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Abstract

Dynamical decoupling is a technique aimed at suppressing the interaction between a
quantum system and its environment by applying frequent unitary operations on the
system alone. In the present paper, we analytically study the dynamical decoupling of
a two-level system coupled with a structured bosonic environment initially prepared in
a thermal state. We find sufficient conditions under which dynamical decoupling works
for such systems, and—most importantly—we find bounds for the convergence speed of
the procedure. Our analysis is based on a new Trotter theorem for multiple Hamilto-
nians and involves a rigorous treatment of the evolution of mixed quantum states via
unbounded Hamiltonians. A comparison with numerical experiments shows that our
bounds reproduce the correct scaling in various relevant system parameters. Further-
more, our analytical treatment allows for quantifying the decoupling efficiency for boson
baths with infinitely many modes, in which case a numerical treatment is unavailable.
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1 Introduction

Noise and decoherence are the main challenges in the current development of quantum tech-
nology [1]. Such phenomena are intrinsic to any quantum system, as they arise from the cou-
pling of the system with a surrounding environment (the lab/bath). One of the most commonly
used techniques to deal with noise and decoherence in practice is dynamical decoupling [2-8],
an open-loop control strategy that is operated on the hardware level. More precisely, dynami-
cal decoupling consists in averaging out the coupling between the system and the environment
through strong and fast rotations on the system alone. This approach can significantly sup-
press errors in quantum computing [9-12] and quantum sensing [13,14], which is crucial for
achieving quantum utility.

The two main advantages of dynamical decoupling can be summarized as follows: (i)
it suppresses errors before they even occur, and can thus be combined with quantum error
correction and mitigation [15]; (ii) it works for all finite-dimensional quantum systems and,
under rather mild technical assumptions, even for infinite-dimensional ones [16]. The only
practical requirement is to pulse faster than the system-bath interaction timescale. In fact, the
repetition rate of the pulses determines the efficiency of dynamical decoupling. Consequently,
it is crucial to understand how fast the driving has to be in order to achieve the desired error
suppression rate—that is, to find quantitative bounds for it. Usually, this is done perturba-
tively in the language of filter functions and with the help of numerical simulations, see e.g.
Refs. [17-22]. However, analytical results are only available for simple toy models [2] or un-
der the strong assumption of finite-energy baths [23, 24], which leaves out a wide range of
actual physical systems.

Besides, an analytical treatment offers crucial advantages in the context of dynamical de-
coupling. On the one hand, analytical efficiency estimates establish a performance guarantee
which is independent of the validity of perturbative approximations or numerical instabilities;
on the other hand, analytical bounds give insights into the scaling of the decoupling fidelity
with respect to various system parameters. This is particularly useful if one wants to deter-
mine bottlenecks in an experimental setup: For instance, one could wonder whether a faster
decoupling or a lower bath temperature may have a stronger effect in reducing errors.


https://scipost.org
https://scipost.org/SciPostPhys.19.2.035

e SciPost Phys. 19, 035 (2025)

More fundamentally, an analytical treatment of the decoupling error even becomes a ne-
cessity in certain cases. As is well-known in the literature, there are several physical error
models for which dynamical decoupling does not work, see in particular Refs. [25, 26] and
also e.g. Refs. [16,27,28]. The reason for the invalidity of dynamical decoupling is exactly the
breakdown of the perturbation theory, which is at the ground of the filter function approach
to dynamical decoupling. The latter has been developed in Ref. [29] in 1962 and popular-
ized for experimental applications in Ref. [30]. However, as done for instance in Ref. [16],
one could equivalently take a Trotterization perspective to dynamical decoupling in which
certain assumptions on the input state are made. For this case, Ref. [31] recently showed
that these assumptions can be significantly relaxed to the price of a slower error scaling (also
see Ref. [32]). This indicates that dynamical decoupling still works for some of these models
despite the breakdown of the perturbative filter function approach. Thus, an analytical treat-
ment of the decoupling error via Trotterization could allow for a much wider applicability to
physically relevant error models than filter functions.

In this paper, we establish a general framework to analytically study the efficiency of dy-
namical decoupling for a finite-dimensional quantum system (hereafter, for the ease of expo-
sition, a qubit) coupled to the quintessential example of an infinite-dimensional environment:
a bosonic bath. Namely, we shall consider models of field-matter interaction described by
operators in the form

H=HS+Zwka£ak+Z(fk*BJ"ak +kaaZ), @Y
K 3

with Hg being the Hamiltonian of the qubit alone, (w;); being the energy modes of the bath,
(fi)x being coupling constants, ay, a;; being the bosonic annihilation and creation operators
of mode k, respectively, and B being an operator on the system. Finite or countably infinite
modes are allowed, and an initial state in the form pg ® pg, with pg being a thermal (Gibbs)
state at any temperature, shall be assumed. We remark that the Hamiltonian in Eq. (1) can
also describe systems of qudits as long as either only a single level couples to the bath or
all levels couple to the bath simultaneously via a single coupling operator B. An example of
the first situation would be a Dicke model, while the latter could be certain Tavis—Cummings
models. A generalization to arbitrary qudit and multi-atom models is immediate by replacing B
with operators that individually couple each system level to the bath. While this would make
the notation and calculations more cumbersome, it does not provide new physical insights.
Therefore, we will stick to the most important and paradigmatic case of a qubit.

Operators in the form of Eq. (1) belong to the class of generalized spin—-boson (GSB) mod-
els, whose mathematical properties have attracted interest in recent times [33—-41]. At the
physical level, this is a standard class of error models that naturally implements thermal noise,
and includes as particular examples some of the most common toy models of quantum optics
like the Jaynes—Cummings and Rabi models. See, e.g., Ref. [42, Chapter 3] or Ref. [43]. Such
models find applications in a wide range of topics, ranging from quantum optics, quantum
information and simulation, solid state and chemical physics. We refer to Ref. [44] for an
extensive review on the subject.

Our results can be summarized as follows. For all models in this class—modulo some mild
technical assumptions that are needed in the case of infinitely many boson modes—dynamical
decoupling works. Furthermore, the decoupling error can be quantitatively bounded in a way
that entirely depends on the derivatives of the grand canonical partition function Z(f, u) of
the boson bath, and the operators Hg and B. All the specific parameters of the boson field
only enter our bound via the value of Z(f3,u). This is the content of Theorem 5.3, with a
refined bound being presented in the appendix (see Theorem C.5). In this sense, this paper
offers a general recipe to bound the error on dynamical decoupling—once the grand canonical
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partition function is given, the bound is obtained for free. Additionally, our bounds reveal how
the decoupling error can be controlled by tuning the system and experimental parameters.

Furthermore, as we will show, our results crucially rely on a new Trotter theorem for mul-
tiple Hamiltonians (Theorem 4.2) which generalizes a result first obtained in Ref. [31]. This
result is of interest by itself since dynamical decoupling is usually achieved by Trotterizing
between multiple Hamiltonians. Our method is generic and applicable to a large variety of
typical error models.

1.1 Novelty and significance of this work

This paper addresses two major limitations of the existing frameworks for studying dynami-
cal decoupling. First: The Trotterization approach [16,26] warrants analytical convergence
for unbounded baths, such as bosonic environments, and can therefore be regarded as the
most rigorous mathematical framework for dynamical decoupling. However, this method only
establishes the existence of convergence and does not provide insights into the rate of error
suppression. In general, the convergence speed of Trotterization can be arbitrarily slow for
unbounded Hamiltonians [31, 32], making it impractical for applications. To achieve mean-
ingful results, it is crucial to identify computable conditions under which the optimal error
suppression scaling of 1/N (with N being the number of decoupling cycles) can be guaran-
teed.

Second: The filter function approach [17-20,22,29,30] is a widely used tool to assess the
practical performance of dynamical decoupling. It provides a heuristic way to numerically es-
timate the decoupling fidelity under realistic experimental conditions. However, this approach
is inherently perturbative and lacks rigorous convergence guarantees. This raises the risk of
overestimating the effectiveness of dynamical decoupling, particularly in regimes where the
underlying perturbation theory breaks down. Additionally, while the filter function method is
a valuable heuristic method, it neither yields explicit analytical error bounds nor offers a clear
connection to the scaling of the decoupling fidelity. On the other hand, filter functions are a
useful tool to compare different or design optimal decoupling strategies in the perturbative
regime [19].

This work is a step toward bridging the gap between these two approaches. By develop-
ing a framework that combines the analytical rigour of the Trotterization approach with the
computational simplicity of the filter function formalism, we achieve the best of both worlds.
Specifically, we provide explicit, easy-to-compute error bounds for dynamical decoupling in
the Trotterization picture. These bounds offer not only rigorous convergence guarantees but
also practical insights into the decoupling fidelity. The resulting framework unifies key aspects
of the Trotterization and filter function approaches, bringing the theoretical and experimental
perspectives closer together. Furthermore, they might help to identify the perturbative regime
in which the filter function approach is favourable.

Beyond its immediate practical implications for dynamical decoupling, our results also
represent a conceptual step towards understanding the interplay between analytical and nu-
merical methods in quantum control. By introducing error bounds that depend on the grand
canonical partition function and system-specific parameters, we demonstrate how to integrate
thermodynamic considerations into the mathematical analysis of quantum error suppression.
This provides a systematic way to evaluate the efficiency of dynamical decoupling across a
broad class of physically relevant models.

1.2 Structure of the paper

The paper is structured as follows. In Section 2, as an introductory example, we discuss dy-
namical decoupling for a particular instance of the models considered in the paper: A spin
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coupled with a monochromatic boson field through a purely longitudinal interaction (pure
dephasing). This model is exactly solvable [2], thus giving us the opportunity to introduce our
results while keeping to a minimum the mathematical difficulties encountered in the general
case. We then proceed in Section 3 by defining the wider class of models that will be considered
in the remainder of the paper. In Section 4 we discuss the technical machinery required for
our main result: After introducing the description of the evolution of mixed quantum states for
systems with unbounded energy, we provide a new error bound for the Trotter product formula
in the presence of multiple Hamiltonians, both for pure states (Theorem 4.2) and for mixed
states (Corollary 4.3). In Section 5, we provide the main result of the paper (Theorem 5.3),
on the efficiency of dynamical decoupling for all models in the class considered in the paper.
We then discuss some other examples in Section 6, and gather some final considerations and
outlooks in Section 7. All calculations involved in the proofs of our bounds are contained in
the appendix.

2 A motivating example

In this section, we shall take a look at a simple motivating example for dynamical decoupling—
namely, a spin coupled to a single-mode bosonic bath which induces pure dephasing. A multi-
mode generalization of this model has been studied in detail in Ref. [2] and historically led to
the advent of filter functions for dynamical decoupling [19,21,30]. Since this model is exactly
solvable [2], here we will not be concerned about the mathematical subtleties that arise from
its unbounded nature. Instead, the model will serve as a motivation and illustrative example.
We will study more general models later after introducing the mathematical preliminaries
necessary for a rigorous treatment.
Consider the Hamiltonian (1 = 1 and implicit tensor products)

H:HS+HB+HSB

w . i
=7Soz+a)3ara+foz(a+a‘), 2)

where Hg is the free system Hamiltonian, Hy is the free Hamiltonian of a monochromatic boson
field, and Hgg is the interaction Hamiltonian. Furthermore, o, is the third Pauli matrix and
a,a’ are the bosonic annihilation and creation operators, respectively. The system resonance
frequency is wg € R and the bath resonance frequency is described by wg € R. The coupling
strength between the system and the bath is given by f € R.

The goal of dynamical decoupling is to effectively remove the interaction Hamiltonian
Hgg, which causes the system to dephase, by acting on the system alone. To this end, we can
perform a Carr-Purcell dynamical decoupling sequence [45], frequently interspersing the dy-
namics under H by instantaneous Pauli o, rotations on the system. To provide a mathematical
description of this situation, we need to move to the density operator picture (Liouville space)
and assume that the bath is initially in a thermal (Gibbs) state,

e—[j wga'a

Z(B) ®

PB =

where Z(f8) = tr(e #“»?'9) is the grand canonical partition function, and for simplicity we fix
the chemical potential u to zero. This choice of initial state is physically motivated by the fact
that, in the general scenario, one does not have any information about the bath, and the Gibbs
state maximizes the entropy. The global initial state of system and bath will be a product state
of the form p = pg ® pp, where pg is an arbitrary system input state.
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In this situation, the evolution of p induced by the total Hamiltonian H is described by a
unitary evolution group defined by Ad.—ixp = e ' peti| Leaving a more precise mathemat-
ical treatment to Section 4.1, it is known [46,47] that this group is generated by the Liouville
operator (or Liouvillian) corresponding to H, which we denote by ad;; = [H,-].! That is,

Adg i =120 (4)

and we will freely switch between these two notations from now on.

In the Liouville space, a Pauli o, rotation on the system is then performed by applying the
map X = (0, ® Ig) - (0, ® I3), where I} is the identity on the bath (which we will omit in the
following discussion). In this notation, the Carr—Purcell dynamical decoupling is described by
the following evolution:

N
Ady,p = (XAd _,XAd _z,) p. (5)

_1WH

By a direct calculation, it can be shown that Ady, () is equivalent to

.t .t N
Ady, (op = (e I oo eTidvads )" ©)

also see Eq. (56). Eq. (6) is nothing but a Trotter product formula in the Liouville space;
therefore, in the limit of large N, the evolution Ady, o can effectively be described by

N—oo
Ady, (hHp — Adr)pP, )
where Ady ()0 = Adg-ico o2 0. Since 0,0,0, =—0,, we have (0, Ho, +H)/2 = wpa'a
and thus L L
AdT(t)p =pg® e—ltha'apBeﬂtha‘a . (8)

Hence, in the limit N — 00, the evolution is indeed decoupled: The initial system state pg is
retained, and only the bath evolves. In practice, already for sufficiently large N, all interac-
tion terms in the Hamiltonian do not affect the evolution, whence the spin and the field are
effectively decoupled.

For finite N, of course, the decoupling is not exact. Since Hy and Hgy do not commute,
there is a non-zero Trotter error, which determines the decoupling fidelity. Determining such an
error—and, in particular, determining how it scales with the number N of decoupling steps—
is, for all practical applications, of primary importance.

To this purpose, we first notice that the targeted decoupled evolution group Adr(,) is gener-
ated by the operator Ig® ad,,_ 474, With I being the identity map on the system, i.e. Ispg = ps.
Thus, for any system input state pg, we have

I;®ad, i.(ps®pp) =ps® wgla'a, pp]
=0, ©))

since the Gibbs state py commutes with a'a. Therefore, p = pgs ® pg is an eigenstate of
Is®ad,, i, with eigenvalue zero and in fact, Adr)p = p.

For pure states, the Trotter error for eigenstates of the target Hamiltonian has been studied
in Ref. [31]: For two Hamiltonians H;, H, and a state |¢) with (H; + H,) |¢) = 0, we have

(et} )=o) < g o)1+ o), (10)

IPrecisely, as briefly discussed later in Section 4.1 (also see Ref. [47] and references therein), ady, is the unique
self-adjoint extension of [H,-] on the space of Hilbert-Schmidt operators.

6
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where || |¢) || = v/ (¢, ) is the standard Euclidean norm of vectors. Here, we are actually deal-
ing with mixed states. However, a crucial point of our analysis, explained in detail in Ref. [47],
is the following: The estimate (10) for the Trotter product formula on pure states, along with
many similar estimates, can be immediately generalized to mixed states as long as one replaces
the Hamiltonian H with the corresponding Liouvillian ady;, the evolution group e '*# with the
corresponding group Ad.-ix = e t2%  and the Euclidean norm with the Hilbert—Schmidt

norm ||pllys = vV tr(pTp). As such, we have

s - N t2
|(emotmseiadi ) p—p|| < ~—(llad?, pllus + llad, plls). an

where adHﬁH2 p = 0. We can use Eq. (11) to bound the efficiency of Trotterization in Eq. (7),
where we Trotterize between ady = %adH and ady, = %adgx Ho,-

To make our analysis independent of the chosen system input state, we fix pg = |+) (+]
with |+) = %UO) +]1)). Since this state is the one with the largest decoupling error [2],
an upper bound for this state will serve as an upper bound for any state. To simplify our
calculation, we first notice that any unitary U gives ||ad?JHUT Pllus = ||ad12{(UTp U)||ys- In our
case, U = o, ® I but we also have o,pgso, = ps. Therefore, the decoupling error can be

bounded by
2

t
lAdy,, (e —Adrpllas < 4—N||ad?{P||Hs , (12)
which can be computed explicitly, see Appendix C.3. The following bound is obtained:

t2
||AdUN(t)p _AdT(t)p”HS < 8_N max (45 |(’OS|2) K(ﬁ: C()B,f), (13)

where
K(B, o, £) =2 (P — 1) (ePer 1+ 1) [ 4] Pe*0er (20]f 2 + w0} + 1)
—2e?Pen (2]f 2 (w2 +1) +1) +eHen +1]%. (14)

In particular, this implies ||Ady, ()p — Adr()pllus = O(1/N) as expected from Trotterization.
Furthermore, our bound reveals the dependency of the decoupling efficiency on the inverse
temperature 3. In fact, a tighter bound than Eq. (13) can be obtained, see Eq. (C.72) in the
appendix.

