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Abstract

We consider one dimensional many-particle systems that exhibit kinematically protected
single-particle excitations over their ground states. We show that momentum and time-
resolved 4-point functions of operators that create such excitations diverge linearly in
particular time differences. This behaviour can be understood by means of a simple semi-
classical analysis based on the kinematics and scattering of wave packets of quasiparti-
cles. We verify that our wave packet analysis correctly predicts the long-time limit of the
four-point function in the transverse field Ising model through a form factor expansion.
We present evidence in favour of the same behaviour in integrable quantum field theo-
ries. In addition, we extend our discussion to experimental protocols where two times
of the four-point function coincide, e.g. 2D coherent spectroscopy and pump-probe ex-
periments. Finally, focusing on the Ising model, we discuss subleading corrections that
grow as the square root of time differences. We show that the subleading corrections
can be correctly accounted for by the same semiclassical analysis, but also taking into
account wave packet spreading.
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1 Introduction

The linear response to weak time-dependent perturbations [1,2] has historically been the main
method of extracting information on dynamical properties of many-particle quantum systems.
Especially in condensed matter setups, typical perturbations are weak enough to produce a
response that is well described by linear response theory. This is, for example, the case in most
conventional transport, light absorption, and neutron scattering experiments. From a concep-
tual standpoint, the fact that the outcome of these measurements can be modeled within linear
response theory is convenient, as it directly relates the measurement outcome to two-point
functions of local operators, which in turn provides detailed information about excitations in
many-particle systems.

More recently, the advent of pump-probe experiments [3,4] and 2D coherent spectroscopy
(2DCS) techniques [5-10] has made it possible to probe complex materials outside the linear
response regime. These experimental techniques are well established as important tools in
chemistry and few-body physics [11], but are relatively novel probes of many-body physics.
Therefore, their potential applicability to furthering our understanding of strongly-correlated
and exotic materials still needs to be explored. This has motivated theoretical works aimed at
developing a comprehensive understanding of nonlinear response [1] in strongly correlated
many-particle quantum systems [12-25,25-28]. Most analytical results available to date stem
from calculations on systems that decouple into ensembles of few-body systems [29-31], free
theories [25,29,32-36], or interacting integrable systems in one dimension [37-42]. However,
until relatively recently it has been unclear how and to what extent these results generalize to
systems that are not in one of these particular classes. There is currently an ongoing experi-
mental and theoretical effort [43-48] to extend nonlinear response beyond the existing two-
level system and integrable model paradigms. In this manuscript, expanding on a previous
work of ours [49], we develop an understanding of third-order response functions predicting
a long-time divergence in a broad class of models, namely gapped, one-dimensional systems
featuring stable quasiparticle excitations at low energy. We show that when the system is per-
turbed by operators with a definite momentum, long-time divergences arise. These can be
understood from a semiclassical perspective, accounting for ballistic propagation of quasipar-
ticles and their scattering events; a picture that can be made precise using a wavepacket basis
for the quasiparticles.

Before proceeding we note that many works over the years focused on wavepacket dynam-
ics or a similar semiclassical description of the low-energy dynamics. In a seminal paper [50]
Sachdev and Young showed how semiclassical arguments can account for the low-temperature
linear response functions in the Ising model. More recently, Refs. [24,36] explained the pres-
ence of persistent oscillations in certain nonlinear response functions through a semiclassi-
cal picture accounting for ballistic motion of quasiparticles. In a spirit similar to this work,
Refs. [51, 52] found similar long-time divergences in a system with anyonic QPs, although
with different exponents stemming from the fact that the QPs have nontrivial mutual statis-
tics. Finally, a recent work [53] showed that wavepacket dynamics can be used as a way to
derive generalized hydrodynamics in integrable models.

In the next two sections, we describe the setup (Sec. 2) to which our results apply and
provide a summary of our results (Sec. 3). The rest of the manuscript is devoted to detailed
derivations of our results.
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2 Nonlinear response in pump-probe and two-dimensional coher-
ent spectroscopy setups

The general setup of interest to us is as follows: we consider a one-dimensional many-particle
system with Hamiltonian H,, that is initially prepared in its ground state, which we assume to
be translationally invariant. We then add a very small time-dependent perturbation

H(t) = Ho + ) h(t,9)A(q), )
q
where we take A(q) to be the Fourier transform of a local Hermitian operator A(x)

Alg) = J dx e A(x). (2)

Note that for concreteness we will assume that the system in consideration is defined in con-
tinuous space, but all the formulas equally apply to lattice models upon proper redefinition of
integrals, Fourier transform, etc. The expectation value of A(q) at time t is then'

(A, ) = (A@)o+V Y, f dty...dt, Y 2@t ™h(ty,q0) .. h(t,q,), ()

n>1 q15-++5qn

where (A(q)), denotes the expectation value in absence of the perturbation and where we

have defined ¢ =(q;,...q,,,q), t™ =(t4,...t,, t). The nonlinear susceptibilities are given

in terms of expectation values of nested commutators

(="
1%

X(n)(q’ t) = e(tn+1 - tn) cee 9(tz - tl)([' .. [A(qn+13 tn+1):A(qn: tn)]: cee :A(ql’ tl)])GS H (4)

where V is the volume of the system, and (.);g denotes the expectation value in the ground
state |€2) (Note that, as is standard, the n'-order response involves n+1 powers of the perturb-
ing fields.). As we discuss below, this choice of normalization guarantees that, at finite times,
¥ (q; t) is finite in the thermodynamic limit. As a consequence of the spatial homogeneity
of the ground state |2), the nonlinear susceptibility vanishes unless the momenta sum up to
zero (mod 27 on the lattice), i.e.

n+1

x(”)(q;t)c><5Q’0, Q:qu‘ (5)
i=1

In the following we focus on y®(q, t) due to its relevance for pump-probe [3, 4] and two-
dimensional coherent spectroscopy (2DCS) [5-10] experiments. As detailed below, such ex-
periments give access to y®(q, t) with two of the times t; (at which the perturbation acts)
being close to one another.

The third-order nonlinear susceptibility can be expressed in terms of connected 4-point
correlation functions

Ci(q;t) = %(A(‘M: t4)A(qs, t3)A(q2, t2)A(q1, t1))c - (6)

Introducing a shorthand notation (A4A345A1)¢c = C4(q4,q3,q2,q1; ta, ts, to, t1) We have?

1B(q, t) = i(A4A3AA ) c — I{A1AAAL) ¢ — 1{AsAASA) ) ¢ +1{A1AZALA) ¢ + c.c. 7

1For simplicity we restrict our attention to cases where the operator being measured at time t is the perturbing
operator A itself.
2As required by causality only connected four-point functions contribute to y®.

4
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2.1 Pump-probe response

The pump-probe setup is described by a time-dependent Hamiltonian of the form

H(t) :H0+Vpump(t)+vprobe(t)~ (8)

For simplicity we consider pump and probe potentials of the form
Vourp() =1 5(6) D &(@OM(@),  Virove(t) =1 Y F(£,p) M(p), ©)

q p

where f(t,p) = f*(t,—p) and g(q) = g*(—q) are smooth functions, M(q) = M'(—q) are
Fourier modes of an observable such as the magnetization, and u and u’ are small parameters.
Then the action of the pump potential can be viewed as a quantum quench

(e = 0%)) = e 2SO Dpy (£ = 07) = yp,,),
0 (0)) = Te~i Jor At THo+u' X, F(¢/.pIM(p)] ) (19

with T indicating that the exponential is time-ordered. We now introduce the following nota-
tions for the expectation value in the time evolved state (10)

(O>t,,u,u’ = <¢u,‘u’(t)|0|wu,u’(t)) . (1 1)
Assuming that the probe parameter u’ is small then gives

<M(Q)> U, (M(Q)> t,u,0
L

—Hf dt’ Zf(t,p)x(”(Q,p,t t") (12)

+ (W )Zf dtf dt”Zf(t,p)f(t”,p)x,(f)(Q,p ittt + 0w,

where

x,ﬁ”(Q,p;t,t’)=—%(%I[M(Q,t),M(p,t’)]Iwu), M(Q, t) = e M(Q)e™ ", a3

2@, P56 ") =~ (W, [IMQ 0, M, ] M, )],

Finally, we imagine repeating the linear response measurement with y = 0 and subtracting
the two results to obtain the pump-probe response

EPP(Q; b; t) t/) = X’_(Al)(QJ D; t: t/) - X(()I)(Qﬁ p; t: t/) . (]—4)

Choosing our initial state before the pump process to be the ground state |Y(t = 07)) = |2)
and then expanding Epp(t, t') to second order in u we obtain

Epp(Q,p5 t1 +tg,t1) = _%Zg(qu[[M(Q, t1 +t3), M(p, t1)], M(q)]I2)

+l—zg(Q)g(q NQUIM(Q, ty + t5), M(p, t1)], M ()], M()]IR2)

+ O(ug)

=) g(@rP(q.p,Q:0,t1,t, +1,)
q

+ —Zg(q)g(q )2P(g,4',p,Q;0,0,t1, 6, +£2) +OW®).  (15)
q.q’
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In the cases of interest to us here the Hamiltonian and the ground state have a Z, symmetry
(e.g. spin rotational invariance by an angle 7 around the x-axis in the case of the transverse
field Ising chain and the spin-1 Heisenberg model), and the operators M(q) are odd under this
symmetry. In this case the term linear in u in (15) vanishes and the leading contributions are
proportional to )((3). For later convenience we now define

3
X[Ep)(qu 2571, 72) = x®(q1,— 41,92, — 423 0,0, T4, Ty + T3), (16)

where 7, 5, > 0. As we will see later (16) gives the dominant contribution to the pump-probe
signal in the limit of interest.

2.2 Two-dimensional coherent spectroscopy (2DCS)

A second experimental setup of interest to us is that of 2DCS, in which the system is per-
turbed by a pair of field pulses at varying times. More precisely, in Eq. (9) for 2DCS we have
f(t,p)=06(t—t1)F(p) and u’ is comparable to u. We can then proceed as for the pump-probe
response. Assuming again that the Hamiltonian and the ground state have a Z, symmetry and
the operators M(q) are odd under this symmetry, the leading terms in the 2DCS response are
then

(M(Q)) tu,u <M(Q)> t,u,0 M(Q)) t,0,u’ + M(Q)) t,0,0
L

/,.2
w
== > ¢(@2(@IF(P)2®(a,q',p,Q;0,0, 61,8, +1t5)
q,9’,p

(u)u

+ > g @FEFP) 0.0, Q0 it i+ )+ (A7)

q.p,p’

The first part is the same as the pump-probe response, while the second has a different tempo-
ral structure. As we will show, the dominant contribution is given in terms of the non-rephasing
susceptibility
(3) . _ .13 _ —qg+:0 18
Anr(Q1,925 71, T2) = X 7(91,92, =92, —9150, T1, T1, T1 + T2) - (18)

The non-rephasing and pump-probe susceptibilities can be expressed in terms of connected
correlators as follows

2an( @152 71, T2) = —Im[C4(q1,q2,—q2,—q1;O, T1,T1, T1 + T2) — Cnr(q1, 925 71, 72)

— Cnr(91, =425 71, T2) + C4(q1, =41, 92, =25 0, 71 + T2, 71, Tl)] , (19)
20 (1,423 71, 7o) = —Im[c4(Q1,—Q1,Q2:—Q2; 0,0,71, 71+ 72) — Cpp(q1,q2; 71, 72)

— Cpp(—41, 925 71, 72) + C4(q2, =42, =41, 915 71, T1 + T2, 0, 0)] , (20)

where Cpp and Cyp denote particular connected 4-point functions

Cxr(Q1,92; 71, T2) = = (A(—q2, T1)A(—q1, T1 + T2)A(q2, T1)A(q1,0)) ¢, (21)

<|lr<|r

Cprp(q1,92; 71, T2) = —(A(—q1,0)A(—qs, T1 + T2)A(qs, T1)A(q7,0))¢ - (22)
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2.3 Nonlinear response in systems with stable, gapped quasiparticle excitations

The purpose of our work is to analyze the behaviour of connected 4-point functions as well
as the dynamical nonlinear susceptibilities xlgfg and )51513,) in quantum many-particle systems
that feature single-particle excitations with a finite gap A above the ground state. We further
require these “one-QP excitations” to be stable, at least in some momentum range. At low
particle density, and in particular at zero temperature, we expect a wave packet treatment
of the QPs, accounting for their ballistic propagation and their scattering processes, to be
applicable and provide reliable results. There is a wide variety of models and materials that
display this kind of behaviour. Arguably the experimentally most important class are quasi-one-
dimensional quantum magnets. One paradigm are Haldane-gap quantum spin chains [54-63].
Other examples are spin-1/2 field-induced gap quantum spin chain materials described by the
sine-Gordon model [64-70] and Ising-like quantum magnets displaying confinement [71-76],
where each stable meson mode can be identified with a distinct QP species.

Furthermore, stable quasiparticles are a hallmark of integrable many-particle systems.
Among these, our results pertain in particular to cases where the ground state coincides with
a “reference state” of the Bethe Ansatz. One of the simplest examples is provided by the
transverse-field Ising model [ 77], which can be exactly diagonalized in terms of free fermions,
in such a way that the ground state corresponds to the fermion vacuum (see e.g. Appendix A
of Ref. [78]). Richer, but more complicated, examples are provided by integrable relativistic
Quantum Field Theories (QFTs) [70, 79, 80] like the sine-Gordon model [81-83], the O(N)
nonlinear sigma-model [84-88] and the Ising field theory in a magnetic field [71,89-94].
We will use the fact that integrable QFTs provide non-trivial examples for our setup in order
to benchmark some of our results.

3 Summary of results

Our main result is to show that if the action of A(x) on the ground state |2) creates a stable 1-
QP excitation, then the related connected 4-point function grows linearly in the time difference

[tso| = |t3 — to]

Calg3 0) = A4, £)A3, A0, LA, )I0)

~|tg—ty| +o([ts—ta]) if v|tz —ty] > ay.

(23)

Here v is the typical group velocity of the stable QP excitations involved in the process, and qa,
a short-distance cutoff scale like the lattice spacing. In the following we develop a physically
intuitive picture for the mechanism that gives rise to the behaviour (23) based on the kinemat-
ics and scattering of wave packets made from the stable QP excitation. We show the leading
processes in the long-time limit, i.e. the one that give rise to contributions proportional to
|ts5|, are processes like the ones in Fig. 1(a). The latter is meant to be interpreted in terms
of probability amplitudes as follows. The system is initially in its ground state. At a time t;
the local operator A(x;) acts and creates, with a certain probability amplitude, a 1-QP wave
packet with (average) momentum q;. At time t, the operator A(x,) acts and creates, with a
certain probability amplitude, a 1-QP wave packet with (average) momentum ¢,. Both these
wave packets then propagate until they meet at a time tg and scatter elastically into two 1-QP
wave packets.

For simplicity we assume that the only processes allowed such that the outgoing momenta
remain ¢q; and q2.3 At time t5 (t4) the first (second) of these wave packets is annihilated by

3The most general case could be treated in a similar fashion.
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Figure 1: Two examples of scattering-connected processes (a) and fully-connected
process (b). Black lines denote the trajectories of the center of QP wave packets,
which, in the long-time limit can be approximated as ballistic. Grey dots denote
scattering events taking place where two wave packets collide. QPs are created and
annihilated by .4 operators. Scattering-connected processes are those where the re-
moval of the scattering events would reduce the diagram to a disconnected one, i.e. a
process whose amplitude can be expressed as the product of two amplitudes related
to two-point functions.

the operator A(x3) (A(x4)). We term these scattering-connected processes, as they are almost
separable into products of two 2-point functions, except for the presence of scattering events
which alter the free propagation of QPs. These should be contrasted with more generic pro-
cesses that are “connected” by creation and annihilation processes involving the A operators
themselves (see e.g. Fig. 1(b)), which we will refer to as fully connected. As we have already
stated, our focus is on the late time regime. We differentiate between two cases:

1. All time differences t;; = t; —t; are large for i # j. Here the processes giving the leading
contributions are just the ones where every .4 operator creates or annihilates a single
QB like in Fig. 1(a).

2. Two of the times ¢; coincide, but the remaining time differences are large. This differ-
ent limit is important to understand the long-7 behavior in Cyg (21) and Cpp (22), of
relevance to 2DCS and pump-probe experiments. In this case, there are more scattering-
connected processes giving divergent contributions in the long-7 limit, e.g. those de-
picted in Figs. 2 and 3.

