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Abstract

We provide a general prescription for gauging finite non-invertible symmetries in 1+1d
lattice Hamiltonian systems. Our primary example is the Rep(Dg) fusion category gen-
erated by the Kennedy-Tasaki transformation, which is the simplest anomaly-free non-
invertible symmetry on a spin chain of qubits. We explicitly compute its lattice F-symbols
and illustrate our prescription for a particular (non-maximal) gauging of this symmetry.
In our gauging procedure, we introduce two qubits around each link, playing the role
of “gauge fields” for the non-invertible symmetry, and impose novel Gauss’s laws. Simi-
lar to the Kramers-Wannier transformation for gauging an ordinary Z,, our gauging can
be summarized by a gauging map, which is part of a larger, continuous non-invertible

cosine symmetry.
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1 Introduction

Symmetry is a fundamental organizing principle in nature, playing a crucial role in the study
of phase transitions and topological phases of matter. In recent years, the concept of global
symmetry has been generalized [1], leading to new constraints on phase diagrams and a uni-
fied characterization of gapped phases based on distinct symmetry-breaking patterns of these
generalized symmetries. This extension has also uncovered new topological phases protected
by these symmetries.

One such generalization is the notion of non-invertible symmetry, which is implemented
by conserved operators without an inverse. See, for example, [2-5] for reviews. The simplest
example is the non-invertible operator in the 1+1d critical transverse-field Ising lattice model
[6-8], which acts invertibly only on the Z,-even sector of the Hilbert space and is associated
with the Kramers-Wannier duality map [9-13].
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Can these non-invertible global symmetries be gauged? In continuum quantum field the-
ory, gauging an ordinary internal discrete global symmetry G involves two steps. First, we
couple the theory to flat background gauge fields. Second, we promote these gauge fields
to dynamical variables. However, for non-invertible symmetries, the precise notion of gauge
fields remains unclear. Consequently, gauging is usually formulated without directly using
gauge fields.

The key observation is that, for ordinary symmetries, coupling to flat background gauge
fields is equivalent to inserting topological defects in the spacetime manifold. Thus, gauging
corresponds to summing over all possible insertions of such defects. Since there are infinitely
many defect configurations, one must provide a well-defined prescription for the summation.
Mathematically, these defects correspond to the transition functions of the G-bundle, and gaug-
ing corresponds to summing over all possible G-bundles. This procedure of gauging a discrete
global symmetry has been fully understood in the context of 14+1d conformal field theory
(CFT), where it is known as orbifolding.

In 1+1d continuum quantum field theory, the gauging of finite, internal non-invertible
global symmetries follows a similar prescription: one sums over the corresponding non-
invertible topological defects in spacetime [14-18]. As reviewed in [17,19], the basic idea
is to triangulate the spacetime manifold and insert a network of topological defects in a way
that the final outcome is independent of the chosen triangulation. See [19-27] for more recent
discussions.

In this work, we extend this gauging procedure in terms of topological defects to finite,
internal, non-invertible symmetries in 1+1d lattice Hamiltonian systems. Our primary exam-
ple is the simplest gaugeable non-invertible symmetry on a spin chain of qubits, which is the
Rep(Dg) fusion category [28].! On a finite periodic chain, the symmetry is generated by a
non-invertible operator D that satisfies the algebra

D2=1+n+n%+1n°, (D
where
n=]1x. »=[]x. »=]]x. ®)
j:even jrodd J

generate a Z, x Z, subgroup of Rep(Dg). The action of the non-invertible symmetry on Z, x Z-
invariant local operators is given by the Kennedy-Tasaki transformation [33,34] (see also [12,
35,36):

Dz, 1Zj,,=2;1X;Zj;,D, DX;=X;D. (3)

We further construct the topological defects associated with these operators and compute ex-
plicitly their lattice F-symbols.

This symmetry is free of 't Hooft anomaly in the sense that it admits a symmetry-protected
topological (SPT) phase. In fact, it admits three SPT phases [30] (see also [37-40]) whose
lattice realizations are given in [28]. Correspondingly, there are three different ways to gauge
the entire Rep(Dg) fusion category in continuum quantum field theories, which we refer to
as maximal gaugings. These choices are generalizations of discrete torsions for non-invertible
symmetries. See [41-52] for more discussions on non-invertible SPT phases on the lattice.

Here, we focus on one particular gauging that, roughly speaking, only gauges the “sum”
of the following symmetry elements:

1+n+D. 4

IThe Kramers-Wannier symmetry in the critical Ising model mixes with lattice translations [6,7]. Thus, it is
not clear if there exists a well-defined procedure to gauge it. Moreover, it implies an LSM-type constraint [7] that
signals an ’t Hooft anomaly that obstructs gauging it [29-32].
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Table 1: Comparison between the gauging of an ordinary Z, symmetry with that
of a non-invertible symmetry. (Because of space limitation, we did not record the
Hamiltonian coupled to gauge fields for the h, term.)

gauging Z, gauging A =1® 71 ® D of Rep(Dg)
Symmetric hOZX] hOZX]+h12Z]—1Z]+1(1 +X])
J J J
Hamiltonians +h1 ZZJZJ"’l +... +h2 Z Zj—ZZj+2(1 +Xj—lXj+1) +...
J J
gauge fields oV GRVE YR
j—3 j—3 J
1+0* X;0* 1+(TZ o* TZ) 1+(O‘Z T¥X;0*" )
Y 1 j-1-;_17%j R R I
Gauss’s law 7z t=1 7z e ") g
2 2 2
. hy
coupling to hozxj—l— hOZX]+ 3 ;ZJ_lzJH(l +X;)

gauge fields | h; ZZ-O‘?+%Z]~+1 +...

gauging maps

Zj1Zj = Xja

Zi1Zi (LX)~ Z;1Z;1, (1 + X5),
Zi 57 5(1+X;1Xj11)
> Zi9Zia(1+X; 1X11)(X;)

1-Xj_

Kramers-Wannier
(KW)TKW =147

enhanced
symmetries

Rep(D;4) fusion category
(L)' (L) =(Lss) (Lys) =1+7+D

This non-maximal gauging generalizes the notion of gauging an anomaly-free subgroup in the
case of ordinary finite group symmetries. Mathematically, the sum, along with certain extra
data, constitute an algebra in the Rep(Dg) fusion category.

Our lattice gauging procedure follows the continuum one closely by summing over the
non-invertible topological defects and operators. However, since space and time are treated
on different footings in Hamiltonian lattice systems, our approach also uncovers new insights.
Interestingly, our prescription leads to a precise notion of “gauge fields” for non-invertible
symmetries, realized as qubits on each link coupled to the original matter degrees of freedom.
More specifically, our gauging procedure includes two steps. First, we introduce these “gauge
field” qubits on every link. Second, we impose Gauss’s law constraints. This prescription
mirrors the gauging of an on-site, ordinary Z, symmetry, which we review in Appendix A.
See Table 1 for a comparison between gauging a Z, symmetry and that of a non-invertible

symmetry.

Along the way, we also encounter an interesting continuous, non-invertible symmetry that
is sometimes referred to as the cosine non-invertible symmetry. This symmetry was first dis-
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cussed in the context of the orbifold branch of ¢ = 1 compact boson CFT in [53,54]. The
cosine non-invertible symmetry includes the Rep(Dg) symmetry as its subcategory and admits
a very simple expression:?

Ly = 1"'77) (eiQQ + e_ieQ) , (5
where Q = %Z}Ll(—X 1)(=X3)---(=X;) is a non-local “charge” for this symmetry.

Let us compare our gauging procedure on the lattice with other approaches in the liter-
ature. Our prescription generalizes the gauging of (non-on-site) invertible symmetries de-
scribed in [56]. See [57-59] for gauging Matrix Product Unitary (MPU) symmetries. The
authors of [46] gauge the entire non-invertible Rep(G) fusion category on the group-based
Pauli Hilbert space. In contrast, we focus on a non-maximal gauging of Rep(Dg) on a qubit
chain. Moreover, our prescription can be applied to arbitrary gaugings in terms of algebra
objects. Finally, [60] constructs a Matrix Product Operator (MPO) presentation of the gauging
map and shows that it coincides with the duality MPOs of [61,62].

In Section 2, we describe the lattice realization of Rep(Dg) non-invertible symmetry oper-
ators and defects in detail. In particular, we discuss fusion operators and use them to compute
all the lattice F-symbols explicitly. In Section 3, we describe a non-maximal gauging of this sym-
metry. Finally, Section 4 discusses the generalization to gauging arbitrary finite non-invertible
symmetries.

In Appendix A, we review the gauging of spin-flip Z, symmetry in a language that is gen-
eralizable for non-invertible symmetries. Appendix B includes the derivation of the cosine
symmetry and the construction of its topological defects. Appendix C, D, and E contain de-
tailed computations involving gauging and F-symbols.

2 Rep(Dg) symmetry operators and defects

In this section, we discuss the non-invertible symmetry operators and their associated defects
in Hamiltonian lattice systems. In Section 2.1, we motivate the discussion by starting with a
simple Hamiltonian model and discussing its symmetries. Section 2.2 gives a more detailed
discussion of the non-invertible operators as matrix product operators. In Section 2.3, we
discuss the defects. We explicitly compute their lattice F-symbols and show that they match
with the Rep(Dg) fusion category.

2.1 Hamiltonian and its phase diagram

We focus on the Hamiltonian
L L
j=1 j=1

We assume the number of sites L is even and periodic boundary conditions. This Hamilto-
nian has been studied in [55, 63-65] and is referred to as the Ising zigzag model or the dual
XXZ model. Later on, we will discuss infinitely many deformations of this Hamiltonian while
preserving the symmetry of our interest.

As discussed in Appendix B, this Hamiltonian is related to XXZ Hamiltonian (7)

L L
Hyxz = hy Z(XijH+Yij+1)—hoZZij+1: )
j=1 j=1

2The MPO expression for this operator was recently discussed in [55].
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R= e} V2 1
Ising? BKT
O ® @ >
¢ =1 orbifold CFT gapped
A= -1 0 1

Figure 1: The phase diagram of the Hamiltonian (6). For A = —hy/h; € (—1,1], it
flows to the ¢ = 1 orbifold CFT with radius R given in (8). For A > 1 it is gapped
with one ground state.

by gauging a Z, symmetry (which is implemented by the Kramers-Wannier transformation)
followed by a unitary transformation. The XXZ model is gapless for A = —hy/h; € (—1,1],
and there is a Berezinskii—Kosterlitz-Thouless (BKT) transition at A = 1, beyond which point
the model is gapped with two ground states. For even L, the XXZ model is known to flow to
the ¢ = 1 compact boson CFT with radius R given by [66,67]:

R?>= !

= Ae(-1,1]. 8
1—%cos—1(l) st ) ®

(The XXZ model with odd L corresponds to the same CFT but with a topological defect insertion
[69]1)

We can, therefore, deduce the phase diagram of (6) from the above well-known phase
diagram of the XXZ model. For A € (—1,1], our Hamiltonian (6) is described by the ¢ = 1
S1/7Z, orbifold CFT with radius given by (8). In particular, the A = 0 point corresponds to the
R = /2 orbifold CFT, which is known to be two decoupled Ising CFT. There is a BKT transition
at A = 1, corresponding to the R = 1 orbifold CFTs (also known as SU(2),/Z,), which sits
at the intersection point between the compact boson and orbifold branches [68]. The model
is gapped with a unique ground state when A > 1. See Figure 1 for a summary of the phase
diagram.

2.2 Symmetry operators

The Hamiltonian (6) is invariant under the non-invertible symmetry transformation

ZjaZiyg > ZjaXiZj,  XjXj. )

This transformation is implemented by the non-invertible operator

D= Tl’g(U]E)TULD_l .. UlD) = D (10)

where

; 1 (1 1
Up, = CNOT, ;H, = — ( ) ) (11)
J

X

i X

V2
1-2;

Here CNOT, ; = X].T is the CNOT gate, and Hy = (X, + Z;)/+/2 is the Hadamard gate. This
expression makes it manifest that D is a Matrix Product Operator (MPO) with the local tensor

30ur convention for the radius of the compact boson CFT is such that T-duality acts asR — 1/R and R = 1 is the
self-dual point with SU(2); Kac-Moody algebra. Our convention differs from [68] whose radius Rgisparg is related

to ours by R = ﬁRGimparg-
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at site j given by U{D. X, and Z, act on the auxiliary qubit labeled by £, and the trace Tr, is
taken only over the auxiliary qubit. The precise meaning of the non-invertible transformation
(9) is

DZ]_12]+1 :ZJ_1XJZ]+1D, DXJ :XJD (12)

One important property here is that the MPO tensor is unitary, i.e., (U{) T = (IU{) )1, where
T is the complex transpose on both the physical qubits (labeled by j) and the auxiliary qubit
(labeled by ¢).* It follows that this MPO tensor U{) is identical to the movement operator of
the defect, as we will discuss later.

