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Abstract

We construct a CFT with sl(2,R)k symmetry at the ‘tensionless’ point k = 3, which is
distinct from the usual SL(2,R)k=3 WZW model. This new CFT is much simpler than
the generic WZW model: in particular its three-point functions feature momentum-
conserving delta functions, and its higher-point functions localise to covering map con-
figurations in moduli space. We establish the consistency of the theory by explicitly de-
riving the four-point function from the three-point data via a sum over conformal blocks.
The main motivation for our construction comes from holography, and we show that var-
ious simple supersymmetric holographic dualities for ks = 1 (k = 3) can be constructed
by replacing the AdS3 factor on the worldsheet with this alternative theory. This includes
in particular the prototypical case of AdS3×S3×T4, as well as the recently discussed ex-
ample of AdS3×S3×S3×S1. However, our analysis does not require supersymmetry and
also applies to bosonic AdS3 backgrounds (at k = 3).
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1 Introduction

String theory on AdS3 with pure NS-NS flux has provided one of the most fruitful arenas to
explore the AdS/CFT correspondence. The worldsheet theory is under unparalleled control
and allows for exact (in α′) comparisons between string theory and the dual CFT. It was fur-
thermore realised in [1–3] that string theory on the background AdS3 × S3 × T4 drastically
simplifies further in the tensionless limit, with one unit of NS-NS flux, where it provides the
string theory dual of the symmetric orbifold of T4. The traditional worldsheet description in
the RNS-formalism of AdS3 backgrounds involves the SL(2,R) WZW model, which is an ex-
actly solvable, albeit relatively complicated 2d CFT [4–8]. This description partially breaks
down in the tensionless limit and the equivalence of the spectrum with the symmetric orbifold
of T4 was understood in [2] using the so-called hybrid formalism [9].

This duality was later extended to backgrounds with an arbitrary amount of NS-NS flux, for
which the worldsheet theory is still completely solvable, at least for simple enough correlators.
Through direct computation, a dual CFT was proposed in [10], see also [11–14]. For bosonic
strings on AdS3 × X, where we take X to be described by a unitary CFT of central charge
cX = 26 − 3k

k−2 , the dual CFT is given by a deformation of a symmetric orbifold of RQ × X.
Here, RQ is a linear dilaton factor with slope Q = k−3p

k−2
, so that RQ × X has central charge

6k. The marginal operator that has to be turned on is a certain non-normalizable operator
from the twist-2 sector of the symmetric orbifold. Thus, the CFT dual to a general AdS3 × X
background is somewhat analogous to Liouville theory as constructed by deforming a linear
dilaton theory by the operator e2bφ . This correspondence has also been generalised and tested
for the superstring on various backgrounds [10,15,16].

For k = 3 (ks = 1 in the superstring),1 the slope of the dilaton vanishes, meaning that the
effective string coupling is constant throughout AdS3. This phenomenon has appeared before
in the literature in various guises [17, 18]. In particular, for k = 3 the symmetric orbifold
SymN (R× X) is a consistent CFT without the need to turn on the marignal operator. In turn,
this would imply that there are must be two consistent CFTs with sl(2,R)k current symmetry
at k = 3: the SL(2,R)k=3 theory that is the restriction of the generic case discussed in detail

1We shall use the convention that the levels of the N = 1 supersymmetric affine algebras are denoted by
ks, while those of the (decoupled) bosonic algebras are denoted by k. For sl(2,R) the two levels are related as
k = ks + 2, whereas for su(2) we have instead k = ks − 2.
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in [7,8,13] to k = 3; and a special second solution that only exists at k = 3, and that we shall
denote by SL(2,R)′k=3.2 The latter model has correlators that are delta-function localised to
the configurations that admit a covering map, whereas for the former theory this is not the
case, see e.g. eq. (2.1) below. Correspondingly, for k = 3, there must also be two different
string backgrounds that one may legitimately call AdS3 × X.

The main point of this paper is to demonstrate that such a consistent second theory indeed
exists. Given that the dual CFT is much simpler, the worldsheet theory will also be much sim-
pler. In particular, it will only feature principal series representations, and the structure con-
stants vanish unless the sl(2,R) spins satisfy a condition that translates to momentum conser-
vation in the free boson factor of the dual CFT. Higher-point functions exhibit the localisation
phenomenon that was first discussed in [3]: their correlation functions have delta-function
support in the moduli space of surfaces, which reduces the integral over moduli space to a
discrete sum, thereby making contact with the sum over covering surfaces that is encountered
in the dual CFT.

The fact that only the principal series representations appear in the worldsheet spectrum
suggests that the CFT that we are discussing here describes a Euclidean AdS3 target space.
Strictly speaking, its symmetry algebra is thus sl(2,C). To properly describe it, one has to
employ the so-called y-basis for its correlators [7, 8]. However, for ease of presentation, we
will initially ignore this subtlety in the reality conditions of the theory, and discuss it only at
the end of Section 3.

Our findings clear up a number of confusions in the literature. First of all, they suggest that
it should after all be possible to formulate the duality between string theory on AdS3×S3×T4

with one unit ks = 1 of NS-NS flux and the symmetric orbifold of T4 in the NS-R formalism. On
the face of it this seems impossible since at ks = 1 the su(2)(1) factor, describing the propagation
on S3, then also has ks = 1, and as a consequence the (decoupled) bosonic su(2) factor has
negative level k = −1. Because of this issue, the analysis of [2] was done using the somewhat
more involved hybrid formalism of [9]where this problem does not arise (since the worldsheet
fermions sit in spinor representations). However, the localisation analysis of [3]was originally
done for the bosonic sl(2,R)k algebra at k = 3 — the hybrid version of this argument was only
later found in [19] — and one may suspect that the AdS/CFT duality should also work for
a suitable NS-R background with supersymmetric level ks = 1 (or bosonic level k = 3) for
the sl(2,R)(1) factor. We shall sketch how this may work for the case of AdS3 × S3 × T4 in
Section 4.2.

Another motivation for this paper came from the recent concrete proposal for the special
case of AdS3 × S3 × S3 × S1 with ks = 1 [20], see also [1, 21] for earlier related work. For
that case, the supersymmetric levels of the two su(2)(±) algebras are k(±)s = 2, and thus the
corresponding bosonic levels are k(±) = 0, which does not cause any inconsistency in the
NS-R description. The analysis of [20] suggested that there should be an exact duality to
an undeformed symmetric orbifold theory. However, as was already mentioned there, this
requires the existence of the localising second solution,3 and if we take the tensionless AdS3
string to be described by this theory, the analysis of this paper effectively prove the duality
of [20] (at least in the planar limit).

While it is satisfying to clear up these special cases, our arguments actually suggest much
more: the same arguments apply to any NS-R background that leads to a bosonic sl(2,R)k
theory at level k = 3, and even supersymmetry does not seem to be required, i.e. they pre-
dict that bosonic string theory on AdS3 × X, where the AdS factor is described by the second

2More precisely, we mean the WZW model based on the universal cover of SL(2,R), but we will suppress this
in our notation.

3Because of this issue, some questions were raised about the proposal of [20] in [22].
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sl(2,R)k theory at level k = 3, is dual to the symmetric orbifold of (R× X).4 Given that these
symmetric orbifold theories are consistent and stable, the corresponding bosonic string is ac-
tually tachyon-free – the technical reason for this is that our worldsheet theory only involves
states with spectral flow w ≥ 1, and thus the would-be tachyon is not part of the spectrum.
However, unlike other tachyon-free bosonic string theories, our model has a highly non-trivial
spectrum.

The paper is organised as follows. In Section 2 we motivate our ansatz for the correlation
functions of the localising sl(2,R) theory at k = 3. The core part of the paper is Section 3
where we show that these three-functions lead to crossing symmetric four-point functions.
We first do this in the usual basis of vertex operators that partially ignores issues stemming
from the Euclidean nature of the model, but we also demonstrate in Section 3.6 how the
arguments work (more properly) in the Euclidean setting. We also give a general argument
based on the explicit form of the correlators in the y-basis of [8,13] in Section 3.7. We discuss
various implications of the existence of this localising solution for AdS holography in Section 4.
Section 5 contains our conclusions and suggests various open problems. We spell out our
conventions in detail in Appendix A.

2 A crossing symmetric CFT

The main aim of our paper is to define a new crossing symmetric CFT based on the WZW model
of sl(2,R)k for the special case k = 3.5 This theory differs from the generic k solution of cross-
ing symmetry found in [7] in that the worldsheet correlators are delta-function localised on
the configurations that have an interpretation in terms of covering maps. In order to motivate
our proposal, let us first review briefly the structure of the solution for general k.

2.1 The spectrum and structure constants

The theory we are interested in consists of the states in the principal series representaitons
of sl(2,R) with sl(2,R) spin j = 1

2 + ip, but does not involve any states from the discrete
representations. As is familiar from the usual discussions of string theory on AdS3 [23], in
addition to these highest weight representations, we also consider the images under spectral
flow by w units with w ∈ Z≥1. The vertex operators of our theory can therefore be labelled
by V w

j,h,h̄
(x; z) where the spin j is determined by j = 1

2 + ip through the momentum p, w is

the amount of spectral flow, and z denotes the insertion point on the ‘worldsheet’ (where our
2d CFT lives), while x ∈ CP1 is an internal coordinate that can be identified with the position
on the boundary of AdS3. Furthermore, h and h̄ are the eigenvalues with respect to the left-
and right-moving Cartan generator J3

0 and J̄3
0 of sl(2,R), i.e. the ‘magnetic quantum numbers’,

of the state at x = 0, see e.g. [3, 7] for a more detailed explanation of our conventions. The
vertex operators are characterised by the OPEs with the symmetry currents, and these are
spelled out explicitly in Appendix A. For most of the paper we shall concentrate on the case
where z ∈ CP1, i.e. we shall only consider the CFT on the sphere.

4Note that the central charge works out as expected: for a critical bosonic string the X factor must have
c = 17 so that the total worldsheet theory has c = 26. The seed theory of the symmetric orbifold should then
be c = 17+1= 18 since the non-compact boson of the sl(2,R)3 factor survives (in addition to the excitations from
X). This then fits together with the form of the symmetric orbifold correlators, see eq. (2.12).

5Since the theory will only consist of the continuous representations and possesses the reality conditions of a
Euclidean signature target space, it is more correct to think of it as corresponding to SL(2,C)/SU(2), and we shall
comment on this below, see Section 3.6. While our theory is only interesting for k = 3, many aspects of it can be
understood for generic k, and we shall therefore phrase many statements for the general case.
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For generic k, the three-point function in the sl(2,R) WZW model is only non-zero pro-
vided that the triangle inequalities wi ≤ w j + wℓ + 1 with {i, j,ℓ} all distinct, are satisfied. It
depends significantly on the parity of

∑

i wi , and was explicitly determined (by systematically
imposing Ward identities and crossing symmetry) in [7, eq. (5.23)]. For

∑

i wi ∈ 2Z+ 1 and
wi ≤ w j +wℓ − 1 with {i, j,ℓ} distinct,6 the three-point function takes the form7

¬

Vj1,h1,h̄1
(0;0)Vj2,h2,h̄2

(1;1)Vj3,h3,h̄3
(∞;∞)
¶

= D̃( j1, j2, j3)N
k−6+2( j1+ j2+ j3)
�

�

�

3
∏

i=1

a
k
4 (wi−1)−hi

i w
− k

4 (wi+1)+1− ji
i Π−

k
2

�

�

�

2

×
∫ 3
∏

i=1

d2 t i

�

�

�

�

3
∏

i=1

t
− kwi

2 +hi− ji
i (1− t i)

kwi
2 −hi− ji

×
�

1−
w1 t1

N
−

w2 t2

N
−

w3 t3

N

�
k
2−3+ j1+ j2+ j3
�

�

�

�

2

.

