduy, (139)
aux

where again uy = [} ,—1]7. Recalling the inversion relation £_,L; ~ 1 and using the first
involutive symmetry (106), the left-to-right iteration of 7y, o \Pr_l is realized by

Bvo = [Moyi/2()] " vy, (140)

where v, = [1,ZZ]T. Multiplying by the monodromy matrix and imposing the periodicity
condition vy = v; we find the eigenvalue relation

By = My n(X)v, (141)

which coincides with the eigenvalue relation (138) upon identifying

—+
CI,ZC:Z,l =-1, (142)

cf. Eq. (134), where the identification of repulsive and attractive fixed points comes from
noting that B; :Ajfl. From Eq. (107) we then readily conclude that the attractive fixed point
of the left propagator correspond to the spatial inversion around the origin of the repulsive
fixed point of the right propagator and vice-versa

Si

l2r ="S31.c- (143)

To make a connection with the twisted monodromy matrix approach we note that using the
parametrization of the monodromy matrix (121) in the eigenvalue Egs. (138) and (141) we
find precisely the quadratic Egs. (130) and (133) in ¥ respectively after eliminating the eigen-
values which now holds for all anisotropies p.

Fixed-point iteration Instead of determining the fixed points analytically, it is sometimes
more convenient to approximate them using a numerical algorithm. As our construction out-
lined in Section 2 already suggests, a fixed point of 7y, o W, can be numerically determined
by means of fixed-point iteration [53], see also Ref. [54] where it is shown that fixed-point
iteration in the box-ball model converges in a single iteration.

For ease of notation we revert to using x and y for the physical and auxiliary variables
respectively. Starting from a given an initial auxiliary variable y(()o) and fixed physical input
variables X, we iterate the function 7y o ¥ as shown in Figure 7

yI =y 0w (X, Yy, (144)
The iteration of Eq. (144) converges towards a fixed point y (22)

* — 1 (n)
y:(X)= lim y;". (145)
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(n) (n+1)

» & ®
5% Xg 24

Figure 7: The function 7, o ¥ with fixed physical variables X is iterated according
to Eq. (144) by repeatedly imposing the periodic closure condition in the horizontal

direction by setting y(n+1) =Yy in)-

In general one might expect the iteration to converge to different fixed points depending on
the initial condition yéo). However, as noted in the analysis of the fixed points of the anisotropic
propagator, a generic initial condition always converges to the attractive fixed point, irrespec-
tively of the values of anisotropy o and the time-step 7. Similarly, performing the iteration
with the inverse of 7y, o W_ instead of W, yields the other, repulsive fixed point.

While the convergence properties of the anisotropic Landau-Lifschitz model’s fixed points
follow from their explicit construction, it is worthwhile to briefly discuss the convergence prop-
erties of fixed-point iteration in general. A map f : ) — ) is contracting if it satisfies

If (1) = fFr2)lly <sllyr —yally, (146)

for some s € [0,1) where || @y, : Y — Ry specifies a norm in ). By the Banach fixed-point
theorem [55], iteration of a continuous contracting map yields a unique fixed point for every
initial condition. If the two-body map 7y, o, : Y — ) with fixed x was contracting for
all x € X, then the composite map 7y, o ¥, with fixed X would also be trivially contracting,
implying both the existence and uniqueness of the fixed point. However, the two-body map
(110) with the first (i.e. vertical) spin fixed is contracting only in the neighborhood of the
attractive fixed point and not on the entire sphere.

Convergence of fixed point iteration at the isotropic point For simplicity, we now focus
on the isotropic map (113), and also give a direct demonstration that the outlined fixed-point
iteration (144) with physical spins X sampled from a maximum entropy measure always con-
verges towards the attractive fixed point in the limit of long spin chains, by showing that the
map is contracting on average.

Suppose we start the iteration from two generic initial auxiliary spins y, and j,. Using
Eq. (113), a direct calculation shows that

1Yes1 = Feaa|? = eCeryed| |y, — 57,2, (147)
where ||y|| = /¥ - ¥ is the Euclidean norm and

T2(1+72)

Sy = _ —
(12 + A2(xp11, F0))(T2 + A%(Xg41, F4))

(148)

with A2(x, y) = (1+x-y)/2. Telescoping Eq. (147) across a chain of length L and subsequently
taking the logarithm we have

1y Ny =312 < )
L llog 228 = s(Xp11,Ye, Vo) - (149)
llyo— yo||2 20 b re
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Since x, are independently distributed, so are the factors s, and in the limit of a long chain
L — oo the sum on the right-hand side converges to the average value by the law of large
numbers,

ly. —yill?
1yo = Yol I?
where the average value can be computed by averaging over all positions of the physical spin

lim L™ 'log =5, (150)
L—00

-1
s=1lim L7 s(xppn, Y0 1) (151)
L—o0
=0
= f 050 (e y,5) (152)
4
_ 2 2 dpsz(x) 2 2
=1°(1+7°)—2 4—nlog(7: +A (x,y)) (153)
1 3
=72(1 +T2)—f dS‘Q’log(T2 + 1 _;S ) (154)
-1
=2—(1+27%)log(1+1/7?), (155)

where dps: is the (unnormalized) uniform measure on the 2-sphere. Crucially, the logarithm
in Eq. (153) allowed us to decouple the integration involving the pair of auxiliary spins y and
y’ into two independent integrals which are simple to evaluate by rotating axis of integration
over the physical spin x along the axis of the auxiliary spins, see Eq. (154). Further noting
that log(1+2) > 2z/(2+2) for z > 0 we have s < 0 which shows that the iteration (147) is on
average contracting, demonstrating that any two initial auxiliary spins converge to the same
point for long isotropic chains.