The non-invertible operator D satisfies the fusion algebra

D2=1+n+n%+n°, n°*D=n°D=Dn*=Dn°=D,
n=n°n°=n°n°, ()P =m°’=1. ()
Here,
n=11x. »=[]x. »=]]x (15)
jreven jrodd j

form the Z3 x Z3 symmetry of the Hamiltonian (6). This algebra is the fusion ring of the
irreducible representations of the dihedral group Dg of order 8, with D corresponding to the
2-dimensional irrep and 1,7%,1°,n corresponding to the trivial irrep and the three non-trivial
1-dimensional irreps. These operators together form a Rep(Dg) fusion category on the lattice.®

We conclude that there is a Rep(Dg) fusion category for every Hamiltonian in the one-
parameter family in (6). This is consistent with the fact that the entire branch of the ¢ = 1
orbifold CFT (which is the continuum limit of (6) for A € (—1,1]) also has the same fusion
category symmetry [54].

2.2.1 Continuous non-invertible symmetry

The non-invertible Rep(Dg) symmetry of the Hamiltonian (6) is part of a larger and continuous
non-invertible symmetry, sometimes referred to as the “cosine” symmetry [53, 54]. As we
explain in Appendix B, the cosine symmetry is related to the O(2) symmetry of the XXZ chain
by gauging the Z, spin-flip/charge-conjugation symmetry. The lattice realization of the cosine
symmetry has recently been studied in [55] for the same Hamiltonian (6).

The cosine symmetry is implemented by non-invertible operators Ly given by

Ly = —1 ; N (eieQ + e_ieQ) s

1 (16)
Q= 5(1 =X+ X0 Xy — X1 X X3 .. — X1 Xy X 1),

which commute with Hamiltonian (6). They satisfy the cosine-like fusion algebra relations

Lg LQ/ == L9+9/ + L9_9/ 3 (Lg)T - L_Q - LQ N L9+27't - Lg . (17)

40n the other hand, the MPO tensor for the non-invertible Kramers-Wannier operator in the critical Ising model,
whose MPO tensor is [7,10]

U= (|+)(O|j |_><1|j) __1 (1 X -+ 2, —1+4X 41 +Zf) (13)
WMol 16 2/2 \1=X; +iY; + Z; 1+X;+iY;,—Z; )’
which is not unitary. See [57,61,62,70-72] for more general MPO symmetries.

>The operator D is related to the Rep(Dg) operator introduced in [28] (see also [73]) by conjugation of
l_[JL‘:1 CZ; ;1. The operator D leaves the product state |+ +-- -) invariant, whereas the one in [28] leaves the
Zy % Z, cluster state invariant. The MPO (11) for D has bond dimension two, which equals the quantum dimen-
sion of the non-invertible object in the Rep(Dg) fusion category. (This was referred to as the “on-site” condition
for an MPO in [51].)


https://scipost.org
https://scipost.org/SciPostPhys.19.2.063

Scil Select SciPost Phys. 19, 063 (2025)

The cosine symmetry has the following MPO presentation

Ly =Tr, (UL U2UL), where U, = CNOT, Z e % = cosy  sing (18)
6= ey 0-6/)> 0 Lict N sin%Xj _COS%X]' '
Note that even though the charge Q is not translation invariant, the cosine symmetry L4 is.
Indeed, the MPO presentation (18) manifests the translation invariance.
We notice that the Rep(Dg) symmetry is included in the cosine symmetry as

Lo=1+n°n°, L,=n%+n°, L. =D. (19)

More generally, the cosine operator L, /, (together with some other invertible operators) gen-
erate a Rep(D,,,) fusion category.

The one-parameter family of Hamiltonians (6) respects the continuous non-invertible co-
sine symmetry. This is consistent with the fact that the entire branch of the ¢ = 1 orbifold
CFT preserves the cosine symmetry [53, 54]. However, more general Rep(Dg) symmetric de-
formations of (6) would break the cosine symmetry (such as the h, term discussed in Section
3.2.3).

2.3 Symmetry defects

Having discussed the non-invertible operator D, we now discuss the associated defect, which
is a local modification of the Hamiltonian and the Hilbert space. To distinguish the operator
from the defect, we denote the latter by D with a different font.

2.3.1 Movement operators

The only input data we need to derive the defect is the movement operator AJD. (This termi-
nology will become clear in a moment.) For the Rep(Dg) symmetry, the movement operator
coincides with the MPO tensor U{):

(20)

For the following discussion, we start with an infinite chain and derive a local expression
for the defect. By the locality of the defect, the final result can be defined on a finite chain.
Consider a general Rep(Dg)-symmetric Hamiltonian, which is invariant under (9) and there-
fore commutes with the non-invertible operator D. The Hamiltonian with defect D inserted
at link (J,J + 1) is given by

HYV = U H(US)'. (21)

Here, USJ is a transformation of the operator algebra defined by a formal sequence of unitary
transformations:

I I I
UéJ = AJDM)_l/W)_Z _— —{UJT_Z}—{UJT_l}—{ U|“E) . (22)

We refer to U;J as the defect creation homomorphism. The defect Hamiltonian is defined on
a Hilbert space with an extra qubit |0),, |1), that is localized at link (J,J + 1) and is acted by
the Pauli operators X, Z,. Mathematically, U;J T > ,dg’JH) is a homomorphism from the

operator algebra .«# of local operators to the defect operator algebra ﬂg T = g End((CL%),

8
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where (C% stands for the extra qubit. The defect creation homomorphism maps local operators
to operators with finite, though potentially arbitrarily large, support. The non-invertibility of
the defect corresponds to the fact that this homomorphism is not surjective and, consequently,
does not have a right-inverse.

The movement operator acts on local operators as

6

i XX Xe— 2y,
Ap (23)
Z]HZ]Z[, Zf'_)XfXJ

It follows that UéJ acts on local operators as

Xj—X;, forall j,
YA AR forj>J,

v, G ] ‘ (24)
Z] '—>Zij+1Xj+3"'XJ_3XJ_1ZZ, for] <J andJ—] =0 (mOd 2),

Z] —> Zij+1Xj+3 . 'XJ_2XJX€ , for ] < J and J —] =1 (mOd 2) .
From this we find the Hamiltonian for (6) with a D defect inserted at link (J,J + 1):

HY*Y = hOZX +hy > ZiaZia(1+X))
JAIJ+1 (25)
+ theZJ—lzJH(l + X))+ hZeZyZyio(1+X54).

This defect is topological since it can be moved via the unitary movement operator A“{) in the
sense that

In Appendix B, we derive the defect Hamlltonlan for the more general cosine symmetry for
the Hamiltonian (6), with the Rep(Dg) defect being a special case. In Appendix C, we discuss

the Rep(Dg) defect Hamiltonians of more general Rep(Dg) symmetric Hamiltonians.
The defect Hamiltonians for the invertible symmetries 1¢, n°, 1 are given by

HOD =hg > X +hy | D) 212 (LX) — ZoZo(1+X,) — Z1Z(1+X5) |

j | j#12
H = hOZX thy | D) 2 Zin (A + X))~ ZoZ,(1+ X))+ 21251+ X,) |, 27)
|12

H = hOZX thy | D) 2 Zin (U +X) + 22,14 X)) — Z1Z5(1+X5) |
| j#12

where Ho (23) — Ho (1,2) , and Hpe O — Hpe (1.2) The corresponding movement operators are

A=

8

—1)88 X%  forodd j,
{( )Ee8o X j ©8)

(—1)8<80 nge , forevenj.

Explicitly, they are A7) = —X;, A28 = +X5,, 220" = +X3n41, A0 = 420 = 1. These move-
ment operators obey equations similar to (26).

The defining equations of the movement operator, such as (26), only determine them up
to phases. Here, we have chosen a specific phase for each A} in (20) and (28) to match the
lattice F-symbols with those in the continuum. See Section 2.3.3 and Appendix D.

®For a unitary operator U, we define the arrow — as U : O — UOU". For a non-invertible operator D, we write
O, 0, if DO, =O,D.
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2.3.2 Fusion operators

Having discussed the topological defects of the Rep(Dg) non-invertible symmetry, here we
discuss the fusion between them. In general, the fusion between two defects, £ and M, is
implemented by a local operator’

N
(A])£®M = > (29)
1T i
L M
that we call the fusion operator and satisfies
(A )'/2/:3/\/1 H(ﬁj /\1[]) ;(G.7+1) H(J,J""l) (AJ )£®M (30)

Here, H G /\11’] Y071 is the defect Hamiltonian of £ and M defects inserted on links (G—-175)
and (j,j+1).

The topological defects of the Rep(Dg) symmetry satisfy an important property that is the
corresponding movement operators commute with each other. For instance, Aé commutes

with M,/ even for j = j’. This property implies that we can unambiguously insert multiple
defects on a single link. To do that, we start by creating two defects that are well-separated
and then act with the movement operators to bring both of them on a particular link. The
above property guarantees that the final result is independent of the order in which we bring
these two defects to that particular link.

Since inserting multiple defects on a single link is unambiguous, the fusion operation of
defects on adjacent links can be broken into two steps: first, bringing them onto a single link
and then performing the fusion. The latter is implemented by the on-site fusion operator that
we denote by

N
mﬁ[@JM = ) (D)
RSS!
L M
which satisfies
N
N i e
MJ)ﬁ@M"”ﬁ@M 7‘] = :] . (32)
FESI RIS T A
L M L M

For instance, starting with an 1) defect and a D defect on links (0,1) and (1, 2)

0,1);(1,2
HyD =k ZX +hy D Zi1Zja(1+X)
Jj#0,1,2 (33)
—hlz—1Z1(1 +Xo) —hi X ZoZy(1+X1) + Ny Z 21 Z5(1 + X3),

"More precisely, (A/ is a locally acting transformation/homomorphism since its

(=17)3.j+1) (J,j+1)
HL;M HN

(G=1%0.j+1) (,j+1)
AVER N —Hy
domain and codomain might be different. Here

spaces.

and are the corresponding defect Hilbert

10
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we first move the 7 defect, by conjugation with A}? =X, to link (1, 2) and find

(1,2) _ ~144(0,1);(2,2) 1\—
Hiep = A HS 20y hOZX +hy D ZiaZi(1+X)
j#1.2 (34)
—hlxgzozzu + X))~ 2,21 Z5(1 + Xs).

Now, we fuse the two defects using the on-site fusion operator

> (35)

that satisfies 02 02
m? 1,2 1,2
M eD Hr;@D =Hp 77®D (36)

Note that the on-site fusion operator mq7 does not act on the physical degrees of freedom

and only acts on the defect degrees of freedom |0), and [1),.8 Using (32), we find the fusion
operator (A! nD®D = Z,X,X,, which obeys

(Ao Hyn M = HGP DD . (37)

Up to phases, the non-trivial on-site fusion operators involving 1 and D defects are

m},’w =7ZyX, MPey =XeZt 5 8
mp oD, = (00¢, ¢, +(11lg ¢, mp, gp, = (01le,¢, — (101¢, ¢, -

To make it clear which qubit is associated with which defect, we will add an extra subscript
i =1,2,3,... to the defect label, such as D;, to specify this piece of information whenever
this is an ambiguity. Here, the qubits £; and ¢,, respectively, corresponds to the left and right
D defects in the fusion D; ® D,. However, we emphasize that D; and D, are the same kind
of defect, and i = 1,2 is just a label to distinguish these two copies of the same defect. The
on-site fusion operators m%)1®D2 and m%l D, satisfy

1 (1,2)  _ H

1 n (1,2) (1,2)
Mp ep, p,ep, =11 Mp,ep, > and m H =H,

D,8D, 11D D, mD @D, ’ (39)

where 12
HY?, = hOZX +hy Y. 21 Zia(1+X)
j#1,2 40)
+ h1Xe1XeZZoZz(1 +X1)+hZy Zy,Z1Z5(1 + X5).