(2.1)

For this choice of spectral flows wi , there is always a corresponding covering map

γ : CP1→ CP1 , (2.2)

ramified over the three points zi with ramification indices wi , such that γ(zi) = x i . Except
for the prefactor N ( j1)D( k

2 − j1, j2, j3) that we are about to discuss, all other parameters are
defined in terms of the corresponding covering map: in particular N = 1

2(w1+w2+w3−1) is
the degree of the covering map, while ai are the coefficients appearing in (A.7), and Π is the
product over the N residues, see eq. (A.9).

The coefficient

D̃( j1, j2, j3) =N (1− j1)D
� k

2 − 1+ j1, 1− j2, 1− j3
�

(2.3)

is related to the structure constant D( j1, j2, j3) of the unflowed correlators, see [6, eq. (5.36)
and below], and takes a similar form as the DOZZ structure constants of Liouville theory [4],
and N (1− j1) is a coefficient needed to make the expression symmetric in the three operators;
the detailed expressions are for example given in [7, Appendix B]. Generically, the structure
constants (2.1) are non-zero, but have a series of poles in the spin; these are studied in detail
in [13], see also [6,24] for earlier work. The first and simplest of these poles occurs for

j1 + j2 + j3 =
k
2
⇐⇒ i
�

p1 + p2 + p3

�

=
k− 3

2
. (2.4)

Thus, for k = 3, and only for that value, the simple pole can arise for the physical values
pi ∈ R. Similar to the Coulomb gas construction of Liouville theory, the three-point functions
simplify dramatically when we take the residues at this value. Indeed, we have

Res
j1+ j2+ j3=

k
2

¬

Vj1,h1,h̄1
(0;0)Vj2,h2,h̄2

(1;1)Vj3,h3,h̄3
(∞;∞)
¶

=
�

�

�Π̂−
k
2

3
∏

i=1

a
k
4 (wi−1)−hi

i

�

�

�

2
, (2.5)

6There are similar expressions for
∑

i wi ∈ 2Z or for the extremal case wi = w j + wℓ + 1 for some {i, j,ℓ} with
∑

i wi ∈ 2Z+ 1, but it does not have a pole for j1 + j2 + j3 =
k
2 that will be important below.

7The notation | • |2 means that we take the product with the right-moving analogue. This only complex con-
jugates the t i ’s, but replaces hi → h̄i and does not complex conjugate the exponents. We also use the opposite
conventions to [7] and replaced ji → 1− ji . This does not matter for the principal series representations that we
discuss in this paper and leads to more convenient expressions.
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where, in order to streamline notation, we have defined the convenient combination

Π̂=
∏

i

w
1
2 (wi+1)
i Π , (2.6)

see also Appendix A. The idea of our proposal is to take the structure constants of our new
theory to simply be the residues of these poles and impose in addition momentum conserva-
tion. For k = 3, we can then parametrise our vertex operators more naturally through their
momentum pi and write V w

p,h,h̄
(x; z). We thus set

D

V w1

p1,h1,h̄1
(0; 0)V w2

p2,h2,h̄2
(1;1)V w3

p3,h3,h̄3
(∞;∞)
E

new
=
�

�

�Π̂−
3
2

3
∏

i=1

a
3
4 (wi−1)−hi

i

�

�

�

2
δ(p1 + p2 + p3) . (2.7)

One can nicely generalise this to arbitrary x i and zi by taking the Π̂ and ai to be those of the
appropriate covering map, see Appendix A.3 for the precise definitions, leading to
® 3
∏

i=1

Vpi ,hi ,h̄i
(x i; zi)

¸

new

=
∏

i< j

|zi − z j|4pi p j

�

�

�Π̂−
3
2

3
∏

i=1

a
3(wi−1)

4 −hi

i

�

�

�

2
δ(p1 + p2 + p3) . (2.8)

Since we assume here the existence of a covering map, it is understood that these three-point
functions are only non-zero provided that the triangle inequalities on the wi and the parity
constraint
∑

i wi ∈ 2Z+ 1 is satisfied.

2.2 Higher point functions and localisation

For the four-point functions a similar result was worked out in [13, eq. (3.29)]. It was shown
there that the four-point function also simplifies dramatically for k = 3 when

∑

i pi = 0. More
specifically, it has a singularity of the form |z − zγ|−2, where zγ is the value of the cross-ratio
z for which a covering map with the appropriate branchings exists. As a consequence the
string correlator (where we integrate over the cross ratio z) diverges, and the string four-point
function contains a residue at

∑

i pi = 0. The idea is to replace this divergence with a delta
function (for
∑

i pi = 0). We thus propose the modified four-point function
D

V w1

p1,h1,h̄1
(0; 0)V w2

p2,h2,h̄2
(1;1)V w3

p3,h3,h̄3
(∞;∞)V w4

p4,h4,h̄4
(x; z)
E

new

=
∑

γ

δ(2)(z − zγ) |z|4p1p4 |1− z|4p2p4

�

�

�Π̂−
3
2

4
∏

i=1

a
3(wi−1)

4 −hi

i

�

�

�

2
δ
�∑

i
pi

�

.
(2.9)

This also generalises nicely to arbitrary x i and zi , for which we get
® 4
∏

i=1

V wi

pi ,hi ,h̄i
(x i; zi)

¸

new

=
∑

γ

δ(2)(z − zγ)
∏

i< j

|zi − z j|4pi p jδ
�∑

i
pi

�

�

�

�Π̂−
3
2

4
∏

i=1

a
3(wi−1)

4 −hi

i

�

�

�

2
,

(2.10)
where, as before, the ai and Π̂, see eq. (2.6), are the parameters of the relevant covering map.
We note that the answer is the product of a free boson correlator

∏

i< j

|zi − z j|4pi p jδ
�∑

i
pi

�

, (2.11)

together with the coefficients one would expect for the symmetric orbifold correlator of twist
fields for which the central charge of the seed theory is c = 18 [25],

∑

γ

δ(2)(z − zγ)
�

�

�Π̂−
3
2

4
∏

i=1

a
3(wi−1)

4 −hi

i

�

�

�

2
. (2.12)

6

https://scipost.org
https://scipost.org/SciPostPhys.19.2.060


SciPost Phys. 19, 060 (2025)

In fact, this then also immediately suggests a generalisation to arbitrary n-point functions,
® n
∏

i=1

V wi

pi ,hi ,h̄i
(x i; zi)

¸

new

=
∑

γ

n
∏

i=4

δ(2)(zi − zγi )
∏

i< j

|zi − z j|4pi p jδ
�∑

i
pi

�

�

�

�Π̂−
3
2

n
∏

i=1

a
3(wi−1)

4 −hi

i

�

�

�

2
,

(2.13)
where the zi need to satisfy the n − 3 constraints zi = zγi in order for a covering map (with
these branching indices) to exist.

2.3 The identity and the two-point function

As for the ordinary SL(2,R) WZW model, the theory that we consider here does not have an
identity field.8 This means that we cannot obtain the two-point function normalisation from
the three-point function normalisation in a simple way. This is a situation similar to what one
encounters e.g. in timelike Liouville theory [28,29]. Instead, we will simply specify a two-point
function normalisation that leads to a crossing symmetric four-point function,

〈V w
j,h,h̄
(0;0)V w′

j′,h′,h̄′
(∞;∞)〉=

1
w
δ(2)(h− h′)δ( j + j′ − 1)δw,w′ , (2.14)

where δ(2)(h) = 1
2δh−h̄δ(h+ h̄). More precisely, this two-point normalisation should be inter-

preted in the Euclidean theory, see Section 3.6.

3 Conformal block expansion of the four-point function

The goal of this section is to verify that the four-point function (2.10) is reproduced by the
conformal block expansion from the three-point functions (2.8). This will then in particular
ensure crossing symmetry of the model. We will actually be somewhat more general and keep
k arbitrary since our argument works for any k, as long as the momentum conservation for an
n-point function takes the form

i
∑

j

p j =
(n− 2)(k− 3)

2
. (3.1)

As we mentioned above, momentum conservation within the physical spectrum can only be
satisfied for k = 3 and thus we only have a fully consistent CFT for that value.

We will first perform the calculation by brute force, i.e. by expanding the conformal blocks
to the first subleading order in a small cross ratio expansion, see Sections 3.4 and 3.5. The
calculation is quite technical, and it requires various ingredients that we shall first derive,
see Sections 3.1-3.3, and that are hopefully of independent value regardless of the specific
application we have in mind. (In particular, we will explain a shorter route to derive the form
of the three-point functions from the Ward identities than was originally discussed in [3].) The
appearance of the delta function in (2.10) is at first somewhat formal, and we also explain how
to do this more properly by going to the Euclidean theory, see Section 3.6. Finally, we give a
general argument for the consistency of the four-point function in Section 3.7.

8From a holographic point of view, it however has a special field that corresponds to the identity field in space-
time. It is given by the operator V w=1

p=0,h=h̄=0
, which has worldsheet conformal weight ∆ = 1 and hence satisfies the

mass-shell condition. It is the dilaton zero mode and behaves anlogously to the marginal operator e2bφ in Liouville
theory [26,27].
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3.1 Rederiving the recursion relations

To warm up, we start by rederiving the hi-dependence of the three-point functions (2.8). This
was first done in [3] through somewhat involved computations that yielded a recursion relation
on the three-point functions in h1, h2 and h3. We will explain an arguably simpler route
to derive these recursion relations that generalise nicely to the computation of three-point
functions with a descendant.

Ward identities. Usually, we obtain Ward identities in a correlation function by inserting the
symmetry current J a(z) into a correlator, evaluating all the residues as z → zi and requiring
that the sum of the residues vanishes. One can in principle modify this procedure by consider-
ing instead of the individual J a(z) suitable combinations

∑

a fa(z)J a(z) for some meromorphic
functions fa(z) whose only poles (on the Riemann sphere) are at z = zi; then one can proceed
as before, i.e. insert this combination into the correlator and require that the residues at z = zi
sum to zero. This gives us relations between correlators with descendants, and hence allows
us to reduce correlators with descendant fields to those of the corresponding primaries.

For a spectrally flowed correlator, we want to choose the functions fa(z) such that
the residues only pick out the leading singularities of J a(z) with the three primary fields
V wi

ji ,hi ,h̄i
(x i; zi), which we keep in general location (x i , zi). The OPEs of the currents with the

primary fields are given in (A.2) — importantly they feature higher order poles, while the
modes we want to pick out by taking the residues are those in (A.3). This tells us that the
three functions f+(z), f3(z) and f−(z) should behave as follows as z→ zi ,

f−(z)∼O
�

(z − zi)
−wi
�

, (3.2a)

f3(z) + 2x i f−(z)∼O(1) , (3.2b)

f+(z) + x i f3(z) + x2
i f−(z)∼O
�

(z − zi)
wi
�

, (3.2c)

since then
∑

a

fa(z)J
a(z)V wi

ji ,hi ,h̄i
(x i; zi)∼ ( f+(z) + x i f3(z) + x2

i f−(z))(z − zi)
−wi−1
�

J+wi
V wi

ji ,hi ,h̄i

�

(x i; zi)

+ ( f3(z) + 2x i f−(z))(z − zi)
−1
�

J3
0 V wi

ji ,hi ,h̄i

�

(x i; zi)

+ f−(z)(z − zi)
wi−1
�

J−−wi
V wi

ji ,hi ,h̄i

�

(x i; zi)

(3.3)

only has first order poles, and the residue only involves the action of the spectrally flowed zero
modes on the primary fields.