Continuous-time limit Since the auxiliary Lax matrix £% coincides with the physical Lax
matrix £, the two-body map evaluated at v = 0 becomes a permutation

Yolx, ) =(y,x), (156)

as implied by the local exchange relation (14). The corresponding homogeneous (Z = 0) left
and right chiral propagators reduce to cyclic shifts

where n*(X) = (X141, X541, ..., X; 47 ) stand for the right and left cyclic shifts, respectively. The
homogeneous chain is therefore symmetric under spatial reflection (i.e. parity P), and close
to the identity map for small 7, with the expansion

d. =id+ ¢, + O(72). (158)
Here ¢, = t{e, Hy;; } is the Hamiltonian flow generated by a logarithmic Hamiltonian

L
Hypp = _Z logh(S;,S¢+1), (159)
(=1

where we identify £ = £+ L. The local two-body interaction results from a straightforward but
tedious calculation, reading

e
h(S¢;Se+1) = Fy (S?)FQ (S?+1) (Selsllﬂ + Sezszzﬂ) —cosh (E [52 + S?+1:|)

1 1
+ 3 cosh(% [S;’ +S?+1 + 2]) + > cosh(% |:S£3 +S§+1 —2]). (160)
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This shows that the constructed integrable fishnet circuit serves as a particular integrable
space-time discretization of the corresponding continuous-time (i.e. Hamiltonian) lattice dy-
namics. It is instructive to compare it the known and more standard ‘brickwork’ integrable
discretization [16, 18-20], which also reduces to the same continuous-time dynamics in the
limit of small time steps. Despite that, the two constructions are inequivalent. The main
distinguished property of the fishnet circuits is that elementary one-step propagators mutu-
ally commute for any arbitrary time-step parameters (44), ensuring conservation of the entire
transfer function (31) of the continuous-time dynamics generated by the lattice Hamiltonian
or any combination of the charges Q;.%

By contrast, the elementary Floquet propagators arising in the brickwork circuits conserve
the staggered version of a staggered transfer function, yielding two independent towers of
conservation laws that are not in involution with the charges of the Hamiltonian model. Put
differently, the Floquet propagators do not commute at different values of the time-step pa-
rameter, i.e. different time-steps invariably break integrabilty of the time evolution. In the
language of statistical mechanics, our construction can be view as a ‘row-to-row transfer ma-
trix’, as opposed to the brickwork construction that corresponds to a ‘diagonal-to-diagonal
transfer matrix’.

Moreover, as we demonstrate in Section 5, the freedom to choose arbitrary inhomo-
geneities in the time direction allows us to define a stochastic integrable dynamics with peculiar
dynamical properties which cannot be realized in the brickwork setting.

5 Stochastic integrable dynamics

This Section is devoted to the study of spin dynamics in the anisotropic lattice Landau-Lifshitz
model introduced in Section 4.2. In particular, we consider space-homogeneous models
(i.e. set 2 = 0) and specialize to spin transport in maximum-entropy equilibrium states. The
main object of our interest is the dynamical structure factor of magnetization density,

cl,t)= (sg(t)sg(O));Fo, (161)

where (XY )¢ = (XY) — (X)(Y) is the connected two-point correlation function.

5.1 Stochastic dynamics

Dynamical properties of the uniform fishnet circuits with equal parameters 7 at every step
are qualitatively similar to those found in the brickwork discretizations of the Hamiltonian
model. Integrable fishnet circuit nevertheless allow for a richer phenomenology as (owing to
commutativity of propagators ., see Eq. (56)) we now have the freedom of picking arbitrary
time-step parameter while still preserving integrability.

To exemplify this explicitly, we consider random fishnet circuits by drawing the time-steps
from a distribution Q : R" — R.,. More specifically, we define a timestep-averaged evolution
of an observable O with respect to the distribution 2

Og(t)= J d'zQ(1) 00, (162)

In practice, the timestep-averaging (162) is approximated by sampling sequences of time-
steps 7 from (Q, evolving a fixed initial configuration of degrees of freedom with the resulting

8In the anisotropic Landau-Lifshitz model, the only nontrivial coefficient of the spectral curve is 7((A) and
hence only a single tower of charges appears.
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propagators ®, and averaging over the results. The averaging over time-steps in Eq. (162)
should not be confused with phase-space averaging in Eq. (66) which involves sampling initial
configurations from the invariant measure (65). However, in case both averages are desired,
they can be performed in parallel due to linearity of averaging.

For simplicity, we henceforth specialize to ensembles with uncorrelated time-steps for
which the t-step probability distribution Q factorizes into a product of one-step distributions
w:R—=>Ry,

o(z) =] Jolz). (163)

j=1

We denote the corresponding timestep averaging by e,. Note that while commutativity of
the combined propagators (56) is not essential for defining the timestep-averaged evolution
(162), it greatly facilitates the following analysis.

Example: Discrete two-point measure It is instructive to consider timestep-average of a
dynamics whose time-steps are sampled from a discrete two-point measure

1-— 1+
wo(s) = 7”5(5 )+ T"s(s—r), —1<n<1, (164)

where nT = fds swo(s) and (1 —n?)7? = fds (s — nT)?w,(s) are the time-step’s mean and
variance respectively. Using the commutation of combined propagators (55) and the inversion
property (57), the averaging in Eq. (162) simplifies to a straightforward combinatorial sum of
combined propagators with a distinct number of time steps

t

0o 0=27 2 (L Ja-mFa+m¥ oo, (165)

t'=—t 2
where we use the convention that binomial coefficients with half-integer arguments vanish.