The other on-site fusion operators involving 1, 1, and D are:

1

mig, = m;@m =1, for a=1,n,D. (41)

a
m1®a

The remaining on-site fusion operators involve the defects n® and 1°. To shorten
the expressions, we will parametrize Zj x Zj defects by g = (g, g,) such that

8Even though mnD®D happens to be independent of j, on-site fusion operators generally can depend on j. For
instance, those involving 1n° or 1°, which we will discuss later, do. Nonetheless, we suppress the j dependence to
avoid cluttering.
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n® =(1,0),n° =(0,1),n = (1,1),1 = (0,0). Using this convention, the on-site fusion op-
erators at site j are compactly given by
grn [(=1)%he, forodd j,
Meeh = h ,
g (—1)&"  foreven j,

B (D )"‘:{(|0)22<0|el+|1)e2<1|11)(Zel)ge(le)g", foroddj,

m = .
w00 = "2i06) = (10}, (0l + 1), (1, ) 20 (X, )%, for even J,
g _ ((00|gl’g2 + (11'[1’(2)(}(41)‘%(2@1)&3, for Oddj,
D18D, ((00|g1,g2 + <11|£1,£2) (Xgl)ge(Z[l)g" , forevenj.

Moreover, using the movement operators (20) and (28), we find the full-fledged fusion opera-

tors (A/ )/E\/® M from (32). The phases of the fusion and movement operators are chosen so that

the lattice F-symbols we find below match the usual convention used in the literature.

2.3.3 F-symbols

Having defined the fusion operators on the lattice, we are now ready to discuss the lattice
F-symbols, which are defined by

e = Z(ngcy: f
f

(43)
. .
a bjc a bjc
(W) M7 (W) = D (FE Y W I,
f

fora,b,c,d,e, f € {1,17,1°,m° D}. In general, the lattice F-symbols may depend on j. How-
ever, as we will see, this is not the case in our situation, and our F-symbols are independent of

j
The non-trivial F-symbols, as computed in Appendix D, are

:I g+—%Zx(g,h) == (44)
— h

—
D DjD D DjD
and
D D h h
4_;_|:+ ] -l
] ] ]
& Dijh &8 Dijh D 8jD D &jD
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and all the other F-symbols are equal to 1:

D D D D ghk ghk
[ _ ] i ] _
—1  gn = D— —1|p = ggh— > — 1 e = gh— >
1 1 1 1 [ 1
D &jh D &jh & hjD & hjD g hijk & hijk
(46)
h h h h
[ _ [ N
—1 " p = "hi— > — |egh = D
1 1 1 ]
D Dj§ D Djg g DjD g DjD

Above, g =(g., g,), h=_(h,h,) € Z5xZ3 where gh=(g.+he, go,+h,), and y : Z5XZ3 — L5 X 73
is a symmetric bi-character of Z, x Z, given by

x(g,h) = (—1)8choteohe, (47)

The lattice F-symbols agrees with those for the Rep(Dg) fusion category, which is one of the
75 X Z, Tambara-Yamagami categories [74], with the choice of the bicharacter given in (47)
and positive Frobenius-Schur indicator. This is to be contrasted with the situation in the critical
Ising lattice model, where the algebra for the Kramers-Wannier non-invertible lattice operator
mixes with lattice translation [6]. Because of this mixing, the Kramers-Wannier symmetry
on the lattice is not described by a fusion category [7]. See [26, 36, 56, 72, 75-79] for more
discussions on the mixing between non-invertible symmetries and lattice translations.

Finally, as shown in Appendix D, the on-site fusion operators obey similar relations as (43)
with the same F-symbols:

/>\ Z( bc)f /f%\ a®emb®c Z(Fabc f®c £®b' (48)

A similar computation of the F-symbols was performed in [80, 81] for the case of modular
tensor categories in 24+1d and anomalous invertible symmetries in 14+1d. They derived the
F-symbols through the fusion of finite-mass domain-wall excitations rather than the fusion
of topological defects. Their approach involved choosing a Hamiltonian that spontaneously
breaks the symmetry and studying domain-wall states.

3 Gauging a non-invertible symmetry

In this section, we extend the procedure outlined in [56] to the case of gauging non-invertible
symmetries on a spin chain of qubits.

In continuum field theory, when gauging an ordinary finite group symmetry G, there are
multiple inequivalent options, specified by a choice of the subgroup H C G and a discrete
torsion class in H?(H,U(1)). For gauging a finite non-invertible symmetry described by a
fusion category, these choices are generalized to the choice of an algebra object A with a
multiplication morphism m [19].

Rep(Dg) symmetry is the simplest gaugeable fusion category symmetry that can be realized
on a spin chain of qubits. There are 11 ways to gauge Rep(Dg), as summarized in Table 2

13


https://scipost.org
https://scipost.org/SciPostPhys.19.2.063

Scil Select SciPost Phys. 19, 063 (2025)

of [24] (see also [23]). Out of these 11 ways to gauge Rep(Dg), 5 of them correspond to
gauging ordinary invertible subgroups, and the other 6 correspond to gauging non-group-like
objects. Here, we focus on gauging the algebra object

A=1eneD, (49)

where 7) is one of the Z, defects and D is the non-invertible defect. This algebra object is
not maximal in the sense that it does not contain every object of Rep(Dg). In contrast to a
subgroup, the topological defects in algebra objects do not necessarily form a subcategory,
i.e., they need not be closed under fusion. For instance, D ® D involves defects n°®, n° which
are not included in A. This specific choice of A serves as the simplest nontrivial example of
gauging a non-invertible lattice symmetry.

In Section 3.1, we summarize our final gauging procedure for gauging A=1&7n & D. In
Section 3.2, we provide details of the gauging.

3.1 Summary of the gauging procedure

Gauging is a procedure that starts with a Hamiltonian H that commutes with Rep(Dg) symme-
try operators and results in the Hamiltonian Hg,geq Of the gauged theory. The Hilbert space of
the gauged theory is defined by the original degrees of freedom plus the gauge fields subject
to Gauss’s law constraints. Below is a short summary and the final results.

1. Gauss’s laws: We introduce dynamical gauge fields for A = 1® 1 & D subject to Gauss’s

law constraints. Namely, we insert qubits o> ;" and T;(’y * per each link and site as the

gauge degrees of freedom and impose Gauss’s law constraints:

b4 X z z Xy ~+2
1+Tj_1crj_%’rj 1+0j_% TjXJ(Tj+%

2 2

where X; is the Pauli-X operator acting on the original qubit of site j.

2. Symmetric local operators: Write the Hamiltonian as a sum of local terms invariant
under the Rep(Dg) non-invertible symmetry. For instance, the simplest such terms are:

H=hy» Xj+hy .2 1 Zj(1+ X)) +hy > Z; 5 Z0(1+ XX ) 4. (51)
j j j

3. Coupling to gauge fields: We couple each symmetric term in the Hamiltonian to dy-

namical gauge fields o™”>* and T}C’y #
J—32

~ j j+
H=h X, +h Z:1Z: (1 +X)| 0¥ o’
0; Jj 1; j—1 ]+1( 1)( ]_% \/E ]+l \/E

1—i0j 5 1+irj.‘_loz, .
_3 j~1
thy » Zi 5Zi0(1+X;1X;1)| oF 2o% (52)
ZZ j—2 ]+2( j—1 ]+1)( j—% 1/5 j—% 1/5
1— iG?le 1+ irj.‘+1a;’j+§ .
x 0¥ 20X 2(v¥ )T |+
V2 it 2 =
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4. “Gauge fixing”: Rewrite H in terms of gauge invariant operators X; = X; and Z; = Z; %,
which commute with P;. The final Hamiltonian of the gauged theory is

Hgauged = hO ZX] + h1 sz—lzj-i—l(l +Xj)
' j

J
. . 5 N - 1—)?)-,1 (53)
+hy Z Zj2Zj(1+ X 1 X0 )(X;) 72+
J

The gauging procedure can be summarized by a gauging map. If we relabel X is A jasX;,Z;
in the final Hamiltonian, this map is implemented by one of the non-invertible cosine operators

L% in the following sense:

7 7

1*Xj_1

Lz Zj 22401+ X1 Xj41) = Zj2 25401 + X1 X;41)(X) L

)

(See Appendix B.3 for a derivation.) Similarly, LSTn = neL% = 'r)OL% implements the same
gauging map on the Rep(Dg) symmetric operators. Note that the first two terms, hy and hy, are
invariant under gauging .4, but the h, term changes. The invariance under gauging .A implies
that the model enjoys an even larger fusion category symmetry, which was discussed in [27].
For our Hamiltonian with h, = 0, the enhanced symmetry associated with the invariance
under gauging A is the Rep(D;¢) fusion category, which is generated by the Rep(Dg) operators
together with the gauging maps L% ,L o

(Lz)*= (L)’ =1+n+D,
DX=1+n°+n°+n,
DL%:L%DzDLsTn:LsTnD:L%+LsTn,
L%L¥=L¥L%=ne+n°+D.

(55)

Recall that Lz =D, (Le)" =Ly, L, =1°n°, and n = n°n°. See Section 4.1 for the discussion
of more general gauging maps. This matches with the continuum result, where it is known
that the entire branch of the ¢ = 1 orbifold CFT is invariant under gauging A [24] and has
an enhanced Rep(D;¢) fusion category symmetry (which is part of the continuous cosine sym-
metry). This Rep(D;¢) fusion category is analogous to the Kramers-Wannier symmetry of any
model that is invariant under gauging an ordinary Z, symmetry (see Appendix A.1).

3.2 GaugingA=1eéneD

Here, we derive the gauging procedure outlined in Section 3.1. In Appendix A, we present a
similar gauging procedure for the case of gauging an ordinary, invertible Z, global symmetry,
using the language of algebra objects and topological defects. The readers are encouraged to
read that appendix as a warm-up.

3.2.1 Algebra object on the lattice

First, we find the topological defect associated with the algebra object .4 to be inserted on all
links for gauging. For simplicity, we consider the Hamiltonian in (6), but the following discus-
sion on the movement and fusion operators apply more generally to any Rep(Dg) symmetric
Hamiltonian (see Section 3.2.3).
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The defect Hamiltonian for A =1@& 1 @& D is given by

HO? = hOZX +hy D Zi1Zi(1+X)
j#1,2 (56)
+hy(—iY,) T 2,20 Z5(1 + Xy) + hy 2y 74 Z5(1 + Xs).

This expression is derived from first decomposing .4 into 1 & n and D, which leads to

1,2) _ (1,2) 12 1+2Z, (L2) | 1-27, (1,2)
H |0>(0|a HleBn + |1>(1|a®HD = T Hl@n T ®HD s (57)
where, H,(Dl’2) is given in (25), and
1,2
ngn) |0)(O|¢®H+|1)(1|¢®H(12)

J#lZ
+ hlzeZoZz(l +X)+hZ,2,Z5(1+X,).

Note that there is a four-dimensional Hilbert space localized on the defect A described by the
qubits |0),,]1), and |0),,|1),. These qubits are acted upon by the Pauli operators X,, Z, and
Xy, Z,, respectively. Projecting to the Z, = +1 and Z, = —1 subspaces, respectively, corre-
sponds to the sub-defects 1 & n and D of .A. Moreover, in the subspace Z, = +1, Z, = +1 and
Z, =—1 corresponds to 1 and 7, respectively.

The defect A is topological and can be moved with the unitary movement operator

-
A= 2

1+Z,(1+Z 1-Z, . 1—
( 2‘+ 2%{7)+ a/v—(—x) t (Z,H)' 7 (59)

Above, we have used (20) and (28).

The next step is to find the algebra multiplication of .4 on the lattice, which is a particular
fusion operator that fuses two adjacent .4 defects into a single A defect. Like other fusion
operators, we implement the fusion in two steps by first moving the defects together and
fusing them afterwards. Namely, we define

A,
A, . T
/ m
- - - - . (60)
A j
J — — — 2
(A )A1®A2 - - _[ mA1®~A2 AA1
RS N PRSI
Al 'AZ Al 'AZ

where the on-site fusion operator mjl A, does not act on the original degrees of freedom
(X;,Z;) and only acts on the defect degrees of freedom described by qubits a;, a,, £1,£,. (Recall
that we use the subscripts of A; to distinguish their associated qubits labeled by a;, {;. However,
we emphasize that 4; with i = 1,2 are two copies of the same algebra object.)