We compare these findings with a numerical simulation in Fig. 1. Fig. 1(a) shows the
decoupling error as a function of the number of decoupling pulses N, while Fig. 1(b) shows
the decoupling error as a function of the inverse temperature 3. In both cases, our bound
captures the true behavior of the error. In the zero-temperature limit (8 — ©0), our bound
reduces to

2
IAdy, (e —Adrpllus < 8t_N(4(5 +4v2)|f > +2(2+ vV2)If |wg + 8V2|f |ws + «/Ewg) . (15)

Of course, the model (2) is rather simplistic, and the treatment presented above relies
on the fact that such a model is exactly solvable and can be decoupled with only two distinct
decoupling operations—neither being true in the general case. Luckily, we will be able to over-
come these mathematical difficulties and extend these results to general spin—boson models.
This is precisely the content of the next sections.


https://scipost.org
https://scipost.org/SciPostPhys.19.2.035

(72
i

SciPost Phys. 19, 035 (2025)

(a) (b)
[ T T 11 \\‘ T T T T T 1T 11 0.12 | o |
100 & Our bound ||
F e Numerics |7 0.10 |- Our bound |
- I i e Numerics
g . .. 0.08 |- 5
g 1077 F E e
80 g 1 S 0.06 | .
- S (- L
;0 ]
A I g 65
[ A
1073 8 5.5
L Lol L1y | | |
100 10! 102 3.10> 0.1 0.2 0.3 0.4 0.5
Number of decoupling steps N Inverse temperature f3

Figure 1: Carr-Purcell dynamical decoupling error for a qubit coupled to monochro-
matic boson field via a dephasing interaction. The Hamiltonian is given in Eq. (2),
and the dynamical decoupling is performed by repetitive m—rotations (Pauli o,
pulses). The initial state is |+) (+| ® pp, where py is the Gibbs state of the bosonic
bath with inverse temperature 3. We fix the total evolution time to t = 1 and choose
wg =1, wg =10 and f = 0.1. The orange curve shows our analytical bound (C.72)
and the blue curve shows a numerical simulation, where we truncated the bosonic
field in Fock space at dimension d = 10. (a) Error as a function of the number N of
decoupling cycles for fixed f = 1. We see that the decoupling error decays as 1/N.
Our bound captures the asymptotic behaviour of the decoupling error. (b) Error as a
function of the inverse temperature 3 for fixed N = 10. We see that the decoupling
error first decays with increasing 8 and then increases as O(4/f). Finally, the error
saturates at a constant due to finite N. The error decay for small f3 is lightly visible
in our bound (which scales as O(1/+/p) in this regime), and it correctly captures the
O(+/B) scaling and eventual saturation for larger .

3 General spin-boson models

In this section, we introduce the general class of models we consider in this paper and present
the technical assumptions the models have to fulfil. Let us consider a quantum mechanical
boson field with at most countably infinitely many energy modes, described in the momentum
representation. A single excitation of the field is thus described by a single-particle Hilbert
space equal to either CY, if there are d energy modes, or £2, the space of complex sequences
(Y1 )ken such that >, . [x|> < 00, in the case of infinitely many modes. In order to use a
uniform notation, in both cases we shall denote said Hilbert space by h, and the corresponding
momentum set shall be denoted by K € N. The boson field is then described by the correspond-
ing Bose—Fock space over h [48,49],

F=s.h®", (16)

neN

where S, is the symmetrization operator. Physically, each element of F can be thought of as
the superposition of completely symmetric states each with a different number n of particles
ranging from 0 to co. We remark that even for a finite number of boson modes (i.e. h = Cd),
this is always an infinite-dimensional space.
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On this space, the free energy of the boson field is described, as usual, by the operator

Hp = Z a)kaZak , 7)
keK

with ay, a;; being the bosonic annihilation and creation operators, satisfying the usual bosonic
commutation relations. Hp is a self-adjoint operator on F. It is then known (see Appendix A)
that Hy has a pure point spectrum composed by the set of all real numbers in the form Y, nywy,
where (n;)rex is a sequence of integer numbers with finitely many of them being nonzero;
correspondingly, F admits a complete orthonormal set of eigenvectors of Hy, each of them
being indexed by such sequences—the Fock states:

|n)=|nk1,nk2,...,nkN), kl,...,kN €K. (18)

More information can be found in Appendix A. A Fock state |n) as in Eq. (18) corresponds to
a configuration in which the wavenumbers ki, ..., ky have occupancy numbers ny, ..., n,,
and all other wavenumbers have zero occupancy number. We will use this basis to calculate
all Hilbert—-Schmidt norms involved in this paper.

Throughout the paper, we will need the following two requirements:

Assumption 3.1. The modes (w;)rex satisfy the following properties:

(i) They are bounded from below:

m= infwk>0, (19)
kek

(i) for all B > 0, the following estimate holds:

Ze—ﬁwk <oo. (20)

kek

Assumption 3.1(i) is needed to avoid domain issues for the boson field Hamiltonian (17).
Assumption 3.1(ii) (which, roughly speaking, entails that the modes w;, when infinitely many,
grow “sufficiently fast” as k — ©0) is needed to ensure the condition

Z(p):=tre PHs < oo, (21)
for all 8 > 0, as recalled in Appendix B. Consequently, the Gibbs state

e_ﬁHB
pB - tre_ﬁHB > (22)
exists. As is known, pp represents a thermal state with temperature T obtained by
p =1/(kgT), with kg being the Boltzmann constant. Of course, both Assumptions 3.1(1)—(ii)
are trivial in the case of finitely many modes; for countably many modes, the estimate (20)
essentially requires that the modes w; diverge to infinity more quickly than logarithmically in

k.
We remark that the Gibbs state is often presented as

e_ﬁ (HB_“’N)

PB = tre_ﬁ(HB_“N) ) (23)

where N = >, a}iak is the number operator and u € R is the chemical potential [49].
In this case, it suffices to require m > —oo and u < m. However, as already done in the

9


https://scipost.org
https://scipost.org/SciPostPhys.19.2.035

e SciPost Phys. 19, 035 (2025)

example considered in Section 2, there is no loss of generality in setting u = 0 by shifting the
zero-point energy of the free boson field, thus yielding the requirement m > 0 that is given
in Assumption 3.1(i). This will make our equations simpler; the general case can always be
recovered via a shift of the modes w,. This is because we are assuming discrete modes wy,
so that only finitely many of them can be negative. For instance, this shift has to be done for
Ohmic spectra.

We shall consider the interaction between this field and a two-level system. The corre-
sponding Hilbert space is thus H = C2® F, and the Hamiltonian shall be assumed to have the
following expression (tensor product understood):

H :HS+Zwka£ak+Z(fk"‘BTak +kaaZ) , 24)
kek kek

with Hg = HS' and B being arbitrary 2 x 2 matrices, and f = (f;)rex Weighting the coupling
between the two-level system and the k-th mode of the field. In fact, our results only rely
on the form of the Hamiltonian in Eq. (24). Our bounds can be applied as long as the sys-
tem Hilbert space is finite-dimensional and the Hamiltonian is of the form of Eq. (24). For
instance, that would be the case e.g. in Dicke models if only one level of a qudit is coupled to
the bath, or if one considers a Tavis—Cummings-type model in which all atoms interact with
the bosonic bath via a single coupling operator B. Notice that a generalization to arbitrary
finite-dimensional systems is immediate by replacing the operator B with higher-dimensional
operators By ;, where each bath mode k can couple differently to the system energy level j.
However, since this will blow up the notation while not giving any new physical insights, we
stick to the simplified qubit model in Eq. (24). For the couplings (fi)rex We assume the fol-
lowing property:

Assumption 3.2. The couplings f = (fi)kex satisfy

DIflP<oo. 25)

kek

Again, this assumption is only nontrivial for countably many modes.

Under Assumption 3.2, it can be shown? that the spin—boson Hamiltonian (24) is a well-
defined, self-adjoint operator on H with domain Dom H = C?®Dom Hj, belonging to the class
of (generalized) spin—-boson models introduced at the beginning of the paper [33-38]. Some
particular examples include:

* The dephasing model considered in Section 2, when d = 1 (single mode), Hg = %az
and
1 O
B=o,= (0 _1) , (26)
* the Jaynes—-Cummings model, when d and Hg are again as above, and
00
B=o_= (1 O) , (27)
* the quantum Rabi model, when d and Hg are again as above, and
0 1
B=o,= (1 0) , (28)

2Assumption 3.2 may be, in fact, relaxed to accommodate a larger class of coupling functions, as shown in
Refs. [39-41]; in such cases, however, the domain of H acquires a nontrivial dependence on the coupling.
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as well as the generalizations of all these models to boson fields with at most countably many
modes.

With dynamical decoupling, we aim to decouple the qubit from the degrees of freedom of
the boson bath. The discussion in Section 2 shows that this is described by the Trotterization
of rotated versions of the Hamiltonian (24). In the next section, we will explain how Trotteri-
zation works for more than two Hamiltonians, give bounds on the Trotter error, and translate
them to the density operator picture.

4 The Trotter error for mixed quantum states

In this section, we provide a general Trotter error bound that can be applied to compute the ef-
ficiency of dynamical decoupling. Since the description of dynamical decoupling for thermal—
thus mixed—states is to be formulated in the density operator picture, like already shown in
the example in Section 2, we will need some preliminaries on mixed quantum states first.

4.1 Quantum mechanics in the Liouville space—from pure to mixed quantum
states

For the purposes of this paper—more generally, whenever taking into account models of field—
matter interaction—we will need to deal with unbounded Hamiltonians acting on infinite-
dimensional spaces. We shall thus start by recalling some basic related notions. This will help
us to understand how to translate results from pure to mixed quantum states.

Let H be an infinite-dimensional Hilbert space. As already seen in the previous section,
linear operators H on H are then generally defined on a subspace of H, which is referred
to as the domain of H and will be hereafter denoted by DomH. The operators for which
supyyy =1 Il1H |Y) || < oo are called bounded and their domain is the whole Hilbert space. All
other operators are called unbounded. In the following, we will denote the space of bounded
linear operators on H by B(#). In particular, the Hamiltonian of a quantum system is a
(generally unbounded) self-adjoint operator, i.e. satisfying H = H', which uniquely specifies
the time-evolution of the corresponding pure quantum system via the Schrodinger equation
(=1,

LS R(O) = HIBW),  9(t0)) = %) € Dom 29)

That is, there exists a (strongly continuous) unitary propagator U(t), t € R, such that
the function |¥(t)) = U(t)|¥,) is the unique solution of the problem (29). Furthermore,
U(t) = exp(—itH), where the exponentiation is to be understood in the spectral sense.

In this paper we are instead interested in the dynamics of (possibly) mixed states. A mixed
state of a quantum system is represented by an operator p € B(#) satisfying

p=p', p=0, trp=1. (30)

In the Schrodinger picture, the evolution of such states is known to be given by
t — U(t)pU(t)". It is thus natural to look for the mixed-state counterpart of the Schrodinger
equation. For bounded Hamiltonians, this would be the quantum Liouville equation:

d

we refer to Ref. [46] for an extensive discussion. However, since we are dealing with un-
bounded Hamiltonians here, Eq. (31) is to be taken with additional care. For a rigorous math-
ematical discussion of the quantum Liouville equation in this case, see Ref. [47] and references
therein. We informally summarize Ref. [47] as follows:

11
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(i) The space of operators

L(H) = {S e B(H) : |IS]lgs < oo}, (32)
where || - |5 is the Hilbert-Schmidt norm,
IS1Zs == > 1IS lea) 17, (33)
neN

is a Hilbert space with respect to the Hilbert-Schmidt scalar product (S, T)yg := tr(STT).
Above, (le,))nen € H is any complete orthonormal basis of H. All density operators are
in L(H).

(i) The superoperator (i.e. operator acting on £(#)) Ady, : L(H) — L(H) defined by

Adyyp :=U(t)pUL)', (34)

for all t € R, is a (strongly continuous) unitary propagator (with respect to the Hilbert—
Schmidt inner product).

(iii) For suitable density operators, i.e. p € Domady with

Domady, = {S € L(#) : SDomH c DomH, » [[[H,S]le,)|> < o0},  (35)

neN

Ady(p is the unique solution to the quantum Liouville equation (31) with initial condi-
tion p(0) = p, and is generated by the unique self-adjoint extension of the superoperator
[H,-] to Dom ady;, which we call the Liouvillian and denote by ady;.*

Combining these three statements allows us to translate results from pure quantum states
to mixed quantum states, according to the following simple substitution rules:

1. the norm of state-vectors || - || is replaced by the Hilbert-Schmidt norm of density oper-
ators || - [|ys;

2. the unitary evolution group U(t) on H is replaced by the unitary evolution group Ady,)
on the Liouville space L(H);

3. the Hamiltonian operator H generating U(t) via U(t) = e '*f| with domain DomH, is

replaced by the Liouvillian superoperator ady; generating Ady ) via Ady(,) = eitady

with domain Dom ady; as per Eq. (35).*

Similar rules are explicitly proven in Ref. [47, Section 3.3] for the square of the Liouvillian.

In the next subsection, we will see a direct application of these rules in the context of the
Trotter product formula. As we have seen in Section 2, the process of dynamical decoupling can
be understood in terms of Trotterization. In fact, through the lens of Trotterization, dynamical
decoupling has some very favourable properties. Here, the only infinite-dimensional degrees
of freedom come from the bath, while the system is usually assumed to be finite-dimensional
so that Trotter always converges with a low error on the system degrees of freedom [50]. The
bath is assumed to be initially in a Gibbs state, which acts as a regularizer of the bath infini-
ties: Under suitable conditions, it ensures the finiteness of high moments of the Liouvillian.
This is remarkable because the Liouvillian might be a doubly unbounded operator even if its
Hamiltonian is only semi-unbounded.

3We remark that the operator ad,; is denoted by H in Ref. [47].

“We remark that for the spin-boson models defined in Section 3, the Gibbs state pj is in the core of ad,;, where
it acts as the commutator, see Ref. [47, Section 4]. Since we only consider the Gibbs state as the bath input state,
we can safely write ad, pg ® py = [H, pg ® py] as has been done in Section 3.
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4.2 The Trotter product formula for multiple Hamiltonians

In their different incarnations, Trotter product formulas allow us to express the evolution
generated by the sum of two or more operators as the limit of the iterated Trotter evolution
(e 1tH1/Ngmithy/NYN a5 N — co. Let us recall the following result about the existence of this
limit [16]:

Theorem 4.1. Let H; (j = 0,...,L — 1) be self-adjoint operators on a Hilbert space H, with
domains DomH;, and assume that their sum Z]L;é H; is essentially self-adjoint on the domain

ﬂj DomH;. Then the Trotter product formula converges in the strong sense, that is: For all
W) € H,°

L-1 N
(l_[e—iﬁm) o) V2% i R gy (36)
j=0

Furthermore, the limit above is uniform in t on compact time intervals.

Proof. This was first proven by Kato for two operators [51] and later in Ref. [16, Theorem 3.1]
for multiple operators (as stated here). O

For practical purposes, knowing that the limit above holds is not enough—one needs to
evaluate the rate of convergence of the aforementioned limit in the number N of Trotter steps.
The bounds commonly used in the literature [50] usually depend on the operator norm of
the commutator between H; and H,, thus clearly not being adaptable to unbounded Hamil-
tonians [52] and, in any case, possibly overestimating the error, as extensively discussed in
Ref. [31] (also see Refs. [32,53]). In the latter paper, a state-dependent bound for the Trotter
product formula was found, cf. [31, Theorem 1].

