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Abstract

We explore AdS/CFT duality in the large N limit, where the duality reduces to gauge/-
gravity correspondence, from the viewpoint of covariant phase space formalism (CPSF).
In particular, we elucidate the role of the W, Y , and Z freedoms (also known as ambigui-
ties) in the CPSF and their meaning in the gauge/gravity correspondence. We show that
W -freedom is associated with the choice of boundary conditions and slicing of solution
space in the gravity side, which has been related to deformations by multi-trace opera-
tors in the gauge theory side. The gauge/gravity correspondence implies the equivalence
of on-shell symplectic potentials on both sides, thereby the Y -freedom of the gravity side
specifies the on-shell symplectic form of the gauge theory side. The Z-freedom, which de-
termines the corner Lagrangian on the gravity side, establishes the boundary conditions
and choice of slicing in the boundary theory and its solution space. We utilize these re-
sults to systematically formulate freelance holography in which boundary conditions of
the fields on the gravity side are chosen freely and are not limited to Dirichlet boundary
conditions and discuss some examples with different boundary conditions.
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1 Introduction

The Covariant Phase Space Formalism (CPSF) [1–4] (for review see [5–7]) provides a rig-
orous framework for associating charges with the symmetries of a theory, starting from its
Lagrangian. This formalism involves two key manifolds: the spacetime manifold over which
the theory is defined and the solution phase space. The spacetime is typically a manifold with
boundary. The solution phase space, as the name suggests, is equipped with a symplectic two-
form, which serves as a fundamental quantity for computing charges associated with sym-
metries, including the global or boundary part of gauge symmetries and diffeomorphisms.
However, the formalism introduces certain freedoms (or ambiguities), denoted by Y , W , and
Z , which influence the definitions of the symplectic potential, symplectic form, charges, charge
algebra, and other related quantities [3, 6]. To obtain unique and unambiguous results and
definitions for these quantities and structures, it is necessary to fix these freedoms. Achieving
this requires additional physical criteria or constraints.

The AdS/CFT duality [8, 9], also known as holographic duality, provides a formulation
of quantum gravity in an asymptotically AdS space (the bulk side) in terms of a conformal
field theory (CFT) that resides in one lower spacetime dimension, typically on the causal (con-
formal) boundary of the AdS space (the boundary side). When dealing with a theory on a
manifold with a boundary, CPSF offers a natural framework for studying the duality. This
leads us to our central question: What is the significance of these freedoms in the context of
holography? Moreover, does holography provide a way to fix these freedoms? In this paper, we
explore these questions and demonstrate how the AdS/CFT duality resolves these freedoms
within the CPSF.

Let us examine these freedoms individually, beginning with W -freedom. This freedom
corresponds to the choice of boundary terms (total derivative terms) in the Lagrangians. It
is well known that the variational principle relates these boundary terms to the boundary
condition of the fields. A seminal example is the Gibbons-Hawking-York term [10,11], which
demonstrates that adding a boundary Lagrangian to the Einstein-Hilbert action is essential for a
well-defined action principle with Dirichlet boundary conditions in general relativity. Another
example appears in the context of holographic renormalization [12–17], where appropriate
counterterms must be added to the action to ensure finite physical quantities at infinity, such
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as the on-shell action. For a procedure to regularize surface charges, see [18]. Similarly, in
holography, defining a suitable energy-momentum tensor for the boundary theory requires
adding counterterms to normalize the energy-momentum tensor [19]. Additionally, in the
Hamiltonian and Hamilton-Jacobi formalisms, physical quantities are typically renormalized
using techniques such as vacuum subtraction [20]. All of these methods and adjustments can
be understood as manifestations of W -freedom. In this work, we explore these established
interpretations and applications of W -freedom, consolidate these insights, and introduce new
perspectives on its meaning and utility.

It is important to note that even after renormalizing our physical quantities, a residual
freedom remains, allowing for the addition of an extra W -term. While this preserves the
finiteness of physical quantities, it modifies their finite values. This raises a key question:
what is the physical significance of these extra components of W -freedom? We demonstrate
that this aspect of W -freedom is determined by the boundary conditions of the fields in the
bulk theory and serves as the generator of the change of slicing (or canonical transformations)
in the solution phase space of the bulk theory [21–26]. Within the AdS/CFT framework,
as mentioned above, W -freedom arises in holographic renormalization [12] as counterterms
in the bulk theory while simultaneously renormalizing physical observables in the boundary
theory. Furthermore, we demonstrate that W -freedom, which modifies the bulk boundary
conditions, corresponds to a multi-trace deformation in the boundary theory [27–29] (and for
a systematic treatment of multi-trace deformations see also [30–33] and also [34–51]).

In field theories defined on spacetimes with boundaries, there exist not only bulk degrees
of freedom (dof) that propagate throughout the bulk but also boundary degrees of freedom
that reside on the spacetime boundary. For discussions on boundary modes, see [22, 52–62];
for edge modes, see [63–69]; and for examples from condensed matter physics, see [70–73].
The CPSF provides the symplectic form for the bulk modes, while the symplectic form of the
boundary degrees of freedom is determined by fixing the Y -freedom. We establish that, as
expected, the Y -freedom of the bulk theory corresponds to the symplectic potential of the dual
boundary theory. The W and Y freedoms overlap in what we refer to as Z-freedom, making
it not entirely independent of the other two. While W -freedom determines the boundary
Lagrangian, Z-freedom governs the corner Lagrangian. Consequently, the Z-freedom of the
bulk theory dictates both the boundary conditions and the choice of slicing in the solution
phase space of the dual boundary theory.

The covariant phase space view of the gauge/gravity correspondence paves the way to
extend the correspondence by providing a systematic way to relax the bulk field boundary
conditions from the usual Dirichlet boundary conditions to more general cases, hence formu-
lating a freelance holography in which boundary conditions of the bulk fields are relaxed. In
this sense our work provides extends the analysis in [33] to more general boundary conditions
and to beyond three dimensional bulk theories.

Summary of main results. In this part, we briefly highlight the key new findings presented
in this work:

1. The Covariant Phase Space Formalism (CPSF), previously employed to analyze symme-
tries and conserved charges in gauge and gravitational theories, is now applied to extend
holography in several new directions. In this work, we demonstrate that CPSF offers a
natural and powerful framework for formulating holography. This perspective opens
new avenues for exploration and further development.

2. Using the CPSF, we show how holography can be systematically extended to accommo-
date arbitrary boundary conditions for bulk fields. In particular, we provide a derivation
of Witten’s proposal [27] that boundary multitrace deformations in the large N limit
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correspond to changes in the boundary conditions in the bulk. This result unifies and
generalizes several earlier developments in this direction.

3. It is well known that the CPSF involves several inherent ambiguities/freedoms. To ex-
tract unambiguous physical quantities, these freedoms must be fixed using appropriate
physical criteria. In this work, we clarify and uncover the physical significance of these
freedoms through the lens of holography and demonstrate how they are associated with
boundary conditions and boundary symplectic form within the gauge/gravity correspon-
dence.

4. In this paper, we introduce a one-function family of boundary conditions that encom-
passes Dirichlet, Neumann, and conformal boundary conditions as special cases. No-
tably, our formulation departs from the conventional definitions. A key feature of our
approach is that these boundary conditions are constructed to yield finite physical quan-
tities at infinity. This is particularly significant given that the counterterms required for
the standard conformal boundary condition remain unknown.

5. We show that the one-function family of boundary conditions admits a hydrodynamic de-
scription. This allows us to construct the renormalized Brown–York energy-momentum
tensor corresponding to these boundary conditions.

Outline of the paper. In Section 2, we review the core principles of the Covariant Phase
Space Formalism (CPSF) and the gauge/gravity correspondence. In Sections 3 and 4, we an-
alyze the gauge/gravity correspondence through the lens of CPSF and investigate the role of
CPSF freedoms on each side of the holographic duality. Sections 5 and 6 contain applications
of these results to the formulation of freelance holography. We systematically extend the con-
ventional AdS/CFT framework, which imposes Dirichlet boundary conditions on gravity fields,
to include Neumann, conformal, and a new class of boundary conditions where the bound-
ary metric is specified up to a conformal factor that depends on the trace of the Brown-York
energy-momentum tensor. Section 7 is devoted to a summary of the results and an outlook.
In Appendix A, we review the construction of solution space for the free scalar theory in AdS
space.

2 Review of basic formalisms

To set the stage and fix conventions, we first review the two basic formulations we are going to
correlate: Covariant Phase Space Formalism (CPSF) and the gauge/gravity correspondence.

2.1 Quick review of covariant phase space formalism

To set the conventions and make the paper more self-contained, we very briefly review the
basics of the covariant phase space formalism that is well presented in the notion of (p, q)-
forms, p-forms of the spacetime and q-forms over the solution space. We use boldface symbols
to denote the (p, q)-forms. Lagrangian of any D dimensional theory L, is a top form, i.e., a
(D, 0)-from. Therefore,

dL= 0 , δL⊜ dΘ , (1)

where⊜ denotes on-shell equality and d and δ are exterior derivatives over the spacetime and
solution space respectively. Θ is the symplectic potential which is a (D− 1,1)-form. From the
above and using Poincaré lemma over the solution space one learns that,

dδΘ ⊜ 0 =⇒ Θ = ΘD +δW+ dY+ dδZ , (2)
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where ΘD is a particular solution to dδΘD = δdΘD = 0, chosen to enforce the Dirichlet bound-
ary condition for the field of the theory while ensuring the finiteness of the on-shell action
and canonical variables (see Sections 5 and A for concrete examples). W,Y,Z are respectively
(D−1,0), (D−2, 1) and (D−2,0)-forms, are integration constants, the three freedoms that will
be specified by other physical requirements [3, 6]. One can in fact define the (D − 1,1)-form
symplectic potential by dδΘ ⊜ 0 without starting from (1). We note that Z may be absorbed
in Y or W by calling Y + δZ as the new Y or taking W + dZ as the new W. In other words,
there is a freedom in defining Y,W, and there is an overlap between Y,W terms, which we
have explicitly extracted out in Z: Z is the δ-exact part of Y or the d-exact part of W.