The fusion A; ® A, — A, consists of 10 fusion channels, associated with the on-site fusion

1 n U] 1 D, D, D, Dz 1 m" :
operators my .., M 0m Mae1> Myens Migp, Myen,: Mp, 61 ™MD, en» Mp,eD, ™D, 6D, According

to [24] (which uses the same convention of F-symbols as we do), mi oA, is a sum of these 10
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on-site fusion operators with the same coefficient 1/2. This led us to the following proposal
for the on-site fusion operator for .4 on the lattice:

A,

zmA1 oAy

[(m%®1|o> (Ol¢, +mYg, [1)(1lg, )(Ols, + (mlg11)(0l,, + m},®n|o><1|e2)<1|el] 10}, {00l

D. D. D. D.
+ (myzp, (Ol +mo2 (1, )11)a, (01 oy, + (Mg, (Ole, +mpzg, (1, )I1)a, (10044,

+ (10}, o, + 11, o, ) 10)a, (11a,a, - (61)

Using the explicit expression for the on-site fusion operators (42), this can be dramatically
simplified as (see Appendix E)

1
= ({0l +X4, (1la, )({O0le, +Z0, X0, 20, (11, ). (62)

Al Az

In Appendix E, we show that it satisfies associativity
A3 ./43

m Ag Az m . ./43 .A3 _ ./43 .Az
Mg o4, MaeA; = Ma,e4, A 04, (63)

m m

A A, A A A, A,

. . . A, .
The Hermitian conjugation of m A@A, 18

Al Az

1
_ §(|O>[1 + 20, X0, 20,1100, ) (10)a, + Xy 1), ), (64)

which is a co-multiplication that satisfies the co-associativity condition given by the Hermitian
conjugate of (63). Together, mfé oA, and its Hermitian conjugate give the explicit lattice real-
ization of the multiplication and co-multiplication for the algebra object. They satisfy all the
axioms of separable symmetric Frobenius algebras [15, 19, 82-84], which include the Frobe-
nius condition

A4 A

2 A A, A A
_ A " . " A )
ot _— (65)
2 A Ay A Ay

A A

(M4 00,) M a, =5, (m4i6) = mia s (m20)
A4, ) MAeA, Ao A, M A 04 AeA\MAsA,) >
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and the separability condition

B ) MAr04, (mA1®A2) =14. (66)

A

- .. . . A T A . .. .
The separability condition implies that (m Ao Az) M’ g4, 18 @ Projection operator. This fact
will be crucial in constructing a generalized Gauss law for the non-invertible gauging associ-
ated with algebra A.
Furthermore, there is a unit and co-unit of the algebra given by

uy =2|0),10),, and (uy)’ =2(0],(0|,. (67)
The unit and co-unit satisfy

A, A, A,

m _ m — -’42 — AZ —
A = A= Mprea,UA = Mpea,Ud, = La,,  (68)

Uy A, A, Uy A,

and the Hermitian conjugate of this relation, where 14, =1, ® 1,,.
There is one last axiom known as the symmetric condition

A A

= ) (69)
A* A

which involves the fusion of .4 with its dual A*:

e

A
/\ = (001, ¢, (00, ¢, Mgy + (01]a ¢, (O1]5 ¢, m}m* + (1, (1la, ® Mpep., (70)
A A

where e 4 is known as the evaluation morphism in the context of fusion categories. We have
used a;,£; and a,, ¢, to label the qubits for .A and .A* defects, respectively. The dual L* of a
defect £ is such that L& L* = 1@ - -- includes the trivial defect. In our case, each individual
defect inside A (that is, n and D) is self-dual and we will identify A with A*. Moreover, the
evaluation morphism is equal to

Uy
e A
/A\ ) K - (qu)TmA?®A2 = ((00|a1,a2 + <11|a1:32)((00|5112 _Zaz (11|€1:32) ’ (71)

A A* Ay A,

which can be verified using (42). The symmetric condition then follows from the above re-
lation and the previous conditions. Alternatively, the symmetric condition follows from the
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haploid condition [84], which states that the identity defect appears with multiplicity one
inside A=1®n®D.

Finally, as we show in Appendix E.3, the fusion operator (A/ )ﬁf oA, obeys a similar set of
axioms for Frobenius algebras.

3.2.2 Gauss’s law of A

The fusion operator (A )j? oA, satisfies a separability condition similar to its onsite counterpart
in (66):

.A2 AZ
Ay A, _ . JyA VA T_
Sl R o EDU N €2 oW (0 o S I )
-1 G |j+r =1 G |j+1
Az 'AZ

Gauss’s law operator at site j is defined in terms of the fusion operator as

./41 "42
A, A Tr . i A PNt (A ToA j
P, = 74_*._._,:(@1)“4?@“42) ((7‘]),4?@»42):(AA)T(mm@Az) My ea, 20 (73)
il g i

Al A2

Separability (72) guarantees that P; is a projection operator sz = P;. Note that Gauss’s law
operators at different sites commute with each other, i.e., P;P; = Py P;. Imposing Gauss’s law
amounts to setting P; = 1 at every site.

Using (59) and (62), the Gauss law operator can be simplified as

1+H, X, ,X 1-X.v, .Y, Z
fj_ a aj+% j Zj Z}.+% a,

1
Jt3

Nl

. .
P =

; 5 . (74)

To emphasize the difference between the original spin and gauge degrees of freedom, we
rename the operators acting on the £-qubits and a-qubits by o and 7 Pauli operators as:

X Z X Z
o =H o =Y, T =—Z 7o=X . 5
=3 -1 -3 4y J 417 J e (75)
The Gauss law operator, in terms of these new variables, is
146,11+
J— — Z X Z e Z x X Z .
P; = 2 T gj_% TJ—IGJ_%TJ’ g; oj_% (TJX])GJ,+% (76)

Note that all G 3 and g].,_ 1 commute with each another. Setting P;= 1 enforces (]j_ 1= g = 1
at every j. The two qubits, acted by the o and 7 operators can be viewed as the “gauge fields”
for gauging A.
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3.2.3 Symmetric operators of Rep(Dg)

Thus far, our discussion of the movement operators, fusion operators, and Gauss’s law for the
non-invertible symmetry is independent of the choice of the Hamiltonian. Here we identify
all the Rep(Dg)-symmetric local operators and write symmetric Hamiltonians in terms of such
operators. Following the terminology of [85,86], we refer to the algebra of all local symmetric
operators as the bond algebra of Rep(Dsg).

We first note that the bond algebra of the Zj x Z3 symmetry is generated by X; and Z;Z;,,
for all j. From (9), we then find the following list of Rep(Dg)-symmetric local operators:®

X

i ZiaZin(M+ X)), Zj2Zin(1+X;0X541),  Zj3Z3(1+ X5 0XiXj40),... (77)

It is straightforward to see that these operators form a complete basis of symmetric local op-
erators, in the sense that the bond algebra of Rep(Dg) is generated by

k k=1
Xj and (l—[ Zj—(k—zl)) (1 + l—[Xj—(k—l—Zl)) P (78)
=0 =0

for integer k > 1.
Therefore, any Rep(Dg)-symmetric Hamiltonian with range-four interactions has the form

H=ho ) Xj+h > 2 1Zj(L+X) +hy > Zi 0Zin(1+ XX+ (79)
j j ]

[3 2

where the terms in “--’ are more complicated functions of X;, Z; 1Z;,;(1 + X;), and
Zi_9Zj45(1+X;_1X;j41). Moreover, the coupling constant hg,hy,h, can, in general, depend
on j and break the lattice translation symmetry. In the following, we only study the effect of
gauging on the first three terms in the Hamiltonian above.

3.2.4 Coupling to dynamical “gauge fields” for .4

Next, we couple a symmetric Hamiltonian to the A gauge degrees of freedom introduced in
Section 3.2.2. As explained earlier, this process is equivalent to introducing A defects on all
links. The Hamiltonian for a single A defect was derived in (56), which involves two extra
qubits labeled by £ and a. Next, we repeat the same construction for every link and find the
Hamiltonian with an A defect on every link:

H=hy Y X;+hy » hyj+hy > hyj,
j j j

1—io® | 1+it¥o® |
hy =217 (1+X)| o J73 )t
1,j j—14j+1 J j—% 1/2 j+% 1/5 5
1—io* , 1+irj‘_1az_' 1 (80)
=3 J=3
hy:=Z: 5Z: . 5(1+X,_1X; o o¥
2,j j—2 ]+2( j—1 ]+1) ]_% 1/5 ]_% ﬁ
1— iojjJrl 1+ iTj-c+10'j+§ X
x o 20X 2(r¥ vy .
vz o gz

Here, we have expressed the Hamiltonian in terms of the new variables introduced in (75).
See Appendix C for more details.

°Note that Z;_1Z;41(1 — X;) transforms by a sign under D. Therefore, a bilinear formed by such terms
is a linear combination of the generators in (77). For instance, Z; ,Z;,,(1 — X;_;)(1 — X;,;) is equal to
2Z; 5701+ X1 Xj01) = Zj2 2500 (1 + X)) (A + X 4).
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To summarize, we have introduced a new qubit on every link (acted by a’i’ryfz) and a new
j*+3

qubit on every site (acted by 7’**) and couple them to the original Hamiltonian. These new
degrees of freedom can be interpreted as the “gauge fields” for gauging the non-invertible
symmetry .A. The introduction of these gauge field degrees of freedom gives an enlarged,
23L_dimensional Hilbert space H, on which the Hamiltonian H is defined. We further impose
Gauss’s law P; = 1, which enforces two conditions G 1= G; =1 for every j. This reduces the

final Hilbert space to Hgqyge, Which is 2L_dimensional.

By construction, every local term in the Hamiltonian H is gauge-invariant, i.e., it commutes

1
—+gl 12 +g} from Gauss’ law in (76):

with the projection operators P; =
hI,]/P]:PJ hI,j" (81)

However, while G; commutes with all the terms in the Hamiltonian H, the other operator G !
does not commute with h; ; and h, ;, for all j’. Instead, we have

G iy, = M99 ii=T
J__ J hl,j’ g]_% P if J 7é j/,

h, + G.
Giihy ;= Bl
72 hz,j/g'_

J

(82)
gj) lf]:]/:l:]-:

,  ifj#j 1.

NI= N

This is in sharp contrast with the gauging of an invertible symmetry, where the corresponding
unitary operators from Gauss’s law commute with every local term in the Hamiltonian (see, for
example, Appendix A.1). Because of (82), it is not possible to define a “gauge transformation”
implemented by Q]._ 1 that leaves the Hamiltonian invariant.

3.2.5 “Gauge fixing”

Here, we “solve” for the Gauss law constraints and rewrite the gauged theory as a model with
tensor product Hilbert space:

I. First, we identify a set of gauge-invariant operators
which commute with Gauss’s law operators in (76):

z X z b4 Xy . 2
b 1+(Tj_10'j_%Tj) 1+(oj_% TjX] O'j+%)

] 2 2

(84)

Note that X ; and Z ; form a complete basis of all gauge-invariant observables of the
gauged theory. They have the standard commutation relation of decoupled qubits and,
therefore, the gauged theory has a tensor product Hilbert space.

II. Next, we rewrite the Hamiltonian H of (80) in terms of these gauge invariant operators
using Gauss’s law constraints. In other words, we find the Hamiltonian Hg,4eq Such that

it satisfies
(l_[P ) Haauged (]_[P ) (85)

and is written in terms of the gauge invariant operators (83). Therefore, H and H. gauged
have the same action on gauge-invariant states |v) satisfying P;|vy) = [}).
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hi-term: We start with the h;-term in (80), which in terms of X; and Z; is

Z] 1Z]+1(]‘ +X )T] 1 ]+1( ;(

7 o 1 73 (86)

l\JI»—l

1—ioc® | 1+it¥o” |
=3 _x J J+§)

Multiplying this term from the right by P;P;,; and using (O'JZ X "L'}CX j O';_ X ) P; = P;, we obtain:
2 3
1+lO‘j ) 1—ia}”f X
b 32
Z] 1Z +1(1 +X )T] 1 .2;_’_1( ‘/z ‘/z T? 1 ]+1)P P]+1 (87)

=Z;1Z;1(1+X;)P;P;y; .