The following result consists of a generalization of said result to the case of more than two
Hamiltonians. This is crucial for dynamical decoupling, where the number of Hamiltonians in
the Trotter product coincides with the size L of the decoupling group: In fact, already for a
single qubit—save from particular examples as the one considered in Section 2—we generally
have L =4, and this number increases exponentially with the number of qubits.

Theorem 4.2. Let H; (j =0,...,L —1) be self-adjoint operators on a Hilbert space H, with do-

mains Dom H;, and assume that their sum ZJL:_g H;, with domain ﬂ ;DomH;, admits an eigen-

. L -1 2 j—1
value h with corresponding eigenstate |¢). Also assume |¢) € ) j—o DomH; N DomH; Zi:O H;
Then the state-dependent Trotter error

L1 N .
En(t;lp)) = (l_[e“NHJ) lp) —e )|, (37

j=0
) (38)

>Here we are making a slight abuse of notation to avoid cumbersome equations: The right-hand side of Eq. (36)
should have the topological closure %;H; at the exponent.

is bounded by

k—1

L
En(t;19)) %Z(—HHk(gk)Zlap |+ |[Hi(g) D S Hilg) 1)
k= i=0

Here, Hi(gi) = H, —hgj with g, € R, such that Zi;é gr=1
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Proof. The proof follows the same steps as the proof of Ref. [31, Theorem 1]. Let us first
consider the case h = 0, so that the target evolution e " |p) becomes the identity on |¢). We
notice that the Trotter unitary for L Hamiltonians,

Uy(Lt) = (e—iﬁHLfle—i#HH ..eTiwHo )N , (39)

is generated by a piecewise constant, time-dependent Hamiltonian

Ho, SE[O,%),

Hy, selg%),

H(s)={. : (40)

),

which can be extended periodically, A (s + %) = H(s). Thus, H(s) is a family of self-adjoint
and locally integrable operators. For this reason, Ref. [ 54, Lemma 1] applies and we can write

Hy ., se[&3H

2[5

S

[Un(s)—I1lp) =—iS(s) ) —f du Uy (s)U (WH@S@W) ) , (41)

0

where S(s), the integral action, at the time step j reads

S(s) ) =J duH(u)lp)
0

jt
I(S—N)H]modLl‘p ZHlmodeP (42)

Also see Ref. [31, Lemma 12]. In explicit terms, S(s) is written as

rSHOl(P)’ 56[0 ]%):
[(s—n)Hi+Ho]le) , selv. %)
2t 3t
S(s)le) = 5 ,[(s__)HZJF v (Ho+H1)]lp) , ?e[ﬁ N) (43)

-2
-1 -1
(3—( N)t)HL—1+1£V 2 Hillg), se€ [—( N)t,%) ;
\ i=1
which is again extended periodically. Therefore, at the boundary of each Trotter cycle (j = ML

forM=1,...,N),
MLt Mt
S| —= =—hl|p)=0.
( N )Iso) N l) (44)

By evaluating Eq. (41) for a single Trotter cycle, i.e. Uy—; at s = Lt/N and inserting Eq. (44),

Lt/N
MM@UN%JHWHSJ du [H@)S@W) @) I, (45)
0

where we also used the triangle inequality to move the norm inside the integral, and the fact
that the norm is unitarily invariant. By a standard telescoping sum,

N—-1

[Uy(Le/N)]Y 1=>"[U(Lt/N)] “luiLt/N)—1], (46)

k=0
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we obtain

En(t;19)) S N||[Uy(Lt/N)—1]19) || - (47)

By inserting there Eq. (45) and the explicit form of the integral action S(s), we get

L-1 p(k+D)§
En(t;lp)) <N J ds [|[H(s)S(s) )l
k
=1 p(k+D)§ kt ¢ k—1
=N f ds [(s——)H£+—HkZHi]|<p)
k=0 ky N N =
L—1 (k+1)~ k (k+1) % k—1
t\. o t
SNZ(JL (S—N)Hklcp)‘ ds+J£ NHkZHikp) ds)
k=0 \\V ky k& i=0

1 k—1
(5 |HE 1o)|| + ) : (48)

Hy > H;lp)
i=0

This concludes the proof in the case h = 0. The case of a general eigenvalue h follows by
simply performing the replacement H;, — H;(g;) = Hy —hg;, where Zi;(l) gr=1 O

k=0

While apparently only valid for pure quantum states, Theorem 4.2 and its proof only em-
ploy concepts that refer to the underlying Hilbert space structure (inner product, norm, uni-
tarity, unitary norm equivalence, self-adjointness). Therefore, by directly applying the three
substitution rules listed at the end of Section 4.1 (more details can be found in Ref. [47]),
Theorem 4.2 can be directly extended to the Liouville space. We state explicitly this fact in the
case h = 0, which will suffice for our purposes:

Corollary 4.3. Let ade (jg = 0,...,L — 1) be self-adjoint operators on the Hilbert

space L(H) with domains Domade. Furthermore, let the sum ZJL:_; ade with domain
ﬂj Dom ade admit an eigenvalue h = 0 with corresponding eigen-density operator p. If

-1 2 -1
p €[ ;2 Dom ady; NDomady, S

i=0

1 N
En(t;p)= (l—[e_lﬁa Hf) p=p| (49)

Lo
J HS

ady, we can bound the Trotter error

by means of Theorem 4.2 as

-1 k=1
t2 1
fN(UP)SN E (EHadf{kp ‘HS+ ady, E ady p ) (50)
k=0 i=0 HS

Notice that adlzi is to be understood as the unique self-adjoint extension of the superoper-
ator [H,[H,-]]. See Ref. [47, Section 3.3] for details.

As we will see in the next section, Corollary 4.3 will enable us to compute the error on
dynamical decoupling for the general class of models considered in Section 3.

Remark 4.4. From a physical perspective, it seems more natural to consider the trace norm
[IX||; = tr(¥XT7X) instead of the Hilbert-Schmidt norm distance to quantify the decoupling
error as it corresponds to physically measurable quantities. Furthermore, one would mostly
be interested in the distance of the reduced system dynamics under dynamical decoupling to
the free decoupled system evolution. We remark that such a result can indeed be obtained as a
simple corollary from our Theorem 4.2: It follows from Ref. [55, Lemma 5.1] that the result in
Corollary 4.3 also holds when replacing the Hilbert—Schmidt norm with the trace norm. One
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can then use the fact that the partial trace is a linear contraction to obtain, under the same
assumptions as in Corollary 4.3,
) . (51
tr

= N tz -1
—izady. 2
tr e N - < — Had H +
B l_[ P Ps N 5 P ||,
j=0 k=
Here, p = pg® pp is a product state acting on the bipartite Hilbert space H = Hg ® Hy. While
this result is valuable from an abstract perspective, the bound in Eq. (51) is not computable
in practice as the operators ady ady o are not necessarily positive, thus making their corre-
sponding trace norms not explicit. This is why we use the Hilbert-Schmidt norm to quantify
the decoupling error. A

k=1
ady, Z ady.p
i=0

tr

5 Efficiency of dynamical decoupling for spin—~boson models

In this section we discuss the procedure of dynamical decoupling for the general spin—boson
models introduced before. We then present our main results on the dynamical decoupling of
these models: a general-purpose recipe for obtaining bounds for the decoupling error.

5.1 Dynamical decoupling for spin-boson models

Physically, the model (24) describes a qubit system that is coupled to a bosonic bath, which
introduces noise to the system. We shall assume tr(Hg) = 0 = tr(B), which is a standard
assumption in the context of dynamical decoupling. Both conditions, however, are to ease the
presentation and could be relaxed:

* If tr(Hg) # 0, we would simply get an additional global phase in the target dynamics
which would not affect our results;

o if tr(B) # 0, one can always rewrite the Hamiltonian (24) in the form
H = Hg+Hg+> 1k ( fk*BTak + kaaD, where now tr(B) = 0 and the the transformed bath
Hamiltonian Hp = D ke (&;&k w;l Ifil?] tr(B)|2) is given in terms of shifted bosonic
operators defined by d; = o)}{/ ay + o, ~1/2¢ tr(B). The additional term w | fe1 (B
in Hy commutes with everything and does not affect our results.

The goal of dynamical decoupling (DD) is then to effectively remove the interaction Hamil-
tonian Hy = D, ( fk*BTak + kaa;i) and the system Hamiltonian Hg by means of strong and
fast controls on the system alone. That is, by only acting on Hg, we want to achieve the
following:

— DD _
e itH e ltIS®HB, (52)

Where Is denotes the identity on Hg. To describe the system controls, we define a set
= {V; L (} called the “decoupling set”. Its elements are called “pulses” or “unitary kicks”

and are unltary operations. They are of the form V; = (v; ® Ig) - (v;." ® Ig), where the v;’s
are unitary matrices and Iz denotes the identity on the bath Hilbert space Hy. Furthermore,
we require the so-called “decoupling condition”: {v; }]L.:O generates a unitary group that acts
irreducibly, i.e. only the identity vy = Ig commutes with the entire group. By Schur’s lemma,
this is equivalent to

I—
1 f tr(A)
= = ————Ig, forallA
I EO v, d1m(7—ls) orallAe B(Hyg), (53)
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where B(H;) is the set of linear operators acting on Hg. We would like to remark that Eq. (53)
is sometimes also referred to as a “twirl over a unitary 1-design” in the case in which ¥ is not
the full unitary group on H.

To describe the process of dynamical decoupling, we will have to go to the density operator
picture and thus to the Liouville space, as described in Section 4.1. Here, dynamical decou-
pling means interspersing the dynamics under the Liouville operator associated with H by the
decoupling pulses, i.e.

N
L—1
Ady, () Ps® Pp = (l_[Vje_‘WadHV}) (ps ® Pp)
j=0

-1 ) N
[ [e7@4i ] (ps@ ps), (54)

j=0

where N € N, pg is a density operator on Hg, and pg is assumed to be the Gibbs state, see
Eq. (22). This is the commonly assumed initial state for dynamically decoupling bosonic baths;
physically, as the Gibbs state maximizes the entropy, it reflects the fact that we do not have
any information about the bath.

Under the assumption (53), the procedure in Eq. (54) removes the interaction Hamilto-
nian, and an initial product state p = pg ® py stays a product state approximately after the
evolution under Ady, ). To see this, notice that Eq. (54) is essentially a Trotter product,

where one Trotterizes between operators %ade = %VjadHij. Therefore, we know that, if
%ZJL:_; ade is essentially self-adjoint (with respect to the Hilbert—-Schmidt inner product) on

. L1 .
the domain ) =0 Dom ade, Trotter converges on all input states, see Theorem 4.1. Then,

1Ll
—ity Zj:() ady.

Nll)n;o AdUN(t) p =€ Tp. (55)
This can be computed explicitly: If we define U; = v; ® I, we have
adep == Ade adHAdUrp
J
= Ady [H,U]pU}]
_ P oot i
= U;HU pU;U] —U;U/ pU;HU;

= adeHUJ'.'”P ) (56)
and thus
145 13 .
ZZadep = ZZ[UjHU}JpS®pB]
j=0 j=0
=
_ ) T
- I JZ=O: ([VJHSVj:pS] ® Pp
+Z:f*(|:v-B’i_v'.'r psl® arpp + psviB v ® [ay, ppl)
k ] ]’ S kFB S ] j k> MB
keK
+fk([VjBV;-,Ps] ®a, pp + PstBV]T ® [Cl;,PB]))
=0, (57)

where the second step uses that the Gibbs state pp commutes with Hy, and the last step follows
from Eq. (53) and tr(Hg) = 0 = tr(B).
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A general treatment of dynamical decoupling for unbounded operators has been developed
in Ref. [16] for the case of pure states. Here, it has been shown that the convergence of
Trotter, together with the condition (53), suffices for dynamical decoupling to work. However,
Ref. [16] does not explicitly cover the mixed state case; furthermore, it only considers the
limiting evolution N — oo and does not provide quantitative bounds to the convergence rate
of dynamical decoupling for finite N. The solutions to both of these problems are presented
in the next subsection.

5.2 Error bound for the dynamical decoupling of spin-boson models

This section combines the results and discussions from the previous sections and presents
a generic scheme to quantify the efficiency of dynamical decoupling for the class of models
introduced in Section 3.

We begin by stating two additional regularity requirements for spin-boson models other
than Assumptions 3.1-3.2. They are needed to get an explicit bound on the decoupling error
in Theorem 5.3.

Assumption 5.1. The modes w = (w;)rex and the couplings f = (fi)xex between the qubit
and the field modes satisfy the following property:

>l <oo. (58)
kek
Physically, Assumption 5.1 might require the existence of a UV-cutoff in the noise spectrum
(e.g. for Lorentzian resonance, where dynamical decoupling is expected to work). However, it
is mathematically unclear whether it is possible to relax this assumption, while still obtaining
the same 1/N error scaling in dynamical decoupling. We expect that combining our method
with a result similar to [31, Theorem 3] might enable the computation of decoupling error
bounds under a weaker condition than Assumption 5.1 at the cost of a slower convergence
speed. We also comment on this in the concluding remarks (see Section 7, point (iii) of the
avenues for generalization).

Assumption 5.2. For p € {1,2} and all # > 0, the following estimate holds for the modes
© = (W )kek:
D whe P < o0 (59)
kek
For a full list of all assumptions made in this paper and their purpose, we refer to Table 1.
If all these assumptions are satisfied, we can apply our Trotter bound from Corollary 4.3 to
the setting of dynamical decoupling. This allows us to finally state our main result about the
efficiency of dynamical decoupling.

Theorem 5.3. Consider a spin-boson Hamiltonian H on H = C2® F as in Eq. (24) satisfying As-
sumptions 3.1 and 3.2. Let the initial state be of the form pg® pp, where pg is an arbitrary density
matrix on C? and pg = e PHe/Z(B) is the Gibbs state of the boson field at inverse temperature
B €R,. Here, Z(B) = tre PHs is the grand canonical partition function. Then, for a decoupling
set ¥V ={vy,...,v;_1} satisfying the decoupling condition (53), the following properties hold:

* dynamical decoupling works for H;

* if, in addition, both assumptlons 5.1 and 5.2 hold, then Z(2p) is twice differentiable in
(2B), ps® pp € ﬂ} o Dornad2 + N Dom adU Hu! Z]_o adU HUT and the error of dy-

namical decoupling can be bounded through Corollary 4.3 by

t2L+1
t;p)< ———C, 60
gN( P) N 2L (60)
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where || = L € N is the number of decoupling operations, U; = v;® I, and C ER, is a
constant that entirely depends on the Hamiltonian H. More precisely,

C= %ﬁ)max{llellﬁs, IBIIfs} (2(2/3)

+4(IF 1P+ lof )|~ +1| 202p)
Ji @ 3 d :
+ 58||f | [mzd(zfa’)z md(2/3)+2]z(2ﬂ)) , (61)

where again m = inf; w;.

Proof. The  first statement follows  directly from Thm. 4.1  noticing
that ﬂJL:_é Dom ade = Domad; gy,. The second statement is proven in the Appendix. In
particular, Proposition B.1 shows that Z(2f) is twice differentiable in (2) under our assump-
tions. Then, Corollary C.6 proves the bound presented here. It is a consequence of the Trotter
bound in Liouville space (Corollary 4.3) applied to the context of dynamical decoupling. Af-
ter applying a triangle inequality to Corollary 4.3, one obtains the following error bound for
dynamical decoupling

11
t;ps®pp) < — =
En(t; ps® pp) < LZkZ:(:)(Z

) . (62)
HS

Then, the bound follows from Theorem C.5, which summarizes the explicit computations of
all Hilbert—-Schmidt norms appearing in Eq. (62). These computations are performed in Lem-
mas C.2-C.4. The constant C is then the maximum over all these norms. The pre-factor
(L +1)/(2L) comes from noticing that the sum over k in Eq. (62) has L(L + 1)/2 terms (the
L-th triangular number). O

k—1
. + Z HadUkHU;adUiHUj‘pS ® Pp
i=0

2
adUkHU]iPs ® Pp ;

Table 1: Assumptions made in this paper and their purpose. In particular, these
assumptions are made in Theorem 5.3. This table aims to help navigate the paper
and clarify the reason for each assumption. We remark that all these assumptions
are trivially satisfied whenever the boson field has finitely many modes. Also notice
that Assumption 3.1(i) is stated in a slightly different form here and in the main text,
where we assume m > 0. Both assumptions are equivalent after a shift in the zero-
point energy w, which can always be done w.l.o.g. To simplify the calculations, we
assumed m > 0 in the derivation of Theorem 5.3 but an analogous result for the case
m > —o0 is directly obtained by replacing m — m — wq and each w; — w; — wy.