Asymptotic propagator for n 70 The asymptotic behavior of the sum (165) can be studied
using the De Moivre-Laplace theorem

(Z)pkq”"‘ ~ Ni(np,npq), (166)

—w?
for n — 0o with p+q = 1 and k—np ~ n!/2 where N, (u,02) = e~ 2? /+/2102 is a Gaussian
distribution. Using the De Moivre-Laplace theorem (166) the sum (165) becomes

t
0,,(t) zf dt’ Ny (nt,(1—n?)t) 0o dLD (167)

—t

The behavior of the integral (167) crucially depends on the value of 1. Setting t’ = ut, we note
that the Gaussian factor tends to a §-function, t~*N, (1, (1—n1?)t™!) — &§(u—n), resulting in

0, (1) =0(tn]). (168)

The timestep-averaged dynamics at t steps for 1) # 0 is then simply the non-averaged dynamics
(with time step 7) at | tn ] steps. In other words, for 1 # 0 the leading order of the asymptotic
dynamics is dominated by a deterministic dynamics on an n)-rescaled time-scale, see the middle
panel of Figure 4 for an example.
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Asymptotic propagator for n = 0 The asymptotic behavior of the dynamics is distinct for
n = 0 where Eq. (168) indicates that its leading order vanishes. The leading correction is
obtained by setting t’ = {t'/2, yielding

0,,(t) ~ f dZ N(0,1) 0 0 &1LE7D (169)
R

Some comments on Eq. (169) are in order. Unlike for n # 0, where the leading order of
the timestep-averaged dynamics was asymptotically deterministic, the leading order timestep-
averaged dynamics for 7 = 0 remains stochastic, driven by fluctuations of the difference of
positively- and negatively-signed time-steps. In a given realization of t time steps, a typical
fluctuations will have an excess of order t'/? of a time-steps with given sign and the resulting
stochastic dynamics occurs on this timescale, see the right panel of Figure 4 for an example.

5.2 Brownian dynamics in the continuous-time limit

The example presented in Section 5.1 uses a simple discrete measure that permits a straight-
forward combinatorial analysis. Here we show that, as a consequence of the central limit
theorem, similar behavior occurs in the T — O limit for distributions w characterized by a
finite mean u = fsw(s)ds and variance o2 = f(s —w)?w(s)ds.

The expansion of the combined propagator to linear order in the time-step reads

o, =id+ ¢, +0(c?), (170)
where, crucially, the time-steps of the linearized propagator are additive,

¢’T + ¢T’ = ¢’T+T’ . (171)

Now consider the expansion of the extensive propagator (59) to linear order with all time-steps
of the same order, 7; ~ O(7)

t
(6) — ; 2y _: 2
3 _1d+zlj¢fj+0(f )=id+dye o +0(2), (172)
]:

where we made use of the additivity property (171). To analyze the timestep-averaging of the
continuous-time propagator we again distinguish distributions with zero and non-zero means.

Continuous-time propagator for u # 0 In the scaling limit T — 0, t — oo, with T = 7t
kept constant, we infer from the expansion (172) that

lim O,(t)=00(id+¢,r), (173)

t—00,7—-0
tt=T
where we noted that the sum Z;:l T; with 7; ~ w converges to uT by the law of large num-
bers. The result (173) shows that in the continuous-time limit the timestep-averaged dynamics
obtained from a distribution with a non-zero mean produces a deterministic continuous-time
dynamics, c.f. Eq. (168).

Continuous-time propagator for u =0 For u = 0 the leading order in the continuous-time
limit vanishes, see Eq. (173). To capture the leading-order correction we send T — 0 and
t — oo such that T = t72 is constant. The expansion (172) now gives

t—00,T—

t12=T

lim Oéw(t) :J d¢ O o (id + Ny (0,0 dyr1r2) (174)
R
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Figure 8: Quasi-continuous spin dynamics (7 = 0.01) of the integrable fishnet circuit
discretization of the Landau-Lifschitz model in the easy-axis regime with anisotropy
o = 1: (left panel) The deterministic dynamics is characterized by the algebraic
dynamical exponent z = 2 and asymptotically Gaussian (dashed black line) spin
structure factor (colored points); (right panel) the stochastic Brownian dynamics
(colored points) exhibits the double dynamical exponent z = 4, with the structure
factor asymptotically approaching the M-Wright distribution (dashed black line) ob-
tained by a stochastic dressing of a Gaussian structure factor using Eq. (177). Shaded
regions show two standard deviations neighborhoods.

where we noted that the quantity T~%/2 Z;Zl 7; for 7; ~ w becomes normally distributed

(with variance o) in the limit t — oo with T = t72 held constant by the central limit theo-
rem. The result (174) shows for distributions with zero mean the continuous-time dynamics
becomes Brownian, cf. Eq. (169). Since integrability of each realization is preserved despite
the stochastic rescaling of time, such dynamics support ‘Brownian soltions’, i.e. solitons un-
dergoing Brownian motion, see the right panel of Figure 4.

Dressing the dynamical structure factor To exemplify the dynamical manifestations of the
Brownian dynamics (174) we also consider the timestep-averaged dynamical structure factor

Ce, 1) = (S31)SI(0)), o, (175)

of the stochastic continuous-time dynamics. We are primarily interested in its large space-time
behavior C(¢, t) ~ t /% f(¢/t'/%), where z and f are the corresponding dynamical exponent
and scaling function respectively.