We now discuss these two cases in turn.

3.1 All time differences are large (|t;;| — ©0)

Here the leading processes are the ones where A(x{, t;) and A(x,, t;) create two indepen-
dent QP wave packets over the ground state |Q2). Under time-evolution, these wave packets
scatter and the products are then annihilated by A(xs, t3) and A(xy, t;). The corresponding
contribution to C4(q;t) is given by

Culg;t) ~ Z F:l (Q1)F:2(Q2)Fa3 (qs)pa4(q4)e—i€a1 (91)t21 p—i(€ay (q1)+ €0, (92))t52 n—1€0, (—da)tas
a (24)

x [ngﬁg(ql, q2)5q3,—q1 + nggj(%, q2)5q3,—q2:| |Va1(‘h) - Vaz(CIz)||f32| .

8
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The meaning of the various factors is as follows.

* The indices a, label the distinct species of QPs and a = (a;,a,,as,a,). In the simplest
case there would only be a single such species.

The F,(k) denote the matrix elements of the operators .A(0) between the ground state
and a excited state |k), involving a single QP of species a with momentum k

Fy(k) = (Q|A(0)]k), - (25)

The state |k), will have an energy €,(k), and consequently, at the wave packet level, the
QP will propagate with the group velocity v, (k) = e, (k).

* The time-dependent phase factors in Eq. (24) account for the fact that states with spa-
tially well-separated QP wave packets are (approximate) energy eigenstates.

* The quantity ng)b/(ql, g,) encodes the amplitude for the processes where two QPs with
momenta (q;,q,) and species (a, b) scatter into two QPs with identical momenta (q;,q5)
and species (a’, b”). Note that for simplicity we are restricting ourselves to the case where
the energy dispersion of the post-scattering QP species is the same of the energy disper-
sion of the pre-scattering species, viz. €,(k) = €,(k) and €,(k) = €/(k) for all values
of momenta k, and hence, the momenta after the scattering are g; and q,. Sfl‘;b/(ql, q-)
is directly related to the scattering matrix of the system (see Eq. (123) and subsequent
discussion). Defining Sg;b/(ql,qz) as the amplitude for the on-shell scattering process
under consideration —with the convention that $ = 0 if the scattering process is not
allowed— then

S (q1,42) =S4 (q1,95) — 596" (26)

The first factor in the second line of (24) involves the sum of two S-terms because there
are two different ways of annihilating the products of the scattering process: either
A(qs, t3) annihilates the QP with momentum q; and A(qy, t4) annihilates the QP with
momentum ¢, (first term in the bracket) or the opposite happens (second term). The
factors of Kronecker delta, 6,, 4 and 6, _ , express kinematic “resonance conditions”
for the momentum g5 in order to annihilate the relevant QP We recall that the momen-
tum q4 = q; + g, — g3 is always fixed by translational invariance.

* The final factor in the second line of (24) has a kinematic origin and gives rise to the
long-time divergence of the 4-point function. The derivation of how this divergence
arises is the main focus of this work.

Some comments are in order. First, the divergence in t5, is a strong feature and should be easy
to observe and identify in an experiment. Second, the fact that the divergent signal involves the
scattering matrix raises the interesting possibility that S-matrices could be directly measured
in non-linear response setups. Third, one may worry that the resonance conditions for the
momentum g5 requires fine-tuning in order to observe the linear in time growth. This is not
the case and the result above is robust against small momenta mismatches in the following
sense. For example, if q5 differs slightly from —q; the factor |t3,] & in (24) is replaced

q3,—q1
replaced by
sin(altss|) qs+q
ltsal 64, —g, — TBZ, a = |vq,(q1) — Ve, (q2) - 2 <. (27)

The resulting expression displays a linear increase in the time difference |t3,| up to a large

time scale T ~ a™ 1.
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The results above are derived by means of a simple wave packet analysis presented in
Sec. 6. We further benchmark Eq. (24) by carrying out exact calculations for certain integrable
models. This is done by employing a Lehmann representation and analyzing its divergences.
In the case of the transverse-field Ising model we can analyze all terms in the form factor
expansion and verify that the result in Eq. (24) is the leading term in the long-time limit. This
analysis is reported in Sec. 4. Finally we consider the case of interacting IQFTs with diagonal
scattering matrix (i.e. Séi o< 8,.0p4) in Ref. 5. In this case, we identify certain terms in the
form factor expansion that give rise to Eq. (24) and assume that other terms, which we are
currently unable to analyze explicitly, only give subleading corrections in the long-time limit.

The late-time divergences in C4(q;t) directly translate into corresponding divergences in
x®(g; 1), of Eq. (D).

Finally, we note that this leading contribution vanishes when v, (q;) = vq,(q,) for all QP
species a;, a,. A prominent instance of this is when q; = g, = 0 in a system symmetric
under spatial reflection. In this case, in some integrable QFT it is known that the leading term
grows like 4/|t3,| instead [95,96]. Focusing on the simple case of the Ising model, we show
in Sec. 4.3 that this result also has a simple origin: scattering and wavepacket spreading.

3.2 Two equal times

We now turn to the case where two times in the nonlinear susceptibility coincide. The leading
contributions to ){1&1?;1)(611: q2;T1,To) and xlg‘:’,)(ql, q2; T1, T2) in the limit 7, , — ©0 arise, respec-
tively, from Cyy and Cpp defined in (21). We note that both Cyy and Cpp are not time-ordered
correlators, but should be thought of as path-ordered on the Keldysh contour, i.e. they involve
processes where time flows forward from O to the measurement time 7, + 75, and then flows
backward to time O again (see leftmost diagrams in Figs 2 and 3). This becomes clear if one
rewrites the correlators in the Schrodinger picture, e.g.

Cnr(Q1,925T1,T2) = %I(QI UT(Tl)A(—QZ)UT(Tz)I{\(—Ch)U(Tz)A(QZ)U(Tl)A(Ch) |Q)I . (28)
bra ket C

Then the forward and backward branch of the Keldysh contour correspond to the ket and bra
side, respectively.

As

t/\

-As
A, "A4

Ay

(a) (b)

Figure 2: (a) Cyp involves amplitudes where the state is evolved forward in time from
t; =0to t3 = 7;+7,, and then evolves backwards to t, = 7. (b) Processes that give
rise to the leading contribution in the limit 7, , — ©co limit. Here A, := A(xy, ;)
creates a shower of n QPs (n = 3 in the figure), which spread ballistically and scatter
with a QP exchanged between .4; and .4;. When evolved backwards in time, the n
QPs refocus at the same position and are annihilated by .A,.
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A, Y A,
@ ()

Figure 3: Left: Cpp is a correlator where the state is evolved forward in time from
t; =0 to t3 = T + T, to finally be evolved backward to time t, = 0 again. (Right
cartoon) Types of processes giving rise to the leading contribution in the 7, T, — 0
limit. Here the first operator A; := A(x;,0) can create a shower of n QPs (n = 3
in the figure), which spread ballistically and can scatter against the QP exchanged
between A, and .43. When evolved backward in time, the n QPs refocus at the same
position and can be annihilated by A,.

The processes giving the leading contribution to Cyg for 7,5 — ©0. are such that the
operators at time 7T, create/annihilate a shower of n > 1 QPs. As depicted in Fig. 2, these
QPs propagate forward in time up to the“measurement time” 7, + 75, and then retrace their
previous trajectory backwards until they are annihilated at 7, in the backward branch in a
neighborhood of the point at which they were created. During the propagation process they
can scatter with a QP being exchanged between A(—q,, T; + T5) and A(q,,0), thus giving rise
to a contribution again proportional to T,.

The situation for Cpp is quite similar, the only difference being that the shower of QPs is
exchanged between operators at time 7, in the forward and backward branch, cf. Fig. 3.

The long-time limits of Cyy and Cpp are obtained in sections 7.1 and 7.2 respectively and
take the forms

Cxr(q1, 925 1, T2) ~ Z e @)t o(0 (g, qy)7,, (29)
a
. T
C ,42;T1,Ta)~ > (T1+7 e_leﬂ(qZ)TZC(a)( 2 _.q, ), 30
pp(q1,q2; T1, T2) Za:( 1 2) PP\ T, 47, 41,92 (30)
where
al(q1,92) = €59 (1,41, 42) - 31

The functions Cpp and ayg depend on the details of the model considered. We have bench-
marked the results of our wave packet analysis against exact calculations for the transverse
field Ising model and in particular determined Cpp and ayg in Secs. 7.1 and 7.2 respectively.

We stress that (29) and (30) are non-vanishing even if all momenta g; are taken to zero.
This is in contrast to the leading result (24) analyzed in the previous subsection, which vanishes
in this limit. Hence (29) and (30) are relevant for optical experiments that can be currently
performed [4,9,10].
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4 Benchmark I: Transverse-field Ising model

We start by considering the nonlinear response in the transverse-field Ising model. We utilize a
form factor expansion in terms of exact energy and momentum eigenstates. A common thread
of these calculations will be a careful analysis of individually divergent contributions that stem
from “annihilation poles” in the form factor expansion; we will demonstrate that these diver-
gences are eliminated in an appropriately defined connected correlator whose leading be-
haviour in the long-time limit coincides with the results of a semiclassical scattering analysis
presented in sections 6 and 7.
The Hamiltonian of the transverse field Ising model is

L—-1 L—-1
Hom (Zg;a;+1+hza;), @
=0

j=0
where we have imposed periodic boundary condition of = o§. The model can be diag-
onalized through a Jordan-Wigner transformation, which maps the spin Hamiltonian to a
quadratic fermionic Hamiltonian. The model host only one QP species and the scattering
matrix S = S(ky, k; k{, ké) = —1 just encodes for the exchange statistics of the fermionic QPs.
For the semiclassical picture developed below to apply we need to perturb the system by
coupling to some operator connecting the ground state with the 1-QP sector. For this purpose
we consider the paramagnetic phase of the chain (h > 1) and four-point correlators of the
order parameter

AG) = 0% (33)

Note that, under the Jordan-Wigner transformation .4 is mapped to a non-local fermionic op-
erator, thus computation of four-point functions is non-trivial [97] and is best tackled through
a form factor expansion.

The eigenstates of the system can be labelled by the number of fermionic QPs and their
momenta. Furthermore, we need to distinguish between two sectors of the theory depending
on the parity of the number of QPs. For odd number of QPs, the state lies in the Ramond sector

27 L L
|k1;~--»k2m+1>R:kj:Tnj; lee{—g,.--g—l}, (34)

where, for simplicity, we assumed that L is even. Conversely, for even number of QPs, the state
lies in the Neveu-Schwartz sector

2 L L

1
|p1>-~~>p2n>NS>pj:T( j+§): nje{—g,mg—l}- (35)

It is useful to introduce some shorthand notations for the above eigenstates and their energies
and momenta

k)e, a=RNS, Eg=> e(k), Pe=.k;, e(k)=2Jy/1+h>—2hcos(k). (36)
j j

We further introduce the sets of momenta for m-particle states

M2n = {pla' --pZn}:

(37)
Myp1 = {kl’ e an—l} .

12


https://scipost.org
https://scipost.org/SciPostPhys.19.4.086

e SciPost Phys. 19, 086 (2025)

4.1 Connected 4-point function

We now expand the four-point function C, (including disconnected parts) in a Lehmann rep-
resentation in terms of exact energy eigenstates

1
- 1 =(2n;+1,2n,,2n3+1)
Coa.t)=Tns(@] [o@n s = 25 G, 68)

j=4 ny,My,n3>0
where

} FEDK) i piop o

Cin)(q;t) — L3 Z ( p )e—l[21Ek—lt32Ep—lt43EKA(q|K’p’k). (39)
Py n1!n2!n3!

ny

PEMn,
KeMp,

Here we have defined

F(K,p,k) = ns(Qog|K)rr(KloglP)nsns(Ploglk)rr (koG QNs »

(40)
A(q |K’p’ k) = 5‘11,Pk 6Q1+Q2>Pp 5—‘14,1’71( :

The form factors of o are given by [98-101] and up to exponentially small corrections in the
number of sites L take the form

D=

NS (P1,---,P2n|03|k1, k2m+1>R n+m(4J2h)

; 28 1
ll_ i l_!(Le(Pj))

2m+1 1 2n . Pj—DPj

1 3 2sin —;

x ——Z 41
[ ) e @
T—T 251nk’ il 12—[ lm_[ e(p;) +e(k;)

X —
1<l e(kl)+e(k,/ =1 1=1 2sinZ2

Of crucial importance to the following discussion will be the annihilation pole structure of
the form factors: for k; —p; — 0

1
ki_pj.

NS P15+ -5 P2nlOglk, s komi1)p < (42)

4.1.1 Identifying divergences through power counting

Following Refs. [78,102-109] we want to identify possible divergences in the long-time be-
haviour of éi")(q, t). For the analysis in this paragraph it is convenient to work in terms of
frequencies rather than times directly. The idea is that long-time divergences transform to
singularities in frequency space, which are easier to identify. We thus define

+00 3
¢M(q, w) = f (l_[ dtjij eiwjtj+1’j) &M, 0, (43)

—00 j=1

with w = (w1, w,, w3). The form factor expansion for éf‘n) is obtained from the one for é‘(‘n)

by the replacement

e itk lnbp il — §(w|K,p, k) = (211)°6(w; — E)8(wy — Ep)6(w3 —Eg).  (44)
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We observe that singularities at a given point ¢« can arise through a combination of two
mechanisms. (i) When A(q|K, p, k) is enforced, the sum of 6(w|K, p, k) is divergent, viz.
the density of states is singular at w, once the total momenta q; 5 are fixed. (ii) There is a
momentum region contributing to the neighbourhood of w, such that the sum over momenta
of F(K,p,k)A(q|K,p,k) diverges as L — oo. As we will see, such a divergence can be
produced by annihilation poles.

Regarding (i), in 1D the density of states is divergent at the onset of 2QP continuum only.
Here (i) can produce divergences only for n = (1,2,1) when q; = g, = —q3 = —q4; this case
has been already studied in Ref. [95,96] and, as we will further discuss in Sec. 4.3 produces a
contribution proportional to 4/|t3;|. Since we are interested in terms proportional to |t3,], in
the following we focus our attention on divergences of F(K,p,k)A(q|K,p, k) produced by
annihilation poles.

We start by considering a generic set of momenta, far away from annihilation poles. In
the limit of large L, then F(K,p,k)A(q|K,p,k) = O(L ™ "2""%+3)  Focusing on a region in
momentum space of O(1) volume, this will contain O(L™*"2%%73) points that contribute to
the sum. Thus, as expected, the powers of L cancel and a generic momentum region gives an
0(1) contribution to C,.

Next we want to understand how this is modified if the momentum region encompasses
one annihilation pole. E.g. suppose that k; —p; = O(1/L), while other momenta are other-
wise generic and far from annihilation poles. In this case F(K, p, k) will increase by a factor
L, however the condition k; —p; = O(1/L) reduces the number of points in the momentum
region under consideration by a factor L. Therefore, also this momentum region would give
an overall O(1) condition. Generalizing the argument above, we see that imposing proximity
to m annihilation poles will increase the magnitude of (K, p, k) by O(L™), but the number of
points that satisfy the proximity condition to the m annihilation poles are reduced by a factor
O(L™™) w.r.t. a generic region. In summary, if we are considering a momentum region prox-
imate to any number of poles, this region will not produce divergences in C, if the proximity
to every annihilation pole must be independently enforced.

This argument can be evaded only if, after imposing the proximity to m annihilation poles
— thus reducing the number of points to O(L™™)— the momentum-conservation conditions
in A(q|K,p, k) force the proximity to other m, annihilation poles. In this case the overall
contribution to €, would be O(L™).

It is then immediate to see that for m, to be greater than zero, all momenta k; and K; must
be approximately fixed by the proximity to a pole. In particular, there are only two possible
cases in which m, > 0. (i) n = (m,n+ m,n), g3 ~ —q,, and, up to permutations, p can be
split into two set of momenta p = (p3,p!) with p! ~ k and p3 ~ K. (ii) n = (n,n+ m,n),
ds ~ —q,, and, up to permutations, p can be split into two set of momenta p = (p?!, p?) with
K ~ p! ~ k. In both cases m, = 1, thus the overall contribution would be a singularity O(L).