The symplectic density ω which is a (D− 1,2)-form, is defined as

ω := δΘ = δΘD + dδY , dω⊜ 0 . (3)

Integrating ω over a codimension 1 surface Σ we obtain the symplectic form Ω

Ω :=

∫

Σ

ω=

∫

Σ

δΘD +

∫

∂Σ

δY . (4)

The symplectic form Ω is a closed (2, 0)-form, δΩ = 0. In addition, the above shows that
Ω consists of codimension 1 and codimension 2 parts. Theories residing on spacetimes with
boundaries generically have boundary modes as well as bulk modes, the bulk modes appear
in the codimension 1 part of the symplectic form and the boundary modes in the codimension
2 part [60, 74]. Note that W,Z freedom in the symplectic potential Θ does not appear in the
symplectic form and that the Y-freedom contributes to the codimension 2 part of the symplectic
form.

Physical meaning of W, Y,Z freedoms in gravity. The W-freedom may be related to the
change of Lagrangian by a total derivative. That is, upon the shift L → L + dW, (1) implies
Θ→ Θ+δW. Explicitly, W is set by, or sets the, boundary Lagrangian. In a similar manner the
(D−2, 0)-form Z-freedom contributes to “corner” Lagrangian, Lagrangian on the boundary of
the boundary. Boundary and corner Lagrangians do not change the (bulk) equations of motion
and the symplectic potential; their role is to set the boundary conditions on the bulk fields and
to generate change of slicings on the solution phase space. The prime example of such a
boundary term is the Gibbons-Hawking-York term which sets Dirichlet boundary conditions
for metric components [10, 11]. This would be an essential point in discussions of the next
section regarding gauge/gravity correspondence.

The Y-freedom, however, has no direct appearance in the bulk theory and its Lagrangian
L + dW. Y plays the role of symplectic potential for the theory governing boundary degrees
of freedom which resides on the codimension 1 boundary. This boundary symplectic potential
and hence symplectic form for the boundary modes is specified once we fix Y. Similarly, W
freedom specifies the Lagrangian for boundary modes. In other words, Y,W respectively spec-
ify the symplectic potential and Lagrangian for the boundary modes and Z generates change
of slicings on the boundary sector of the solution phase space.

We should emphasize that in the discussions above the bulk and boundary just refers to
what we have for any field theory residing on a D dimensional spacetime with a D−1 dimen-
sional boundary; bulk and boundary in the above does not correspond to holographic pairs. In
the holographic context either of the two sides have their own W,Y,Z which will be identified
with corresponding indices, as discussed in detail in next sections.

2.2 Quick review of gauge/gravity correspondence

In this brief review, we outline the core aspects of the AdS/CFT paradigm, focusing on its
foundational framework. The discussion begins with the AdS/CFT duality, often referred to as
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the GKPW dictionary [8, 9, 75], which asserts an equivalence between the partition functions
of two distinct theories

Zbdry

�

J i(x)
�

= Zbulk

�

J i(x)
�

, (5)

where

Zbdry

�

J i(x)
�

=

∫

Dφ(x) exp

�

−SCFT[φ(x)]−
∫

Σ

dd x
p

−γOi(x)J i(x)

�

, (6a)

Zbulk

�

J i(x)
�

=

∫

J i(x ,r∞)=rd−∆
∞ J i(x)

DJ i(x , r) exp (−Sbulk) , (6b)

where we have adopted the coordinates where (xa, r), a = 0, 1, · · · , d − 1 parametrize the
asymptotically AdSd+1 spacetime, r denotes its radial coordinate and xa spans the timelike
asymptotic causal boundary of AdS space Σ which is located at larger r, (see Fig.1). In partic-
ular, we take the metric of the asymptotic AdS space to have the standard Fefferman-Graham
near boundary (large r):

ds2 = ℓ2 dr2

r2
+ r2γab dxa dx b + · · · , (7)

where ℓ is the AdS radius and · · · denotes terms subleading in ℓ/r expansion. φ(x) denotes
a generic field in the d dimensional CFT on Σ, Oi(x) is a generic gauge-invariant single-trace
local operator of scaling dimension ∆ in the CFT and J i(x) is its coupling which has scaling
dimension d − ∆. Zbulk represents the partition function of quantum gravity in a (d + 1)-
dimensional asymptotically AdS spacetime. The bulk fields J i(x , r) are evaluated with Dirich-
let boundary conditions δJ i(x , r∞) = 0. Therefore, the partition function Zbulk depends on
the boundary values of the bulk fields, related to the deformations couplings of the CFT side
as

J i(x) = r∆−d
∞ J i(x , r∞) . (8)

The scaling dimension of Oi(x) determines/is determined by the mass of the bulk field m. For
a scalar field, ∆, m are related as ∆(∆− d) = m2ℓ2; conversely, given m, ∆ is the larger root
of this equation. For non-scalar fields ∆(∆− d) = m2ℓ2 + f (s), where f (s) is a functions of
spacetime dimension d and Lorentz representation of the deformation operator Oi [9].

Σ

M

∂Σ

Figure 1: M denotes a (d + 1)-dimensional asymptotically AdS spacetime and Σ is
its timelike asymptotic causal boundary. ∂Σ denotes a d − 1 dimensional Cauchy
(constant time) slice on the AdS boundary Σ.
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Gauge/gravity correspondence. There is a special limit of AdS/CFT (5) where the bulk
gravitational theory is classical when l2

Pl
R≪ 1 (where lPl is d + 1 dimensional Planck length

and R is a typical curvature radius of the background) and the boundary theory is well ap-
proximated by its planar limit (while typically strongly coupled) and has a large number of
degrees of freedom, N ≫ 1 (N denotes the number of boundary degrees of freedom), while
keeping the scaling dimension ∆ of the operators with which we deform the theory small,
∆≪ N . We refer to this limit of the duality as gauge/gravity correspondence. In this limit, the
AdS/CFT duality (5) reduces to

Sbdry[φ
∗] +

∫

Σ

dd x
p

−γJ i Oi[φ
∗] = Sbulk[J i(x)] , (9)

where φ∗ is the solution to the following saddle point equation

δSbdry[φ∗]

δφ
+

∫

Σ

dd x
p

−γJ i δOi[φ∗]
δφ

= 0 =⇒ φ∗ = φ∗[J i] . (10)

This equation simply shows that the LHS of (9) is a function of J i . For later use, we also
rewrite this equation as follows

δSbdry[φ∗]

δφ
+

∫

Σ

dd x
p

−γ rd−∆
∞ J i(x , r∞)

δOi[φ∗]
δφ

= 0 . (11)

We close this very quick review of AdS/CFT with some comments [9]:

1. To elucidate the meaning of φ∗, consider the expectation value of deformation operator
Oi ,

〈Oi〉J = −
δ lnZbdry

δJ i
=Oi[φ

∗[J i]] , (12)

where the last two equalities are written in the saddle point approximation. To simplify
the notation and whenever there is no confusion, we will denote the value of Oi at the
saddle point simply by Oi , that is, Oi[φ∗[J i]] = 〈Oi〉J =Oi .

2. Fields in the gravity side of the correspondence (9), Ji , generically satisfy differential
equation on the AdSd+1 space that is second order in AdS radial coordinate r. There are
typically two solutions one of which is regular in the interior (r ≪ ℓ, ℓ being the AdS
radius) and goes like rd−∆ near the AdS boundary and the other which has a singularity
in the interior. We choose the regular solution.

3. Besides the regularity, we should specify the boundary condition, the value of the field at
a given r, which is typically chosen to be r∞. With these choices, one can then uniquely
specify a gravity solution through (8) and the field theory coupling of operators Oi(x),
Ji(x).

4. In summary, general solutions on the gravity side depend on two sets of codimension-
one data: J i(x , r∞) and Oi(x , r∞). These quantities are canonically conjugate and
are related to quantities J i and Oi on the CFT side up to appropriate scaling with r∞,
J i(x , r∞) = r∆−d

∞ J i(x), Oi(x , r∞) = r−∆∞ Oi[J (x)]. More explicitly, Ji(x , r) as a regular
bulk solution admits the near boundary expansion,

Ji(x , r) = r∆−dJ i(x) + rd−∆−1J1i[Ji] + · · ·+ r−∆Oi[J (x)] + · · · . (13)

Note that the coefficient of r−∆ term, through the regularity condition, is now a func-
tional of the leading term Ji . See the appendix for an explicit calculation for a free scalar
field.
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5. A canonical choice for boundary conditions of the gravity fields is the Dirichlet boundary
condition. To impose this boundary condition appropriate boundary terms should be
added to the bulk (super)gravity action. For instance, in the case of Einstein’s gravity,
the well-known Gibbons-Hawking-York term [10,11] serves this purpose. Such boundary
terms should be included in (9) and in (10) in finding and evaluating the saddle point.

6. To ensure that the on-shell action in (9) is finite, extra boundary Lagrangians are re-
quired to regulate any divergences. These should not change the prescribed boundary
condition. For the remainder of this discussion, we will assume that the bulk action
incorporates all the necessary boundary terms. More precisely, we have

δSbulk

�

�

�

on-shell
=

∫

Σ

dd x
p

−γ rd
∞Oi(x , r∞)δJ i(x , r∞) , (14)

which ensures that the bulk theory has a well-defined action principle with the Dirichlet
boundary condition δJ i(x , r∞) = 0.

3 Gauge/gravity correspondence and W-freedom

As discussed in the previous sections, it is quite natural to revisit the gauge/gravity correspon-
dence from the CPSF viewpoint, and in particular to understand the role of the W, Y, and Z
freedoms in the correspondence. In this section, we consider the role of the W-freedom in the
gauge/gravity correspondence, revisit the W-freedom on the bulk side in gauge/gravity limit,
and then explore its counterpart in the dual boundary theory. However, before proceeding, it
is useful to begin with a “dimensional analysis”.

