e SciPost Phys. 19, 066 (2025)

A perturbation theory for multi-time correlation functions
in open quantum systems

Piotr Szankowski

Institute of Physics, Polish Academy of Sciences,
al. Lotnikéw 32/46, PL 02-668 Warsaw, Poland

piotr.szankowski@ifpan.edu.pl

Abstract

Dynamical maps are the principal subject of the open system theory. Formally, the dy-
namical map of a given open quantum system is a density matrix transformation that
takes any initial state and sends it to the state at a later time. Physically, it encapsu-
lates the system’s evolution due to coupling with its environment. Hence, the theory
provides a flexible and accurate framework for computing expectation values of open
system observables. However, expectation values—or more generally, single-time cor-
relation functions—capture only the simplest aspects of a quantum system’s dynamics.
A complete characterization of the dynamics requires access to multi-time correlation
functions as well: phenomena like detailed balance, linear and non-linear response,
non-equilibrium transport in general, or even sequential measurements of system ob-
servables are all described in terms of multi-time correlations. For closed systems, such
correlations are well-defined, even though knowledge of the system’s state alone is insuf-
ficient to determine them fully. In contrast, the standard dynamical map formalism for
open systems does not account for multi-time correlations, as it is fundamentally limited
to describing state evolution. Here, we extend the scope of open quantum system the-
ory by developing a systematic perturbation theory for computing multi-time correlation
functions.
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1 Introduction

Consider a two-level system, q, coupled to a thermal bath, b, at inverse temperature f3. Initially,
the qubit and the bath are uncorrelated, and their subsequent dynamics are governed by a
simple Hamiltonian:

A A A A . Aqb AQ o A A
qu=1q®Hb+Aai®Vb, p?zong®pg=|12)(1z|®pg. (@)
Here, f);; indicates the equilibrium state, which, in the case of the bath b, is given by

_ﬁﬁb

N €
Pg=—"—"77> (2)
B try e_ﬁHb
the qubit’s initial state was set to one of the eigenstates of the z-component of the spin operator,
611£1,) = £|£1,), and for simplicity, we assume (V?) = tr(\A/bf)}’j) =0.

Physical intuition suggests that interactions with the bath should eventually drive the qubit
toward thermal equilibrium. Describing this process is a paradigmatic problem in open quan-

tum system theory. Using its methods, one should be able to derive the dynamical map A}

for the qubit state o] = trb(ﬁ?b) = A? ﬁg, which models—approximately yet accurately—the
dynamics of thermalization, Al ﬁg — ﬁ%.

Arguably, the most powerful tool for addressing such problems in open quantum system
theory is the renowned master equation method. It is based on the theorem proven by Gorini,
Kossakowski, Lindblad, and Sudarshan (GKLS) [1,2] which provides an elegant parametriza-
tion of a class of dynamical maps. These maps are typically defined as a solution to the master
equation—the namesake of the method—which takes the form

d tL

—A =LA, = A, =e'f. (3)
dt
The theorem asserts that the resulting map is physically viable provided its generator £ has
a well-defined and transparent structure—the GKLS form—composed of the so-called jump
operators. Mathematically, jump operators are largely unrestricted; nevertheless, their contri-
butions to the overall action of the map admit a clear physical interpretation.

The master equation method is applicable to the problem of thermalizing qubit in the
weak-coupling regime,

Al <1, 4
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where 7? is the bath correlation time. In this regime, the evolution is accurately described by
a special class of GKLS dynamical maps known as Davis map:

—it[AT+A(VP)S 0]+t LI Aq _ tL Aq (5)

ﬁ?ze p()_e po:

where the generator £? takes the GKLS form and is derived from the original qubit-bath Hamil-
tonian:

£9=—ih®(0)[(69)76%,e]+w’(0) (ég ° 51— %{(ag)"ag, .}) =wb(0)(6%e69—0), (6)

with the transition rate and the Lamb shift given by

o
wb(w):ZAzReJ tr[(eiﬁb(Hu)‘A/be—iﬁb(t+u))(eiﬁbt‘“/be—iﬁbt)ﬁ;;]e—iwudu
0
o0
b, A b, A .
=222 ReJ tr[e‘H uyb =it “Vbﬁg]e_“”“du, (7)
0
o0
b, A b A .
hb(w) = —212 Imf tlr[elH uybe—iH “Vbﬁ;’j]e_“‘)”du. (8)
0

For such a simple coupling, the generator of the dynamical map contains only a single jump
operator, 5.

The first rigorous derivation of a GKLS-type map from the unitary dynamics of a system
and its environment is attributed to E. B. Davies [3-7] (for a concise summary, see [8]). He
proved that, under the assumption of a finite bath correlation time, the dynamical map in
the weak-coupling limit—where the system—environment coupling strength A — O while the
evolution duration t — oo at a rate A~2—converges asymptotically to the Davies map. In this
limit, the generator is uniquely determined by the system—environment Hamiltonian and the
initial state of the environment, as exemplified in Eq. (6).

The intuitive expectation is that Davies’ result should extend beyond the weak-coupling
limit; it seems reasonable to presume that, under the right circumstances, the asymptotic
Davies map could serve as an approximation to the exact dynamical map even for finite values
of A and t. However, the weak-coupling limit itself does not provide rigorous justification for
this expectation. Nevertheless, it strongly suggests that the weakness of the coupling is the
key factor determining the accuracy of such an approximation.

The potential benefits of a reliable weak-but-finite coupling approximation justify relaxing
strict mathematical rigor, provided that it can be compensated for with robust physical rea-
soning. At present, the standard approach—widely accepted in textbooks—is the Born-Markov
approximation [9-12], which is built around the ansatz for the total density matrix:

PP~ pieph. ©)
A common justification for this approximation relies on the intuition that, for a sufficiently
weak coupling, the perturbations induced in the state of a “large” bath should be negligible
compared to their effect on the “small” open system. Alternatively, one can argue that any
small deviation from equilibrium in the bath, caused by interactions with the open system,
should naturally relax on a very fast timescale.

However, numerical studies [10] clearly demonstrate that, even when the Born-Markov
approximation to the dynamical map is accurate, the Born—-Markov ansatz remains a very poor
approximation to the actual state of the total system. This raises doubts about how the ansatz
should be interpreted. Some authors argue that it should never be used outside the specific
context of deriving the Davies master equation, yet it should not be discarded outright, as there
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are no better alternative routes to obtaining this approximation from first principles. Others
treat the ansatz as a genuine approximation that can be used to draw conclusions about the
total state of the system and its environment [13].

For now, we shall consider the Born—-Markov method, with which we obtained (5), as
a sound approximation. In Section 5, we will demonstrate an alternative derivation of the
Davies master equation that does not rely on—or even comment on—the form of the total
system-bath state.

Then, it is straightforward to show that the action of the Davies map will drive the qubit’s
initial state to one that coincides with the thermal equilibrium:

—BHI+AGL(VE))
— A e
e LN, = Cii=

1
2 tr e—BHAIFAGL(VD))

=f)%. (10)

In this case, the equilibrium state is proportional to the identity, as the energy levels of q are
degenerate (H? = 0).

A thermal bath is typically viewed as a complex system consisting of a large number of
interacting subsystems, each at thermal equilibrium with a common inverse temperature f3.
The intuitive expectation is that once an external system, such as q, thermalizes, it effectively
becomes another constituent subsystem of the bath.

If this physical picture holds—and there is little reason to doubt its general validity—then
the assimilated system g should have the capacity to act as a “vector” for the further “spread” of
thermalization. In other words, since g is now part of the bath, any other system that interacts
with the bath through direct coupling to g should equilibrate just as if it were interacting with
one of the bath’s original constituent subsystems.

