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Abstract

We discuss a large class of non-relativistic continuum field theories where the Euclidean
spatial symmetry of the classical theory is violated in the quantum theory by an Adler-
Bell-Jackiw-like anomaly. In particular, the continuous translation symmetry of the clas-
sical theory is broken in the quantum theory to a discrete symmetry. Furthermore, that
discrete symmetry is extended by an internal symmetry, making it non-Abelian. This pre-
sentation streamlines and extends the discussion in [1]. In an Appendix, we present an
elementary introduction to ’t Hooft and Adler-Bell-Jackiw anomalies using a well-known
system.
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1 Introduction

In this note, we will discuss a large class of continuum classical field theories with spatial
Euclidean symmetry and time translation symmetry. A common feature of all these models
is that the classical Lagrangian contains a subtle term. The proper definition of this term in
the quantum theory shows that the classical translation symmetry is explicitly violated in the
quantum theory and becomes non-Abelian. We will interpret this violation of the classical
symmetry as an Adler-Bell-Jackiw (ABJ)-like anomaly.

Related discussions have appeared in the context of gauge theories with constant back-
ground charge [2-4] and ferromagnets [5-16]. Following these authors, the main point of [1]
was to trace the peculiar phenomena to a careful definition of the Lagrangian and to interpret
the phenomenon as an ABJ-like anomaly. Here, we will take a broader point of view con-
sidering different theories related by turning on background field as belonging to the same
family. This perspective will allow us to define the Lagrangian using known results about
Chern-Simons terms and to obtain a deeper understanding of the violation of continuous trans-
lations.

Consider a theory with dynamical fields ¢". The classical Lagrangian density is
Lelassical(@") and the equations of motion are %Jdassiml(gbr) = 0. Often, the equations
of motion are well-defined, but the Lagrangian density .;qsicai(¢”) or even the action
S = fol’dassical (or its Euclidean version St = f L gassical) are not. This is harmless in the
classical theory.

In the quantum theory, we can still have ill-defined S (or S¥), provided we have a meaning-
ful definition of exp (£S) (or exp (—#+S%)).! This definition, should be such that the equations
of motion are as in the classical theory. Hence, the difference between the classical Lagrangian
Lijassicar And the quantum Lagrangian o£° do not contribute to the equations of motion. For
example, they could be total derivatives.

When comparing the classical theory and the quantum theory, two kinds of phenomena
often happen:

* The coefficients of some of the terms in the classical Lagrangian density o£};4icq; Should
be quantized in units of fi. This arises because these terms are not well-defined. The
quantization of their coefficients ensures that exp (%S ) (or exp (—%S E )) are well-defined.
Familiar examples are the Wess-Zumino term [17] and the Chern-Simons term [18].

1Since we focus on the distinction between the classical and the quantum theory, we will present /1 explicitly,
rather than setting it to one. See our conventions in Section 1.2.
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* There are new terms in the quantum theory that do not affect the classical physics. For
example, there can be terms that are locally total derivatives and therefore they do not
contribute to the equations of motion. However, globally, they are nontrivial and can
contribute to the action. It is common to refer to these terms as 9-terms. (Other 6-
terms cannot be expressed as integrals over local terms.)

In the examples below, we will see combinations of these phenomena. First, some coeffi-
cients will have to be quantized. And second, they will be accompanied by 6-terms. Further-
more, these 6-terms will not have a natural origin (6 = 0) and they will depend on a choice
of origin in space, thus breaking the translation symmetry.

The proper mathematical setting to address these subtle issues uses differential cohomol-
ogy and pre-quantization. (See e.g., the physics discussion in [1,19-23] and references therein
for the mathematics literature, in particular [24-26].) The approach in [1] was less sophisti-
cated and used a choice of local trivialization. Spacetime was covered by patches with tran-
sition functions between them and the exponential of the action was defined such that the
results are independent of the chosen local trivialization.

Since most physicists are not familiar with this mathematical machinery, we will take here
another approach. We will derive some of these conclusions using a fact, which follows from
differential cohomology, that most physicists do know. Next, we will review this fact.

1.1 A useful mathematical fact

Consider two U(1) gauge fields A! and A? of degrees q! and ¢, respectively. Their gauge
transformations are
Al 5 A +dAY,

1
A% 5 A2+ da2?, (1)

where A! and A2 are locally ¢! — 1 and q? — 1 forms. Globally, they are higher-form U(1)
gauge fields.? Then, on a q! + g2 + 1 dimensional closed (Euclidean) spacetime we would like
to consider the Chern-Simons term CS (A%, A?).

Ignoring global issues, it can be written as % §Spacetime A'AdA?. When this term is present in
the classical Lagrangian, its contributions to the classical equations of motion are well-defined
and no special care of the global issues should be taken.

However, in the quantum theory, we need a better definition of CS (Al,Az). The proper
definition of the Chern-Simons term is well-known and relies on differential cohomology. In
some cases, one can use an extension of spacetime to a higher-dimensional bulk and define it

as 5= [, dA' A dA% [18]. We can write it symbolically as

exp (ikCS (Al,AZ)) = exp (% §

spacetime

Al/\dA2+...). 2)

This expression is well-defined only for integer k. Using the definition with a bulk, the quan-
tization follows from the requirement that the answer is independent of the extension to the
bulk [18]. This is an example of the phenomenon mentioned above that in the quantum theory,
some classical parameters are quantized in units of #.

