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Abstract

We discuss the preparation of topological insulator states with fermionic ultracold atoms
in optical lattices by means of measurement-based Markovian feedback control. The de-
signed measurement and feedback operators induce an effective dissipative channel that
stabilizes the desired insulator state, either in an exact way or approximately in the case
where additional experimental constraints are assumed. Successful state preparation
is demonstrated in one-dimensional insulators as well as for Haldane’s Chern insula-
tor, by calculating the fidelity between the target ground state and the steady state of
the feedback-modified master equation. The fidelity is obtained numerically through ex-
act diagonalization or via time evolution of the system with moderate sizes. For larger
2D systems, we compare the mean occupation of the single-particle eigenstates for the
ground and steady state computed through mean-field kinetic equations.
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1 Introduction

A topological insulator is a state where fermionic particles completely fill a topologically non-
trivial energy band [1]. An important example is given by Chern insulators in two dimen-
sions [2—4], corresponding to lattice versions of the integer quantum Hall effect [5,6]. Here
particles occupy bands characterized by a non-zero Chern number, giving rise to quantized re-
sponse functions, such as the Hall conductivity or a circular dichroism with respect to driving-
induced interband excitations.

In order to prepare a Chern insulator state in a quantum simulator of ultracold fermionic
atoms in an optical lattice, two problems have to be addressed. On the one hand, topolog-
ically non-trivial Chern bands have to be engineered. This problem has been successfully
addressed in a number of different experiments. Using Floquet engineering, both the paradig-
matic square-lattice Harper-Hofstadter model as well as Haldane-type honeycomb lattices have
been implemented [7-11]. On the other hand, a band-insulating state has to be prepared,
where (at least) one topological band has to be filled completely with fermions. This second
problem is not yet solved fully. Namely, since (unlike electronic systems in solid state) ultra-
cold atoms are not coupled to a thermal bath, the Chern insulator state has to be prepared
adiabatically, starting from the topologically-trivial regime prepared initially. This implies that
a topological phase transition has to be crossed, where the energy gap of the band structure
closes. The band touching necessarily leads to a deviation from the desired adiabatic pas-
sage, corresponding to interband excitations that subsequently remain in the system due to its
isolation.

An appealing alternative to adiabatic passage is given by dissipative preparation meth-
ods [12-14], in which a dissipative process is identified and engineered whose unique steady-
state is the target state. These ideas have been theoretically explored, for instance, for prepar-
ing nonequilibrium Bose-Einstein condensates [15,16] and a range of topological states [17-
25] including Floquet band insulators [22,26] and fractional quantum Hall states [23, 24].
In experiments, engineered dissipation has been employed to stabilize entangled states of
ions [27], Mott insulating states of bosons [28] and fermions [29] in optical lattice systems,
and of photons in superconducting circuits [30]. This approach has the twofold advantage
that, on the one hand, the target state would be prepared independently of the initial state
and that the system would return to the target state whenever driven away from it.
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In this work, we investigate the possibility to dissipatively prepare (topological) band insu-
lators with ultracold atoms in optical lattices by means of Markovian feedback control [31-33].
Measurement-based feedback control has already been successfully implemented in various
systems for tasks such as quantum state preparation and stabilization [34-57], cooling [58-
65,65-68], simulating nonlinear dynamics [69-71], controlling dynamics [ 72-77] and manip-
ulating phase transitions [78-82], among others. As a measurement-based approach, Marko-
vian feedback control operates by continuously adding a signal-proportional feedback term
to the system Hamiltonian [31-33]. This method has been used for the stabilization of ar-
bitrary one-qubit quantum states [35, 48], the control of two-qubit entanglement [83-86],
and the generation of optical and spin squeezing [82,87]. In previous works by some of us,
we have shown that Markovian feedback control can be used to cool bosonic atoms in a one-
dimensional optical lattice [88], and for quantum engineering of a synthetic thermal bath [89]
and heat-current-carrying states [90]. Here, we consider two-band fermionic models in one-
(1D) and two-dimensional (2D) lattices at half filling. We first show that a mechanism able
to dissipatively pump particles to the lower band is sufficient to prepare the desired state.
Then, we discuss the experimental implementation of such an interband cooling process with
measurement and homodyne-based feedback. We derive both an exact implementation and
approximate ones that aim at favouring experimental feasibility. The approximate scheme fur-
ther reveals interesting connections between the topological properties of the system, namely
the unavailability of (exponentially) localized Wannier functions in topological bands, and the
performance of the ground state preparation using only local measurements and feedback.

This paper is organized as follows. A brief introduction to Markovian feedback control
is given in Section 2. We then describe the basic idea of our cooling scheme in Section 3.1,
followed by the discussion of two approaches in Sections 3.2 and 3.3 to construct the jump
operator such that the dissipative process drives the system towards the ground state. Our
cooling scheme is benchmarked in Section 4, where the two approaches are applied to differ-
ent models, including the one-dimensional Rice-Mele model [see Section 4.1] and the two-
dimensional Haldane model [see Section 4.2]. A summary of the main results is given in
Section 5 to conclude.

2 Markovian feedback control

Let us briefly recapitulate the idea of Markovian feedback control [31-33]. Suppose we per-
form a continuous measurement of the observable M on a system described by the Hamiltonian
H. The system dynamics is then governed by the stochastic master equation [31-33] (A =1
hereafter),

dp. =—i[H,p.]dt + D[M]p.dt + H[M ]p.dW, 1
where p, denotes the quantum state (density matrix) conditioned on the measurement result,
with nonlinear superoperators

D[M]p :=MpM' — % (M™Mp +pM'M), @)
H[M]p :=Mp+pM'—T[(M+M")plp, (3)

which describe the dissipation induced by the measurement, with dW the standard Wiener
increment with mean zero and variance dt. The measurement signal is given by

nom =TI (M + M) p. ]+ E(1), (4)

with £(t) = dW/dt. By using the information obtained from the measurements, one can
introduce feedback control to the system such as to steer the system’s dynamics for achieving
desired effects.
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Here we consider the so-called Markovian feedback scheme introduced by Wiseman and
Milburn [31], where the unprocessed measurement signal is fed back to the system by coupling
it to an observable F. That is, we are introducing a term I;,,F to the system. For such a
feedback, the delay time between the measurement and the application of the control field is
assumed to be negligible compared to the typical timescales of the system. For instance, in
cold atom experiments, the typical time scales (such as tunneling time) are on the order of
milliseconds [91]. Hence, a control on the higher kHz scale is sufficient, which can be achieved
easily by using digital signal processors.