Let s be such a system which is brought into contact with the bath by coupling to one of
the observables of q, say

r=frelt+i et +uresiel’, pL=piepl, (11)

where f)%b o< exp(—BHIP) is the thermal equilibrium state of qubit plus bath system. Assum-

ing weak coupling (ut? < 1), the state of s evolves according to the corresponding Davies
dynamical map,

P = o ItIH +u{o D)V 0] =it 3, h(@) [V (—w) V¥ (w),0] 4t X, Wq(w)(Vs(w)OVs(—w)—%{Vs(—w)Vs(w),°})ﬁ(S_J , (12)

where the jump operators are obtained from the frequency decomposition of the s-side cou-
pling, ,
V()= Y6 (H () — H(K) — o) Ik) (K VIK) (K| = (V*(~w))" (13)
k,k’

with respect to the renormalized energy levels of s,
H' k) : (B +pl{o) Vs —H(K)I)lk) = 0. (14)

For s to thermalize under these conditions, it is sufficient that the ratio between the tran-
sition rates w4(w) and wi(—w) in Eq. (12) obey the detailed balance [12],

— T ehw (15)

The positive coefficient ; determines the effective temperature of the equilibrium state asymp-
totically reached by s. Hence, if we believe the picture of spreading thermalization to be true,
we expect f3; to match the bath temperature f3.

4
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The transition rate is defined analogously to Eq. (7),

oo
2 if1bu o 2 gven s b o—ifTPu A A1 b AdbT =i
wi(w)=2u Ref tr [e “oI-(ohH1N)el’e™ “(61—(oc])11)®1 p% ]e “Udu. (16)
0
Hence, to compute it, we require the multi-time correlation function of an observable belonging
to the system g open to its environment b,

:7rqb A s17qb s17qb N 17qb
CHCILAGHR [ ("6 @ 1he ") (1051 @ 100 )00 ]
17)
iH9b (¢t — A A —if(¢,— A ~byaqb
=t1r[e1 (t2 tl)(O'g ® 10)e H" (2 tl)(O'g ® lb)p% ]

(The angle bracket notation convention will be explained in section 2.)

One would expect the theory of open systems to provide the means for deriving such cor-
relation functions. However, as indicated previously, the theory’s focus is on dynamical maps
that describe the time evolution of the initial state of an open system. Consequently, the tra-
ditional implementation of the dynamical map method can be used only to obtain single-time
correlation functions, i.e., expectation values of observables. Even when the correlations be-
tween system-only observables are of interest, the dynamical map is of little use in Eq. (17);
simply put, multi-time correlations are beyond the scope of the standard formulation of the
theory.

A common workaround for this problem is the quantum regression formula (QRF) [14—
16]. In this approach, it is assumed that a correlation function for an open system can be
approximated by modifying the form of an analogous correlation function for a closed system,
by replacing instances of unitary propagators with dynamical maps. Symbolically, the QRF
can be expressed as:

tr [eim\?e_im\}'ﬁﬁ] = tr[\?(e_iﬁt . eim)(\A/f)ﬁ)] &, tr[\A/etL(\A/'f)ﬁ)] . (18)

The motivation for this approximation is twofold: (i) it is the simplest generalization of the
closed system formula, in which the unitary state evolution is replaced with the closest anal-
ogous transformation available for open systems; (ii) in the weak coupling limit, this form
emerges asymptotically, with the dynamical maps identical to the Davies maps obtained in the
same limit for single-time correlators [17].

Applying the QRF to our problem, we can compute the correlation function and obtain the
following result:

QRF: (o3I (0") o ~ x| 61 (619 | = e OX, (19)

which then leads to transition rates:

wi(w) = 2u’Re ” e 2w (Ougioudy — M =wi(-w) (20)
@ImAEE T w02 twz YN
The resulting ratio of transition rates is unity, which does not technically violate the detailed
balance (15). However, it implies an effective temperature of 3, = 0, which is inconsistent
with the actual bath temperature 3. Therefore, if we were to trust the QRF method, we would
have to conclude that thermalization does not propagate, a result that contradicts our physical
intuition.

Since the method itself is postulated rather than derived from a robust, physically sound
principle, its veracity can only be judged by the results it produces. Fortunately, in this particu-
lar case, we are fairly confident that the obtained result is categorically incorrect (thermaliza-
tion is believed to be a robust process with few exceptions), so there is no real risk of mistaking
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this artifact of a flawed method for a genuine physical effect. However, the distinction might
not always be so clear-cut—without proper theoretical underpinnings, it is impossible to esti-
mate how much trust we should place in predictions made using the QRF method.

This example exposes an underappreciated blind spot in the theory of open quantum sys-
tems [18]: its reliance on the QRF for multi-time correlation functions is a significant weakness
that severely limits the scope of the theory. To address this issue, we derive in this paper a
comprehensive perturbation theory that supersedes the unreliable quantum regression formula
method.

In particular, QRF is recovered in the zeroth-order of the perturbation theory, and, as
demonstrated, the zeroth-order approximation fails to capture the propagation of thermaliza-
tion accurately. However, in the case of our example, even the first-order correction suffices
to recover the expected detailed balance (at least in the high-temperature regime, < 7°),

Perturbation
theory
(1%*-order)

wi(—w) - 1+Bw/2
wi(ew) ~ 1—PBw/2

1
=1+/3w+5/52w2+0(/33w3)me/5“’. (21)

The detailed derivation of the perturbation theory for multi-time correlations functions—
as well as its specific implementation in the example discussed here—is presented in what
follows. In Section 2, we provide the formal definition of the multi-time correlations (MTCs)
and we introduce the bi-trajectory formalism for quantum mechanics, which will prove espe-
cially useful in describing MTCs in open systems. Section 3 describes the temporal correlations
of bi-trajectories; we introduce moments and cumulants of bi-trajectory-dependent dynamical
variables and use them to define the hierarchy of correlation strength—the key concept in the
construction of our perturbation theory. In Section 4, we derive the quantum regression for-
mula (QRF) approximation as the zeroth-order perturbation. Section 5 follows with a discus-
sion of the analogue of the Born—-Markov approximation as it applies to the MTC perturbation
theory. Section 6 presents the explicit form of the first-order correction to the zeroth-order QRE
In Sec. 7, we return to the problem introduced above and apply the first-order perturbation
theory to restore detailed balance. Conclusions and final remarks are collected in Sec. 8

2 Multi-time correlation functions and bi-trajectories

2.1 Multi-time correlation (MTC)

The general multi-time correlation (MTC) function for the ordered sequence of n times and
observables
t,=(t,,...,t1), F,=(F,....,F), (22)

with t, = --- > t; 2 t, = 0 and each F; represented by the corresponding operator F ; in the
system’s Hilbert space H, under the initial t = O condition represented by a density matrix p,
is defined as:

Multi-time T
correlation < l_[ Fj(t;r) l_[ Fk(t;)>p = tr[T{ l_[ ﬁj(tj)}ﬁ T{ l_[ ﬁk(tk)} ] (23)
(MTC) jer+ kel- jer+ kel-

Here, the indices I, = {1,...,n} enumerating the times are distributed among sets I" and
I~ in such a way that It U I~ =I,,. Time-dependent operators F ;(t) indicate the Heisenberg
picture with respect to the unitary evolution operator describing the system’s dynamical law,

ﬁj(t) = eth ﬁ'] e_th, (24)

6
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and T{---} is the time-ordering operation, e.g., if t, > t;, then for any j, k one has

T{ﬁj(tz)ﬁk(tl)} = T{ﬁk(tl)ﬁj(tz)} = ﬁj(tz)ﬁk(tl)- (25)

Although the definition of MTC could, in principle, accommodate arbitrary operators F is

we shall consider only the case when all of them are hermitian, 13"]‘ = ﬁj , so that each operator
has valid spectral decomposition,

Boy= > felpfipeiio= 3" pU(f), (26)
feQ(F) fEQ(F))
such that . v v v
>1pH=1,  BIAE(F)=6:5B(f), 27)
feQ(F))

where Q(F;) contains all unique eigenvalues, F;P%i(f) = f PXi(f).