Assumption Purpose
3.1(1) | m=inficx wi >—00 | Self-adjointness of Hy (17)
3.1(ii) ZkeK e Per < oo Well-definedness of the Gibbs state (22)
3.2 Sier Ifil* < o0 Self-adjointness of H (24)
5.1 Dkek Wilfil? < o0 1/N error scaling for dynamical decoupling
5.2 D ke a)i e 2Pk < 0o | Partition function Z(28) twice differentiable in
for p e {1,2} (28)
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The quantity C in Eq. (61), in fact, constitutes a loose version of a tighter (but with a
much more cumbersome expression) bound presented in the Appendix, see Theorem C.5. This
tighter bound, unlike the one presented here, carries an explicit dependence on the density
matrix of the system pg as well as the specific unitary matrices v; employed in the decoupling
process.

Remarkably, in both versions (loose and tight) of our bound, the dependence of the error
on the specifics of the boson field is entirely encoded in the grand canonical partition function
Z(f3) of the boson field and its first two derivatives. All intricate domain conditions that would
have to be checked in the general case, Corollary 4.3, are automatically taken care of in this
case, as the Gibbs state regularizes the bath infinities. Therefore, this bound constitutes a
ready-to-use recipe for computing dynamical decoupling efficiencies for spin—boson models—
once the partition function of the boson field is known, the bound can be computed.

We conclude this section with some physical remarks. At first glance, it might seem counter-
intuitive that the decoupling error increases when the lowest bath frequency m is small: One
could expect low-frequency noise to be easy to decouple. However, this effect actually makes
sense from a physical perspective, if we recall that we consider the bath to be in a thermal
state pg. For small m, the “cost” of creating a bath excitation is low: Thus, for a fixed bath
temperature T, the occupancy number of the Gibbs state increases when decreasing m. In
turn, pp becomes less tracial (less regularizing). Instead, if one starts in the ground state
of the bath, the occupancy number is fixed and one would indeed expect a smaller decou-
pling error when m is small. The same low-error behaviour with low m is also expected for
finite-dimensional baths, in which the noise frequency completely determines the required de-
coupling speed. This shows an important qualitative feature of our bound that—to the best
of our knowledge—has not been observed before: On the one hand, if our qubit is coupled to
other two-level bath systems, low-frequency noise is favourable for dynamical decoupling. On
the other hand, if our qubit is coupled to a bath oscillator in a thermal state, low-frequency
noise becomes particularly hard to decouple.

6 Examples

In this section, we apply the bound to some relevant examples and compare it with numer-
ical simulations. In the case of the qubit coupled to a single bosonic mode, we are able to
obtain even tighter estimates than the one given in Theorem 5.3. These are explicitly given in
Appendix C.2 and are used for the single-mode examples in the following.

As we will see in this section, our bounds correctly characterize the error scaling in various
system parameters, most importantly in the number of decoupling cycles N and the inverse
temperature 3. Nevertheless, a comparison with numerical simulations shows that they are
quite loose. This is not surprising as their calculation relies upon several loose estimates so
there might be room for improvement. Most importantly, we use several instances of the
triangle inequality as well as some other loose estimates to simplify the technical derivations
(in particular, see Equations (C.14)—(C.16) in Appendix C).

6.1 Jaynes—Cummings model

The Jaynes—Cummings model is recovered from the general spin—boson Hamiltonian (24) by
setting the number of bath modestod =1, Hg = %O'Z and B = o_. Furthermore, we will set
f €R. Then, the Hamiltonian reads

w .
H=7Saz+w3a'a+f(a+a+o_a’). (63)
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Figure 2: Dynamical decoupling error for a qubit coupled to monochromatic boson
field via a flip—flop (Jaynes—Cummings) interaction. The Hamiltonian is given in
Eq. (63) and dynamical decoupling is performed by repetitive pulse cycles through
the Pauli group ¥ = {I, 0,0 ,,0,}. The initial state is ps® pg, where py is the Gibbs
state of the bosonic bath with inverse temperature 3 and pg is either |+) (+| (orange)
or |1) (1| (blue). We fix the total evolution time to t = 1 and choose wg =1, wg = 10
and f = 0.1. (a) Error as a function of the number N of decoupling cycles for fixed
B = 1. The empty squares show our analytical bound (Eq. (C.74) for pg = |0) (0| and
Eq. (C.75) for pg = |+) (+]) and the filled dots show a numerical simulation, where
we truncated the bosonic field in Fock space at dimension d = 10. We see that the
decoupling error decays as 1/N. Our bound captures this asymptotic behaviour of
the decoupling error. (b) Error as a function of the inverse temperature f3 for fixed
N = 10. The dashed lines are our bound (Eq. (C.74) for pg = |0) (0| and Eq. (C.75)
for pg = |+) (+]) and the dots are a numerical simulation, where we truncated the
bosonic field in Fock space at dimension d = 10. We see that the decoupling error first
decays with increasing 8 and then increases as O(+4/f3). Finally, the error saturates at
a constant due to finite N. The error decay for small f3 is lightly visible in our bound
(which scales as O(1/+/B) in this regime), and it correctly captures the O(+4/3)
scaling and eventual saturation for larger f3.

This Hamiltonian describes a spin, which interacts with a monochromatic bosonic environment
via a flip—flop interaction. Differently from the dephasing model analyzed in Section 2, here
we have to use the full qubit decoupling set ¥ = {I,o,0,,0,}, and thus rely on the novel
results presented in the previous sections, to eliminate the system Hamiltonian and interaction
components through dynamical decoupling. We find that the decoupling error can be upper
bounded through Eq. (61) by

5 2
gN(t;p) < MLNmaX(zz |(J)3|2)K(/5,Q)B,f), (64)

where « is given in Eq. (14). A more refined bound is given in Appendix C.3, see Egs. (C.74)-
(C.75). In particular, we again have &y (t;0) = O(1/N). This is confirmed numerically in
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Fig. 2(a). The refined bounds take into account the explicit dependency on the system input
state on the error. For example, consider the qubit states pg = |1) (1] and pg = [+) (+]. If we
take the zero-temperature limit (8 — o0) of the refined bound, we find that the decoupling
errors become

En(t;]1)(

2
< |J:J\t[ ((3+6«/§)|f|+4(a)s+w3)), (65)

and
En(t;|4+) (+] ® pp) < %((14+9«/§+ 2V/3+ \/€)|f|2+6\/§|f|(ws+wB)+2«/§w§). (66)

The dependency of the refined bounds on the inverse temperature f3 is shown in Fig. 2(b). To
the best of our knowledge, this is the first completely analytical treatment of the dynamical
decoupling efficiency for such a flip—flop interaction.

6.2 Quantum Rabi model

The quantum Rabi model is a general model to describe the interaction between light and
matter; the Jaynes—Cummings model presented before actually corresponds to the rotating-
wave approximation of this model, as rigorously proven in Ref. [56]. We can obtain it as a
special case of the class of spin—boson Hamiltonians (24) with the choice of d = 1 bath modes,
Hg = %02 and B = o0,.. In addition, we will fix f € R, so that the Hamiltonian becomes

H= %oz +wgad'a+fo(a+al). (67)
Again, the decoupling group will be ¥ = {I, o, 0,0}, and the decoupling error is bounded

via Eq. (61) as
£2

En(t30) < o max (4, s k(B p. ), (68)

where again (3, wg, f) is given in Eq. (14). A tighter bound can be found in Appendix C.3, see
Eq. (C.77). Importantly, our bound proves that the decoupling error admits a O(1/N) scaling,
which is confirmed numerically in Fig. 3(a). Furthermore, our (tighter) bound captures the
dependency of the error on the inverse temperature 3 genuinely, see Fig. 3(b) for a comparison
to a numerical simulation, when the initial state of the system is pg = |0) (0|. In this case, the
zero temperature limit (8 — o0) of the refined error bound becomes

En(t;10) (0] ® pp) < == 'f I (2(5+4f IF I+ (2+ V2)(ws + wp)). (69)

As in the case of the Jaynes—Cummings model (63), the decoupling dynamics for the quantum
Rabi model (67) is not exactly solvable and we are not aware of any fully analytical treatment
of its decoupling error.

6.3 Qubit coupled to infinitely many modes

The last example we consider is a qubit isotropically coupled to infinitely many bosonic modes.
This model can be recovered from the general case (24) by setting K = N (thus with the
dimension of the single-particle space being d = c0) and Hg = %oz. Leaving the parameters
wy, fr, and the operator B arbitrary for the moment, the Hamiltonian reads:

oo o0

w

H= 7502 + E wiea, ay + Z (fiB'a; +kaal'() . (70)
k=1 k=1
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Figure 3: Dynamical decoupling error for a qubit coupled to monochromatic boson
field via a quantum Rabi interaction. The Hamiltonian is given in Eq. (67) and dy-
namical decoupling is performed by repetitive pulse cycles through the Pauli group
v ={I,04,0y,0,}. The initial state is |0) (0| ® pp, where pg is the Gibbs state of
the bosonic bath with inverse temperature 3. We fix the total evolution time to t =1
and choose wg = 1, wg = 10 and f = 0.1. The orange dots show our analytical
bound (C.77) and the blue dots show a numerical simulation, where we truncated
the bosonic field in Fock space at dimension d = 10. (a) Error as a function of the
number n of decoupling cycles for fixed § = 1. We see that the decoupling error de-
cays as 1/N. Our bound captures this asymptotic behaviour of the decoupling error.
(b) Error as a function of the inverse temperature 8 for fixed N = 10. We see that
the decoupling error first decays with increasing 8 and then increases as O(+/p).
Finally, the error saturates at a constant due to finite N. The error decay for small
B is lightly visible in our bound (which scales as O(1/+/f) in this regime), and it
correctly captures the O(4/B) scaling and eventual saturation for larger 3.

The decoupling set is again ¥ = {I,0,0,,0,}. Under the assumptions of Theorem 5.3, we
can bound the decoupling error for this model. On the one hand, this model involves an
infinite number of field modes: therefore, numerical simulations become unfeasible and we
must entirely rely on analytical estimates for the decoupling efficiency. On the other hand,
this model describes noise more realistically than the previous models, since it incorporates a
qubit coupling to arbitrary bath frequencies. This highlights the importance of our analytical
procedure.
To compute the bounds, we recall that the partition function for H (70) reads

Z(B) = e~ i Inl1—exp(—pw)] 71)

Therefore, the first derivative reads

d = e b,
ETCDRC PN o s oy e 72
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and the second derivative computes to

oo -1
d _ A 2Pwy
d(zﬁ)zz(zﬁ )= 2(4g(1 ) ))

X col.zcschz(/jwi)—kwi(coth([jwi)—1)ij(coth(ﬂa)j)—1) . (73)

j=1

As long as Assumption 5.2 is satisfied, the series above converge and can be computed for
a given choice of (wy)rex- An explicit derivation of d(g—;)zZ (2f) in the general case can be
found in Appendix C.3, in particular, see Eq. (C.81). A closed-form expression for the bound
on the dynamical decoupling error can then directly obtained by inserting Egs. (71)-(73) into
Theorem 5.3. When particular values for wg, (fi)ren, and (wi)ren, as well as the coupling
operator B are specified for the model at hand, this bound can be computed explicitly.

For concreteness, we shall consider a toy model corresponding to the following choices of
parameters: w; = k (linearly increasing modes) and f, = f/k? for k = 1,2,..., with f € R
being a coupling constant. Then, all of our assumptions are satisfied for all > 0. Indeed, we
have

=infk=1>0, (74)
keN
= 1
Ze_ﬁk = < o0, (75)
o ef—1

so that Assumption 3.1 is satisfied. Furthermore,
2 2,4
Z ! f < o0, (76)

thus Assumption 3.2 also holds. Lastly,

° f2 O f2 f27'C2
Dk == < o0, (77)
k=1 kA k=1 k2 6
oo 2/3
Ske k= < oo, (78)
k=1 (62/5 - 1)
oo 2 4 4P
Sie2pk = £ < oo, (79)
k=1 (e2 —1)

which also shows that Assumptions 5.1 and 5.2 are satisfied. Thus, Theorem 5.3 applies. For
this choice of parameters, we can compute the partition function by evaluating the series

> n[1-¢*=n[(g: D)oo ], (80)
k=1

where ¢ = e and (a;q)eo is the g-Pochhammer symbol [57, Chapter 2], which is easily
evaluated numerically. Thus, the partition function reads

1
(6 Doo

Z(B)= (81)

24


https://scipost.org
https://scipost.org/SciPostPhys.19.2.035

e SciPost Phys. 19, 035 (2025)

(@) (b)
1073
1072 r T T T T 1T T T T L: 1.5 T =
= = B =
5 E g
£ o, ] £
b0 | S ° ) qo)o 1 N
E 107 F o0, E g
= § § a
=] r i
8 )
1074 | | . A
E T R | L Lo d | | | |
10° 10! 102 0.1 2 4 6 8 10
Number of decoupling steps N Inverse temperature (3

Figure 4: Dynamical decoupling error for a qubit coupled to an infinite number of
bosonic modes via a Jaynes—Cummings interaction. The Hamiltonian is given in
Eq. (70) for B = 0_, (wi)ken = (K)ken and (fidren = (kf—z)keN with f = 0.1. Dy-
namical decoupling is performed by repetitive pulse cycles through the Pauli group
v ={I,0,0,,0,}. The initial state is |0) (0| ® pp, where pg is the Gibbs state of
the bosonic bath with inverse temperature 3. We fix the total evolution time to t = 1
and choose wg = 1. The blue dots show our analytical bound for the decoupling
error. (a) Error as a function of the number of decoupling cycles N for fixed # =1
(This bound is obtained by inserting Egs. (C.82)—(C.84) into Eq. (C.44)). We see that
the decoupling error decays as 1/N. (b) Error as a function of 8 for fixed N = 10
(This bound is obtained by inserting Egs. (C.82)—(C.84) into Eq. (C.44)). We see that
the decoupling error increases as O(4/f) for small B and eventually saturates at a
constant due to finite N.

The derivatives of Z(2f) with respect to (2f3) are given in Appendix C.3. In particular, see
Egs. (C.82)-(C.84).

We now fix B = o_, i.e. a flip—flop interaction analogous to the one for the Jaynes—
Cummings model, and compute our bound numerically. The results are shown in Fig. 4(a)
for the error as a function of decoupling cycles N and in Fig. 4(b) for the error as a function
of the inverse temperature 3. The decoupling error scales as O(N~1); furthermore, for fixed
N, the error increases as O(+/f) for small B and eventually saturates.

We stress again that, despite the simplicity of the toy model studied here, for an infinite
number of modes numerical simulations of the true dynamics become unavailable so that one
has to rely on error bounds. This highlights the importance of our analytical results.

7 Concluding remarks

We have presented a general framework to analytically compute quantitative bounds for the
efficiency of dynamical decoupling in a vast class of models describing the interaction between
a two-level system and a structured boson bath, the latter being in a thermal state with ar-
bitrary temperature. Our results are gathered in Theorem 5.3 and can be interpreted as a
general recipe to test the convergence speed of dynamical decoupling for all models in the
class, no matter the structure of the qubit-field coupling—be it longitudinal as in the Jaynes—
Cummings and Rabi model, purely transversal as in the dephasing-type model described in the
motivating example, or anything in the middle. Our results neither have restrictions on the
structure of the boson modes (as long as there are at most countably many) nor the coupling
constants between the qubit and each mode. This makes our results potentially adaptable to
a vast range of experimental scenarios.
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In all such cases, our analytic results show that (i) the Trotter error corresponding to a finite
number N of steps decreases as O(N 1), a result which (as pointed out in Refs. [31,32]) is not
obvious a priori because of the unbounded nature of our models; (ii) while our bounds are not
sharp, they fully capture the asymptotic behavior of the decoupling error, both in relation with
the number of steps as well as the temperature of the bath. Model-specific and/or state-specific
bounds obtained through our approach might improve the matching of our results with the
simulations while retaining the correct description of the asymptotic behavior.