According to Markovian feedback control theory [32, 33], the combined action of mea-
surement and feedback results in an effective dissipative process described by the feedback-
modified stochastic master equation

dpc :_i[H+Hfb:pc]dt+D[C]pcdt+H[C]pch: (5)

with the quantum jump operator
C=M-—IiF, (6)

and feedback-induced term Hy = %(MTF + FM). By taking the ensemble average of the
possible measurement outcomes, we arrive at the Wiseman-Milburn master equation

dp _
de

Suppose the measurement strength is y, i.e., M o< ,/y. For the feedback, we assume F o< ,/y
so that the jump operator C o< ,/y, and the feedback-induced term Hy, is on the order of y. In
this work, we consider weak measurement, with y small enough such that Hg, has negligible
impact as compared to the system Hamiltonian H. Excluding the impact of Hg,, the steady
state of Eq. (7) is given by

—i[H +Hg,p]+D[Clp. (7)

Lo =—i[H,p]+D[Clp=0. (8

For weak measurement, the steady state is well approximated by a mixture of eigenstates of
the system, with the weight dependent on the specific form of the jump operator C. In the
following, we will discuss how to design C to achieve a target steady state.

3 Constructing measurement and feedback operators

3.1 Basicidea

We consider discrete tight-binding models for fermionic ultracold atoms in an optical lattice
at half filling. We focus on systems whose single-particle energy spectrum is characterized by
two energy bands with non-trivial topological properties, such that the ground state |g) at half
filling is a topological insulator. Our goal is to design the jump operator C, i.e., the underlying
measurement and feedback, such that the effective dissipative dynamics drives the system
towards its many-body ground state |g). The system (8) has a pure steady state if the effective
Hamiltonian H.¢ = H —iC7C/2 and the collapse operator C have a common eigenstate [92],
which is then the steady state. Hence, the ground state |g) will be a steady state of the system
if it is a dark state of the jump operator C, i.e.,

Clg)=0. )

Therefore, we need to construct a jump operator which satisfies the condition (9). It is intu-
itive that such a dissipation process will drive the system towards the ground state, since the
coupling between the ground state and other eigenstates is unidirectional, i.e., the transfer

4
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from other eigenstates to the ground state is allowed, while the reverse channel is blocked, as
indicated by (9).

For the cooling scheme to be successful, the ground state should be the unique steady state
of the system. Although this property in general depends on the details of the model con-
sidered, a general feature that can yield multiple steady states, spoiling the state preparation
protocol, is degeneracy. For instance, consider two degenerate many-body eigenstates |1) and
|4’} that are mapped by the jump operator to the same state [1)) = C |¢)) = C |¢’). Then, the
superposition |)_) = (Jy) —|v’))/+/2 will be both an eigenstate of H.g and of the jump oper-
ator with eigenvalue 0, C |3_) = 0. Therefore, |¢_) will also be a dark state like |g). Being a
common eigenstate of Hq¢ and C, it thus constitutes a steady state of the system. A key point
for the success of our cooling scheme is, therefore, to ensure that there is no degeneracy in the
system. In order to get rid of degeneracies in the example models, we will employ different
strategies detailed in B.

In the following, we present two different choices for constructing a suitable jump oper-
ator C. We first discuss an exact construction, which is however challenging to implement
experimentally. Starting from this, we then derive a second approximate construction for the
purpose of enhancing the experimental feasibility.

3.2 Exact construction

We start by observing that, since the target state features all particles occupying the lower band
only and filling all single-particle states therein, the jump operator C must be able to deplete
particles from the upper band and pump them to the lower band. It is further needed that
particles can be pumped to any state in the lower band: this is guaranteed if the dissipative
process provides non-zero transition matrix elements between any state in the upper band to
any state in the lower band. Finally, we note that, while particles are pumped to the lower
band, Pauli’s exclusion principle will take care of inducing a uniform distribution of particles
throughout the lower band, until the target state is eventually reached, by forbidding multiple
occupancy. A jump operator complying with these conditions can be constructed as

c=yycic,, (10)

where C. destroys (CL creates) a particle in states |£) = Cl |0) that have overlap with all
states in the upper (+) and in the lower (—) band, respectively. In this way, the jump process
transfers a particle from the upper band to the lower band. Concretely, we will choose |+) to
be Wannier-like states for each band. Given the Bloch states |k, ) of the upper and lower band
in a system with N unit cells, the Wannier-like states are defined as

1 .
)= —— > el |k 11
| ) \/NkeBe | ﬁ:); ( )

where B is the first Brillouin zone and e'#* is a gauge factor associated to the Bloch state
|k, ). By appropriate choice of e'¥ we can obtain well-localized Wannier states. In terms of

. el T .
creation and annihilation operators for Bloch states ¢ 4, such that |ky) = Chx |0), the jump
operator then reads

c= g Z ei(wk;—wk,)cz’_ck/,Jr, (12)
k,k'eB

with y the measurement strength. It does indeed have a matrix element connecting any state
in the upper band to any states in the lower band, as desired.

Within the Markovian feedback formalism, the collapse operator C is related to the mea-
surement operator M and feedback operator F via C = M —iF in Eq. (6), where both M and
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F are required to be Hermitian. Combining this with its Hermitian conjugate C* = M +iF, we
obtain the explicit expressions: M = (C+C")/2 and F = i(C—C")/2. From the jump operator
C given in Eq. (12), the corresponding measurement and feedback operators can be identified
as

WY (o~ ) i(—pp +1) T
M= N Z (e + Cp_Ch/+—€ + ck’_ck,’Jr), (13)
kk'eB
i [ ;7 — + i(—yp, s -+
F = ﬁ Z (el(¢k+ Sﬁk,)cll _Ck/’+ + el( Wk++¢k,)ck’_clil +) . (14)
2N | 2s ’ |

Even though the Wannier states can be chosen to be localized in real space (exponentially
for topologically trivial bands and like a power-law for topologically non-trivial ones), they
still span over the whole lattice. This may constitute a challenge for the experimental imple-
mentation of this approach, and motivates the search for a less demanding strategy, which we
develop in the next section. For the exact construction of collapse operator, we set the gauge
factor to be 0, since the localization of the Wannier states should not influence our cooling
scheme in this case.

3.3 Approximate construction

In experiments, the measurement of on-site population in Eq. (13) can be implemented via
homodyne detection of the off-resonant scattering of structured probe light from the atoms
[93-95] and the feedback operator in Eq. (14) with a complex tunneling can be realized by
accelerating the lattice [7, 10, 88,96]. In the exact scheme, the feedback operator F is typi-
cally non-local in real space, reflecting the delocalized nature of the optimal jump operator C.
Implementing such non-local operations directly is a significant experimental challenge with
current technologies, as it would require coherent control over spatially separated sites. While
one could envision engineered feedback using global fields shaped by spatial light modulators
or programmable optical potentials, these approaches are still limited in resolution and scala-
bility. Thus, the exact scheme serves primarily as a theoretical benchmark that demonstrates
the best possible performance under idealized feedback.