The restriction to proper hermitian observables does not curtail the generality of our con-
siderations because any non-hermitian operator A can always be decomposed into a combina-
tion of hermitian operators,

A

A+ AT

Ambotify: Bo="2

" \ )
=P,  FBp= =F

(28)

Therefore, MTC for non-hermitian operators can always be decomposed into a linear combi-
nation of MTCs for hermitian operators only.

2.2 Bi-trajectory formalism

Multi-time correlation functions are ostensibly dynamical quantities. As such, the formal de-
scription of MTCs in terms of the standard state-focused formulation of quantum mechanics—
which is tailored for describing ‘quantum statics’ (i.e., single-time MTCs, or simply, expectation
values of observables)—is a sub-optimal choice. Recently renewed interest in contexts extend-
ing beyond the standard quantum statics has stimulated development of powerful tools such
as process tensors (or quantum combs) [19-21], that can efficiently handle various multi-time
objects encountered in quantum mechanics. Here, our method of choice is the so-called bi-
trajectory formalism; it was developed previously in [22-27] and it is a natural fit for the
specific context of open system MTCs. The bi-trajectory theory is a reformulation of quan-
tum mechanics that shares some of its DNA with other trajectory-focused formalisms [28-30].
Moreover, a limited preliminary investigation [25] suggests a deeply rooted connection be-
tween bi-trajectory formalism and process tensors, albeit the full understanding of this poten-
tiality requires further study.

In bi-trajectory formalism, the dynamics of a collection of observables F,, given the initial
condition g, is described by a multi-time bi-probability distribution,

1

Bi-l?rol.)abi!ity f |Ig( £)i=tr [ T { l_[ f?if (fj+)} { l_[ P, (fk } ] . 29
j=n

distribution

Then, MTC is equivalent to a moment of bi-probability distribution,
([TreH [ Tre) = > ([T TR, (30)

jeI+ kel— ffeQ(F,) jeIt kel-

where we used the short-hand notation Q(F,)) = Q(F,) x --- x Q(F;) and f; =( fni, eer, fli) to
represent n-element sequences of observable eigenvalues.
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However, a multi-time bi-probability such as Qf"llg is not the fundamental object of the

formalism. Rather, it is a discrete-time restriction of a more general complex-valued master
distribution,

Master Bi-trajectory

Distribution Qln",n"1[Dn"][Dn7], (31)

on the space of pairs of whole trajectories,

Bitrajectory R, xS715(6,8) = (" (6, B (LN € (L., (32)

Here, d = dim H is the dimension of the system Hilbert space, t is time, and coordinates ¢ on
. . 2_ . . ; .
the (d? — 1)-dimensional hyper-sphere S¢ ~! parameterize unitary basis transformations,

1
¥ . d2-1
: . e T = exp (—1 Z ¢ Tg) (33)

d2—1 (=1

Ay
Il

¥

with {T, | £ =1,...,d?—1} the complete set of Hermitian generators of these transformations.

For closed quantum systems, the master distribution Q[n™,n~] is generated by the sys-
tem’s dynamical law exp(—iHt) [27], and it describes all possible histories of the system’s
observables. Specifically, the multi-time bi-probabilities—and thus, MTCs—are derived from
Q[n™,n~] as follows:

Qf:|'f F)—JJ f|'[’ f£r.f In*,n"1Qln",n~"1I[Dn"1[Dn"1, (34)

where the discrete-time filter function

n

n
anP e It 1= (0] 18w mrwendrsmn) (2] [8maw.epdrsom)

nt j=1 n; j=1 (35)
X (Zp(n0)6no,ﬂ+(f0,¢o)Sﬂo,ﬂf(fo,%)) ’
Mo

imposes constraints on the components of bi-trajectory n*(t, @) at the selected moments in
time t,, to and coordinates @,,, $,. These coordinates correspond to the choices of observables
F, and the initial condition, and their concrete value is determined by the solution of the
corresponding eigenproblem:

fn@i: (B—fm)e @ Ty =0,  p,@o: (p—p(mi)e 1707 |y = (36)

where {|n) | n =1,...,d} is an arbitrarily chosen reference orthonormal basis. Equivalently,
the correspondence can be expressed through the spectral decomposition of operators repre-
senting observables,

d - . d - -
Br=> fime Ty mle? T, p=>"pln)e T |n)(nle®. 37)
n=1 n=1

Admittedly, switching to bi-trajectory picture might seem an unnecessarily complex so-

lution to a relatively simple problem of computing MTCs in closed systems. However, once

the system is open to its environment, and the standard state-focused formalism ceases to be

practical, the formal description in terms of bi-trajectory becomes indispensable. The crucial

feature of this formulation, which we will rely on in our derivations, is that the bi-trajectory

(n*(t,8),n (t, $)) provides a systematic way to track temporal correlations between observ-
ables.
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2.3 Multi-time correlations in bi-trajectory formalism: Examples

Examples of physically relevant MTCs include the auto-correlation function Cf and the suscep-
tibility K¥ of an observable F, given by

Ciy, = tf({F(tz) E(t)} p)—tr (E(e)p) wr(E(t1)p)

E
=Retr[(F(t2)—tr B(t)p]) (F(e)—w[E(t)p]) £]
=Re(F(t;)F(t1)), — (F(t3)) o (F(t1))p (38a)

£ =0t — )3 w([R(E:), F()1p)

=0(t, — t)Imtr[(F(t) —w[F(t)p]) (F(t) —e[F(11)p]) 5]
= O(ty — t1) Im(F(t3)F(t])), (38b)

where {A,B} =AB + BA, [A,B] = AB —BA and ©(t) =1 if t > 0 or 0 otherwise.

These two-time functions play a crucial role in many physical contexts; here, we highlight
one significant example. When the initial state is thermal equilibrium, p = pg o< exp(—BH),
the auto-correlation function and susceptibility appear on opposite sides of the well-known
fluctuation—dissipation theorem [12,31,32]:

* 1—efe Oo
Im KFOe_“"tdt =\ 150 CFOe iotqe, (39
—0Q e —0o0

The very specific interplay between spectral decompositions of auto-correlation and suscep-
tibility is what causes the detailed balance relation (15) between the transition rates in the
thermalization process discussed in section 1 [12].

The expectation value of the observable F appearing in the auto-correlation function C is a
simple single-time MTC, which corresponds to the first moment of the associated bi-probability
distribution:

(F(eD)),, Zf;Qfl'g’(f;;f;) = fol—Qfl'g(f1+;f1—) = (F(t)), - (40)

Accordingly, the two-time MTC, which determines both Cf and K¥, is given by the second
moment:

(F(EF(E), Zf;fof'ﬁ,(f;,f;)=Zf2‘fof2'|’3(f§,f;)*=(F(tI)F(t;));;, (41)
6

and thus
Re(F(CF (), =5 DU F + F 5 )Rl (e 6, (42
5
Im{F(IF( ), = 5= > (55 57— 1 f3 JQLIB(ES £). 43)

N

3 Temporal correlations of bi-trajectory

A key concept for our derivation of the perturbation theory is the hierarchy of bi-trajectory
temporal correlation strength: the order of perturbation will be defined with respect to this
hierarchy.
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Consider the n-time MTC for certain sequence of timings t, and observables F,,,

(TTEEO ] TR, =2 (T 16 T 160)e e £). (44)

ielt+ kel— £ jeIt kel—

Assuming IT NI~ = @, we introduce the shorthand notation that focuses only on the temporal
arrangement of observables:

(TTEEH] TFee0), = (20 2). (45)

iel+ kel—

Hence, Z; = Fi(tii) depending on whetheri € It oriel .