Dimensional analysis of (p, q)-forms. The AdS/CFT duality (or its large N limit, known
as the gauge/gravity correspondence) identifies the solution phase spaces on both sides of
the duality. Specifically, the q-form component of the (p, q)-forms in the bulk and boundary
are defined on the same solution phase space. The following differential structures can be
recognized in both the bulk and boundary theories.

• On the bulk side, we consider the Lagrangian Lbulk, the symplectic potential Θbulk, and
the freedoms Wbulk,Ybulk, and Zbulk, which are respectively (d + 1, 0), (d, 1), (d, 0),
(d − 1,1), and (d − 1,0) forms in an (asymptotic) AdSd+1 spacetime.

• On the boundary side, we have the Lagrangian of the dual field theory Lbdry, its sym-
plectic potential Θbdry, and the freedoms Wbdry,Ybdry, and Zbdry, which are respectively
(d, 0), (d−1,1), (d−1,0), (d−2, 1), and (d−2,0) forms on Σ, the d-dimensional causal
boundary of AdSd+1.

Therefore,

A. Lbdry and Wbulk are both (d, 0)-forms;

B. Wbdry and Zbulk have the same degree, they are both (d − 1,0)-forms;

C. Θbdry and Ybulk are both (d − 1, 1)-forms.

The forms Ybdry and Zbdry, which are (d −2)-forms on the spacetime, contribute to the duality
analysis only when integrated over (d − 2)-dimensional sectors of the spacetime. However,
since we assume that ∂Σ is compact and has no boundary, Ybdry and Zbdry do not play a role
in the AdS/CFT analysis. Thus, we may set them to zero.
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In this section, we discuss how the quantities introduced in item A above are related in
our analysis of the AdS/CFT correspondence. In the next section, we examine the quantities
mentioned in items B and C.

Notation: In the following, we will occasionally use the Hodge duals of the differential
forms introduced in this section and raise their indices using the metric. In doing so, we will
use the same notation but omit the boldface. For example, we will consider quantities such
as Wµ

bulk, Y µνbulk, etc., which are derived from Wbulk and Ybulk. When working in AdS space, the
relevant component for our analysis is W r

bulk, which will be simply denoted by Wbulk.

3.1 W
¯

-freedom, bulk view

Consider a bulk theory, the solution phase space of which is specified by canonically conjugate
functions Oi ,J i:

Sbulk ⊜ Sbulk[Oi ,J i] , δSbulk[Oi ,J i]⊜
∫

Σ

dd x Oi δJ i . (15)

One may span the same solution phase space in a different slicing by performing a canonical
transformation, in terms of two other canonically conjugate variables Ōi , J̄ i:

S̄bulk ⊜ S̄bulk[Ōi , J̄ i] , δS̄bulk[Ōi , J̄ i]⊜
∫

Σ

dd x Ōi δJ̄ i , (16)

where

S̄bulk[Ōi , J̄ i] = Sbulk[Oi ,J i] +

∫

Σ

dd x Wbulk[Oi ,J i] ,

Ōi = Ōi[Oi ,J i] , J̄ i = J̄ i[Oi ,J i] .
(17)

That is, the two Lagrangians should differ by a boundary term (so that they lead to the same
equations of motion). Note that in both of barred and unbarred slicing, the variational princi-
ple is fulfilled by the usual Dirichlet boundary conditions, i.e. δJ i = 0 or δJ̄ i = 0.

The above three equations then yield

Oi +
δWbulk

δJ i
= Ō j

δJ̄ j

δJ i
,

δWbulk

δOi
= Ō j

δJ̄ j

δOi
. (18)

These equations serve as equations for determining Ōi and J̄ i . In the standard terminology,
Wbulk is the generator of canonical transformations/change of slicing that relates bar and unbar
slicings.

The above discussion treated the conjugate variables Oi ,J i as independent. However,
as discussed in the AdS/CFT setting, regularity of the bulk solutions specifies Oi = Oi[J i].
Restricting to these regular solutions, the on-shell variation of the action becomes a total vari-
ation:

Oi δJ i ⊜ δG[J i] , Oi[J i] =
δG
δJ i

. (19)

In a similar manner, for the barred-slice we have Ōi[J̄ i] = δḠ
δJ̄ i and

Ḡ[J̄ i] = G[J i] +Wbulk[J i ,Oi[J i]] . (20)

In the gauge/gravity correspondence G[J i] is the generating function of the boundary theory
in the saddle point approximation. The equation above demonstrates that the addition of the
W -term to the bulk action introduces a deformation in the boundary theory. Below, we will
explore this point further.
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3.2 Bulk W-freedom corresponds to multi-trace deformation of the boundary
theory

In [27], Witten proposes a procedure to incorporate multi-trace deformations in quantum
field theory by using a general boundary condition for the bulk fields. A similar proposal
appeared around the same time in [29, 31]. The proposal was further explored in [28, 76],
developed for double-trace deformations in [41, 42], generalized for regular and irregular
boundary conditions in [30], and extended to vector gauge fields in the bulk in [77]. In our
framework, (20) is the key to understanding what corresponds to W -freedom on the boundary
theory side of the correspondence: W-freedom is associated with introducing a deformation in
the boundary theory. Here we provide a derivation of Witten’s proposal. To this end, we start
with (15) and rewrite J i , Oi in terms of their boundary field theory counterparts J i ,Oi . Recall
(9) and the saddle-point equation (10)

Sbdry[φ
∗[J i]] +

∫

Σ

dd x
p

−γJ i Oi[φ
∗[J i]] = Sbulk[J i(x)] , (21)

and add an arbitrary “new deformation” term
∫

Σ
dd x
p
−γW[Oi[J i],J i] to both sides of the

equation:

Sbdry[φ
∗[J i]] +

∫

Σ

dd x
p

−γW[Oi[J i],J i]

= Sbulk[J i] +

∫

Σ

dd x
p

−γ
�

W[Oi[J i],J i]−J i Oi[J i]
�

.

(22)

The above equation may be written in a more suggestive form

S̄bdry[φ
∗[J i]] = S̄bulk[J i] , (23)

where

S̄bdry[φ] = Sbdry[φ] +

∫

Σ

dd x
p

−γW[Oi[φ],J i] , (24a)

S̄bulk[J i] = Sbulk[J i] +

∫

Σ

dd x Wbulk[Oi ,J i] , (24b)

with

Wbulk[Oi ,J i] =
p

−γ
�

W[Oi ,J i]−J i Oi

�

. (25)

Let us discuss the above equations. We first note that (23) may be viewed as the exten-
sion of the original correspondence equation (9) for deformed theories that importantly, by
construction, has the same saddle point configuration φ∗[J i]. If Oi is a single-trace operator,
a generic functional W[Oi[φ],J i] is generically a multi-trace deformation, i.e. (24a) is a
multi-trace deformation of the original boundary theory. Likewise, (24b) defines a bulk the-
ory with boundary term W (25). As discussed, this is a bulk theory with a modified boundary
condition.

Deforming the boundary theory with multi-trace deformation W[Oi], S̄bdry will be a func-
tion of W and one should still define the dual variable J i . To this end, one should consider
the variational principle for the bulk gravitational theory with W -freedom. The variation of
the bulk action is given by

δS̄bulk =

∫

Σ

dd x
�

−
�

J i −
δ(
p
−γW)

δ(
p
−γOi)

�

δ(
p

−γOi) +
δ(
p
−γW)
δJ i

δJ i
�

. (26)
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To ensure a well-defined variational principle with Dirichlet boundary condition in bulk, as
discussed in the previous subsection, one should impose the following boundary condition

J i =
δ(
p
−γW)

δ(
p
−γOi)

. (27)

We hence recover/derive Witten’s proposal for gravitational boundary conditions in the pres-
ence of multi-trace deformations of the boundary theory [27].

Having stated our main result, we would like to stress an important fact. Our analysis above
is consistent with the assumption that the saddle-point configuration of the boundary field
theory φ∗[J i] remains unchanged before and after the deformation. At first glance, this may
seem puzzling as (24a) explicitly shows the actions of the boundary theory before and after the
deformation are different. Therefore, equations of motion (saddle-point equations) are also
different. However, the crucial point is that the sources/couplings J i are also modified by the
deformation. Once the deformation is introduced, the source must be adjusted accordingly,
as dictated by (27). In other words, (27) acts as the consistency condition that ensures this
correspondence.

The above analysis was performed in the saddle point approximation of the large N gauge/-
gravity correspondence. One may hence conjecturally extend the above to the full AdS/CFT
duality setup with multi-trace deformations:

�

exp

�∫

Σ

dd x
p

−γW[O,J i]

��

CFT

= Z̄bulk[J i] , (28)

where Oi ,J i are related as in (27).

4 Gauge/gravity correspondence and Y, Z freedoms

The gauge/gravity correspondence can be written as the equality of on-shell actions of bulk and
boundary parts. Given the action, CPSF determines on-shell symplectic potential up to W,Y,Z
freedoms (2). In the previous section, we explored the role and physical meaning of Wbulk
freedom. In this section we explore the Ybulk and Zbulk freedoms and show that, as anticipated
from the discussions in the opening of Section 3, the former is equal to the symplectic potential
of the boundary theory and the latter corresponds to the Wbdry freedom.

To establish the proposed relation above, we subtract two saddle-point equations (9), cor-
responding respectively to the configurations {φ∗ +δφ∗, J i +δJ i} and {φ∗, J i}

δSbdry[φ
∗] +

∫

Σ

p

−γJ i δOi(φ
∗) = δSbulk[J i] , (29)

where φ∗ denotes the solution to the boundary equations of motion (10). We note that at the
saddle point, we have

δSbdry[φ
∗] +

∫

Σ

p

−γJ i δOi(φ
∗)⊜
∫

Σ

dΘbdry , δSbulk[J
i∗]⊜
∫

M
dΘD

bulk . (30)

Consequently, we get the following interesting equation
∫

Σ

dΘbdry ⊜
∫

M
dΘD

bulk =⇒ Ωbdry ⊜ Ωbulk . (31)
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That is, as implied by or expected from the correspondence or duality, the on-shell symplectic
forms of the boundary and bulk theories should be equal.