Constraining the functions fa. We can replace x i in (3.2) by the covering map γ(z), since
γ(z)− x i =O((z− zi)wi ) and the correction term does not modify the above behaviour. Let us
hence denote

F−(z) = f−(z)∼O((z − zi)
−wi ) , (3.4a)

F3(z) = f3(z) + 2γ(z) f−(z)∼O(1) , (3.4b)

F+(z) = f+(z) + γ(z) f3(z) + γ(z)
2 f−(z)∼O((z − zi)

wi ) . (3.4c)

F+(z) thus has a wi-fold zero at all the insertion points of the vertex operators, while it poten-
tially has double poles at the poles ℓa of the covering map. However, notice that the number
of zeros Z of F+ counted with their multiplicity is greater than the number of poles P,

Z ≥ w1 +w2 +w3 > w1 +w2 +w3 − 1= 2N ≥ P , (3.5)
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where we have used that the degree N of the covering map is related to the ramification index
by the Riemann Hurwitz formula, see eq. (A.4). Z > P is impossible for a non-zero analytic
function and thus F+(z)≡ 0.

We can similarly constrain F3(z): writing

0≡ F+(z) = f+(z) + γ(z)
�

f3(z) + γ(z) f−(z)
�

, (3.6)

the holomorphicity of f+(z) and f3(z) near z = ℓa implies that γ(z) f−(z) remains regular as
z→ ℓa, and thus F3(z) does not have any poles at z = ℓa, or indeed anywhere else (including
at z =∞). By Liouville’s theorem F3 is constant, F3(z)≡ c1 for some constant c1.

Finally, we have to determine F−(z). Besides having at most wi-fold poles at z → zi , it
is also constrained by demanding that f3(z) and f+(z) remain regular as z → ℓa (which are
expressed through F−(z) by the conditions F3(z) = c1 and F+(z) = 0). This tells us that

F−(z)∼
c1

Πa
(z − ℓa) +O
�

(z − ℓa)
2
�

, as z→ ℓa , (3.7)

whereΠa is the residue of the covering map at z = ℓa, see eq. (A.9). The most general solution
to these constraints is given by

F−(z) =
c1∂

2γ(z)
2(∂ γ(z))2

+
c1z2 + c2z + c3

(z − z1)(z − z2)(z − z3)∂ γ(z)
, (3.8)

where c2 and c3 are two new constants. Indeed, the first term precisely ensures that the
constraint (3.7) is satisfied, while the second term vanishes to second order as z → ℓa. Its
form is constrained by the fact that since ∂ γ(z) ∼ O((z − zi)wi−1), one can increase the pole
order precisely by one with the explicit factors of (z−zi)−1. The numerator of the second term
then has to be a polynomial with the coefficient of the z2 term being fixed by requiring that
F−(z) has no pole at z =∞.

The recursion relations. It is now simple to derive the Ward identities following from these
choices by computing the residues of

∑

a fa(z)J a(z). This gives us three equations. By choosing
c1, c2 and c3 appropriately, this leads to the three equations

a−1
ℓ d−jℓ

�

hℓ −
kwℓ

2

�

C(hℓ − 1)

=
3
∑

i=1

�wℓ
N
−δi,ℓ

�

aid
+
ji

�

hi −
kwi
2

�

C(hi + 1) +

�

2hℓ −
wℓ
N

3
∑

i=1

hi

�

C(hi) = 0 ,
(3.9)

where ℓ = 1, 2,3. Here aℓ are the coefficients appearing in the covering map, see eq. (A.7),
and 2N = w1 + w2 + w3 − 1 is the degree of the covering map. Furthermore, the parameters
d±j (m) describe our conventions for the action of the sl(2,R) generators on the highest weight
states,

J3
0 | j, m〉= m | j, m〉 , J±0 | j, m〉= d±j (m) | j, m± 1〉 , d±j (m) =

�

m± j
�

. (3.10)

Furthermore, we use the shorthand notation C(hi+1) to denote the three-point function where
the ith conformal weight is shifted up by one unit, while the other weights are unmodified. It
is not difficult to see that (3.9) are, in fact, precisely the recursion relations derived in [3].

The j -constraint. A crucial observation in [3] was that these recursion relations are simple
to solve when
∑

i ji =
k
2 — in this case, we simply have

C(h1, h2, h3) = C0

3
∏

i=1

a−hi
i , (3.11)
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where C0 is independent of hi , but can still depend on the other quantum numbers ji and
wi . The delta-function in (2.8) precisely implements the j-constraint

∑

i ji =
k
2 and thus this

three-point function is compatible with the basic Ward identities.

3.2 Three-point functions with a descendant

We now want to compute the three-point functions with a level-1 descendant, i.e. the three-
point functions




(J±±w1−1V w1
j1,h1
)(x1; z1)

3
∏

i=2

V wi
ji ,hi
(x i; zi)
�

,



(J3
−1V w1

j1,h1
)(x1; z1)

3
∏

i=2

V wi
ji ,hi
(x i; zi)
�

. (3.12)

We will need this when we compute the conformal blocks of the four-punctured sphere below.
To obtain them via Ward identities, we follow the same logic as above and insert the combi-
nation
∑

a fa(z)J a(z) into a correlator of three primaries. To pick up the level-1 descendants
(3.12), we relax our conditions on fa(z) at z→ z1 and allow the pole order in (3.2) to be one
higher.

Constraining the functions fa. As before, it is convenient to work with the functions Fa(z)
that are obtained by replacing x i → γ(z) as in (3.4), for which we now obtain the conditions

F±(z)∼O((z − z1)
±w1−1) , F3(z)∼O((z − z1)

−1) , (3.13)

while the conditions at z2 and z3 are the same as in (3.4). We can follow similar arguments
as above to determine the most general solution to these constraints, and we find that it takes
the form

F+(z) = c1(z − z2)(z − z3)∂ γ(z) , (3.14a)

F3(z) = c1
(z − z2)(z − z3)∂ 2γ(z)

∂ γ(z)
+ 2c1z + c2 +

c3

z − z1
, (3.14b)

F−(z) =
c1(z − z2)(z − z3)∂ 3γ(z)

6(∂ γ(z))2
+
�

2c1z + c2 +
c3

z − z1

� ∂ 2γ(z)
2(∂ γ(z))2

+
c1z4 + (c2 − 2c1z1)z3 + c6z2 + c5z + c4

(z − z1)2(z − z2)(z − z3)∂ γ(z)
, (3.14c)

where we now have six free constants, c1, . . . , c6. Three of these solutions are those that lead
to the recursion relations that we discussed above.

Correlator with a descendant. The remaining three recursion relations give a linear system
of equations for the three descendant correlators (3.12). It is straightforward to solve this sys-
tem of equations for the three unknowns, and assuming the j-constraint

∑

i ji =
k
2 is satisfied,

we obtain



J3
−1V w1

j1,h1
(x1; z1)V

w2
j2,h2
(x2; z2)V

w3
j3,h3
(x3; z3)
�




V w1
j1,h1
(x1; z1)V

w2
j2,h2
(x2; z2)V

w3
j3,h3
(x3; z3)
� (3.15)

=
b1(k(w2

1 + 2)− 6h1w1 + 6 j1)

6a1w2
1

+
3
∑

i=2

k(w2
1 +w2

i −w2
ℓ
+ 2)− 6 ji − 6(h1w1 + hiwi − hℓwℓ)

6w1(z1 − zi)
,

where ℓ (as well as i) only run over the values {i,ℓ} = {2, 3}. Furthermore, we recall from
(A.7), that b1 is the sub-leading coefficient (relative to a1) in the expansion of the covering
map near z1. The expressions for the other two descendants are similar.
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3.3 Kac matrix

The next ingredient that is needed for the computation of the conformal block is the Kac matrix,
that is the determinant of the matrix of inner products at some given worldsheet and target
space conformal weight. It follows from (3.10) that, in the state picture, the spectrally flowed
highest weight state | j, h〉(w) satisfies (recall that h= m+ kw

2 , where m is the eigenvalue of J3
0

before spectral flow)

J3
0 | j, h〉(w) = h | j, h〉(w) , J±±w | j, h〉(w) =

�

h− kw
2 ± j
�

| j, h± 1〉(w) . (3.16)

More positive modes annihilate the state. Similarly, more negative modes annihilate the cor-
responding bra state, which we take to have spin 1− j in order to have canonically normalised
two-point functions,
�

h− kw
2 + j
�

(w)〈1− j, h+ 1 | j, h+ 1〉(w) = (w)〈1− j, h+ 1| J+w | j, h〉

= (w)〈 j, h| J−−w |1− j, h+ 1〉(w)

=
�

h− kw
2 + j
�

(w)〈1− j, h | j, h〉(w) ,

(3.17)

i.e. the norm is independent of h.
Similar to the familiar Virasoro case, we now want to compute the matrix of inner products

at a given excitation level N and spacetime conformal weight h. Since two-point functions
vanish for different conformal weights, the Kac matrix will take a block diagonal form. A
given block depends on the weight h and the spectral flow w. However, since spectral flow is
an automorphism, the Kac matrix actually only depends on w via the combination m= h− kw

2 .
We can thus simply compute the Kac matrix in the unflowed sector. We will denote a given
block at level N by M (N)m (where the other parameters k and j are left implicit). Thus for a
choice of basis states |ψ1〉 , . . . , |ψP3(N)〉 in every block, we set9

�

M (N)m

�

i,l = 〈ψi |ψl〉 . (3.18)

This Kac matrix and the resulting null-vector structure it predicts was previously studied in
detail in [30].

Level 1. Let us compute the level-1 Kac matrix explicitly. There are three states with J3
0 = m,

corresponding to the three vertex operators appearing in (3.12), namely

J+−1 | j, m− 1〉 , J3
−1 | j, m〉 , J−−1 | j, m+ 1〉 . (3.19)

Their inner products are straightforwardly evaluated, and we have for example

〈1− j, m| (J3
−1)

†J+−1 | j, m− 1〉= 〈1− j, m| [J3
1 , J+−1] | j, m− 1〉

= 〈1− j, m| J+0 | j, m− 1〉
= m− 1+ j ,

(3.20)

where we have again used (3.10). The other components can be worked out similarly, and the
resulting Kac matrix is simply

M (1)m =





2m+ k− 2 m− j 0
m+ j − 1 − k

2 −m+ j − 1
0 −m− j −2m+ k− 2



 . (3.21)

9The size of the blocks is equal to the number of partitions with three different colors given by the generating
function
∑

N≥0 P3(N)qN =
∏∞

n=1(1− qn)−3.
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As a consistency check, notice that the determinant takes the simple form

det M (1)m = 2(k− 2)
�

j − k
2

��

j − 1+ k
2

�

, (3.22)

telling us that a level-1 null vector appears when j = k
2 or j = 1− k

2 , in accordance with the
general formula [30]. Note that k = 2 is the critical level for sl(2,R).

3.4 The conformal block to leading and subleading order

We can now assemble the ingredients we have discussed so far to determine the four-point
function from a sum over three-point conformal blocks.