For a sufficiently complex system, such as a thermal bath, it is expected on physical
grounds that temporal correlations between system observables—represented here by dynam-
ical variables Z;—have finite range. This characteristic time-scale on which dynamical vari-
ables become independent, is called the correlation time t. Here, we employ moments of
bi-probabilities (i.e., the MTCs) to define 7 for the system under consideration:

trp1—t>T
_—

Correlation time 7: (- Z, 1Z, ) (-« Zpi)(Zee). (46)

In words: If it is finite, the correlation time 7 is a time-scale on which the underlying bi-
trajectory decorrelates. Therefore, when we take any n-time moment of bi-probability distri-
bution, and we split its timings into two blocks, say (t,, ..., t,4+1) and (¢t,,..., t1), it factorizes
into (n—r + 1)- and r-time moments when the delay between blocks is greater than 7.

Moments such as (45) are just one way of characterizing a distribution. Although moments
are straightforward to calculate, they are inefficient for quantifying correlations of dynamical
variables. The reason is that moments are statistically reducible, meaning that a moment of
order n contains unique information about n-time correlations along with redundant informa-
tion about lower-order correlations found in other moments. If correlations are the focus, then
the standard practice is to employ quantities that are statistically irreducible—the cumulants.
Conventionally, cumulants ((Z,, - - Z;)) are defined using moments:

> 116z 2,0 (47)

PePart{n,...,1} px€P

Cumulants ((---)) :  (Z,,---Z;)

Here, the sum runs over elements P of the set of ordered partitions of index set {n,...,1},
Part{n,...,1}, e.g.,

Part{3,2,1} = { {(3,2,1)}, {(3,2), (1)}, {(3,1), ()}, {(2.1), (3)}, {(3), (), (L} }.

The subsequent product then runs over sequences px = (px,---,p1) € P, for example: if
P = {(3,1),(2)}, then we have P > p, = (3,1) with components p, = 3 and p; = 1, and
P > p; = (2) with a single component p; = 2.

One can iterate the definition (47) over n to express a cumulant of any order in terms of
moments; for example, the first three cumulants are given by:

(2:) =(21),
(2221)) = (2221) = (2,)(21),
(23222:)) = (Z32521) + 2(Z3)(Zo)(Z1) — (Z3)(Z221) — (Z3Z5)(Z1) — (Z321)(Zs) -
The original definition of the correlation time in terms of factorizing moments can be recast
in a more elegant and, ultimately, more useful form using cumulants,

fj—tk>T

Correlation time 7 :  ((---Z;---Z---)) —— 0. (48)

J
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This follows from irreducibility of cumulants: for a cumulant to be non-zero, every dynamical
variable Z, must be correlated with all other Z;’s, therefore, whenever any pair of variables
decorrelates for whatever reason, the cumulant vanishes.'

We can now combine moments with cumulants to define the hierarchy of correlation
strength between blocks of dynamical variables. We start by splitting the sequence of tim-
ings t,, into two blocks (t,,...,t,.;) and (¢t,,..., t1); then we take a n-time moment and using
the relation (47) we decompose it as follows:

(Zuw ZenZow 21 = (B 22y 20)

+ > DNl Z e 2o 2 2 2Z2)

j=r+lk=1

joj'=r+1kk'=1
Hierarchy of x (Z;ZN(Z ;0 Zy))
Correlation ) (49)
Strength :

n Z Z(Zi)<zj)«zn”'%"'%”'Zl»

i=r+1 j=1

+ D> 22 Z - 22)
i=1

+((Zy -+ Z1))

As the blocks of timings get delayed with respect to each other, ¢, ; —t,. — 7, the correlations
between the blocks degrade. The expectation is that the higher the order of the cumulant, the
faster its decay, because it involves larger number of variables from both blocks that decorrelate
simultaneously. Therefore, as the delay approaches the correlation time, the lowest-order
correction to completely independent blocks (and thus, factorized moments) consists of the
two-time cumulant terms:

tr1 =t 7T
—

(Zn"'Zr+1Zr"'Zl> (Zn"'Zr+1) (Zr"'Zl)

D0 DNl Z o 22 K Z0(220)

j=r+lk=1

(50)

In what follows we will not be considering correction of order higher than the second
cumulant. We can then adopt a convenient specialized notation:

(oo Zyo Yoo Zgoe) e (o Z o) ZL W22 (51)

This Wick-type notation convention becomes necessary in the case when dynamical variables
are non-commuting operators rather than numbers, and thus, the placement of variables in
their respective blocks has to be preserved.

!We warn against misconstruing short correlation time with “short memory”, or any other notion of Marko-
vianity encountered in the literature. In general, the correlation’s range is largely independent of Markovianity.
Helpful rule of thumb is to think of Markovianity as a characterization of the underlying dynamical laws (e.g.,
are the governing equations of motion local in time?) and correlation functions (or cumulants) as describing reg-
ularities in the process realizations (e.g., given the process at t = 0, how long one has to wait for the process
recurrence?). Classic example illustrating the difference is a deterministic processes describing planet orbiting its
star: the process representing the planet’s position is Markovian (‘have no memory’) since the generating dynam-
ical equations are time-local, and, simultaneously, the correlation time is infinitely long because, due to orbital
motion, correlation functions for planet’s position exhibit oscillatory behavior.
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4 Quantum regression formula as the zeroth-order perturbation

Let us consider a generic case of a quantum system s interacting with its environment e,

Ae=myeic+iteA+1> Viel:
a
— IS e de LS re 7S o L
=el+lea+1) Viek,, (52)
a

DYoo= 5@ 55, (53)
where A is the overall interaction strength and we have introduced the renormalized system
Hamiltonian and environment couplings:

A=A+ 2D a(Vepe) Vs, B, =V —u(Vepg)ie. (54)
a

For simplicity, we also assume stationary initial state of e, [H®, b5l =0.

Formally, the dynamical properties of the total system are described by the master distri-
bution Q*¢ of s and e bi-trajectories that is generated by the dynamical law of the composite
system exp(—itH*¢). However, if only the system s is of interests, only the distribution of
(n*,n7) is required, which can be obtained using the law of total measure [27]:

Q[n*n 1= JJ Q" [n*,n~ | e*,e71Q°[ &%, e 1[De*][De]. (55)

Here, the conditional distribution Q*'® is determined by H*® and the form of the system-
-environment coupling and, crucially, Q° is the master distribution for bi-trajectory of free
environment, i.e., Q¢ is generated by the dynamical law of e alone, exp(—itH¢).

