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Holographic tensor network for double-scaled SYK
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Abstract

We construct a holographic tensor network for the double-scaled SYK model (DSSYK).
The moment of the transfer matrix of DSSYK can be mapped to the matrix product state
(MPS) of a spin chain. By adding the height direction as a holographic direction, we
recast the MPS for DSSYK into the holographic tensor network whose building block is
a 4-index tensor with the bond dimension three.
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1 Introduction

Tensor Network is a useful method to analyze quantum many-body systems (see e.g. [1] for a
review). In the context of AdS/CFT correspondence, the holographic tensor network is studied
as a toy model for the quantum error correcting property of the holographic duality [2]. How-
ever, it is not straightforward to construct a holographic tensor network for a given boundary
theory, say the Sachdev-Ye-Kitaev (SYK) model [3–5]. It is desirable to find a concrete example
of the holographic tensor network for a known boundary theory.

In this paper, we construct a holographic tensor network for the double-scaled SYK model
(DSSYK). As shown in [6], DSSYK is exactly solvable by the technique of the transfer matrix
written in terms of the q-deformed oscillator. Curiously, it is observed in [7, 8] that the same
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transfer matrix also appears in a completely different model, known as the asymmetric simple
exclusion process (ASEP) [9] which is a 1d lattice gas model of hopping particles with hard
core exclusion. The probability of a configuration of ASEP obeys a Markov process, and its
Markov matrix turns out to be a Hamiltonian of the integrable open XXZ spin chain [10] and
the stationary state of ASEP is given by a matrix product state (MPS) of the spin chain. Using
the correspondence of the transfer matrix of ASEP and DSSYK, we can express the computation
of the moment of the transfer matrix of DSSYK as the MPS of a spin chain. Furthermore, when
q = 0 this MPS turns out to be exactly equal to the ground state of the so-called Fredkin spin
chain [11,12]. Recently, the holographic tensor network for the ground state of Fredkin spin
chain was constructed in [13]. By generalizing the construction of [13] to the q ̸= 0 case, we
find the holographic tensor network for DSSYK.

This paper is organized as follows. In section 2, we briefly review DSSYK and its exact
solution in terms of the q-deformed oscillator. In section 3, we explain the relationship between
DSSYK, ASEP, and the Fredkin spin chain. In section 4, we construct a holographic tensor
network for DSSYK following the approach of [13] with a slight modification. Finally we
conclude in section 5 with some discussion of future problems.

2 Review of DSSYK

In this section, we will briefly review the definition of double-scaled SYK model (DSSYK) and
its solution in terms of the transfer matrix [6]. The Hamiltonian of the SYK model is given by
the p-body interaction of N Majorana fermions ψi (i = 1, . . . , N)

H = ip/2
∑

1≤iq<···<ip≤N

Ji1···ipψi1 · · ·ψip , (1)

where Ji1···ip is a Gaussian random coupling with zero mean and the variance

〈J2
i1···ip
〉= J 2 p!(N − p)!

N !
. (2)

For simplicity, we will set J = 1 in what follows. DSSYK is defined by the scaling limit

N , p→∞ , with λ=
2p2

N
: fixed. (3)

The expectation value of the moment 〈Tr Hk〉 averaged over the random coupling Ji1···ip can
be computed by the Wick contraction since we assumed that the coupling Ji1···ip is Gaussian
random. For each Wick contraction of Ji1···ip , we assign a chord called the “H-chord”. In the
scaling limit (3), the remaining trace over the Hilbert space of Majorana fermions boils down
to the computation of the intersection number of chords with the weight factor q = e−λ. This
counting problem of intersection numbers of chord diagrams can be solved by introducing the
transfer matrix T

T = a+ + a− , (4)

where a± is the q-deformed oscillator obeying the relation

a−a+ − qa+a− = 1 . (5)

Then the moment 〈Tr Hk〉 is written as

〈Tr Hk〉= 〈0|T k|0〉 , (6)
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where |n〉 (n = 0,1, . . .) is the so-called chord number state which represents the state with n
chords and a± act as the creation/annihilation operators of chords

a+|n〉=
√

√1− qn+1

1− q
|n+ 1〉 , a−|n〉=

√

√1− qn

1− q
|n− 1〉 . (7)