General conformal block expansion. Conformal blocks may be understood as summing
over all descendants of an intermediate primary state, and hence reduce the sum over all
intermediate states in, say, a four-point function to a sum over only the primary states. More
explicitly, let us consider a four-point function of the form

F(x; z) =



V w1
j1,h1
(0;0)V w2

j2,h2
(1; 1)V w3

j3,h3
(∞;∞)V w4

j4,h4
(x; z)
�

, (3.23)

where we have used the global Ward identities to fix the locations of three of the vertex oper-
ators to their standard locations. (We also suppress right-moving quantities for conciseness.)
Let us assume that |x | < 1 and |z| < 1. The idea of the conformal block expansion is to insert
a complete set of states into this four-point function, i.e. to sum over an orthonormal basis
(ONB) of the intermediate space of states

F(x; z) =
∑

|ψ〉 ONB of H




V w2
j2,h2
(1;1)V w3

j3,h3
(∞;∞) |ψ〉〈ψ|V w1

j1,h1
(0;0)V w4

j4,h4
(x; z)
�

. (3.24)

Let us remember that ket states |ψ〉 can be represented by vertex operators inserted at
(x; z) = (0; 0), while the bra state 〈ψ| corresponds to a vertex operator inserted at
(x; z) = (∞;∞). Thus, both factors in (3.24) are three-point functions. By applying a scaling
transformation to the first three-point function, we have

〈ψ|V w1
j1,h1
(0;0)V w4

j4,h4
(x; z)
�

= x−h1−h4+hψz−∆1−∆4+∆ψ〈ψ|V w1
j1,h1
(0;0)V w4

j4,h4
(1;1)
�

, (3.25)

where ∆ is the worldsheet conformal dimension

∆=
1
4 + p2

(k− 2)
+ N −wh+

k
4

w2 , (3.26)

with N being the excitation number before spectral flow. (For the vertex operators associated
to j1 and j4, N = 0.) The sum in (3.24) may now be split into the sum over primaries, and the
sum over the descendants in a given representation. The sum over the descendants factors into
the holomorphic and antiholomorphic sector, and the sum over the holomorphic descendants
is then a conformal block appearing in the decomposition. Let us denote such a conformal
block by Fw

j (x; z), where all the other external parameters ji , hi and wi , are left implicit.
Because of the presence of the delta-function on the spins in the three-point function (2.8),
we are actually only interested in the special case j = k

2 − j2− j3 = 1− k
2 + j1+ j4 and thus we

will suppress also the label j and assume that it takes this value. As we noticed before around
eq. (2.4), j lies in the physical spectrum precisely when k = 3 and thus we will eventually
restrict to this value.
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The relevant conformal block we need to compute is therefore

Fw(x; z) =
∑

|ψ〉 ONB of Rw
j

x−h1−h4+hψz−∆1−∆4+∆ψ



V w2
j2,h2
(1;1)V w3

j3,h3
(∞;∞) |ψ〉hol

× 〈ψ|V w1
j1,h1
(0; 0)V w4

j4,h4
(1; 1)
�

hol ,

(3.27)

where Rw
j denotes the w-spectrally flowed spin j representation, and 〈· · · 〉hol is the holomor-

phic part of (2.8), without the structure constants which we take to be10

C

�

j1 j2 j3
w1 w2 w3

�

= |Π̂|−kδ
�

j1 + j2 + j3 −
k
2

�

, (3.28)

where Π̂ was defined in eq. (2.6). For example, if all three states are primary we simply have




j, h |V w1
j1,h1
(0;0)V w4

j4,h4
(1; 1)〉(w)hol = (a

[3]
1 )

k
4 (w1−1)−h1 (a[3]4 )

k
4 (w4−1)−h4 a

k
4 (w−1)−h
∞ , (3.29)

where a[3]j , j = 1,4 as well as a∞ refer to the covering map coefficients as determined by

the covering map with three critical points.11 Similarly, for the other three-point function we
write



V w2
j2,h2
(1;1)V w3

j3,h3
(∞;∞) | j, h〉(w)hol = (a

[3]
2 )

k
4 (w2−1)−h1 (a[3]3 )

k
4 (w3−1)−h4 a

k
4 (w−1)−h
0 . (3.30)

With these definitions, the full four-point function can be expressed through the conformal
blocks as

F(x; z) =
∑

w

∫

d j
1

N ( j, w)
C

�

j1 j4 1− j
w1 w4 w

�

C

�

j2 j3 j
w2 w3 w

�

|Fw
j (x; z)|2 , (3.31)

where N ( j, w) is the two-point function normalisation appearing in (2.14). The j-integral
localises on the value j = k

2 − j2 − j3, and leads to the momentum-conserving delta-function
in (2.10).

Non-orthogonal basis. It is convenient to generalise (3.27) to a summation over a non-
orthogonal basis, as is also usually done in the Virasoro case. (In fact, the two-point function
pairs spin j and spin 1− j, and is thus strictly speaking non-orthogonal anyway.) For this, let
us split the sum over the states |ψ〉 into a sum over fixed spacetime conformal weight h, and
fixed level N above the ground state.12 The two-point function is block diagonal as different
spacetime weights h and levels N do not mix. For a given block, the matrix of inner products
is precisely given by the Kac matrix M (N)m for m = h− kw

2 that we discussed above. Thus, for
the same choice of basis |ψ1〉 , . . . , |ψP3(N)〉 that was used for the calculation of the Kac matrix,
we have

Fw(x; z) =
∑

N≥0

∑

h

∑

i,l

x−h1−h4+hz−∆1−∆4−
j( j−1)
k−2 +N−hw+ kw2

4

×



V w2
j2,h2
(1;1)V w3

j3,h3
(∞;∞) |ψi〉hol

�

M (N)
h− kw

2

�−1
i,l 〈ψl |V

w1
j1,h1
(0; 0)V w4

j4,h4
(1;1)
�

hol .

(3.32)
10Perhaps it would be more appropriate to insert an additional factor of i in the delta-function, since this is a

delta-function in the imaginary part of the argument. We will however suppress it, and similarly a corresponding
factor of i that one might insert in the measure of j in (3.31).

11We use the superscript [3] on the covering map coefficients of the three-punctured sphere to distinguish them
from the covering map coefficients ai of the four-punctured sphere that appear in (2.10). We also denote by a0

the covering map parameter of the three-point function at 0, where |ψ〉 is inserted and by a∞ the corresponding
parameter where 〈ψ| is inserted.

12Here, we define the level in the spectrally flowed sense as in Section 3.3.
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For a given principal series representation of sl(2,R)k, this sum runs over all the values of h
of the form h ∈ Z+ kw

2 +α for some α ∈ R/Z. We will treat α somewhat imprecisely for now.
As we shall discuss below in Section 3.6, we should really be discussing the theory which is
analytically continued in the target space signature to Euclidean AdS3, in which case α is not
a parameter and everything works out properly.

Convergence and localisation. Let us examine the definition of (3.27) in more detail. We
are particularly interested in the convergence properties of the sum. While for Virasoro confor-
mal blocks, the corresponding sum has a convergence radius of z = 1 (since conformal blocks
have their closest singularity near the origin at z = 1), this is not the case for (3.27), since it
also depends on x . Consider the partial sum over only the affine primary states of Rw

j , i.e. the
N = 0 term in (3.32). Up to overall factors that are independent of h, the sum over h is then
of the form

∑

h

xhz−hw(a0a∞)
−h . (3.33)

Since the sum is unbounded in both directions, this is clearly somewhat formal. The conformal
block expansion (3.32) is therefore only sensible in the double scaling limit

|z| ≪ 1 , |x | ≪ 1 , xz−w finite . (3.34)

The first condition is necessary for the subleading levels in (3.32) to be suppressed, while the
condition that xz−w is finite guarantees that all states in the infinite sum (3.33) are of the same
order; this then also forces x to be small. Thus the conformal block expansion requires us to
move the operators close together, both on the worldsheet and in spacetime.

With this understanding, we declare that (3.33) evaluates to a formal delta-function, i.e.

∑

h

xhz−hw(a0a∞)
−h −→

z
w
δ
�

z −
� x

a0a∞

�
1
w
�

, (3.35)

which when we combine it with the right-movers leads to the localising delta-function in the
four-point function (2.9). Obviously, this step is slightly illegal, since the sum over h is treated
as a formal sum and the delta function on the right hand side is holomorphic. In fact, the full
delta-function appearing in (2.9) cannot be factorised in this way. This problem will again
be resolved in the Euclidean setting, see Section 3.6, but we will use (3.35) (and suitable
derivatives of it) for now.

The normalisation 1
w perhaps requires some explanation. In this sum, h runs over values

Z+ kw
2 +α= Z+α

′,
∑

h∈Z+α′
xhz−hw(a0a∞)

−h −→ δ
�

1−
x

a0a∞zw

�

. (3.36)

We can then pass to (3.35) and this leads to a Jacobian factor of 1
w .

We should however mention that there is an ambiguity in taking the power 1
w in (3.35).

When we combine left- and right-movers as in (3.31), we should also sum over the w possible
values of taking the w-th root in the delta function. This additional sum is the sum over the
representation label α that is shared between left- and right-movers and leads to an additional
factor of w if we view the correlator as a function of the zi ’s. Thus the two-point function
normalisation (2.14) is appropriate to cancel the overall w-dependence. This factor of w in
the normalisation disappears when we pass to the string-theoretic two-point function, see
Section 4.1 below.
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3.5 Matching with the four-point function to subleading order

Level 0. It is now straightforward to evaluate (3.32) to leading order, i.e. for N = 0. This
gives

Fw
N=0(x; z) =

4
∏

i=1

(a[3]i )
k
4 (wi−1)−hi z−

(2 j1−k+2)(2 j4−k+2)
2(k−2) + k

4 (1+w2−w2
1−w2

4)−1+w1h1+w4h4 x−h1−h4

×
∑

h

(xz−w)h(a0a∞)
k
4 (w−1)−h
�

1+O(z)
�

(3.37)

=
1
w

z−
(2 j1−k+2)(2 j4−k+2)

2(k−2)
�

xz−w1 a[3]1

�
k
4 (w1−1)−h1(a[3]2 )

k
4 (w2−1)−h2(a[3]3 )

k
4 (w3−1)−h3

×
�

xz−w4 a[3]4

�
k
4 (w4−1)−h4
�

zw+1a0a∞
�

k
4 (w+1−w1−w4)

×δ
�

z −
� x

a0a∞

�
1
w
�

�

1+O(z)
�

. (3.38)

We recall that this expression is valid in the double scaling limit (3.34). We claim that to this
order, we can write this also as

Fw
N=0(x; z) =

1
w

z−
(2 j1−k+2)(2 j4−k+2)

2(k−2) (1− z)−
(2 j2−k+2)(2 j4−k+2)

2(k−2)

4
∏

i=1

a
k
4 (wi−1)−hi

i

×
� Π̂

Π̂
[3]
0 Π̂

[3]
∞

�− k
2
δ(z − zγ)
�

1+O(z)
�

,

(3.39)

where Π̂[3]0 and Π̂[3]∞ denote the factors associated to (3.30) and (3.29), respectively. Here,
γ is the unique covering map ramified over the four points 0, 1, ∞ and z which behaves
as x = O(zw

γ ) as x → 0. To check this, we need various identities on the behaviour of the
coefficients of the covering map as z → 0. To this order, we can check these identities using
the formalism employed in [25,31], since the relevant identities are the same as those needed
to check the correct factorisation properties of correlation functions in a symmetric orbifold,
but since we are not aware of a simple way to check the relevant identities at the next order,
we simply verified them in Mathematica for a large number of cases. They correspond to
the leading term in the equations (3.42a) – (3.42f) below. Upon insertion of (3.39) into the
conformal block expansion, we recover (2.9) to leading order.

Level 1. We determined all the ingredients to evaluate (3.32) also for N = 1, see (3.15) and
(3.21). Up to the N = 1 order, the conformal block reads

Fw
N=1(x; z) = z

k(w2−w2
1−w2

4+1)
4 − (2 j1−k+2)(2 j4−k+2)

2(k−2) −1+w1h1+w4h4 x−h1−h4

4
∏

i=1

(a[3]i )
k
4 (wi−1)−hi

×
∑

h

z−wh xh
�

a0a∞
�

k
4 (w−1)−h
�

1+ z
�

(2 j2 − k+ 2)(2 j4 − k+ 2)
2(k− 2)

+ (h−w−1)
�

2b0 b∞
a0a∞w

−
b0

a0
−

b∞
a∞

�

+
b0(h1w1 − h4w4)

a0w

+
b∞(h3w3 − h2w2)

a∞w
+

k
6

�

b0(w2 −w2
1 +w2

4 − 1)

a0w

+
b∞(w2 +w2

2 −w2
3 − 1)

a∞w
−

b0 b∞(w2 − 1)
a0a∞w2

��

+O(z2)

�

.