In particular, our goal is to compute MTCs for sequence of s-only observables F), such
that each F Js is represented by operator of form F ; ® 1¢. These correlation functions are equal
to moments of the multi-time bi-probability distributions which are, in turn, obtained from
the reduced master distribution Q°; the explicit form of those bi-probabilities is derived in
appendix A (see also [24,27]), and it reads:

1 G
Open System F |p* . —iA [,] Z,du\¢ g
Bi-probability Qelo (n-fu) =155 ( !:!Pf Te MY ], (56)

where we have introduced:

1. The super-operator dynamical variable dependent on the environment bi-trajectory,

Dynamical

Variable 2t = D> (ealeDVE() 0= V3 ()ea())8 et o030 em (.3 (57)
a gi

with the basis transformation coordinates @, determined as the solution to the eigen-
problem for the corresponding operator in e,

o> Py - (Ea — ea(s)i) e 1PaT* le) =0, (58)

equivalently, @, and e, are such that

£o= Y eale)e BT o) el (59)

&

The interaction picture of operators in s is defined with respect to the renormalized
system Hamiltonian,

5(0) = e pseif — cit(H+2 2 tr[V:,ﬁS]V;,)V; GRS WA ) BT
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2. The ‘bi-average’ over the environmental bi-trajectory,

Bi'average JJ( Zp (80)680,€+(0,(p0)5€0,€ (0,@0))Q [ 8_][D£+:|[D£_],
. (61)
with p¢ and @, defined by (¢ — p*(e))exp(—i@, - T¢)|e) = 0, or

= > pt(e)e P ) el T (62)
&€

3. The shorthand notation for the interspersing ‘interventions’,

5F oy o B
P'::Ptj(fj ).Ptj(fj)

Intervention (63)

- (eiﬁstj o e—iﬁstj)(lsF;(fj+) .ﬁF;(fj_))(e—iHSrj o eu%rstj)'

Then, the quantum regression formula approximation is recovered by neglecting any tem-
poral correlations of bi-trajectory (¢*, ™) between the time-segments separated by interven-
tions: First, we expand the time-ordered exp—the propagators—into series,

. oo t Uy
Propagator Te o Zudu = Z(—il)kf duy -+ f du, 2, -+ 2, (64)
k=0 t/ t/

resulting in the bi-probability decomposed into a combination of moments of dynamical vari-
ables Z,

n 1

B 0% e °] (&) ty uy ty uy
nlp fi.£)= Z Z (— i)\)k"J duzn---f du’f)---((—il)klj dui1 f du%)
k,=0 k=0 th1 th1 to to

xtr, [((PaZyg - Zg) -+ (PaZig - 22) (P12, -+ 2.)) 3 ). (65)

Q
-
3 3
o
~

Afterwards, we apply to each of those moments the decomposition (49) into blocks consist-

ing of timings (u;{}, ...,u’) between pairs of interventions P; and Pj_;, while neglecting all
J

cumulants; the result reads

1 oo
i @ [([ront| o[ antz, 2]

Jjn k=0 Af iy (66)
[( Pi(Te " u>)‘65:|

j=n

—.

Since we have neglected every cumulant, this is the zeroth-order approximation with re-
spect to the hierarchy of correlations strength. Moreover, this approximation is consistent with
the weak-coupling regime, A7® < 1, where 7° is the correlation time of environment. To show
this we need to estimate the order of magnitude of first-order perturbation (with respect to
the hierarchy of correlation strength) due to bi-trajectory correlations connecting dynamical
variables across the interventions; such a perturbation originate from the terms of the form

j -1

u,

ur+1 r’+1

..)eij;LZ Jdqu‘ Jdui/_l(zi ...éj...gjyp.(ZH "'éjfl"'Zj71>e7D'_1<"',

ukj u, up J u

fj tj—l
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with the cumulant of the two super-operator dynamical variables that evaluates to:

cZy 2y = > ((BayEa, ) e -+ (V2 (ug)e) -+ (V5 (uy)e) -
+ (B, () )Ea, (u)) pe -+ (0V, (2)) -+ oV (1)) -+ -

By ) Ey () pe -+ (03 (uz)e) -+ (o0 (1)) -+

o (Eay (4 ) () pe -+ (8V5 (115)) -+ (V3 (u1)@) -+ ).
Assuming long delay between interventions, t; —t;_; > t¢, and given that cumulants have
finite range 7°, the first-order perturbation roughly scales as

J j—=1
u
r/+1

ur+l . .
AZJ dulrf duﬂr,1---Zu1r~---73j---zu,~/_1--- ~ (A7), (68)
tj tia r

Hence, the subsequent orders of the perturbation theory can be considered as ‘small cor-
rections’ to the zeroth-order QRE only if the system—environment coupling is weak. In other
words, the weak-coupling regime A7® < 1 is a necessary condition for the QRF to be a valid
approximation.

5 Born-Markov approximation to propagators

The zeroth-order of the proposed MTC perturbation theory neglects all temporal correlations
of the environmental bi-trajectory that would reach across the interventions and connect prop-
agators operating in between them. Higher-order terms in the perturbation series would then
incorporate such connections, increasing in number and complexity as the series descends the
hierarchy of correlation strength.

However, the temporal bi-trajectory correlations are also present within the intervals in
between interventions, where they connect dynamical variables residing inside propagators
themselves:

& Uy
—i ' u\e — . r
(Te Aoy 2ud ) :Z(—m)anun.-. duy(Z, -+ 2, )
"= J
J Uy
o [ — — [ ]

= (=ia)" f du, - - dul((Zun Zy o Zu 2 Zu, )
n=0 J
tig tjfl

— — ]

+(Zy By By By By Bu)

+ «zun---zul»).

Note that the first-order cumulants are not present because (Z,)* o< (E(u™")) ,e = 0.
Therefore, the propagators can also be approximated with a perturbation theory based
on bi-trajectory correlations. However, since there are no interventions dividing dynamical
variables into blocks that could be then connected with increasingly weaker correlations, the
theory appropriate for propagators should follow a principle other than the correlation strength
hierarchy. On the other hand, regardless the form of the perturbation theory we will eventually
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construct, it must be consistent with the hierarchy-based theory we are developing for the
MTCs.

Previously, we have argued that the hierarchy-based perturbation theory is valid in the
weak-coupling regime, in the sense that the higher-order corrections can be considered as a
small perturbation to the zeroth-order QRF only if A7 < 1. Then, to make both perturbation
theories consistence, we should focus on the propagator theory which leverages the weakness
of system—environment coupling and the shortness of the correlation time. In particular, we
expect from our theory to recover, in the lowest nontrivial order, the standard Born-Markov
approximation:

—ir[l z.d e
Atj’tj_1 = <Te 1 frl u>e s elti—ti-)L , 69)

with the Davis generator £° induced by the system—environment Hamiltonian H*¢:

£ =i ) Yk (@) T o)) o]

w aq,a

(70)
\ A 1 . A
+ 22 Waa@)(Vs(0) o Uy () = S (7 (~e)V3(w). o}).
the jump operators,
Vs(w) =D 8(H (k) — H* (k') — ) |k) (K| V:[K') (K], (71)

Kk

defined with respect to frequencies of the renormalized system Hamiltonian (cf. Eq. (13)),

HS, |K) (HS + Aztr(ve W — Hs(k)is) k) =0, (72)
and the transition rates, and energy level shifts given by the environmental two-time MTCs,
oo
wo (@)= 222 ReJ (Eq(u™)Ey(07)) e e iuqy, (73)
0
hfx’a,(co) =—2)2 ImJ (Ea(u+)Ea/(O+))pe e i@uqy (74)
0

To achieve these goals, we shall base the propagator perturbation theory on the super-
cumulant series expansion [12] involving the super-operator generators defined implicitly
through the following equation:

Super-cumulant Sy A f £, du ki k)
cories | Ane=TeH Z du,, - du1] | Z)LJE . (75)

The explicit forms of super-cumulants Ligkt), constituting the series are found by expanding
both sides of the equation into power series and comparing terms of corresponding order in
parameter A; in particular, the second super-cumulant reads:

A2LP) =2 J du' Z, 2, . (76)
t/

(The first super-cumulant is zero, £ o< (Z)¢ =0.)
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The simplest form of propagator perturbation theory employing super-cumulant expansion
consists of curtailing the series to finite number of terms:

kth-Order k ) ) X t )
0
approximation ZA f L pdu ~ ;7“ ft L, du. (77)

This coincides with the (ky — 1)th-order weak-coupling approximation because the kth super-
cumulant scales roughly as
k (k)
B f £, du

The principal advantage of using this approach is that, by construction, the obtained ap-
proximated propagators are computable maps: when one sets

~ At — (AT, (78)

ko okt )
App & Atko) = Z o E”’“du,

t,t/

(79)

so that the map’s generator is a well-defined, finite super-operator, one can then compute the
propagator by integrating the corresponding dynamical equation [12]

k,

d (ko) _ (N 4k ~00)) 5 (ko) (ko)

dt At f’ (ZA Et t/)Atf’ > At’Ot’ = (80)
k=2

where the super-operator identity is expressed using the “bullet” notation, eA = A.
Adopting the super-cumulant strategy, we immediately identify that the cut-off at ky = 2
results in the standard Born approximation:

Born d t
. . 2 2 2 2
approximation A,  ~ A(r,-,)tj,l n A(r,r)j,l — _AZJ 2, Z,du A¢ t) N Agj,)l,tjfl =e.
(2™.order) tia

(81)
The dynamical equation (81) can be further simplified within the assumed parameter
regime: since the cumulant range is finite,

u—u'>1¢

2,2, —"50, (82)

and the correlation time is short, t; —t;_; > t¢, the limit of the integral in Eq. (76) can be
extended to infinity, resulting in

Markov approximation :

- f du f W2z~ 3 f el “)“du[(vaa(w)mw(w ) )Vs(w) e V(=)

w,w’ a,a’

Y (@)~ )3 (w) 0 — 0 V3 (~eo')

x V;(w)m,a/(w’)*} , (83)
where
we (w)+ikg (w) o .
Ya,a/(w) = : 2 : = J <Ea(u+)Ea’(0+))pe e du. (84)
0

If we were to substitute this form of generator to the dynamical equation (81), we would
obtain what amounts to the famous Redfield master equation for the propagator [9-11, 33].
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Finally, if, in addition, we also assume that ¢; — t;_; is long in comparison to the slowest
time scale of the system s,

ti—ti >>2n/min{|o)—w’| \ w, o’ =H(k)—H(k"), w # w’}, (85)

then, in Eq. (83), the ‘off-resonance’ w # «’ phase factors become much smaller than the
‘on-resonance’ w = '’ terms,

&G , o
‘ f G )”du‘ < ‘ J e‘O”du‘ . (86)
ti1 tio1

In that case, we can apply the secular (or rotating-wave) approximation where the contribu-
tions from off-resonance terms is wholly neglected, leading at last to the Davis generator (70)
we aimed to obtain:

Markov & Secular

tj u
—A? ! ] . — . S
approximations A Jt duﬁdu Zy 2y~ (t—t4)L. (87)
j-1 j—1

6 Beyond quantum regression: The first-order perturbation

Given the general form of the open system bi-probability distribution (56),

1 G

F |p™ =[] Z,due 4

e e = [([ [Py me e Ay s ] (88)
j=n

we now proceed to find the first-order correction to the zeroth-order quantum regression for-

mula (QRF) approximation (66),

1 Ny 1 1
—ir [, Z.d LS
0"-order (QRF) : l_[PJ-(Te A i u>e = l_[PjAtj,tj_l A l_[Pje(tf t-1)C (89)
j=n j=n j=n

First, we must identify specific terms that contribute to the perturbation: We are look-
ing for two-time cumulants from the top of the correlation strength hierarchy that connect
dynamical variables across interventions. However, since we assume tj—ti > 7¢, due to
finite range of cumulants, we can neglect connections between variables separate by more
than one intervention. Bi-trajectory correlations connecting dynamical variables within prop-
agators bracketed by interventions are already accounted for in a consistent manner by the
Born-Markov approximation discussed previously. Applying these criteria we obtain the fol-
lowing decomposition:

1 I 1 n—1 j+1 1
<l_[Pj Te llft];l Zudu>e_l_[ P]' Afj,fj—1 ~ Z (Pﬁ l_[ Afk+1,fkpk)6pj( l_[ PkAfk,fk—l) > (90)
j=n j=n j=1 k=n—1 k=j—-1

where

5,Pj _ < Te—il f:jjﬂ Zudu,Pj Te—il ftjj—1 Z,du >e _ < Te—il f:jj+1 Z,du >9Pj< Te_il fttjj,l Z,du >€ (91)
oo i1 U £ V2 k ,
N Z (—i?t)k’%fduk “'Jduljdvf”jdvlz Z (24, 2. ...Zul>e73j<zw 2, "'Zv1>e
k=0 r=1r'=1
t; 6t t,

tin tj

\ PSS

ti [ : t> ti
. +1 —iA Z,d _ -, > Z,d
=—2? fdt> fdt<(Te—1*fri Zduz Te J; Y (Te it Bdug, e Ty
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This perturbation can be further simplified in the weak-coupling regime when we take note
that, due to finite range of the cumulant

to—t . >1°

.z, 5o, (92)

the integrals over t., and t_ have natural cutoffs:

Z -
tj+TeZt>2tj, tj2t<2tj—’re,
which allows us to apply the following approximations:

1. The integration limits can be extended to infinity,

ti t; 0o £
J dt>f dt<Zt>“'Zt<NJ dt>f dt. 2, - Z,_.
t]‘ tj—l tj —0Q0

2. Since t, —t. < 7°, the propagators acting between variable Z,_,,_ and intervention Pj,
must have negligible effect,

—ilsz du —'Aftj+rez d e 2
Te 74 7 ~Te "y LT

e,
Tet 0 Zudu o Mo Bl | —ian 2
3. For the same reason, the propagators surrounding the cumulant can be extended towards
the mid point ¢,
et e g I B g TS Bl o 0 2 :

. te X tj—re . tj ; £
Te i2 |, oy Budu Te Jo)  Zudu Te Ji)y Zudu ~Te Jo)_ Zudu ‘

These result in the following form of the first-order perturbation:

; oo
n—1 jt1 1
1%-order : Z (Pn l_[ Atk+1,tkPk)Atj+l’tj (—Azjdu Jdu' ZtuZu/)Atj’tj_l( l_[ PkAtk,tk_l)'
fj —00

j=1  k=n-1 k=j—1
(93)
Recalling that we are assuming stationary distribution for e, so that
<Ea2 (u;)E(h (uzlt)>pe = <Eaz((u2 - tO)i)Eal ((ul - tO)i)>pe ) for any to N (94)

the cumulant can be explicitly evaluated to the following form:

oo t; o0 tj
_)LZ Jdu Jdulzupjzu’ — —AZ Jdu fdulzu(eiﬁstj ° e—iﬁstj)(l’jF; (fJ+) ° ISF; (fj—))(e—iﬁst}- ° eiﬁstj)zu/
t]- —o0 tj —0o0

= (et 0 &) 5 D [V (e), o I(PFI (F1) 0 BT ()

X Z (Ca,a’(a): C')/)[V;/(_wl), o]+ iKg,o (e, a)/){V;/(_w/); .})

a’,w’
% (efiflstj . eﬂfmj)’ (95)
where the information about the temporal correlations in e is confined to coefficients
oo oo
Co (@, ) =—22 J du eiw—w’)UJ dv eV Re(E,(vV)EL(01)) e, (96)
0
oo uOO
Koo (w,w') = —A? J duy ell@—eu f dve'@” Im(Ea(vJ’)Ea/(OJ’))pe . 97)
0 u
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7 Application to the problem of thermalization propagation

We now come back to the problem of thermalization propagation. We will show here how
the developed MTC perturbation theory applies in this example, and how exactly it leads to
the first-order correction which recover the detailed balance necessary for further ‘spread’ of
thermalization.