Let us consider shifting A' — A! + &' with £! a q'-form flat gauge field (i.e., d&' = 0).
This is U(1)") ¢'-form transformation. If we could integrate by parts in the exponent in
exp (% §SpacetimeA1 AdA? + .. .), that expression would have been invariant. However, taking

2We can take g! or g (or both) to be zero. In that case, the transformations (1) are interpreted as shifts by
2717Z.
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the global issues into account,

exp (ikCS (Al,AZ)) — exp (%f
S

3 /\dAZ) exp (ikCs (A,4%) ). (3)

pacetime

Therefore, exp (ikCS (Al,AZ)) is invariant only when the holonomies of £! around any q'-

exp(ikf 51)=1. &)
na!

As a result, we have only a Zg) c U(1)D ¢'-form symmetry.

cycle »d' satisfy

Somewhat less obvious is the fact that we do not have a U(1)® g?-form symmetry trans-
formation shifting A> — A%+ &2 with £2 a g?-form flat gauge field. This follows from the proper
definition of the Chern-Simons term, and in particular the terms denoted by the ellipses in (2).

The conclusion is that as in (4), exp (ikC S (Al,Az) ) is invariant only when the holonomies of

exp (ikjg gz) =1. (5)
xa?

As a result, we have only a Z%) c U(1)® g?-form symmetry.
The fact that the naive U(1)" x U(1)® higher-form symmetry of exp (ikC S (Al,Az)) is

&2 around any g2-cycle ¥4’ satisfy

explicitly broken to a ZE{D X Zf) higher-form symmetry will be crucial below.

The simplest example of such a Chern-Simons term arises for q' = g = 0, where A" are
circle-valued scalars A" ~ A" + 27t (see footnote 2). They parameterize a two-torus. When A"
are dynamical fields, which we denote by lower-case characters ¢, the quantum theory based
on exp (ikC S(ol, qbz)) is known as the non-commutative torus or the fuzzy torus. Physically,
it describes a particle on a torus with constant magnetic field with flux k. Its global symmetry
is known to be Zg{l) X Z(kz). We will return to this case in appendix A.

1.2 Our conventions

Throughout this note, we will study theories in d spatial dimensions. Our notation is that
Lorentzian signature time is denoted by t and Euclidean signature time is denoted by 7. The
spatial indices are denoted by i, j,... and the spacetime indices are denoted by u =t,1,j,...
oru=r,i,j,....

Since we are interested in studying translations, we will take space to be a flat d-
dimensional torus T¢ parameterized by

i~ xt 40t (6)

v=[]e. )

Our conventions are such that we contract the spatial indices with 6;;. Therefore, we do not
distinguish between upper and lower spatial indices.

We will use lower-case characters to denote dynamical fields, e.g., a dynamical U(1) gauge
field a or a scalar field ¢, and upper-case characters to denote classical background fields, e.g.,
A

with volume
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We will use form notation both in the target space and in spacetime, but will also use index
notation. For example, a dynamical U(1) gauge field is denoted as

a= Z a,dx”, (8
U

and the field strength is
1
f=da= 5 MEV Suvdx* Adx?,

©))
fuv = auav — avau .
Our gauge fields have standard normalization, e.g., for U(1) gauge fields,
1
— O dAEZ. (10)

21

Our currents are forms with the conservation equation being d j = 0. We normalize them such
that their charges are quantized

Q= f JjE€Z. (11)
With these conventions, the coupling of the current 4 to a gauge field A is through the action
term i . AN 4, such that the contribution to the functional integral is
spacetime
exp(ij( ANj). (12)
spacetime

1.3 Outline

In Section 2, we will present the models we study and the relations between them. We will
demonstrate the general abstract presentation using two classes of examples, U(1) gauge the-
ories and certain non-linear sigma models. In Section 3, we will deform these models by
coupling them to a particular background gauge field.

Section 4 will derive the ABJ-like anomaly in continuous translations. And in Section 5,
we will use this understanding to perform a non-trivial check of some dualities.

Section 6 will summarize our results and will review some related topics from [1].

Appendix A will be devoted to a pedagogical example of the notion of 't Hooft anomalies
and ABJ anomalies in the context of a particle in a magnetic field. That appendix does not
have a single new result. Instead, it presents this well-known physics from the perspective of
symmetries, their anomalies, and their gauging. Also, the symmetry discussed in that appendix
is closely related to the translation symmetry in the body of this paper.

2 The theories

The model we study are characterized by having a two-form current 4 with quantized periods

922=§ jET. (13)
72

Furthermore, we demand that the condition (13) is satisfied off-shell, i.e., without using the
equations of motion.
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An alternative way to characterize these theories is to say that s is the current of a d — 2-
form U(1) symmetry with charge Qs [27]. For d > 2, the condition (13) shows that the
symmetry operator Qs is topological and hence, the current 5 is conserved, i.e., dj = 0. (We
demand that this equation is valid off-shell.) For d = 1, this is a —1-form symmetry [22,27,28].
It is meaningless to say that the charge is topological and that s is conserved. Yet, we can still
consider the condition (13) and demand that it is satisfied off-shell.

Since we imposed (13) (and therefore for d > 2 also the conservation dj = 0) off-shell,
we have locally

j=dyp. (14)

Importantly, ¢ is not-well defined. Only its derivative (14) is well defined.