Besides being applicable more broadly, our analytical approach offers several advantages
over a numerical or perturbative treatment of dynamical decoupling via filter functions. The
latter two methods rely on an arbitrarily chosen cut-off in the bath dimension that neither
has any physical interpretation nor predictive power. Thus, the cut-off dimension has to be
tuned a posteriori to match the experimental data. On the other hand, our analytical approach
shows that the temperature of the bath takes the role of a physical cut-off parameter. In this
sense, our analytical treatment is fully ab initio and only depends on real physical parameters.
Nevertheless, doing analytics requires additional knowledge about the physical error model;
in particular, about the bath resonance frequencies and coupling strengths between the system
and the bath. Since these quantities are usually not known in real experiments, analytical de-
coupling bounds can serve as a first step towards a more rigorous analytical treatment of bath
spectroscopy [58-63] in the presence of bosonic baths, where the common qudit assumption
does not hold (for a review on bath spectroscopy for dephasing noise using dynamical decou-
pling, see Ref. [64]). This topic has attracted a lot of attention recently as it is crucial for the
technological development of robust quantum devices [65-69].

From a physical perspective, our bounds revealed a surprising qualitative behavior of dy-
namical decoupling: One would expect that low-frequency noise is easier to decouple than
high-frequency noise. That is because the system-bath interaction time scale is slower for low-
frequency noise and therefore slower decoupling suffices to filter out the noise. While this
intuition holds true for a system qubit coupled to two-level baths, it turns out to be the oppo-
site for an oscillator bath in a thermal state. For the latter, a low minimal frequency implies
a small energy barrier for the creation of a photon. Therefore, low-frequency noise leads to a
high occupancy number of the thermal state, which makes it less regular. In turn, dynamical
decoupling becomes harder to achieve. This behavior can be observed from our bounds, where
it enters via the factors 1/m and 1/m?.

Furthermore, our results about spin—boson models crucially rely on a new Trotter con-
vergence theorem for multiple Hamiltonians (Theorem 4.1), which extends a similar result
already reported in Ref. [31] on the Trotterization between two Hamiltonians. Other than
constituting the mathematical backbone of our results about spin—boson models, this theorem
is per se of major interest for dynamical decoupling. Indeed, save from specific examples like
the model described in the motivating example or spin—spin interactions [70], dynamical de-
coupling usually requires a decoupling set of cardinality larger than two. As such, other than
being applicable to the spin—boson models considered in this paper, this theorem could foster
a plethora of new quantitative estimates for the convergence speed of dynamical decoupling
in many other systems of theoretical and practical interest.

We conclude by commenting on four directions in which the results of the present paper
could be further extended or improved: (i) replacing the qubit with a system of finite, but
arbitrarily large, dimension (e.g. a qudit or a family of multiple qubits); (ii) investigating the
continuum limit for the boson bath; (iii) relaxing the assumption Y, w?|f;|* < co that was
used to obtain our estimates; (iv) extending the bounds to other decoupling schemes with a
faster convergence rate in the number of decoupling steps.
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Point (i), as already remarked in the text, does not exhibit particular technical challenges
regarding the estimate procedure. In this case, the bosonic bath could involve different cou-
pling strengths (form factors) to each qudit-level or qubit. All calculations would remain the
same otherwise.

Point (ii) is more delicate, as the existence of the Gibbs state in such a case is compromised.
Here, thermal states are implicitly defined via the KMS condition [71], and their existence and
uniqueness must be carefully examined. Besides, the occupancy number basis, which plays a
key role in computing all Hilbert-Schmidt norms involved in our bounds, ceases to be well-
defined in the continuum limit.

About point (iii), we can distinguish two cases. If >}, w?|fi|* = oo but still 3 |fi[* < 00
(normalizable form factor), then dynamical decoupling is still expected to work, but, as The-
orem 5.3 does not apply, one could conjecture that a scenario analogous to the one studied
in Refs. [31] is unveiled: Decoupling works, but with a lower convergence speed in the num-
ber N of steps, say, O(N~°) for some 0 < § < 1. Such an expectation seems to be backed
up by the recent results in Ref. [32] on the convergence of the Trotter product formula for
two Hamiltonians and will be the object of future research. If, instead, Y, | fx|?> = oo (non-
normalizable form factor), then, as discussed in Refs. [39-41], the self-adjointness domain of
the models considered in this paper acquires a nontrivial dependence on the coupling itself,
potentially invalidating the validity itself of dynamical decoupling. In fact, negative coun-
terexamples were presented in Refs. [27,28], where two spin—boson models with continuous
bath and flat (thus, non-normalizable) form factors were shown to exactly satisfy the quantum
regression theorem—thus necessarily disproving the possibility of achieving decoupling. Inci-
dentally, comparing these negative results with the positive ones shown in the present paper
clearly shows that the presence of ultraviolet divergences in models of matter—field interaction
can have practical, experimentally relevant consequences.

Finally, about point (iv), there are several possible ways to improve the convergence speed
of dynamical decoupling to 1/N? or even better. An obvious route would be to employ higher-
order Trotterization schemes. Obtaining bounds for this approach would be relatively straight-
forward by generalizing the higher-order Trotter bounds from Ref. [31] to multiple Hamil-
tonian components and applying them to dynamical decoupling following the recipe that is
established in this paper. Another route would be to use non-equidistant pulses as in Uhrig
dynamical decoupling [9, 72]. We expect that decoupling error bounds for such methods are
obtainable by using the framework established in Ref. [31, Appendix C.1] and again following
the recipe from this paper to convert pure state into mixed state error bounds.
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A The occupancy number basis

Let us consider a boson bath Hamiltonian Hy = >}, wka}iak acting on the Bose—Fock space
F with single-particle space b, as defined in Section 3 of the main text. Recall that h = C¢ and
K ={1,...,d} for a boson field with a finite number d of modes, while we have § = ¢2 and
K = N for countably many modes. We shall start our analysis by introducing the orthonormal
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basis that will be used in the computation of all trace and Hilbert-Schmidt norms involved in
our bounds—the occupancy number basis.

To begin with, the single-particle Hilbert space h admits a complete orthonormal set (e; )xex
of eigenvectors of Hy, each being defined as the sequence

1, h=k,

er = (Orplnex = {0 h# k (A.1)

whence immediately satisfying Hge, = w;ey. This complete orthonormal set in h serves as the
primary building block of a complete orthonormal set of the whole Bose-Fock space F, defined
as follows. Given a finite subset {kj,...,ky} of the momentum set K, and N5 5Ny, €N
nonzero integers, define

ny ®ny ®ny
Mg s ey v e s Ty, ) :=S(ek1 ! ®e 2 ®: ey N) ) (A.2)

where S is the symmetrization operator. The action of the annihilation and creation operators

on these states can be directly computed: Given k; € {k,...,ky}, one has
a, |nk1,...,nkj,...,nkN) = \/n_hlnkl,...,nkj—l,...,nkN) R (A.3)
a;zj |nk1,...,nkj,...,nkN) = Wlnkl"'.’nkj +1,..,m,) (A.4)
while, given k € K \ {kq,...,ky},
QG Ingys -+ -5k, ) =0, (A.5)
azlnkl,...,nkN)=|nk1,...,nkj,1k) , (A.6)

the latter notation signaling that the new state corresponds to a family of integers
M- -5 Mgy » M With n. = 1. As such, the operator N := a}{ak serves as the number oper-
ator corresponding to the k-th mode of the boson field, since, in all cases,

Nklnkl,...,nkj,...,nklv) =nk|nk1,...,nkj,...,nkN) 5 (A7)

where of course n;, = 0 unless k € {kq,...,ky}.

Equivalently, and more conveniently, we can index all these states as {In)}neNg, where ng
is the space of all sequences of integers (1 )xex such that nj = 0 for all but finitely many k € K.
Note that, even if K = N, this is a countable set since it can be obtained as the countable union
of countable sets (the set of all sequences with 1 nonzero integer, the set of all sequences with
2 nonzero integers, etc.). With this notation, for every k € K we have

ak|n>:‘Vnk|n1:n2>"-:nk_1:"'>5 (As)
a;iln)z\/nk+1|n1,n2,...,nk+1,...), (A.9)
Niln) =niIn) , (A.10)

with the convention that, whenever one of the entries is —1 (which happens at the right-
hand side of Eq. (A.8) whenever n;, = 0), the vector equals zero. {|n)}n€N§ is a complete
orthonormal set of F, which is usually referred to as the occupancy number basis. This set
is particularly useful since it is invariant under the action of a; and aZ. Furthermore, since

Hp = Dk wkaZak = D ek ©xNe Eq. (A.10) readily implies that any vector |n) is also an

eigenvector of Hp,
Hgln) = (Z nkwk) In), (A.11)

keK
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the sum being finite since n; = O for all but finitely many values of k. As such, this is in
fact a complete orthonormal set of eigenvectors of Hg. They are also eigenvectors of the total
number operator N = >, ., Ny, with

Nin) = (Z nk) n) . (A.12)

kek

B Grand-canonical partition function and the Gibbs state

Now let us assume that the boson field described above satisfies Assumption 3.1. Let 3 > 0,
and u be a real parameter strictly smaller than mingcg wy, that is, m := inficg(wi — u) > 0;
physically, § is a thermodynamic quantity related to the temperature T by # = 1/(kgT), and
u is the chemical potential of the field. Notice that Hg — u//, defined on the domain of \, is
a nonnegative operator since

HB—MNZZ(wk—,u)a;;ak, (B.1)

kek
and wy —u > 0 for all k € K. Correspondingly,

e_ﬂ (HB_IJ'N)

P e Pl -2

is the grand canonical Gibbs state of the field at temperature T and chemical potential u [71].
As is clear from Eq. (B.1), and already remarked in the main text, there is no loss of generality
in assuming y = 0 (and thus m = inf;cx w;) since we can always redefine the field modes
accordingly; as such, we will hereafter work under this simplifying choice. The Gibbs state
is formally given by pp := Z() *e 5, where we introduced the grand canonical partition
function,

Z(B):= tre PHs (B.3)

At this stage, we still do not know whether Z () is actually a finite quantity. However, it is a
known fact (see e.g. [71, Proposition 5.2.27]) that Assumption 3.1(ii) for some f3 is equivalent
to the finiteness of Z(f3). For our purposes, it will be useful to recall the explicit calculation of
Z(f3), together with some useful properties of it.

Before starting, let us recall the following definition. Given a family (c;);ey of positive real
numbers, their infinite product is defined via

l_[Cf =exp (Zlog cj) , (B.4)

JEN JEN
and, as such, it converges if and only if the series D j logc; converges. Instead, when the series

2.;logc; diverges to infinity, we say that [ |; ¢; diverges to zero.

Proposition B.1. Let the boson field satisfy Assumption 3.1. Then, for all B > 0, Z(f3) is finite
and given by

zp) =[] 1; (B.5)

— e Bowr
keKk €

If, in addition, Assumption 5.2 is satisfied, the function R, > 3 — Z(3) is twice differentiable.
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Proof. We consider K =N, i.e. countably many modes; the finite case is easily recovered as a
particular case. Let us start by showing that the function

R,>pB— ]_[ = exp (Z log —— ﬂwk) (B.6)

keN keN

is well-defined and twice differentiable. For the first one, we need to show that the series

z(B):= Zlog —ﬁwk (B.7)

keN

converges. For this purpose, it suffices to note that, by Assumption 3.1(ii), the series
D ke e P converges, which necessarily implies lim;_, ., e #“* = 0. But then
1

e~ (ko 00), (B.8)
— e w

log

whence the series above, and thus the corresponding infinite product, converges by the limit
comparison test. Thus 3 — z(f) is well-defined and so is its exponential. To show it has the
desired regularity, we notice that, by Eq. (B.8), for every p € N we also have

d? 1 d?

~ e Bk — P —ﬁw
dpp logl—e—ﬁwk dﬁp =D e ' (k= 00). (B.9)

By our assumptions, Y, co e P9 < oo forall B € R and p € {0,1,2}. Therefore, we can
differentiate under the serles sign:

dpP 1

where again we used the limit comparison test. Thus 8 — z(f3) is twice differentiable and so
is exp(z()).

As such, we only need to show that tre #¥® is actually equal to the quantity in Eq. (B.4).
To this end, we compute the trace on the occupancy number basis {|n)}n€N§ defined in the
previous section. We have

tre PHs = Z (n|e PHe|n)

K
neNg

=Y exp (_ﬂznkwk)

HENK keKk

I

TIGNK kek

Lz

keK neN

= ]_[ ﬁwk , (B.11)
kek 1—e

where in the last step we computed a geometric series and used the fact that w; > 0 for all
k € K. This completes the proof. O

We remark that, as a result, the grand canonical partition function of a boson field with
modes (wy)rex €quals the product of the partition functions of single-mode boson fields with
each mode being w1, w,, ... Physically speaking, this could be regarded as a manifestation of
the fact that Hy describes a family of noninteracting bosons.
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C Calculating the Hilbert-Schmidt norms

We will now prove Theorem C.5. That is, we will prove that, under our assumptions, the state

L—1 j—1
Ps®pp € Q Dom adlz]jHU;. N Dom adeHU;- ZO: adUiHUl;;- s (C.1)

j= i=
i.e. satisfies the domain condition to apply Corollary 4.3. Here, pg is an arbitrary density
matrix of the system, pg is the Gibbs state (B.2) (with u = 0), H being the Hamiltonian for the
spin-boson model, and the U; = v; ® I are unitaries that act on the finite-dimensional system
component alone. Again, without loss of generality, we will put ourselves in the countable case
K =N (and thus h =¢2 andn € NON); the cases of finitely many modes follow identically. Our
proof is done by explicitly calculating all Hilbert-Schmidt norms of the summands appearing
in adeHU;radUiHUifps ® pp and showing that they are finite for all pairsi,j (j =0,...,L —1;
i=0,...,j). These computations guarantee the domain condition (C.1) and immediately lead
to a bound of the error for dynamical decoupling via Corollary 4.3. A loose form of this bound
is presented in the main text in Theorem 5.3.

We shall start by introducing the following compact notation. For any f € £2, we set

af)=D fla, d(f)=), fay. (C.2)

keN keN

With this notation, the model in Eq. (24) reads, more compactly,
H=Hg+Hz+Ba'(f)+B"a(f), (C.3)

where again tensor products are understood.

C.1 The general case

Throughout this section, given n € NY, we will use the notation |n(n; — n; + 1)) for
ng,...,n£1,...,).

Lemma C.1. Let the boson field satisfy Assumption 3.1. Furthermore, let n € NY, and f € (2
(Assumption 3.2). Then the following properties hold:

@ [a(f),a’()IIn) =IfI*In),
(i) [a(f),ePHe]In) = X £ Ve P22 (1—etPex) [n(ny — mi— 1))
i) [a'(F),ePHs]In) = Ypey fin/ e+ Te P 2iin (1—ePek) [n(ny — nye +1))
In addition, if wf € €2 (Assumption 5.1), then
() [a(f),HplIn) = a(wf)In),
™ [d'(f),Hp]In) = —a*(wf)|n) .

Proof. All calculations that follow are legitimate since, as previously pointed out, the set
{|n)}n€N§ is mapped into itself by any polynomial in a; and a;; (and thus by Hy as well),
whence no domain issues arise. We start by noticing the following relations:

[aw. Hplln) = > wplay, ap,ap]in)
k’eN

= Z o ([a a,, Jay + a;;,[ak,ak/]) n)
k’eN

= W ay |n) 5 (C4)
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and similarly

[a]. Hp]In) = > wila), af,ap]in)
k’eN

= Z Wy ([ai, a;:,]ak/ + a;:,[al,ak/]) |n)
k’eN

= —wkaz |n) .

Then:

[a(f),a'(AIn) = D fifelaallin) = IIf 2 In)

k,k’eN

[a(f), Hp]In) = > filay, Hy]In)

keN

= Z wfeay In)

keN

= a(wf)In),
[a'(f),HplIn) = > filax, Hp]In)

keN

= —Z wifral In)

keN

=—a'(wf)In) .