Using Eq. (174) we find the asymptotic behavior of Brownian continuous-time dynamics

CL,t) = t7VEF (/1)) (176)

with a doubled dynamical exponent z = 2z and the scaling function

f(s)= J d¢ICIT =N (0, 0)f (s/1C1V7) . (177)
R

An interesting example of the dressed dynamical structure factor (177) is the easy-axis regime
of the anisotropic lattice Landau-Lifschitz model in maximum entropy states. As shown in
the left panel of Figure 8, the spin structure factor of deterministic dynamics is asymptotically
Gaussian with dynamical exponent z = 2. The corresponding Brownian dynamics have a
dynamical structure factor z = 4 with a dressed structure factor that follows from (177) and
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is given by the M-Wright function [56,57]. The M-Wright functions has recently appeared as
the distribution of typical charge fluctuations in charged single-file models [58-60] and has
also been numerically observed to describe typical spin fluctuations in the easy-axis regime
[61,62]. While its appearance in Brownian dynamics of the same model is suggestive we
cannot presently establish a general connection between the two results.

6 Conclusion

We have presented an algebraic construction of a family of integrable discrete space-time dy-
namical systems, starting from a discrete zero-curvature condition for a pair of Lax operators,
iterations of which from left to right and vice-versa define the corresponding chiral propaga-
tors. Their periodic closure renders them isospectral, while entwining Yang-Baxter equations
ensures their commutativity for arbitrary time-steps, a characteristic of Backlund transforma-
tions.

To account for the intrinsic chirality of the propagators we defined the combined propaga-
tor by composing a left and a right propagator with opposite time-steps. The time-extensive dy-
namics of the systems is obtained by stacking combined propagators with arbitrary time-steps,
which allows for efficient numerical simulations of integrable systems with arbitrary time-
varying coupling constants. Remarkably, the discrete-time dynamics conserves the charges of
continuous-time Hamiltonian dynamics of the corresponding Lax operator.

By considering i.i.d. time-steps we obtained a class of integrable stochastic dynamical sys-
tems which combine the usually distinct phenomenology of both domains. By manipulat-
ing the time-step distribution, we demonstrated a transition from deterministic to stochas-
tic soliton dynamics using a two-point distribution as an example. For distributions with a
vanishing mean, the leading-order dynamics cease to be ballistic and instead occur on a sub-
ballistic scale, as showcased by Brownian (i.e. diffusing) solitons in the easy-plane regime of
the lattice Landau-Lifshitz model. As demonstrated, this behavior is universal in the stochastic
continuous-time limit for all time-step distributions with finite variance.

Several points warrant further investigations. The existence of a fixed point was pivotal
in the construction of the chiral propagators. For all examples considered in this work, their
existence was shown by explicit construction and, for the anisotropic Landau-Lifschitz model,
their existence demonstrated on general grounds using the Lefschetz-Hopf theorem which
relates the number of fixed points of a map to the topological properties of the phase-space.
Since the theorem is not constructive, we have also shown how to approximate fixed points
numerically by fixed point iteration, which turned out to be remarkably efficient. It would
be of interest to better understand the existence, number and convergence properties of fixed
points for other spaces, for example symmetric spaces arising in matrix models with higher-
rank groups symmetries [19].

The possibility of combining time-dependent and especially stochastic dynamics with in-
tangibility calls for the extension of generalized hydrodynamics to this setting. Of particular
interest is the case of integrable Brownian dynamics, for which we have microscopically de-
rived the structure factor in terms of a dressing of the corresponding deterministic structure
factor. A hydrodynamic approach might also shed some light on stochastic dynamics with
generically distributed finite-size time-steps, where numerical simulations indicate differences
compared to the two-point dressing considered here. While such dynamics are in principle
amenable to a direct calculation, the mixing of dynamics with different time-steps makes mi-
croscopic progress difficult.
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Brownian dynamics in the stochastic continuous-time limit arise due to universal Gaussian
fluctuations described by the central limit theorem, which requires finiteness of the distribu-
tion’s variance. It would be of interest to relax this assumptions and consider the resulting
stochastic continuous-time dynamics, where we expect a one-parameter family of dynamics
with distinct dynamical exponents generated by the corresponding Levy-stable distributions.

Lastly, while the present construction is purely classical, the involved algebraic structures
have direct counterparts in the quantum setting, calling for a corresponding quantum con-
struction which would facilitate the study of quantum Brownian solitons.
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A Canonicity of elementary propagators

We prove canonicity of the map & (23) in the anisotropic Landau-Lifschitz model by proving
the condition (50). Canonicity of ® follows analogously.

As noted, canonicity of the Landau-Lifschitz the two-body map (110) trivially extend to
U_, see Eq. (114), whose Jacobian matrix has the block structure

ox X

V\P:[Sfﬁ g;], (A.1)
X oy

where we denote the vector of canonical coordinates of a tuple of points as X = (X;,Xg, ...,X;)

and, to lighten notation, we also identify y, = y and y; = y’ and suppressed the T parameter.

To facilitate further computations we introduce the following index notation for components

of Xand y

X_)Xia; Y= Vas (AZ)

where latin indices indicate the many-body space position of X and Greek indices run over the
corresponding vector of canonical coordinates at the point x;. We use the index summation
convention of summing over repeated indices. For example, in index notation the Jacobian
(A.1) reads

ox),  ox,
0X; Jy
[Voliwje = | 30 &) | - (A.3)
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A direct calculation now gives the block form of the condition for ¥ (114)

oxX,, 0X,, ~ dy, dy, 09X, 90X, ~ dy dy,

T A _ BXl-a HXJ aXia aXJﬂ aXm 8yﬂ BXia 8yﬂ
I:V\PQV\P]ia,j/j — | exy, ax,{; dy, 3y, 90X 09Xy, 2y 3y, Ty, (A.4)

0yq 0Xjp ' Oyq 0Xjp 9ya 9yp ' 0ya Oyg

. 5:%as O
[Q]ia,jﬁ:[ o zaﬁ]'

Identifying the respective blocks in Eq. (A.4) we find four identities which we will use later.
Since &~ is defined by the fixed point y* we also compute its derivative from Eq. (22)

oy, 3y, 9y, y;

= + , (A.5)
aXlﬁ aXlﬂ 8y), aXlﬂ
and express
dy’ ay’\ 97
9a - (5(” — y“) _—r (A.6)
aXlﬂ 8yY aXlﬁ

Computing the Jacobian matrix of &~ defined in Eq. (23) yields

ox,, ax}, oy,
+ .