The 0-chord state is annihilated by a−

a−|0〉= 0 , (8)

and the inner product of chord number states is normalized as 〈n|m〉 = δn,m. From (6), the
disk partition function Z(β) of DSSYK is written as

Z(β) =
¬

Tr e−βH
¶

= 〈0|e−βT |0〉 . (9)

The transfer matrix T is diagonalized in the |θ 〉-basis

T |θ 〉= E(θ )|θ 〉 , (10)

where the eigenvalue E(θ ) is given by

E(θ ) =
2 cosθ
p

1− q
(0≤ θ ≤ π) . (11)

The overlap of the chord number state |n〉 and the eigenstate |θ 〉 of T is given by the q-Hermite
polynomial Hn(x |q) with degree n

〈n|θ 〉= 〈θ |n〉=
Hn(cosθ |q)
p

(q; q)n
, (12)

which is orthogonal with respect to the measure µ(θ ) = (q, e±2iθ ; q)∞
∫ π

0

dθ
2π
µ(θ )〈n|θ 〉〈θ |m〉= 〈n|m〉= δn,m . (13)

We can also consider the matter operator O∆ with the dimension ∆= s/p

O∆ = is/2
∑

1≤i1<···<is≤N

Ki1···isψi1 · · ·ψis . (14)

Assuming that Ki1···is is another Gaussian random coupling independent of Ji1···ip , the correla-
tor of O∆’s can be computed by the technique of the chord diagram as well. In this case, there
appear two types of chords, the H-chord and the matter chord, coming from the Wick contrac-
tions of J and K , respectively. For instance, the thermal two-point function of the operator O∆
is written as

¬

Tr
�

e−β1HO∆e−β2HO∆
�

¶

= 〈0|e−β1T q∆bne−β2T |0〉 , (15)

where bn is the number operator

bn|n〉= n|n〉 (n= 0,1, . . .) . (16)
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3 Spin chain and matrix product state

As mentioned in [7, 8], the q-oscillator representation of the transfer matrix also appears in
a statistical mechanical problem known as the asymmetric simple exclusion process (ASEP)
[9]. ASEP is a lattice gas model of particles hopping in a preferred direction with hard core
exclusion imposed. The rate for the particle to hop to the left site and the right site is 1 and q,
respectively.

Let us consider a one-dimensional lattice with k sites where each site can be empty
or occupied by a particle. Then, a configuration of the system is specified by a k-tuple
C = (τ1,τ2, . . . ,τk) where τi = 0 if the site i is empty and τi = 1 if a particle is on site i.
The probability P(C) for the configuration C is determined by a Markov process

d
d t
|P〉= M |P〉 , (17)

where |P〉 is given by
|P〉=
∑

τi=0,1

P(τ1, . . . ,τk)|τ1, . . . ,τk〉 . (18)

It turns out that the Markov matrix M of ASEP is given by the Hamiltonian of the open XXZ
spin chain [10], where we identify τi = 0, 1 as the spin up and spin down at site i. As shown
in [9], the steady state M |P〉= 0 of ASEP is written as a matrix product state (MPS)

|P〉=
1
Zk

∑

τi=0,1

〈W |
k
∏

i=1

�

τi D+ (1−τi)E
�

|V 〉|τ1, . . . ,τk〉 , (19)

where D and E are written in terms of the q-deformed oscillator a± obeying (5)

D =
1

1− q
+

a−
p

1− q
, E =

1
1− q

+
a+
p

1− q
, (20)

and |V 〉 and 〈W | are the coherent states of a±

a−|V 〉= v|V 〉 , 〈W |a+ = w〈W | . (21)

Zk in (19) is a normalization factor

Zk = 〈W |(D+ E)k|V 〉 , (22)

which ensures the probability interpretation of the coefficient P(τ1, . . . ,τk) in (18)
∑

τi=0,1

P(τ1, . . . ,τk) = 1 . (23)