In order to favour experimental realizations, we develop a second approach in which the
measurement and feedback operators are strictly constrained to have support on only a few
neighbouring lattice sites. The idea is based on the fact that, by adjusting the gauge factors
el in Eq. (12), the Wannier states can be chosen to be well localized in space, see more de-
tails in C. This approximate scheme is designed to preserve good performance while remaining
implementable with current or near-term capabilities. In particular, the feedback operator F
will typically correspond, in this case, to local tunneling Hamiltonians acting within a small
spatial region (e.g., a unit cell), with complex amplitudes, which could be implemented ex-
perimentally using techniques such as Floquet engineering [7,10]. We start by considering a
jump operator C, entirely localized in the ¢-th unit cell. We further use labels A and B for the
two inequivalent sites in the unit cell, and a; 4 (a, g) annihilates particles at site A (B) in the
¢-th unit cell. We then choose an ansatz for the constrained jump operator of the form

C, = \/?bz,_b“, (15)
with operators
b =cos(&)ag s+ sin(E)ay g, by =—sin(&)ay o+ cos(&)ay g - (16)
These operators annihilate particles in states |b, ,) = blf L10),ie,

|bg,+) = cos(E)IE,A) +sin(E)IL,B),  [by—) =—sin(E)|¢,A) +cos(E)IE, B), (17)

6
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respectively, that are generic real superpositions of the states localized at A and B site
parametrized in terms of an angle £. We choose real superpositions, such that they involve
only one free paratemer &. For the operator C, to successfully pump particles from the upper
band to the lower band, we aim at selecting superposition states |b, ,) such that |b, ;) has
maximal (minimal) overlap with the upper (lower) band, while |b[’_) has maximal (minimal)
overlap with the lower (upper) band. To find such states (the optimal angle &) we resort to
analytical and numerical optimization schemes.

In the applications treated in the following, we will also consider jump operators con-
strained to a larger number of sites. Given a set S, of n sites to which the jump operator
Cs, = (bf" )J"bf" is constrained, we choose the ansatg

bi" = Z Bz ;a;, (18)

j€5,

where the index j indicates real-space coordinates. For the one-dimensional systems consid-
ered in the following, we can find optimal |b,.) analytically for n = 2. For larger n and
in other applications, we will find optimal coefficients f8; ; through numerical optimization,

minimizing the overlap of |b‘_g") (|bf")) with the upper (lower) band.

4 Application to paradigmatic models

We will now characterize the performance of the exact and approximate approaches for the
preparation of the ground state for two different classes of models. We start from one-
dimensional models, the Su-Schrieffer-Heeger [97] and the Rice-Mele model [98], respec-
tively, see Section 4.1. Their one-dimensional band-structures (at fixed parameters) are not
characterized by Chern numbers. However, they provide a minimal proof-of-principle scenario
that allows us to test the scheme proposed above. In a second step, we investigate the two-
dimensional Haldane model [2] both in its topologically trivial and non-trivial regime, see
Section 4.2.

For the aforementioned models of moderate size, the steady state of the system is obtained
by numerically solving Eq. (8) through exact diagonalization or via time evolution for a time
sufficiently long to ensure that the system has reached a steady state [Section 4.2.1]. Note
that the term Hg, is neglected throughout the paper, as justified in Appendix A. To quantify the
performance of our cooling scheme, we calculate the fidelity between the steady state p., and
the ground state |g) of the system, which is defined as

F=14/{glpslg), (19)

and takes values 0 < F < 1. A larger fidelity implies a better performance of our scheme.
Furthermore, in order to treat larger systems, we derive kinetic equations of motion using
a mean-field approach for the case of the Haldane model [Section 4.2.2].

4.1 One-dimensional systems: The Rice-Mele and Su-Schrieffer-Heeger models

Our first example is the Rice-Mele model [98,99], which describes a one-dimensional (1D)
tight-binding chain with staggered hopping parameters and staggered on-site potentials [see
sketch in Fig. 1(a)]. The Hamiltonian reads

H = Z I:E(nl)A_ nl,B) — (JlaZAal,B +J2alT,Bal+1>A + hc)] y (20)
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(b) ,
21 ’ +
=
X O e
w
Symmetry = band
-2 ' =
-1.0 -0.5 0.0 0.5 1.0
kim

Figure 1: (a) A sketch of the Rice-Mele model in blue color, characterized by a stag-
gered onsite potential, intracell hopping amplitude J;, and intercell hopping am-
plitude J,. J, and Jg denote the next nearest neighbour hopping amplitudes. The
potential can be realized by a superlattice, Eq. (21), in the experiments. The black
dashed line indicates a unit cell. For E = 0 one obtains the Su-Schrieffer-Heeger
model as a filled gray color, which is characterized by a symmetric double-well sys-
tem. (b) Single-particle energy spectrum for the SSH model with periodic boundary
condition, i.e., Eq. (24) for E = 0 and J; = 2J, = 2J. The symmetries related to £k
and between upper(+)/lower (-) bands are shown.

with n; , = a;val’v being number operators for v = A,B. The chain consists of N unit cells,

each unit cell hosting two sites: one on sublattice A, one on sublattice B. Here, J; and J, denote
the intracell and intercell nearest-neighbour tunnelling strength, and E is the staggered onsite
potential. This model can be realized with bichromatic ultracold atoms in optical lattices [ 100].
By using two counter propagating laser beams with period d and d/2 respectively, one can
obtain a superlattice with potential

V(x) = V; sin® (n;—c)+stin2 (2n§+9) , (21

where 6 is the phase difference between these two different sublattices, and V; and V, are the
lattice depths for the wider and narrower lattice, respectively.

For a translationally invariant chain with periodic boundary conditions (PBC), transform-
. . . . T _ L T ikl _ 2_7[ .
ing the Hamiltonian to momentum space via a, AB= TN D a ape" where k = g5 with

_ __N-1 N-1 _.
q=—"5,...,~5, yields

" a
H=Y (a] , a. ;)b(k) (a"”*) , (22)
keB kB

characterized by the single-particle Hamiltonian

_ E _Jl _Jzeik
b(k) - (_Jl _Jze—ik —E ) 5 (23)
whose eigenenergies read
e(k) = £4/E2 + (J; + J, cosk)? + (J, sin k)2, (24)

with the spectrum shown in Fig. 1(b) for E = 0 and J; = 2J,. The single-particle spectrum (24)
has a symmetry with respect to =k and a symmetry between upper and lower band. The former
results from time-reversal invariance and the latter is a consequence of chiral symmetry; i.e.,
o,h(k)o, = —h(k), with o, being the Pauli matrix. Due to these symmetries, the many-body
spectrum will be degenerate. For an effective cooling scheme, we need to lift the degeneracies
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in the half filling spectrum, which could be realized in different ways, such as by introduc-
ing a weak nearest-neighbour (NN) interaction under open boundary condition (OBC), or by
introducing next-nearest-neighbour (NNN) tunneling under OBC, see more in B.