[Vo-liajp = (A7)

The left-hand side of the condition (50) then reads

o X}, 0X;, 90X, 9dy; 90X,
[VI Qv ] .= + (A.8)
ia,jp 8Xia aX]ﬁ ayg aXia aX]ﬁ

ox, 8X; dy; oX| y; 9X;, ay;)z
™

+
0Xiq Oy; 0Xjp  3yy 0Xiq yu OXjp
Using the identities from the four blocks of Eq. (A.4) this becomes

A ay/ ay/ 8}// ay* 8y/ ay/ ay/ ay*
[V;qu’*]m i 6ijZap — i LI il no, Ty 77n "7¢
! 0Xia anﬁ ay{ 0Xiq anﬂ 0Xiq Byg anﬂ

* * / / * "

+ ayg: ayu 8)’Y a)’n 3 3yY 3yn

0X;y 0X;p 0y, 0y, 0Xiq0Xjp) "

(A9)

Eliminating all instances of dy’/dX via Eq. (A.6) and simplifying we find that all but the first
term on the right-hand side of Eq. (A.9) cancel

[V V4| .o =06iiTap, (A.10)

ia,jp

which proves the condition (50) for .

References
[1] M. J. Ablowitz, D. J. Kaup, A. C. Newell and H. Segur, The inverse scattering

transform-Fourier analysis for nonlinear problems, Stud. Appl. Math. 53, 249 (1974),
doi:10.1002/sapm1974534249.

30


https://scipost.org
https://scipost.org/SciPostPhys.19.1.027
https://doi.org/10.1002/sapm1974534249

e SciPost Phys. 19, 027 (2025)

[2] M. J. Ablowitz and H. Segur, Solitons and the inverse scattering transform, SIAM, Philadel-
phia, USA, ISBN 9780898711745 (1981), d0i:10.1137/1.9781611970883.

[3] L.D.Faddeev and L. A. Takhtajan, Hamiltonian methods in the theory of solitons, Springer,
Berlin, Heidelberg, Germany, ISBN 9783540698432 (1987), do0i:10.1007/978-3-540-
69969-9.

[4] S. Novikov, S. V. Manakov, L. P Pitaevskii and V. E. Zakharov, Theory of solitons: The
inverse scattering method, Springer, New York, USA, ISBN 9780306109775 (1984).

[5] L. D. Faddeev, How algebraic Bethe Ansatz works for integrable model, (arXiv preprint)
doi:10.48550/arXiv.hep-th/9605187.

[6] N. A. Slavnov, Algebraic Bethe Ansatz, Lektsionnye Kursy NOC 27, 3 (2017),
doi:10.4213/1kn27 [preprint doi:10.48550/arXiv.1804.07350].

[7] I L. Aleiner, Bethe Ansatz solutions for certain periodic quantum circuits, Ann. Phys. 433,
168593 (2021), doi:10.1016/j.a0p.2021.168593.

[8] O. A. Castro-Alvaredo, B. Doyon and T. Yoshimura, Emergent hydrodynamics in
integrable quantum systems out of equilibrium, Phys. Rev. X 6, 041065 (2016),
doi:10.1103/PhysRevX.6.041065 [preprint doi:10.48550/arXiv.1605.07331].

[9] B. Bertini, M. Collura, J. De Nardis and M. Fagotti, Transport in out-of-equilibrium XXZ
chains: Exact profiles of charges and currents, Phys. Rev. Lett. 117, 207201 (2016),
doi:10.1103/PhysRevLett.117.207201 [preprint doi:10.48550/arXiv.1605.09790].

[10] D. Levi, Nonlinear differential difference equations as Backlund transformations, J. Phys.
A: Math. Gen. 14, 1083 (1981), do0i:10.1088/0305-4470/14/5/028.

[11] E Nijhoff, G. R. W. Quispel and H. W. Capel, Direct linearization of nonlinear difference-
difference equations, Phys. Lett. A 97, 125 (1983), doi:10.1016/0375-9601(83)90192-5.

[12] R. Hirota, A. Nagai, J. Nimmo and C. Gilson, The direct method in soliton theory, Cam-
bridge University Press, Cambridge, UK, ISBN 9780521836609 (2004).

[13] J. Hietarinta, N. Joshi and E W. Nijhoff, Discrete systems and integrability,
Cambridge University Press, Cambridge, UK, ISBN 9781107042728 (2016),
doi:10.1017/cbo9781107337411.

[14] C. Destri and H. J. De Vega, Light-cone lattice approach to fermionic theories in
2D: The massive Thirring model, Nucl. Phys. B 290, 363 (1987), do0i:10.1016/0550-
3213(87)90193-3.

[15] C. Destri and H. J. de Vega, Integrable quantum field theories and conformal field the-
ories from lattice models in the light-cone approach, Phys. Lett. B 201, 261 (1988),
doi:10.1016/0370-2693(88)90225-0.

[16] M. Vanicat, L. Zadnik and T Prosen, Integrable Trotterization: Local con-
servation laws and boundary driving, Phys. Rev. Lett. 121, 030606 (2018),
doi:10.1103/PhysRevLett.121.030606 [preprint doi:10.48550/arXiv.1712.00431].