Furthermore, we have

[d(f),e P ]|n) = e PR " fial |n)

keN

—ka\/nk-i- l_[ ﬁ“’aa|n1 le_l,nk+].,...

keN

=e ﬁz‘w‘n‘ka\/nk‘F In(ng — nx + 1))

keN

keN i#k

)

—ka n+1 (l_[ —Pem )e_ﬁ‘”k("kﬂ) |n(nj - n+ 1))

(C.5)

(C.6)

(C.7)

(C.8)

= ka\/ n +1 (e_ﬁ B _ g=P(erm DL win")) In(n; — ni +1))

keN

= D fiv/m Le PRiem (1—e ) n(ne — ny +1))

keN
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and
[a(f),e o] n) = e PRiwin " fray |n)
keN
_ka l_[ ﬁwaallnl nk—l:nk_]-:"'>
keN
=e ﬁZi“f“ikaJn—kln(nwnk—ln
keN
- Zf;m(l_[ e‘ﬁ“f’“‘) e PR Iy — g — 1)
keN i#k
= ka*‘/n_k(e_ﬁ Ty _ g Pontn—1+ T w"ni)) In(ng — n—1))
keN
= ka* me—ﬁ 2 win; (1 _ e+ﬁwk) In(n, = ng—1)), (C.10)
keN
thus completing the proof. O

Next, we compute adeHUJi*adUiHUj(pS ® pg), which we need for the explicit bounds on

the error of dynamical decoupling (Recall that U; = v; ® I, where v; € B(Hs) is unitary).

In particular, by doing so, we will retrieve adi(ps ® pg) by setting U; = U; = I ® I; notice,

however, that for the condition ps® pg € Domad,; ,,;1ad;, ,;,;+ the Uy do not play any role, as
Y it

they only act on the finite-dimensional system component.
We start by formally computing ad,; ,,;;i(ps ® pp):
Y

ad,; ;1 (ps ® pp) = [ijsv}, ps] ® pp + [vaV}_, Ps] ®a'(f)ps + psv;Bv] ®[a'(f), p5]
+ [va"v;', ps] ®a(f)pp + psva"vJ‘f' ®[a(f),ps], (C.11)

where we used the formal relation [A® B,C® D] =[A, C]® BD + CA®[B, D] and the fact that
the Gibbs state pg commutes with Hg. From this, we can formally compute
adeHU;adUiHUj(ps ® pp) = [UjHU;L, [ViHstaPs] ® PB]
+[ UL [vBv], ps]®a'(f)ps |

[U]HU ,psviBY] @ [a(F), p5]]
[UHU], [viB™], ps]® a(f)ps]
[U]-HU'.'L,pSv-B'r ®[a(f), ps]]
_ [V]HSV [viHsv!, ps]|® ps
[viBv],[viHisv, ps]| @ a(f)ps
[viHsv,, ps] V'BV' ®[a'(f), ps]
[v;B™V!, [viHsv, ,ps]]®a(f)ps
[viHsv{, ps]v;B™v] @ [a(f), ps]
[v;Hsv], [viBy, ,ps]]®a*(f)p3
[v Bvl. ,ps] [HB,a (f)PB]
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[v]Bv va , Ps :|®aT(f)aT(f)PB
[viBv], ps]v;Bv] @ [a"(f),a"(f)ps]
[v;B'], [viBv], ps]|® a(f)a'(F)ps
[v;Bv] ps]vB'v‘ ®[a(f),a'(f)ps]
[ijSvj,pszv :I [ (), PB]
+pSva"L®|: B> [ T(f) PB]]
[va , PsViBV; ]®Cl (f) a'(f), PB
+pSva va ®[a (), [a (f)s PB]
+[viBY]. psviBy! J@ a(f)[a' (). py
+ pgViBViv; B‘v' ®[a(f),[a"(f), ps]
[v Hsv [ vi ,ps]] ®a(f)ps
[ v ps]®[HB a(f)ps]
[v]Bv V; BTv' ps]:l ®a'(f)a(f)ps
[viB™v],ps]v;Bv] ® [a'(f), a(f)ps]
[
[

+
+
+
+
+

_ g

v;B'V],[viB'v, ps]] @ a(f)a(f)on
v;B" v PS]V B'V] ® [a(f),a(f)ps]
[ijsvj,psviB'vi] ® [a(f), ps]

+ psv;iB™v] ® [Hg, [a(f), pp]]

+[viBv], psviB'v] |@a'(g) [alf), pp)

+ psviBJ"v;rvav; ®[a'(f),[a(f), ps]]

+[viB'v], psviB'v ] @ a(f)[a(f), 3]

+psv; BTV v; BWV' ®[a(f),[a(f), pl]
= [ijSvj s [ViHSVi ,ps]] ® pp
I:V‘BVT |:v~Hs,VT Ps]] [VjHSV;:[ViBVj,Ps]D ®a'(f)pp
[V]B vi [ HSv ps]] + [ijsv;, [viBJ"v:',pS]]) ®a(f)ps
[viHgv!, ps] vavj + [ijSv;-, psvti;rD ®[a'(f), 5]
[viHgv!, ps] v-B'i‘v"L + [ijSvJ'.r, psviB'rvl?’L]) ® [a(f), ps]

(
(
(
(
[vJBv [v:Bv] ps]] ®a'(f)a'(fps
[
[
[
[
I

+
+
+
+
+

v;B'V],[viB'v, ps]] @ a(f)a(f)on
v;B'v,[viBv], ps] ] ® a(f)a ()pn

lJea'(alFIps
vBv!, ps]v; Bv; "®[a’(f),a'(f)ps]
viB™], ps]v BTV‘®[a(f) a(f)ps]

z Bv VBH/T , Ps
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+ [V Bv, ,ps] \Z B’ I:Cl(f) a_'r(f)pB]
+[viB™], ps]v;Bv] ®[a (f),a(f)ps]
+[vBv], psviBY] ]®a*(f)[a (), ps]
+[viB'V]. psviB™v] |@a(f) [alf). ps]
+ I:V]B] ',psv Bv, ] ®a(f)[a'(f), ps]
+[viBv]. psviB™v] | @ a'(F)[a(f), py]
+psvl—Bv;rvav;- ®[d'(f),[d"(f), ps]]
+psvl~B'*‘vlj'ijBTv; ® [a(f),[a(f), pel]
+ psvti;rvaTv; ®[a(f),[a'(f), ps]]
+ psviB'i'vjvav}_ ® [a'(f),[a(f), ps]]
+ [vtiiT,Ps] ® [HB: a-i.(f)PB]
+[viB™v,, ps] ® [Hg, a(f )ps]
+psviBY; ® [Hg,[a'(f), pp]]
+psviB"v ® [Hy, [a(f), ps]] -

Our goal is to show that ||adeHU]-_a-adUiHUl;;-(ps ® pp)llus is finite.

(C.12)

By taking the Hilbert—

Schmidt norm of the above expression and using the triangle inequality as well as the identity
IA® Bllys = IlAllusl|Bllys, we can reduce this task to ensuring that the Hilbert-Schmidt norm
of every individual bath term stays finite. For this, we collect the values of certain norms in

the following lemma.

Lemma C.2. Let the boson field satisfy Assumption 3.1. In particular, define m := inf; w; > 0.
Let f € ?? (Assumption 3.2) and wf € (2 (Assumption 5.1). Furthermore, let Assumption 5.2
be fulfilled. Then the following relations hold:

(

(o

@) [JaC)e P s

”e_ﬁHB”ils=Z(2ﬁ)>

(i) HaT(f)e‘ﬂHBHHSSIIfII [—L 35 +1]2(28),

@) [laCrye P s <

v

—

2 d(2[5)2 Z(Zﬁ)

et ()2 P 5 < I 1| 2 qei — 2 3y +2] 2(28).

o) [ (F)alF)e 5 < I 1] b g — & oy  2(28),

i) [|la(f)at(Fe Pl < IF 1 2 aripr — 2 acasy + 1] 2(28),

i) [|[a"(F) e P ]||ns < IFI2[—2 a5 + 1] 2(28),

—

(ix

(x

—

I[ar), e ]| < IFIP[ 2 g +1] 2(28),

la* (L), e ][l < U1 [ 7 s — acomy + 2] 2C26),
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) [la()[alF)e o] |lne < IF I & sy — 2 2k +2] 2(28).
i) [|a()[a'(F),ePHe]|fs < IFI* [ 2 iy — 2 3k + 1] 2(28),
i) [|[a"(F ), alf e P ]s < IF I 22 s — 2 o +1] 2(26),

o) [|[a(F),a"(Fe P ]|[rs < IFI*[ 2 s — 22 +2] 2(28).

) [[a(),alHeB]|5s < I I* [ arary — 2 a5 + 2] 228D,

o)) [|[a' (). [a"(F)ePHo]]||ne < 41FI* [ 2 aisy — 2y + 2] 228,

[d
[a(
[
i) ||[a(F), [a(F),e P ]] HHS<4||f||4[$d(2—;)2—;d(2ﬁ)+2]Z(2/5)
Covit) ||[Hg, a(f)e P ][5 m d@ﬁ)z(z/&)

(i) [|[He. a'(Fe ]|} < lof I2[—% 355 + 1] 2(28),

) ||[He. [a"(F), e P ] ][5 < Neof 1P [ sy + 1] 2(28),

o) ||[Ha, [a(f), e P ]]|lrg < llof 112 [—;m +1]z(2p).

Proof. Due to Assumption 5.2, it follows from Proposition B.1 that the function 8 — Z(f) is
twice differentiable. Therefore, we can write all Hilbert—Schmidt norms in terms of derivatives
of Z(3). We proceed item by item starting with (i):

e s = 23 e 1m)
— i e2B 2 win;
n

= 2(2p). (C.13)

To prove the inequalities, we notice that

>onlflf < anZan, C.14)
j
Z” < —Z (C.15)

Combining these two inequalities, we 1rnmed1ately get

Z lf] _||f|| Z ;. (C.16)

J
We use Eq. (C.16) for the inequality (ii):

e |[fg = > [|aCF e [n)]||”
2

_ ”f||2 _L —2B > njow;
T m ; d2p)°

IR d
m d2p)”

(C.17)
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Likewise, we can proceed for the creation operator to show (iii):

la"(F)e P |fis = > [la"(Fre o )|

I 1P 28 o 2B no;
SZT Zniwi e 2ﬁ21n1w1+||f||2e 2ﬁ21nlwl

2
_ Z ”f” (_%)e—zﬁzi niw; 4 ||f||2 e—2/5 >iniw;

_ 4
m d(2f)

For the squared annihilation operator, we obtain (iv):

laCr e[ = D [lalf e )|

Z@2B)+If 17 Z(2B). (C.18)

2

= 202 fia 28 e PR ntny — ny = 1)
n k j

2
:Z ka*fj*\/n_jw/n_ke_ﬁz"iwi |n(nj —n;—1,n —>nk—1)>
n £k
] 2
2
+(25(F7) v/myy/n—Te PR n(n; — n; —2))
j
< ||f||4Z(annk+an (nj—]_)) e_zﬁziniwi
no\j#k j
If ¢ ’
< 2 Z(Zniwi) e_zﬁzl‘niwi
1P @ 05 o
= 4m2 Z@e Zﬁzl i Wi
_ et
=Tz dprl P (C.19)

To compute the term involving the squared creation operator, first recall that the notation
|n(n]~ —n;+ 1)) refers to the vector obtained from |n) = |n,n,,...) by replacing the entry

n; withn;+1, i.e. ’n(nj —n;+ 1)> = ’nl, v, N+ 1Ny, > Then, the relation (v) is

proven as follows:

la" (2P| = D [la’(F 2P )|
2

= Z e P ”i“’iaT(f)ijmh(nj —n;+ 1)>
n j

:Z e Pimo ijfkmmh(nj —n;+1,n— nk+1))
n

j#k

2

+ S22 g - g+ 2)
j
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:Ze—ZﬁZiniwi lz {fj|2 |fiel* (nj +1) (g + 1)+Z\fj|4(nj+1)(nj+2):|
m j

j#k

< ||f||42e‘2/52f mei Z(nj +1) (g +2) +Z(ni +1)(n; + 2)]

n Jj#k J

< ||f||4Ze*2ﬁZi”i“’f nj+2] ! nj+1]
J J

n

= |IfII*D e Rimien (Z nj)z +3 (Z nj) +2}

n J J

i 2
1 3
< ||f||4ze_2ﬁ2iniwi E(Zn]wj) +E(ZT1]CO]\)+2]
J J

n

4 d? 3 d ]
=l [ 2 2P d(2[3)+2 Z(2pB). (C.20)

Next, we show the inequalities (vi):

la (Far)ePHo||rg =D [|a’(Fa(F e e jm) |

2

=2 [ 22d () e PR n(n; - n; - 1)

J

=D D fif iV 1yme PRiem n(n; — nj— 1, — ng +1))
n

7k

2

+Z £ e Zeen )

<lIf1 Z(Zn - 1) (Z ni)e—zﬂziwmi

1

e ] o)

J

4 d? 1 d
=[£Il [ 2 AP d(zﬂ)]Z(Zﬂ), (C.21)

and (vii):

la(H)a’ (e PHo||rg = D [|lalr)a’ (Fe e )|

2

e P ”f‘”ia(f)ijmh(nj —n;+ 1)>
J
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=2

n

e P inie lijfk*\/ nj+1yag|n(n; - nj+ 1, - ng—1))
i7k

2

+Z|fj|2(nj+1)n)]

r 2
<IfI Y e B an+1]
n

2
1 2
< ||f||4Ze_2ﬁZiniwi E(anwj) +;(Zn]w1)+1:|
n J

_ueal 14 2 d
1| ey 1 2. €22

For the commutators of creation and annihilation operators with the Gibbs state, we use
Lemma C.1 to prove (viii):

[la' (e ]lis = D2 la (). e Tim)|[
= D Do fiv/my+ e PEem (1—ePe) [n(n; — n; +1))
n j
< Z ||f||2 Zn.w_ e—ZﬂZiniwi + ”f”Ze—Zﬂzi n;w;
— m l L L

_ AP d

2

a2 mZ(zﬂ)+ If1>Z(2B), (C.23)
and (ix):
ety ez = Jfane P,
= - La" (2 e P ]|
<M _d oy 12228, (C.24)
m d2p)

Next, we have creation/annihilation operators applied to the commutators. This is (x),

" (I [a’ (), e e ]||7
= > a" () [ () e P ] m) |

-3

n

2

a"r(f)ij me_ﬁ 2o (1 —e_ﬁ‘*’f) |n(nj —n;+ 1))
J

S Ffe/my F TV Te P Zems (1— P n(n; > n; + 1,y — m + 1))

7k

+Zf}2 /n]+1 /nj+2e_ﬁ2iwini (1_e_/5“’j)|n(nj—>nj+2)>
J

2
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< ||f||4;e—2f5 i winy (2(1 —ePer)? (n + 1)) (Zk:(nk + 2))
< ||f||4Ze‘2ﬁZf‘*’f”f [Z n; +2] [Z n; + 1}

||f||4[

d? 3 d
2d(28)>  md(2p)

+ 2} Z(2B), (C.25)

(xi):
laCr)[a(F),e ]|
= [a(r),e ] a(f)H

H[ (f), e P a(f)H
[a'(F),e ] () )|

a'(f)e” ﬁHBf \/W|n(n —n; +1)>

—Ze_ﬁHBaT(f)fjm |n(n]- —n;+ 1)) 2
J

kafjmme_ﬂzi niwig=Pw; |n(n]~ —n;+1,m - n+ 1)>

Jj#Fk

+ijzm\/me_ﬂ 2imwig—ho; |n(nj —n;+ 2))
J

—Ze_ﬂzi “iwie_ﬂ(wﬁ"’k)fkfjmm |n(nj —nj+1lmy—>n+ 1)>
Jj#k

=D e PR P2 [ T+ 2 [l — 0y +2) 2
J

Sy VAT T B (e — g

Jj#k
X |n(nj —nj+1,n -+ 1))

-3

n

-3

n

2
* DI PR =)ty =y +2)
< ”f” Z(Zn +1) (Zni+z) e—ZﬁZiniwi
2
<IIfll Z |: (Z n'wi) +%(Zniwi)+2] e_zﬂZiniwi
4 d? 3 d
=[£Il [ 2 d2p)2 md(zﬁ)quz}z(z/s), (C.26)

40


https://scipost.org
https://scipost.org/SciPostPhys.19.2.035

e SciPost Phys. 19, 035 (2025)

and (xii):

JaH[a' (), e P
= > [latH)[a'(F), e T m)