(3.40)
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While this looks perhaps relatively complicated, many terms have cancelled out. In particu-
lar, notice that the ji-dependence has become very simple and agrees to this order with the
expected free boson dependence in (2.9),

z−
(2 j1−k+2)(2 j4−k+2)

2(k−2) (1− z)−
(2 j2−k+2)(2 j4−k+2)

2(k−2) . (3.41)

It is also remarkable that (3.40) does not feature terms quadratic in h, even though these
would naively be present from the definition (3.32). The terms linear in h formally produce a
derivative of the delta-function as in (3.35), which can be viewed as coming from the expansion
of δ(z − zγ) to first order, since zγ is a non-trivial function of x , which receives corrections at
subleading orders. In fact, (3.40) still matches with (3.39), even at this subleading order. One
can confirm this explicitly using the identities

xγ = zwa0a∞

�

1−
�

2b0 b∞
a0a∞w

−
b0

a0
−

b∞
a∞

�

z +O(z2)
�

, (3.42a)

a1 = z−w1 xγa
[3]
1

�

1−
b0w1

a0w
z +O(z2)
�

, (3.42b)

a2 = a[3]2

�

1+
b∞w2

a∞w
z +O(z2)
�

, (3.42c)

a3 = a[3]3

�

1−
b∞w3

a∞w
z +O(z2)
�

, (3.42d)

a4 = z−w4 xγa
[3]
4

�

1+
b0w4

a0w
z +O(z2)
�

, (3.42e)

Π̂= ±z
1
2 (w+1)(w1+w4−w−1)Π̂

[3]
0 Π̂

[3]
∞(a0a∞)

1
2 (w1+w4−w−1)

×
�

1+
�

(2− 2w(w+ 3)− (w1 − 3)w1 + (w4 − 3)w4 + 3w(w1 +w4))b0

6wa0

+
(2− 2w(w+ 3) + (w2 − 3)w2 − (w3 − 3)w3 + 3w(w1 +w4) + 2)b∞

6wa∞

+
(w2 − 3(w1 +w4 − 2)w− 1)b0 b∞

3w2a0a∞

�

z +O(z2)
�

. (3.42f)

The ± sign in (3.42f) depends on the choices of spectral flows. It cancels out once we combine
left and right movers and we will thus suppress it in the following. We found these identities
by requiring the matching with (3.39) and confirmed them numerically for all covering maps
with
∑

i wi ≤ 14 (2052 instances). The mathematica code is attached for completeness as
an ancillary file.

Crossing symmetry. With (3.39) at hand, it is then simple to verify that we obtain (2.9)
when we insert (3.39) into (3.31). Therefore we demonstrated crossing symmetry up to this
order.

3.6 The Euclidean theory

Before explaining the argument demonstrating the equality of the conformal block with (3.39)
to all orders, it is useful to first explain how Wick rotation in target space removes the subtleties
with the delta-function that we encountered above.

Zero modes and SL(2,C) representations. We treated the affine ground states | j, m〉(w)

as a representation of the spectrally flowed zero modes J+w , J0 −
kw
2 and J−−w, see eq. (3.16),

which form an sl(2,R) algebra. However, the x-dependence of the correlator accounts for the

16

https://scipost.org
https://scipost.org/SciPostPhys.19.2.060


SciPost Phys. 19, 060 (2025)

transformation properties under the unflowed zero modes J+0 , J3
0 and J−0 . In the Lorentzian

theory, J a
0 and the right-moving currents J̄ a

0 are not related by complex conjugation and cor-
respondingly, the parameter x should be chosen to be real, with the right-moving analogue
x̄ also being real (and independent). However, for the delta-function localising correlators
(2.13), we clearly want to allow x to be complex which means that we Wick rotated the zero
modes J a

0 and J̄ a
0 into an sl(2,C) algebra. For consistency, the spectrally flowed modes J+w ,

J0−
kw
2 and J−−w, as well as their right-movers then also have to form an sl(2,C) algebra. Thus,

in the Euclidean theory, we should not have the states | j, m, m̄〉(w) transforming as sl(2,R)
representations with respect to both left- and right-moving zero modes, but rather as a single
sl(2,C) representation. However, for sl(2,C) representations, we cannot diagonalise both J3

0
and J̄3

0 with discrete spectrum, since the Cartan torus of SL(2,C) has one compact and one
non-compact direction. Rather than employing a basis in which J3

0 and J̄3
0 are diagonalised,

we should therefore trade the variables m and m̄ (or equivalently h and h̄) with a complex
variable y ∈ C such that13

J+w | j, y〉(w) = ∂y | j, y〉(w) , (3.43a)
�

J3
0 −

kw
2

�

| j, y〉(w) =
�

1− j + y∂y

�

| j, y〉(w) , (3.43b)

J−−w | j, y〉(w) =
�

2(1− j)y + y2∂y

�

| j, y〉(w) , (3.43c)

and similar actions with ȳ for the right-moving modes.

Vertex operators. Vertex operators in the Euclidean theory thus naturally depend on three
coordinates V w

j (x; y; z) and are formally obtained from the Lorentzian vertex operators by the
replacement

∑

h,h̄

V w
j,h,h̄
(x; z) yh−1+ j− kw

2 ȳ h̄−1+ j− kw
2 −→ V w

j (x; y; z) . (3.44)

One can check that the action of the spectrally flowed zero modes on V w
j,h,h̄
(x; z) correctly

translate to the spectrally flowed zero modes (3.43). The structure constants in the Euclidean
theory then simply take the form

¬

3
∏

i=1

V wi
ji
(x i; yi; zi)
¶

= δ
�

j1 + j2 + j3 −
k
2)|
∏

i<ℓ

|zi − zℓ|−
(2 ji−k+2)(2 jℓ−k+2)

k−2

�

�

�Π̂−
k
2

3
∏

i=1

a
ji−

k
4 (wi+1)

i

�

�

�

2
δ2(yi − ai) .

(3.45)

Inner product. We can repeat the previous discussion in this ‘y-basis’. The only qualita-
tive change is the treatment of the sum over h in the conformal block expansion (3.32). y
parametrises the full sl(2,C) representation space and the gluing of the two three-point func-
tions is achieved by taking the integral over y . To see what the correct measure for this is,
consider the two-point function in the y-basis, determined in [7],14




V w
j (0; y1; 0)V w

1− j(∞; y2;∞)
�′∝ |y1|4 j−2δ2(1− y1 y2)∝ |y1|4 jδ2(y1 − y−1

2 ) , (3.46)

where the ′ means that we omitted the momentum-conserving delta-function. The y-
dependence of the two-point function is determined by the Ward identities, and we can view

13With respect to [7,8], we replaced ji → 1− ji . This is merely a convention and in any case irrelevant as long
as we only consider the principal continuous series with ji ∈

1
2 + iR.

14There is another potential term when j1 = j2, but we only consider the case j1 = 1− j2 here.

17

https://scipost.org
https://scipost.org/SciPostPhys.19.2.060


SciPost Phys. 19, 060 (2025)

this part as the ‘holomorphic’ piece as in the three-point function. There can still be a prefac-
tor depending on j and w that keeps track of the normalisation of the two-point function. We
should thus insert y−1 in the bra state, and multiply by |y|−4 j to obtain an invariant pairing.
Thus the conformal block is to leading order given by

|Fw(x; z)|2 =
∫

d2 y
�

�y−2 j〈V w2
j2
(1; y2; 1)V w3

j3
(∞; y3;∞)| j, y

�(w)
hol

× (w)〈1− j, y−1|V w1
j1
(0; y1; 0)V w4

j4
(x; y4; z)
�

hol

�

�

2
+ . . . .

(3.47)

Notice that the integral over y prevents the conformal block from factorising into a holo-
morphic and an anti-holomorphic part. The ‘holomorphic part’ of the three-point function is
obtained from (3.29) by going to the y-basis and using that

∑

h,h̄

�

�a
k
4 (w−1)−h yh−1+ j− kw

2
�

�

2 −→
�

�a j− k
4 (w+1)
�

�

2
δ2(y − a) . (3.48)

We can again move x and z to the locations (x; z) = (1; 1) by translating the scaling transfor-
mation to the y-basis. This leads to an overall power of x and z. Furthermore, the momentum
conservation becomes now, see eq. (2.4)

j1 + j4 + 1− j = k
2 =⇒ j = j1 + j4 + 1− k

2 . (3.49)

Combining all of this, we then obtain to leading order

|Fw(x; z)|2 =
∫

d2 y
�

�

�y−2 j x
k
2 (w−w1−w4−1)+2( j1+ j4)−1

× z−
(2 j1−k+2)(2 j4−k+2)

2(k−2) + k
4 (w

2
1+w2

4−w2+2w+1)+(w+w1)(1− j1)+(w+w4)(1− j4)−3w−1

×
4
∏

i=1

(a[3]i )
ji−

k
4 (wi+1)a

j1+ j4+1− k
4 (w+3)

0 a
− j1− j4−

k
4 (w−1)

∞

�

�

�

2

×δ2(x−1 y1zw1 − a[3]1 )δ
2(y2 − a[3]2 )δ

2(y3 − a[3]3 )

×δ2(x−1 y4zw4 − a[3]4 )δ
2(y − a0)δ

2(x y−1z−w − a∞) (3.50)

=
1

w2

∫

d2 y
�

�

�z−
(2 j1−k+2)(2 j4−k+2)

2(k−2) (a0a∞x−1zw)− j1− j4−
k
4 (2w−w1−w4)−1

× (zw+1a0a∞)
k
4 (w+1−w1−w4)

4
∏

i=1

a
ji−

k
4 (wi+1)

i

�

�

�

2

×
4
∏

i=1

δ2(yi − ai)δ
2(y − a0)δ

2

�

z −
�

x
a∞ y

�
1
w

�

(3.51)

=
1

w2

�

�

�z−
(2 j1−k+2)(2 j4−k+2)

2(k−2)

�

�

�

2
δ2(z − zγ)

×

�

�

�

�

�

�

�

Π̂

Π̂
[3]
0 Π̂

[3]
∞

�− k
2 4
∏

i=1

a
ji−

k
4 (wi+1)

i

�

�

�

�

�

�

2

δ2(yi − ai) . (3.52)

In going from (3.50) to (3.51) we have used the relations between the three-point and four-
point covering map constants, see eqs. (3.42b)–(3.42e), to bring the delta-functions into a
more standard form. We have also inserted the localising value of y = a0 into the prefactor
y−2 j . Finally, to arrive at eq. (3.52), we integrated out y and used the relations (3.42a) and
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(3.42f) to rewrite the result in terms of the covering map data of the four-punctured sphere.
This is precisely what we wanted. In particular, the delta-function comes out on the nose. One
can similarly carry out the analysis at subleading order in the conformal block expansion and
finds agreement, just as in the Lorentzian theory.

3.7 A general argument

We now give a general argument that the conformal block in the Euclidean y-basis is given
exactly by

|Fw(x; z)|2 =
1

w2

�

�

�z−
(2 j1−k+2)(2 j4−k+2)

2(k−2) (1− z)−
(2 j2−k+2)(2 j4−k+2)

2(k−2)

�

Π̂

Π̂
[3]
0 Π̂

[3]
∞

�− k
2 �
�

�

2

×δ2(z − zγ)
4
∏

i=1

�

�

�a
ji−

k
4 (wi+1)

i

�

�

�

2
δ2(yi − ai) .

(3.53)

This can be done by using the fact that conformal blocks can also be understood as a complete
basis to the Ward identities of the theory. Thus, we can systematically impose the Ward identi-
ties on the four-point function and identify the conformal blocks obtained in this manner with
the conformal blocks obtained by summing over intermediate states.