If we set v = w= 0, Zk in (22) becomes

Zk = 〈0|(D+ E)k|0〉= 〈0|
�

2
1− q

+
T
p

1− q

�k

|0〉 , (24)

where T is the transfer matrix of DSSYK in (4). Thus, the transfer matrix D + E of ASEP is
essentially the same as the transfer matrix of DSSYK up to a constant shift and the change of
normalization, and Zk of ASEP is written as a combination of the moments 〈0|T j|0〉 ( j ≤ k) of
DSSYK. From (11), one can see that this constant shift makes the spectrum of D + E positive
definite. For general v and w, the boundary states |V 〉 and 〈W | correspond to the end of the
world branes in DSSYK [8].
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From this relationship between ASEP and DSSYK, it is natural to introduce the (un-
normalized) spin chain state for DSSYK

|Ψk〉=
∑

si=±
〈0|as1

· · · ask
|0〉|s1, . . . , sk〉 , (25)

associated with the expansion of the moment 〈0|T k|0〉

〈0|T k|0〉=
∑

si=±
〈0|as1

· · · ask
|0〉 . (26)

This moment vanishes for odd k, and hence without loss of generality we can assume that k
is even

k = 2ℓ (ℓ ∈ Z>0) . (27)

By expressing a± as 45-degree arrows

a− ∼ ↗ , a+ ∼ ↘ , (28)

the non-zero coefficients of |Ψk〉 in (25) can be mapped to the so-called Dyck paths of length
k. For instance, when k = 4 there are two types of Dyck path

〈0|a−a−a+a+|0〉= ,

〈0|a−a+a−a+|0〉= .

(29)

In general, the coefficient 〈0|as1
· · · ask
|0〉 in (25) depends on q. When q = 0, the non-zero

coefficients in (25) become 1 for all Dyck paths and the state |Ψk〉 is written as a sum over the
Dyck paths with unit coefficient. Interestingly, such a state has been identified as the ground
state |GS〉 of the so-called Fredkin spin chain [11,12]

|GS〉=
∑

(s1,...,sk)∈Dk

|s1, . . . , sk〉 , (30)

where Dk denotes the set of Dyck paths of length k. As we explained above, the ground state
of the Fredkin spin chain in (30) is the q→ 0 limit of the MPS for DSSYK in (25)

lim
q→0
|Ψk〉= |GS〉 . (31)

4 Tensor network for DSSYK

In this section, we consider a tensor network representation of the MPS for DSSYK |Ψk〉 in (25).
MPS itself is an example of tensor network with a single layer. However, the MPS |Ψk〉 in (25)
is not a simple representation of the state since the bond dimension is large. The coefficient
〈0|as1

· · · ask
|0〉 of |Ψk〉 in (25) is given by the matrix element of the q-deformed oscillator a±,

which acts on the so-called chord Hilbert space

H =
∞
⊕

n=0

C|n〉 . (32)
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The bond dimension of the MPS |Ψk〉 in (25) is given by dimH, which is infinite.
As we will see below, we can recast |Ψk〉 in (25) into the network of 4-index tensors with

a finite bond dimension by adding an extra direction to make the single layer MPS to a multi-
layered tensor network. We interpret the added direction as the holographic direction. We
closely follow the construction of the holographic tensor network for the ground state of Fred-
kin spin chain in [13],1 but the detail of our construction is slightly different from [13].

To construct the holographic tensor network of |Ψk〉 in (25), we use the bijection between
the Dyck paths and the non-crossing pairings (see [16] for a nice review of this bijection).
Let us explain this bijection using the example of Dyck paths of length 4 in (29). We draw
a vertical line upward from the bottom of the leftmost segment of the Dyck path. When this
vertical line hits the path, we draw a horizontal line to the right. When the horizontal line hits
the path, we draw a vertical line downward. We repeat this process for the segment of Dyck
path which is not hit by the vertical/horizontal lines until all the segments are connected by
some vertical/horizontal lines. For the Dyck paths in (29), the resulting vertical/horizontal
lines (colored green) become

, .
(33)

They correspond to non-crossing pairings of four sites

1 2 3 4 , 1 2 3 4 . (34)

Note that the crossed pairing 1 2 3 4 is excluded. The above non-crossing pairings can be
thought of as the chord diagram of DSSYK at q = 0. As we will see below, the q-dependence
can be incorporated into the value of the tensors.