In the last equality, we have used the projector (1 +X ;) to set X ; = 1in the parentheses. The
h;-term becomes Z 1_12 i+1(1 +X i), and therefore does not change under gauging!

h,-term: The simplest term that does change under gauging is the h,-term in (80). In terms
of the gauge invariant operators, it is

~ x x 2
Zi0Zi4s (14X 1K) 02y, (00 0F)
1+i0* ,1—it¥ 0% | 1+i0* | 1—it} 0" (88)
( i~3 173 j+3 s j+%)0x

V2 V2 V2 V2

We again multiply this term on the right by P;_; P;Pj Pj,, to simplify it. We find

1-X;4

~ ~ ~ ~ ~ ~ 2
Zj—ZZj+2 (1 +Xj—1Xj+1) (O-Z,_§Xj_1XjO-;+l )

1+i0* , 1—ioc* XJ 11+i0* [ 1—io* 1Xj+1
e I s AR Pi_1P;P;1P 89
“| T2 V3 /z /2 bz (89)
. L 1+X,, 1-X,.
=7 975 (1+X;,X41) T+~ X | PiaaPiPaPiia,

where in the last line we have used the projector (1 +X j_lX j+1) and the P;’s. Therefore, the

h,-term after gauging becomes Z j—ZZ 21 +X j—1X ;
Putting everything together, the Hamiltonian of the gauged theory is

—Xj

- - - - - - - - - 1
Hgauged = ho ZX]' +h sz—lzj+1(1 +X;)+ hzzzj—22j+2(1 +X; 1 Xj1)X;) 2
j j j

(90)

By relabeling X ; i»Z;j as X;,Z;, we have arrived at the final expression of the gauged Hamil-
tonian on a 2'-dimensional tensor product Hilbert space Hgauge- The relabeling provides an

isomorphism between the original Hilbert space H and the final one Hgjge-

4 Gauging maps and generalizations

In the previous section, we described gauging A = 1®7®D of Rep(Dg) non-invertible symme-
try. Our gauging procedure is general and can be applied to any finite non-invertible symmetry.

Here, we describe the general gauging procedure using the gauging map.
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4.1 Gauging maps

Gauging a finite symmetry C, in general, can be described by a gauging map
G:H — Hgayge o1

between the Hilbert spaces before and after gauging. G maps local and C-symmetric Hamilto-
nians to local Hamiltonians in the sense that

GH = Hgaged G, (92)

where H and Hg,4eq denote the Hamiltonians before and after gauging, respectively. In certain
special cases (e.g., gauging Z, and A = 1@ n ® D), the Hilbert spaces Hg,yqe and H are
isomorphic and can be identified. However, this is not necessarily true in general.

The defining property of the gauging map is that it satisfies

G'G=A, (93)

where A is the non-invertible operator associated with the algebra object 4 that is being
gauged. For the case of gauging Z, and A=1&n@®Dwehave A=1+nand A=1+n+D,
respectively. Conversely, a non-invertible operator G that satisfies (93), and maps symmetric
local Hamiltonians to local Hamiltonians, implements the gauging of the algebra object A.
We note that the gauging map is not unique and has an ambiguity by composing it with a
local unitary transformation from the left. This is the same ambiguity as the one in identifying
Hgauge With H when they are isomorphic.

For the case of gauging Z,, the gauging map is described by the Kramers-Wannier operator
KW that indeed satisfies (KW)'"KW = 1 + 7 (see Appendix A.1). For the case of Rep(Dg),
the gauging map can be taken to be the cosine non-invertible operator L/, (or L3,/4) since it
satisfies

Ll Lya=1+0+D. (94)

/4
(See (17) and (19).) The action of this cosine symmetry on local operators is given in (54).
Indeed, it maps the Hamiltonian (51) into (53) (up to relabeling X N4 with X is 7)), thereby,
verifying our gauging procedure.

4.2 The general gauging procedure

Now, we summarize the general procedure applicable for gauging any algebra object A of a
finite non-invertible symmetry C.

1. Find an algebra object A, its fusion operator (1 )jj ® A, and unit u 4 satisfying the lattice

version of Frobenius algebra axioms:'°
(Associativity) (Separability)
"43 A3 ‘AZ AZ
(95)
= ‘Al -AZ —
j=21j—-1] j |j+1 j=21j=1] j 1j+1 =1 j lji+1 jolj+1
Al AZ ./43 Al ./42 A3 AZ AZ

1%We assume that the co-multiplication and co-unit are equal to the Hermitian conjugate of the multiplication
and unit, respectively.
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A A, A A, A A,

A =] A =] A (Frobenius conditions), (96)
=1l g 1+ =l g e =1l i+
Al A2 Al Az Al A2
(Unit axiom) (Unit axiom)
Ay A, Ay Ay
_ _ 97)
j=1] j |j+1 joli+1 j=1| j lj+1 j=1| j  j+1
u.Al ./42 Az Al u.Az 'Al
The axioms for the co-unit are the Hermitian conjugate of the axioms for the unit.
A A
A A
= (Symmetric condition), (98)
A A*
j j
A* A*
where - e
M) ou = , and (W)lgu= (99)
j=11 j lj+1 J=11 j lj+1
A A A A

are the ‘evaluation’ fusion operators of the algebra object .A given by the fusion operators
of the underlying non-invertible symmetry defects.'!

2. Construct (commuting) Gauss’s law operators

Ay A
A 1 ¥ A,
= = () 2 ) iy 72
P = - = (L ) O
=3 J+2 =3 J+2
FE IS
Aj*% A}-+%

The symmetric condition follows from the haploid condition [84], which states that the identity defect appears
with multiplicity one inside A=1&---.
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and the gauging map

e
>

ol—
ol
[N
NN
v

L L
= (]—[pj)@)u% =... (100)

j=1 j=1

L 1 2 3 4 5 6

where u Ay is the unit of the algebra. It follows from the associativity, Frobenius, and

separabﬂlty conditions that Gauss’s law operators P; are mutually commuting projection
operators. In the diagrammatic presentation above we have multiplied Gauss’s opera-

tors in the order [ [; qq P; [ [ even Ps-

3. Determine the action of the gauging map G on symmetric local operators and use it to
identify the gauged Hamiltonian Hg,,geq satisfying

GH = HgaugedG N and Hgaugede = Pngauged . (101)

At the level of local operator algebras, the gauging map can be identified as a homo-
morphism G : ./ — .@g,,4.q between the symmetric local operator algebra before and af-
ter gauging. The local operator algebra of the gauged theory .o/, qcq is the subalgebra of
& ® Hgauge fields that commute with Gauss’s operators P; subject to the equivalence relation
01~ 0y & Vj:O1P; = O,P;. In special cases, ./ and .,.50q can be identified through
a “gauge fixing” procedure such as the one in Section 3.2.5. As discussed in Section 3.1, the
gauging procedure includes coupling to dynamical gauge fields, imposing Gauss’s law con-
straint, and “gauge fixing”. These steps are implemented by the gauging map in one shot by
transforming the symmetric local operators directly.

Finally, let us check that (100) indeed satisfies (93). First, we find

L L L
. A
P A I =T

L 1 2 3 4 5 6

To simplify this expression, we need the following relation

A A A*
= , (103)
j j
which follows from the symmetric condition. Using (102) and (103), we find
N A A*
G'G=-.- .o=A. (104)
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Alternatively, by multiplying Gauss’s operators in a sequential order, we find

G'Gg=-- 5 A = e 5 A - =A. (105)

A
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A Gauging Z, symmetry using algebra objects

In this section, we gauge the Z, symmetry by first following the ordinary procedure in A.1 and
then using the language of algebra objects in A.3. Both methods give the same Gauss’s law
and the same gauged Hamiltonian. The second method treats the background gauge fields as
defects, as we review in A.2, and is generalizable to gauging fusion category symmetries.

A.1 Review of the ordinary gauging procedure and the Kramers-Wannier oper-
ator

We start with the transverse-field Ising Hamiltonian at a generic coupling h

H :—i(h—lzj_lzj +hX;). (A1)
=1

We want to gauge the Z, symmetry generated by n = ]_[JL.le i
In the first step, we add an extra qubit on each link (j — 1, j), corresponding to the Z,

gauge field, on which the Pauli operators 0;‘ , and a? , act. The gauged Hamiltonian is
-2 —3

L
o -1
A=->"(h 210%_,2) +hX;), (A2)
j=1
acting on an extended 22’ -dimensional Hilbert space. The extended system has a Zé symmetry

generated by the local operator

QJ=O'jC_%XJO';C+1, _]:1,,L (AB)

2
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This unitary operator G; commutes with every local term in the Hamiltonian H.
In the second step of the gauging, we project the extended Hilbert space onto states in-
variant under the Zé symmetry by imposing Gauss’s law

Gi=1, j=1,..,L, (A.4)

so that we return to a Hilbert space of dimension 2%. In particular, n = ] i g; = 1in the
gauged Hilbert space.
In the final step, we introduce gauge invariant operators

Xj—%EZj_lo-j_%Zj’ ZJ-_%EO';C_%, (AS)
and the effective Hamiltonian is
L
0 .. e
A= le (hZ, 12, +h7'%, ). (A6)
]:

Up to the relabeling X..1 =X, Z. 1 — Z., this is the same as the original Hamiltonian with
J+3 > Tty J

h replaced by h™!.

To summarize, the gauging maps the Z,-even operators as Xj Zj_% Zj +1
ZiZj f(j_%. By relabeling Xj+% - X, ZH% — Z;, this gauging map is implemented
by the Kramers-Wannier operator KW in the following sense:

and

However, this operator cannot be invertible on a closed periodic chain; otherwise
1 =TT, % = [T (KW) 2,1, Z,(KW) = (KW (T, Z51Z; ) (KW) = 1, which is a
contradiction. In fact, the non-invertible Kramers-Wannier operator is an MPO whose tensor
is given in (13). Any Hamiltonian H that is invariant under gauging the Z, symmetry enjoys
an enhanced non-invertible Kramers-Wannier symmetry KW’ = U KW for some local unitary
transformation U, i.e., H(IKW') = (KW’)H. The full enhanced algebra formed by KW is [6,7]

”2=1, n(KW)=((KW)n=KW, (KW)'=TKW)=KW)T,
(KW =1 +n)T,

where T is the lattice translation by one site.

(A.8)

A.2 Gauging in the language of defects

Here, we gauge the Z, symmetry in the language of defects following [56]. The gauging
procedure involves two steps: we sum over the insertion of all defects on links, and then we
impose Gauss’s law via a local projector constructed from the fusion operators. We will see that
this method gives the same gauged Hamiltonian and Gauss’s law as those from the ordinary
gauging procedure.

A.2.1 Z, defect

The insertion of a Z, defect for the generator 7 is described by modfiying the Hamiltonian
locally at link (0, 1):

-

Il
N

H%O’l) = — (h_lzj_lzj + hXj) + h_lzozl _hX1 : (A.9)

J
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This defect is topological as it can be moved by the unitary movement operator }Un =X; in the

sense that H,; U+ — AJ Hj, G=L.J )(AJ )~!. We represent this movement operator diagrammati-
cally as

M =X, = . (A.10)

7j—1 Jj j+1

Given two defects labeled by a, b = 1 or 1, we define a fusion operator (1 )ab to fuse them
into the product defect ab. It is a unitary operator satisfying the following deﬁnmg equation

L )gng(J Li);(,j+1) _ H(J,J+1)(7u)

(A.11)

a®b’

where H((IJ.;l’j %001 s the Hamiltonian with an a defect on link (j—1,j) and a b defect on
link (j, j + 1). This fusion operator can be diagrammatically represented as

ab
(M)egp = , abeZ,. (A.12)
ST i
a b
As an example, (Af)nm = X pair annihilates two adjacent 1 defects into a trivial defect
(N)mbn H%J;LJ');UJ+1) ((ﬂ)i}@n)— =H. (A.13)
This fusion operator can be diagrammatically represented as
——-——— - - -
W) ey =X; = (A.14)
EEEIREIETE
n n

A.2.2 Coupling to Z, gauge fields

Coupling to the dynamical gauge fields is equivalent to summing over the insertion of all
possible defects. First, we extend the Hilbert space H by adding a qubit on each link:

ﬁ = @ Hal;az;...;aL ~ @ O—WH 2 --- *40+O+CGL71 ! : (A.15)
A1,e,a1, €2y ay,..,a,€%, 1 2 3 L—-1 L 1

These new qubits represent the degrees of freedom for the Z, gauge fields. On this extended
22L_dimensional Hilbert space, the Hamiltonian that includes the insertion of a Z, defect at
every link is

I:I = Z Hal,az, ;a ® |a1>a2"'-JaL><a1>a2>'--’aL|1inkS

ay,as,...,a; €Zy

L
- _le (n'z10°, 2 +h;),
p

where the Pauli operators o ,,0%
j=3

(A.16)

[N}

, act on the qubit on the link j — % This reproduces the
-3
gauged Hamiltonian in (A.2). (Here and below we sometimes denote a link (j,j+ 1) as j + %
to shorten the expression.)
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A.2.3 Gauss’s law from defects

Following [56], we impose Gauss’s law via a unitary operator G;(g) that generates a local G
symmetry. This local unitary operator is constructed from the extended fusion operator, which
acts on the extended Hilbert space (A.15). We extend the fusion operator (A’ )ggb to