Ward identities. In general, there are two types of Ward identities: the recursion relations
(that become differential equations in yi , as well as the spacetime cross ratio x after pass-
ing to the Euclidean theory) and the Knizhnik-Zamolodchikov equation (that is a differential
equation in all yi ’s as well as the two cross-ratios x and z). These constraints are discussed in
detail in [8]. It is possible to solve the recursion relations in closed form which expresses the
solution in terms of a function depending on two variables. The solution takes the form

Fw(x; z) = |X;|2(4−k−
∑

i ji)|X12|2( j1+ j2− j3+ j4−2)|X13|2( j1− j2+ j3− j4)

× |X23|2(− j1+ j2+ j3− j4)|X34|4 j4−4F
�

X23X14

X12X34
; z

�

.
(3.54)

Explicit expressions for the quantities X; and X i j can be found in [8]. They are polynomials of
degree 1 in each yi whose i appears in the subscript, and more complicated functions in x and
z. It was also shown in [8] that the Knizhnik-Zamolodchikov equations applied to the spec-
trally flowed block Fw(x; z) reduce to the usual (unflowed) Knizhnik-Zamolodchikov equa-
tions for the function F(c; z).15 For special choices of the spins, Fw(x; z) satisfies additional
Ward identities due to the appearance of null-vectors in the corresponding affine representa-
tions. These null-vector constraints also simply correspond to the null-vector constraints in
the unflowed sector for the remaining function F(c; z). Since these constraints characterise
conformal blocks completely, this means that the remaining function F(x; z) has to be the
unflowed current algebra block (up to overall normalisation), which has been widely studied,
see e.g. [4,5].

Localising blocks. So far, we have discussed the generic blocks. For our purposes we would,
however, like to specialise to the case

∑

i ji = k−1 and j = k
2− j2− j3. Then the conformal block

can be dramatically simplified. The reason for this simplification is that the solution can be
completely localised on a codimension 5 sublocus in the parameter space (y1, y2, y3, y4, x , z).
This is rather involved to spell out and we refer to [13] for details. A simpler route is to consider

15For our conventions, it satisfies the unflowed KZ-equations with flipped spins ji → 1− ji .
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the spectrally flowed conformal block with external spins 1− ji , which satisfy
∑

i(1− ji) = 5−k,
i.e. to consider the conformal block related by reflection symmetry. In this case, the solution
is only localised on a codimension one sublocus in the parameter space. This is because the
first term in (3.54) reads |X;|−2. For a negative integer exponent, there is then an alternative
solution given by replacing |X;|−2→ δ2(X;), since they obey the same differential equations.

The condition X; = 0 is equivalent to imposing z = zγ for some covering map γ. We thus
pick out one covering map and trade the delta-function δ2(X;) for δ2(z − zγ) at the cost of a
Jacobian. Once we put z = zγ in the remaining factors X i j , they simplify also dramatically and
factorise into (1− a−1

i yi)(1− a−1
j y j), up to an overall yi-independent prefactor; the relevant

identities can be found in [13, Appendix C]. In any case, after the dust settles, we find that
the conformal block for the continuous series representation is, up to an overall normalisation
that is independent of (y1, y2, y3, y4, x , z), given by (compare with [13, eq. (3.15)])

Fw(x; z)∝ δ2(z − zγ) |z|2(− j2− j3+
k
2 ) |1− z|2(− j1− j3+

k
2 )

×
�

�

�Π̂−
k
2

4
∏

i=1

a
− k

4 (wi+1)− ji
i (1− a−1

i yi)
−2 ji
�

�

�

2
F jint=

k
2−1+ j(z; z) ,

(3.55)

where F(z; z) is the unflowed conformal block evaluated at x = z. Here, the internal spin of
the unflowed conformal block is related to j as jint =

k
2 − (1− j). The reflection comes about

because we use different conventions to [8] here. More specifically, the redefinition j→ k
2 − j

arises because in the three-point functions, one of the spins has to be redefined as j→ k
2− j [7]

to relate the spectrally flowed three-point functions to the unflowed ones. One can also check
this assignment explicitly by taking the small z limit of (3.55) and checking that this internal
j leads to the correct leading singularity. The external spins are given by ji since we flipped
the spin twice, once because of our conventions and once because we are considering the
spectrally flowed block with external states 1 − ji . We can now reflect back to ji → 1 − ji ,
which is implemented via the shadow transform. In our case, the relevant integral reads

∫

d2 y ′ |y − y ′|4 j−4
�

�1− a−1 y ′
�

�

−4 j
. (3.56)

This is simply the result of taking the shadow transform of one of the operators in a CFT two-
point function, which is well-known to evaluate to a delta-function. If we formally perform
this integral we obtain δ2(a− y)|a|4 j , up to an overall prefactor.

Unflowed block. It remains to determine the unflowed conformal block F(z; z) at the coin-
cidence limit x → z that appears in (3.55). This coincidence limit was studied in detail in [32],
see also [13]. There is a singular and a regular branch of the conformal block in this limit.
Since we want to evaluate F(z; z), we pick the regular part, and it is given by

F jint=
k
2−1+ j(z; z) =

Γ (2− 2 j)Γ (k− j1 − j2 − j3 − j4)

Γ (1− j1 − j4 − j + k
2)Γ (1− j2 − j3 − j + k

2)
FVir
α=b jint

(αi = b ji; z) . (3.57)

The block that appears on the right hand side is the standard Virasoro block with αi the Li-
ouville momenta. The central charge is given by c = 1 = 6(b + b−1)2 where b2 = 1

k−2 . This
remarkable correspondence of SL(2,R) current algebra blocks and Virasoro conformal blocks
is a special case of the H+3 -Liouville correspondence [33].

Granting (3.57), it is now simple to work out F(z; z) even more explicitly in the case where
∑

i ji = k−1 and j = k
2− j2− j3, which corresponds exactly to the saturation of the background

charge in the Virasoro language and momentum conservation,
∑

i

αi =Q = b+ b−1 , α= α1 +α4 . (3.58)
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This means that the conformal block can be evaluated via the Coulomb gas formalism [34]
where it corresponds to the leading order in conformal perturbation theory and is thus simply
a free boson correlator,

F(z; z) = |z|−4α1α4 |1− z|−4α2α4 = |z|−
4 j1 j4
k−2 |1− z|−

4 j2 j4
k−2 . (3.59)

Normalisation. Thus, the conformal block in the y-basis for
∑

i ji = k−1 reads, up to overall
normalisation

Fw(x; z)∝ δ2(z − zγ) |z|−
(2 j1−k+2)(2 j4−k+2)

k−2 |1− z|−
(2 j2−k+2)(2 j4−k+2)

k−2

×
�

�

�Π̂−
k
2

4
∏

i=1

a
− k

4 (wi+1)+ ji
i

�

�

�

2
δ2(yi − ai) .

(3.60)

Since this result is obtained by solving Ward identities, it fixes the exact dependence of the
conformal block on the variables (y1, y2, y3, y4, x , z), but not yet its overall normalisation.
For that, we can compare with the leading term in the conformal block expansion that we
determined above (3.52). This finally gives (3.53) as the exact answer for the conformal
block.

Crossing symmetry. It is now trivial to see that the exact conformal block (3.53) leads to
the four-point function (2.9) appropriately translated to y-space. In particular, it is crossing
symmetric.

4 String theory and holography

We now turn to the holographic application of our discussion, which we already sketched in
the Introduction.

4.1 Bosonic string on AdS3 × X

Let us start with bosonic strings on a background AdS3×X at k = 3. We take X to be described
by a unitary CFT with cX = 26− 3k

k−2 = 17, so that the full worldsheet theory is critical. We
can also assume that X has a discrete spectrum, so that the resulting string spectrum is at least
discrete in the short string sector, but this will, strictly speaking, not be necessary.

We have a choice for the sigma model describing the AdS3 factor: we can take it to be
the ordinary SL(2,R)k=3 WZW model or the CFT with the modified spectrum and correla-
tors SL(2,R)′k=3 that we described above. Since both are consistent CFTs and have the AdS3
isometries as their symmetry group, they are equally good candidates to provide a sigma
model description of AdS3 at the string scale. Moreover, the no-ghost theorem for AdS3 back-
grounds [23, 35–38] carries over to the AdS3 background described by SL(2,R)′k=3 since the
spectrum is more restricted for SL(2,R)′k=3. Let us thus consider the modified string back-
ground AdS′3 × X, where AdS′3 is described by the SL(2,R)′k=3 WZW model.

Operator matching. The string spectrum of this background coincides precisely with the
single-particle spectrum of the symmetric orbifold SymN (R×X) [11], where R denotes a free
boson factor. Notice that

cR×X = 1+ 17= 18 , (4.1)

which coincides with the expectation 6k from the construction of the DDF operators realising
the spacetime Virasoro algebra [39]. The matching of the string spectrum is essentially the
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observation that the mass-shell condition of the string coincides with the formula for the con-
formal weights of the symmetric orbifold [11]. Let VX be an arbitrary vertex operator for the
theory X of conformal dimension ∆X. The worldsheet conformal weight of a level-N descen-
dant of the primary vertex operator V w

p,h,h̄
(x; z)VX(z) is, see eq. (3.26)

∆=
1
4
+ p2 + N −wh+

3
4

w2 +∆X
!
= 1 . (4.2)

Solving for h gives

h=
3(w2 − 1)

4w
+
∆X + p2 + N

w
. (4.3)

3(w2−1)
4w is the ground state conformal dimension of the twist-w sector in the symmetric orbifold

CFT of central charge 18, ∆X+ p2+N is the spacetime conformal weight of the corresponding
state in the untwisted sector, and the additional 1

w corresponds to the fact that modes of the
symmetric orbifold are fractionally moded in the twisted sector. Finally, the orbifold projec-
tion corresponds to the fact that h − h̄ ∈ Z in the worldsheet theory. One can confirm this
matching of operators also more systematically by deriving the worldsheet partition function
and imposing physical state conditions or directly by evaluating the torus partition function
in thermal AdS3 as was done for AdS3 × S3 × T4 in [2, 40]. This procedure strictly speaking
gives the symmetric orbifold in the grand canonical ensemble, meaning

⊕∞
N=0 SymN (R× X)

with a chemical potential corresponding to N kept fixed, which in turn can be identified with
the string coupling, see [27,40–42] for further discussions.

We should mention that bosonic string theory naively also has a tachyon in the spectrum,
coming from the continuous unflowed (i.e. w = 0) representation with N = 0. Indeed, pro-
vided that ∆X ≤

3
4 , as is for example the case for the vacuum state of X, (4.2) can be solved,

leading to

p = ±

√

√3
4
−∆X . (4.4)

This is not a highest weight representation in the dual CFT; in fact its energy is unbounded
from below (since we can choose h ∈ R arbitrarily). The existence of this sector would clearly
be puzzling from the perspective of the dual CFT. However, as we showed, the worldsheet
OPEs close on the w ≥ 1 representations and thus these tachyonic states (that arise from the
w = 0 sector) can be consistently removed. The result is a tachyon-free bosonic string theory
with a large number of degrees of freedom! We will comment further on this remarkable fact
in the Conclusions, see Section 5.

Correlators. It now follows straightforwardly from our previous discussion that sphere cor-
relation functions of the primary vertex operators V w

p,h,h̄
(x; z)VX(z)match with the dual CFT. If

we take the correlators (2.13) and integrate them over the moduli, we get

∫

d2z4 · · ·d2zn

® n
∏

i=1

V wi

pi ,hi ,h̄i
(x i; zi)VX,i(zi)

¸

new

= δ
�∑

i
pi

�∑

γ

∏

i< j

|zγi − zγj |
4pi p j

�

�

�Π̂−
3
2

n
∏

i=1

a
3(wi−1)

4 −hi

i

�

�

�

2
® n
∏

i=1

VX,i(z
γ
i )

¸

,

(4.5)

where hi is determined through (4.3). This coincides precisely with the large N contribution to
the correlation function in the symmetric orbifold SymN (R×X) as evaluated using the covering
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space method [25,43,44]. Note that the factors

�

�

�Π̂−
3
2

n
∏

i=1

a
3(wi−1)

4 −hi

i

�

�

�

2
, (4.6)

are the conformal factors arising from lifting the correlation function to the appropriate cov-
ering space, while the remaining part of the correlator is simply the correlation function on
the covering space (which is also a sphere). In that sense, the duality again follows the slogan
suggested in [3] that the worldsheet is the covering space appearing in the symmetric orb-
ifold. This matching also extends to descendants on the worldsheet. An abstract argument
for this comes from the existence of DDF operators which implement the action of worldsheet
spacetime modes on the worldsheet. For k > 3, these operators are built on top of the repre-
sentation j = 1 in the unflowed sector [45]. For k = 3, this representation is not consistent
with the Maldacena-Ooguri bound 1

2 < j < k−1
2 and the corresponding representation moves

to the w= 1 sector using the identification

D+j =D−,(w=1)
k
2− j

(4.7)

of discrete representations of SL(2,R)k. For k = 3, we hence precisely land on the j = 1
2

representation in the spectrally flowed sector, which contains the vacuum state of the dual CFT.
One then simply constructs on the worldsheet the vertex operator corresponding to the stress
tensor in the dual CFT and extracts the appropriate modes. This then allows one to reduce
the calculation of descendant correlators to those involving only primaries, see also [46, 47],
where this was verified explicitly in some examples.