[17] Y. Miao, V. Gritsev and D. V. Kurlovy The Floquet Baxterisation, Sci-
Post Phys. 16, 078 (2024), doi:10.21468/SciPostPhys.16.3.078 [preprint
doi:10.48550/arXiv.2206.15142].

31


https://scipost.org
https://scipost.org/SciPostPhys.19.1.027
https://doi.org/10.1137/1.9781611970883
https://doi.org/10.1007/978-3-540-69969-9
https://doi.org/10.1007/978-3-540-69969-9
https://doi.org/10.48550/arXiv.hep-th/9605187
https://doi.org/10.4213/lkn27
https://doi.org/10.48550/arXiv.1804.07350
https://doi.org/10.1016/j.aop.2021.168593
https://doi.org/10.1103/PhysRevX.6.041065
https://doi.org/10.48550/arXiv.1605.07331
https://doi.org/10.1103/PhysRevLett.117.207201
https://doi.org/10.48550/arXiv.1605.09790
https://doi.org/10.1088/0305-4470/14/5/028
https://doi.org/10.1016/0375-9601(83)90192-5
https://doi.org/10.1017/cbo9781107337411
https://doi.org/10.1016/0550-3213(87)90193-3
https://doi.org/10.1016/0550-3213(87)90193-3
https://doi.org/10.1016/0370-2693(88)90225-0
https://doi.org/10.1103/PhysRevLett.121.030606
https://doi.org/10.48550/arXiv.1712.00431
https://doi.org/10.21468/SciPostPhys.16.3.078
https://doi.org/10.48550/arXiv.2206.15142

e SciPost Phys. 19, 027 (2025)

[18] Z. Krajnik and T. Prosen, Kardar-Parisi-Zhang physics in integrable rotationally sym-
metric dynamics on discrete space-time lattice, J. Stat. Phys. 179, 110 (2020),
doi:10.1007/s10955-020-02523-1.

[19] Z. Krajnik, E. Ilievski and T. Prosen, Integrable matrix models in discrete space-
time, SciPost Phys. 9, 038 (2020), doi:10.21468/SciPostPhys.9.3.038 [preprint
doi:10.48550/arXiv.2003.05957].

[20] Z. Krajnik, E. Ilievski, T. Prosen and V. Pasquier, Anisotropic Landau-Lifshitz model in
discrete space-time, SciPost Phys. 11, 051 (2021), doi:10.21468/scipostphys.11.3.051
[preprint doi:10.48550/arXiv.2104.13863].

[21] M. Ljubotina, M. Znidaric and T. Prosen, Spin diffusion from an inhomogeneous quench
in an integrable system, Nat. Commun. 8, 16117 (2017), do0i:10.1038/ncomms16117
[preprint doi:10.48550/arXiv.1702.04210].

[22] M. Dupont and J. E. Moore, Universal spin dynamics in infinite-temperature
one-dimensional quantum magnets, Phys. Rev. B 101, 121106 (2020),
doi:10.1103/PhysRevB.101.121106 [preprint doi:10.48550/arXiv.1907.12115].

[23] P Richelli, K. Schoutens and A. Zorzato, Brick wall quantum circuits with global fermionic
symmetry, SciPost Phys. 17, 087 (2024), doi:10.21468/SciPostPhys.17.3.087 [preprint
doi:10.48550/arXiv.2402.18440].

[24] L. Zadnik, M. Ljubotina, Z. Krajnik, E. Ilievski and T. Prosen, Quantum many-body
spin ratchets, PRX Quantum 5, 030356 (2024), doi:10.1103/PRXQuantum.5.030356
[preprint doi:10.48550/arXiv.2406.01571].

[25] Y. Salathé et al., Digital quantum simulation of spin models with circuit quantum elec-
trodynamics, Phys. Rev. X 5, 021027 (2015), doi:10.1103/PhysRevX.5.021027 [preprint
doi:10.48550/arXiv.1502.06778].

[26] I. Carusotto, A. A. Houck, A. J. Kollar, P Roushan, D. I. Schuster and J. Simon,
Photonic materials in circuit quantum electrodynamics, Nat. Phys. 16, 268 (2020),
doi:10.1038/s41567-020-0815-y.

[27] J. Haferkamp, P Faist, N. B. T. Kothakonda, J. Eisert and N. Yunger Halpern, Linear
growth of quantum circuit complexity, Nat. Phys. 18, 528 (2022), doi:10.1038/s41567-
022-01539-6.

[28] E. Rosenberg et al., Dynamics of magnetization at infinite temperature in a Heisen-
berg spin chain, Science 384, 48 (2024), doi:10.1126/science.adi7877 [preprint
d0i:10.48550/arXiv.2306.09333].

[29] A. B. Zamolodchikov, “Fishing-net” diagrams as a completely integrable system,
Phys. Lett. B 97, 63 (1980), doi:10.1016/0370-2693(80)90547-x [preprint
doi:10.48550/arXiv.1310.4813].

[30] O. Gurdogan and V. Kazakov, New integrable non-gauge 4D QFTs from
strongly deformed planar N =4 SYM, Phys. Rev. Lett. 117, 201602 (2016),
doi:10.1103/PhysRevLett.117.201602 [preprint doi:10.48550/arXiv.1512.06704].

[31] D. Chicherin, V. Kazakov, FE Loebbert, D. Miiller and D.-l. Zhong, Yangian
symmetry for fishnet Feynman graphs, Phys. Rev. D 96, 121901 (2017),
doi:10.1103/PhysRevD.96.121901 [preprint doi:10.48550/arXiv.1708.00007].