4.1.1 Feedback cooling of the SSH chain

For E = 0 in the Hamiltonian (20), the Rice-Mele model reduces to the Su-Schrieffer-Heeger
(SSH) model [97,99]. The Su-Schrieffer-Heeger (SSH) model shows a topological phase tran-
sition at J,/J, = 1, separating a topologically trivial phase for J;/J, > 1 from a non-trivial
one for J; /J, < 1, which is characterized by a non-trivial winding of the Berry phase through
the Brillouin zone. To study the effectiveness of the exact method, we first consider open SSH
chains of moderate size (N = 1 ~ 4) at half filling that allow us to numerically solve the
steady-state equation Lp = 0, with the superoperator £ given in Eq. (8) and jump operator
C of Eq. (10). To lift degeneracies in the many-body spectrum (see Section 3.1), we further
introduce a weak nearest-neighbour interaction

I:\II = UZ (ne_l’Bn[’A‘i‘ ne’Anl_{_LB) . (25)
l

We solve Eq. (8) numerically using the toolbox QuTiP [101] in Python to find the steady state.
As expected by construction, the exact method always yields the desired state |g) with close-
to-unity fidelity between the steady state and the ground state for all system sizes investigated
numerically, both in the topological (J;/J, < 1) and trivial (J; /J, > 1) phase.

Considering now the approximate method, we construct analytically optimal states | by . )
of Eq. (16) which are used to define the jump operator C, of Eq. (15) localized in the £-th unit
cell. In particular, we search for states such that [b, _) (|b,)) has minimal overlap with the
upper (lower) band. The eigenvectors of the single-particle momentum-space Hamiltonian
(23) for E = 0 can be written as follows,

1 :l:eid’k : _Jl —Jzeik
ky)=—— igp = 17 72° 26
) ﬁ( 1 ) S A 2o
The squared overlap of state |k, ) with |b, _) is thus
2 _ 1 .
|{ks|bg )" = ﬁ[l ¥ sin(2&) cos(¢r) ] - (27)

Hence, the total overlap of the state |bg’_> with the upper (4+) and lower (—) band, shall be
defined by the probability

PL(E) = ;ukilbz,_nz =% % ;cos(qbk) 28)
_1 sin(2§)
=3 F N s. (29)

For convenience, in Eq. (29) we defined s = )}, 5 cos(¢;), which is always negative for a
large system with J; # 0 and vanishes for J; = 0, since the k values are equally spread over
the first Brillouin zone.

Considering first N = 1 for simplicity, we have s = —1. In this case, the minimal (maximal)
overlap of |b, _) with the upper (lower) band is attained at & = —m/4, leading to states

1

ﬁ(lt’,A)?IL’,B))- (30)

|b€,ﬂ:) =
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—eo— N=1 1.01
o
o 0.4 N=2
o —— N=3 | _08 (b)
(>) g —eo— N=4 =
T 0.2 'g’ .8 0.61 3 _ —— N=1
c 8_ ko) 2
s kS 0.4 3 F o=
0.0/ ' k) —o— N=4
0 1 2 3 4 5 0 1 2 3 4
Jal)2 J1l)2

Figure 2: The approximate approach for the SSH model. The gray shaded back-
ground color indicates the trivial phase and the white background color indicates the
topological phase. (a) The minimal overlap of Eq. (28) between the state |b(,_> of
lower band given by Eq. (30) and the upper band |k, ) for different small systems
with N unit cells as a function of J; /J,. (b) Fidelity defined in Eq. (19) as a function
of J, /J, with open boundary conditions for different small systems with N unit cells.
The steady state p is obtained by solving Eq. (8) with the jump operator constrained
to two sites within one unit cell given by Eq. (31). The measurement strength is set
to y = 0.0001J with J the energy unit.

The orthogonality between |k, ) and |k_) and between |b, ;) and |b, _) then guarantees that
|(k+|be’_>|2 = |(k_|b¢’+)|2, such that |b, ;) has minimal overlap with the lower band. We
discuss below that this construction works well numerically also for larger N for J;/J, > 1,
while the regime J; /J, <1 can be treated as well by a shift of |b, ..) by one lattice site. With
this choice for the states |b, .), the jump operator C; of Eq. (15) is determined as

J7 VT [ '
Cf = 7(n€,A—nLB)+T(aé’Bae,A—ag,Aa&B) . (31)
The corresponding measurement and feedback operators thus read
J7 ATt )
Me = 7 (nf,A_ Tle)B) N F( = —17 (Cle,ACle’B — ae’Ba[,A) . (32)

Here, M, measures the population imbalance between the two sites A and B in the ¢-th unit
cell, and F, denotes a tunneling between these two sites with a complex amplitude. The
measurement of on-site population can be implemented via homodyne detection of the off-
resonant scattering of structured probe light from the atoms [93-95]. The tunneling with a
complex amplitude can be realized by accelerating the lattice [7, 10,88, 96].

Figure 2(a) shows the minimal overlap >, |(k+|be,_)|2 between the state |b, _) given in
Eq. (30) and the whole upper band. Figure 2(b) shows instead the fidelity given by the ap-
proximate cooling protocol as a function of J, /J, for different system sizes ranging from 1 to
4 unit cells. As long as J;/J, > 1 the fidelity is close to unity, while this is not the case for
J1/Jo < 1 instead. This can easily be understood by considering that for J; > J, the system
dimerizes, with the dimers localized in each unit cell. Maximally localized Wannier functions
of the form of |b, . ) [Eq. (30)] can thus be constructed, which are mainly localized within the
£th unit cell (C). For J; < J,, instead, the dimers straddle two neighbouring unit cells [99] and,
in this case, the maximally localized Wannier functions also straddle two unit cells. Following
this reasoning, successful cooling in the topological phase J;/J, < 1 can also be achieved by
choosing a collapse operator localized on neighbouring sites belonging to different unit cells.
This can also be seen formally from Eq. (28): in the limit J, = 0, it holds that cos(¢;) = —1
for any value of k, so the probability overlap P, (&) =[1 £ sin(2&)]/2 can reach 0 or 1 for an
appropriate choice of £, while in the limit J; = 0 it becomes 1/2 for N > 1 and is independent
from &.
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Figure 3: The approximate method for a Rice-Mele pumping cycle. (a) Hopping
amplitudes J;, J, and onsite potential E as a function of 8 given by Eq. (36). (b)
The minimal overlap and the fidelity defined in Eq. (19) during the pumping cycle as
a function of 6 for a small system with 3 unit cells under open boundary condition.
The steady state p is given by Eq. (8) and the jump operator constrained to two
sites within one unit cell is given by Eq. (31). The measurement strength is set to
y = 0.0001J with J the energy unit. The steady state is obtained by solving Eq. (8).