Let us mention that (4.5) also works for two-point functions and in fact the normalisation
(2.14). The procedure to do this was explained in [6,48]. Modding out by the residual Möbius
symmetry on the worldsheet has the effect of cancelling the delta-function δ(∆−∆′) on the
worldsheet (that is superfluous because it is already implied by the mass shell condition).
Thus, we should translate the delta-function in (2.14) to a delta-function in the worldsheet
weight and remove it to pass to the spacetime two-point function. The corresponding Jacobian
obtained from (3.26) compensates for the factor 1

w and indeed leads to canonically normalised
spacetime two-point functions.

Marginal operator. A more complicated duality involving the standard AdS3 sigma-model
SL(2,R)k=3 was proposed in [10]. In that case, the dual CFT is a marginal deformation of the
symmetric orbifold SymN (R × X) by a non-normalisable marginal operator from the twist-2
sector carrying momentum p = ± i

2 , so that (4.3) is indeed unity.16 Since the marginal operator
carries non-trivial momentum, turning it on will lead to correlators without a momentum-
conserving delta function. Instead, the delta functions get smeared out to poles in the full
interacting theory, similar to what happens when constructing Liouville theory out of a linear
dilaton theory [34,49]. In [10,13], it was verified in conformal perturbation theory that this
indeed recovers the much more involved correlation functions (2.1) of the SL(2,R)k=3 WZW
model.

From the dual CFT perspective, the theory without the marginal deformation is trivially
consistent, which leads to further indirect evidence that also the worldsheet theory that we
have constructed is consistent, and the formula (2.13) is in fact valid for any n, even though
we did not verify this on the worldsheet. We should also mention that turning on the marginal
operator order-by-order was called the ‘near-boundary approximation’ in [50], and a direct

16Since the ground state energy of the twist-2 sector is h= 18
24 (2−

1
2 ) =

9
8 > 1, there are no normalisable marginal

operators in the twisted sector.
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derivation of worldsheet correlators in the Wakimoto representation was given in [14,50–52].
We find it satisfying that our construction is purely axiomatic and does not rely on free field
constructions, which are notoriously subtle. We also stress that the undeformed theory on its
own is not consistent away from k = 3, since the OPEs do not close on the set of physical
vertex operators.

4.2 Superstrings on AdS3 × X

We expect similar considerations to also apply for the superstring, but since this involves a
careful treatment of the GSO projection on the worldsheet, it is not entirely straightforward to
give a very generic discussion. Instead we will describe in the following the situation for the
three maximally supersymmetric backgrounds, involving, in turn, X = S3×S3×S1, X = S3×T4,
and X = S3 × K3.

Superstrings on AdS3×S3×S3×S1. This case was already discussed in some detail in [20],
see also [1,21], and in fact, this example was part of the original motivation for our paper. If
we take the sl(2,R)(1) factor to be at ks = 1, the corresponding su(2)(1) algebras have k±s = 2,
and thus, after decoupling the fermions, the worldsheet theory is described by

sl(2,R)3 ⊕ su(2)0 ⊕ su(2)0 ⊕ 10 fermions and the boson of S1 . (4.8)

The bosonic level k± = 0 su(2) theories are trivial, i.e. only consist of one state with conformal
dimension zero, and hence can be ignored. If we restrict the representations of the sl(2,R)3
algebra to be the continuous representations with w ≥ 1, i.e. if we consider the new WZW
model from above, the spacetime spectrum becomes that of the symmetric orbifold of

SymN

�

S2
0

�

= SymN

�

8 free fermions + 2 free bosons
�

, (4.9)

without any deformation [20]. Here S0
∼= (4 free fermions + 1 free boson) is the minimal

theory with large N = 4 superconformal symmetry. One of the two bosons in (4.9) is the
compact boson of the S1 factor, while the other one is the boson that arises from our modified
AdS3 theory. Its correlators are simply those of a (non-compact) free boson, and thus both
bosons appearing in (4.9) are free fields.17

While it is relatively straightforward to read off the bosonic part of eq. (4.9), the fermions
require more care. In the NS-R worldsheet formalism, all the left-moving fermions, say, are
either in the NS-sector or in the R-sector, and the same is also true for the right-movers. Fur-
thermore, the worldsheet theory needs to be GSO-projected. If we spectrally flow the 3 free
fermions from the AdS3 factor — this is natural, since the spacetime conformal dimension is to
be identified with the coupled J3

0 eigenvalue — then the GSO projection depends on whether
w is even or odd, see e.g. [53–55]. In the dual CFT w becomes the length of the (single-cycle)
twisted sector, and we deduce that in the w-cycle twisted sector the seed theory of (4.9) needs
to be projected as

w odd
1
2

�

1+ (−1)F
�

NS+
1
2

�

1+ (−1)F
�

R , (4.10)

w even
1
2

�

1− (−1)F
�

NS+
1
2

�

1− (−1)F
�

R . (4.11)

Since there are 8 free fermions, one can use the abstruse identity to rewrite this as the unpro-
jected NS sector (for w odd), and the unprojected R sector (for w even), and this is indeed

17The precise nature of the non-compact boson could not be deduced from the analysis of [20], but this is now
clear.
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required in order to reproduce the correct twisted sector of the symmetric orbifold, see [1] for
a careful discussion.

While theories with large N = 4 superconformal symmetry are usually quite subtle, this is
in some sense the most straightforward supersymmetric AdS3/CFT2 duality: it can be directly
formulated in the NS-R formalism, without any negative level bosonic worldsheet factors. In
the dual CFT, all its exactly marginal operators come from the untwisted sector, and hence
do not modify the symmetric orbifold structure. As a consequence, the string spectrum does
not contain any modulus that would switch on the tension; this is somewhat reminiscient of
the ‘island’ theories of [56]. We also note that this dual pair is much simpler than the case of
k+s = 1 (for which ks < 1), that was discussed in [57, 58]. Based on the spectrum, the dual
CFT in that case is given by SymN (Sκ) with κ = k−s − 1, but it is not yet understood how this
duality works on the level of the correlators, since the NS-R description naively breaks down.

Superstrings on AdS3 × S3 × T4. The situation for the case of AdS3 × S3 × T4 is a little bit
more complicated, but one can again give a relatively straightforward description in the NS-R
formalism. At level ks = 1, the worldsheet theory is described by

sl(2,R)(1)1 ⊕ su(2)
(1)
1 ⊕T

4 ∼= sl(2,R)3 ⊕ su(2)−1 ⊕ 6 free fermions⊕T4 , (4.12)

where in going to the right-hand-side we have decoupled the fermions in the usual manner.18

(The T4 factor is supersymmetric, i.e. it contains both 4 bosons and 4 fermions.) If we take
the sl(2,R)3 factor to be described by our new CFT, the dual spacetime CFT is equal to the
symmetric orbifold of

SymN

�

R⊕ su(2)−1 ⊕ 4 fermions⊕T4
�

, (4.13)

where we have removed two of the worldsheet fermions as a consequence of the usual physical
state condition. Next we rewrite

R⊕ su(2)−1
∼= 4 symplectic bosons, (4.14)

where we have used the free field realisation of e.g. [3, Appendix C.2]. In particular, it fol-
lows from the discussion in [19, Section 2.1] that the extra boson that arises in addition to
su(2)−1

∼= sl(2,R)1 (and that is often denoted by U) is non-compact since it has a continuous
spectrum.

On the other hand, the 4 symplectic bosons can now also be interpreted as 4 fermionic
ghosts, and they therefore remove the 4 fermions from (4.13). Thus we just produce the
symmetric orbifold of T4. As regards the GSO projection, we need to evaluate the combina-
tion of (4.10) and (4.11) for the full fermionic theory, before the free fermions have been
removed by the symplectic bosons. (After all, the symplectic bosons are not affected by the
GSO-projection.) Thus we can apply the same argument as above and rewrite the result in
terms of 8 unprojected fermions whose modes are half-integer moded for w odd, and integer
moded for w even. If we take the 4 symplectic bosons in (4.14) to be similarly half-integer
moded for odd spectral flow (and integer moded for even spectral flow), then they cancel pre-
cisely 4 of the 8 fermions in eq. (4.10) and (4.11), and we end up exactly with the spectrum
of the symmetric orbifold of T4.

Superstrings on AdS3 × S3 × K3. The situation for the case where T4 is replaced by K3 is
similar, in particular, if we consider the case where K3 = T4/Z2. Most of the analysis of the

18The su(2)−1 factor leads to non-unitarities even after passing to the string-theoretic BRST cohomology and we
should further restrict the space of physical states as happens naturally in the hybrid formalism [2]. This will in
particular also remove the continuum of states from AdS3. We will do this below directly in the spacetime theory.
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T4 case goes directly through; the only subtlety concerns the nature of the GSO projection in
the Z2 twisted NS-NS sector of the orbifold where there are fermionic zero modes that are
affected by the orbifold action. Before we impose the orbifold projection, there are 16 ground
states from the fermionic zero modes, and they contribute

(y + 2+ y−1) ( ȳ + 2+ ȳ−1) (4.15)

to the partition function, where y and ȳ denote the chemical potentials with respect to the
left- and right-moving u(1) current. Before imposing the orbifold projection, the twisted sector
partition function is therefore

24 q
1
4 q̄

1
4 (y + 2+ y−1) ( ȳ + 2+ ȳ−1)

�

�

�

�

�

∞
∏

n=1

(1+ yqn)2(1+ y−1qn)2

(1− qn− 1
2 )4

�

�

�

�

�

2

, (4.16)

where the factor of 24 comes from the fact that there are 16 Z2 fixed points on the torus.
For type IIB we now choose the same GSO projection for the left- and right-movers, and

hence, from the ground states, the states transforming as
�

(y + y−1)( ȳ + ȳ−1) + 4
�

(4.17)

survive. In particular, they rive rise to 1
2 -BPS states, and the resulting partition function is the

familiar supersymmetric K3 sigma model.19 On the other hand, for type IIA we choose the
opposite GSO projection for the left- and right-movers, and hence, from the ground states, the
states transforming as

�

2(y + y−1) + 2( ȳ + ȳ−1)
�

(4.18)

survive. While this also leads to a modular invariant partition function, there are now no 1
2 -

BPS states from the twisted sector, and hence the resulting partition function does not describe
the cohomology of K3.

Thus we deduce that type IIB superstring theory on on AdS3 × S3 × K3 is exactly dual to
the symmetric orbifold of K3, while for the type IIA case, the dual CFT is also of the form

SymN

�

T4/Z2

�

, (4.19)

but the orbifold acts differently in the twisted sector and hence the seed theory is not the usual
K3 CFT (and in particular not supersymmetric).