Next, we take the integral of both sides of (31) using the Stokes theorem. Let the asymp-
totic AdS space M have only one asymptotic boundary Σ and the “bulk solution space” consist
of field configurations that are regular inside M. With these assumptions,1

∆

∫

∂Σ

Θbdry =

∫

Σ

ΘD
bulk , (32)

where ∆X (∂Σ) := X (∂Σ+∞)− X (∂Σ−∞) and to simplify the notation and wherever there is
no risk of confusion, in (32) and hereafter the standard equality sign = should be viewed as
on-shell equality ⊜.

We now demonstrate how (31) and (32) can be used to fix Ybulk and Zbulk. To this end,
we recall that in the previous sections, we fixed W by imposing Dirichlet boundary conditions.
In the following, we assume Dirichlet boundary conditions once again and fix the remaining
degrees of freedom. Therefore, according to (2), we have

ΘD
bulk = Θ̄

D

bulk + dYbulk + dδZbulk , (33)

where Θ̄D

bulk includes the Wbulk and is chosen such that it guarantees Dirichlet boundary con-
ditions fo the bulk fields; W is fixed by the discussions of previous section. Explicitly,

∫

Σ

Θ̄
D

bulk = 0 . (34)

Plugging (33) into (32)
∫

Σ

Θ̄
D

bulk =∆

∫

∂Σ

(Θbdry −δZbulk − Ybulk) , (35)

and using (34), we finally get

Ybulk = Θbdry −δZbulk . (36)

Recalling that ∂Σ is taken to be boundary-less, Ybdry,Zbdry may be set to zero as they do not
appear in (32) and hence one can expand Θbdry as

Θbdry = Θ
D
bdry +δWbdry , (37)

whereΘD
bdry is part of on-shell boundary symplectic potential guaranteeing the Dirichlet bound-

ary which only involves genuine propagating modes of the boundary theory, i.e. for the
N = 4, D = 4 supersymmetric U(N) Yang-Mills theory these are the corresponding N = 4
gauge multiples. One can therefore conveniently choose

Zbulk =Wbdry , Ybulk = Θ
D
bdry . (38)

To summarize the last two sections, all six freedoms of the boundary and bulk dual theories
have been fixed as shown in Table 1. In Appendix A we have presented the above procedure
for fixing all the freedoms in a simple example of a massive free scalar theory in an AdS
background.

1It may happen that M has an additional boundary besidesΣ. For instance, in the case of an asymptotically AdS
black hole, the black hole horizon H can be regarded as another boundary. In such cases, one should include the
term −
∫

H Θ̄
D
bulk on the right-hand side of (32). In these cases, this term may be set to zero by imposing appropriate

boundary conditions on H.
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5 Setting boundary conditions free

Reviewing gauge/gravity correspondence in light of CPSF provides the appropriate framework
to discuss extensions of the correspondence beyond the standard Dirichlet boundary condi-
tions. In this section and building upon analysis of Section 3, we show how the choice of
W -freedom yields different boundary conditions: Dirichlet, Neumann, and conformal as well
as the new “conformal conjugate” boundary conditions. For simplicity, we only consider pure
gravity without matter fields in general spacetime dimensions. The generalization to capture
matter fields is straightforward.

5.1 Dirichlet boundary condition

We begin with the Einstein-Hilbert action in the presence of a cosmological constant with the
standard Gibbons-Hawking-York boundary term2

S =
1

16πG

∫

dd+1 x
p

−g (R− 2Λ)+
1

8πG

∫

Σ

dd x
p

−h K+
1

8πG

∫

Σ

dd x Lct , (39)

where Lct denotes the counterterm Lagrangian, which ensures the finiteness of the on-shell
action and canonical variables. We impose the condition that this counterterm does not alter
the Dirichlet boundary conditions. To satisfy this, we choose the counterterm Lagrangian to
be of the form Lct[hab, R̂abcd], where R̂abcd is the Riemann tensor of hab. The variation of this
Lagrangian is then given by the following expression

δLct = −4πG
p

−hT ab
ct δhab + ∂aΘ

a
ct . (40)

We take the following parametrization for the metric

ds2 = gµν dxµ dxν = N2 dr2 + hab (dxa + Ua dr)
�

dx b + U b dr
�

. (41)

In comparison with (7), hab = r2γab +O(r).
The Dirichlet symplectic potential is then given by

ΘD =

∫

Σ

dd x

�

−
1
2

p

−hT abδhab +
1

8πG
∂a

�p

−g s[rδsa] +Θa
ct

�

�

, (42)

where sµ is the normalized normal vector onΣ and T ab is the renormalized Brown-York energy-
momentum tensor (rBY-EMT), which is defined in terms of extrinsic curvature,

Kab :=
1
2

hαa hβbLshαβ , hµν := gµν − sµsν , hµa = δ
µ
a − sµsa , (43)

as follows3

T ab = �T ab + T ab
ct , (44)

where

�T ab =
1

8πG

�

Kab − K hab
�

, �T = hab
�T ab =

1− d
8πG

K =
1− d
8πG

Ls

�

ln
p

−h
�

. (45)

2Note that the action (39) is constructed to be consistent with Dirichlet boundary conditions. We take this as
our reference action. Throughout this section, when changing the boundary condition, we will add appropriate
boundary terms via the bulk total derivative term Wµ

bulk.
3In the standard terminology, �T ab is referred to as the Brown-York energy-momentum tensor, while T ab is

known as the holographic or renormalized Brown-York tensor (rBY-EMT).
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From the definition in (45), it follows that �T ab is divergence-free, i.e., ∇a
�T ab = 0, where

∇a is the covariant derivative with respect to the boundary metric hab. We will show that the
counter energy-momentum tensor is conserved off-shell, i.e., ∇aT ab

ct = 0. Consequently, we
have ∇aT ab = 0. In all our analyses hereafter we use the rBY-EMT T ab.

Accordingly, the total symplectic potential is given by (2)

Θ =

∫

Σ

dd x

�

−
1
2

p

−hT abδhab +δW r
bulk + ∂a

�p
−g

8πG
s[rδsa]+

Θa
ct

8πG
+ Y ra

bulk

��

. (46)

By choosing the W and Y freedoms as [78]

Wµ

bulk = 0 , Y µνbulk = −
p
−g

8πG
s[µδsν]−

N
4πG

s[µΘν]ct , (47)

with Θr
ct = 0, we find the following symplectic potential

ΘDirichlet = −
1
2

∫

Σ

dd x
p

−hT abδhab , (48)

which guarantees the Dirichlet boundary conditions δhab = 0 at the boundary. The condition
Wµ

bulk = 0 is by definition and design (cf. (2) and the discussions below it). In particular,
(47) arises from the addition of the Gibbons-Hawking-York boundary term [10,11] to the bulk
Lagrangian in (39), to guarantee Dirichlet boundary conditions for the metric. Note that by
default the Y term does not affect boundary conditions on the fields.

We conclude this subsection with a few remarks on the counterterm Lagrangian and its
corresponding counter energy-momentum tensor. The explicit form of the counterterm La-
grangian depends on the spacetime dimension, with a few examples given in [19]

d = 2 : Lct = −
1
ℓ

p

−h ,

d = 3 : Lct = −
2
ℓ

p

−h

�

1+
ℓ2

4
R̂

�

,

d = 4 : Lct = −
3
ℓ

p

−h

�

1+
ℓ2

12
R̂

�

,

(49)

where R̂ is the Ricci scalar associated with the boundary metric hab, and the cosmological
constant is given by Λ = − d(d−1)

2ℓ2 . The corresponding counterterm energy-momentum tensor
for different spacetime dimensions is

d = 2 : T ab
ct
=

1
8πG ℓ

hab ,

d = 3 : T ab
ct
=

1
8πG ℓ

�

2hab − ℓ2Ĝab
�

,

d = 4 : T ab
ct
=

1
8πG ℓ

�

3hab −
ℓ2

2
Ĝab

�

,

(50)

where Ĝab is the Einstein tensor associated with hab. As mentioned earlier, the counterterm
energy-momentum tensor is conserved off-shell, satisfying ∇aT ab

ct
= 0.

5.2 Neumann boundary condition

In the previous subsection, we selected the W -freedom to ensure a well-defined action prin-
ciple under Dirichlet boundary conditions. Here, we explore the same question for Neumann
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boundary conditions [33, 79–81]. Neumann boundary conditions correspond to fixing the
canonical momentum, which in this context is given by the rBY-EMT, explicitly

δ(
p

−hT ab) = 0 , at the boundary. (51)

One can show that the same Y as in (47) and W given by

Wµ

bulk =
1
2

p

−g T sµ , Y µνbulk = −
p
−g

8πG
s[µδsν]−

N
4πG

s[µΘν]ct , (52)

lead to the Neumann symplectic potential

ΘNeumann = +
1
2

∫

Σ

dd x hab δ(
p

−hT ab) = ΘDirichlet +
1
2
δ

∫

Σ

dd x
p

−hT , (53)

which guarantees the Neumann boundary conditions (51).
For the case of d = 3 (4d gravity) in the Einstein-Λ theory, the W term in (52) takes the

form

Wbulk =
p
−h

8πG

�

−K +
3
ℓ
+
ℓ

4
R̂
�

.

The first term precisely cancels the Gibbons-Hawking-York term in (39), resulting in a “total”
action under Neumann boundary conditions that includes only the Einstein-Hilbert action and
counterterms

SN
total := S +

∫

Σ

d3 x Wbulk =
1

16πG

∫

d4 x
p

−g
�

R+
6
ℓ2

�

−
ℓ

32πG

∫

Σ

d3 x
p

−h
�

R̂−
4
ℓ2

�

.

A similar observation was made in [80].
Furthermore, as expected, and as indicated by (53), the Neumann and Dirichlet symplectic

forms differ only by a total variation. Notably, since the Ybulk terms remain identical in both
the Neumann and Dirichlet cases, the symplectic potential of the dual boundary theory is also
expected to be the same.