2

= Z a(f)ij n; + Te P 2w (1 —e_ﬂ“’f) |n(nj —n;+ 1)>
n j

=Z ijfk*,/nj +1\/n_ke_ﬁzi°’i"i (1—e_/5‘°f) |n(nj —nj+1,n— nk—1)>
n ||j#
2

FSI e B 1P
J

< I|f|l4ze—2ﬁziwini (Z(l—e ﬁ"’] (n +1 )(Z(nk+1))
n J

2
<A e e (Z i+ 1)

i

4 d? 2 d
<|IFl [ 2 2B d(zﬂ)H]Z(Zﬂ), (C.27)

where we used Lemma C.1 in each computation. We continue with commutators of the
form (xiii):

[l (), 0l ] g
= 37 [la"(Fal )P ) — a(F)ePHoal (£) )|

a'(F)f; /e P 2iem [n(n; — n; —1))
;

2

—Z a(f ) fev/ny + e P Li@miePox n(ny — ny + 1))
%

=2

n

Zf*fk \/ le+1e ﬂz @il ( e_ﬁ“’k)|n(nj—>nj—1,nk—>nk+1)>
J#k

+ 2 me B in) =3 5 (n + 1) P Rmehes )
j j

2
< ||f||4Z(Z n; + 1) e—2ﬁzi w;n;
2
< ||f||4;e—2/52iniwi |:% (Z niwi) + % (Z Tli(x)i) + 1]

i i

2

4 d? 2 d ]
=[£Il [ mZ AR d(zﬂ)+1 Z(2p), (C.28)
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(xiv):
||[a"r(f ) al(f )e‘ﬁHB]||HS = ||a"'(f )a'(f e PHe —a'(f ) PHal(f )HHS
= " (H) [a"(F), e P ]||
1 a2 3 d
<lIfll [@d(zﬁ)z " d2P) +2}Z(2/5), (C.29)
and (xv):

ILa(f), alf)e P ]|s = lalFalr e e — a(f e P oa(f)|| s
= ||a(f)[a(f), e_ﬁHB]”Hs

J 1 a2 3 d
<II£1l [ﬁd(z/j)z o) +2}Z(2ﬁ). (C.30)

Next, we have the double commutators. Starting with (xv), we have

ILa"er). [’ (2 e T]II5s

= ”aT(f) [aT(f), e—ﬁHB] + e_ﬁHBaT(f)aT(f) _ aT(f)e_ﬁHBaT(f)”;S
=SS at()f oy + TP (1— e F) |n(n; - n; +1)
n j

+Ze_ﬁHBa'i'(f)fjm|n(nj —n;+1))
J

2

—ZaJ"(f)e_ﬁHijmh(nj —n;+ 1))
J
Zf]fk mme_ﬂ Zi @il (1 —e_ﬁwj) \n(nj g n]- + 1, ng — ny + 1))

j#k
+ij2m n;j+ 2e P 2w (1—ePei) ’n(nj —n; +2)>
J
+Ze_ﬁ2i ‘“i"ie_ﬁ”fe_ﬁ‘”kfjfk,/nj +1y/n+1 |n(nj —nj+1,n -+ 1)>
7k
+ Ze_ﬁ 2 ”i”fe_ﬁwfe_ﬁwfszmm |n(nj —n;+ 2))
J
—Ze_ﬁ % wi”ie_ﬁ”ffjfkmmh(nj —nj+1,n —n+ 1)>

j#k

— S e b Temebor 2 [u T /w2 [n(n; - nj + 2))
J

S fe/my F T T Te b B (1— 26Pe) 1 e PorePor)

j#k
X \n(nj —n;+1,m —n+ 1))

+ij2,/nj +14/n;+ 2P i (1—2e7Pei 4 e Peieg o)
J

2

-3

n

2

-3

n

X ’n(nj —n;+ 2)>
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< ||f||4zz (le + 2) (nk + 1)e_2ﬁ 2wl (1 _ze—ﬁwj + e—[jwje—ﬁwk)Z
nojk
< 4||f||4zz (Tl] + 2) (nk + ]_)e_zﬁ Zi Wi, (1 _e—ﬁwj)z

nojk

< 4||f||4z (Z n; + 2) (Z n; + 1) e2p D in;

i

2
1 3
< 4||f||4z |:ﬁ (Z lea)j) + E (Z njcoj) +2] e_ZﬁZiwini
n J

J
1 3 d
m?d(26)? md(2p)

= 4||f||4[ + 2}2(2/5). (C.31)

Furthermore, (xvii) reads

IlaCr ), [a(h),e ]| = [la () [a'(F), e PHe ] + e PHoat(£)al(F) — a (F e PHea’ ()7

= [’ [a () e P

o 1 d? 3 d
<4l [Wd(zfs)z T md2h) +2]z(2[5). (C.32)

Finally, we compute the commutators involving Hy, beginning with (xviii):

|[Hs, a(F)e ][5 = D | Haa(f e jn) — a(f )e PHoHy n) |

> ((“j —1)w;+ ), n"wi) £} /e P 2 n(n; — n; —1))

J i#j
2
e (St
J l )

=2 |20t Ve PR ety -y - )

n J

||(“()f||2 —2[52i w;n;
< —m ; (Z o)ini)e
:_”(f‘)f”2 d Z(2B). (C.33)

d(2p)

Likewise (xix) reads

[Chtm, @ (e )
=D ||Hsa’(F)e P n) —a'(F)e oy ) |

> ((nj +1)w;+ Z”i‘”i)ff V1P n(n; — n; + 1)
J i#j

2

—ij me_ﬁ 2o (Z niwi) |n(nj —nj+ 1)>

j i
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2

"2
< ”wr.ri“z Z(Z wini)e_zﬁZiwini + ”wf||2ze—2ﬁzi win;

n i n

Zw]fj nj+1e_ﬁ2iwini |n(n1—>n1+1)>
J

2
=L 220 + I 2C2p). (C34)

The last two are the double commutators with Hg, i.e. (xx):

IEs, [af(F), e ]|
=" ||Hs [aT(F) e P ] n) — [a(F), € PP ] Hy ) ||

:Z Z wj (nj+1)+ZCl)iTli fjme_ﬁziniwi[l—e_ﬂwj]

j i#j
— (Z o)ini)fj me_ﬁZi 1 @; |:1 —e_ﬁwj]) {n(nj — le + 1))
=D 2o wifiymF e Rime1—e P ] n(n; - n; + 1) ‘
n j
_llwf||2 =2 2 win 2 —2B 2 oy
< Z(Zwini)e +lofIP 2 e

n i

2

_ llefI?* d

2
d(T[g’)Z(Zﬁ)H'COf” Z(2p), (C.35)
and (xxi):
[ [0, P T = [ (1 [0, P ] = [atr, e P ) |
= ||CHa, [a' (), e P ]l
lefI* d )
d(zﬂ)Z(Zﬁ)+ lewfllI*Z(2B). (C.36)
This completes the proof. O

The remaining norms that we have not computed yet involve commutators with the an-
nihilation operator a(f). We can see from Lemma C.1 (ii) that these terms will have a factor

2 Lo . . . .
(1 — e+ﬁ”k) , which increases exponentially in ; therefore, we cannot simply bound this fac-
tor independently of 3 as we have done for commutators with the creation operators a'(f) in

Lemma C.2 (where we used (1 —e Pex )2 < 1). For this reason, we pursue a different strategy
for the commutators containing a(f ), which employs the following lemma.

Lemma C.3. The following inequality holds

||aﬂ1(f)e—ﬁHBaﬂ2(f)||12{S < ||aﬁ1(f)7aﬂ1(f)e—ﬁHBHHs Haﬁz(f)aﬁz(f)'i'e—ﬁHB||Hs , (C.37)

where a(f) denotes either the annihilation or creation operator:
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Proof.

a2 (e PHeat2( )| = tr (ah (e PHoat(fat(f ) e PHeah (£)T)
tr (a1 (F) a" (e Proak(f)ak(F) e M)
=[{eah (1) ah (1),a(NaB (e )
< [l a1y P
= ||la () ah (F)e PP | a2 (Fa2(F) e PP, (C.38)

where the third line uses that the Hilbert-Schmidt norm is induced by the Hilbert—-Schmidt
inner product (-, -)ys and the fourth line is the Cauchy-Schwarz inequality. O

Using Lemma C.3, we can compute the remaining terms. We collect them in the following
lemma.

Lemma C.4. Under the same assumptions as in Lemma C.2 we have
. ~ _ 2
@ [|a"(FI[aC),e e ]|[os < IIFI* (\/[#ﬁ — o | 2(2P)
2
[y — 2k * 1]2(2/3))

(@) [|[[a(f).a" (e ]|rs < 41F I Z oy — 2 285 + 1] 2(28),

i |Fatr[a' e Yo < a1 ([ — Bk + 1] 28)
+/ W«z—/s)z—wzm]z(zﬁ))
@) ||[a'(F),[alr), e PHe]]||5s < 4||f||4(\/ | Laes — 2585 +1]2(28)

+\/ [ s~ Hd(zm]z(zﬁ))

Proof. As before, we compute each term individually. We begin with (i):

la"(F) [alF), P ]| 1
< ([la'(FralfIeHo | s + [|a"(Fle P a(f)| )

- 2
< (Jla"CFalr e s + /llaC)a (P el s laFdar (FrePHa ) (C.39)

2
ST @ 1 d 1 @ 2 d
<l (\“Wd(zﬂ)Z_Ed(m)]Z(zﬂ“\“ﬁd(m)f%d(zm“]Z(Z’”) |

For (ii), we have

I[aCr),a"(FrePHe]|2
< ([latr)a" (e e, us + |lat (F e PHoals)|yys)”
N 2
< (Ha(f ) (F)e P | 1o + 4/ [ aCF)at (FePrs|, ¢ [|aCFIat (FIe—pHs I\Hs)

o 1 a2 2 d
<4l [ﬁd(zﬂ)fad(zﬂ)

+ 1] Z(2pB), (C.40)
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and similarly for (iii):

|ar).[a' (), e PH ]|
< (latr)a" (£ [ ys + [|alFIeHoa’ (F)| s
+ [’ (e PHra(f) s + [l oa (FIal )’
< ([lar)a" ey + o/ [la(Fal dePin [y [la (Pl el
+/[lal)ar(FIePhs |,y [laCFIai(F e P | g + [’ (FIalf )eHo ||HS)2
= 4([lalr)a’ (e + [la'(FIalr )P l) (C.41)

2
ST @& 2 d 1 @ 1 4
<4l (\“Ed(z—ﬁ)fﬁd(zﬂ)“}z(zﬁ”\“Ed(zfs)fﬁd(zﬁ)}z(zﬂ)) '

(iv) reads

a2 [atr), e g = | () [alr), P ]~ [atr), e ]a ()’ ;

= |~[a'(f), e ] alf) +alr) [a'(f), e PHe]||7
= [|[atH).[a"(F).e P ]2

JJT1 @ 2 d
el N[ﬁd(zﬂ)fﬁd(zfs)“]z(zm

2
1 4 1 d
+\J[Ed(zﬁ)z_Ed(zﬁ)]zﬂm) -

This completes the proof. O

Finally, we can compute the norm of Eq. (C.12). By using the estimates provided in
Lemma C.2 and Lemma C.4, we obtain

Had UHUT(pS®pB)
< m( [ijst!', [viHsv;, ps]] is x Z(2P)
+ [vav}',[viHSvj,ps]]+[ijSv [v:Bv] ps]]H ||f||2[——d(2ﬁ)+1]2(2/3)
+|[viB'v], [viHsv ps]] + [viHsv, [viBTv, ps] H ( IIQIZd(;iﬁ) (2/5))
+||[viHsv ps]viBy! + [viHv! pSva” ||f||2[——d(2ﬁ)+1]z(2/3)
+ | [viHsv!. ps ] vBV] + [v;Hgv! pSvB'v] < |I£ 112 [ d(gﬁ)ﬂ]z(z/j)

m2d(2)2  md(2p)

4 d2
it Lol (L1 o)

i 4 & 2 d )
v;B™V, [viBv] ps]]H (nfn[ 5 TCET md(zﬁ)H]Z(Zﬂ)

[
[
[
+||[v;Bv!.[viBv], ps ]H x(||f||4[i ¢ _3 d +2]z(2/5))
[
[
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+([v;Bv] [viB'Y] ps]]H (Ilfll‘*[ Zd(;jl;)z 1d(§ﬁ)]2(2/f)))
+ [vtij,ps]vav (||f||4[ Zd(;l;)z Sd(;ﬁ)Jrz]z(z/s))
+|([viB™v], ps]v;B™V] (||f||4[i2d(‘21—;)2—3d(‘21ﬂ) 2]2(2/5))
+||[viBvl. ps]viBTv] ( ||f||4[ » d(;l;)z—% d(gﬁ)H]Z(zm)
o e W (T e el L)
+||[v;Bv!. psvipy, ]’ (||f||4[ 2d(§;)2 Bd(gﬂ)”}z(zﬁ))
+([vB'v], psvB' v] (||f||4[ 2d(§;)2 id((zi[a’)+2:|z(2ﬁ))
o O W P e e )
+([v;Bv] pSva] x||f||4(\“$d(§;)2—%d(gﬁ)]z(zm
2

+\J[#d(;l;)f%d(;m“]z(zm)
+ psvtili*'vav ”f”4[_2d(§—;5)2_3d(g/3) 2]2(2/5)
+|[psviB'v{v;B™v st4||f||4[$ d(‘;;)z—% d(; B +2]Z(2ﬂ)
 Jesvnln] < ais ”4N %d(js)z _%d(;ﬁ) ”]Z(zﬂ )

2

*\ [%d(;l;)z _%d(gﬂ)}z(zﬁ))

o AR W N TR e 7P
2

ey _%d(;jﬂ)}z(m))
[T ps s * Neof P |~ s +1 | 2C2p)
+||[ViBTVj’PSJHIisX(_”wf“ d(%/j) (2 /3))
+ || psviBv, ||st||wf|| [ 1d(;ﬁ)+1]2(2/3)
+ |losviBV |7 x oo f 112 [—ld(‘;ﬁ) + 1]2(2/5)). (C.43)
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These terms only involve up to second-order derivatives in (28) of the partition func-
tion Z(2B). Since by Proposition B.1, Z(2f) is indeed twice differentiable in (2f),
all the norms are finite. This proves that ad, ., rad; ,,(ps ® pg) € L(H) and thus

Y i1

Ps ® pgp € Dom ade AUl adUi U We summarize this discussion in the following theorem.

Theorem C.5. Consider a Hamiltonian H of the form of Eq. (24) satisfying Assumption 3.1,
and let U; = v; ® I, where the set {v; }L o generates a unitary group that acts irreducibly. Set
P =pPs® Pp, where Ps is an arbltrary qublt density operator and py is the Gibbs state at inverse
temperature 3 associated to Hy. Assume f € (2 (Assumption 3.2) and also wf € £? (Assump-
tion 5.1) and define m := infj w; > 0. Furthermore, let Assumption 5.2 be satisfied. Then the
dynamical decoupling error &y (t; p) for pulsing with {v; }]L;g can be bounded by

2L1

1
En(t; p)—NLzz(E adZ ZHadUHU.adUHUTPH) (C.44)
where the individual terms are bounded by
2
HadeHU}TadUiHUj’ (ps ® pp) 1S
<1 [v;Hsv], [viHsv] ]]2 Z(2B)
72(B)? VittsVi, LVitisVis Ps ||| 1o ™ B
R 3 - 4 2
+(”f||2 I:VjB‘vj'a[viHSViT:pS]:l-i_I:V'HSVT)I:ViB'V‘r’pS:I]HHS
- 2 1
+lof 1|8 el ) |~ 35 | 220

+(r12
+1£11P

o ot )Lt bt L,
2
‘HS
. I : RS 2
[viHSvlT, Ps ] v;B' v].T + [ijsva, psviB'v! ] s

[viHSvi' , ps] vavj’ + [ijSvj' ,PsViBV, ]

FIFIR
Fllof I2]|[vBv, ps ][5 + o f 1 | osviBv] ||

+llof I psviB ! [|1s ) ¥ [—l + 1]2(2/5)

d
d(2p)

, 4 9
* [vaT i [viB™v ps] HHS ”7{1|2| d(gﬁ)z (2B)
+ (L8], [viB™, s ]H ||f||4[ Zd(;i;)z 1d(§ﬂ)]2(2/3)
+( [VfB?VJ‘T’["iB"j’PS]]HHs+4 [ViBVj’Ps]VjBJ"v;' is

+ [viB'i‘vlj’L,ps]vav}L ’

. P
v.B"y! v~Bv.']H )
[ J ]:pS 12V HS

HS

4 ¢ 2 d
W~ ey 1209

[vav;.r, [vti:, ps] H

2

[vtiiT, ps] vav;.L

HS HS

+

2
T, 7 U T T
+ H[viB 12 ,ps]va v HHS + H[vavj,pSvtii:l s
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2 2
T, T T, T T
+ [va vj,psviB vi]”H +4HPSV1'BV1 vavj s

4 d? 3 d
) IIfII[ zd(zmz d(zﬂ)+2]2(2/5)

+4 HpsviBTv:vaTv

+( [V~BvT o v~B"'vT] : +4Hp v;Bvv:BTyT +4Hp v;BYviv.By! ’ )
jPVioPsVi i I||lgs SYiP Vi Yj ilus SVi L7775 ||as
JTL @ 1 d ]
<7 (\“mZd(zmz maep ) P
2
1 d2 2 d
+\“ﬁd(zmz‘ad(2ﬁ)”]z(2ﬂ )) ' (C45)

Proof. Eq. (C.44) is a direct consequence of Corollary 4.3 from the main text by setting
H;=U;H UJT and using the following triangle inequality

j—1 j—1
Z adeHUjTadUiHUifp < Z HadeHU;adUiHU:p H . (C.46)
i=0 i=0

Eq. (C.45) follows from inserting Lemma C.2 and Lemma C.4 into Eq. (C.12). This leads to
Eq. (C.43), which can be rearranged to give Eq. (C.45). Our Assumptions ensure that all
quantities appearing in the bound are well-defined so the bound stays finite. O

Corollary C.6 (Loose bound). Under the same assumptions and notation as in Theorem C.5,
Eq. (C.45) can be further bounded by

2
|ady 078y mer s © 05)| < Z( ﬂ)z O max{lIHs |4 IBI4g) (C.47)
<(28)+ 4071+ hor )2 S5 1] 20)
J 1 & 3 d
S g mae +2)72)

Proof. All quantities from the system part involving Hg, B and pg can be bounded by using
the triangle inequality as well as unitary equivalence and submultiplicativity of the Hilbert—
Schmidt norm. Furthermore, ||pgllys < 1, so that each norm on the system is upper bounded
by 4 max{||H S”HS’ |IB|? i1s}- Squaring this quantity yields the part of the loose bound due to the
system.