4.1.2 Rice-Mele pumping cycle

We now construct the approximate jump operator C, for the Rice-Mele model of Eq. (20) with
a non-zero staggered on-site potential E # 0. A state in the upper band can be written in the

form
|k,) = cos Xk |k A) + ek sin £k |k B), (33)

where y;, = 2arctan |:(1/E2 +J2 E)/J] with —J; —J,etk = Je“pk The squared overlap P, (&)
of |by _) defined in Eq. (16) with the whole upper band is then

Pi(&) = {1 — —cos(28) Z Cos Yy — — s1n(2£) Z sin y cos(ci)k)} (34)
keB keB
If ¥, c5cos xx # 0 and 2 # (n+ 1/2)m with integer n, the extremal point satisfies
sin y cos
tan2f = D SIn Xk (¢k) 35)
D ess COS Xk

With the approximate cooling operator determined by &, we study the cooling during a Rice-
Mele pumping cycle. In this process, the parameters E, J; and J, in the Hamiltonian (20) are
modulated periodically in time in a slow, adiabatic fashion. Through an appropriate parame-
ter variation, the modulation pumps an integer number of particles along the chain which is
determined by the Chern number of the valence band [102]. This so-called topological charge
pump can be thought of as a 1D analog of the quantum Hall effect, where one spatial dimen-
sion is substituted by the temporal one [103]. We consider the following modulation of the
on-site potential and hopping parameters [100,104],

E(G)z%sin@, J1(0) == [3+%c039] Jﬂ@)zé(l—%cos@), (36)

as depicted in Fig. 3(a), with J the energy unit. In an experiment, the modulation is achieved
by varying the phase difference 6 between the two sublattices, see Eq. (21). The cooling
fidelity is reported in Fig. 3(b) as a function of 8. In a large parameter regime, the deviation
from unity is less than 10~ and it remains always well below one percent, indicating that the
approximate cooling protocol is reliable during the whole pumping cycle. The fidelity is slightly
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kx/l'l 1 -1

Figure 4: (a) Haldane model with hopping vectors in real space. The region in blue
shading shows one unit cell with two sites A and B. J;, Jo and J; are the nearest
neighbour hopping amplitudes. The next nearest neighbour (NNN) hopping in a
clockwise closed path with magnetic flux 3¢ enclosed is shown in orange color and
the corresponding NNN hopping acquires a complex phase ¢'?, and vice versa, the
anticlockwise NNN hopping acquires a complex phase e ¢. In order to enumerate
the unit cells, we consider two directions with labels m and n, which take integer
values. Each lattice site is described by three parameters: mno, with mn the index
of unit cell and o = A,B. (b) Single particle spectrum under periodic boundary
condition for the Haldane model with J, =J, t, =t =0.1J, ¢ = /2, A =0.52J.

lower (although by a few parts in a thousand only) for values around 6 ~ 7. This effect can be
explained by noting that at such values the on-site potential is close to zero. Non-zero values of
E indeed contribute in effectively reducing the hopping amplitude by bringing nearby sites off-
resonant, thus favouring localized states that are well described by the single-cell ansatz (17)
used for |by 4).

4.2 Two-dimensional topological insulator: The Haldane model

After having demonstrated the effectiveness of the cooling protocols in one-dimensional topo-
logical insulators, we now address the case of a two-dimensional system: the Haldane model of
a Chern insulator [2]. This model substantially differs from previous examples, both because
of its dimensionality and of its topological characterization. The Haldane model is defined on
a honeycomb lattice with two sites (A and B) per unit cell, as shown in Fig. 4(a). In order to
enumerate the unit cells, we consider two directions with labels m and n, which take integer
values. Each lattice site is described by three parameters: mno, with mn the index of the unit
cell and o = A, B. The Hamiltonian is given by

H=-— Z Jo(abj+he)— Z ta(ala;ei® +h.c.)

(Ljda=1,23 (1,704

— > ty(bibje"i? +he)+ A (ala;—b]b,).

(i) i

(37)

The summation over (i, j); runs over (ordered) pairs of nearest neighbours (NN) with
A =1,2,3, as shown in Fig. 4(a), while the summation over ((i, j))4/p runs over next-nearest
neighbours (NNN) between AA or BB sites. The complex phases e!”i® can be thought of as
resulting from a magnetic field penetrating the lattice with zero net flux in each hexagon.
The value of v;; is determined by the hopping directions with v;; = 1 for clockwise hopping
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and v;; = —1 for counterclockwise hopping. The Haldane Hamiltonian thus features real-
valued NN hopping parameters (—J;) and complex NNN hopping parameters (—te!"i%). We
consider first the original Haldane model with J, =J and ¢, = t, if not otherwise mentioned.
The complex NNN coupling matrix elements break time-reversal symmetry and open gaps at
both of the Dirac-type band-touching points, so that the resulting individual bands require
topologically non-trivial properties characterized by Chern numbers £1. In turn, the energy
offset A breaks inversion symmetry. This term alone would open a topologically trivial band
gap. If both terms are present, we find a competition between the two. By varying A, the
system enters a topological phase when |A| < |34/3tsin¢|, which is characterized by the
appearance of the chiral edge states [105].

4.2.1 Exact vs approximate method in small systems

To investigate feedback cooling in the Haldane model, we first focus on a system with N = 4
unit cells as depicted with the green line in Fig. 4(a). The steady state is obtained by solving
Eq. (8) as done for the Rice-Mele model. Unwanted degeneracies arising from the symmetric
single-particle spectrum shown in Fig. 4(b) are lifted by using open boundary conditions and
adding a small nearest-neighbour interaction, see Eq. (25). The fidelity given by the exact
method is shown in Fig. 5 for different values of the NNN tunneling phase ¢. As for the 1D
case, the fidelity is very close to one for all parameter values, confirming the efficiency of
the exact method. We further observe that the fidelity deviates slightly from one for smaller
A and larger ¢: we attribute this discrepancy to the fact that, for the value U = 0.001J of
the interaction strength of Eq. (25) used, the system exhibits an increasing number of near-
degeneracies in this regime, with decreasing level spacing as A decreases and ¢ increases.
These near-degeneracies hinder the efficiency of the exact protocol through the phenomena
discussed in Sec. 3.1.