A common feature of all these models is that the configuration space includes disconnected
regions labeled by Q52 = 9922 /. Consequently, in the quantum theory, we can write 6-terms
04. For d = 1, this is a standard 6-term. For d > 1, such a term is not Euclidean invariant. But
if our space is a torus with coordinates x! ~ x!+£', we can include in the Euclidean functional
integral a factor depending on d 0-parameters

exp (iZGi f drdx! jﬂ) = exp (izeigfdfddx jn) , V=204%20%.  (15)
i i

Since this characterization of the theories might be abstract, let us consider some examples.

2.1 Example 1: U(1) gauge theory

Any field theory with a U(1) gauge field a satisfies these conditions. The two-form current s
and ¢ are recognized as
1 1
= —f = —da,
I 2nf 2
1
=—a.
i 2n

In this case, the d — 2-form symmetry is known as the magnetic symmetry.

(16)

2.2 Example 2: Some non-linear sigma-models

Another class of examples arises when the theory includes fields taking values in a target
space 171 with nonzero second de Rham cohomology with quantized periods. Then, for
w € H*(M,R) with f w € Z we take 4 as its pullback to spacetime and locally j = d.
In fact, these examples can be presented as the previous case (16) as follows. We let the target
space be a circle bundle over 771 with ¢; = w and then add a gauge field a to remove this
added circle.

Let us demonstrate these models using the well known SO(3) sigma-model. We parame-
terize the S? target space by a complex (stereographic) coordinate z. Then,

, i dzAdz
J = S T o
21 (1+ [2[2)2
i zdi—ids an
YT 112

In this case, it is common to present the theory as a U(1) gauge theory coupled to an S° target
space. (This is usually referred to as the CP! presentation of the theory.) Then, the expressions
(17) can be replaced by (16).
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3 Coupling to a background gauge field A

Given that our theories have a d — 2-form U(1) symmetry it is natural to couple them to a
background gauge field for that symmetry. This is a d —1-form U(1) gauge field A. Its coupling
is through the factor of

exp(i§ A/\j), (18)
spacetime

in the functional integral. (Recall our conventions about the normalizations in Section 1.2.)

We will be particularly interested in topologically nontrivial A. Then, the coupling (18)
needs to be defined more carefully. Since we wrote j5 = d, it is clear how we should do it.
We couple A to the theory by inserting in the functional integral (see (2))

exp(iCS(A,ano))=exp(i§ A/\d(p+...)
spacetime

=exp(ij€ (p/\dA+...).
spacetime

For d = 1, our symmetry is a —1-form symmetry and its “background gauge field” is the
0-parameter. Then, the coupling (19) is

(19)

exp(iCS(Q,ano))zexp(i§ 9dg0+...)
spacetime

=exp(ij€ cp/\d9+...).
spacetime

This means that we turn on arbitrary spacetime dependent 0-parameter. (Compare with (15),
which has spacetime independent 6.)

For d = 2, our global symmetry is a O-form symmetry and its background gauge field
is a standard U(1) background field. This means that we place our system in a standard
background gauge field.

Next, we consider a specific background gauge field A with constant “magnetic field”

(20)

ok
dAz%dxl/\dxz/\mdxd. 21)

The parameter k is quantized to guarantee
f dA=2ntk € 2nZ. (22)
space

(Note that this is a magnetic field for the background field A not for the dynamical field a.)
This background A is topologically nontrivial and therefore it is subtle. The expression
(19) becomes

2mik
exp (iCS(A,Zmp)) = exp( m f drdix (¢, +.. .)) . (23)
14 spacetime

The first term in the right-hand side is a contribution to the Euclidean classical Lagrangian
density 27{}" .. And the ellipses represent “correction terms” needed to make it well defined.

Let us turn to the two examples in Section 2.
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3.1 Example 1: U(1) gauge theory

Here, the term (23) is

exp(iCS(A,a)) = exp (if drdix (az+.. .)) . (24)
14 spacetime

Classically, it affects only the equation of motion of a_, i.e., Gauss’s law. This constrains the
charge density to be p = % Quantum mechanically, we see an example of the first subtlety
in quantization in Section 1, where p is quantized in units of fi. Physically, this quantization
arises because the total charge of the system pV = hk should be quantized.

This model with fixed charge density was discussed in [2—4].

For d = 1, we have the 0-term (19)

exp(iCS(O,a))zexp(ng 9da+...)
2n spacetime

) (25)
=exp(L§ a/\d9+...).
2n spacetime
The background (21) is d8 = %ilkdxl. Locally, we can write
x! —x(l)
0 =2rk VTR (26)

with a constant x(l) whose significance will be discussed below. Then, we find the d = 1 version
of (24).

We conclude that the 6-term (15), (20), (25) with 0 linear in x' leads to the model with
constant charge density.

3.2 Example 2: Some non-linear sigma-models

In this case, the term (23) is first order in time derivative. Such a term is known as a Berry-term
or a Wess-Zumino term.

Of particular interest is the case where the target space 771 is a symplectic manifold and the
two-form w is the symplectic structure. In this case ¢ is the pull-back of the Liouville form.
By definition, the symplectic structure is non-degenerate. Consequently, at low energies, the
term (23) is always more important than any higher time derivative term. Therefore, we can
neglect the higher time derivative terms and the low-energy theory includes only a single time
derivative term (and of course, higher spatial derivative terms and potential terms).