Next, we introduce the tiling of Dyck path. We draw (a part of) the square lattice in such
a way that the end-points of the segment of Dyck path match the vertices of the lattice. For
the Dyck paths in (34), the tiling (colored red) is given by

, . (35)

We assign the labels i = ±, 0 for each edge of the tile: i = + for the head of the green arrow,
i = − for the tail of the green arrow, and i = 0 if the green arrow does not touch the edge.
From (35), one can see that there are five types of tiles

0 +
−

0
t1 = , − 0

+

0
t2 = ,

− +
−

+
t3 = , − +

+

−
t4 = , 0 0

0

0
t5 = .

(36)

1See also [14,15] for the holographic tensor network of the ground state of (colored) Motzkin spin chain.
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The above ta (a = 1, . . . , 5) can be thought of as a 4-index tensor

ta

i1

i3

i2i4 , (37)

where the tensor indices i1, i2, i3, i4 take three values {±, 0}. In other words, the bond dimen-
sion is three. For instance, the tensor structure of t1 in (36) is written as

(t1)i1 i2 i3 i4 = δi1,0δi2,+δi3,−δi4,0 . (38)

Other ta ’s are defined similarly as the product of four Kronecker δ’s.
Following [13], we introduce the notion of valid tilings: we call a tiling valid if the indices

of the edge of the adjacent tiles add up to zero for all overlapping edges. Schematically, this
condition is depicted as

ta tb =
∑

i,i′∈{±,0}

δi+i′,0 ta
i i′ tb . (39)

We also impose the same condition for the horizontal edges. One can easily see that the tilings
in (35) are valid tilings. We can regard (39) as the multiplication rule of our tensors.

Now we are ready to construct the holographic tensor network for DSSYK. In order to
reproduce the MPS in (25), we introduce the tensor Ah which depends on the height h of the
tile, where h ∈ Z>0 is defined by the vertical position of the tile

· · ·

· · ·

· · ·

...

h= 1

h= 2

h= 3

h

. (40)

In order to reproduce the matrix element of a± in (7), we define Ah as the superposition of ta
in (36)

Ah =

√

√

√1− qh

1− q
(t1 + t2) + t3 + t4 + t5 . (41)

Above, the first two terms of (41) represent the matrix elements

〈h− 1|a−|h〉= 〈h|a+|h− 1〉=

√

√

√1− qh

1− q
. (42)

Then the MPS |Ψk〉 in (25) for k = 2ℓ is written as

s1 s2 s2ℓ−1 s2ℓ

0

0

0

0 0 0 0

0

0

0

A1 A1 A1 A1

A2 A2 A2 A2

Aℓ Aℓ Aℓ Aℓ
...

...
...

...

· · · · · ·

· · · · · ·

· · · · · ·

· · ·

· · ·

...
...

. (43)
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Namely, the coefficient 〈0|as1
· · · as2ℓ

|0〉 of MPS is written as a rectangular tensor network with
the height ℓ and the length 2ℓ, where all the indices of the left, right, and top are set to zero
while the bottom indices are given by the configuration of spins (s1, . . . , s2ℓ). Note that we
can increase the height of the rectangle in (43) from ℓ to ℓ′ (ℓ′ > ℓ) without changing the
boundary condition for the tensor indices, since only the empty tile t5 in Ah contributes when
h> ℓ.

The tensor network representation (43) of 〈0|as1
· · · as2ℓ

|0〉 can be easily understood from
the examples, such as (35). The green arrows only touch the bottom edge of the rectangle and
hence the bottom indices correspond to spins, while the other edges of the rectangle are not
crossed by the green arrows and thus assigned the index 0. For instance, the matrix element
〈0|a2
−a2
+|0〉 is given by

〈0|a2
−a2
+|0〉= 〈0|a−|1〉〈1|a−|2〉〈2|a+|1〉〈1|a+|0〉

=

√

√1− q
1− q

√

√1− q2

1− q

√

√1− q2

1− q

√

√1− q
1− q

= 1+ q .