We conclude this subsection by emphasizing that the Neumann boundary condition is de-
fined using the rBY-EMT, rather than the bare BY-EMT. The same approach will be followed
for all boundary conditions discussed in the remainder of this work. A similar treatment was
adopted in [33] for both Neumann and mixed boundary conditions. This point is crucial: the
phase space of a theory must be defined in terms of physical, renormalized quantities. Con-
structing a phase space using unrenormalized variables lacks physical meaning. Our formalism
is specifically built to treat renormalized quantities as the fundamental variables labeling the
phase space.

5.3 Conformal boundary condition

As the next example, we examine conformal boundary conditions in Einstein’s gravity [82–90]
where the boundary metric hab is fixed up to a conformal factor, while the trace of the extrinsic
curvature K is held fixed. In our setting which is based on CPSF, it is more convenient and
physically relevant to consider the trace of rBY-EMT T instead of K . Explicitly we define our
conformal boundary conditions by,

δhab = δX hab , X =
1
d

ln(−h) , δT = 0 . (54)

In terms of the determinant-free induced boundary metric, gab = (−h)−
1
d hab, that is δgab = 0.

15

https://scipost.org
https://scipost.org/SciPostPhys.19.2.043


SciPost Phys. 19, 043 (2025)

Before going further we pause and compare further (54) and what is called conformal
boundary conditions in the literature [82–90]. In the latter δT = 0 of (54) is replaced by
δK = 0.4 Since K is proportional to the trace of the unrenormalized BY-EMT, �T , this condition
is equivalent to fixing of �T , i.e., δ�T = 0. However, in (54) we fix the trace of the renormalized
BY-EMT (rBY-EMT), δT = 0. This alternative definition has a crucial advantage: it ensures
the finiteness of the on-shell action and other physical quantities. In contrast, the standard
definition leads to a divergent on-shell action, necessitating regularization with counterterms
that remain unknown. We note that the distinction between (54) and the one in the literature
disappears when we deal with a flat AdS boundary, where R̂abcd = 0 as in this case T ab

ct ∝ hab,
leading to a constant Tct, and therefore δT = δ�T = δK = 0. Finally, we emphasize that
although we are working with a different conformal boundary condition, we can recover or
compare our results with the standard boundary conditions by setting Lct = 0. This choice
eliminates the counterterm contribution, T ab

ct = 0, reducing T ab to �T ab.
The choices

Wµ

bulk =
1
d

p

−g T sµ , Y µνbulk = −
p
−g

8πG
s[µδsν] −

N
4πG

s[µΘν]ct , (55)

fulfills the boundary conditions in (54) and variational principle, as with these choices,

ΘConformal = −
1
2

∫

Σ

dd x
p

−h
�

(−h)1/d T abδgab −
2
d
δT
�

. (56)

The above expression is compatible with conformal boundary conditions, which require fixing
gab and T .

We close by noting the fact that the three boundary conditions of this section, while having
different Wbulk (reassuring the boundary conditions and variational principle), share the same
Ybulk term. Therefore, the bulk symplectic form is the same for these cases:

Ωbulk =
1
2

∫

Σ

dd x δhab ∧δ(
p

−hT ab) . (57)

5.4 Conformal conjugate boundary condition

As reviewed the Dirichlet and Neumann boundary conditions are “canonical conjugates” of
each other, as the former requires δhab = 0 and the latter requires vanishing of variations of
its canonical conjugate, δ(

p
−hT ab) = 0, cf. (57). The conformal boundary case suggests

decomposing hab into its determinant −h and its determinant-free part gab. This naturally
yields the decomposition of the conjugate energy momentum tensor into its trace T and its
trace-free part Tab, recalling (56) that is,

gab := (−h)−1/dhab , Tab := (−h)1/d T ab −
T
d

gab = (−h)1/d
�

T ab −
T
d

hab
�

,

gacgcb = δ
a

b , gabTab = 0 , ∇g
aTab = 0 ,

(58)

where ∇g
a is the covariant derivative w.r.t the unimodular metric gab. With the above and

starting from (56) and noting that gabδgab = 0,δgab ∧ δgab = 0 (both following from
det(gab) = −1), the symplectic form may be decomposed as

δhab ∧δ(
p

−hT ab) = δgab ∧δ(
p

−h Tab) +
2
d
δ
p

−h∧δT . (59)

That is, canonical conjugate of gab and
p
−h are

p
−h Tab and 2

dT , respectively.

4We also note that the condition δK = 0 is sometimes referred to as the Anderson boundary condition [82].
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Eq.(59) provides four choices for the boundary conditions:

(I) δgab = 0 and δ
p
−h = 0, recovering the Dirichlet boundary conditions discussed in

section 5.1.

(II) δgab = 0 and δT = 0, recovering the conformal boundary conditions discussed in sec-
tion 5.3.

(III) δ(
p
−h Tab) = 0 and δ

p
−h = 0 which is a new case. In this case, we require van-

ishing variations of the field canonically conjugate to those in the conformal boundary
conditions and hence call it “conformal conjugate boundary conditions”.

(IV) δ(
p
−h Tab) = 0 and δT = 0, which despite similarity is not the Neumann boundary

conditions discussed in section 5.2.

We start with the comment that all the above four cases and the Neumann boundary conditions
in section 5.2 have the same Ybulk term and hence the same symplectic form as in (57). Let us
discuss the two new cases in detail.

Conformal conjugate boundary condition. For this case the variational principle is guar-
anteed once we choose

Wµ

bulk = 0 , Y µνbulk = −
p
−g

8πG
s[µδsν] −

N
4πG

s[µΘν]ct , (60)

yielding

ΘConf. Conj. =
1
2

∫

Σ

dd x
�

gab δ(
p

−h Tab)−
2
d
T δ
p

−h
�

. (61)

As we see Wbulk for this case and the Dirichlet case (47) are the same and one can also explicitly
show that (61) and (48) are equal. Technically, to show this we have used identities

gabTab = hab

�

T ab −
1
d
T hab
�

= 0 ,

gab δ
�p

−hTab
�

= −
p

−h Tab δgab ,

hab δ

�

p

−h
�

T ab −
1
d
T hab
��

= −
p

−h
�

T ab −
1
d
T hab
�

δhab .

(62)

Despite the fact that ΘDirichlet = ΘConf. Conj., the two Dirichlet and conformal conjugate cases
satisfy different boundary conditions and are hence physically different.

Case (IV) δ(
p
−h Tab) = 0 and δT = 0 boundary condition. For this case the symplectic

potential is the same as ΘConformal in (56), and with the same Wbulk term as in (55). We note
that the Neumann boundary condition case of section 5.2 is not covered in our four cases
above. One may directly compare case (IV) and Neumann boundary conditions. To this end
we note that δ(

p
−h Tab) = 0 and δT = 0 imply that

δ
�p

−hT ab
�

=
2
d

�

T ab −
1
d
T hab
�

δ
p

−h+
1
d
T δ
�p

−hhab
�

, δT = 0 . (63)

That is, case (IV) yields a mixture of Neumann and Dirichlet boundary conditions with field-
dependent coefficients.

We close this part by the comment that as the discussions above demonstrate, the relation
between boundary conditions and W terms is not one-to-one; the cases (I) and (III), and (II)
and (IV), have the same W term while corresponding to two different boundary conditions.
Explicitly, (62) shows that this relation is two-fold: a given W can correspond to two boundary
conditions.
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6 Hydrodynamical deformations

Renormalized BY-EMT T ab is the canonical conjugate to the boundary induced metric and in
the context of holography, is the expectation value of the boundary energy-momentum tensor
[14,19]. Invariance under boundary preserving diffeomorphisms ensures that this quantity is
divergence-free ∇aT ab = 0, where ∇a denotes the covariant derivative compatible with hab.
This equation is part of the constraint equations arising from the bulk equations of motion. hab
and T ab are canonical conjugates, cf. (57), and hence, they naturally lead to a hydrodynamic
interpretation of the gravitational solution space, or equivalently, of the boundary theory.

On the other hand, we have shown that W -freedom acts as a generator of change of slicing
(canonical transformations), i.e. W terms change gravitational canonical pairs while keeping
the symplectic form intact. In the previous section, we discussed four cases for two of which the
hydrodynamics conjugate variables are hab and T ab and for the other two they are gab,

p
−h

and Tab,T . In this section, we explore the question of whether there are other canonical pairs
h̃ab, T̃ ab such that ∇̃aT̃ ab = 0. We construct a one-function family of such hydrodynamical
pairs and discuss the W freedoms and boundary conditions associated with each member of
the family. The four cases of the previous section are examples of the “hydrodynamical family”.
Below, we construct a one-function class in a hydrodynamical family in which hab, h̃ab are
related by Weyl scaling and discuss the W freedoms and boundary conditions associated with
each member of the family. This question in the d = 2 case was analyzed in [78]. Our analysis
here extends the cases recently discussed in [89,90].

6.1 Hydrodynamics in Weyl frames

Consider two induced metrics related by a generic Weyl scaling transformation

hab → h̃ab = Ω
−1 hab , (64)

where Ω is a general function on the spacetime and a scalar in the h̃-frame. To construct the
divergence-free energy momentum tensor conjugate to h̃ab, following the analysis in [78], we
choose Ω= Ω(T ), an arbitrary function of trace of rBY-EMT T , and define,

T̃ ab := Ω(1+
d
2 )
�

T ab −
1
2

G(T ) hab
�

, T̃ := h̃ab T̃ ab = Ω
d
2

�

T − d
2

G(T )
�

. (65)

The function G(T ) is determined in terms of Ω(T ) via the relation

G′ =
Ω′

Ω

�

T − d
2

G
�

, (66)

where the prime denotes differentiation with respect to the argument. For consistency, we
require that G = 0 for a constant Ω case. A straightforward verification shows that ∇̃aT̃ ab = 0.
The divergence-free conditions: ∇̃aT̃ ab = 0 and ∇̃ah̃ab = 0 guarantee the consistency of
the set of the hydrodynamic setup (and in general the gauge/gravity correspondence), see
also [89].