For example, for the SO(3) sigma-model, j and ¢ are given by (17). The term (23) leads

k 20.2—20.%
exp(iCS(A,2mp) ) = exp (——§ drd?x (# +)) ) 27)
( ) 14 spacetime I+ |Z|2

And since the S? target space is symplectic, we can neglect all terms with more than one time
derivative. The resulting Lagrangian is the known continuum Lagrangian for a ferromagnet.
An anti-ferromagnet is described by the SO(3) sigma model with k = 0. We now recognize
the continuum description of a ferromagnet as the same theory in a background A with constant
magnetic field dA.
For d = 1, the SO(3) sigma-model has a 6-term. As in the U(1) gauge theory discussion,

1.1
for 6 = 27k~ pxo , we find the term (27), which describes a ferromagnet.

to
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4 Anomalous translations

The constant magnetic field (21) does not determine A uniquely. First, we have freedom in
gauge transformations. If there are no 't Hooft anomalies associated with the symmetry, this
gauge dependence does not affect the answer. However, the holonomies of A can include
additional information. We can parameterize it as

. oxt—xl
H'(A) =exp (1j€ A+ .. ) = exp (Znik(—l)”lTo) , (28)
i
where ! is the d — 1-dimensional torus with coordinates x/ ~ x/ 4+ ¢/ with j # i and xf) are
constants.
. . L, xt—x}

For d = 1, the “holonomy” (28) is H'(A) = exp (19()(1)) = exp (ank T 0). For

d = 2, the ellipses in (28) represent contributions from the transition functions leading to
1_,1 2_ .2
H'(A) = exp (277:ikx zlxo) and H2(A) = exp (—Zm'kx ezx" )

As we will discuss, the physical answers depend on the d constants xé. These constants
can be changed by shifting A by a constant. Alternatively, they can be interpreted as a choice
of a point in space. The dependence on this choice signals the breaking of the continuous
translation symmetry.

In [1], a careful analysis of

exp(ZT‘[/ik }5 drdix (@, +.. .)) , (29)

determined its x(i) dependence. That analysis was intrinsic to this term.
Our discussion here circles around the background field A and then (29) is interpreted as
a Chern-Simons term

exp (iCS(A, 27up)) =exp (i é

ANdo +.. )
spacetime

o
:exp( @lkj(d’rddx cpT+...) .

The dependence on the constant mode of A is not manifest in the last expression in (30).
However, as we discussed in section 1.1, that dependence is present when this term is properly
defined as a Chern-Simons term.

More quantitatively, a translation transformation xt— xt+ €l maps the holonomies (28)

(30)

as )
H'(A) — exp (271-1'k(—1)i+1 Z—:) Hi(A). (31)

This is the same as shifting A by a constant gauge field
i
A—A+ 27rk(—1)l+1%dx1 A--dx TP AdxT A dxd (32)

without changing the transition functions.
As in (3), this has the effect of mapping

exp (iCS(A, 2mp)) — exp (2nik7€ j( dfddxjﬂ) exp (iCS(A, 2n<p))
; (33)

= exp (2nik€—€i } dexijﬂ-) exp (iCS(A,ano)).

9
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Comparing with (15)

exp (izeijgdfdxi jﬂ-) = exp (izei%jgdfddx jﬂ») , (34)
i i

we see that x' — x' + €' acts the same as

. . kel
9“%91+2n7%. (35)
The conclusion of this discussion is that the translation symmetry of the classical theory
is violated in the quantum theory. We interpret this explicit breaking as due to an ABJ-like-
anomaly. We would like to make several comments about this breaking, highlighting the anal-

ogy with the ABJ-anomaly of the chiral symmetry.

* Asin the chiral anomaly, the anomalous continuous symmetry shifts a 6-parameter (35).
Related to that, the symmetry is violated by instantons — configurations with nonzero
SGdexlei 7.

s For €' = %i, the shift of the 0-parameter does not affect the physics. Therefore, each
U(1) translation symmetry is broken to Z;. We will denote the discrete symmetry trans-
formations implementing x' — x! + % by T!. They satisfy

(THk=1. (36)

* Like the chiral anomaly, this symmetry breaking is explicit breaking rather than sponta-
neous breaking. Spontaneous breaking leads to Goldstone bosons. In this case, where
continuous translation is broken to a discrete subgroup, that would be phonons. How-
ever, our breaking is explicit and there are no phonons.

* One way to see that this is indeed explicit breaking is to note that the definition of the
theory depends on a choice of a point in space, the parameters x;. This choice breaks
the symmetry. Related to that, this choice can be changed by shifting the parameters 6.

* The situation is thus analogous to that of the 0’ particle. It gets its mass from instantons
associated with the chiral anomaly in QCD.

* Unlike the ABJ-anomaly, this anomaly is not in an internal symmetry, but in a spatial
symmetry. To underscore this fact, we can consider the theory on a d-dimensional sphere
(rather than T¢). We can still use a background A with constant magnetic field dA. And
then, the classical translation symmetry is replaced by a rotation symmetry. However, in
this case, there are no 0-terms like (34). Related to that, the discussion of the shift of A
cannot be repeated. Equivalently, the analysis in [1] also does not lead to a subtlety in
the patches. We conclude that in this case, the rotation symmetry is not violated.