Cases (i) and (ii) should be supplemented with the extra case (iii): n, =0 and q, = —q;,
which immediately yields an O(L) contribution due to the automatic enforcement of P, =0
in A(q|K,p, k).

4.1.2 Disconnected components

The possible divergences identified in the previous section arise in proximity of disconnected
contributions to the 4-point function. We will now show that the latter give rise to divergent
terms of O(L), which ensure that the connected four-point function

Cy=Cy— L (QA(q4, t4)A(gs, t3)I2) (QUA(g2, t2)A(qy, t1)€2)
— L7H(QIA(q4, t4)A(go, £)12) (QUA(gs, t3)A(qy, t1)I) (45)
— L7 (QUA(gs, t3)A(g2, £2)19) (QA(g4, t4)A(g1, 11)10)
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Figure 4: The form factor expansion of a disconnected contribution would give rise
to terms where n is either of the form (i) (m,n+ m,n) (as in panel (a) where n =5,
m = 3), (ii) (n,n+ m,n) (as in panel (b) where n =5, m = 3), or (iii) (m, 0, n).

remains finite in the thermodynamic limit (we have assumed that the one-point function van-
ishes). Above we have expressed the four point function as

Cig, )= >, CMg,b). (46)

ni,Ny,n3=0

The divergences of C’f‘n)(q , t) with system size are eliminated by focusing only on the connected
contributions in (45). To see this we consider

(g, £) = CIMTTM (g, £) = Ly, g, Cy V(a1 t31)Cy ™ (45 taz), (47)

Cym (g, £) = EMT(g, ) = LS, g, €3 (a1, ta1)Cy Qs ta) (48)
i * (g, t) = €1V (q, 6) = Loy, g, €57 (a1, t31)C5 (@2, t4)

—Lbg, g, Cél)(fh, t41)C§1)(qZ: t3a), (49)

ci™M (g, t) =0, (50)

where Cén)(q, t) denotes the n—QP contribution to the two-point function in a form factor
expansion.

In the following we demonstrate that (47)-(49) indeed eliminates all divergences in L
and determine the leading term in the long-time limit, which coincides with the semiclassical
scattering-connected contributions identified in Sec. 6.

4.1.3 Contribution Cil’z’l)(q, t)

Following the previous discussion, we consider é‘(‘l’z’l). For concreteness in the following we
focus on the case q3 ~ —q; and q4 ~ —q,. Similar results would apply in the case q3 ~ —q,
and g4 ~ —q;. We expand the contribution due to kinematic poles, and, after imposing the
momentum constraints, we are left with only one unconstrained momentum p := p;

64(11’2’1)(‘1, t)~ C(l)((h, fsl)C(l)(—% t42)€i(e(ql)+6(_q4))t32

Z lfzz(f(P)+€(Q1+QZ—P)) e—ifzz(e(P)+f(Q1+Q2—P)) (D
J— + 5

peNS n k= Q1 sin P‘;% sin 2 2Q2 sin P';‘M

where Cél)(q,t) = (42021 — h%|Y4(e(q)) te @ and, in the long-time limit,

Cél)(q, t) ~ Cy(g,t), as discussed in Sec 6.
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If g; = —q4 exactly, we can use Eq. (C.1) to extract the leading behaviour in the . — oo
and large times limit. After subtracting the disconnected component we then have

¢ (g, £) =—2¢$(qy, t51)C5P (g, tan)ltsalv(gr) — v(ga)l + O(tSy). (52)

If q; # —q3, we can instead use Eq. (C.7) to extract the leading behavior in the L — oo and
g3 +q; — 0 limit (at fixed, large |t3,]), thus obtaining

c*(q, £) =—2C57(q1, t31)CSP (g, ta) sign (t55(v(g2) — v(g1)))

1 — e—itsa[ €(—q3)+e(=qa)—e(g1)—€(q2)] (53)

0
X i+ +0((q1 +q3)).

To leading order in q; + g3 — O the exact expressions we just derived agree with the semiclas-
sical picture in Eq. (147), with § = —2.

4.1.4 Contributions involving larger numbers of QPs

Next, we consider divergent contributions from more-QP states, i.e. n = (m,n + m,n) and
n = (n,n+ m,n). We show in Sec 4.2 that, once the disconnected part is cancelled, they can
be bounded by the product of two-point functions times a term proportional to the overall
timescale. More specifically

Cim’n-i_m,n) — Cén)((h: tgl)cém)(qZ’ t42)0(| t32|) 5 (54)
an’mm’n) = Cén)(fh, t41)C§m)(Q2, t32)O0([tsa| + [t211) - (55

The form factor expansion of Cén)(q, t) contains a sum over n — 1 momenta. Since the de-
pendence over these momenta is smooth, the sum can be converted into an integral in n — 1
dimension. In the limit of large ¢, the integral can thus be bounded through a stationary phase
approximation, that yields Cén)(q, t) = 0(t~"1/2). We can therefore bound the overall con-
tributions as

(mn+m,n) _ |t3s]

C4 - ( |t31 I("—l)/2|t42|(m—1)/2) ’ (56)
(n’n+m’n) — |t32| + |t21|

B ~° ( |£47|(0=1/2| g, |(m=1)/2 ]~ (57)

Thus, when all times are well separated, the leading contribution is given by C i’z’l, which, as
discussed in the previous subsections, agrees with the results derived through the WP analysis

in Sec. 6.

4.2 Non-rephasing and pump-probe response functions

Our analysis of the structure of the form factor expansion in the Ising model revealed that prox-
imity to any disconnected contribution can produce divergences in the long-time limit. In the
case where all |t;;| — oo we observed that the leading behavior was given by C‘El’z’l)(q ,t). In
principle, there are two additional families of terms that could give rise to further divergences
in the long-time limit: Cd(rm’nJ’m’n)(q, t) for g3 ~ —q,, and Ci"’"+m’”)(q, t) for g3 ~ —qs.

We now consider these two families of contributions and extract their leading long-time
behaviour. The main conclusion we will obtain from this analysis are the following.

1. In the limit |t;;| — oo Vi # j, we will show that the bounds anticipated in Egs. (55)
and (55) hold.
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2. The sum of terms of the form C‘Em’Hm’l)(q, t) give the leading contribution to Cyg, and
will confirm the result obtained in section 7.1 by studying the WP dynamics.

3. The sum of terms of the form Ci"’”n’“)(q, t) give the leading contribution to Cpp and
will allow us to recover the WP results presented in section 7.2.

We set up the form factor calculation for generic times and only later restrict ourselves to
Cyr and Cpp. Additionally, it will be useful to split the two limits of C4: near g3 = —q; or near
g3 = —q,. We denote the limit of C, in these two cases as Cyg and Cpp: respectively — they
have the same form of Cygr and Cpp, but for arbitrary times. Finally, for technical reasons, it
will be convenient to add an extra regulator and define

1
Cnryy = Z ﬁﬁ(ch —q7) (QA(—qs5, t4)A(—q7, t3)A(qy, t2)A(qy, £1)I9) , (58)
q1€R
Comy = 3 75.£0a1— ) (QIA(—a}, LA o)A, )AL, 0)IR), (59)
PP’y 12 d1—q 4,04 4y, t3)Alq2, 12)Aq1, [y ;
q1€R

where g, is fixed by momentum conservation to g, = q; + g, —q; and

YV 1472

L@)=—"=. (60)
v2 + sin (%)2

The idea is that instead of constraining the momenta to a precise value, we average over the
values of ¢} within a window of length y inside the region giving rise to divergent contributions.
We will perform the form factor calculation in a regime where L >y > t; j and finally take
the limit lim,_,qlim;_, .. Note that the normalization is chosen such that

.1 n_
Jim — > £g—q)=1. 61)
geR
This implies that
lim lim +>" £(q—q)Alg) = Ag) (62)
y—0L—00 L ’
geR
and consequently
CNR’ = }1/1_1')1’(1) Lll)rgo CNR/,Y 5 CPP’ = }1/1_1')1’(1) Lll{lgo CPP’,)/ . (63)

Finally, while the times of Cyg , and Cpp/, are arbitrary, we can study the non-rephasing
and pump-probe correlator through the substitution

C 09T, =lim lim Cyp/ .qo, t 0, 6
Nr(G1,92; T1, T2) YE}})LLUQO Nr,y(q1, 925 ) tt;:_Toz (64)
t21=T1
C ; = lim lim Cpp t P 65
pp(q1,92; 71, T2) Yl_f)f(l)Ll)ngo v,y (41,92, t) é‘;lz_roz ©

t21=T1

We note that since all the timescales are kept finite while taking the limits L. — oo and y — 0,
the time substitution can be made at any point. In particular, we will take the limits first and
then replace the times ¢; in terms of 71 5.
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4.2.1 Non-rephasing susceptibility and C(mn+mn)(q, q,,t)

As emerged from the discussion in section 4.1.1, long-time divergences arise when the mo-
menta of the various QP in the form factor expansion are proximate to the momenta of a
disconnected process. For Cyg this can happen in terms of the form C‘(‘m’“m’n). The discon-
nected component of the four point-function takes contributions from the momenta where, up
to internal permutations of p, p ~ (k, K) = k. Expanding (K, p, k) around p ~ k using the
explicit form (41) of the form factors gives

2 9 :n+m n+m 1
~F.(I<11)1k)N NS<Q|03|K>R NS(Q|O-?)|k>R Lnt+m sin(pe_;([) . (66)
=1 2
The singular contributions to the four-point function Cyg , can then be expressed as
Crry (@152, £) = D, Gl ™ (a1, 4, 1),
n,m
(m,n+m,n) 1 Z 2 —iEpt3;
CNR’ ((h, Q2,t) Z mLaql,Pk NS<Q|00|k>R e (67)
keMR
1 Z 2 —iEgtsn
X Z ﬁLéqz,PK ns(QlogIK)R| e Hygr(tsg; ),
KeMR
where M denotes the n-dimensional momentum grid in the a=R/NS-sector and
Hyg(t; k) = ﬁNR(t’ k) —L(0),
™ 1 (68)

Hyg(t;x) = L(P, — P e HEED

Ln+m bj—K;j
peMs j=1 sm( 2 )

Eqn (68) follows from the subtraction scheme in Eq. (47), where the disconnected contribution
is now weighted by £(0), as a consequence of the y-regularization. Finally, we anticipate that
in the first equation the dependence on k and K is regular, therefore the sums over momenta
can be approximated by integrals in the . — oo limit.

Next, we need to compute Hyg. As Hyg(t; k) is invariant under the permutation of the ele-
ments in kK we may reorder them such that v(xg ) <--- <v(xg ). Itis shown in Appendix D
that

n+m
lim lim ZHNR(t,x)f(K)=Llin;o ;[—m;(—1)fv(:<sj)]f(x)+... (69)

From this result, we can easily obtain everything we set out to achieve. (i) Since the velocities
are bounded we have

)1/12}) Lhm Hyg = O(|t32]). (70)
Plugging this into the expression for C(m M) above we immediately obtain the bound in

Eq. (54). (ii) Furthermore, when con51der1ng Cngr, from the same bound we find that

Cm o), ey = €™ (2,005 (q1, 71 + 72)0(73). (71)
{32=7T>
t42="To

From this it follows that the contributions with n > 1 are subleading w.r.t. the ones with
n = 1. To show this we can evaluate Cén)(ql, T, + T4) within the stationary-phase approxima-
tion to obtain that Cé”)(ql, T4 T5) = O((7; + 7)™ V/2), thus reaching the conclusion that

18


https://scipost.org
https://scipost.org/SciPostPhys.19.4.086

e SciPost Phys. 19, 086 (2025)

0.01
= 02
(@n)
S 04
=
gm—o.s S
—_ ~
—Z — — 9K ~
0.8 L =25 \\\
gu -1.0{ —— L =100 .o
~
— L =200 ~
—1.2- Ss
0 20 40 60 80 100

Figure 5: c&“"” as obtained by numerically summing over momenta at finite size L.
A black dashed line reports the WP prediction, to which the finite size data converges
in the infinite volume limit.

contributions terms with n > 1 are subleading in the large-7,, T, limit. Furthermore, we can
immediately note that, whenn =1

lim lim HNR ty1=T1 = dr]_ 6, (72)
y—0L—00 o —r

32=T2

t42=T¢

with the RHS explicitly reported in Eq. (163). From this it follows that, by summing the n = 1
terms in the form factor expansion, we can recover the semiclassical results in Sec. 7.1.

As a further check, we have explicitly performed the sum over momenta numerically in
some simple cases. In Fig. 5 we report the numerical behaviour of CI%{"B) ford=1land h=2
at various system sizes L, clearly indicating a convergence to the WP result (black dashed line)
in the thermodynamic limit.

4.2.2 Pump-probe susceptibility and C(-"+mn)(q, q,, t)

The discussion for the pump-probe signal follows closely the one for the non-rephasing one.
From the power-counting argument in Subsec. 4.1.1, we expect long-time divergences to arise
in proximity of disconnected contributions. For terms of the form C(»"+™M(q,, g,, t) this takes
place if the momenta of the first and third state approximately coincide, i.e. up to permutations
K ~ k, and a subset of the momenta of the second state approximately coincides with k, i.e.
p ~ (k,p’). In this case, we can expand the product of form factors as

n

P, p K~ st ion] [ws@losipn] o[ | 1 73)
P, K) R |Ns olKIR| [NS olF /R| 72n o (Pi—ke\ o (Pe—Ke\
L4n =1 Sn(Pl2 z)sm(mz z)
We express the singular contributions to the four-point function Cpp , as
Cop (01,02, 8) = ) | Cop ™ (g1, 92 1), (74)

n,m
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L& 2
Crggrlermn)(CIl,qZ,t)‘_ = Z qi’P" NS(Q|Gg|k>R’ e iEkta
sing keMR n!
1
X Z NS(Q|00|P ) —iE, ,tngPP(t k ,P ) (75)
p/eMR n!

where

1 L e—itne(K;)—itse(p))+itse(k;)
Hpp(t;k,p’) = T3 Z s K, L, (P _PK)5q2+q1,Pp+PP/
peM,® j=1 sin(%)sin(%) (76)
KeMR

—£,(0)LEp, -

We now simplify the first contribution in Hpp(t; k,p’) using the case n = m = 1 as guidance.
The sum over p] can be carried out using the momentum conservation Kronecker delta. This
fixes
m
/ /
P =0 +qz—Pp—Zp,~~ (77)
j=2
As the leading contribution we are interested in arises from pj ~ k]- we then replace (77)

by p} = qs — Z;":z p; in the (non-singular) form factor ys(Q|o|p’)g, but retain (77) in the
oscillating factors. This results in the replacement

Hypp(t; k,p’) _)HPP(t;k:pi)L(qu,Pp/ , (78)

where _
Hpp(t; k, P/l) :pr(t'k Pi)—ﬁy(o)

—ity€(K;)—itsze(pj)+its e(k;)
pr(t k pl)_ LZn Z l_[ pJ p;j—K; Yl(Pk_PK) 79
pems j=1 sm - ) (T) (79)
KeM?

« o—itn(eita—P)—ew))
To confirm Eq. (55) it suffices to show that for any fixed m and n
}ELE)HC}OHPP(U k,p1) = O(ltza| + t1). (80)
This is done in Appendix E. The bound (80) further implies that

C}()rrl)zr;:n(;,n)(ql’ 420,72+ 71,71,0) = Cém)(‘h: Tz)Cén)(QL 0)O(7y +171), (81)

implying that contributions with m > 1 are subleading in Cpp.
Finally, to confirm the validity of the WP calculation of Sec. 7.2 we would need to show
that form =1,
lim lim Hpp = J dr,&, (82)
y—0L—0o0
with the RHS given in Eq. (174). This equation is more complex to derive explicitly for any n.
In Appendix E we write recursion relations that allow to compute lim, _, lim; _, o, Hpp for arbi-
trary n. Using these relations we checked explicitly that property Eq. (82) holds forn =1, 2, 3.
Although we have not been able to explicitly prove it for arbitrary n, we conjecture that Eq. (82)
is nonetheless valid, as suggested by the WP calculation of Sec. 7.2.
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4.3 Subleading vt growth

In the previous sections we extracted the leading behavior at long times and argued that in
generic cases the signals asymptotically grows linearly in time. In this section we try to better
understand the next-to-leading corrections in the long-time limit. For simplicity we will focus
on the Ising model and we restrict ourselves to corrections arising due to the simplest contri-
bution: Cil’z’l). In other words, we consider only contributions where all operators create or
annihilate a single QP

In App. C we analyze the subleading corrections to Eq. (24) and find that, when q; ~ g,
there is an intermediate-time regime characterized by a +/|t3,| growth of the four-point func-
tion

€”(q)

_, 83
@ —v@pe Y

Cil,z,l) oc \/(e”(q1)+e”(QZ))|t32|’ when  |[tgy| S

whereas for longer t, any additional contribution on top of Eq. (24) is exponentially sup-
pressed.