32


https://scipost.org
https://scipost.org/SciPostPhys.19.1.027
https://doi.org/10.1007/s10955-020-02523-1
https://doi.org/10.21468/SciPostPhys.9.3.038
https://doi.org/10.48550/arXiv.2003.05957
https://doi.org/10.21468/scipostphys.11.3.051
https://doi.org/10.48550/arXiv.2104.13863
https://doi.org/10.1038/ncomms16117
https://doi.org/10.48550/arXiv.1702.04210
https://doi.org/10.1103/PhysRevB.101.121106
https://doi.org/10.48550/arXiv.1907.12115
https://doi.org/10.21468/SciPostPhys.17.3.087
https://doi.org/10.48550/arXiv.2402.18440
https://doi.org/10.1103/PRXQuantum.5.030356
https://doi.org/10.48550/arXiv.2406.01571
https://doi.org/10.1103/PhysRevX.5.021027
https://doi.org/10.48550/arXiv.1502.06778
https://doi.org/10.1038/s41567-020-0815-y
https://doi.org/10.1038/s41567-022-01539-6
https://doi.org/10.1038/s41567-022-01539-6
https://doi.org/10.1126/science.adi7877
https://doi.org/10.48550/arXiv.2306.09333
https://doi.org/10.1016/0370-2693(80)90547-x
https://doi.org/10.48550/arXiv.1310.4813
https://doi.org/10.1103/PhysRevLett.117.201602
https://doi.org/10.48550/arXiv.1512.06704
https://doi.org/10.1103/PhysRevD.96.121901
https://doi.org/10.48550/arXiv.1708.00007

e SciPost Phys. 19, 027 (2025)

[32] E GoOhmann, Statistical mechanics of integrable quantum spin systems, SciPost
Phys. Lect. Notes 16 (2020), doi:10.21468/SciPostPhysLectNotes.16 [preprint
doi:10.48550/arXiv.1909.09967].

[33] E. K. Sklyanin, Canonicity of Bdcklund transformation: R-matrix approach 1, in
L. D. Faddeev’s seminar on mathematical physics, American Mathematical Society,
Providence, USA, ISBN 9780821821336 (2000), doi:10.1090/trans2/201 [preprint
doi:10.48550/arXiv.solv-int/9903016].

[34] E.K. Sklyanin, Canonicity of Bdcklund transformation: R-matrix approach 2, Proc. Steklov
Inst. Math. 226, 121 (1999) [preprint doi:10.48550/arXiv.solv-int/9903017].

[35] Y. B. Suris, Discrete time Toda systems, J. Phys. A: Math. Theor. 51, 333001 (2018),
doi:10.1088/1751-8121/aacbdc.

[36] P Deift, L. C. Li and C. Tomei, Matrix factorizations and integrable systems, Commun. Pure
Appl. Math. 42, 443 (1989), doi:10.1002/cpa.3160420405.

[37] J. Moser and A. P Veselov, Discrete versions of some classical integrable systems
and factorization of matrix polynomials, Commun. Math. Phys. 139, 217 (1991),
doi:10.1007/bf02352494.

[38] A. P Veselov, Integrable maps, Russ. Math. Surv. 46, 1 (1991),
d0i:10.1070/rm1991v046n05abeh002856.

[39] T. E. Kouloukas and V. G. Papageorgiou, Entwining Yang-Baxter maps and integrable lat-
tices, Banach Cent. Publ. 93, 163 (2011), doi:10.4064/bc93-0-13.

[40] V. G. Drinfeld, On some unsolved problems in quantum group theory, in Quan-
tum groups, Springer, Berlin, Heidelberg, Germany, ISBN 9783540553052 (1992),
d0i:10.1007/bfb0101175.

[41] P Etingof, T. Schedler and A. Soloviev, Set-theoretical solutions to the quantum Yang-Baxter
equation, Duke Math. J. 100, 169 (1999), doi:10.1215/s0012-7094-99-10007-x.

[42] P Etingof, Geometric crystals and set-theoretical solutions to the quantum Yang-Baxter equa-
tion, Commun. Algebra 31, 1961 (2003), doi:10.1081/agb-120018516.

[43] M. Toda, Vibration of a chain with nonlinear interaction, J. Phys. Soc. Jpn. 22, 431 (1967),
doi:10.1143/jpsj.22.431.

[44] M. Toda, Theory of nonlinear lattices, Springer, Berlin, Heidelberg, Germany, ISBN
9783540183273 (1989), do0i:10.1007/978-3-642-83219-2.

[45] Y. B. Suris, Bi-Hamiltonian structure of the qd algorithm and new discretizations of the Toda
lattice, Phys. Lett. A 206, 153 (1995), doi:10.1016/0375-9601(95)00647-1.

[46] E. K. Sklyanin, Bdcklund transformations and Baxter’s Q-operator, in Integrable systems:
From classical to quantum, American Mathematical Society, Providence, USA, ISBN
9780821820933 (2000) [preprint doi:10.48550/arXiv.nlin/0009009].

[47] V. B. Kuznetsov, M. Salerno and E. K. Sklyanin, Quantum Bdcklund transformation for
the integrable DST model, J. Phys. A: Math. Gen. 33, 171 (1999), doi:10.1088/0305-
4470/33/1/311.

[48] E.K. Sklyanin, On complete integrability of the Landau-Lifshitz equation, Tech. Rep. LOMI-
E-79-3, CERN, Geneva, Switzerland (1979).