Consider the system in two dimensions. Then, A is an ordinary U(1) gauge field and the
constant dA is a constant magnetic field. It is well known that a charged particle on a torus
with constant magnetic field with flux k does not have continuous translation symmetry. (See
the review in Appendix A.) Its translation symmetry is Z; x Z;. Furthermore, that translation
symmetry is realized projectively. Our system does not have a single particle. Instead, it has
excitations with different charges Q = SETZ 7 under the background gauge field A. As a result,
the Z; x Z; symmetry is not extended by a c-number, but by an operator. The symmetry algebra
is

(T = (13" =1,

TiT2 — p2mig 271 37

10
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Since this extension is not central, this is not an 't Hooft anomaly.
The result (37) about d = 2 is easily extended to higher dimensions. Focusing on two
dimensions at a time, we have

(THk=1,

Q..
TiT) = 2™ % I
b

91‘;‘:34‘ Js
>

ij

(38)

where ¥;; is the two-torus with xt~xi+ ¢ and x7 ~ x7 + 4/,

We conclude that the continuous translation symmetry is not only broken to a discrete
subgroup, but it is also extended and becomes non-Abelian.

In the specific context of the two examples of U(1) gauge theory with constant charge
density (Section 3.1) and the SO(3) ferromagnet (Section 3.2), this breaking of continuous
translation has already been discussed in [2-4] and [5-16] respectively. Our presentation
unifies these examples into a much larger set of cases. It also resolves some puzzles and
identifies the source of the effect as an ABJ-like anomaly associated with the definition of the
integrand in the function integral.

5 Checking dualities

Our discussion leads to interesting tests and further insights into dualities. In this context,
a dual pair of theories are different classical Lagrangians leading to the same IR quantum
physics. Such dualities are particularly interesting when the fields in the two sides of the
duality are not related to each other via a local change of variables.

A characteristic example is the famous particle-vortex duality in 2+ 1 dimensions [29,30].
It relates the complex |¢|* theory to a gauged version of it. Following the discussion in [31],
we express this duality as

il
DA > —lp]* IDax|2—|x|4+§adA. (39)

Here ¢ and y are complex scalar fields, a is a dynamical U(1) gauge field and A is a background
U(1) gauge field. D, and D, are covariant derivatives acting on charge +1 fields. (We slightly
abuse the notation here, where all the terms except the last one are scalars and the last term
is a 3-form.)

Both sides of the duality have a global U(1) symmetry coupled to the background gauge
field A. In the left-hand side, the corresponding current is j = %*(iq;dqb —idep ¢ +2A|p %),
where we followed the conventions of Section 1.2, i.e., 5 is a two-form, normalized to have
quantized charges. j is conserved only by using the equations of motion, i.e., it is conserved
only on-shell. In the right-hand side of the duality, the current is 5 = ﬁda and it is conserved
off-shell — it is topological.

Most of the tests of this duality have involved topologically trivial background A. However,
the duality should be valid for all background A. In particular, it should be valid for A of
constant magnetic field as in (21). It is nice to see that this is indeed the case.

In the left-hand side of (39), we have charged particles in a constant magnetic field. It is
known that the translation symmetry is as in (37). (Again, this is not a central extension of
Zy X Zy.) In the right-hand side of (39), this background A leads to constant charge density.
As we have been discussion, the classical theory is translation invariant, but in the quantum
theory the symmetry is discrete as in (37).
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Similar reasoning applies to related particle/vortex dualities including the
fermion/fermion duality of [4,31-34]. See in particular the discussion in [4]. Our gen-
eral presentation that depends on the coupling to the current s makes this test of the duality
straightforward. In doing it, it is essential to use properly normalized Chern-Simons terms, as
in [31].

We see here that for nontrivial A the symmetries in the two sides of the duality do not
match in the classical theory, but they do match in the quantum theory. This is quite common.
In particular, in many of the electric/magnetic dualities with N = 1 supersymmetry in 3+ 1
dimensions [35,36] the classical symmetries do not match between the two sides of the duality.
However, in the quantum theory, some of these symmetries suffer from an ABJ anomaly. Then,
only the symmetries without that anomaly match.

6 Conclusions

In this discussion we adopted a modern view about quantum field theory, where one turns
on all possible background fields and studies the physics as a function of them. We focused
on systems with a U(1) d — 2-form global symmetry whose conserved current 5 is conserved
off-shell. Then, locally 5 = d¢. Coupling it to a background gauge field A is locally of the form

p AdA. (40)

Globally, we defined this term as a Chern-Simons term

exp (iCS(A, 277:cp)) =exp (i jg

spacetime

A/\dap+...)

(41)

=exp(i§ cp/\dA+...).

spacetime
Then, we specialized to a particular background A with constant magnetic field
2wk | 9 d
dAszx ANdx“A---dx®. (42)
This leads to the term
2nthk

O (43)

v
in Lagrangian density.

Using this procedure we learned that different theories are unified into the same class. One
example is U(1) gauge theories with or without background charge density. Another example
is the continuum descriptions of an antiferromagnet and for a ferromagnet. (These different
examples are also unified when the latter is presented using a larger target space.)