Eq. (83) is particularly important when v(q;) = v(q,) exactly. This includes the prominent
case of optical probes, for which q; = 0 Vj on which we will focus on until the end of the

section. In this case, Cil’z’l) asymptotically grows like 4/|t3,| at all times. This can be observed
by computing the Fourier transform of the frequency-space singularity found in Refs. [95,96].
For completeness, we will provide an alternative way to extract this asymptotic behavior from
the form factor expansion for Cil’z’l). Finally, we will move to the main part of this section,

showing how the 4/|t3,| growth can be quantitatively understood using a simple path-integral
approach, which can be thought of as a generalization of the wavepacket approach, where the
subleading wavepacket spreading is treated exactly.

Before proceeding, we note that the role played by the +/|t;,|-divergences is different
in the case of well-separated times (see Sec. 6) or two equal times (i.e. Cyg in Sec. 7.1
and Cpp in Sec. 7.2). For well-separated times, the linear-in-time divergence vanishes when
v(q;) = v(q,), and therefore Eq. (83) become the leading contribution. For two equal times,
when v(q;) = v(q,) the 1-QP contributions (i.e. the n = 1 terms in Egs. (161) and (167)) van-
ish. Here, in the long-time limit, the term (83) will be subleading w.r.t. to the linear-in-time
divergences discussed throughout this manuscript. However, given that, depending on the mi-
croscopic details of the model, the amplitude to create a single QP could be much larger than
the amplitude to create a shower of n > 1 QPs, the contribution (83) can be non-negligible at
intermediate times.

We now begin by extracting the asymptotic long time behavior through the form factor
expansion of Cgl’z’l) in the Ising model. For concreteness, we use the notation of well-separated
times; the analysis for Cyg and Cpp would be identical and the results can be obtained by
replacing t;, — T,. Given that we are interested in the long-time behavior, we can expand

Cil’z’l) near the annihilation pole to obtain

6(1’2’1) ~|F(q = 0)|4e—i(f31+f42)€(q:0)l ie—ifszz[e([’)—dq:o)] (84)
4 L p2 :

PENS

Note that if we were to convert the sum over p into an integral, this would diverge due to
the 1/p? singularity. This is expected, given that we have not yet subtracted the disconnected
contributions proportional to L (see Eq. (49)). To extract the finite contribution we exploit
that the part proportional to L has no time dependence — except for the trivial oscillations
already encoded in the phase e i(fs17142)€(@=0) " Therefore, we can take a derivative w.rt. ts,
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to eliminate the divergence. Approximating e(p) =~ €’/(0)p?/2, we then obtain

eV o —gir(g = )\ L2 A=) mictoxearin) (85)
s

Note that the same calculation could be done on any integrable QFT with fermionic QPs (i.e.
S(6 = 0) = —1) and would yield the same result, since it only relies on the annihilation pole
structure at zero momentum.

We now explain how this divergence can be interpreted as arising from quasiparticle prop-
agation and scattering. At time t,, the state of the system can be written as

U(t21)A(q = 0)|©2) = F*(0)e "Vt J dx|x) . (86)

When the operator A(q = 0, t,) acts on this state —neglecting the scenarios in which it acts
within a length & of x, which we can argue to give non-divergent contributions only— we
obtain

A(0)U(t1)A(0)|2) = (F*(0))* e (0t f dxf dylx,y). (87)

Similarly we can expand the state starting from the bra side to obtain

(QUAIUT (£43)A(0) 2) = (F(0))* e (Ot f dx’fdy’ (x',y']. (88)

Finally, we need to compute

L_ldedede’de’ (', y'lU(ts)lx, y) - (89)

We assume these two particles propagate independently, except for the fermionic statistics.
More explicitly, if we consider the case where the QP in x propagates to x’ and the one in y
to y’ the amplitude will be G(x" — x, t3,)G(y’ — y, t3,) times a factor S = —1 if the ordering
along the line has changed from (x, y) to (x’,y’). Here G(r,t) is the Feynman propagator,
that, since we are interested in processes taking place near g = 0, we can approximate as

1 r? :
G(r t) = _ —ie(0)t ) 0
() 2mie”’(0)t exp( 2ite”(0)) ‘ -

Note that, once the disconnected contributions are subtracted only the processes where
the QPs have exchanged are left, and these will be weighed by a factor S —1 = —2. Therefore
the connected contribution can be written as

+00 +o0 +00 +o0
2L_1(S—1)J de dyJ dx’J dy’
—0o0 —0Q —00 —00 (91)

x G(x"—x, t32)G(J’/—}’: t3)0 ((x/—y’)(y —X)) >

with the factor of 2 accounting for the different contractions scheme that would yield the Green
functions G(y’ — x, t35)G(x’ — y, t35), which would be equivalent upon relabelling the inte-
gration variables. We can fix x = 0 and eliminate the L™! normalization, and using symmetry
arguments we finally obtain

+00 +o00 x’
Cy~—8|F(q= 0)|4J dyf dX’J dy'G(x"—x,t3)G(y" =y, t3)
0 ) —00

_ _g\| 4226”0 e+t
T

(92)
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in agreement with the form factor result. Intuitively the 4/€”(0)|t3,| scaling can be understood
as being the typical distance travelled, e.g. by the QP starting in x. Therefore when y is within
a distance 4/ €”7(0)|t35] of x there is a significant amplitude for a scattering process (or, more
properly, an exchange process) to take place.

We conjecture that also in more general interacting theories, the same 4/|ts5| terms will
appear due to similar reasons. In these cases factor S—1 will be replaced with the appropriate
scattering matrix between two QPs with identical momentum.

5 Benchmark II: IQFT with diagonal scattering

The calculation of the previous section can be partially repeated in a more generic setting.
Specifically, we consider a IQFT where A(x) is a local bosonic operator (viz. [.A(x), A(x")]=0
for x # x’). For simplicity we further restrict ourselves to the case where the scattering matrix
is diagonal. An example would be the Ising model in a field [110].

The different particle species in the IQFT are labelled by an index a and have masses m,.
Given that the theory is Lorentz invariant, the momentum k and energy e of particles are
conveniently labelled by its rapidity 0: k,(0) = % sinh(0) and €,(0) = m, cosh(6). In the
following we set v = 1 to ease notations. The eigenstates of the theory can be obtained from
the vacuum |Q2) through the action of the Faddeev-Zamolodchikov creation and annihilation
operators [111,112] ZZ(Q), Z,(8)

10)a =25 (61)--- 2] (6,)19) . (93)
The algebra of the Z operators encodes the scattering matrix* as
Z1(6:)2)(62) = Sq (61— 62)Z,(8,)Z(61), (94)

form factors of operators
Fqo(8) = (©2A(0)|6)q , (95)

can be determined through the form factor bootstrap (see e.g. [79,87,110,113,114]). Form
factors between eigenstates with different rapidities can be obtained by crossing symmetry

b (071.A(0)|0), = F, 5(0,0" +im), (96)

where b labels the charge-conjugated particle of b. The annihilation poles we already en-
countered in the Ising model are a general feature of IQFT and matrix elements like (96)
exhibit singularities of the form 5a]_’bi(9j -6/ )"t in the limit 6; — 6] — 0. This is expressed
by the so-called annihilation-pole axiom, which states that when viewed as a function of 6,
Fo,. . a,..a,(01,--.,0;,...,0,) exhibits simple poles at positions 6, = 0; + im with residues
given by

Fa ...d~...a_(912""9j5"-59n—])

F (9 9 1oee5ljseeestn—1
aq,eeesljyeensd IERRRE] X
P 0,—0,—in

SEEREE 971) ~ _i5an>dj

n—1 j—1 ©7)
<[ 1T Sama O =0 = 1o, (A [ Say.0, (65— 6) ]
m=1

m=j+1

“In terms of the previously introduced notations we have

SE (e o(01), Ky (65): ko (61), Ky (8,)) = 5,,(6, — 6,)6% 5L .
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where éj and d; denote that the j-th argument of F have been dropped and [,(A) is the
so-called mutual non-locality index [87, 113], which expresses the locality property of the
operator A relative to the elementary excitation created by Zar In the following we only
consider operators with [,(A) = 1.

Matrix elements of the form (96) for general sets of rapidities require a regularisation
procedure [87] and involve generalized functions. As the form factor expansion of C, involves
products of form factors, additional regularisations are required (see e.g. [102,103]). We
therefore resort to the finite-size regularization scheme of Ref. [115] and consider the IQFT
on a ring of length R. In this case, periodic boundary conditions constrain the rapidities of
particles to a discrete set determined by the solution of the Bethe equations and generally
this constrains the rapidity in the bra and ket to be different, thus producing a well-defined
expression. More precisely, energy eigenstates |01, ..., 9,1)51 ..... q, 002 ring of circumference R
are parametrized by rapidities that are solutions of the Bethe Ansatz equations

eikaj(gj)Rl_[Saj;az(ej_el) = 1: ] = 1,...,7’1. (98)
I#j

Under these constraints the rapidities in the bra and ket sites will generally differ at least by
O(R™!) as they obey different quantization conditions. Eq. (96) is then well defined in a finite-
length system and suffices to define all form factors of interests. The logarithmic form of the
Bethe Ansatz equations reads

Y(61,...,0,) = Rk, (6;) + X 84,4, (6, — 6) = 271, (99)
17
where 6, 5(0) = —i ln( — Sab(G)) and I; are half-odd integers parametrizing the different
solutions. The density of Bethe states is defined as
av.(6,,...,6,)
Pay.a (01,...,0,)=det| ————2]. (100)
n 26,

To leading order in R the density of states is simply
1
pa(@) =] | ———+0®™Y). (101)
¢ U Reaj (91)

This approximation is sufficient for our purposes. Finally, the form factors in a finite volume
R are related to the thermodynamic-limit form factors by [115]

» (071.4(0)]0),
Va0V pp(0)’

up to exponentially small correction in the system size.

From these premises we expect the power counting argument presented in subsection 4.1.1
to apply also in the more general IQFT context upon renaming the number of sites L with with
the length R. Consequently, we also expect the subtraction scheme in Eq. (47)-(49) to be
physically motivated also in the IQFT case and yield finite results in the thermodynamic limit.

We now proceed to verify this claim, as well as the semiclassical picture in Section 6 for
the simplest case of Cil’z’l) in the two limits g3 ~ —q; and g4 ~ —q;. We have

R(671.4(0)10)% = (102)

Cvil,Z,l)(q’ t) = Z Fc;bl,bz;a(y; B1, By ) e—ifaz(ebl (B1)+ep, (Ba))—itaze (y)—itar€q(a) , (103)

a,by 2,¢,61
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where we have defined

Fesprpalrs Pr, oz @) = <9|A(0)|y>’§§ (YIA)IB1, B2)E .
B By, Bal AR (al AO)IR) .
In the above momentum conservation fixes a, 8, and y as

q1 +q2 —kp, (B1)
my, ’

(104)

a = arcsinh(q;/m,), pB, = arcsinh y = arcsinh(—q,4/m,). (105)

2

5.1 Contribution Cil’z’l)(q, t)

In the following we focus on the case where q3 ~ —q;, ¢3 ~ —q4. The study of the case
q4 ~ —q; would proceed along the same lines. Isolating the most singular contributions due
to annihilation poles gives

2
1 —Sb,.b (B2—PB1) |Fy, (a)|2|Fb (Y)|25a,b Sep
FC ;b1,bg; a(}/ ﬂl;ﬁZ; a) | 21 | 1 2 1Y¢,by

2R ebl(ﬁl)ebz(ﬂz) (kbl(ﬂl)_ql)(kbl(ﬂl)+q3)
Isz(a)I Py, (1)P8 0,800,
(kbl(ﬁl) q2)(kp, (B1) +q4) |

If g; = —q5 we can use (C.13) to carry out the sum over (3,
%(1,2,1 1 by,b
C* (g, O~ Y €l (01, 61)C5]) (92 ta)ltaal 1V, (01) = Vi, (921,42 (d1, 023 01, 92)
by,by

+R Z C(l) (a1, tsl)c( 0.5, (025 t42), (106)
b1,bs

where v,(q) = 4/m2 + g2 and we have defined

C(l)( 0 = |Fa(a)]? i@k (a)=q. (107)

eq(@)

We see that C, (1 )(q, t) is precisely the contribution of particles of species a to the two-point
function, i.e.

Cylg, 1) = Z s g, 0)+. (108)

We conclude that the connected contribution C‘(‘l’z’l)(q, t) defined in accordance with (47) is
indeed finite in the R — oo limit and at large t;, given by

(g, 1)

1 by,b 1
Z C( ) (Q1,tz1)c by (q2; t43)ltsallvp, (q1) — Vbz(QZ)|Sb11’b22(Q1,CI2;Q1,Q2)- (109)
by,by
When 0 < |q; + g3 < 1 we can use (C.17) to obtain
—itas[ €a(—gs)+eny (—qa)—€a(q1)—b, (@) ]
1,2,1 1
CA(; g, t)~ Z C( ) (Ch, f-31)C2 by (42, t42) -
= i(q1 +gs) (110)

XSigH(t(Vbz(QZ) Vbl(‘h))) b1 2(Q1,Q2,Q1,QZ)+

Note that (109) and (110) match the results of the semiclassical analysis in Sec. 6.

25


https://scipost.org
https://scipost.org/SciPostPhys.19.4.086

e SciPost Phys. 19, 086 (2025)

6 Wave packet analysis for well-separated times

In this section we consider the late time regime of C4(q;t) for well-separated times, i.e. the
limit where all [t;;| are large if i # j. We will now show that in this limit C,(q; t) is dominated
by processes like the ones shown in Fig. 1(a). These processes give rise to a contribution
proportional to |ts5]. Our analysis is based on the kinematics and scattering of wave packet
states, which we now introduce.

6.1 Wave packet states and their evolution

We start by considering the 1-QP sector of the theory. At length scales £ much larger than
the correlation length &, we can build a basis of states from approximate eigenstates of both
position r and momentum k

(x—r)?
€xp (_ 2¢2 )eikx
V27l '

Here |x), denotes a state with one QP of species a at position x. Equivalently, we can define
wave packet states in the momentum basis

Ir, k) = f dx W(x;r,k)|x), , W(x;r,k) = (111)

AV .
= f ;l—pW(p; nk)Ip)a W(p;r, k) =exp (—62%) ellk=p)r (112)
T

These wave packet states provide a resolution of the identity in the 1-QP sector

nlzzmmf L (113)

The advantage of the wave packet basis is that even though 1-QP excitations are essen-
tially spatially localized, their time evolution is simple: the wave packet propagates ap-
proximately ballistically with a velocity set by its group velocity. More formally, the time
evolution of the wave packet |r,k), can then be computed by inserting a resolution of
the identity in terms of momentum eigenstates. Approximating the energy dependence as
€q(p) 2 e (k) + v (k)(p—k)+ %3k26a(k)(p —k)?, we recover the well-known result that

U(t)|r k), ~ e €@ | 4 y(k)e, k), . (114)

In our discussion we have ignored the diffusive broadening of the wave packet proportional
0 4/ 82 «(k)t as it is sub-leading with respect to the ballistic motion.
We now turn to wave packet states |1, ry; k1, kg) a;,a, IOVoOlving two QPs, which are well de-
fined as long as |r; —ry| > £. We start by defining “momentum-space wave packets” (“MWPs”)
of asymptotic scattering states |py, py) a1,

d d
1,73 kry k)P ap, az f L f P2 W(P1,r1:k1)W(p2,Tz,k2)|P1:P2)a1 a - (115)

The states |p;, ps) have non-trivial intertwining relations

(11,(12
[k, k)P = E:Zi(kl,kznkz,kl), /- (116)

where S(kq,k,) is the two-particle scattering matrix. MWP states inherit this intertwining
relation if we assume that ¢! is much smaller than the momentum scale over which S(k;, k;)
varies, i.e.