We then test the approximate method by constructing constrained jump operators localized
at two sites with indices 114, 11B in the first unit cell, and on four sites with indices 114, 11B,
21B, 12A indicated in Fig. 4(a). We can parameterize the wavefunctions localized at four sites

1.000

0.9951

ity

0.990+

Fidel

0.9851

0.980 1

00 02 04 06 08
A/

Figure 5: Fidelity between the steady state given by Eq. (8) with jump operator C of
Eq. (10) (for the exact approach) and the ground state of the Haldane model (37)
for a small system with four unit cells as a function of the on-site potential A for
different values of the complex hopping phase ¢. The steady state is obtained by
solving Eq. (8). We use OBC with a small interaction (25) of strength 0.001J to
break the degeneracy.
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Figure 6: Approximate approach for a small system of the Haldane model with 4
unit cells as depicted with green line in Fig. 4(a). We consider the cases where the
wavefunctions (WF) |bi”) are localized at two sites with indices 114, 11B in the first
unit cell, and on four sites with indices 114, 11B, 21B, 12A indicated in Fig. 4(a). We
set ¢ = m/2and t = 0.1J, where the energy unit J is the NN hopping amplitude. The
parameterizations of Ibi") are given by Eq. (17) for n = 2 and by Eq. (38) for n = 4.
The parameters can be determined by minimizing the overlap of |bf”) (|bf”)) with
upper (lower) band, with the minimal overlaps shown in (a). (b) Fidelity between
the steady state given by Eq. (8) and the ground state of the Haldane model for a
small system with 4 unit cells as a function of the onsite potential A for t = 0.1J. The
steady state is obtained by solving Eq. (8) with the jump operator Cs = (bf” )f bf”.
The measurement strength is set to y = 0.0001J.

with three parameters &, £, and &5 in the following way,

|b3*) = sin(&;) sin(8,) sin(£5) [114) + sin(&, ) sin(& ) cos(&,) [11B)

(38)
+sin(&;) cos(&,) [21B) + cos(E1) [124) .

Given the parametrization (38), the optimal parameters £;, £, and &5 can be determined by
following a similar strategy as for the two-sites case, where we try to minimize the overlap of
|bf4) q bf“)) with the upper (lower) band. The minimal overlaps found are shown in Fig. 6(a).
For smaller on-site potential A (corresponding to the topological phase) the minimal overlaps
are smaller for Ibi”) localized at four sites than at two sites. The amplitudes of the optimal
wavefunction Ibf”) at different lattice sites are shown in Fig. 7. The resulting fidelity is shown
in Fig. 6(b). For the two-site jump operator Cg,, the cooling is not efficient for small on-site
potentials A/J < 1, but the fidelity grows monotonically by increasing A, eventually reaching
F =1 for A/J ~ 3. The situation strikingly improves when considering C, s,» localized on four
sites. In this case the fidelity barely deviates from one at vanishing A, and remains otherwise
very close to one for all values of A. For small on-site potentials, the 2D system is in a topo-
logical phase and it is not possible to construct maximally localized Wannier functions [105],
which leads to poor cooling performance of the two-site algorithm. This differs significantly
from the 1D SSH model 4.1.1, where cooling in the topological phase still works by simply
shifting the operators |by ), as the maximally localized Wannier functions are shifted in this
case.

4.2.2 Cooling large systems: Mean-field approach

Having benchmarked the performance of both the exact and the approximate methods in small
systems by exact numerical determination of the steady state, we now investigate cooling in
the (non-interacting) Haldane model for larger systems by adopting a mean-field approach. In
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Figure 7: Amplitudes of the optimal wavefunctions |b,—; 1) at two sites in the first

unit cell with the ansatz given by Eq. (17) and Ibf“) at four sites with the ansatz
given by Eq. (38). The different colors stand for different on-site potentials A. We
consider a small system of the Haldane model with 4 unit cells as depicted with green
line in Fig. 4(a). We set ¢ = m/2 and t = 0.1J with J the NN hopping amplitude.
To get the optimal parameters we try to minimize the overlap of |bf"‘) (Ibf")) with
upper (lower) band. We choose the two sites with indices 11A, 11B in the first unit
cell, and the four sites with indices 114, 11B, 21B, 12A, as shown in Fig. 4(a).

particular, following Refs. [106, 107] we derive kinetic equations of motion for the mean oc-
cupations of the single-particle eigenstates (D). The resulting non-linear equations of motions

read
L0 = 3 (Regtgl1 — ()] — Ry (11— g ()], (39)
q

dt

where 1, (t) = tr[n;p(t)] is the mean occupation number of the k-th single-particle eigen-
state (ordered by increasing energy). These equations are obtained by neglecting non-trivial
correlations, tr[ngn,p(t)] ~ n(t)ny(t), which is justified in the limit of large systems. The
validity of the mean-field approximation for small systems is further studied in Section E in
the Appendix, where the exact full-density-matrix approach is compared with mean-field ap-
proach. The transition rates Ryq are obtained from the feedback master equation (7) after
an additional rotating-wave-approximation (RWA), which is valid if the single-particle energy
gaps and their differences are much larger than the measurement strength y. The rates are
derived from the feedback jump operator C according to Ry, = |qu|2.

In the case of the exact method, we see from Eq. (12) that the rates Ryq are such that
Riq =1 (in the dimensionless units used), if the eigenstates labeled by k and q belong to the
lower and upper band, respectively, while Ry, = 0 otherwise. The mean-field equation (39)
for the occupation of a state k in the lower band then reduces to

L0 =T =01 3 (o), (40)

dt =

where B, denotes the upper band. The steady state, di,(t)/dt = 0, is then easily found to
be 7, (t) = 1, confirming that an exact preparation of the many-body ground state is indeed
attained, featuring all states in the lower band occupied. We then investigate the performance
of the approximate method by constraining the jump operator to different sets of sites S,, and
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Figure 8: Efficiency of the approximate construction for the Haldane model. We plot
the deviation given by (41) between the steady state of the mean-field equations (39)
and the ground state as a function of on-site potential A for ¢ = /2. We consider
slightly different NNN hoppings with t, = 0.1J, tz = 0.05J, where t, denotes the
NNN hopping amplitude without phase factor for AA sites and tz denotes the NNN
hopping amplitude without phase factor for BB sites. A; denotes the topological
phase transition. (a) We consider a large system with 100 unit cells arranged in
10 x 10, as shown in Fig. 4(a). The wavefunctions are constrained at two, four or six
sites. The choice of S, and S, is same with Fig. 6. S is given by 114, 11B, 21B, 12A,
22A and 22B as indicated in Fig. 4(a). (b) Deviation for different large systems with
N unit cells arranged in a manner such that m and n run from 1 to +/N, as shown
in Fig. 4(a). The wavefunctions are constrained at four sites with the choice of S,
same with (a).

solving the mean field equations (39) numerically in a system of N = 100 unit cells arranged
in a manner such that m and n run from 1 to 10, as shown in Fig. 4(a). To ensure that
the spectrum does not feature two identical level spacings (see D), such that the RWA can be
assumed to be valid for a suitably small y, we consider slightly different strength of the NNN
hopping between two A sites, denoted with t,, as compared to two B sites, denoted with tp
(see Fig. 4(a)). The construction of the constrained jump operators is performed via numerical
optimization as explained in Section 3.3. We quantify the deviation D(71) from the ground state
by comparing the mean occupation numbers in the steady state, n = {fi; };—; oy With those

.....