The coupling to the background field (40) allowed us to view the term (43) as a Chern-
Simons term (41) and to use the known precise definition of that term. In fact, all we needed
was one fact about it, reviewed in Section 1.1, that globally, the term (40) depends on the
constant mode of A. Through this dependence, our coupling (43) is not translation invariant.

This subtlety in (43) does not affect the classical theory. It appears through the definition
of the integrand in the functional integral. We interpreted this phenomenon as an ABJ-like
anomaly in translations.

In the remaining of this section, we will review some aspects of this anomaly that have
been discussed in [1].
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6.1 The anomalous momentum current

Since the classical theory has continuous translation symmetry, we can follow Noether proce-
dure to find a conserved momentum current. It is of the form

__(0) , 2nhk
@tj—th +T(pj,
0 2rnhk
®ij:®§j)+5ijT(Pt: (44)

2nthk
a6y - oely - 2

The operators @g?) and @g.)) are locally well-defined. But they do not lead to a conserved
current. The operators ©,; and ©;; are conserved, but are not well-defined. This is a familiar
situation with the ABJ anomaly.

Using this current, we can construct the discrete translation operator

il 2mthk
TJ—exp(hkfdd (@g?)—FT%‘F-n)) . (45)

And again, this expression has to be defined carefully [1].

6.2 Noninvertible continuous translations

In some cases, the system also has a topological U(1)! x U(1)? d — 1-form global symmetry
with a conserved currents 7! and 42, such that our d —2-form global symmetry is derived from
it and its current is

Ji=itng*. (46)

In this case, we can restrict attention to the subspace of the Hilbert space with
§ i = § 72 = 0. In this subspace, Q = 55 / = 0 and there are no instantons. Therefore,
the continuous translation symmetry is unbroken. However, since the continuous symmetry is
valid only in a subspace, it is a noninvertible symmetry [1]. A similar phenomenon has been
seen in some cases with an ABJ anomaly [37-40].

6.3 The large volume limit

A peculiar aspect of the term (43) is that its coefficient depends explicitly on the total volume
V. What happens as we take V — 00? In order to have a nontrivial effect, we should also
scale k — oo such that % is finite. Then, the resulting translation symmetry depends on how
we take V — oo [1].

For d = 1, there is only one way to do it. Then, since for finite £ = V, we have only
translations by %, in the limit, we still have only discrete translations, i.e., the translation
symmetry is Z.

For d = 2, we can take k ~ {! — oo with finite £2. Then, the translation in direction 1
becomes Z and in direction 2, it becomes U(1). We can also take both ¢! and ¢? to infinity
with k ~ £1¢2. Then, the symmetry becomes R in each direction. Either way, the symmetry is
still extended by Q.

For higher d, there are more options. Depending on the limit, translation in each direction
becomes U(1), R or Z.
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6.4 Relation to discrete translations of an underlying lattice model

These continuum models can arise as the low-energy approximations of lattice models. For
simplicity, consider a cubic lattice with L sites in direction i. In terms of the lattice spacing a,
we have ¢! = aL'. The lattice translation symmetry is generated by Tli]V satisfying (T{JV)U =1.
In many cases, the lattice model does not have the U(1) d —2-form symmetry of the continuum
theory with charge Q and therefore, the lattice generators TLiIV commute.

What is the relation between this discrete Abelian translation symmetry and the discrete
non-Abelian translation symmetry of the continuum theory?

The analysis in [1] led to the conclusion that the lattice generators T[i]V flow as

. .k
TSy — (T, (47)

which relies on the fact that % is an integer. The map (47) means that the lattice translations
map to a Zj1 X Z;2 -+ Zya subgroup of the translation symmetry of the continuum theory. In
particular, this subgroup is Abelian. In the context of the d = 1 ferromagnet, this result has
already appeared in [6].

In most standard cases, the continuum theory has a much larger symmetry than the lattice
model. It has continuous translation symmetry and the discrete symmetry of the underlying
lattice model is a subgroup of it. The same is true in our case, except that the symmetry of the
continuum theory is also discrete (and non-Abelian).

6.5 Relation to the Lieb-Schultz-Mattis theorem

The celebrated Lieb-Schultz-Mattis (LSM) theorem [41,42] can be phrased as a consequence
of an 't Hooft anomaly between lattice translations and an internal symmetry of a lattice model
[43-51]. Given that continuum translations do not have an ’t Hooft anomaly; it is natural to
ask how the LSM anomaly is matched in the continuum.

In some cases, a new internal symmetry emanates from lattice translation [47,51] and
the LSM lattice anomaly becomes an ordinary 't Hooft anomaly between the lattice internal
symmetry and this emanant internal symmetry. See also [52,53].

However, this cannot be the whole story. While this description is correct for an antiferro-
magnet, it cannot be correct for a ferromagnet [1]. One reason for that is that the continuum
Lagrangian for a ferromagnet lacks this emanant global symmetry. Another reason is that this
continuum Lagrangian does not depend on whether the underlying lattice model does or does
not have the LSM anomaly.

The resolution of the puzzle is that while continuous translations cannot have an ’t Hooft
anomaly, discrete translations can have it. And the map (47) between lattice translations and
the continuum translations is compatible with the LSM anomaly [1].
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A An anomalous view of a charged particle in a constant magnetic
field

The purpose of this Appendix is to present a pedagogical example of 't Hooft and Adler-Bell-
Jackiw (ABJ) anomalies. We will discuss the well-known problem of a charged particle in a
constant magnetic field.