33


https://scipost.org
https://scipost.org/SciPostPhys.19.1.027
https://doi.org/10.21468/SciPostPhysLectNotes.16
https://doi.org/10.48550/arXiv.1909.09967
https://doi.org/10.1090/trans2/201
https://doi.org/10.48550/arXiv.solv-int/9903016
https://doi.org/10.48550/arXiv.solv-int/9903017
https://doi.org/10.1088/1751-8121/aacbdc
https://doi.org/10.1002/cpa.3160420405
https://doi.org/10.1007/bf02352494
https://doi.org/10.1070/rm1991v046n05abeh002856
https://doi.org/10.4064/bc93-0-13
https://doi.org/10.1007/bfb0101175
https://doi.org/10.1215/s0012-7094-99-10007-x
https://doi.org/10.1081/agb-120018516
https://doi.org/10.1143/jpsj.22.431
https://doi.org/10.1007/978-3-642-83219-2
https://doi.org/10.1016/0375-9601(95)00647-l
https://doi.org/10.48550/arXiv.nlin/0009009
https://doi.org/10.1088/0305-4470/33/1/311
https://doi.org/10.1088/0305-4470/33/1/311

e SciPost Phys. 19, 027 (2025)

[49] E. K. Sklyanin, Some algebraic structures connected with the Yang-Baxter equation, Funct.
Anal. Appl. 16, 263 (1983), do0i:10.1007/bf01077848.

[50] Z.Krajnik, Nonequilibrium statistical physics in discrete space-time, PhD thesis, University
of Ljubljana, Ljubljana, Slovenia (2023).

[51] E.K. Sklyanin, Classical limits of the SU(2)-invariant solutions of the Yang-Baxter equation,
J. Sov. Math. 40, 93 (1988), doi:10.1007/bf01084941.

[52] V. Guillemin and A. Pollack, Differential topology, American Mathematical Society, Provi-
dence, USA, ISBN 9780821851937 (2010), doi:10.1090/chel/370.

[53] W. H. Press, S. A. Teukolsky, W. T. Vetterling and B. P Flannery, Numerical recipes 3rd
edition: The art of scientific computing, Cambridge University Press, Cambridge, UK, ISBN
9780521880688 (2007).

[54] A. Kuniba, G. Misguich and V. Pasquier, Generalized hydrodynamics in box-ball system, J.
Phys. A: Math. Theor. 53, 404001 (2020), doi:10.1088/1751-8121/abadb9.

[55] W. Rudin, Principles of mathematical analysis, McGraw-Hill, New York, USA, ISBN
9780070856134 (1976).

[56] E Mainardi, The fundamental solutions for the fractional diffusion-wave equation, Appl.
Math. Lett. 9, 23 (1996), doi:10.1016/0893-9659(96)00089-4.

[57] E Mainardi and A. Consiglio, The Wright functions of the second kind in mathe-
matical physics, Mathematics 8, 884 (2020), doi:10.3390/math8060884 [preprint
doi:10.48550/arXiv.2007.02098].

[58] Z. Krajnik, J. Schmidt, V. Pasquier, E. Ilievski and T. Prosen, Exact anomalous current
fluctuations in a deterministic interacting model, Phys. Rev. Lett. 128, 160601 (2022),
doi:10.1103/PhysRevLett.128.160601 [preprint doi:10.48550/arXiv.2201.05126].

[59] YA Krajnik, J. Schmidt, V. Pasquier, T. Prosen and E. Ilievski, Universal anoma-
lous fluctuations in charged single-file systems, Phys. Rev. Res. 6, 013260 (2024),
doi:10.1103/PhysRevResearch.6.013260 [preprint doi:10.48550/arXiv.2208.01463].

[60] Z. Krajnik, Single-file dynamics with general charge measures, Phys. Rew.
E 110, 024118  (2024), doi:10.1103/PhysRevE.110.024118  [preprint
doi:10.48550/arXiv.2401.14378].

[61] Z.Krajnik, E. Ilievski and T. Prosen, Absence of normal fluctuations in an integrable magnet,
Phys. Rev. Lett. 128, 090604 (2022), doi:10.1103/PhysRevLett.128.090604 [preprint
d0i:10.48550/arXiv.2109.13088].

[62] Z. Krajnik, J. Schmidt, E. Ilievski and T. Prosen, Dynamical criticality of magne-
tization transfer in integrable spin chains, Phys. Rev. Lett. 132, 017101 (2024),
doi:10.1103/PhysRevLett.132.017101 [preprint doi:10.48550/arXiv.2303.16691].

34


https://scipost.org
https://scipost.org/SciPostPhys.19.1.027
https://doi.org/10.1007/bf01077848
https://doi.org/10.1007/bf01084941
https://doi.org/10.1090/chel/370
https://doi.org/10.1088/1751-8121/abadb9
https://doi.org/10.1016/0893-9659(96)00089-4
https://doi.org/10.3390/math8060884
https://doi.org/10.48550/arXiv.2007.02098
https://doi.org/10.1103/PhysRevLett.128.160601
https://doi.org/10.48550/arXiv.2201.05126
https://doi.org/10.1103/PhysRevResearch.6.013260
https://doi.org/10.48550/arXiv.2208.01463
https://doi.org/10.1103/PhysRevE.110.024118
https://doi.org/10.48550/arXiv.2401.14378
https://doi.org/10.1103/PhysRevLett.128.090604
https://doi.org/10.48550/arXiv.2109.13088
https://doi.org/10.1103/PhysRevLett.132.017101
https://doi.org/10.48550/arXiv.2303.16691

	Introduction
	Summary of results

	Elementary chiral propagators
	Integrable fishnet circuits
	Examples
	Toda lattice
	Anisotropic lattice Landau-Lifshitz model

	Stochastic integrable dynamics
	Stochastic dynamics
	Brownian dynamics in the continuous-time limit

	Conclusion
	Canonicity of elementary propagators
	References