(44)

We can check that (44) is reproduced from the tensor network (43) with the height h= 2 and
the spins (s1, s2, s3, s4) = (−,−,+,+). In this case, the non-zero contribution comes from the
first diagram of (35) and the q-dependence of (44) is reproduced from A1 and A2 in (41). In
the chord diagram computation of the moment 〈tr Hk〉, the last term q of (44) comes from the
intersection of two chords. As we explained below (34), the non-crossing pairings correspond
to the chord diagrams at q = 0. However, we should stress that when q ̸= 0 the set of non-
crossing pairings in (34) is not equal to the set of chord diagrams, since the crossed pairing is
excluded in (34). Nevertheless, the q-dependence of 〈0|as1

· · · as2ℓ
|0〉 is correctly reproduced

from our tensor network (43) as we have seen for the example 〈0|a2
−a2
+|0〉. In other words,

the non-crossing pairings do not directly correspond to the chord diagrams when q ̸= 0, and
hence our tensor network does not have a direct interpretation in terms of the chord diagrams.
Rather, we constructed our tensor Ah in (41) in such a way that the matrix elements (42) of
the q-deformed oscillator a± are correctly reproduced.

In the q→ 0 limit, Ah in (41) becomes h-independent

lim
q→0

Ah =
5
∑

a=1

ta , (45)

and our tensor network reduces to the holographic tensor network for the ground state of
Fredkin spin chain. Note that our tensor network is slightly different from [13]: the tensor
network in [13] is given by the inverted pyramid, while our tensor network becomes a nor-
mal pyramid if we remove the empty tiles t5 (see (35) as an example). This difference is not
important for the Fredkin spin chain since the building block of the network is height inde-
pendent, as shown in (45). However, this difference matters when q ̸= 0 and we believe that
our definition of the holographic tensor network is better suited for the q ̸= 0 case.

We can generalize our construction of holographic tensor network to the computation of
the matter two-point function. The two-point function in (15) is expanded as

〈0|e−β1T q∆bne−β2T |0〉=
∞
∑

n=0

q∆n〈0|e−β1T |n〉〈n|e−β2T |0〉

=
∞
∑

n,k,l=0

q∆n (−β1)k(−β2)l

k!l!
〈0|T k|n〉〈n|T l |0〉 .

(46)
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Thus, to study the matter two-point function, it is sufficient to construct the tensor network for
the moment 〈0|T k|n〉. Note that 〈0|T k|n〉 is non-zero if k ≥ n and k+ n is even. This moment
〈0|T k|n〉 is expanded as

〈0|T k|n〉=
∑

si=±
〈0|as1

· · · ask
|n〉 . (47)

In a similar manner as above, the matrix element 〈0|as1
· · · ask
|n〉 has a tensor network repre-

sentation

s1 s2 sk−1 sk

0

0

0

0 0 0 0

+

+

0

0

A1 A1 A1 A1

An An An An

Ah Ah Ah Ah

...
...

...
...

...
...

...
...

· · · · · ·

· · · · · ·

· · · · · ·

· · ·

· · ·

...

...

... n

. (48)

The boundary condition is changed from (43), where the first n indices on the right side are
replaced by + instead of 0. The height h of the rectangle in (48) should satisfy

h≥
k+ n

2
. (49)

5 Discussion

In this paper, we have constructed a holographic tensor network for DSSYK. Using the bijection
between the Dyck paths and the non-crossing pairings, we can define the tiling of the Dyck
path, from which we immediately read off the tensor network with five basic building blocks
{ta}a=1,...,5. By adding the height direction as a holographic direction, we can express the MPS
|Ψk〉 for DSSYK in terms of the holographic tensor network made out of the height-dependent
tensors {Ah}h=1,2,..., where Ah is a linear combination of ta ’s. Ah is a 4-index tensor with
bond dimension three, which improves the original MPS expression with the infinite bond
dimension.