The two-time MTC (17) required to calculate the transition rates wi(w) can now be ex-
pressed as the second moment of the corresponding bi-probability distribution,

91,9
ozlp _
(U= D, 0301Q, (05,07)

oye{1,-1}2

1 .
= Z ojoltr [( l_IP](.l Te Ji ngu>el5;15 ] ,
j=2

oye{1,-1}2

(98)

where, given that H9 = 0 and tr,(V°p? ) = 0, so that V? = E, the intervention and the
dynamical variable have simple forms:

73](.1 = Io}L)(o}LI o Iaj_)(oj_l , Z1= Z (e(£+)6?( °o—o (“7?(e(s_))55+,5+(u,¢)557,57(u,¢) , (99)

with (61 —019)|o) =0 and (V? —e(e)1?) exp(—i@ - T?)|e) =0

At this point we can simply use the derived formulas (89) and (93) to calculate the bi-
probability distribution—and then the MTC—up to the first-order of our perturbation theory;
thus we have the zeroth-order QRF contribution:

1
A — — — — ]. A _
(TT7AL ., )bt =100z 103 IV (o) o7 )Iog) - (o (5" 1) o)
=2 (100)
1+ (ot e —2wb(0)(ty—t;)
=5,+,-6 (03 -07)

+
03,05 707,07 4

lo5) {051,

and the first-order correction:

oo t
—MPPIAL ( Jdu f du' Z4P] zg,) ob§
t; —oo

=lof) (o5 |- (oFl(e X[ 69, |oT) (o7 ])oy) (101)
x (o +|—(C(0 0)[6%,e]+iK(0,0){64, e})e"1 < 1%/07)
~i841 05 80r ot (0F - 0TIK(0,0)e 2 Ot 1) (5.

We immediately confirm that the zeroth-order contribution (100) indeed reproduced the
quantum regression formula approximation that lead to the inaccurate prediction of unit tran-
sition rates ratio (19):

A — b —
QREF: Zozal [(l_lpq Gt 1)p%]=e 2w (0)(t2=ta)
i3

To calculate the first-order correction, and see if we can obtain a more accurate transi-
tion rates in the process, we require an explicit value of the coefficient K(0,0); as per defi-
nition (97), this forces us to decide on a concrete model of bath correlations. For simplicity,
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we shall assume an exponential auto-correlation function (cf. Eq (38a)) that gives us a well-

defined correlation time 7°:

b lug —uq|
Cy . = Re(E@WhE@))) ph = exp (—%) . (102)
Then, the imaginary part of the MTC—which is required by K(0, 0)—can be obtained from the
fluctuation—dissipation theorem (39); even with exponential correlation function an analytical
result is only possible in high bath temperature regime, < 7°, which we tacitly assume here
(cf. appendix B):

oo

Im(JE(qu)E(O““))p;aj = J itanh (ﬂ%) (J Re(E(V+)E(O+)>pE e—iwvdv)eiwu(;_:
o —o0 (103)
wsth, prl B u
e ()

The resultant bi-probability distribution reads:

oilpj R
tloﬂ( Z,O'Z)Ntr[(l_['])q Loty — APIAL JduJ dquPquAq )pﬁ:|

1+ (O’ )e—2Wb(0)(f2 t1)
= 003,05 001,07 2
—%Azrbﬁ 803,03 00r o1 (0 - o2 Ot (104)

which then gives us the following transition rate:

(e9)

2wP(0) — 4227 Bw
(2wb(0))2 + w?

wi(w) = 2p° Ref (odu")od(07)) pe ™" du = 2p* (
0

o 8uA?rh (1 /m)
C(4A2TD)2 + 2 2 )’
as wP(0) = 2A21? for the chosen exponential auto-correlation (102). Therefore, the first-order

perturbation brings about the crucial information about the bath temperature, and it leads to
approximated detailed balance (21) we described previously.

) (105)

8 Conclusions

We have developed a perturbation theory for computing multi-time correlation functions in
open quantum systems. The theory is based on a hierarchy of temporal correlation strengths,
which naturally emerges in open system problems when described within the recently intro-
duced bi-trajectory formalism for quantum mechanics.

We demonstrated that the quantum regression formula (QRF) method—a commonly used
ad hoc approximation—is equivalent to the zeroth-order perturbation in our theory. However,
we also showed the inadequacy of QRE as it fails to account for the propagation of ther-
malization, underscoring the need for a systematic perturbation theory capable of capturing
important physical effects through higher-order corrections. Indeed, in the case of the qubit—
bath system studied in our example, inclusion of the lowest-order perturbation was sufficient
to reproduce qualitatively correct behavior.

Additionally, we introduced the super-cumulant expansion method for approximating dy-
namical maps and propagators in general. The lowest-order approximation—applicable in the
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weak-coupling regime—yields results identical to those of the conventional Born—-Markov ap-
proximation. However, our approach does not rely on the problematic Born-Markov ansatz,
nor on any other assumptions regarding the state of the total system.

Previous works—e.g., [34-37]—have proposed approximation schemes to improve on the
QRF method. The approach adopted in these works is, in a sense, complementary to ours.
The standard strategy is to address the problem of MTCs by extending the so-called quantum
regression theorem (QRT) beyond the zero-correlation-time regime. Essentially, the QRT states
that when 7¢ — 0, the single- and two-time correlations of system observables satisfy the same
dynamical equation [37]; hence, QRT implies the exactness of QRF for zero-range cumulants,
which is, of course, consistent with our theory. “Extending QRT” then amounts to writing down
the derivative of a two-time MTC with respect to the second time argument and proposing an
approximation that turns the expression into a legitimate dynamical equation—that is, closing
the equation by reassembling the MTC on the right-hand side. Such an approximation is
necessary because, as per QRT, the equation does not close on its own when 7¢ > 0.

It follows that theories utilizing this dynamical-equation approach result in MTC approxi-
mations analogous in form to the QRF method, where there are no explicit connections reach-
ing across interventions. Instead, the deployed approximations lead to effective propaga-
tors between interventions that attempt to capture the effects that would result from cross-
intervention connections, were they actually included. In contrast, our approach facilitates
such cross-intervention connections, thereby allowing for the independent treatment of the
in-between propagators, as demonstrated in Sec. 5. Seemingly, there is no decisive argument
favoring our approach over the traditional equation-of-motion method. When faced with a
concrete problem, one must carefully consider the pros and cons of each method, and which
approach is preferable will most likely depend on the fine details. However, there is something
to be said for how intuitive it is to build up corrections to the MTC by progressively including
more complex temporal correlations connecting the propagators across interventions—no such
clear picture can be used to illustrate the physics of perturbation theory within the equation-
of-motion framework.