/ /
a4,

|ry, 7o Ky, kz)gﬁ?az RN Sayay (k1 ka) 1o, 115 ks, kl)ii?afl . (117)
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For our purposes it is convenient to define a different class of WP states by

|r1’ a5 kl: k2>a1,a2 = R |r1; ra; kl: k2>f£?a2 > (118)
where
Riry,rosky, ko) = Og(ra) Iry, ras ke, ko) P+ (1) I, ris ko, k)E, 0 (119)

Here r;; = r;—r; and 6y denotes Heaviside 6 function. The rationale underlying the definition
of the R-ordering is that it ensures the property
= |ry,r13 kg, k1)

Iry, 795k, ko) (120)

a3,a; ag,a *

The time evolution of 2WP states is derived in Appendix A. First, provided that the
two QPs never come close to each other, i.e. as long as V¢’ s.t. [|t/| < |t],
|r1 + val(kl)t/ - _Vaz(kZ)tll > K:

U(t)|r1, 25k, k)

~ e—i(eal(k1)+5a2(k2))t |T'1 +Va1(k1)t, ro +Va2(k2)t; kl,k2> . (121)

a1,a2 | o aj,a

Here “ns” indicates that during the time evolution no scattering event takes place. If instead at
some intermediate time tg the two wave packets are in a neighbourhood of the same position
rg, a scattering process will take place. In this case there will be a time window around tg when
the two-QP state does not admit a simple description in terms of wave packet states. Nonethe-
less, as we discuss in Appendix A, after some microscopic time the wave packet description
will become accurate again and the evolution beyond the time t4 can be approximated by’

U(E) |1,y ke, ko), | o € (o) eas Gl

a1,az |
sa3a (122)
X Z Saray (k1, ko) Iy + v, (ky)t, o + vy, (ko) t5 ky, k2>a3’a4 .
as,ay
In Eq. (122), S‘g;b/(kl, k,) is related to the on-shell scattering matrix Sg;b/(kl, k,) by

SOV (ky,ky), if [va(ky) —vp(ky)]t >0,
Sgbb (ky, ko3 k. ky) = { ‘;?a, b ) [valie s{k)] (123)

Spa (kaskq), if [va(ky) —vp(ky)]t <O.

[In practice, the sign of t will depend on whether the scattering event takes place in the forward
or backward branch of the Keldysh contour.] The matrix Sg;’b/(kl, k,) in Eq. (24) is then given
by

Sffbb (ky,kz) =3§bb (k1,ky) — 03 55 ) (124)

if the scattering process is on shell and zero otherwise.

In the description of the scattering process above we did not consider the amplitude for
the two QPs to scatter into an asymptotic states with more than two QPs, since such processes
would only give rise to subleading corrections in the long-time limit. Similarly, we did not
consider the case where the two QPs fuse into a single new QP; in fact, the hypothetical product
of this fusion would not be stable and thus should not be accounted among the stable QPs of the
theory. Rather, the whole process of fusion into the meta-stable excitation and its subsequent
decay into two or more QPs should be considered as the scattering process.

SHere we are neglecting displacement of the center of the wave packets due to the scattering phase shift (see e.g.
Ref. [116]). The rationale is that the displacement due to scattering is a microscopic length-scale, much smaller
than the width of the wave packet £. Therefore, the displacement due to scattering is negligible when computing
overlaps between wave packet states.
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6.2 Wave packet states with more QPs

The discussion above can be generalized to the sector with n > 2 QPs. The n-QP sector can
be most easily defined in terms of asymptotic momentum states |p),, e.g. in or out states, as
commonly done in the context of IQFT or asymptotic Bethe ansatz [117]. In terms of these
we can immediately generalize Egs. (115) and (118)

n n

k)P = (62173” |p>al_[W(pj;rj:kj): Ir;k)q =RIr; k)%, (125)
j=1

where, as before, R permutes the order of the WPs in such a way that the order in the ket

directly reflects the order in real space.

In order for these states to have a simple time evolution it is necessary that the wave
packets are in the asymptotic region, i.e. |r; —r;| % £ Vi, j. However, even if this condition is
satisfied initially, eventually the wave packets might collide. To understand what happens in
these cases we need to distinguish between an integrable system and a non-integrable system
which only admits a QP description at zero energy density.

For integrable systems, assuming that at a final time t the wave packets are in the asymp-
totic region, the final state will be obtained by combining ballistic evolution of single QPs with
2-QP scattering processes as in Eq. (122). Due to integrability, this simple picture of the evo-
lution will yield correct results even if three or more QPs were to meet in the same region at
the some intermediate time.

For non-integrable systems, the same picture is approximate, i.e. it can be applied only if
three or more QPs never meet in the same region at the same time. Nonetheless, in all scenarios
considered in this manuscript, the wave packets are always created in such a way that this
condition applies in the long-time limit. Therefore our results should apply to integrable and
non-integrable models alike.

6.3 Operators and their action on the vacuum

For our purposes, the discussion above gives a complete picture of the time evolution of wave
packet states. In order to be able to compute correlation functions we need to characterize
how wave packets are created and annihilated by the operators A and .A. In other words, we
need to determine the matrix elements of these operators between two wave packet states.
We first consider the simplest case where one of the two states, e.g. the ket, is the QP vacuum
and postpone the discussion for the case where both states contain QPs to subsection 6.5.

The simplest contribution to A(x)|€2 corresponds to the creation of a single QP We define
its matrix element with plane wave states as

o{PlAG)IQ) = Fj(p)e P~ (126)

This implies
o (L klA()I92) ~ F(K)W*(x; 1, k), (127)

where we have assumed that F,(p) is approximately constant over a scale {~!. In terms of
one-wave packet states, the operator with the most straightforward action is then

A(r,q) = J dxW(x;r,q)A(x). (128)

This is related to A(q) by
AlQ) = f drA(r,q). (129)
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Given (127) the action of 2((r, ) on the vacuum can be approximated as

2A(r,q) |2) ~ ZF;‘(q) Ir,q), + (n—QP states, n >2) +- - (130)

Here - - denotes possible component of the state that go beyond the QP description in non-
integrable systems. Throughout our work we assume these to give subleading corrections in
the long-time limit.

In Eq. (130), we can also enquire about the component of the state with two or more QPs.
While we do not expect this component to admit a simple wave packet description immediately
after the action of 2, upon time-evolution the various QPs will drift away from each other and
eventually a wave packet description of the state will be possible. We start by considering the
state (0, q) |Q2). After time evolution this will take the approximate form

(2m)nn! @

n : n
U(0)%(0,q) |2) zZZJ TR prti; e T 1r k), (131)
n a
for some functions F,(k; q) that play the role of wave packet form factors. Given that the QPs
are created around x = 0, we must have that in the long-t limit r are of the form r; ~ vaj(kj)t
up to a t-independent correction that we neglect. Furthermore, given that 2((r,q) approxi-
mately increases the momentum of the state it acts upon by g, it must be that F,(k;q) ~ 0
unless ¢ — 3,7 k; ~ (7.
From the above equation, we can derive an approximate expression of the state for any
r#0,i.e.

U(t)Q[(r’q) |Q) ~ sz d k F.*(k; q)eir(q—Z;:1 kj)e—itzglzl faj(kj) |r7 k)a , (132)

(2m)mn! @

with r; ~ r + v, (k;)t. The presence of the factor eir(q_zy=1 k) for r # 0 can be inferred by
studying how both sides of the equation transform under translations.

Note that, the discussion above of the n-QP component for n > 1 is approximate, unlike
Eq. (130) which is asymptotically exact in the { — oo limit. Nonetheless, since we will only use
this description to argue that certain processes are subleading, we expect it to be a sufficiently
good approximation. Instead, in Sec. 7.1 and 7.2, when processes where more QPs are created
by a single operator are important, a more precise form of the wave packet states can be instead
obtained for the action of A(q) directly, as shown in Appendix B.

6.4 Two-point functions

With the technology introduced so far, we can tackle the computation of two-point functions,
which will serve as a warm-up exercise for the determination of four-point functions. We
can show that their long-time limit can be recovered from a semiclassical description of 1-QP
states. While this is a well-known fact, it will allow us to clarify aspects that will also enter the
4-point function argument. We thus consider the following 2-point function
1

Caq. 0) = 5 (2A(=g; )A(g; 0) [ Q)¢ - (133)

We express A(qg; 0) on the right in terms of its semiclassical counterpart 2, and express A(—q; t)

on the left in terms of the local object A(x, t). Using translational invariance we then fix x = 0
and remove the V! factor. This gives

Cy(q,t) = f dr (] .A0; )A(r,q;0) Q)¢ - (134)
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To evaluate this, we consider

U(OA(r,q;0)19) = > Fi(Q)e " | +v,(q)t,q),

a

dk, dk, - gk ) i

+ZJ #Fi,b(kl,kz;q)elr(q k=) it (eq (ke (ka))
a,b

X |r + Va(kl)t, r—+ Vb(kz)t; k13k2>a,b

(135)

+...

To obtain a non-zero contribution to C,, all QPs need to be annihilated by .A(0; t).

We start by arguing that the contribution from states with two QPs is suppressed in the
long-time limit — a similar discussion would apply to three or more QPs. In the large t limit
the two wave packets will be separated by a distance |v,(k;) — vp(ky)|t > £. In this case,
it will be impossible to annihilate both QPs with a single .A(0) operator, which can create or
annihilate QPs only in the proximity of x = 0. We can thus conclude that these contributions
are suppressed in the limit of large t and we must look at the 1-QP state to compute the leading
contribution.® In this case we have

Cy(q,t) = J dr ZF:(Q)e_ie“(q)t (2] A(0;0)|r +v(q)t,q), +o(1)
« (136)
= F(q)Pe %@t 1 o(t0),

as expected.

6.5 Action of the operators on few-QPs states

In the analysis of four-point functions we will further need to understand the action of the op-
erator A and 2/ on states |r, k), containing several QPs. Here the key property is the locality
of A(x), i.e. A(x) can affect previously existing QPs or create new QPs only within a neigh-
bourhood of x. Instead if a state |v) contains QPs further away from x, these are unaffected
by the action of A(x). The same property holds for the wave packet operator 2A(r, t) which
can create QPs and destroy QPs only in the neighborhood of r.

We can summarize this property in the following equation:

b (r/) kllm(x’ q)|r7k>a ~ by (rFI) k;lrFJ kF>aF (137)
x by (r1<pk1,\]|9[(x) q)er) kN>aN .

Here the subscript F and N respectively denotes the subset of wave packets that are far
(Irgj — x| > €) and near (|ry ; — x| < ¢) from the point x where 2 acts.

We further expect that the amplitude (rI(I,kl’\IIQl(x,q)er,kN)a in the second line has
N

a regular dependence w.r.t. the positions and momenta of the wave packets. This should be
contrasted with the action of operators on extended plane waves, which, as a consequence of
locality has annihilation poles (sometimes also called kinematic poles). The existence of this

°To be more precise, it can be shown that the contribution from two-QPs states is O(t~/2). One way to see this is
by expanding the two-point function in terms of momentum eigenstates and evaluating the integral over momenta
within the stationary phase approximation. Alternatively, within the wavepacket analysis, one can reason as fol-
lows. At time t, the center of the two wave packets in Eq. (135) will be separated by a distance (v,(k;) — v, (ky))t.
The width of the two wave packets instead only grows diffusely, i.e. like +/Dt for some D. Therefore, the values
of k, and k, which will yield a non-negligible contribution to C, are the ones for which (v,(k;) — v, (k,))t ~ +/Dt.
Consequently, the integrand in k; and k, is non-negligible only in a window where k; — k, = O(1/+/t), which
controls the 1/+/t scaling of the two-QPs contribution to C,.
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pole structure is well-known in integrable models (either continuum or on the lattice) [ 79,87,
110,113,114].

While at first glance it might seem that the annihilation pole structure of the form factors
in terms of plane waves and the regularity of the amplitudes above are in tension with one
another, we show here that the structure above can be derived by re-expressing the plane wave
form factors in terms of wave packets. We do this by considering a simple case where 2((r,,q,)
acts on a single-particle state |rq,q;),. For simplicity we further restrict ourselves to the case
where after the action of A, a two-QPs state is obtained, viz. we compute 1,2(ry,q5)71,41),
where 1, denotes the projector onto the two-QPs sector

d’Qd’R
I, = bZ‘WZ an? IR,Q)» . b(R,Ql. (138)

To compute 1,2(ry,q5) |r1,¢1), We can therefore re-express the semiclassical states in term of
(asymptotic) momentum eigenstates in terms of which

5a,cfb(k) + 5a,bfc(k)
ki—ks  ki—ky '

be (k3 kal A(0)Ik1)q = be ks, kalA(0)] k) () + (139)
where we separated regular contributions (first line) from kinematic poles (second line).
Therefore

F;(q2)
1+ 5a,b

]12 Ql(rZ) qZ)lr) ql)a = Z

b

d?Qd?R
+ZJ Q Kabc(r,q;R,Q)lR:Q>bC'
b,c

171,723 91,92) ab

(140)
(2m)?

Here the first and second terms on the right-hand-side arise respectively from the kine-
matic poles and the regular contribution to the 3-particle form factor. Crucially the kernel
K.pc(r,q;R, Q) is negligible unless

lry—rl S, IRy =13l S ¢, Ry —ry| S 2. (141)

Finally, note that, since the kernel K,;.(r,q;R, Q) is derived from the regular part of the form
factor it will also be a regular object, as anticipated.

To summarize, 2I(r,q) can only create or annihilate wave packets near r. In particular,
when acting on a wave packet states where all wave packets’ positions are far from r, 2(r,q)
will create new wave packets in proximity of r as described by Eq. (130), while the previously-
present wave packets will remain undisturbed.

6.6 Scattering-connected contributions

We now proceed to discuss the long-time limit of the four-point function (6). We start by dis-
cussing a subset of processes contributing to C4, which are scattering connected. We compute
their amplitude and show that this gives us Eq. (24). We will then argue in subsection 6.7 that
other contributions give rise to subleading corrections only.

To obtain the leading contributions we start by expressing C, as

C4 = J< drl f dr2J de eiq3x3 <Q \ A(O, t4).A(X3, t3)91(r2, qz; tz)m(rl,ql; t]_) | Q)C . (142)

The processes we want to consider are the ones where the two operators 2 on the right create
two QPs in two spatially separated positions. These QPs will travel ballistically and, if their
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A(0, t4) o0 X
t/\ A(Xg, t3) t,\ \ L 3
d,q, /c, 0
a, q/ N?,(D
A(ra, 25 t2) o7y

A(r1,q15t1) Iie

~
v

@ (b)

Figure 6: (a) Example of a scattering-connected process giving rise to the leading
contribution when all time differences are large. 2I(r;,q;;t;) creates a QP wave
packet around momentum q; and species a. Analogously, (5, q5; t,) creates a QP
wave packet around momentum g, and species b. The quasiparticle scatter around
position rg and time tg into a new pair of QP wave packets of momenta q; and g,
and species ¢ and d. Ultimately these QPs are annihilated by the operators A(xs, t3)
and A(0, t4) respectively. (b) After integration over r; and r,, the integral over x5
gives the same contribution for any x5 such that a scattering event takes place. For
the example in the figure, this set is denoted by a red line.

trajectory cross, they scatter into a (possibly new) pair of QPs. Of these, one is annihilated
by A(x3,t3) and the remaining QP is then annihilated by .A(0, t4). For concreteness we will
assume that .4(qs, t3) annihilates the QP with momentum q;. (see Fig. 6a)

Before showing more formally how the long-time divergence arises, we discuss the intu-
ition underlying it. We begin by noting that for the process to give a non-negligible contribution
ro must lie in a region of size o< £ centered at —v;(q,)t4,. Similarly, r; must be in a region cen-
tered at x5 —v,(q1)t3;. Therefore we will be left with an integral over x5 only. If g5 ~ —q;, all
values of x5 yield the same contribution as long as a scattering process takes place. Therefore
the integral over x3 will be proportional to the length of the set of x5 for which a scattering
process takes place (this set is denoted as a red segment in Fig. 6b). Given that the velocities
of the WPs are fixed by q; and q,, the length of this segment is proportional to |t3,|, yielding
the anticipated long-time divergence.