(Aj)ab _(l])a®b®(|1)(a|(j_1’j)® |Clb>(b|(]’]+1)) ® 1(]",]"+1)’ Cl,b GZz. (A17)
J#-Lj

Crucially, it commutes with the extended Hamiltonian H.
We then define the local unitary operator G;(g) (with g = 1, n) that creates a pair of defects
around site j as

ag” gb

Gig)= >, ((if)g;l@gb) Ay, = S ,a_.iibkfig)|ag_1,gb><a,b|j_%’j+%. (A.18)

a,bez, a,bez,

Rl
a b

This operator satisfies G;(g1)G;(g2) = G;(g182)- For the nontrivial Z, element 7, this local
unitary operator gives back the Gauss law operator (A.3) in the ordinary gauging procedure:

n n 1 1 1 n n 1
Gi(nm) = _ 1o+ Tt o+ T+ n
o T e
j_]'l J |j+1 j_l ] j+1 j_l ] |j+1 j_ll ] j+1
1 1 n n n 1 1 n
=X;(100)(11];_1 ;11 +111)(00];_3 ;3 +110)(01];_s ;.1 +[01)(10]; ;s ;1)
X X
o] 1onj+§'

(Here, we have added the dotted lines for the trivial defect for clarity.)
Finally, we define a projector by summing the Gauss law operator G;(g) over the Z, ele-
ments:

Zg(g) (1+o X507, ) (A.20)

g EZy +1

This projects to the subspace o X JG} ; =1lasin (A.4).
2 +3

A.3 Gauging in the language of algebra objects

Finally, we rewrite the gauging method of the previous section in the language of algebra
objects. This method can be generalized to gauge a fusion category symmetry C, in which the
sum of defects is replaced by the algebra object .A.
A.3.1 Lattice Frobenius algebra for gauging Z,

The sum over the insertion of defects and the projection operator P; can be conveniently pack-
aged in the language of the algebra object. The algebra object is the categorical generalization
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of the choice of a finite subgroup and the discrete torsion when gauging an invertible symme-
try. More specifically, the algebra object A associated with gauging a finite subgroup H C G is
a formal sum of defects associated with H, i.e., A = P ey &-

For gauging the Z, symmetry, the algebra object is A = 1 @& 1. The defect Hamiltonian for
A s

L

H®Y =H®0)(0], + HOD @ |1)(1], = —Z (h—lzj_lzj + hxj) —h2,2,Z, —hX;. (A.21)

j=2

The defect Hilbert space includes an extra qubit labeled by £ localized on link (0, 1). The state
|0), (which has Z, = +1) corresponds to the trivial defect 1 of A, while the state |1), (which
has Z, = —1) corresponds to the Z, defect 1 of A. A defect, which is a sum of two constituents,
is called non-simple.

Next, consider the Hamiltonian for two A’s on the same link:

Ui+ _ 0.+ (,j+1)
HA1®A2 =Hg '® |00)(OO|¢1@2 +H7)®1 ® |10><10|g1[2

4 gU+D)

j,j+1
G @101)(01g,, + Hog ™

U @ 11)(11];,q,

; (A.22)
=— > (17'Zj12; + hX;) K 202y, 2,2, — X, .
j=2

The insertion of two defects on the same link is unambiguous in this case because the symmetry
is on-site. More generally, this is unambiguous when the movement operators of two defects
commute with each other. In such cases, the defects Hamiltonian does not depend on the
order in which the two defects have moved to the same link starting from a far separated
configuration of the defects. We add a subscript i = 1,2 for the algebra object to distinguish
their associated qubits labeled by ¢; and ¢,.

This pair of A’s can be fused into a single copy of A by an onsite fusion operator mﬁj oA,
as follows

Ay G+ _ Hfi;jﬂ)mjfwz . (A.23)

M A 04,1 A @4,
Explicitly, the on-site fusion operator is given by

A 1 1 _
Mo, = E«)'fl + EXez(llel = (A.24)
Al AZ
More covariantly, if we label the output algebra object by Aj, this operator becomes'?
A
M leu, = (Hle, (Fley 1) e, + {—le, ey ey 5 (A.25)
Similarly, the Hermitian conjugate of mjj oA, is
) ._ - -

(Mea,) = 1), 1)y (Fle, + 120, =)o, (e, = (A.26)

12This expression makes it clear that this onsite fusion operator mj3 o4, [OT gauging a Z, symmetry is the X-
1 2
spider in ZX calculus [87]. Most of the conditions below then directly follow from the general rules in ZX calculus.
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The onsite fusion operator mjf A, and its Hermitian conjugate give the explicit lattice real-
ization of the multiplication and co-multiplication for the algebra object. It is straightforward
to check that they satisfy all the mathematical axioms. This includes the associativity (63), the
Forbenius relation (65), the separability condition (66), and (71) that ensures the symmetric
condition.

Two other important structures for an algebra object are the unit and the co-unit. For Z,,
they are given by

uy=v200),  (ug) =+v2(0,. (A.27)
The unit and co-unit satisfy (68) and the Hermitian conjugate of this relation, where 1 4, is
the identity matrix on the qubit £, (tensor multiplied by the identity matrix on the physical
qubits).
A.3.2 Gauss law from the algebra object

We can readily extend the discussion of the movement operator to this algebra object. This
non-simple defect is topological as it can be moved by a unitary movement operator A’,,

1-Z,

=|0)(0l; +X;]1)(1], = CNOT, :XJ.T, (A.28)
which moves the location of A by one site as
A HTY ) =G, (A.29)

The projector will be more directly written in terms of a fusion operator (A/ )j? oA, that
also moves the algebra object by one site, which is defined by

(J 1,j)0G.J+1) _ (JJ+1)
MY on, Hion =HY WY, - (A.30)

It can be diagrammatically represented as

A;

W) Eon, = 7 : (A.31)

i—1| 7 li+1
A A

which moves two defects to the same site and then performs the onsite fusion. Thus it can be
decomposed into

- j
W) o, = M on, Ma, (A.32)
Using (A.28) and (A.24), this fusion operator is
Py !
( )A1®A2 ﬁ(<0|el +Xle2(1|e1)- (A.33)

Similarly, it satisfies the separability condition as its onsite counterpart:

(7“),41@“42((7L )A1®A2) = %((Ohl +X1Xe2(1|el)(|0>zl +Xlez|1)z1) =14,, (A.34)

which is diagrammatically represented as in (72).

31


https://scipost.org
https://scipost.org/SciPostPhys.19.2.063

Scil Select SciPost Phys. 19, 063 (2025)

We now define the projector for the Gauss law:

Al -’42
P = et = (), ) (9, A35
i~ = (( )A1®A2 ( )A1®A2 : (A.35)
RS N e

A Ay

Indeed, it is a projector in the sense that sz = P;, which follows from (A.34). Explicitly, the
projector for gauging the Z, symmetry is

1

P, = E[|o)(o|€1 + 1) {1, + (10) (1, +1)(01¢,)X; X, | =

1+X,, X, Xy,

2 (A.36)

Imposing P; = 1 sets G; = X, X;X,, = 1. Relabeing X, , X, as o;‘ 1

=3

law G; = 0';‘ X jO';C+ , = 1 from the ordinary gauging procedure in (A.4).
-3

o{‘+ 1, We recover Gauss’s
jt3

2

B Cosine symmetry and Rep(Dg) defects

In this appendix, we derive the cosine non-invertible symmetry of (6) by gauging the Z, € O(2)
charge conjugation symmetry of the XXZ chain. We derive an expression for the non-invertible
defects as well as the operators. Finally, we identify the Rep(Dg) symmetry as a subcategory
of the cosine symmetry.

B.1 Cosine symmetry from gauging XXZ

We start with the XXZ chain Hamiltonian with even L
L
Hyxz = Z(Xij-H +Y;Yj 1 +AZ;Z544), (B.1)
j=1

which has an O(2) = Z}z( x U(1), symmetry generated by

L 7.

x=[]x;, and Uy=][e"7. (B.2)

L
]:1 j=1

Below, we find that the non-invertible cosine symmetry arises from this O(2) symmetry upon
gauging the Z‘g symmetry,

Gauging Z}zf is implemented by Kramers-Wannier (KW) gauging map that acts on Z, in-
variant operators as KW : X; w» Z; 1Z;,Z; 1Z; ~ X;_;, from which we find the gauged
Hamiltonian

Hygauged = 2 (Zj-1Zj21 — Zj1 X Zjsn + AX). (B.3)
j

This is related to the Hamiltonian (6) by conjugation with [ | iZj and setting hy = —A and
h; = 1. The U(1), symmetry of the XXZ chain does not commute with the charge conjuga-
tion symmetry and naively is gone after gauging since the charge Q = Zj Z;/2 is not gauge

13The XXZ model at A = 0, which is known as the XX model, has a rich family of non-invertible symmetries [ 79].
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invariant. However, the “cosine” operator ¢'?2 + ¢719< is gauge invariant, and one expects
it to remain as a (non-invertible) symmetry of the gauged theory. Note that since Q is not
gauge invariant, we have to clarify what is meant by the expression e!?< 47192 in the gauged
theory. We will see that a more precise expression for the cosine operator is HT"(eleQ +e710Q),
— ; ; X : 14
where n =[] i Xjis the dual Z, symmetry upon gauging Z; and Q is a new charge operator.

We start by adding a single dynamical Z§ gauge field, which is a qubit labeled by ¢, to the
XXZ Hamiltonian on link (L, 1). For simplicity, we set A = 0. Adding a dynamical gauge field
is the same as inserting a 1 @ X defect, which corresponds to the defect Hamiltonian

-1
L1
(Hxxz)(l@x) = Z(Xij+1 +Y;Yj ) + X X0+ 2,V Y. (B.4)
=1

Gauging is implemented by first doing the unitary transformation [7, Section 2.3.1]

X;—>Zj4Z; (forj#1), Z;—>XXXj1 XL,

KWiex @ B.5
X X e ZyZ1Zy, Zy = X1 Xy Xy, (8->

which leads to the Hamiltonian
gauged —Z( 1 Zjy1 —ZjaXjZip) + 2021 1 2 (V=X )+ 24 Z, Z5(1 — X)) (B.6)

Next, we impose the Gauss law Z, = 1. (Since we started with a single dynamical gauge field,
there is only a single Gauss law.) Indeed, by setting Z, = 1 in (B.6) we find (B.3) for A = 0.
Violation of Gauss’s law corresponds to inserting a defect for the dual Z;’ symmetry. Thus, the
Hamiltonian (B.6) can be interpreted as the Hamiltonian of the gauged theory coupled to a
dynamical Zg gauge field, i.e., H gauged = (Hgauged)(lié,}])'

The idea is to apply (B.5) to the U(1), symmetry and find its image in the gauged theory.
Note that Q = %Z jZj is not a symmetry of (B.4) in the presence of a dynamical Z, gauge
field and needs to be modified. The modified conserved charge is

1+ 27,

Qrex =———(Z1+Zy+...+ Z}), (B.7)

which commutes with (B.4).'®> Under the unitary transformation (B.5), this conserved charge

becomes 1+
~ n
Q=

X 2L
:—ZZX1X2"'X
2 =

which commutes with (B.6). Note that X; obeys periodic boundary condition X, ; = X;.

— X +X+ X X+ X Xy X )
(B.8)

Having found the expression for the conserved charge Q = ijil g, we conjugate the
Hamiltonian (B.6) by a truncated symmetry operator,

L . X
e~ 10(@1+d2+..+3)) . for CNIj — EKXIXZ X (B.9)

“The dual Z symmetry is generated by ]_[jle ; as defined in (15). Even though it takes the same expression as
the operator X, we use two different symbols to distinguish them as they are viewed as symmetries of two different
Hamiltonians.