. =(2) — (&) i
in the ground state, a(&) = {n,> }x=1,..2n, cOmputing

| 1 - N
D(R) = | 5 PG (41)
k=1

The sets S,, considered are localized on n = 2, 4 and 6 sites. The choice of S, and &, is the
same as in Fig. 6. S is given by 114, 11B, 21B, 12A, 22A and 22B as indicated in Fig. 4(a). The
Deviation D obtained as a function of A is depicted in Fig. 8. We observe that the deviation
is fairly large for S, (blue curve), but it gets much closer to zero as the number of sites is
increased, for S, (orange curve) and Sg (green curve). In the latter cases, the deviation tends
to zero for A/J > 1, but deviates from zero for A/J < 1.

The above effect can be understood in the light of the topological phase transition, thus
interestingly linking the efficiency of the engineered cooling mechanism with the system’s topo-
logical properties. Indeed, around 0 < Ay < 1, the system crosses the phase transition and
enters the topological phase, where exponentially localized Wannier functions do not exist,
such that the constrained ansatz states |bf") cannot reproduce the eigenstates to a satisfactory
degree. To bring further evidence that this effect is indeed related to the topological phase
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Figure 9: (a) Deviation between final state of the mean-field equations (39) and the
ground state of the Haldane model for a large system with 16 unit cells arranged in
the same way as Fig. 8. (b) The corresponding energy gaps under open boundary
conditions. The approximate approach with wavefunctions localized at 2 sites is
applied here. The parameters are set as J, =J; =J and t = 0.1J. The black curves
describe the topological transition, which is given by Eq. (42). The horizontal axis
is J; and vertical axis is the on-site potential A. The deviation D given by (41) and
the energy gap, which are functions of J; and A, are represented with a color map.

transition, we show in Fig. 8(b) the deviation for different system sizes, again as a function of
A. The steepness of the curve at low A increases for increasing size, as expected, since it is
more difficult to find Wannier functions localized at four sites in the topological phase. As an
additional signature, we study how the cooling improves by entering a trivial dimerized phase,
in which the tunneling strength J; along the direction e; is much larger than in other direc-
tions [see Fig. 4(a)]. For the case of a dimerization with changing J; and constant J, =J; =J
the topological phase transition is given by

J J?
A:I:t(—1+2) 4—-L—o. (42)
J J2

The deviation for this case is reported in Fig. 9(a), and indeed becomes smaller for increasing
J;. This observation together with the results in Fig. 8 indicate that the deviation is related
with the energy gap, so we plot the energy gaps of the Haldane model in Fig. 9(b) for the
approximate approach with jump operators localized at two sites under open boundary condi-
tion. We observe that D is smaller (larger) for a larger (smaller) energy gap, which indicates
that the cooling performance is much better for a larger energy gap.

5 Conclusions

In summary, we have proposed a scheme to prepare topological insulator states for noninter-
acting fermionic atoms in an optical lattice through Markovian feedback control. Specifically,
we considered topologically non-trivial two-band models at half-filling, and exploited continu-
ous weak measurement and Markovian feedback to engineer a dissipative process which cools
the system towards the ground state. This is achieved, in turn, by constructing a dissipative
process that pumps particles from the upper band to the lower band, until the latter is filled.
We further propose approximate variant schemes that can perform the same task with lower
efficiency, when additional experimental constraints on the measurement and feedback ap-
paratus are introduced. We have benchmarked these two approaches in several 1D and 2D
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Figure 10: Fidelities for a small SSH model with 3 unit cells for different values of
measurement strength y by considering two different topological regimes (a) topo-
logical phase and (b) trivial phase, for the approximate approach with Wannier func-
tion localized in one unit cell.

lattice models, namely for the Su-Schrieffer-Heeger model, the Rice-Mele model and the Hal-
dane model. For moderate system sizes, we probed the steady state of the system by solving
the feedback-modified master equation numerically. For large systems, we resorted to kinetic
theory and compared the mean occupations of the single-particle eigenstates. The proposed
exact cooling scheme is successful in all parameter regimes and for all models studied. The ap-
proximate methods, which involve a restriction of the measurement and feedback operations
to small subsystems, give good performance for small systems or when the system eigenstates
tend to be localized on few sites. While this makes this approach less effective in the topolog-
ical phase of the 2D Haldane model for large systems, it still gives a satisfactory preparation
of topological insulator states in the 1D models studied.
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A Impact of measurement strength on fidelity

For the simulations in the paper, we did not include the feedback term Hyg,. To verify that this
approximation does not alter the results significantly and to address the impact of the mea-
surement strength y on the steady-state fidelity, we have added Hy, to the system Hamiltonian
and computed fidelities for a small SSH model with three unit cells, considering different val-
ues of y and two different topological regimes: J;/J, = 2 and J; /J, = 0.5, as shown in Fig. 10.
The setup is the same as in Fig. 2 for the approximate approach. By slowly changing y from
0.0001 to 0.1, we observe that a smaller y gives slightly higher fidelity, but in both cases the
influence of y in fidelity is on the order of 107>, thus justifying the omission of the Hg, term in
the simulations.
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Figure 11: Half-filling spectrum for a system of 3 unit cells in SSH model with J; = 2J
and J, = J. The eigenenergies are sorted in an ascending way and enumerated along
the x-axis. Figures on the left side are plots of the energy spectrum in linear scale.
Figures on the right side are in semilog scale and describe the energy difference
between neighboring points of the left plots. (a) Plots for the case of OBC with
small interaction of strength 0.01J. (b) Plots for the case of OBC with NNN hopping
strength 0.1J.

B Different methods to lift degeneracies of the many-body spec-
trum

The degeneracies in the many-body spectrum arise from the symmetric single-particle spec-
trum with respect to =k and between the two bands, as shown in Fig. 1(b). We study different
ways to lift the degeneracies.

(1) We introduce a small interaction between nearest neighbors with interaction Hamilto-
nian in Eq. (25), with U denoting the interaction strength, and use open boundary conditions
(OBQ). For OBC [ runs from 1 to N —1 in Eq. (20). We plot the half-filling spectrum and the
energy difference between neighbouring states in Fig. 11(a), where all the energy differences
AE are non-zero, which means that the degeneracy is lifted by adding small nearest-neighbour
interactions.