In more detail, the amplitude of the process would be given by

Kel
Cy5 = E F:(Ch)F;(%)FC(CIl)Fd(QZ)SE’;,(CILQZ)
a,b,c,d

x e t€a(@1)tar p—i(€a(q1)+ep(g2))taz o —i€q(g2)tas

x f doxs el(@+a)xs (143)

X J dry f dryW (0575 + v,(q2)ts2,92)
X [W(xg; 11 +v4(q1)t31,91)|6(r,12),

where we split the amplitude W (x3; rg +v.(ks)tss, q1) into its absolute value (last line) and its
phase e!1%s (third line). We further introduced the function S(rq,r9) (which is also implicitly
a function of the various momenta and the QP species), defined as follows. & = 1 if r; and
r, are such that the presence of a scattering process between time t, and t; described by
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SZ’Z(ql, q,) is compatible with the ballistic propagation of all QPs; otherwise & = 0.
To perform the integral over r; and r, it is convenient to change the integration variables

to

ry =11 +v4(q1)ts7, (144)
r4 =13+ v(q2)tss, (145)

in terms of which, the last two lines of Eq. (143) become

J drg J draW(0;14,q2)W(x3;73,q1)8 (13,14, (146)

with &(r3,r4) := &(rq, ). To make progress we note that the integrand is negligible every-
where except in the region where r4, = O({) and r3 = x5 + O(£). We also note that excluding
the cases where the scattering takes place in proximity of (ry,t,) or (r3,t3) (in which our
semiclassical treatment breaks down anyway) &'(rs3 + O(£), 4+ O(£)) = &'(r3,14). In the in-
tegral we therefore replace &'(rs, r4) with &’(x3,0). Therefore, we approximate the integrals
in Eq. (146) as &’(x3,0). This leaves us to evaluate f dx;el(11193)%3 &' (x5, 0). We can see that
6’ = 1 if x5 lies between the two points x5 = —v,(qa)ts3 and x5 = —v,(qa)tan + v4(q1)t30,
which define a segment of length |v,(q;) — v, (g2)l|t32]. If g3 =~ —q; the integrand is approx-
imately constant over this segment, thus producing a signal proportional to its length, i.e.
proportional to |t3,], as anticipated.
More explicitly, we can perform the integration over x5 to obtain that, if g3 ~ —q;

Kel
Cy5 = E F:(Ch)F;(QZ)FC(Ql)Fd(QZ)SZ,b(CIbQ2)
a,b,c,d

X e—iea (q1)tn e—i(fa (q1)+e€p(g2))ts2 e—i(ed (g2)) (147)

y |va(q1);vb(Q2)| sin (at|ts]) + 0(|t35]),

with a = |v,(q1) — vp(q2)llg3 + q11/2. The O(1) terms we neglected are subleading contri-
bution in the g3 + q; — 0 limit. In this limit @ — 0 and the last line of Eq. (147) reduces to
|ve(q1)—Vp(g2)llt3s], as anticipated in Eq. (24). For finite, but small, g5 +q,, instead the signal
grows linearly until |t5,| < ™! when it reaches a maximum value of ~ a™*.

So far, we considered the case where A(qs, t3) annihilates the rightmost QP after the scat-
tering process. Another contribution to be taken into account is that where A(qs, t3) annihilates
the leftmost QP after the scattering. This will give a contribution identical to that in Eq. (147)
but with SZ:Z (q1,92) replaced by Si’g(ql, d>). The general answer will be given by the sum of
these two contributions as in Eq. (24).

Finally, note that so far we did not specify the time ordering of tq, t,, t3, and t4. In fact
all of the equations we wrote hold for any time ordering. This is thanks to the definition of
S (123), which already takes into account whether the scattering process takes place during
a forward or backward evolution.

Lastly, before proceeding we comment on what happens when |v,(q;) — v;(q5)| vanishes,
so that the QP worldines are parallel and do not intersect. This case can in fact arise very
naturally if g; = g5 = 0 and v,(0) = 0 for all QP species ¢ due to some symmetry, e.g. reflection
symmetry. In this scenario, the leading term in Eq. (147) becomes zero. Furthermore, the
whole assumption underlying the semiclassical calculation breaks down. In fact, we assumed
that r,, the position at which the second operator acts, is far from the position of the previously
present QP If all the quasiparticle velocities are the same, instead the only way to obtain a
connected contribution is to have all operators act along the same ray. In this context the
simple calculation presented here becomes unreliable. Instead, in this case, we expect that
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the long-time four-point function grows like 4/|t3,|. Indeed this is the case for the integrable
QFT for which the first few-QPs contributions to C, in Refs. [95,96]. In Sec. 4.3 we will
discuss these contributions in more detail and argue that they arise from a combination of WP
spreading and scattering.

6.7 Other processes are subleading

We now proceed to argue that the contributions considered so far are the leading ones in the
long-time limit |t;;| — oo for every i # j.

We will work under the assumption that in the long-time limit, the leading processes can
be understood in terms of ballistically propagating WPs. As we already mentioned, we can
separate these processes into scattering-connected (e.g. Fig. 1a) and fully-connected processes
(e.g. Fig. 1b). The first one are processes where the graph consisting of operators .4 and QP
trajectories is connected by one or more scattering vertices alone. In other words, scattering-
connected processes are the ones that would reduce to product of two-point functions if the
scattering matrix were trivial. Fully-connected processes, on the other hand are ones where the
operators A and the QP trajectories form a connected graph by themselves. More formally,
in the four-point function case, these are processes whose amplitude would involve matrix
elements, that, upon using the factorization in Eq. (137) would involve non-trivial factors of

the form ,, (ry, k{124(x, Q)Iry, kN)aN in which both the bra and ket are not the ground state |Q).

An example is the process depicted in Fig. 1(b), where 2(r,,q5; t5) annihilates a previously
present QP and creates two new QPs.

We begin by arguing that fully-connected processes are subleading in the long-time limit.
The key idea is as follows. Imagine fixing the momenta of wavepackets, then the operator
positions in fully-connected processes are fixed by the ballistic propagation of QPs, i.e. the
integration over the operator positions is O(1). Furthermore, as discussed in Subsec. 6.5,
the matrix elements to locally annihilate and create QP wave packets are regular and cannot
produce further divergences. Therefore the final integration over momenta (introduced to
return to real space from the k-space of the preceding discussion) does not produce any extra
long-time divergence and the overall contribution is O(1).

While showing this in detail for the most general processes would be cumbersome, we
exemplify the discussion in the case of the process in Fig. 1(b). To do so, we write Cy4 as

f drl,f dry f dry (QA(ry, qq; t4) A0, t3)A(rs, q2;5 t2)A(r1,q1;5 1)) - (148)

For a given set of positions (rq,7,,74) We can (approximately) compute the amplitude of the
process in terms of matrix elements of 2 and .4 among semiclassical states. We are interested
in processes where (r1,qy; t;) and 2(ry4, q4; t4) create and annihilate a QB while a two-QPs
state is present between time t, and t5. Therefore

fd3r Fb(_q4)F*(q1)e—ifb(—Q4)f4+i6a(Q1)t1
2 : a
= (149)

X p(rg —vp(—q4)t4] A0, t3)15A(ro, @25 t2)Ir1—va(q1)t1,q1 )4 -

Applying Eq. (140) to expand 1,2(ry, q5; t5)|r1—v.(q1)t1,q1)q We can understand the structure
of the dominant contributions at late times to C4. Selecting the contribution in (140) arising
from the kinematic poles and selecting the same contribution in the 3-particle form factor
involving A(O, t3) gives (147). Instead, selecting the part involving K in either or both of the
3-particle form factors gives contributions that are regular, i.e. (’)(tgz).

Finally, in the limit |t;;| — oo for every i # j, the only scattering-connected processes that
are compatible with the ballistic motion of wavepackets (for a generic set of momenta) are the
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ones computed in the previous subsection, where each operator creates or destroys only one
QP Note that this last statement will cease to be true when we will allow two times to coincide
in Secs. 7.1 and 7.2. In these cases, the ballistic motion of wavepackets will be compatible
with new scattering-processes, where some operators create or annihilate multiple QPs. The
contribution of these new processes will again be proportional to the overall timescale.

7 Wave-packet analysis for two equal times

We now relax the time-separation assumption and focus on the opposite limit where two times
coincide.

7.1 Non-rephasing correlator

We begin by considering the non-rephasing correlator Cyy defined in Eq. (21) (i.e. an in-
stance of C4 with t4, = t, = 7; and g3 = —q5). In this case, most of the arguments given
in Sec. 6 remain valid. In particular, fully-connected processes are always O(1), and, since
scattering-connected processes can produce signals that grow linearly in time, they are the one
dominating the long-time behaviour, or, equivalently, the strongest singularities in frequency
space.

However, when two times coincide, there are scattering-connected processes where two
operators can exchange many QP wavepackets, which are compatible with the ballistic kine-
matic of the wavepackets.

The processes we consider are like the one depicted in Fig. 2. Here, the second operator
creates a shower of n QPs, which propagate out ballistically. In doing so, these QPs can scatter
with the QP created by the first operator. Eventually, the system needs to be evolved backward
to time t, = t4. If only forward-scattering processes —i.e. processes where the two QPs do
not exchange any momentum, as we have throughout this manuscript— have taken place, the
n wave packets will refocus in the same region of size £, where they can be annihilated by
a single operator. To further simplify the notation, we will also assume that upon scattering
the QP index does not change, viz. the scattering matrix is diagonal: S;g o< 64.0pq. [The
extension to the case of non-diagonal S is straightforward.]

Given that it is important to give a correct quantitative estimation of the amplitude of pro-
cesses where a single operator creates many QPs, the treatment in Eq. 132 could be insufficient
and we will switch to using the operator A directly, for which a more precise treatment is pos-
sible (see Appendix B). The main results obtained in Appendix B are the following. When A(q)
acts on the vacuum, we generally have

1 d"k ix(g—=>". k; - —i D, €q.(ki)t
OLOIDED I va J o J Gyt Rt B k), as0)

with r; = x +v,, (k;)t. For integrable systems the relation above can be explicitly derived, and
we can therefore relate F,(k) to the form factors in terms of asymptotic states F,(k)

Fa(k) = (2m)V20"F, (k). (151)

Similarly to Eq. (132), Eq. (150) has a natural interpretation: The operator A(q) can perturb

the state in the neighbourhood of an arbitrary point x. As the state is evolved in time, it can

be approximated as a superposition of wave packet states moving ballistically away from x.
For the purpose of computing Cyg, We express it as

Cnr = I<Q| U_i_(Tl)A(—QZ)UT(Tz)If dry I-A(O)U(TZ)A((Iz)U(ﬁ)Ql(H: q1) |Q)I . (152)
bra ket C
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Note that since t3; = 71 + 7, is large, we must consider only cases where the first operator
creates a single QP We therefore consider the component of the state such that

A(r,q)12) = D FX @) Irsqi)e + (153)

with the ellipsis denoting other components of the state (e.g. more QPs states, or components
that are beyond the QP description), which will give rise to subleading contributions in the
long-7 limit and we will therefore neglect.

Time evolving this state and applying Eq. (150) we obtain the following expression

U(0)A(g2)U(t1)A(r1,q1) 192) ~ f f(z e el k)}"*(k)F*(ql)

n (b a) (154)

e =i Ebj(kj)te—iea(ql)(*r1+t) Iy (0), T‘/); (k)ql»(b’a) ’
with y;(t) = x5 + vbj(kj)t and r; = r; +v,(q;)(7; + t). The rationale for this expression
is as follows. At time 7, the operator A(g,) will act in some arbitrary position x,. If x4 is
far away from the position of the previous wave packet r; + v,(q;)7;, then there will be an
intermediate time t + 7; —with 0 < t < 7,—, where Eq. (150) is a good description of the
state in the spatial segment [ x5 — Vyaxt, Xo + Vyaxt] If 11 +v,(q1)7; is well-outside of this
segment, then we expect a wave packet description of the form above to be valid. Note that,
however, the above expression will fail to correctly capture the state when r; + v,(q;)7; is
inside the interval. Nonetheless this will not constitute a problem for our analysis as, in the
long-7 limit, the interval where the approximation breaks down remains constant, contributing
to an o(74, Ty) error in our calculation, which can be neglected w.r.t. the long-7 divergence
we are interested in.

Evolving the state above up to time 71 + 7,, we can then follow the discussion in Sec. 6.2:
the various wave packets propagate ballistically and if a wave packet created by A(q,) collides
with the wave packet created by 24(r;,q;), then a scattering event will take place. We start
by considering the case where only forward scattering processes take place. In this case, at
time 7T, + 75, the position of the wave packet is determined uniquely by their group velocity,
and the scattering events amount to multiplying the integrand in Eq. (154) by a factor (1+ &)
where (1 + &) is given by the product the scattering amplitudes for each collision that takes
place. Here & implicitly depends on rq, x5, k, q1, as well as 7, and 7,, as all of these variables
influence the kinematics of the wave packets and, therefore, which scattering events take place.

Finally, when acting with .A(0) on the ket, we consider the case when this annihilates the
QP created by (71, q;). The ket side is then given by

n b,a

€ 2 ebj(kj)t ly(72);k)p (155)

X |Fa(CI1)|2€_i6a(q1)(ﬁ+f2)J driw(0; 11 +v4(q1)(T1 +72),q1)(1 + &).

As we did in Subsec. 6.6, we can approximate & with 6\ by committing an

r1==v(q1)(T1+72)
o(7,T4) error. In this way the integral f driw(0;r, +v,(q1)(T1 + 72),q;) yields 1.
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The bra side of Cyg can be expanded using Eq. (150) directly, to obtain the following
expression for Cyg

~ d"k’ lxz(qz—zjkj) ix;(q2+zjk;) * ;
CNR‘ZZNJ def 0 (27'5)” @’ ‘ 700

n b,a
T L CA N LCA IR
x |Fo(gy)Pe icl@)mtmlg, (156)

with y'(t) = x} — vbj(k;)t. Note that in this calculation we assumed that all scattering events
to be forward-scattering, otherwise the overlap would have suppressed in the long-time limit.

Note that & is independent of k” and x/,. We can then perform the integral over k’ and x,
as discussed in Appendix B to obtain

o L[ dk |RE)P
CNR_Zn:EZ: N, | @ror @rezyr ———(2m)6 (QZ Zk)

x |Fa(q1)|Ze_iea(q1)(T1+T2)f dx,&.

(157)

Finally, we can discuss the integral over x,. For a fixed set of k and a, &(x,) is piecewise
constant. Upon a rescaling 7, — AT,, the length of each piece is increased y a factor of A,
while the value of & in each piece does not change. Therefore we can rewrite Cyg in the
scaling form

CNR — Ze_iea(ql)(T1+T2)aNR(a7 q1, qZ)Tz + O(T].’ TZ)ﬁ (158)
a

_ 1 d"k | Fp() ZfdeG
anr(@,q1,92) = anzb: /\_fbf 2y W(Znﬁ (Qz —; kj) |Fa(q1)l o (159)

The expression above does not rely on integrability, but only on the exsistence of a QP
description for some of the low-energy excitations of the system. However, in the general
case, F and the scattering matrices are hard to compute. In integrable systems, instead the
form factors and the scattering matrices are known and ayg can be explicitly computed. We
exemplify such a calculation for the Ising model. First of all, we use Eq. (151) to replace the
wave packet form factors F with the asymptotic-states form factors F to obtain

Cnr = anpe €1+ 0, 4 o(1,, 7,), (160)
R =D ofie (161)
n odd
1 d"k fdng(k,xz)
F - — - ki ||F(k))P———". 162
=IF@P | Gy (QZ Z ])| (k) = (162)
Here, & = —2 if an odd number of scattering processes take place, and & = 0 other-

wise. The integral f dx,& can then be expressed as follows. Consider the set of veloci-
ties {v(qy),v(ky),...,v(k,)}, by permuting its elements we can define an ordered set of ve-
locities (¥4, ...,V,41) such that ¥; < ¥, < -+ < ¥,,4. Then, it is easy to see that, when
r1 +v(k,)T, = V7, for some j, & switches value: it either jumps from 0 to —2 or vice-versa.
Therefore, since n is odd

n+1
J dx,& = =27, » (17, (163)

j=1
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Figure 7: ayy for the Ising model, as a function of the transverse field h. We expect
the overall coefficient ayg = D, oqq @hg to be dominated by the n = 3 contribution
for the values of h reported in the figure.

We are then left with the task of performing the integral over k,...,k, and sum over n.