For the norms on the environmental part, we use [— E m]Z(Zﬁ) < [ % d(%ﬁ) + 1]Z(2[5)

1 d? d? 3
and [+ gp7 — md@ﬁ) +b]Z22B) < [ 1557 TCBY — md(zﬁ) +2]z(2B) fora < 3 and b < 2.
Furthermore, we bound

2
1 d2 1 d 1 d2 2 d
N[ﬁd(zﬂ)fad(zm] P+ M_zd(zﬁ)fﬁd(zm 1]2(2’”)

ES
m2d(28)2 md(2p)

+ 2] Z(2B), (C.48)

thus completing the proof. O

This is precisely the looser bound presented in Theorem 5.3 in the main text.
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C.2 Reduction to the single-mode case

In the case of a single mode, the calculations presented above simplify; moreover, tighter
bounds can be obtained. Since we consider three single-mode examples in the main part of
the paper, it is worthwhile considering this case separately. For a single-mode boson bath,
ie. Hy = wa'a, we have Z(B) = (1 —e_ﬁ“))_1 and m = w. Furthermore, without loss of
generality we can set |f| = 1.

We will reduce the single-mode case from the general case. Specifically, we will reprise
the calculations from Lemma C.2 up to the point where we only used equalities or non-strict
inequalities, and continue calculating the single-mode norms from there. Instead, we do not
use the steps that involve strict inequalities and use tighter estimates. This yields the following:

lpslA = (1—e )’ z(2p)
= (1—ePe)? (1—e200) !
_ Bw
—tanh( 2 ), (C.49)

— 2 _
laapglifs < (1—e7*) ||f||4zn(n—1)e 2hen

—/3@) Z(l 2 2——nw) —2Bwn

d? 1 d
—(1_ —ﬂw —
= y [wz aepe wd(Z[o’)]Z(zﬁ)

_ 2 (C.50)
(epo—1)(efo+1)° |
||a"ra"rPB||iIS =(1 —e_ﬁ“’)zz e (n+ 1) (n+2)
—(1—e_/5‘*’) Z(—n w +—na)+2) —2pen
(1 b 3 d
=(1-efey [wz ETE d(zﬂ)”]z(zﬁ )
2e4[5Q
_ , (C.51)
(e/m — 1) (e/m + 1)3
Jaa!puls = (=) e [ o 1]
2
_(1—e_/5‘*’) Z(—n w +—nw+1) g2Pwn
C(1_epop| 4 2 d ]
=(1-e )[wzcl(zﬂ)z odep) AP
e2be (1 + ezﬁ“’)
(C.52)

T (eFo—1)(ePo 1)
||[aT,PB:|||§IS = (1 —e_ﬁ“’)zz Hf\/n + 1e Pon (1 —e_ﬁ‘*’) |n+ 1)”2

= (1 — e_ﬁ‘”)4z (n+1)e2Pen

d
= e P =
(1-e?e)’ [ d(zﬁ)Z(2/5)+Z(2/5)]
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—(1—ePe)? [_Zd(%m 1_e—2ﬂw)‘1+(1—e—2ﬁw)‘1]

= tanh (/57”) , (C.53)
ILalr) ] lhs = 1=[a'r), e ][5

= tanh (/570)) s (C.59)

o' [a' pa] = (1= P SV TVaw 2e o (1 e P+ 2

=(1 —e_ﬁ‘*’)4z (n2 +3n+2)e 2Pen
— _ —ﬁw d
=(1 )[ > d(zmz 2(2p) - d(zﬂ)zu/mzzu/s)]

_ —[30.) 1 d2 _ 2PBw i d _ 2w -1
== )[oﬂd(zﬂ)z (=)~ aam )

+2(1—e2Pe) ]
B 2e2Pe (efe —1)
C (ebo+1)
Ha[a, e_ﬁHB]”iIS = (1 —e_ﬁ‘”)zz HfZ\/rH— 1Vn + 2ePne (e_ﬁ‘“ —e_zﬁ“’) In +2>”2

(C.55)

= (1 — e_ﬁ“))4 e 2ho Z (n2 +3n+ 2) e 2Bwn

n

= la'[a’, oy s
2(efe—1)
= —(eﬂw N (C.56)
lala’,palllns = (1= DI P (n s DyePor (1= ) )
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_(1 e ) |:a)2d(2ﬂ)2(1 e 2 ) © d2p) 1—e? )
+(1—e_2/3‘°)_1]
= 4sinh* (/570)) coth(Bw)esch?(Bw), (C.57)
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+ (1 — e_ﬁ"”)2 e 2P z(2p8)

gy 1 o peyd pol d
_|:(1 e Fe) 2d(2[5)2+2(1 e )e 32
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FA/mT IVt e Pen
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X (1 —2ePe +e_/5‘°e_/5“’) In+2)

= (1 — e_ﬁ‘”)6 Z (n2 +3n+ 2) g 2Pon
n

=(1—e7) |la" [a", ps] s

= 2tanh® (’%‘”) , (C.59)

Ila,[a, ps]l% = |[[a', [aF, pa ]|
= 2tanh® (/%”) , (C.60)
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—_(1_ePeo)P L
(1—e) d(zﬁ) Z(2p)
1

= > (C.61)
(eﬁoJ + 1)2

2
lla'a.pulls = [ e’ 0= )]
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——(me PP Lot (e (e P (1—e )
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= (eﬁw " 1)2 , (C.62)
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- (%) | (C.63)
”[a'i‘a, [a;pB]]“IZ—IS - |||:a'i‘a, [, pB]]“;S
o (%) | (C.64)

The terms involving an annihilation operator a on the right must be computed individually,
as in the general case (cf. Lemma C.4) we computed them using a triangle inequality in the
arbitrary mode case (which is not tight). This gives the following:

o .ol = Sl .l
:(1_e—ﬂw)22\|ne—ﬁwn(1—e+ﬂw)|n>!|2

= (e ety Lo L zen]

= 16sinh* ([3760) [é—d(;i;)z (1 — e_2/5a))—1i|
= 4sinh* (ﬂ%) coth(Bw)esch?(Bw), (C.65)
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4 gy d
—Z(l—cosh(ﬁw))(l—e p )mz(zﬂ)

+(1 —e_ﬁw)22(2/3)]

=(1 —e—ﬂw)2 [é (1—cosh(Bw))> %22
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w dp
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[fa", [0, o] s = Il [, o] ]llss
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it atpelfs = o [ oull
I CE
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(eﬁw + 1)3
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2(ePe—1
_ (e 3) . (C.70)
(efe +1)

C.3 Examples

The discussion in the previous subsections considers the most general case for a Hamiltonian of
the form of Eq. (24). Let us apply this to specific models, particularly the examples considered
in the main text. For this, we can plug in the corresponding system operators into the bound
presented in Theorem C.5. In the single-mode case, the bounds can be tightened using the
norms collected in Section C.2.

Pure dephasing model. The first example is the dephasing model presented in Section 2.
The Hamiltonian is given in Eq. (2) and reads

w N .
H:7SUZ+wBa’a+faz(a+a'). (C.71)

As the decoupling set, we choose ¥ = {I, 0, } and pg = |+) (+|. Then, our bound becomes

2 0)2 O_)ZeﬁwB
gN(t;p)gt_w V2 | —2—+ B—+2\Jw§tanh2(ﬁw]})
4N (eﬂwB + 1)2 cosh(Bwg) +1 2

2B w
+2v2wg L 5+ S 3 +\Jtanh2(@)
(eﬁ“’B + 1) (eﬁwB + 1) 2
2 Powp —
+t—|f|2 6 ng+41/§\ tanhg(@)
4N (eﬂwB+1) 2

L \J cosh(f wg)(coth(Bewg) — 1) i Q cosh(B wg)(coth(Bwg) + 1)
cosh(fwg) +1 cosh(fwg) +1
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o e 2hwscsch(f wp) +9 e?Pescsch(fB wg)
cosh(fwg) +1 cosh(fwg) +1

+x/§\J (sinh(SﬁZwB) —sinh(ﬂ;OB)) ch® ([5(203)
+3\J eBws tanh(%) sech? (%)J

t2 Bwg
4‘/_ tanh( 2 ) (C.72)

Using Corollary C.6, we can obtain a looser, but simpler bound, which is given in Eq. (13) of
the main text.

Jaynes-Cummings model. The second example is the Jaynes—Cummings model from Sec-
tion 6.1:

w N ]
H= 7Soz+coBa'a +f(c7+a+a_ar). (C.73)

As the decoupling set, we choose the full Pauli group ¥ = {I,0,,0,,0,}. For pg = |0) (0],
our bound reads

En(t; IO) (] ®PB)

r e2Pws 2 ﬁwB)
|f| |ws|, i\ @y Vet (%
+ wpehen + Q w? tanh? (@)
(eﬁwB +1)2 (eﬁwB+1)2 B 2
1 efws —1
2 2924 —M—
'”f( J(ww»-n(@wy+gs+ (cbon +1)°

N it SN eZﬁwB(eﬂwB_1)+2«/§ tanhS(@)
\ (epes +1)3 (cPes +1)3 2

3 Bws Bewg cosh(f wg)(coth(Bwg) —1)
+\ tanh (T)+tanh(7)+¢ cosh([ij)+1

e2fwscsch(f wg) \J wp <inpd [ B@B 3
+\ cosh(fwg) + 1 ta\ e Smh( 2 )CSCh (Beos)

(C.74)

(€265 + 1) esch(Bwg)
* \ sinh(2 wg)esch(Bwg) + 2))]

and for pg = |+) (+|, we obtain

(5]
2
+2|f|[41/§cos \ tanhz(

En(t; |+ +| ® pp)
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+4\/_\J wBtanhZ(ﬂ )+8|f| tanh® (%)
N e e e )
t? 1 e2Bep

’ ﬁlfl[drﬁ{ws(\J (efes +1)2 " J (ePes + 1)2)
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+ ZO\J ePws sinh* (ﬁ ;OB ) csch?(Bwg)

+ \/6\ ePws tanh(%) sechz(%))]. (C.75)

A simpler loose bound independent of the system input state pg is obtained via Corollary C.6
and is given in Eq. (64) in the main text.

Quantum Rabi model. Let us also look at the quantum Rabi model from Section 6.2
w N
H=7Saz+w3a'a+f0x(a+a'). (C.76)

Again, the decoupling set will be ¥ ={I,0,,0,,0,} and we consider the initial system input
state pg = |0) (0|. Then, our bound becomes

2

En(t;10) (0| ® pp) < ﬁ[lfl(ﬁ\ (cPon+1)’ * \J cosh(Bwg) + 1

2\| w? hz(@) VI —1
+ \wBtan 5 )T os (eﬁwB+1)2

ePws o [ Bwp

+J cosh(fwg) +1 2\ tanh (T)))
efwp — 1 3 &

+|f|(6, —(eﬁws+1)3+4ﬁ\ tanh ( 5 )

N 2\J cosh(B wg)(coth(Bewg) — 1)
cosh(fwg) +1
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9 e2Bwscsch(f wg) 49 e2Pwscsch(f wg)
cosh(fwg) +1 cosh(fwg) +1

(ezﬁws + 1) csch(Bwpg)
cosh(fwg) +1

+ 1/5\ (sinh(gﬁzﬂ) —sinh(%)) sech® (%)
+3\Je/3w3 tanh(%)sechz(%))]. (C.77)

Furthermore, the loose bound independent from the system input state pg due to Corollary C.6
is given in Eq. (68) of the main text, which is exactly a factor of 5/2 larger than the loose bound
for the dephasing model (13).

+\/§\

Qubit coupled to infinitely many modes. Lastly, we show the derivations for the qubit
coupled to infinitely many modes from Section 6.3. The Hamiltonian is given in Eq. (70) and
reads

oo o
H= %Uz + Z coka;;ak + ka (O'+ak + U—a;;) . (C.78)
k=1 =

To apply our bound, we have to compute the derivatives of the grand canonical partition
function
Z(B) = e~ Zina nl1-exp(=peo)] (C.79)

It is straightforward to see that its first derivative computes to
0 2/5 w; w;

d
~d(2B) 2(2p) = Z:(1_ —Zﬁw)l_[ 1(1 Zﬂwj)‘ (C.80)

To find the second derivative, we again differentiate using the quotient rule. This gives

oo

2
d((ziﬁ)z (/5)—2( e 2Pe)” ]_[ e 2Per) ) (C.81)
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w; (coth(Bw;)—1) Z]C:l eZﬁ(::;_l

TR )
_ i o)izcsch2 (Bw;)+ w;(coth(Bw;)— 1)2;:1 njw; (coth(ﬂwj) — 1) .
i=1 41_[;:1 (1 - e_zﬁwj)

For the explicit choice of parameters in the toy model considered in the main text
(wkeny = kens fidken = (%)keN with f € R, we rewrite the partition function as

1
2= (91;91) 00
1. p(1=p)*y 1. 2K(p1)

_ v
213 /K(p)((p1 — 1)4P1Q—1)1/Z4

Here, q,, = e *P and, for a fixed f > 0 and x € R, p, is the unique parameter that corresponds
to the nome g, in an elliptic function. This can be computed numerically, for instance, with
the command E11ipticNome(Q in Mathematica. Furthermore, the function K computes the
complete elliptic integral of the first kind [73, Chapter 22.7] (which can easily be computed
numerically, e.g. with the command E11ipticK in Mathematica). This expression can be
differentiated with respect to . In particular,

(C.82)

2 . _ 2
_d 2(26) = L +4lC(p2)(5/C(p2) 65(?2)) 4K(p2) pz’ (C.83)
aCp) 24-21/373/2 /K(p)((P— 1)Pag_2) />
and
d2 1
——Z(2pB) =
d(23)? 576 - 21/317/24/K(p,)((po — 1)4P2Q—2)1/24

x [ 1% — 8K(p2)2p (2 + 24E (p3)K(p2) — 76K(p2)* — 2K(p2)?p,)
+ 8/C(p2)(577:21C(p2) —72E(p2)*K(p,)
—46K(p2)’ — 6£(p2)(m — 20K(p2)%) | (C.84)

where the function £ computes the complete elliptic integral of the second kind [73, Chap-
ter 22.73] (which can easily be computed numerically, e.g. with the command E11ipticE in
Mathematica).
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