It is evident that while T̃ ab is divergence-free, it is not trace-less. One can observe that the
traceless part of T̃ ab and T ab are proportional to each other,

Æ

−h̃

�

T̃ ab −
T̃
d

h̃ab

�

= Ω
p

−h
�

T ab −
T
d

hab
�

. (67)
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From this equation, we identify two particular combinations that remain independent of Ω,
i.e. they are invariants of the scaling and are the same in the original and tilde frames:

g̃ab := (−h̃)1/d h̃ab = (−h)1/dhab = gab ,
Æ

−h̃ T̃ab :=
Æ

−h̃ (−h̃)1/d
�

T̃ ab −
T̃
d

h̃ab

�

=
p

−h (−h)1/d
�

T ab −
T
d

hab
�

=
p

−h Tab .
(68)

The above relations are expected since h̃ab and hab are related through scaling. Furthermore,
the following relation between the new and old hydrodynamic variables can be demonstrated,

p

−hT ab δhab =
Æ

−h̃ T̃ ab δh̃ab +δ
�p

−h G(T )
�

. (69)

To obtain the above we used, δ
p

−h̃ = 1
2

p

−h̃ h̃abδh̃ab. Therefore, the two original and tilde
frames are related by a W term, and they come with different boundary conditions on the
gravity (bulk) side of the correspondence, and the associated dual (boundary) theories are
related by multi-trace deformations.

Discussions and comments on the physics of the hydrodynamic Weyl family:

(1) For the hydrodynamical Weyl frames, the Y -term remains the same as in (47). Therefore,
the symplectic form for all hydrodynamical slicings discussed here and the four cases of
the previous section are the same. Furthermore, since we have ∇aT ab = 0 for the four
cases discussed in the previous section, they can be classified within the hydrodynamical
framework.

(2) Eq. (69) shows that for Ω = Ω(T ), the Weyl scaling is a canonical transformation,

explicitly h̃ab,
p

−h̃ T̃ ab are canonical conjugates:

Ωbulk =
1
2

∫

Σ

dd x δhab ∧δ
�p

−hT ab
�

=
1
2

∫

Σ

dd x δh̃ab ∧δ
�Æ

−h̃ T̃ ab
�

. (70)

(3) Both T ab and T̃ ab are divergence-free with respect to their respective covariant deriva-
tives, hab and h̃ab.

(4) The function G(T ), appearing in the definition of T̃ ab (65), is specified in terms of
Ω= Ω(T ). In general one can solve (66) to find

G(T ) = 2
d

�

T −Ω−d/2

∫ T

0

Ωd/2

�

, (71)

such that G = 0 for constant Ω. For any Ω that is a monomial in T , G is a linear function
of T . Thus, the hydrodynamic Weyl class of slicings is fully characterized by a single
function of the trace of the rBY-EMT, T .

(5) From (69) one learns that the W term,

(W D
bulk)

µ =
1
2

p

−g G(T ) sµ , (72)

fixes the Dirichlet boundary conditions for the tilde-frame, δh̃ab = 0. Explicitly, the
tilde-frame boundary conditions in terms of the original frame variables are

δ
�

(−h̃)−1/d h̃ab

�

= δ
�

(−h)−1/dhab

�

= 0 , δ
�

Ω−d(T ) h
�

= 0 . (73)
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The above may be written as d Ω
′

Ω δT =
δh
h in which Ω = Ω(T ) is an arbitrary function.

For Ω= 1, one recovers the usual Dirichlet boundary conditions. The conformal bound-
ary conditions δT = 0,δh ̸= 0 (54), can be recovered in a singular limit where Ω

′

Ω blows
up. In this sense, the class of solutions we are considering here is an example of free-
lance holography, a one-function family of boundary conditions that encompasses and
extends Dirichlet and conformal boundary conditions.

(6) In a similar way, the W term,

(W N
bulk)

µ =
1
2

p

−g
�

T +
�

1−
d
2

�

G(T )
�

sµ , (74)

fixes the Neummann boundary conditions for the tilde-frame, δ
�p

−h̃ T̃ ab
�

= 0, which
may be written as following

δ
�p

−hT ab
�

−
G
2
δ
�p

−hhab
�

= −
p
−h
2
Ω′

Ω

�

2T ab − hab
�

T − d
2

G + G
��

δT . (75)

As expected, for Ω = 1 (which implies G = 0), the above reduces to the Neumann
boundary conditions, δ

�p
−hT ab
�

= 0. In contrast, for a generic Ω(T ), it becomes a
mixture of Neumann and Dirichlet boundary conditions with T -dependent coefficients,
providing another example of freelance holography as a deformation of the Neumann
boundary condition.

(7) The four classes in the previous section, Dirichlet (47), Neumann (52), conformal (55)
and conformal conjugate boundary conditions are examples from our one-function fam-
ily characterized by a number k and represented by a G linear in T :

G(T ) = kT , Ω= B T b , b =
2k

2− dk
, (76)

where the above is a result of (66) and B is an inessential integration constant. Specific
choices for k = 0,1 and k = 2

d reproduce Dirichlet, Neumann, and conformal boundary
conditions, respectively. For case G(T ) = kT , we find the following relations,

−
1
2

∫

Σ

dd x
Æ

−h̃ T̃ ab δh̃ab =
1
2

∫

Σ

dd x
�

k hab δ
�p

−hT ab
�

− (1− k)
p

−hT ab δhab

�

,

h̃ab = T
2k

dk−2 hab , T̃ ab = T
(d+2)k
2−dk

�

T ab −
k
2
T hab
�

. (77)

It shows that the Neumann boundary condition in the original frame (k = 1) is mapped
onto the Dirichlet boundary condition in the tilde frame and vice-versa. For a generic k
it interpolates between Neumman and Dirichlet. Moreover, as noted in item (5) above,
for the conformal boundary conditions k = 2

d , the power b blows up.

(8) As the last comment, we note that there exists a W term

Wµ

bulk =
p
−g

d − 1
T sµ , (78)

which yields the Lee-Wald (LW) symplectic potential [2]. The above W term effectively
removes the contribution of the Gibbons-Hawking-York boundary term in (39), leaving
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the Einstein-Λ theory supplemented only by counterterms. The LW symplectic potential
is

ΘLW=
∫

Σ

dd x

�

−
1
2

p

−h Tab δgab+
1

d(d − 1)
T 1−dδ
�p

−hT d
�

+∂a

�p
−g

8πG
s[rδsa]+

Θa
ct

8πG

��

=
∫

Σ

dd x

�

1
2

gab δ
�p

−h Tab
�

+
1

d(d − 1)
T 1−dδ
�p

−hT d
�

+∂a

�p
−g

8πG
s[rδsa]+

Θa
ct

8πG

��

,

(79)
which yields the symplectic form5

Ω
LW
=

∫

Σ

dd x

�

1
2
δgab ∧δ
�p

−h Tab
�

+
1
d
δ
�p

−h
�

∧δT +∂a

�

δ
�p
−g s[r
�

∧δsa]

8πG
+
δΘa

ct

8πG

��

.

(80)
The distinction between the above and the symplectic form of all previous cases lies
in the last term, which can be removed by the extra Y -term in those cases. Requiring
the vanishing of the codimension-one part of ΘLW results in the following two classes of
boundary conditions:

(i) δgab = 0,δ
�p
−hT d
�

= 0. This is an extension of conformal boundary con-
ditions in which δ

�p
−hT
�

= 0 is replaced with δ
�p
−hT d
�

= 0. This
boundary condition has been discussed in [89, 90]. We note that in the
Weyl frame with Ω = T −2, G = 2T

d−1 , this boundary condition takes the form

δg̃ab = δgab = 0,δ
�p

−h̃
�

= 0, which is the standard Dirichlet boundary con-
ditions in the tilde-frame.

(ii) δ(
p
−h Tab) = 0,δ
�p
−hT d
�

= 0. This represents a new type that has not been
explored in the literature. In the Weyl frame with Ω= T −2, G = 2T

d−1 , this boundary

condition takes the form δ
�p

−h̃ T̃ab
�

= 0,δ
�p

−h̃
�

= 0, which is the conjugate
conformal boundary conditions discussed in section 5.4 in the tilde-frame.

6.2 Dual boundary description

According to the AdS/CFT duality, an AdS bulk theory with Dirichlet boundary conditions cor-
responds to a conformal field theory at the AdS boundary, which is a fixed point in the RG space
of the boundary field theories. In section 3, we demonstrated that modifying bulk boundary
conditions via W -freedom induces boundary deformations by generic multi-trace operators.
The deformations associated with the boundary conditions studied in Section 5 are marginal
single-trace deformations proportional to the trace of the boundary energy-momentum tensor
(rBY-EMT). Those in this section, besides the single trace deformations (discussed in item (7)
above), in general, include multi-trace deformations by a function of the trace of the rBY-EMT
T .

However, in non-anomalous CFTs, the EMT is traceless. Consequently, if we start with a
CFT at the conformal fixed point and introduce a deformation that depends on the trace of
the EMT, the boundary theory remains unchanged due to boundary conformality. To obtain
non-trivial deformations, we must consider either (1) anomalous CFTs or (2) non-marginal
deformations (deformations away from the conformal fixed point).

Anomalous CFTs. CFTs on a generic manifold Σ in even dimensions exhibit conformal
anomalies. For instance, in d = 2, the trace of the energy-momentum tensor is proportional to

5We note that for metric (41) we have δ
�p
−g s[r
�

∧δsa] = − 1
2 δ
�p
−h
N

�

∧δU a.

21

https://scipost.org
https://scipost.org/SciPostPhys.19.2.043


SciPost Phys. 19, 043 (2025)

the Ricci scalar of Σ times the central charge of the CFT [91]. In d = 4, the trace anomaly is
expressed in terms of the Euler density and the squared Weyl tensor of the background [91].
Consequently, in the presence of a non-flat boundary geometry, the energy-momentum tensor
acquires a nonvanishing trace. In such cases T is not exactly marginal and all deformations
considered in this section lead to nontrivial deformation of the boundary theory.