“Note that we can rewrite the modified charge as Qigx = 3 Z) 1Z; if we use the boundary condition
Zi =Z,Z;.
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The conjugation modifies the Hamiltonian around site 1 and around site j and creates a pair of
defects associated with the conserved charge at these two locations. This is the lattice analog
of the generalized Noether procedure described in [54]. Doing the conjugation, and focusing
around link (L, 1), we find

A Z 0 Z (A=X, )+ ez, 7, 2 (1=X)) + 2,2, Z5(1—X1) + Z1Z3(1—X5) +... (B.10)

Now that we have found the local expression for the defect around a site, we can insert a
single defect on a periodic chain at link (J,J + 1) for the non-invertible cosine symmetry:

JJ+1 —
(Hgauged)(g M= sz—lzj+l(1 —X))+e %z, 7, 12, (1=X))+ ZyZyZ515(1—X;11). (B.11)
2
Note that this is a deformation of the 1 & 1 defect at 6 = 0. Indeed, this defect is topological,
A X 1-Z . a X
and its movement operator is given by CNOT ; elf7 = (x j)% elf7
_Finally, to connect with the convention used in the main text, we conjugate the system by
% I1 jZ; and find the defect Hamiltonian

Hé“ﬂ) = sz—lzj+1(1 + X)) +e 22y 12y (L4 X)) + 202, 25,5(1+ X p41),  (B.12)
i#
with the movement operator
. 1-Z, .~ Y . n Y
A =(=X;)7 % = CNOT, ;7,97 . (B.13)

T

We note that the Rep(Dg) defect D in (25) is a special case of the cosine defect for 6 = 7.

B.2 MPO for the cosine symmetry

Since the movement operator only acts on a single physical site, it can be identified as an
MPO tensor Ué = AJQ and leads to the following MPO presentation of the cosine non-invertible
operator

Lo ="Tr, (UL --- U2U}) . (B.14)

We simplify the expression above to

1-Z, 1-Z, .
Lo =Try ((—XL)TZ ...(_Xl)Te eleYzQ)

_ (B.15)
=Tr, (Tl# eiQYKQ) = 1%n (e1Q +719Q)
2 J
where 1
Q == 5(1 —X1 +X1X2 —X1X2X3 +... —X1X2 . 'XL_]_) . (B.16)
The expression (B.15) makes the following cosine-like fusion relations manifest
Lg Lel = L9+9/ + L9_9/ N (LQ)T = L_@ = L@ ’ L9+2n = Lg . (B17)

B.3 Action on local operators

The action of the non-invertible operator Ly on local operators can be computed by sequen-
tially acting with the unitary operators IUJQ given in (18). This sequential action terminates
after a finite number of steps if the local operators commute with L,,.'¢

1®More generally, a non-invertible symmetry operator S has a ‘nice’ action on a local operator 0; if O; commutes
with STS. By a nice action, we mean a commutation relation such as SO; = OJ’. S where O]f is a local operator.
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For instance, using the MPO presentation (18), the cosine operator L4 acts on some of
the local operators as

i,
UTE/4' X]'_)X]?
JH1lpqi j=1,
UTL’/4U7I/4UTE/4' ZJ_1Z]+1(1 +X])'—)ZJ_1Z]+1(1 +X]), (B.18)

j42 e r—lp—2 il
UL U UL U U 20 Zi0(1+ XX ) = 25 Z50(X) T2 (14 X1 Xj40).

C More on the defect Hamiltonians and gauge fields

In Section 3, we gave a general algorithm on how to gauge the algebra object A=1®&n & D
for any Rep(Dg) symmetric Hamiltonian and applied it to the hy and h; terms of the following
Hamiltonian in (79) as an illustration:

H=hy» X;+hy .2 1 Zim(L+X) +hy D Zi 071+ X, X)), (C1)
j j j

However, these two terms turn out to be invariant under gauging A. In this appendix, we apply
the same algorithm to the h, term and find that it transforms nontrivially under gauging .A.
The Hamiltonian (C.1) is the simplest Rep(Dg) symmetric term that transforms under gauging.

C.1 Defect Hamiltonian of D

We first derive the Hamiltonian for the non-invertible defect D for the h, term following the
algorithm in Section 2.3. As discussed there, on an infinite chain, the Hamiltonian with a
defect inserted at link (J,J + 1) is obtained from the one without by Hg I — U%J H (UEJ ),

where U;J is the defect creation homomorphism (22) and AJD = CNOT, ;H, is the movement
operator defined in (20).
Applying the transformation (24) to the Rep(Dg) symmetric local operators in (77), we
find
Z; 1Zj 1 (1+X;) > Z; 1 Z;1(1+X)),
U o Z; 02500+ X)) = X0 Z; 1 Z54(1+ X)), (C.2)
ZyZyo(V+X541) = 242y Zy12(1+X541),
for j#J,J+1, and

Zi 9Zio(1+X;5X;) > Zi_5Z; (1 +X;_5X;),
Zy 3251+ X5 0X5) > X Zy 3251 (1+ X5 5X,),
Us' 2y 02500+ X51X500) = ZyZy 0 Zy0 Xy + Xy11) (C.3)
Zy 1 Zy3(V+X5X542) = X Zy 1253(X; + X542,
212541+ X51X543) = ZyZ; 254 4(1+ X5 11X 5 43),
forj#J—1,J,J+1,J +2.
Applying these transformations to the Hamiltonian (C.1), we find the defect Hamiltonian:

J,J+1
HY ):hOZXj+h1 Z Zi 1Zip1(1+X;)+hy Z Zj 2Zj42(1+X;1Xj11)
j JEIJ+1 JAI-LJJ+1,0+2
X Zy 12y (V4 X)) +MZZ5Z515(1 +X541)

+ hz(XeZJ—?,ZJH(l + Xy o X))+ Z4Zy 57250 0(X g1 +X541)

+ X2y 123Xy +Xj40) + 202525 ,4(1 +XJ+1XJ+3)) . (C.4)
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C.2 Coupling to A gauge fields

Using (57), we find the Hamiltonian with a single A = 1 & 1 @ D defect at link (J,J + 1)
including the h, term:

JJ+1
HYD =, ZX thy D0 ZiaZim(L+X)+hy D> ZiaZp(1+ X 1Xjh)
JEIJ+1 JEI-1,J,J+1,J+2

h, ((—iYe)TaZeZJ—lzJH(l +X5)+ 2 Z;Z;,5(1 +XJ+1))

+h2(( lYZ) 7 “ZyZy 3 Z; (14 Xy 0X)) + (X, 1) ZZZJ 2Zyo(1+X;1X;511)

17
+ (1Y X)) 7 ZyZy 1 Zyy3s(V+ XX 42) + 225 Z544(1 +XJ+1XJ+3))- (C.5)
Using the variables introduced in (75), this defect Hamiltonian is equal to
JJ+1
HY ) = hOZX thy D0 ZiZin (LX) +hy D0 ZiaZpn(1+ X 1Xj)
JETJ+1 JAI—1J J+1,0+2
1+m'j0j 1 1_i0j+1
+h, 0% (—zz_z 1+X)+——27,7,,,(1+X )
19,1 73 1-1Z541( J) 73 1Z542( 7+1)
1+it5o® , 1—io* ek
+hyo* (#z 24X, 0X)) (X, VT2, 02, s+ X)X, )
2051 73 J—32J+1 J—2%J 72 J—1 J—22J+2 J—147+1
1+lfj‘ Jz+1 Lo 1—10}+
+————2X,)) 7 Z; 12530+ XX 00)+ ———27,7;. (1 + X; 1 X )). (C.6)
73 J J—1247+3 JXJ42 NG JLJ+4 J+1AT+3

Repeating the same algorithm on every link, we find the Hamiltonian coupled to the A gauge
fields:

1+7, , 1-2, |
~ j+5 jt+3
H=hOZXj+hlz Zp (U4 XD2 | =2+ X
J J

2 J+% 2
1+7, | 1-7, |
2, )
+hZsz Zi (1 +X;_ 1XJ+1)(Ze]g)( byt TX[jéxj_l) (C.7)
1+Z , 12, , 147, , 1-2, ,
L VA #Ze X, —2Ze +—2x%, ..
2 bied 2 i+ 2 +3 2 +3
Finally, in terms of the variables in (75), it is
X Z
I 7+
2 V2 Jt3 V2

1—io? | 1+itio” |
A= hOZX +hIZZJ 1z]+1(1+x)(a - Eor 2
+h222j Zio(1+X; 10X (

2 . Z

. 1 lO'j+% . 1+lTj+10'j+% R
o’ .3 T 4T3
+z /2 j+s V2 J=17j

D Lattice F-symbols

In this appendix, we compute the lattice F-symbols and verify (44), (45), and (46). We proceed
by first computing the on-site F-symbols and then showing that they coincide with the lattice
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F-symbols.
The lattice F-symbols and the on-site F-symbols, respectively, are defined in (43) and (48);
we use the following relation to show that they are identical

N N

= N e FRVEICED ANV SRR

j=21j=11 j j+1 J=20j=11 j j+1
L M L M

Using (32), we write the lattice F-symbol relation (43) in terms of the on-site fusion operators
as

a®e b®c a®b’"a

() ge A AT (m Y50 A = D (FS ) (m)d g A% (I~ 2070 (D.2)
f

Multiplying this relation from the right by (A{;l)_l lg we find

(9 )2 M (TN g A A0 = > (FE, ) (m)E g A% AL (mI Y,
f
, ) ) ) ) ] (D.3)
A ) (mi)s o = A0 > (R (m)d g (DY
f

where in the second equality we have used (D.1). Multiplying the latter equality, from left, by
(Afi )~! we recover the one-site F-symobls relation (48).

To finish the argument, we need to show (D.1). As mentioned in Section 2.3, there are
phase ambiguities in our definitions of the movement operators. Below we show that (D.1) is

satisfied if we use the following phase convention for the movement operators:'”

Aé = CNOTM H,, lé = (_1)gegoX;:go+(j+1)ge ) (D.4)
The relation (D.1) is equivalent to

A G R G I

g®h “"g""h?
J i—1\D iVD j 4]
Ap (M )oep = (M)gep AgAD
j i—1\D i\D Joqj (D.5)
AD (m] )D®g = (mJ)D®g ADA']g ’

J (=118 — ()8 Y
Ay (m )D1®DZ =(m )D1®DZ Ap,Ap, >

where g = (g., g,) parametrizes Z3 x ZJ defects. The first three equations are easy to verify
using (42) and are compatible with (D.4). The last relation is equivalent to

igot+(i+1)ge i8et+(j+1)80 »j8ot+(i+1)ge
(_1)geg0XJJ_g (+1g (<00|eltz2+(11|elez)xﬁ (j+Dg Zg;g (U+Dge _ 06
((00|e1e2 + (11|z1e2)(Xe1)jg°+(j+l)ge(ze1)jge+(j+1)g°(CN0Tz1,j Hll)(CNOle,j Hez) ,

which is also straightforward to verify.

17Equation (D.1) is also satisfied if we had chosen A, to be —CNOT ; H,.
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D.1 On-site F-symbols

Here, we compute the on-site F-symbols in (48) that involve the on-site fusion operators (42).
For simplicity, here we take j to be odd.

Let us start with
D D

g _1 h
= zzh:x(g,h) . (D.7)

Dy D, D Dy D, Dy

We have labeled the defects as D, D,, D3, D so that the qubit localized on D; are denoted as
|0) (> |1) More explicitly, the F-symbol equation above is equivalent to

D g R
MD,0g MDyeD; = Z 2(g,h) mh®D3 Mp,eD, > (D.8)
where (see (42))
M3, og = (100 (0L, + (1) (1], )X {02,

he < hy
mh®D = (l0), <0|eg+|1)e(1|53)2l3Xe3

Here, we have parametrized Z x Z3 elements by g = (g, g,) such that n® = (1,0), n° = (0, 1),
1 =(1,1), and 1 = (0, 0). Using this parametrization, we have

(D.9)

g 8o 78e __ &e v 80
m}, op, = ({00l ,, (11|€1,€2)Xelzel_((oowz+(11|e1,e2)z€2XK2. (D.10)

Equation (D.8) reduces to
(10)¢(0le, +11)e(2le, ) X2 2 (00le, ¢, + (111g,,0,) X0 25
h (D.11)

€ he o
=—Zx(g,h)(|0> (Ol +11)¢(Lle,) Z;Xg® ({00lg, ¢, + (111¢,.0,) 25X,
he,h,

By replacing (e|,, with |e), and identifying |e), with |e), , we simplify the equation above
into

(9] e o e 0o he hO
x5 ngfzzf = Zx(g,h)X z (|oo),Z 0, F111), ) ({00l ¢, (11|€1’52)252X€2. (D.12)

hh

Using y(g,h) = (—1)8Mo*&he we further simplify the equation above into

ho+go »het+ge hetge v hot+ 8o
Lo g, = ZX g Zy; £ (100, ¢, +111)¢, ¢,) (001, ¢, + (111, ¢, )Z gX s 0.13)
25 )

=[00){00l¢, ¢, +11)(11]¢, ¢, +101)(01]¢, ¢, +110){10l, ¢, -

Thus, we have proven (D.7).
The next F-symbol relation is

/>\ =yx(g,h) /<\ My Mpen = % (8, M) MP gy Moo, (D.14)
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which using (42) and y(g,h) = (—1)8e*&_is equivalent to the following identity