Heterotic strings on AdS3×S3×T4. Another interesting example20 is to consider heterotic
strings (E8 × E8 or Spin(32)/Z2) on AdS3 × S3 × T4 [59, 60]. We take the left-movers to be
described by the supersymmetric theory and take them to be at ks = 1. After decoupling the
free fermions, the worldsheet theory takes the form

sl(2,R)3 ⊕ su(2)−1 ⊕ 10 chiral fermions⊕T4 ⊕ 16 chiral bosons , (4.20)

where the T4 is non-supersymmetric. The presence of the su(2)−1 means that the localisation
argument of [2] applies, and we have no choice but to take sl(2,R)3 to be the modified theory
that we discussed in this paper. su(2)−1 is a non-unitary theory and contrary to the type II case,
unitarity cannot be rescued with the fermions, because we only have left-moving fermions

19Note that specifying the action of the GSO-projection on the ground states then also fixes which excited states
survive the orbifold and GSO-projection.

20MRG thanks Kimyeong Lee for a useful discussion about this question.

26

https://scipost.org
https://scipost.org/SciPostPhys.19.2.060


SciPost Phys. 19, 060 (2025)

on the worldsheet. Thus, this background does not satisfy the no-ghost theorem. We can
nevertheless continue and as in the type II case on T4, the spacetime theory is naively

SymN

�

R⊕ su(2)−1 ⊕ 8 chiral fermions⊕T4 ⊕ 16 chiral bosons
�

. (4.21)

As above, we can replace R⊕su(2)−1 with four symplectic bosons, which cancel 4 of the chiral
fermions. We then obtain the theory

SymN (T
4 ⊕ 4 chiral fermions⊕ 4 chiral symplectic bosons⊕ 16 chiral bosons) . (4.22)

Thus, apart from the internal lattice of the 16 chiral bosons, the dual CFT is still given by
the symmetric orbifold of a supersymmetric T4, but where the statistics of the right-moving
fermions has been changed to bosons. In particular, the spin structure of the symplectic bosons
is coupled to the spin structure of the fermions. As mentioned above, the no-ghost theorem
does not hold and correspondingly this CFT is not unitary, but the discussion in this paper
shows that both the spectrum and the correlators (at least at large N) will match.

5 Conclusions

In this paper, we have constructed a consistent worldsheet theory with SL(2,R)k symmetry at
k = 3, which is different from the standard WZW model. We demonstrated that the four-point
functions as computed from the conformal block expansion of the three-point functions localise
in moduli space and are crossing symmetric. The resulting correlators are vastly simpler than
for generic levels, see eq. (2.13). In particular, this allowed us to show that bosonic string
theory on AdS3 × X (where the AdS3 factor on the worldsheet is described by this model) is
exactly dual to the undeformed symmetric orbifold SymN (R× X).

This is to be contrasted with the case where the worldsheet theory involves the standard
SL(2,R) WZW, for which the dual CFT must be deformed by a certain marginal operator in
the twist-2 sector. Analogous statements also hold for the superstring, although it is difficult
to make general statements (because of the GSO projection), and we focused on explaining
how this fits with what is known about holography on the backgrounds AdS3 × S3 × X with
X = S3×S1, T4, and K3. Let us now discuss a few interesting observations and open questions.

Consistent bosonic string theories. Our construction gives a tachyon-free, consistent
bosonic string theory. Only a handful of such theories are known, and they usually feature
a very small number of physical degrees of freedom [61–64]. The usual lore is that the effec-
tive central charge of the matter worldsheet theory can be at most ceff = 2. The reason for
this is that the effective central charge controls the Cardy growth of states, and hence the be-
haviour of the worldsheet partition functions near the boundary of moduli space. Given that
the effective central charge of the bc ghost system is ceff, bc = −2, the total effective central
charge is ceff−2, and the moduli space integral diverges for ceff > 2. This is the manifestation
of the existence of the tachyon, and it tells us, in particular, that the theory has a non-vanishing
tadpole, i.e. that we are expanding around the wrong vacuum.

Somewhat remarkably, our theory exposes a loophole in this lore. The moduli space inte-
grals in our theory are not divergent because they are delta function localised with the support
away from the boundaries of moduli space. In fact, the effective worldsheet central charge is
ceff = 3+17= 20, since SL(2,R)k=3 contributes three degrees of freedom. The theory is clearly
consistent (even non-perturbatively) because SymN (R×X) is. Admittedly, the background we
constructed is very far from resembling semiclassical gravity, but it nevertheless shows that
the landscape of consistent bosonic string theories is much bigger than one may have thought.
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The theory on higher genus surfaces. We can in principle attempt to put the worldsheet
theory on higher genus surfaces. In particular, it was shown in [65] that the SL(2,R) Ward
identities at k = 3 also admit localising solutions to the possible covering maps at higher
genus, see also [66] for the supersymmetric case. There are, however, no particularly useful
expressions available for the higher genus contributions to the symmetric orbifold correlators,
and thus the analysis is far less explicit. A formal proof for the agreement with the symmetric
orbifold correlators was given in [14,52]. From an axiomatic point of view, these higher genus
correlators are, however, somewhat confusing. In particular, these arguments seem to suggest
that the torus one-point and torus two-point functions vanish since all covering maps of the
once- or twice-punctured sphere have genus 0. However, from the perspective of the conformal
block expansion on the worldsheet, this cannot be true. Indeed, one can compute an n-point
function on the torus by expanding around the degeneration where a once-punctured torus is
glued to an (n+ 1)-punctured sphere. For example, in the case of g = 1 and n = 2, we could
expand the correlator as follows,

1

2

=
∑

|ψ〉 ONB

|ψ〉

×

1

2〈ψ|

. (5.1)

Vanishing of the once-punctured torus would therefore also imply the vanishing of all such
correlation functions, which clearly cannot be the case. Instead, we suspect that the one-
point function of the identity, and the two-point functions also receive contributions from the
torus, arising from correctly implementing the operator normalisations in the grand canonical
ensemble [42]. It would be interesting to understand this properly.
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A Conventions

A.1 Symmetry algebra

Before analytic continuation to Euclidean spacetime signature, the theory has an sl(2,R) sym-
metry algebra. The sl(2,R)k commutation relations read

[J3
m, J±n ] = ±J±m+n , (A.1a)

[J3
m, J3

n ] = −
k
2

mδm+n,0 , (A.1b)

[J+m, J−n ] = kmδm+n,0 − 2J3
m+n . (A.1c)
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The Sugawara construction gives Virasoro generators with central charge c = 3k
k−2 .

A.2 Vertex operators

We consider vertex operators in the principal series of sl(2,R)with sl(2,R) spin j = 1
2+ip. The

theory we will construct does not have any discrete series vertex operators. We will denote
spectrally flowed affine primary vertex operators by V w

j,h,h̄
(x; z) with j ∈ 1

2 + iR and w ∈ Z≥1.

(h, h̄) are the magnetic quantum numbers and label the different states in the ground state
representation. The vertex operators have the following defining OPEs with the symmetry
currents:

J+(ζ)V w
j,h(x; z) =

(J+w V w
j,h)(x; z)

(ζ− z)w+1
+O((ζ− z)−w) , (A.2a)

�

J3(ζ)− xJ+(ζ)
�

V w
j,h(x; z) =

hV w
j,h(x; z)

ζ− z
+O(1) , (A.2b)

�

J−(ζ)− 2xJ3(ζ) + x2J+(ζ)
�

V w
j,h(x; z) = (ζ− z)w−1(J−−wV w

j,h)(x; z) +O((ζ− z)w) . (A.2c)

We have the identifications

(J+0 V w
j,h)(x; z) = ∂x Vj,h(x; z) , (A.3a)

(J+±wV w
j,h)(x; z) =
�

h− kw
2 ± j
�

V w
j,h±1(x; z) . (A.3b)

These definitions follow from the properties of spectral flow as well as the definition of the
x-coordinate. We have suppressed the h̄ label here since it just goes along for the ride.

A.3 Covering maps

We will frequently make use of expansion parameters of covering maps. We denote covering
maps by γ(z), where γ : CP1→ CP1, ramified over some number of points zi with ramification
indices wi .

Existence of covering maps. The existence of covering maps imposes n− 3 conditions on
the data specified by {zi , x i , wi}i=1,...,n. Furthermore, the degree of the covering map is given
by the Riemann-Hurwitz formula

N = 1+
1
2

n
∑

i=1

(wi − 1) . (A.4)

In this paper, we shall be mostly interested in the case n = 3 and n = 4. For n = 3, a unique
covering map exists provided that the constraints wi ≤ N ∈ Z are satisfied. These translate
into triangle inequalities and a parity constraint

wi ≤ w j +wk − 1 ,
∑

i

wi ∈ 2Z+ 1 (A.5)

for all choices of distinct {i, j, k}. For n = 4, a covering map γ exists provided that the cross
ratios of the four-punctured sphere satisfy a polynomial relation. Up to normalisation, this
polynomial was denoted by Pw1,w2,w3,w4

(x; z) in [8]. For example,

P3,2,3,2(x; z)∝ x2 − 9xz2 + 16xz3 − 9xz4 + z6 . (A.6)

The z-degree of this polynomial is known as the Hurwitz number in the mathematical literature
and counts the number of inequalivalent covering maps of the four-punctured sphere with

29

https://scipost.org
https://scipost.org/SciPostPhys.19.2.060


SciPost Phys. 19, 060 (2025)

cross ratio x and given ramification indices. Thus, different z-solutions are labelled by the
covering map γ and we denote them by zγ, which we view as a function of x (as well as
the dicrete data w1, . . . , w4 and γ.) The x-degree of (A.6) corresponds to the number of OPE
channels that we will encounter in a given four-point function with these spectral flow indices.
It is also convenient to denote by xγ the cross-ratio in x-space, which is a function of z.

Expansion parameters. Let us first assume that none of the zi ’s or x i ’s is equal to∞; the
case when one zi and/or one x i equals ∞ will be discussed below. Near the ramification
points zi , the covering map takes the canonical form

γ(t) = x i + ai(t − zi)
wi + bi(t − zi)

wi+1 + . . . , (A.7)

for some coefficients ai and bi . By definition of the ramification structure, the first wi − 1
Taylor coefficients vanish. Since the covering map is completely specified by the collection
{zi , x i , wi}i=1,...,n (satisfying the constraints discussed above), we view the parameters ai and
bi as implicit functions of this data.

In the following it is convenient to fix x1 = 0, x2 = 1 and x3 =∞, while x4 = x is the
cross ratio. We similarly set z1 = 0, z2 = 1, z3 =∞ and z4 = z. Extra care is needed when
defining a3 and b3. We claim that we should set

γ(t)−1 = a3 t−w3 + b3 t−w3−1 + . . . . (A.8)

The logic for this arises because γ(t−1)−1 is the covering map that maps 0 to 0 with ramification
index w3. It is still correctly normalised since it maps 1 to 1.

One can also check that when we repeat the derivation of the recursion relations in Sec-
tion 3.1 with one field inserted at x3 = z3 =∞ that one correctly obtains the solution (3.11)
with this definition of a3. Thus, this is indeed the ‘correct’ definition of a3 for our purposes.

We also need the following quantity, defined by taking the product over all residues of the
covering map,

Π≡ w−w3−1
3

N−w3
∏

a=1

Πa , (A.9)

where

γ(z)∼
Πa

z − ℓa
(A.10)

near the poles ℓa of γ. There are N − w3 such simple poles, where N is the degree of the
covering map, since γ has by definition a pole of order w3 at t =∞. The inclusion of the
factor w−w3−1

3 in the definition (A.9) leads to symmetric formulae in all the fields.

It is convenient to consider a renormalised version Π̂=
∏n

i=1 w
1
2 (wi+1)
i Π as in (2.6), as this

simplifies various formulae in the paper. This amounts to changing the normalisations of the
vertex operators in a suitable way and is thus simply a matter of convenience. In particular,
we have

Π̂w,1,w,1 = 1 (A.11)

with this definition. In the formulae (2.10), we also make use of Π̂ when none of the op-
erators are inserted at∞. In that case, we simply define it by applying a global conformal
transformation to the previous definition.
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