Non-marginal deformations. In the absence of trace anomaly, deformations by the trace
of the energy-momentum tensor at the conformal fixed point are trivial. However, one can
move away from the fixed point by introducing other non-marginal deformations and then
turn on deformations by the trace of the energy-momentum tensor. For instance, if we first
deform the theory with a T T̄ -like deformation [92, 93], the resulting theory will no longer
be a CFT, and the deformed energy-momentum tensor will acquire a nonvanishing trace and
consequently the deformations by T become nontrivial. In such cases the gravity (bulk) the-
ories with different boundary conditions become distinguishable. Notably, the magnitude of
the initial deformation is irrelevant—once the trace is nonzero, even a small trace deformation
can have significant effects.

We conclude this section with comments on the well-posedness of the boundary condi-
tions introduced in this paper at a finite cutoff. It is worth emphasizing that, while our work
primarily addresses asymptotic boundaries, the boundary conditions, and corresponding de-
formations introduced here can also be applied to boundaries at a finite distance. This ques-
tion will be discussed in detail in a companion paper and here we just make some comments.
In [89], a one-parameter family of boundary conditions, labeled by p, was introduced. This
family represents a special case of our more general boundary conditions, where the W term
is linear in T .6 We examined this specific family in detail in item (7) of the previous subsec-
tion. The parameter p in their formulation is related to our parameter b (76) by the following
expression:

p = −
1
bd

. (81)

The analysis in [89] is focused on four-dimensional Einstein gravity (d = 3) with a boundary
at a finite distance. They found that static, spherically symmetric Euclidean solutions with
boundary conditions corresponding to p < 1/6 (b < −2) exhibit both dynamical and thermo-
dynamic instabilities. In contrast, for p > 1/6 (b > −2), these solutions are dynamically stable
and the critical value p = 1/6 (b = −2) is marginally stable.

In generic d one can show that b = −2 is the marginally stable case with b > −2 being
stable and b < −2 being unstable. We note that (76) implies b ≥ −2 corresponds to k ≤ 2

d
or k ≥ 2

d−1 . More specifically, k ≤ 2
d corresponds to b > − 2

d and k ≥ 2
d−1 to −2 ≤ b < − 2

d .
Remarkably, the critical b = −2 (k = 2

d−1) case is exactly the case discussed in item (8) at the
end of the previous section. For this case, the gravity theory without any boundary term is
mapped onto a Dirichlet (or conjugate conformal) boundary condition in the tilde frame.

We close this section with a comment on non-marginal deformations. One might be con-
cerned that the inclusion of irrelevant multitrace deformations could undermine the validity
of a large-N analysis, as such deformations typically become significant at high energies due
to their irrelevant nature. (Recall that the Newton constant in the gravity side goes like 1/N#,
where the power depends on d, so the large-N means weak gravity limit.) To address this,
we emphasize that the large-N limit is taken first, and in this regime, the multitrace structure
of the deformation suppresses its effect. In other words, for irrelevant multitrace deforma-
tions, two competing effects are at play: their growth at high energies and their suppression
by large-N scaling. In our analysis, we assume a regime in which the latter dominates, and the

6As mentioned earlier, our definition of the conformal boundary condition slightly differs from that in [89],
where it is imposed as δK = δ�T = 0; see the discussion below equation (54).
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multitrace character of the deformation ensures its subleading contribution. We have added a
comment to indicate this point.

7 Discussion and outlook

The AdS/CFT duality is traditionally formulated with Dirichlet boundary conditions at the AdS
boundary on the gravity (bulk) side [8, 9, 75]. A natural question then arises: How can this
duality be extended to accommodate arbitrary bulk boundary conditions? This question lies
at the heart of the freelance holography program. In this work, we have explored this question
while keeping the location of the boundary conditions imposed at the AdS causal boundary,
allowing for arbitrary boundary conditions. In a companion work, we extend the freelance
holography by permitting the boundary to be an arbitrary timelike codimension-one surface
inside AdS, while also allowing arbitrary boundary conditions.

In generally covariant gravitational theories, modifying boundary conditions necessitates
introducing appropriate boundary Lagrangians. The Covariant Phase Space Formalism (CPSF)
provides a systematic framework for incorporating such boundary terms. Within this formal-
ism, we have put forward the freelance holography program in the large-N limit, thereby
broadening the standard gauge/gravity perspective on boundary conditions in holography.

A key aspect of our construction and the usual AdS/CFT is the role of regularity conditions
and bulk interior boundary conditions. In the standard AdS/CFT correspondence, asymptotic
data alone are insufficient to fully determine duality. To construct a complete holographic dic-
tionary, additional constraints from the bulk interior must be taken into account [12,75]. This
necessity becomes clear from the fact that an asymptotic expansion alone cannot distinguish
between pure AdS space and an AdS black hole. Thus, a proper dual description requires
additional information from the bulk interior. Although the regularity condition is a funda-
mental ingredient in our derivations, its role and implications within the CPSF, particularly in
the presence of interior horizons, should be further explored in future research.

A key motivation for this study is to understand the dual interpretation of the varying bulk
boundary conditions within the boundary theory. In this work, beginning with the standard
gauge/gravity correspondence, we have provided a concrete derivation of Witten’s proposi-
tion [27] that multi-trace deformations of the boundary theory correspond to changing bound-
ary conditions on bulk fields within the CPSF framework. We have explicitly constructed the
corresponding boundary Lagrangian that enforces the desired boundary conditions.

We have also demonstrated that W -freedom can modify the natural canonical conjugates
of the phase space, effectively altering the parameterization of the solution space. This trans-
formation, which is a canonical transformation in the CPSF and when surface charges and their
algebra are concerned, is known as the change of slicing [21–26]. W serves as the generator
of canonical transformations on the solution phase space and governs the change of slicing.

Besides the W -freedom, CPSF also possesses another important freedom: the Y -freedom.
We have discussed that the Y -freedom in the holographic context encodes all the information
about the boundary symplectic potential, providing deeper insights into the role of boundary
dynamics in holography. This is another central outcome of our study. A summary of the
holographic interpretation of these freedoms in CPSF is presented in Table 1.

It is instructive to note that the boundary conditions introduced in this work differ slightly
from the standard ones. In gravity, Neumann and conformal boundary conditions are tra-
ditionally defined by fixing the extrinsic curvature Kab or, equivalently, the unrenormalized
BY-EMT �T ab. However, in this work, we define Neumann and conformal boundary condi-
tions by fixing the rBY-EMT T ab. This definition is physically well-motivated, as the rBY-EMT
is regularized and finite, thus serving as the true canonical conjugate to the induced metric.
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Table 1: Summary of the interpretations of W -, Y -, and Z-freedoms in bulk and
boundary theories.

Freedom Bulk Interpretations Boundary Interpretations

W -freedom – Counterterms to ensure finite
physical quantities
– Modification of bulk boundary
conditions
– Generator of canonical transfor-
mations and change of slicing in
the bulk solution phase space

– Regularization of boundary
quantities
– Generator of multi-trace defor-
mations

Y -freedom Determining the codimension-two
part of symplectic form

Determining the on-shell symplec-
tic form

Z-freedom Specifies corner Lagrangian of the
bulk theory

Specifying boundary conditions
and the slicing

As a consequence, by construction, the on-shell action and other physical quantities remain
finite under these boundary conditions. This is a crucial advantage of our formulation since,
for the standard Neumann and conformal boundary conditions the appropriate counterterms
required to ensure a finite on-shell action and other observables are not well understood.

We close this paper with a list of future research directions.

• Freelance Holography II [94]: As discussed above, the freelance holography program
should be pursued by relaxing the AdS causal boundary. This means imposing the re-
laxed boundary conditions on any arbitrary codimension-one timelike or null surface
within the AdS interior. This project aims to extend and generalize the T T̄ deforma-
tion [92,93], which holographically corresponds to the imposing of Dirichlet boundary
conditions at a finite r (associated with the UV cutoff of the boundary theory) [95,96].

• Well-posedness of boundary conditions: In Section 6, we have constructed a family
of hydrodynamic boundary conditions, specified by an arbitrary function of the trace of
the rBY-EMT. A crucial and interesting question is the well-posedness of these boundary
conditions [83]. It is well-known that boundary conditions at finite distances are more
subtle than those at asymptotic boundaries. For example, Dirichlet boundary conditions
at finite distances are generally not well-posed [82, 83, 89, 90, 97–100]. Therefore, the
search for appropriate boundary conditions at finite distances is both necessary and im-
portant. As discussed, our family of one-function boundary conditions can be imposed at
finite distances, making it a promising candidate for finding suitable well-posed bound-
ary conditions. Specifically, the question arises: What properties must the function Ω
satisfy to ensure a well-posed boundary condition? We provide brief comments on this
at the end of Section 6.2, leaving a more detailed analysis for future work.

• Classifying hydrodynamics deformations: Our family of one-function boundary condi-
tions has a hydrodynamic interpretation. In this framework, the canonical pairs describe
a hydrodynamic system, and the tilted energy-momentum tensor is conserved with re-
spect to the rescaled metric. An additional natural question that emerges, potentially
guiding future research, is: What are the most general deformations for which the re-
sulting canonical pairs retain a hydrodynamic interpretation?

• Addition of matter fields. Although our construction in Sections 2, 3, and 4 is gen-
eral, in Sections 5 and 6 we specifically focus on boundary conditions and deformations
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in pure Einstein gravity in arbitrary spacetime dimensions. It would be valuable to ex-
tend this framework by incorporating matter fields (such as scalars, electromagnetism,
etc.) and investigating how these fields influence the boundary conditions and matter
deformations.

• Other type of boundary conditions. The CPSF-based construction in this work provides
a framework for formulating boundary conditions beyond the four cases discussed in the
paper. One such class of boundary conditions is the Robin (mixed) boundary conditions
[101]. It is interesting to explore holography with the Robin and other possible “non-
standard” boundary conditions.

• Beyond the strict large N limit. We have shown that, in the large N limit, boundary
multitrace deformations can be interpreted in the bulk as changes in the boundary con-
ditions. In equation (28), we conjectured that this interpretation may remain valid even
beyond the strict large N regime. Investigating the validity of this conjecture at finite
N is an important direction for future work. As an illustrative example supporting this
idea, consider three-dimensional Einstein gravity: in this case, the double-trace TT̄ de-
formation can be understood as a mixed boundary condition even at finite N [102]. This
suggests that the interpretation of multitrace deformations as modifications of boundary
conditions may indeed extend beyond the large-N limit.