There are many interesting open questions. Here we list some of them:

• Entanglement entropy
The entanglement entropy of the ground state of Fredkin spin chain was computed in
[11]. For instance, if we divide the k = 2ℓ spins into two subsystems with ℓ spins, the
entanglement entropy of |GS〉 in (30) scales as

S =
1
2

logℓ+O(1) (ℓ≫ 1) . (50)

It would be interesting to study the entanglement entropy of the MPS |Ψk〉 in (25) for
q ̸= 0 and see if the Ryu-Takayanagi formula [17] holds for our holographic tensor
network.

• Asymptotic behavior of Dyck paths
We are interested in the large k behavior of the MPS |Ψk〉 in (25). This problem is closely
related to the large k asymptotics of the length k Dyck paths or the non-crossing pairings,
which have been studied in the literature before [16, 18, 19]. As discussed in [20], the
limit shape of the Dyck paths can be thought of as the trajectory of boundary particle in
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the bulk spacetime. It would be interesting to compute the limit shape for q ̸= 0 along
the lines of [21,22].

• Semi-classical limit of the holographic tensor network
It is expected that the q → 1 or the λ → 0 limit correspond to the semi-classical limit
of the bulk quantum gravity. As discussed in [8,20,23,24], the bulk geodesic length of
DSSYK is discretized in units of λ. In our holographic tensor network, λ can be thought
of as the lattice spacing in the height direction and the λ→ 0 limit defines a continuum
limit of the tensor network. It would be interesting to take the continuum limit of our
holographic tensor network and see if it has some relation to the continuous MERA [25].

• Holographic error correcting code
It is argued in [26] that the AdS/CFT correspondence is an example of the quantum error
correcting code, and the toy model of holographic tensor network with this property was
proposed in [2]. It would be interesting to see if our holographic tensor network for
DSSYK has the property of the quantum error correcting code.

• Baby universe operator
We have seen that the matter operator can be realized in the holographic tensor network
by changing the boundary condition for the tensor indices. It would be interesting to
consider more exotic operator, like the baby universe operator in DSSYK [27], and see
if it has a simple representation in the holographic tensor network.

• Tensor network for ETH matrix model
As discussed in [24], we can construct a matrix model, the so-called ETH matrix model,
which reproduces the disk density of states µ(θ ) of DSSYK in the large N limit. If we ig-
nore the effect of matter operators, the ETH matrix model is given by the L×L Hermitian
one-matrix model

Z =
∫

L×L
dHe−Tr V (H) , (51)

where L = 2N/2 is the dimension of the Hilbert space of N Majorana fermions and the
explicit form of the potential V (H) was obtained in [24]. In the ETH matrix model, the
average of the moment Tr Hk is written as

〈Tr Hk〉=
L−1
∑

m=0

〈m|Qk|m〉 , (52)

where Q is the so-called Jacobi matrix and the state |m〉 corresponds to the mth order
orthogonal polynomial with respect to the measure e−V (E) (see [28] for a review). For the
even potential V (−H) = V (H), the Jacobi matrix is a tri-diagonal matrix with vanishing
diagonal elements, and hence the moment (52) is written as a sum over the Dyck paths.
It would be interesting to construct the holographic tensor network for the ETH matrix
model at finite L, by generalizing our construction at the disk level. At finite L, we expect
that the holographic tensor network contains the effect of higher genus topologies and
it defines the path integral over the fluctuating geometries. It would be interesting to
see if the holographic tensor network for the ETH matrix model has some connection to
the random tensor network [29].

• Matter chords and multi-particle chord Hilbert space
In this paper, we have primarily focused on the no-particle sector of the chord Hilbert
space. However, recent developments have explored the inclusion of matter chords into
the chord Hilbert space [30–33]. It would be interesting to construct a tensor network
for the multi-particle sector of the chord Hilbert space.
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• Holographic dual of DSSYK
It is argued in [34, 35] that DSSYK is holographically dual to the sine dilaton gravity
(see also [36, 37]). As we mentioned above, the bulk length of DSSYK is quantized in
units of λ and hence it is expected that the bulk geometry of DSSYK has some discrete
structure. It would be nice if our tensor network can shed light on the holographic dual
of DSSYK and the bulk discrete geometry.

Clearly, more work needs to be done to better understand the holographic tensor network for
DSSYK. We hope to return to the above questions in the near future.
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