(2) We can introduce more tunneling coefficients, such as next nearest neighbor tunneling
coefficients (NNN hopping). Similar as in (1), the half-filling spectrum and the energy differ-
ences are plotted in Fig. 11(b).

C Maximally localized Wannier function in SSH model

We recall that Wannier functions are used to construct the collapse operators in Eq. (12).
The approximate approach, where the collapse operator is chosen to be localized at a few
sites, is based on the fact that by choosing appropriate gauge factors it is possible to find
well localized Wannier states in Eq. (12). Here, as an example, we try to construct maximally
localized Wannier function |W_(1)) in the tight binding SSH model with J; = 2J,, for the lower
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(—) band, where [ lists all unit cells. In order to find the appropriate gauge factor e'% -, we
perform either a single-band transformation following Ref. [ 108] or use the Kohn gauge [109].
In the Kohn gauge, the gauge factor can be chosed as

o =—arg(lk_); +1k_),), (C.1

where |k_); and |k_), are the two components of the lower band eigenvector |k_) in Eq. (26).
The computed Wannier function is shown in Fig. 12, where we notice an exponential local-
ization of the Wannier function in space. We can calculate the weight of the two sites 0OA and
0B in the Oth unit cell, which is |[W_(0A)|?> + |W_(0B)|?> = 0.97, where the Wannier function
is normalized. This result implies that the approximate approach for SSH model should work
very well for J; = 2J,, which is consistent with the results in Fig. 2.

D Derivation of the mean-field equations

Since it is very demanding to calculate the steady state p,, numerically for large systems,
we can adopt a mean-field description in which we rather study the time evolution of the
mean occupation of single-particle eigenstates, following Refs. [106,107]. To work out this
mean-field description, we first need to recast the master Eq. (7) (with Hg, = 0) in a form
which describes quantum jumps between single-particle eigenstates. This can be achieved,
while maintaining Lindblad form, as follows. We first represent the collapse operator C in the
system’s eigenbasis, C = Zk’q qua;iaq = Zk’q CiqLig> Where Ly, = aZaq describes a quantum
jump from single-particle eigenstate |q) to |k). In interaction picture, the master equation then
reads as

dp

i — Wty i 1 . 1 F
dt = Z quC:,q,el(“’kq @/q )tl:qupL],q, — ELzlq’quP - —pL F/q/qu] 5 (Dl)

k,q,k’.q’ 2

where w;, = €, —¢€, is the energy difference between the single-particle levels €; and €,. Note
that the master equation in Eq. (D.1) is already in Lindblad form, as it is derived from Eq. (7),
which preserves complete positivity. To further derive the kinetic equations, we next adopt
the rotating-wave (secular) approximation, which amounts to neglect oscillating terms in
Eq. (D.1). This is justified only in the regime where the difference in level spacings wy, — Wy
is much larger than the measurement strength v, [wy, — wy/ q/| > y. To ensure that this con-
dition can be met, in our numerical studies we use the methods described in B to prevent
the emergence of identical level spacings in the single-particle spectrum. In rotating-wave
approximation, Eq. (D.1) then becomes

de Zqu[quPL;Lq ~ 5 lkglkal = Ekaquq]’ (D-2)
k,q

where we introduced the effective quantum jump rates Ry, = IquIZ. From Eq. (D.2), one
can derive an equation ruling the evolution of the single-particle occupations 71, = tr(png).
The latter will also depend on two-particle correlations, tr(pnin,), initiating a hierarchy of
equations for the n-particle correlation functions [107]. The hierarchy can be truncated in
a mean-field-like approximation by assuming the factorization of two-particle correlations,
tr(pngng) ~ iy [107]. This procedure yields non-linear mean-field equations for the single-
particle occupations, reading as

d

O ;{quﬁq(t)[l—ﬁk(r)]—quﬁk(t)[l—ﬁq(rn} . (D.3)
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In the main text, we studied the steady-state occupations given by these mean-field equations,
satisfying %r‘zk(t) = 0, which have been found numerically both via long-time propagation
and through a nonlinear-equation solver.

E Validity of the mean-field approximation

The validity of the mean-field approximation—namely the factorization (n;ng) ~ (ny)(n,)
used in deriving the kinetic equations—is a key assumption for applying our approach to large
systems. To assess the reliability of this approximation, we compare the exact results with
the mean field results for a small SSH system of four unit cells with J,/J, = 2. We first
calculate the steady state p,, of the system by solving the master equation. Via p,, we compute
(ngng) = tr{pssning] and (ny)(ng), as shown in Fig. 13. We observe that |{njng) — (n)(ng)| is
very small, thus justifying the validity of mean-field approximation.

To further substantiate our approach, we have compared the deviation measure D calcu-
lated via both exact diagonalization (ED) and mean-field theory [Fig. 14(a)]. The observed
close agreement between these methods strongly supports the reliability of our mean-field
approximation.

Furthermore, we have investigated the relationship between the deviation measure D and
the fidelity /. Remarkably, as demonstrated in Fig. 14(b), 1—D exhibits behavior qualitatively
similar to the fidelity F, suggesting that 1 —D serves as an excellent proxy for F in our system.

. 0.751 A B
L1074
i 105 ] 0.50
2 0.251
10_14' I=O
, , , , 10.001 : : :
~100 -50 O 50 100 -4 -2 0 2 4
/ /

Figure 12: MLWF in tight binding model for SSH model with 201 unit cells with
J; = 2J,, for the lower (—) band. The index [ lists all unit cells from -100 to 100.
The gray region shows the Oth unit cell with A and B sites. In this case the Wannier
function is exponentially localized. Plots on the left side are in semilog scale. Plots
on the right side are in linear scale and zoom on the peak of the Wannier functions.

q q q
0 2 4 6 0 2 4 6 0 2 4 6
le-11

0 0 0
1 0.8 1 0.8 1 353
<
2 2 2 =
06 0.6% 5
N 3 § N 3 Et: v 3 2T
4 0ag 4 sl 4 ~
5 5 5 1S
6 0.2 6 0.2 6 S_,

7 7 7

0.0

Figure 13: Validity of mean-field approximation for a small SSH system of 4 unitcells
with J; /J, = 2: comparison between (nyn,) and (n;)(n,).
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Figure 14: (a) Comparison between the values of the deviation D(fn), defined in
Eq. (41) of the manuscript, obtained using two different methods: the full steady-
state density matrix and the mean-field approach. (b) Direct comparison between
fidelity and 1 — D. These studies are done for the small Haldane system with four
unit cells, same as in Fig. 6(b) of the main text.
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