ZEXEX 7l = (—1)8ehor8ohe xo e 78e xS0 (D.15)
The next non-trivial F-symbols relation is

h h

D, D, . h D,

D
mp ep,M

— — h
_X(g,h) 8®D2 _X(g’h)mD1®D2mel®g; (D16)

D, & D, D, & D,
which follows from
ho yhe 78y 80 _ ehotgohe ho rhe v 80 ~8e
({001, ¢, + (111¢, 1) X, 02, ZEX o = (—1)8eho*8he ({001, ¢, + (11, ¢,) X, °Z, X255 . (D.17)

The rest of the F-symbols are

D D D ghk ghk
gh_/D%\’ /X_g/h%\,/ﬁ_g/h%\,
D & h & h D € h D & h k & h k

D & h
(D.18)
h h h h
C hg/1<\ />g\1h "
B 2
D D & D D & & D D § D D
which in equations correspond to
D gh _ D D
MpeghMeen = Mpeh Mpeg >
D D __D gh
MeeD MheD = MgheD Megh >
ghk hk __ . _ghk gh
Mo ehk Mhek — Mghek Mgeh (D.19)
h Dy, _ _h hg™!
Mp oD, Mp,eg = Mhg-10g "D, D,
h §'h _ _n Dy
Mo og-1n MD,0D, — MDeD, MgeD, *
These relations are, respectively, equivalent to the following identities
go+ho ge+he _ gohe — ho he 8o 78e
Xgothozfe e (—1)8he = X 07/ XS0 Z5e
8ey8o Fhes o _ 78ethe 3 8otho r 1vgohe
ZEeX50Z, X0 = Z§ e x $o o (—1)8le |
(_1)go(he+ke)+hoke — (_1)(go+ho)ke+g0he ) (D.ZO)

ho he o e — ho 0)8e ho+ o he+ e
(<00|€1,€2 + <11|f1,€2)X€1 Z&sz Zfz - (_1)( reols (<OO|Z1’Z2 + <11|81’(2)X€1 ) Ze1 ‘ ’
o e+he go+ho ge+he —_ ho he 8ev 8o
(—1)%( )((00|¢1’,v,2 + (11|,3112)X€1 zj e = ((00|M2 + (11|€1,52)Xelzzlzelle )

Thus, we have verified all the F-symbol relations in (44), (45), and (46).

E More on the algebra objects

In this appendix, we discuss some of the calculations inlvoling the algebra objects.
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A
Ao A

We first give a simplified form of the on-site fusion operator (61). Using (42), this expression
is simplified to

E.1 On-site fusion operator m

A
2o, = ((0le, +X¢, 2, (11¢, ) 10),4000,,a, + ((0le, =X, Ze, (1le, ) 1), (01,

(E.1)
+ ((0le, +Xe,Z¢, (1, ) 11)a, (10044, + ((0le, =X, Z¢, (g, ) 10)a, (1114,
and leads to the final simplified form
A 1
Mo = E((o|al + X, (1o, )((0ly, + 2o, X0, 20, (111, ) - (E.2)

. A .
Multiplying mAf®A2 with (lO)al (0l,, + |1>a1<1|a2)(|0>(1<0|€2 + 1), (1|¢2) from the left, we
find 1
A
My o, = E((0|32 + X, Z, (1, ) ((Ole, + Zoy X0, Ze, (1, ) - (E.3)

E.2 The on-site Frobenius algebra axioms

Now we verify that (A, m,u) satisfies the axioms of Frobenius algebras. We begin with the
associativity condition (63), which is

AB AB _ .Ag A2
My ed,MA04; — MA04, A 0A, (E.4)

Using (62), it is equivalent to showing that
LHS = ((0|a1 +Xa3(1|a1)((0|[1 + Zasxggz,zs(uel)((maz +Xa3(1|a2)((0|£2 + zasxgszes(u,gz), (E.5)
is equal to
RHS = ({0l +Xq, (1la, )((0le, + Za,Xe, Ze, (1le, )((Olay +Xay (1la, )((Ole, + Za,Xe, Z, (1, ) - (E-6)
We begin by commuting the two middle terms in (E.5) and rewriting it as
LHS = ((0l,, +Xa, (1]a, ) ({Ola, +Xa; (1la, )((0le, + Za,Za, X, Ze, (1le, )((Ole, + ZayXe, Ze, (1, ) - (E.7)

Next, by exchanging the two (commuting) middle terms in (E.6) and noting that
({Ol,, +Xa, (112,)Xa, = ((Ola, + Xa, (1ls,)X,,, we rewrite it as

RHS = ((0l,, + X4, (11, )((0la, +Xa, (1la, ) (O, + Za,Xe, Ze, (1le, ) (O, + Zo,Xe, 22, (1), ) - (E-8)

The last two terms can be rewritten as

((0|e2 + 2., X0, 2, (1|ez)((0|el + 2., X0,24, <1|z1)
= ((001¢,¢, + ZayXe, Ze, (O1l¢,0, — Zay (111e,¢, + Zay Za, X, Ze, (1011, ) (E.9)

= ((0le, + Za, Za, Xe,Ze, (s, ) ({Ole, + Za, X, Ze, (11s, ) -

Using this relation, we verify that, indeed (E.7) is equal to (E.8).
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Now that we have verified the associativity condition (E.4), we use it to show the Frobenius
conditions (65). One of the Frobenius conditions can be rewritten as

m
= A : (m“43 )T m™ =ms (mA2 )T (E.10)
- ) : A1®A; Ay®@A; T T ARA, A®A, ) - :
m'
Az Ag Az .Ag

To show this equation, we note that the on-site fusion operator (62) satisfies the relation
Kon) =20 (mies)
(men,) =20 (Mies,) (E.11)
where T; is the transpose operation on qubits a; and £; that acts as

(al0)a, + Bl1)a, )" = a(0ly, +B(1ly,, and (alO)y, +BI1)y,)" = a0l +B(1l,, . (E.12)

One can check that the Frobenius condition (E.10) follows from acting with T; on both sides
of (E.4) and multiplying it from the left with Z, . The other Frobenius condition

AZ AS Az A3
m
A, N4 B )
— . 3 3 . 5 s
B D (M) Mien = Mies, (Mien) + (E13)
m'
A A

.. . A,y T _ A, T
follows from the Hermitian conjugate of (E.10) and (m Ao A3) =27, (m Ao -A3) .

E.3 The lattice Frobenius algebra axioms

Having shown that the on-site fusion operator mjf oA, satisfies the Frobenius algebra axioms,

here we show the axioms for the fusion operator (A/ )jf ®A, defined in (60). As we will see, it
suffices to show the special relation:

A2 AZ

B DN VT s, = W2 A, (B4

—2li-al i j—2lj=1l 7 j+1
Al Az Al Az

which is equivalent to
j .Ag —_ AZ ] J
AAzmAleaAz_mAl@AzAAlAAz' (E.15)

This readily follows from (D.5) by using A{L‘ = HZZa (HZZZ + 1_222 )\%) + %Aé. We can take
the Hermitian conjugate of the above to obtain

A tad  __ad Ad A +
(Mo, A, = A, A, (Mg 00" (E.16)

Next, we demonstrate that the algebra axioms for (A/ )jf oA, follows from those of mﬁf oA,
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Associativity relation: The associativity axiom for the fusion operator (A’ ):2? oA, is

_ = - _rr (AJ)A o, (AJ 1)A oA, — (AJ)A oA, AQII(AJ)A oA, (E.17)

_ _
j—ai—1lj lj+1 j—ai—1lj li+1
A Ay A A Ay A,

which using (60) is equivalent to

j =1 _ joai-1 j
mA2®A)\ A1®AA mA®AA A mA@AE,A (E.18)

Using (E.15) and the fact that A{L‘l AZ ! commutes with mjz © A, the above relation is simplified

Ay A A, As L . . .
into m et MA e, = MAes, M oA, which is the associativity relation (E.4) of the on-site

fusion operator.

Frobenius conditions: The first Frobenius condition is:

'Al A3 Al A3
_ ] i T
Ay =4, ((’V)A A ) W) aon, = Ve, ), (@ e, ), (E19)
ol g v =l i
AZ A3 Az A3

which using (60) is equivalent to
JoNt j j-1__A j—1
(Ay) (mA ®A, )’ mA oy M, = Aa, mA§®A , (A4 )] (m A 8A, )" (E.20)

Using (E.16) and the fact that 1{4 commutes with mj?’ ® Ay it can be simplified to the on-site
1

) (A )TAg_Ag(A2 )T
Frobenius condition in (E.10): (m Aods) Maea,

_ \ M A,04, \M A4, 0.4,
The second Frobenius condition

AZ A3 Az A3
.Ag = Az .
- - —- (E.21)
-1l g livr =l g e
"41 A3 "41 A3

()2,0) WY, =y (0, ) I,

is the Hermitian conjugate of (E.19).
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Seperability condition:

Az -A2
- - - —e—— o o - A A T
— . ] 2 ] 2 —_
Al |4 = bW (W) =1, (E.22)
o1 e St g i
Ag -A2

which is equivalent to the on-site separability condition (66) using Ai‘l (A{AI)T =1.

The unit and co-unit: The unit axioms on the lattice are:

A, Ay
} L ) »
= . (A])Aj®./42u-'41:]l-'42’ (EZB)
=1l g livr =1 G i
u.Al AZ AZ
and
Ay Ay
} L ) » j
— . ] J—
- L) u, = (E.24)
N IS A I I
./41 qu -Al

We take the Hermitian conjugate to obtain the co-unit axioms. Using the fact that
7L141u A, = uy, (which itself follows from (E.15) and the uniqueness of the on-
site unit), the unit and co-unit axioms are reduced to their on-site versions (68):

mY uy=m? u, =1
A1®.A2 'Al - .A2®.A1 Al - AZ.

Symmetric condition: Finally, the symmetric condition (98) follows from its on-site version
(69) and using (E.15).

E.4 A matrix algebra

Here, we identify an ordinary matrix algebra Mat(2,C) induced by the on-site fusion oper-

ator mjj oA, O1 the four-dimensional vector space (Ci ® C?. This also provides alternative

verifications of the special associativity condition in (E.15) and the on-site associativity (E.4).
To identify this algebra, we consider the following basis for Ci ® (C?

152|0>a|0>€; X Ez|1>a|0>€’ w52|1>a|1>€) X’lp 52|0>a|1>€’ (E.25)
and use the notation

mjj®Az|X>1®|y>2=|z>2 = X- V=2, for X,,Ze€ (L, 1,9, x¥).  (E26)
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. . . A 1
Using the above notation and recalling that mAfw‘z: E(<O|a1 +Xa, (1|a1) ((Ole1 +Z4,X0,20,(1 |€1)’
we find

Mo, | =11A2 po1-1=1, l-x=2x, Ly=v, 1-x¢=yy,
Mo, 1)1 = Coxl=g, xox=1, =3, xoxb =1,

Mg, ) ==Y, Ye2 Dol=vy,  Yex=—gy, Yey=1, Yoyp=—y,
A1®A2|X¢)1—Zazxzzzezi - 1=x¢, xyp-x=—, x-yY=yx, xy-xyp=-1.

(E.27)

We see that 1, y,, 3 in fact generate the rank-2 Clifford algebra, which is the same as
Mat(2,C). Since the latter is associative, this verifies the on-site associativity relation (E.4).
Finally, to Verify (E 15), we compute the action of the movement operator 7%4 on (E.25).

Using)L (—X) (ZEHZ) 2 in (59), we find

M(1)= 2, (210),00) ) =1
A(x) = 2, (211),/0) f)= (X7 (21a00) = = (2 +X0).
1 (E.28)
M) = M, (201),11)) = (%) 7 (201,14 ) = -5 (e =x50),
M) = 20,(210)al1)e ) = (=X
Using the notation above, (E.15) is equivalent to
AMX-V)=AMX)-A(Y), for X,Ye(l, x, Y, xy). (E.29)
ForY=1lor X =1,
AMX-1D)=AX)-A(1), and A(1-Y)=A(1)-A(D), (E.30)

are satisfied as A(1) = 1. It remains to show (E.29) for the generators of the Clifford algebra:
AP =3 (2 +x9) =1=202),
M) = (x —X) =1= ), (E.31)
A M) = 5(% + X9 ) (2 —X) = —X; 2 = Alx - ),

thus the special relation (E.15) is satisfied.
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