We will not present any new result. However, this perspective of the system will allow us
to draw some general lessons about anomalies and to address some common misconceptions.
Also, the symmetry issues that we will discuss are used in the more complicated cases in the
body of this note.

As in the rest of this note, in order to highlight the distinction between classical and quan-
tum effects, we will not set f to one.

A.1 A charged particle in R? with a constant magnetic field

A.1.1 A classical particle

Consider a charged particle in R?, parameterized by (x!, x2), interacting with a constant mag-
netic field B. Suppressing the electric charge, the classical Lagrangian is

. m
lclassical = E((atxl)z + (atxz)z) +Bx18tx2 . (A-l)

Clearly, it is not translation invariant in x'. However, translating x' — x! + €', it is shifted
by a total derivative -£,gssical — Lelassicat + B9, x? and therefore, the classical equations of

motion
matle =Bo,x?,

matzx2 =—Bd,x!, (A-2)
are translation invariant.
We conclude that the global symmetry® of the system includes
G=RxR. (A.3)
Using the equations of motion (A.2), the conserved charges are
1 2
p; =mo,x  —Bx*, A

py =md,x*+Bx*.

Importantly, p; and p, are not the momenta conjugate to x! and x2.

A.1.2 A quantum particle

Since the Lagrangian (A.2) is well-defined, the quantization is straightforward. As is well-
known, the conserved charges p; and p, of (A.4) do not commute

[pl,pz] = —ihB. (AS)
Hence, the global symmetry G = R x R of (A.3) is realized projectively. In particular,

iBele?

Ul(ehU?(e?) = exp (
(A.6)

i

)Uz(el)Ul(ez),
1

Ui(e) = exp( 'thi) .

3Note that unlike in the body of this note where translations act on the coordinates in a field theory, here, x!
and x? parameterize the target space and hence G is an internal symmetry.
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In modern terms, we interpret this projective realization of the global symmetry as an ’t
Hooft anomaly in G =R x R.

In order to relate to other presentations of 't Hooft anomalies, we couple the G = R x R
global symmetry to two background R gauge fields Ait. We let €! in x! — x! + € be time-
dependent and transform the background gauge field as A' — A' + J,€'. Then, we consider the
Lagrangian

Lom

L(A) = E( (atxl —A%)2 + (atxz —A%)Z ) + Bx1 (8tx2 —A%) +Bx?A; . (A.7)

The first three terms are natural and the last term is such that aj}io ) — —p;. Under the gauge
transformation

LAY > L(A)+B (ezAi — elA% + ezﬁtel) + 0, (szel) . (A.8)

It is easy to see that there is no way to add local terms to (A.7) and make the Lagrangian or
even the action gauge invariant. This is the sign of the 't Hooft anomaly.

A way to restore the gauge invariance of the background field is the following. We add a
bulk direction b, extend the gauge fields A’ to the bulk such that the field strengths in the bulk,

Fj, = 0,AL — 3,AL, (A.9)

vanish. Instead of imposing this vanishing condition, we can add two classical bulk fields C?,
which transform under the gauge symmetry as C' — C' + €' and consider the bulk Lagrangian

Lyar(AL, € =B (C'FE — C?FL, + AL A2 —AlA2) . (A.10)

(Note that if we integrate over C', this is the same as imposing F ll; . = 0.) Under the gauge
transformation, it transforms as

Louk(Ai, C) = Lyyr(A) + B (8, (e?A2 — €Al — 5, €?)+0, (Aje* —AZe! + dyete?)). (A.11)

Ignoring the total time derivatives in (A.8) and (A.11), we see that the surface term in (A.11)
cancels the gauge variation in (A.8).4

A.2 A charged particle in T? with a constant magnetic field
A.2.1 A classical particle

Next, we consider the particle on T2. We use the discussion for R? (Appendix A.1) and identify

the coordinates

xt~ ot et

2

(A.12)
x2 ~x2 4102,

This can be interpret as gauging

G =ZxZCG=RxR. (A.13)

gauge
The Lagrangian (A.1) is not single-valued under the identification (A.12). We can phrase
it as not being Ggq,4. gauge invariant. However, since it transforms by a total derivative, the
classical equations of motion (A.2) are gauge invariant. Therefore, there is no problem in
gauging G,qyg. = Z X Z.
The effect of the gauging is to reduce the global symmetry”

G=RxR — Gygsica =U(1)xU(1). (A.14)

“Note that the anomaly theory (A.10) does not satisfy the common definition of an invertible anomaly theory,
which is up to continuous deformations, nor is it a pure gauge theory.

. N6 (G .
*More generally, when we gauge Ggauge C G, the global symmetry is reduced to G gg5icar = % with
Ng(Ggqyge) the normalizer of G, in G. In higher dimensions, gauging can also lead to new symmetries. In fact,
even in quantum mechanics, when G, is discrete, as in our case, gauging can lead to a “—1-form symmetry”

whose gauge field is a 6-parameter [22,27,28].
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A.2.2 A quantum particle

In the quantum theory, the fact that the Lagrangian (A.1) is not single-valued under the iden-
tification (A.12) is more significant than in the classical theory and it leads to known conse-
quences.