Finally, we note that the hierarchy of correlation strength (49), which constitutes the ba-
sis for our theory, can be analyzed in terms of graphs. In this reading, one interpretation is
to represent the moments of dynamical variables as the graph’s vertices, and the edges con-
necting vertices as cumulants. Therefore, the introduced perturbation theory should naturally
lend itself to some form of diagrammatic treatment. This opens a promising avenue for further
development of the theory, with the prospect of a high payoff that is characteristic of diagram-
matic methods known from other perturbation theories compatible with such an approach.
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A Bi-probability distribution for open system

Following the setup from sec. 4, we consider here a composite system with the bipartite Hilbert

space H’ ® H° and the Hamiltonian and initial state given by Egs. (52) and (53), respectively.
The goal is to evaluate a bi-probability distribution associated with a sequence of s-only
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observables F) , i.e., each F; is represented by an operator of form

Froie, (0= Z £'B) (F) = Z fleil tpFig-ifl't (A.1)

freq(F;) freq(F;)

According to the definition (29), the bi-probability is given by:

n
El AS o A drser aF5 o e _ifrser,
Rl e, n)—tr[(l [ ot e it Wese ([ [ on oot )|
j=1
1

- tr[]_[ (ﬁf(f;) ®ie0y, ) 58 ]_[ (USj BUGe 1)] (A2)

j:n :

where we have switched to the interaction picture,

t
Uiet, =Texp (—MJ Z V;(u) ® ﬁa(u)du) , Vé(u) = eiHSu"‘/;e—'LHsu , E(w= eiHeuE-ae—iHEu )
t' a

(A.3)
Then, we rearrange the operators under the trace into a composition of corresponding super-
operators:

1
F;'Pse AFS A AFS _ A A A
tnlo (f;,f;) = tr[ | | ((Ptjj(fj-'—)@ 1e .Ptjj(fj )® 16)(Uietj 1 o US]e 1t ))pg ®p8:|5
j=n

so that we can invoke later down the line the following series expansion

Use ° Use —Te™ 1f:/ D V;(u)®E (w)du (T e—i f:, D V;(u)®ﬁa(u)du)'i'

—Texp(—lx f duz V() ® Ey(u), 0 ]) (A.4)
:Z 1A)mfdu DLV W)@ E, (), e] Jdulz (Vs () @ Eq, (1), 0].

Using the spectral decomposmon of the e-side coupling operators,
E"-a(u) — Z ea(g)eiﬁleue—i@’a.f"elg> <8|ei¢'a.Tee_iHeu — Z e/ﬁfa(e/), (A.5)
€ e’eQ(E,)
with the reference basis {|¢) € H¢ | ¢ =1,...,d°} and the basis transformation parameteriza-
tion exp(—i@ - T¢) defined as in section 2.2, and
PEa(e)bla(e’y =5, BFe(e), D, Pla(e)=1, (A.6)
e’eQ(E,)

we analyze the action of the generator,

Z (Vi) ® E,(u), o] = Z (V;(u) ® E,(u) o — e VS(w) ®Ea(u))
=2 X errwebi(eh)eiel il

a  eteQ(E,)

o > Viwebl(e)e)

e—eQ(E,)
=31 > (e VEebl(et) o I*@b(e7) — 1*@Ble(e")
a e*eQ(E,)
. Vé(u)®ﬁf“(e_)e_) . (A.7)
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Substituting the expanded form of the evolution super-operators into the formula we obtain:

=TI 2e mmfdum fduuz 233

i=1 ~m;=0 ale

1

xtrs[( P (f )e p (f ) l_[ { V;j;kj(uj';kj).—.Véj;kj(uj;kj)ej_;kj})pr\g}

j=n

[

X tr, I:Pu:nmn( :m ) : ulail(el 1)f5(e) ulail(el 1) anmn( ;m )]

nmn

n [ee]
T1( % lx)mfdulm fdullz T Z)
i=1 mi=0 . 113
1
‘i, [(]‘[P Rl )]‘[{ ;j;kj(uj;kj)-—-v;j;kj(uj;kj)e;kj})ﬁg]
Ean s+sEay,10° _ _
X Qunn; " ,ul'j(’)l P e:{;mn,...,eil; en;mn,...,el;l), (A.8)

where we recognize in the decomposition bi-probability distributions, but this time, associated
with the environmental coupling operators.

According to sec. 2.2, bi-probability distributions associated with sequences of observables
E, are the discrete-time restrictions of the environmental bi-trajectory distribution Q°[ ¥, &™]
(see Eq. (34)):

Egp.
n

Ansmp >** 2151 |P e-‘r e+ e e
un;mn,,..,u1;1|0 nymy? 2110 gm0 C151

Ey . seEq - |p€ _ _ _ _ —
:JJ A e:{;mn,...,eil; € > €1 | et,e71Q[e", e ][DeT][De]

Up; mn>~~-;u1;1 |O

Jf l_[ l_[ 1 k :ea ki (s (ul ski :(Pal ki ))5el ki ’eal ki (5 (ul ski "pal ki )))

i=1 k;=1

X (Zpe(50)5€0,£+(0,¢50)680,8(0,@’0))Qe[ 8+> 8_][D8+][D8_] 5 (A9)

€0
where 5§ = 280 Pe(e0)e P T |g0) (go]€%0T°. We can now make use of the discrete-time fil-
ters to evaluate the sums over eigenvalues of couplings E, to turn coefficients ejfk into the

corresponding bi-trajectory-dependent dynamical variables: o

+ _
Z el';kj6eji;kj’e“j;kj (Ei(uf;kj"ﬁj;kj)) RET ( (u] skj2 80‘1 )) (A.10)
+

e, .
Jikj

Recalling the definition of the super-operator dynamical variable (57),

Z,=), (ea(€+(u> Bo)) Vi) e — o Vi(u)e (¢ (1, %))) : (A.11)
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we find that after the filters have been reduced, the open system bi-probability simplifies to

t Uy

g £ = f f i, l_[Pf(fﬂ i ){Z(—m)m J dupZ, f au 2, )]

tj—l tj—l

(20500300 JT % e D e
€0

- J J = | ( li[f’ DUy e bl (pryme il )es]
x

x (ZP6(50)550,5+(0,¢0)5SO,8(o,@'o))Qe[ ¢*, 6 [De*[De"]

€o

= tr, [<]_[7D T o > “g], (A.12)

where we used the definition of the bi-trajectory average (61) and intervention (63).

B Susceptibility

The goal is to evaluate the Fourier transform for the susceptibility,

o2 dw

I(t):=Im(E(t+)E(O+))pE=f 1tanh(ﬁ2 )S( )‘wf%, (B.1)

where S(w) = f CEoe_l“”dt is the spectral density.
We shall proceed by employing the residue method. For t > 0 we can complete the contour
with the semicircle in the upper half of the complex plain,

"Tdy | w1 —ePre? . Bz )
I(t)— limf —el’® —S(re1¢)=—ZResz [S(z)tanh(—)}ewpt. (B.2)
Zp ? 2

r—00 0 27 ]_+e—ﬁre“P

The semi-circle integral vanishes and we shall assume that the spectral density has only simple
poles, e.g., S(w) = 27¢/(1+(7¢w)>?); then, the only non-trivial element are the infinite number
of simple poles of tanh,

1(t) = —ZReszp[S(z)]tanh(%) el (B.3)

o0

1 —@2n+D) 2t i

_ZZ(:)ResZn [m]e B°S 1(2n+1)ﬁ
n=

ﬂ . 4Te S —(2n+1)%t
=—tan ( ) e = i
27¢ B =1—-(2n+1)2m25)

B\ -« 1[ « 1. B _t 1 B
= —tan e ¥ —— ere Beomp| =+ =——,0)—¢€ “Bea2msp | =— ——,0] |,
27e T 2 2mte 2 2mte

where we have assumed that 3 /(277¢) is not an integer, and the Euler beta function is defined
as

Te)Z

B,(a,b) = f sTI(1—s)Pds. (B.4)
0
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