• CFT coupled to boundary gravity. In [33], holography with Neumann and mixed
boundary conditions was developed. Our definition of Neumann boundary condi-
tions—imposing that the variation of the rBY-EMT vanishes—is consistent with their
approach. That work showed that non-Dirichlet boundary conditions naturally lead to
a boundary theory consisting of a CFT coupled to dynamical gravity. For instance, in the
Neumann case, the condition T ab = 0 is interpreted as a boundary equation of motion.
It would be interesting to explicitly study the resulting boundary theory—namely, a CFT
coupled to boundary gravity—for the entire one-function family of boundary conditions
introduced in this work.
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A Example: Free massive scalar field

To illustrate the CPSF framework and the associated freedoms discussed in Section 2.1, we
consider a simple example: a free massive scalar field propagating in an AdS background [12]

S =
1
2

∫

dd+1 x
Æ

|g|
�

gµν∂µΦ∂νΦ+m2Φ2
�

+

∫

dd+1 x ∂µL
µ
ct , (A.1)

where gµν represents the Euclidean AdS metric

ds2 = gµν dxµ dxν = ℓ2

�

dρ2

4ρ2
+

1
ρ

dx i dx i

�

. (A.2)

The above is related to (7) through ρ = r2/ℓ. The first variation of the action (A.1) yields

δS =

∫

dd+1 x
�

EδΦ+ ∂µΘ
µ

bulk

�

. (A.3)
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The bulk equation of motion is obtained by setting E= 0,

(−□g +m2)Φ= 0 , (A.4)

and the symplectic potential, Θµ, can be written as7

Θ
µ

bulk = Θ
µ
D +δWµ

bulk + ∂νY µνbulk , Θ
µ
D =
p

−g gµν ∂νΦδΦ+δLct , (A.5)

where Wµ

bulk and Y µνbulk represent the two freedoms in defining the symplectic potential (2) To
better understand the solution space of the theory, we next solve the bulk equations of motion
(A.4). We define Φ= ρ(d−∆)/2φ, upon which (A.4) takes the form

[m2 −∆(∆− d)]φ −ρ∂i∂
iφ + 2(2∆− d − 2)ρ∂ρφ − 4ρ2∂ 2

ρφ = 0 . (A.6)

To simplify the analysis we showcase ∆= d
2 + 1. Plugging the series expansion

φ(x ,ρ) =
∞
∑

n=0

[φn(x) +ψn(x) lnρ]ρ
n , (A.7)

into (A.6) we obtain m2 −∆(∆− d) = 0, which has the solution ∆= 1
2

�

d +
p

d2 + 4m2
�

. For

our specific case (∆= d
2 + 1), this implies that the mass of the scalar field is m2 = −

� d
2

�2
+ 1,

which is above the BF bound [103] m2 ≥ −
� d

2

�2
. The coefficients in the expansion (A.7) can

be obtained as follows:

ψ0 = 0 , ψ1 = −
1
4
□φ0 , ψ2 =

1
32
□2φ0 ,

ψ3 = −
1

768
□3φ0 , ψ4 =

1
36864

□4φ0 , · · · ,

φ2 = −
1
8

�

□φ1 +
3
8
□2φ0

�

, φ3 =
1

192

�

□2φ1 +
7
12
□3φ0

�

,

φ4 = −
1

9216

�

□3φ1 +
35
48
□4φ0

�

, · · · ,

where □ := δi j∂i∂ j . The preceding equations show that all φn,ψn in (A.7) can be expressed
in terms of φ0 and φ1. Consequently, the most general solution to the second-order differen-
tial equation (A.6) is parametrized by φ0 and φ1. Next, we explore regularity and imposing
boundary conditions.

Regularity in the interior. The regularity condition in the interior establishes a relationship
between φ0 and φ1, namely

φ1 = φ1[φ0] . (A.8)

This relation is generally non-local. To see this, let us return to the wave equation (A.4) and
perform a Fourier transform in the x-coordinates

Φ(ρ, x) =

∫

dd k
(2π)d

ei k.x Φ(ρ, k) , (A.9)

which transforms (A.4) into

−4ρ2 ∂ 2
ρΦ+ 2(d − 2)ρ∂ρΦ+ k2ρΦ+∆(∆− d)Φ= 0 . (A.10)

7In this section, we use the simplified notation ΘµD instead of (ΘD
bulk)

µ.
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To simplify this equation, we introduce the change of variablesρ = z2 and the field redefinition
Φ= zd/2χ, which transforms it into the modified Bessel equation

z2∂ 2
z χ + z∂zχ −
�

k2z2 + ν2
�

χ = 0 , ν :=
Æ

m2 + (d/2)2 , (A.11)

with two linearly independent solutions: the modified Bessel functions of the first kind, Iν(kz),
and the second kind, Kν(kz). Since Iν(kz) diverges as z → ∞, regularity in the interior
requires us to retain only the solution χ(z)∼ Kν(kz). For our special case,∆= d

2 +1, we have
ν= 1, and thus we consider K1(kz). Its asymptotic behavior as z→ 0 is

K1(z) =
1
z
+

z
4
[(−1+ 2γE − 2 ln 2) + 2 ln z] + · · · , (A.12)

where γE is Euler’s constant with numerical value ≈ 0.577. Now, let us express Φ in terms of
the ρ coordinate,

Φ(ρ, k) = ρ(d−2)/4φ0(k)

�

1+
k2ρ

4
[(−1+ 2γE + 2 ln(k/2)) + lnρ] + · · ·

�

. (A.13)

The above expression contains only one arbitrary function, φ0(k). The second arbitrary func-
tion, φ1(k), in the asymptotic expansion (A.7) is fixed by the regularity condition in the bulk
interior. More specifically, (A.13) implies

φ1(k) =
k2

4
[(−1+ 2γE) + 2 ln(k/2)]φ0(k) . (A.14)

This explicitly demonstrates the non-local relationship between φ0(x) and φ1(x). More pre-
cisely,

φ1(x) = −
□
4
[(−1+ 2γE − ln4) + ln (−□)]φ0(x) . (A.15)

This result shows that the relation between φ0(x) and φ1(x) involves an infinite number of
derivatives and hence is non-local.

On-shell action and regularization. Consider the on-shell action

S ⊜
1
2

∫

dd+1 x ∂µ
�
Æ

|g| gµνΦ∂νΦ+ 2Lµct

�

, (A.16)

where for the case (∆= d/2+ 1), it takes the following form

S[φ0(x),φ1(x)]⊜
1
2

∫

Σ

dd x
�

(d/2− 1)φ2
0 ε
−1 −

d
4
φ0□φ0 lnε+φ0

�

dφ1 −
1
2
□φ0

�

+2Lρct

�

,

(A.17)
as ε → 0. The first and second terms in the integral above are divergent. To regularize the
on-shell action, these divergent terms must be absorbed into Lµct. Such boundary Lagrangians
are referred to by different names depending on the context: in holographic renormalization,
they are known as counterterms, whereas in the CPSF formalism, they are associated with a
part of the W -freedom. The following boundary Lagrangian does the job:
∫

Σ

dd x Lρct = −
1
2

∫

Σ

dd x
p
γ

�

(d/2− 1)Φ2 −
1
2

lnεΦ□γΦ
�

= −
1
2

∫

Σ

dd x
�

(d/2− 1)φ2
0 ε
−1 + (d − 2)φ0φ1 −

d
4

lnεφ0□φ0

�

,

(A.18)
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where γi j := 1
εδi j . Finally, we obtain a regularized on-shell action

S[φ0(x),φ1(x)] =

∫

Σ

dd x φ0

�

φ1 −
1
4
□φ0

�

. (A.19)

For later use, we express the on-shell, regularized action in Fourier space as

S[φ0(k),φ1(k)] =

∫

dd kφ∗0(k)

�

φ1(k) +
k2

4
φ0(k)

�

. (A.20)

The regularity condition in the bulk relates φ0(k) and φ1(k) (A.14). Substituting this relation
into the regularized on-shell action (A.20) yields

S[φ0(k)] =

∫

dd k
k2

2
[γE + ln(k/2)]φ0(k)φ

∗
0(k) . (A.21)

Symplectic potential. We now compute the Dirichlet symplectic potential on the AdS bound-
ary Σ

ΘD =

∫

Σ

dd x ΘρD =

∫

Σ

dd x
�

2ρ1−d/2 ∂ρΦδΦ+δL
ρ
ct

�

. (A.22)

The total symplectic potential is given by (A.5) with Wµ

bulk = 0 and Y µνbulk = 0, leading to
Θ
µ

bulk = Θ
µ
D

Θbulk[φ0(x),φ1(x);δφ0(x),δφ1(x)] :=

∫

Σ

dd x Θρbulk = 2

∫

Σ

dd x
�

φ1 −
1
4
□φ0

�

δφ0 . (A.23)

When transformed into Fourier space, it becomes

Θbulk[φ0(k),φ1(k);δφ0(k),δφ1(k)] = 2

∫

Σ

dd k

�

φ1(k) +
k2

4
φ0(k)

�

δφ∗0(k) . (A.24)

Then by using (A.14) it results in

Θbulk[φ0(k);δφ0(k)] =

∫

Σ

dd k [γE + ln(k/2)] k2φ0(k)δφ
∗
0(k)

= δ

∫

Σ

dd k
k2

2
[γE + ln(k/2)] φ0(k)φ

∗
0(k)

= δS .

(A.25)

In the last line, we have applied (A.21). Interestingly, the on-shell symplectic potential for
a scalar field, when subject to the regularity condition, simplifies to a total variation, which
corresponds to the on-shell regularized action given in (A.21).

Correlation functions. Now we can simply read the n-point functions

〈O(k)〉= k2

2
[γE + ln(k/2)] φ∗0(k) , (A.26)

〈O(k)O∗(k)〉= k2

2
[γE + ln(k/2)] . (A.27)

All higher n-point functions are vanishing.
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