For small n we can numerically compute the integral over ky,...,k, by approximating it
as a sum over a discrete set of momenta. For q; = g, = 0, we report the results for n = 3,5 as
a function of h in Fig. 7. (Note that when q; = g9, all\IR = 0) Given that the sum over n must
converge and that aIS\IR is already much smaller than aI%IR, we expect contributions at larger n
to give only negligible corrections.

7.2 Pump-probe correlator

The pump-probe correlator Cpp, defined in Eq. (22), can be analyzed in a similar fashion. In
this case t4, = t; and we must then consider scattering-connected processes where the first
operator A(q;,0) produces a shower of n QPs, which are then annihilated by the fourth one
A(—q;,0), while A(g,, T1) and A(—q,, T1 + T5) exchange a single QP (see Fig. 3).

The starting point is to re-express Cpp as

Cor = [QIACg)U'(5 + TZ)J dry A(O)U(72)(r2,42)U(T1)A(0:)2) - (164)
bra ket c

The computation of the leading term of Cpp closely parallels the one of Cyg in the previous
section. For this reason, we simply quote the result

1 d'k | Fy (k)|
G~ 2,25, <zn>nu3c7w(2“)5(ql‘zkf)
n ,a J

X |F(gp)[Pecalt2)2 f dx; 6.

(165)

Here x; is the starting position of the shower of n QPs created by A(q;). Instead, the position
r,, at which the single probe QP is created, is fixed to be within a distance ¢ from —v,(q5)7T5.
Finally, & accounts for the product of the phases accumulated from each forward-scattering
process.
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As for Cypg, the long-time divergence is determined by the behaviour of the integral f dx;6.
Looking at Fig. 3, it is clear that, for a fixed set of momenta k, &(x) is a piece-wise constant
function. Furthermore, upon rescaling 7,  — A7, 5 the length of each piece is proportional
to A. In order to make this scaling explicit, we can rewrite Cpp as

QG,QLQZ)"'O(Tl,Tz), (166)

G =S + p)e i@ (
=2 (14 7) vl

where Cpp is given by

o oy [k REP,
CPP (T] + Tzaa: q1, qZ) - ;;Nb f (27'[)“ (21’[@2)” (27-[)5 (ql Zk]) (167)

fdx16 (%; a:Qh‘lz)
T1+ 7T '

x |Fo(gp)?

Note that, from geometrical considerations it follows that

T2
CPP( =1 a#hﬂlz) = anr(a, 41, 42) - (168)
T1 + To
Next, we restrict ourselves to the simple case of the Ising model, where a single QP species
exist and & = (—1)*(scattering events) ) this case we can compute explicitly the scaling function
Cpp. To do so, we start by re-expressing Cpp in terms of form factors F.

Cpp = (11 +72)6_i6(q2)fchp( ;Q1,CI2)+O(T1,T2), (169)

T+ 7T,
Cpp (%;ql,qz) =Cpp (%;ql,qz) ) (170)
(i) = o | oy IFOOR @RS (ql —;kj) a7y
x |Fa(Q2)|2f dX16T(1ﬁ;ql,q2) . (172)

Finally, we can express the integral over x; in terms of the velocities v(k;). For this purpose
we consider the set of positions

k)T, (k) T, vk ) (71 + T2) —v(q2) 7o, -, V(K )(T1 + T2) —v(g2)To}, (173)

and define the permuted set of coordinates (J,..., ¥5,) such that ; < j, < :++ < ¥,,. In
terms of this, the integral over r, is given by

2n
f dr,& = —22(—1)15/]- ) (174)

j=1

Finally, as for ayg we need to numerically perform the sum over momenta and n to obtain Cpp.
For small enough n, we can compute a numerical approximation of CJ, by discretizing mo-
mentum space. CSP and Cgp are reported in Fig. 8 as a function of 7,/(7, +17,) forq; =q, =0
and a few values of transverse field h. For the values of the fields we analyzed, Cgp <L CSP,
suggesting that the sum over n is dominated by n = 3. (As for ayg, the n = 1 contribution
vanishes when q; =g, =0.)
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Figure 8: C[, for the Ising model, as a function of 7, /(7 +7,). We expect the overall
function Cpp = D, .44 Chp to be dominated by the n = 3 contribution for the values
of h reported in the figure.

8 Summary and conclusions

Nonlinear response holds the promise to become a useful tool in the experimental investigation
of exotic strongly correlated materials. However, at present there is a shortage of examples
where clear yet far-reaching insights can be inferred directly from the experimental data. Our
work contributes to establishing such paradigms for the broad class of one-dimensional in-
teracting many-particle quantum systems that feature stable quasiparticle excitations over the
ground state. We have shown that third-order response functions in these systems exhibit
linear-in-time divergences. As these signals become large at late times they eventually should
dominate the nonlinear response functions and be readily observable in experiments.

The information encoded in this singular behaviour of the nonlinear response functions can
be inferred from Eq. (24): when finite-momentum probes can be used, the detailed structure of
the long-time divergence is determined by (i) data that can be extracted from linear response
measurements, and (ii) the two quasiparticle scattering matrix. This suggests that it should
be in principle possible to use nonlinear response as a way of experimentally measure the
scattering matrix of collective excitations in condensed-matter systems.

Our work opens many interesting directions for further investigations. Perhaps the most
important one is whether similar long-time divergences occur in higher dimensions. The non-
perturbative arguments reported in Ref. [49] suggest that this is the case. It would be inter-
esting to find a model where this can be explicitly verified through a direct calculation.

It would also be interesting to understand the fate of the linear-in-time divergences in the
presence of disorder. In some settings this will yield localization of QPs even at arbitrarily weak
disorder, therefore the linear-in-time growth described in this work would only persist as an
intermediate-time effect, with the signal eventually saturating to a value set by the localization
length. However, depending on the symmetry of the model, QPs could remain delocalized, but
the wavepacket motion will be sub-ballistic. In this context, one might expect that long-time
divergences will persist but possibly with a sub-linear growth in time.

Acknowledgments
MF thanks Max McGinley, Sounak Biswas, Abhishodh Prakash, and Nick Bultinck for many

insightful discussions and Max McGinley and Souank Biswas for collaboration on related
projects.

40


https://scipost.org
https://scipost.org/SciPostPhys.19.4.086

e SciPost Phys. 19, 086 (2025)

Funding information This work was supported in parts by the EPSRC under grants
EP/S020527/1 and EP/X030881/1 (FHLE, SAP). FHLE would like to thank the Institut Henri
Poincaré (UAR 839 CNRS-Sorbonne Université) and the LabEx CARMIN (ANR-10-LABX-59-
01) for their support.

A Properties of wavepacket states

In this appendix we present some properties of the WP states that are used throughout the text.
We first discuss the scattering of WPs and then present a formula for the identity resolution in
terms of WP states.

A.1 Scattering of wavepackets

In this appendix show how scattering of wave packets produces the time-evolution reported
in Eq. (122). We begin by listing some identities that will be useful in the derivation. The
two-particle scattering matrix is defined in terms of momentum-space scattering states by

|k1,k2)(p) 2117222(k1:k2)|k2:k1>( o (A.1)
Given our assumption that our gapped single-particle states are kmematically protected, we
have

U(E) [k, ko) @ :e—i(eal(kl)ﬁ@(kz))t|k1,k2>(p) _ (A2)

ay,a; a;,a;

Assuming that £~! is much smaller than the momentum scale over which the two-particle S-
matrix changes (i.e. we consider £ to be large compared to the lattice spacing/short distance
cutoff) these imply the following relations for MWP states

|r1,r2;k1,kz>gp) 3;’3§(k1,kz)|rz, V1,k2,k1> e (A.3)
U(t)|r1,r2, k15k2>a1 a, ] lEt|r1,r2, k15k2>51p)a2 y (A.4)

where we have defined
rJ{ =r1j+v,,(kjt, E=¢€4 (k1) +eq(ks). (A.5)

Using (A.3) and (118) we then can approximately express MWP states in terms of |ry, ry; ky, ko)
WP states as

|r1,r2,k1,k2)(p) QH(rZI)|r1:r2;k1)k2)a1,a2

(A.6)

/
al,az

+ 9H(r12)sa1,a2 (kly kz) |T’1, a5 kl: k2>a a2 )

where we have defined r; j=r;—rj. Using the definition (118) of WP states in terms of MWP
states then gives

€+iEtU(f)|r1,72;k1,k2>a1,a2 9H(r21)|7‘1,7’2,k1,k2)ap)a +9H(7”12)|T£,r{;kz,k1>ff;?al- (A.7)

Finally we use Eq. (A.6) to arrive at the following approximate evolution equations for WP
states

e EU(t) |ry, ras Ky, kZ)al,az ~ Oy (o ’”él) |’”{, Té; ki, k2)a1,a2
aj,a)

+ 9H(r21)9H(r{2)5a1,a2 (kq,k3) |r{, ré; ki, k2>a;,a3 (A.8)

/ /
as,a;

+ 9H("12)9H(”£1)Sa2:a1 (ka, k1) |7’{, ré; ki, kZ)“i a
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This result has a nice intuitive interpretation: the term in the first line corresponds to the situ-
ation where WPs do not collide, and consequently they do not acquire any additional phases.
The second and third lines correspond to situations where the two WPs exchange their order,
which involves a scattering process. We note that all approximate equalities presented here
become asymptotically exact in the large-£ limit.

Finally we note that these formulas generalize to the n-QPs sector, subject to the qualifi-
cations stated in the main text. Withpout loss of generality we then can use the permutation
invariance properties of the |r; k), states to assume that r; < ry < --- < r,,. Then the state
pick up only the S-matrix factors required to permute the QPs that have crossed during the
time evolution.

A.2 Approximate resolution of the identity

Here we show that the WP states can be used to write an approximate resolution of the identity,
an observation that will be useful, e.g., in understanding the action of .4 on WP states. For
simplicity, we limit our discussion to the 2-QP sector. We begin by observing that MWP states
form an overcomplete set of states in the 2-QP sector

2 2
4l ZJ d(;d)zr k)PP (o k| = (A.9)

Eqn (A.9) can be established by acting on scattering states |p;, P2)q,,q,- T0 show that R-ordered
WP states approximately satisfy the same kind of relation, we expand

40> f d?kd?r
—— Ir, a5 ke, k) , , (1,725 kq, kol
21 alz’:az (zn)z ay,ap ay,ds

4m0? dzkd2
= 2 Zf (2m)2 9H(’”21)|r1;r2;k1;k2>g€?a2g€?az(rl,rz;k1,kz|
Toapap

+9H(r12)|r2,r1;k2,k1)(p) (p) (rzyrl;kbk1|:|

az,ay dz,a;

4n£2 d2kd2
ZJ (21)2 9H(r21)|T1,r2;k1,k2)g€3a2g?a2 (r1, 19 kq, ks

a5, az a4y

+ 9H(7”12)5a2,a1 (ky, k1)[ ay,a, (ky, k1)} IS SH IR k2>(1/)) / (1/)/) RGN CHIN Y ]

a a2 al (1
where in the last step we used Eq. (A.3). Finally, by unitarity, we have that
/ / 1" 1" k
> Sazer (o, k) [ S2270! Gk k) | = 6016y (A.10)
a,dz

Putting everything together we obtain

4re? d?k d?
7; Zf—r Irsk)aq(r;skl~1,. (A.11)

= (2m)?

Here, as in the previous subsection, the approximation becomes asymptotically exact in the
large-£ limit.
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B Action of A(q) on the vacuum

In this appendix we discuss the approximate relation

U(t)A(q)|Q ZZN f J(z )n ix q Z k)]:‘*(k) IZ €a; (k; )t|r k) (B.1)

with r given by r; = x +v(k;)t. Here F denotes the probability amplitude to produce a given
wave packet state, and is generally challenging to compute from first principles.

In the following we summarize the argument reported in Ref. [49] for the general validity
of Eq. (B.1) and show how, in integrable theories, where A(q) can also be characterized in terms
of asymptotic momentum states the relation above can be explicitly derived. Furthermore, if
the asymptotic states form factors F are known, F can be easily obtained from F. Finally, we
will show how from Eq. (B.1) the standard result for the equal-time two-point function can be
recovered.

The validity of the equation above can be argued as follows. The most general form for a
wave packet state is

1 d"k —i > €q.(k;
UDAW@IR) =D, >+~ f d"x f Gyt Salk.x)e 2Ky, B2

with r; = x; + v(k;)t. Here the time-dependence is given in such a way that the evolution of
the wave packet state is correct when t is large enough and the wave packets are separated.
Given that all QPs are created through a local operator on a state with a finite correlation
length &, it follows that all positions x; are within the same region of size approximately &.
Given that we chose £ > &, we can neglect the differences among x; and approximate x; >~ x
for all j and some position x. In this case, the function §7 (k,x;) can be replaced by another
function g (k, x) depending on x alone. Finally, requiring that under translation by a length
y the state acquires a phase e'?” fully determines the x-dependence to be as in Eq. (B.1).

For an integrable system a convenient basis is that of the Bethe-ansatz eigenstates |k),. In

terms of these one can write

U(DA(Q)|Q) = ZZ N (2 )n )5(q—ij)p;(p)e—iz,-eaj(p,»)tIp)q’ B.3)
J

where the form factors F,(k) can be determined through various techniques depending on
the model in question. In this case Eq. (B.1) can be derived by re-expressing the Bethe ansatz
states in terms of wave packet states. This also gives us a way of determining F,(k) from
Fg (k).

The starting point is to act with the identity, which we resolve in terms of wave packets
with width ¢/+/2:

1 d"rd"k
1:22/\—/zn(2n)n/2 T P k)2 UV (g (B.4)
n a a

Rewriting the 6-function in momentum space using the identity

27’[5(q—2p]) = J dxe—ix(q_Zij), (B.5)
J
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we obtain

UOA@IR) = Y Y <" J T J dxF}(p)

1x(q ZP, lz €6 ®) l_[ /‘/—(P]; Jj? ]) |r k>£/f

(B.6)

Next, we can integrate over p;. Since the dominant contribution to the integral is due to the
region where |p; —k;| < ¢! for all j, we can approximate F;(p) ~ F;(k). Furthermore, we
expand to linear order the energy dependence on p;: €q, (pj) =~ eaj(kj) +(pj — kj)vaj(kj); the
rationale being that higher-order corrections will give corrections like a diffusive broadening
of the wave packet that we neglect here. The integration over p can then be performed to

b
obtain d"k d™r . ix(q—Z-k-)
U(DA@Q)I) = ZZ N T | dxFataeiEs

i3 €0, (ke S ki ¥ &7
—1 (€q. . _ -
xe ST l_[e @ |";k)f1/ 2,
j
Finally, we want to integrate over r. For this purpose we can re-express
Ir;k)ﬁ/ﬁ:Jdnx ]_[we/f(xj, ki) | 1x)q - (B.8)

Integrating over r, we can recognize that the integral can immediately be rewritten as a wave
packet state of the form Eq. (130) with

Falk) = 2r)"20"F,(k). (B.9)

We now discuss how the wave packet description above can be used to approximate the
equal-time two-point functions

Cy(q,0) = (Q |A(—q;0)A(q;0) | 2) . (B.10)

We further show that in integrable systems the results obtained from the wave packet descrip-
tion agrees with the exact formula obtained through a form factor expansion

"k
Cy(q,0) = ZZ N (2(71r)n1 (q—ij)wa(knz. (B.11)
)

While this discussion is not useful in itself, it will be used as a step in the calculation of four-
point functions with two identical times, as discussed in Sec. 7.1 and 7.2.
To compute C,(q, 0), we begin by rewriting it as

Co(q.0)= - (2]A4; 00U (OU(DA(g; 0| Q) - (B.12)

We can then apply Eq. (B.1) to expand U(t)A(q;0) Q) and its hermitian conjugate to obtain

d"k’
C s ~ — F* F
2(q,0) ~ ZZNf(z )n ()J(Z)n (k)
y J dy eV (a72%) it 2 ey (k) f dy’ e (Car 2 k) oit T,k (B.13)

Xa (T‘/; kllr; k)a 5
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with r; = y + v, (k;)t and similarly r]’. =y+ vaj(k;.)t.
Now, we would like to perform the integration over k’, y and y’, in the attempt to recover
Eq. (B.11). Assuming the time t is sufficiently large, the wave packets will be well-separated

. . : /
and the overlap , (r’; k’|r; k), factors into the product of terms , (rJ, k]| H J) Note then

that within the approximation we used throughout the manuscript

) (s Kirsk), = o 05U OUL k),
J

=g (y’;kj»ly;kj)aj :

(B.14)

After this substitution, and after having approximate F,(k”) ~ F,(k), the integral over k’ can
be readily performed obtaining

1 1 [ d'k | Fu00)P 1 A0 =25 k)) 2 (=32
~ il dy’ eV ™Y i 2TV (B.15
Caq,0) = anza:/\[a @) @nl?) y'e e (B.15)

Note that the integrand depends only on y — y’, as could have been anticipated due to trans-
lational invariance. Therefore, we can set y’ = 0 and remove the V! prefactor. Furthermore,
on general grounds, we expect the the integral over k to be negligible whenever |y — y’| > &.
Given that we assumed £ > &, the Gaussian envelope can be neglected to obtain

d"k |f (k)l iy(q—zjkj)
Ca(q,0) = ZZN o ey | 4 , (B.16)

where the integral over y equals 27d (q - Zj kj).