There are several ways to study the quantization of this Lagrangian. First, using canon-
ical quantization we have to make sure that the operators acting on our Hilbert space are
well-defined. Alternatively, in a Euclidean path integral presentation, one can define the ex-
ponential of the Euclidean action using differential cohomology.® Or, as in the spirit of this
note, we can simply use (2) with A! = 27'5?—11 and A% = Zn’tf—j.

The result of this more careful analysis shows that the magnetic field has to be quantized

fik

B =hF12 =27TW,

keZ. (A.15)

Also, the system depends not only on the magnetic field, but also on the holonomies of the
background gauge field around the cycles of the torus

2 52
exp(ij( dxlAl) = exp (27‘5ik 72 O) R

] ) _ xl—xé
exp| i ® dx“A, | =exp| —2mik 71 .

(Compare with (28).) Here, xé are new parameters of the quantum theory. The existence of
the two parameters x;, is related to the fact that the classical symmetry G501 = U(1) X U(1)
is broken in the quantum theory to

(A.16)

unantum = Zk x Zk . (A.17)

We will now derive these well-known conclusions from a symmetry/anomaly perspective.
The quantum theory on R? has a global G = R x R symmetry and we would like to gauge
a subgroup G =Z x Z of it. This subgroup is generated by

1
ut(eh = exp(lehpl) ,

-2
U2 = exp(lﬁhpz) .

gauge

(A.18)

The ’t Hooft anomaly in G (A.6) means that the generators U' and U? commute only when B is
quantized as in (A.15). We interpret it as the statement that gauging G C G is consistent
only when G, is anomaly free.

Classically, the remaining global symmetry is G,j4sicar = U(1) X U(1) (A.14). However, the

gauge

only when

't Hooft anomaly (A.6) of G means that U'(e’) = exp (le%) commute wWith Gggyqe

el e %Z. Hence, the symmetry G, icq; 1S reduced and the symmetry of the quantum theory

is generated by . )
["=uU = exp pi . .1

®In more physical terms, we can choose a local trivialization, i.e., let x! and x? be real valued and let them
“jump” at some Euclidean point 7, such that x'(t}) = x'(t]) + W€ with W' € Z, the winding numbers around
the Euclidean time direction 7. Then, in order to ensure independence of 7,, we add to the Euclidean action a
“correction term” iBW1£'x2(7,). See [1] for a review and a list of references from different points of view.
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Using the identification (A.12), the symmetry group in the quantum theory is reduced to
(A.17). Equivalently, the conserved classical charges p; in (A.4) are not single valued - they
are not G4, = Z X Z gauge invariant. But exponentiating them as in T' in (A.19) leads to
gauge invariant operators.

We interpret the explicit breaking

Gelassical = U(l) x U(l) - unantum = Ly X Ly, (A.20)
C G =R xR and the 't Hooft

as due to an ABJ anomaly. It arises from the gauging of G
anomaly in G =R x R.

As in the ABJ chiral anomaly, one can discuss two different charges. p' is conserved, but
not gauge invariant and p' = ma,x' is gauge invariant, but not conserved. Also, as in the
ABJ chiral anomaly, this explicit symmetry breaking in the quantum theory is associated with

1 2 .
two O-terms h (913% + 92‘9;)2( ), which are related to the choice of x; in (A.16). (See the
comment in footnote 5.)

We note that we can start with the system on T2 and not view it as gauging Z x Z in R2. In
that case, the reduction of the classical global symmetry (A.20) can still be viewed as an ABJ
anomaly. Here, we use the definition of the ABJ anomaly as the explicit breaking of a classical
symmetry due to quantum effects.

Finally, the ’t Hooft anomaly in G (A.6), also leads to an’t Hooft anomaly in Ggyqnum

gauge

.-
T1T2=exp(%) T2T1, (A.21)

This quantum translation symmetry is used often in the body of this note.

A.3 Summary and lessons

Let us recall the standard definitions of anomalies.

* An’t Hooft anomaly in a global symmetry G is the quantum obstruction to gauging it.
In quantum mechanics (as opposed to higher-dimensional quantum field theory), it is
the statement that the symmetry group is realized projectively.

* An ABJ anomaly in a symmetry of a classical system G;4sicq 15 its explicit breaking in the
quantum theory to a subgroup G, qnym- This breaking arises from a careful definition of
the quantum theory. Typically, this happens when we start with a global symmetry G with
't Hooft anomaly and we gauge an anomaly free subgroup of it Gg4,g. € G. Classically,
the global symmetry is G;4gsicq1> DUt due to the 't Hooft anomaly in G, the symmetry of
the quantum theory after gauging is reduced to a subgroup Ggyantum < Gelassical -

The simple example above demonstrates these aspects of anomalies and highlights the
following conclusions.

* The existence of 't Hooft anomaly does not signal an inconsistency of the theory. It
is a property of the symmetry in the quantum theory. It should be clarified that it is
inconsistent to gauge a symmetry G with an ’t Hooft anomaly. However, there is no

problem gauging an anomaly free subgroup Ggqyg. C G-

* There is no need to add a “bulk” to make sense of a theory with an 't Hooft anomaly.
Sometimes such a bulk is a convenient way to describe the anomaly. And in some cases,
it is even physical. But it is not essential.

* In some cases, anomalies are related to quantum divergences and the need to regularize
them, or to subtleties in the measure of the functional integral. Often, such subtleties
are associated with the presence of fermions. But as the example above demonstrates,
these sources of anomalies are not the only ones.
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