Finally, if the system is integrable it is convenient to re-express F,(k) in terms of F (k)
using Eq. (B.9), therefore re-obtaining Eq. (B.11).

C Summation formulas for C‘il’z’l)(q, t)

C.1 Transverse field Ising model

Lemma 1: Let f(2) be a 2m-periodic function that is analytic in a strip enclosing the interval
[—m, ] and q € R. Then we have

- Z f)=

L s —cos(p—q)

o—it(ewrre@p)

-[(5-tle@-a-c@]) @+ £ @o] e lwraen)

d —it(e(z)+e(Q—2))
- Z o % & fle)e : , (C.D
n c, 2n (1 —cos(z — q)) (etonzl +1)

where o, € {£1} and C,, are counter-clockwise contours that enclose segments of [—7, 7]
such that

o—it(e(z)+e(Q—2))
‘— = 0(t). (C.2)

elonzl 4 1
We note that (i) the number of contours required depends on Q; and (ii) the choice of contours
ensures that the integrals give only sub-leading contributions, except when the linear in ¢ term
on the r.h.s. of (C.1) vanishes. The latter occurs when Q = 2q. To understand the behaviour of
the sum in that case we need to evaluate the leading correction due to the contour integrals.
This arises from the contour that encircles q. To be specific we take Q such that o, = +1.
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Then the contour integral over C,, can be simplified by noting that along the path in the lower
half-plane the factor e?** becomes exponentially large in L, so that the integral vanishes in the
thermodynamic limit. This leaves us with the contribution of the vertical parts of C,, (which
we ignore for now) and

Ic=

id6+a i _
noq it(e(z)+e(Q—2))
_ J z f(z)e .3)
i

5ra,, 27 (1—cos(z—q))

For large t this integral can be evaluated using a saddle-point approximation. The result is
generally negligible, except in the case where Q ~ 2q because then €¢’(Q —q) —€’(q) ~ 0 and
the term linear in t becomes very small. The location of the saddle point for Q &~ 2q is

_ 1E@-€¢Q-q o |[e@—€@Q—g)) 8i
Z,=q— = +— + , (C4)
2¢"(@)+e’(QR—q) 2 \\e"(@Q)+e"(QR—q) tle”(q) +€”(Q—q)]
and the saddle-point approximation then gives
—it(e(z;)+e(Q—z))
o f(z5)e .5)

2
" \l:(zs —q2\/it(e"(z) + €"(Q—2))— 20z —q) 2

In the regime t|e’(q) — €’(Q — q)| < 1 the saddle point location becomes

i
~q+ C.6
Z, A q+0\ @D (C.6)

which leads to a square root increase in time.

Lemma 2: Proceeding similarly as above we can show that, for k;,k, €R, as L,t — oo and
kl - kz -0

1 e~ iteP)+ela—p) £ (p) o .
7 P &, = —2isign(t)sign(v(k;) —v(q —k1))f (k1)
i 1gin P2K2
peNs Sin =+ sin—; <7
e i(e(k)+e(q—ki))t _ ,—i(e(ko)+e(g—ka))t
X +o(lk; —kal).
ki —ky

C.2 IQFT with diagonal scattering

In this appendix we provide some details on how to carry out certain sums over solutions of the
Bethe Ansatz equations in form factor expansions of four-point functions in IQFTs with a diag-
onal scattering matrix. More specifically, we are interested in summing over Bethe states with
two particles |B1, by; B, by) on a ring of length R, where the following momentum constraint
is imposed

2

ko, (B1) + Ky, (B2) =q=—7-n, neR. (C.8)
Solving this constraint fixes
—ky (
Bo(p;) = arcsinh (M) . (C.9)
me

The remaining Bethe equation for f3; is

Rky, (1) + 5b1,b2(/51 - /52(/51)) =27l (C.10)

where we recall that I; are half-odd integers. It will be useful to rewrite the Bethe equations
by changing variables to z = k;, (3;)

Q(z) = Rz + &, b, (B1(2) — B2(2)) = 271, . (C.11)
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Lemma 3: Consider a momentum k s.t. e*R = 1 and denote by [31’2 the solutions of the
equations

kbl(/g1) =k, kbl(ﬂﬂ + kbz(/gz) =q. (C.12)

We denote with f; the rapidity for which kbl(ﬁl) = k and consequently f3, define by
kp,(B1) + kp,(B2) = q. Then for large t < R we have

1w oitlen (Ben, () pit(en, (Br)+es, (o)

R B1 (ky, (1) — k) - |1—sz bl(/gz—/;1)|2
t|v(/51)—v(/52)|sblb2(kq k;k,q—k)
|1—Sp,6,(B2— ﬂ1)|

where the dots indicate terms that are subleading in R or t and S was defined in Eq. (123). In
the case of an IQFT with diagonal scattering it takes the simpler form

+...,

b | _ [Sanla—p)=1, if t(v(@)—v(B)) >0,
5P ka(@), ky (B); ko(@), ky(B)) = { o w1, else (C.13)

Eqn (C.13) can be derived along similar lines as Lemma 1. We consider the contour integral

—it(&, (2)+63,(q—2))

2
I(k = C.1
(k,q,t) ; jf 27I (z _ k)z 1 + elonQ(Z)] (C.14)

where C, , are rectangular contours encircling (00, a) and (a, ©0) respectively, where a is
fixed by the condition that the imaginary part of €, (z) + €p,(z — q) vanishes for Re(z) = q,
0, € {£1} are chosen such that for z € C,

=0(t9), (C.15)

o it(E0, (2)+en, (a-2))
1 —|— eiUnQ(Z)

and

€p(2) = y/m? +22. (C.16)

Using the residue theorem we see that I(k, g, t) has two types of contributions: (i) the double
pole at z = k gives rise to the terms on the r.h.s. of (C.13); (ii) the poles of 1+ 9= occur at
the solutions of the Bethe equations (C.11) and using that Q’ (kp, (1)) ~ R we recover minus
the L.h.s. of (C.13). Finally, one can show that I(k,q, t) is small compared to the r.h.s. of
(C.13), which gives the desired result.

Lemma 4: In the same context of the previous lemma, we consider two momenta k, k’ s.t.
efR = ¢ikR = 1 and |k —k’| < 1. Then

lz oit(en, (B +eny (B) _ sign (t(v(B1) —v($,))) ghut
R 4= (ka(B1) = K)(ka(Br) — k) 11—y, 5, (Ba— /31)| 5.,
o it(E0, (R)+E5, (=) _ =it (&, (K)+ép,(a—K")

+ ...
X k—K

(C.17)

The justification is similar to that of Lemma 3.
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D Computation of Hygr

In this appendix, we determine the long-time limit of Hyy and ultimately establish Eq. (69).
We start by rewriting Hyg as

Hyr(t; k) = i [ Snp(ry) * Eng(ry_1) -+ % Sng(g) * L(P — Pp)] , (D.1)

where N = n+ m and 3\y(x) is an operator acting on functions f(Q + p — ) as

A 1 1 :
Inr(K) * f(Q+p—x)= I Z WE_”(dp)_e(K))f (Q+p—x). (D.2)
peENS 2

It is useful to define
e—it(e(K—Q(j)—ia)"f)—e(K))

(. _ _
BNR(Q K, 0 = il) - Sin(Q(j)_H?o_)
2

N
, QW) = Z(Ki —pi), 7 = 2arcsinh(y).
=

(D.3)
In order to work out the action of the summation operators 3y the the large-t limit we require
the following

Lemma 5: Let f(2) be a 27-periodic function that is analytic in a strip enclosing the interval
[—m, 7], ¢,q’ €R, Q €NS. Then we have for L — co

1 eite(p) . o O
Zp;sf(p)@ = —i sgn(tvy)f (e +0(t),

1 e‘“(E(P)—e(q)+e(p+Q+in)—e(q’)) _ e—it(E(q+Q+in)—6(q’))

' : . T t + / .

' P;:Sf(p) sin (£58) sin (=152 i sgn(t(vg +v410)) sin (L521) f(@)

e—it(E(q’—Q—in)—E(q))

sin (q—q“;QHn )

+2i Sgn(t(vq’—Q + Vq’)) f(q/ —Q— in)asgnn,sgn(vq/_Q+vq/) + O(to) , (D.4)

where the o(t°) corrections are given in terms of a contour integral. Applying D.4 we obtain
the following set of equations

Snr(i ) * £(QV) &~ — isgn(thj)[,(QUH)) — Byr(QU; sgn(vy;)), (D.5)
i:NR(K]') *Byp(QY);k,0) m—i Sign(f(VKj - VK))BNR(Q(j+1); K,0)
+2isign(cCv, =v0)5, o, )BR(@IiK;0). (D.6)
2 Kj K

Here we have replaced e.g. sign(x; — QU*y - sign(x;), which can be justified under sum-
mations over k; of the form

lim ZK)HNR(t;x)f(x), (D.7)

where f are well-behaved functions. To explicitly compute Hyg, we reorder the momenta such
that tv(k,) < -+ < tv(k;) < 0 < tv(ky) < tv(ky_1) < --- < tv(ky4q) (with N even), which
ensures that the second term on the r.h.s of Eq. (D.6) is always zero. After N steps we arrive

at
l

Hyg(t;x) = iV (=N £(0) —iN Z i~ (=) Byg(0; 5, —1)

=1

o ’ (D.8)
— i Z(—i)j_liN_jBNR(O; Kigj>+1).

=
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Finally we define

. Kj , lf 1 S ] S l,
R.o= ' ) (D.9)
KN+Z+1—j, 1fl+1S]SN,
which allows us to rewrite Hyy as
N .
Hyr(t; 1) = (—1)'£(0) +1 Y (—1Y Bygp(0, &}, sign(l —j +1/2))
= (D.10)

N
~ £(0)—2t D (-1

j=1

where in the last step we have expanded Bygr(0, %, 0) for ft < 1.

jo

E Computation of Hpp

To compute Hpp we take similar steps to the ones that we used to compute Hyg. We begin by
defining a Yipp operator as

1 e—it21[€(K)—€(P)] e—if31[5(P)—€(k)]

Spp(k)* f(p—k+QK—k+R;...)= —

. (p— . (p—k
pENS Sm(l%) Sm(pT)
KeR
xf(p—k+Q,K—k+R;...),
with the dots denoting possible additional arguments of f. Defining
App(Q,R) = e 121 L(R), (E.1)

we can express Hpp in the form

Hpp(t;k,p}) = elt2€(P1) [iPP(kn) %+ Sipp(ky) *APP(Q(I):R(I))] , (E.2)
where we define

QV=>p;—k), RO=>D(K—k). (E.3)
j=i j=t

In order to obtain a closed set of recursion relations we introduce the two additional functions

eital [e(k—R—io§)—e(k)]—itzze(p]—Q+R+ioT)

BPP(Q’ R: k: 0) =1 . R+io§ > (E4)
sSin (_2 )
e ita[e(k—R—iof)—e(k)]-itze(p;—Q)
Cop(QR;k,0) =1i — Rtio7 (E.5)
sSin (—2 )

We then find
Spp(k;) + App(QY,RD)
~ sign(ty;v(k;))sign (v(kj)t31 — v(pi)tSZ)App(Q(j-H),R(j+1))
+ sign(tyk;) sign(ts;v(k;) — fszv(Pll))BPP(Q(jH),RUH), kj; sign (V(kj)t31 —v(p))tsy))
+ sign(taa(v(k;) —v(p}))Cep(QUTY,RUT; k;, sign(ty:k;)), (E.6)

49


https://scipost.org
https://scipost.org/SciPostPhys.19.4.086

e SciPost Phys. 19, 086 (2025)

i:Pp(kj)BPP(QU),R(j); K,0)
~ sign(tsy(v(k;) —v(x)))sign(tev(ky) — tgv(x) + tszv(Pi))Bpp(Q(jH),RUH); K,0)
— 20 sign(ts(v(k;) — V(Pi)))5a,sign(tﬂv(kj)—rnv(x)+t32v(p;))Cpp(Q(jH),RUH); k;,o)
+ 20 sign(t35(v(k;) = v(p}))Bpp(QU™Y, RITD; kj, 0)8 5. ign(ea, (v(k—v(x)) » (E.7)
Sipp(k;)Cop(QY, RV k, 0)
~ sign(tgy (v(k;) —v(x)))sign(tsyv(ky) — togv(k) — t32V(p1))CPP(Q(j+1)>R(j+1); K,0)
—20 sign(tgz(v(kj) - V(p;)))SO',sign(t21(v(kj)—v(K)))CPP(Q(j+l)aR(j+1); kj, o)
+20sign(t35(v(k;)—=v(p))Bep(QU™D,RUTV; kj, 018 5 sign(ty, vl )=t vix)—tsav(p) ) - (E-8)

By repeatedly applying the recursion relations above, one could in principle express Hpp in
terms of various sign functions (depending on various velocities), and A, B, and C functions
evaluated at R=Q = 0:

App(0,0) = e~it2¢(P) £(0),
Bpp(0,0;k,0) = e_it”e(pi)(aﬁ(o) —2[tgv(k)—t3ov(p))]),
Cpp(0,0;k,0) = e 2PV 5 £(0) — 257 v(K)] . (E.9)

Here we have replaced e.g. sgn(k—Q®) — sgn(k;), which can be justified under summations
over k; of the form

Jim, D Hon(e5 e p1f ), (E10)

where f are well-behaved functions.
We now would like to establish the following properties of Hpp:

(i) Hpp—L(0) s finite in the y — 0 limit and the cancellation scheme we proposed is correct.
(ii) The remaining part can be bounded as O(|t3,| + |t5;]) for every n.

To establish (i), we can inspect the three recursion relations and, by analyzing all possible
cases of the sign-functions, we can show the following. If the initial function on the LHS
(either App, Bpp, or Cpp), once evaluated at Q,R = 0 gives a leading term of o £(0) (where
o = 1), then also the sum of the various terms in the RHS, once evaluated at Q,R = 0, will
yield the same leading contribution of o £(0). Since the starting point of the recursion is App,
whose leading term is £(0), it follows by induction that the leading term of Hpp is again £(0).
Thus the cancellation scheme we proposed works and Hypp is finite.

Once we know that (i) holds, (ii) follows in a straightforward manner. In fact, given the
form of the recursion relation, we know that Hpp will be a linear combination of objects like
[t31V(kj) — tng(pi)] and t,;v(k;) with finite integer coefficients. Since the maximum group
velocity is finite, all the terms are bounded by 4v,..(|t3s]| + |t51]). Therefore, Hpp(t; k, P) is
bounded by some k- and P-independent constant times |t3,| + |t57].

Finally, we focus on the case where t35 = 75, > 0, t9; = T; > 0. We conjecture that by
repeated application of the recursion relation one obtains the following formula for Hpp

2n

HPP(Tl,T2§k:P)ZE(O)—ZZ(—l)jffj, (E.1D)
=1

where the y; are drawn from the set

Y ={v(k{)7q,...,v(k, )71, v(k)(T1 +T9) —Vv(P)To,...,v(k)(T; + T2) —Vv(P)To}, (E.12)
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in increasing order, viz. ¥; < J5 < -+ < J,,. If the conjecture were true, this would imply
that the semiclassical picture presented in Sec. 7.2 is indeed correct. We are currently unable
to prove this conjecture for general n, however, we can verify it explicitly forn =1, 2, 3.
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