e SciPost Phys. 19, 102 (2025)

Quantum chaos, randomness and universal scaling
of entanglement in various Krylov spaces

Hai-Long Shi*, Augusto Smerzi' and Luca Pezze*

QSTAR, INO-CNR and LENS, Largo Enrico Fermi 2, 50125 Firenze, Italy

* hailong.shi@ino.cnr.it, T augusto.smerzi@ino.cnrit, I luca.pezze@ino.cnr.it

Abstract

Multipartite entanglement is a crucial resource for advancing quantum technologies,
with considerable research efforts directed toward achieving its rapid and scalable gen-
eration. In this work, we derive an analytical expression for the time-averaged quantum
Fisher information (QFI), enabling the detection of scalable multipartite entanglement
dynamically generated by all quantum chaotic systems governed by Dyson’s ensembles.
Our approach integrates concepts of randomness and quantum chaos, demonstrating
that the QFI is universally determined by the structure and dimension of the Krylov
space that confines the chaotic dynamics. In particular, the QFI ranges from N2/3 for N
qubits in the permutation-symmetric subspace (e.g. for chaotic kicked top models with
long-range interactions), to N when the dynamics extend over the full Hilbert space with
or without bit reversal symmetry or parity symmetry (e.g. in chaotic models with short-
range Ising-like interactions). In the former case, the QFI reveals multipartite entangle-
ment among N/3 qubits and highlights the power of chaotic collective spin systems in
generating scalable multipartite entanglement. Interestingly this result can be related
to isotropic substructures in the Wigner distribution of chaotic states and demonstrates
the efficacy of quantum chaos for Heisenberg-scaling quantum metrology. Finally, our
general expression for the QFI agrees with that obtained for random states and, differ-
ently from out-of-time-order-correlators, it can also distinguish chaotic from integrable
unstable spin dynamics.
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1 Introduction

Engineering large multipartite entanglement in ensembles of many qubits is central to quan-
tum simulations [1], information theory [2], and metrology [3]. These states are also pivotal
for enhancing our understanding of condensed matter [4,5] and high-energy physics [6, 7].
One of the primary objectives is the rapid generation of multipartite entanglement from readily
available non-entangled states, such as (Gaussian) coherent spin states [8], using many-body
dynamics [9-14].

The quantum Fisher information (QFI) not only quantifies the ultimate quantum sensing
ability but also serves as a powerful detector of multipartite entanglement [15-17] in non-
Gaussian states [18,19]. The established connection [20-22] between out-of-time-order cor-
relators (OTOCs)—a measure of information scrambling—and the QFI expands the scope of
chaotic quantum systems [23] expected to exhibit exponentially fast generation of multipartite
entanglement, owing to their ability to scramble information at an exponential rate. However,
due to another constraint imposed by the Lieb-Robinson bounds on operator dynamics [24,25],
this does not generally imply that scrambling dynamics leads to scalable multipartite entan-
glement [26-28] in the long run. It thus remains unclear which types of chaotic systems can
generate scalable multipartite entanglement, i.e., QFI scaling as N2 known as the Heisenberg
scaling.

In this Letter, we investigate multipartite entanglement generated by chaotic quantum
dynamics for times longer than the scrambling (or Ehrenfest) time t*. In particular, we study
the time-averaged QFI,

T

- JAY . 1 A

Fchaos[o] = Tlggo m J thQ[P‘/)chaos(t))’ O] P @)
t*

where FQ[|1/)ChaAOS(t)),é] is the QFI of the quantum state |Y),0s(t)) evolved under chaotic
dynamics and O is a generic Hermitian operator. We compute analytically Eq. (1) based on
standard random matrix theory (RMT) for all chaotic models described by Dyson’s three cir-
cular ensembles [29-31] and using the ergodicity hypothesis [32,33]. We demonstrate the
universal behavior of QFI in chaotic systems

4Tr,C[(52]_4Tr,C[(5]2+ O(Tr,c[éz]),

Fchaos [é] = (2)
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which is universally governed by the structure and dimension K =dim/C of the Krylov space
K. The Krylov space is the minimal subspace to confine the chaotic dynamics [34]. Al-
though Eq. (2) holds for arbitrary O, we mainly consider the special case O = J,, where

Jog= Z?’zl ofj) /2 (a=x,y,z) are collective spin operators of N qubits, with foj) being Pauli

matrices. It predicts Fu,,, =~ N when the chaotic dynamics extends over the full N-qubit
space K =®NC? (K =2") or the subspace subjected to bit reversal symmetry or parity sym-
metry, which explains why only the linear scaling of QFI can be obtained in a chaotic Ising
model. Instead, we find F,,,,~N?/3 for the permutation-symmetric subspace =Sym" (C?)
(K=N+1), as numerically confirmed by various kicked-top models. In this case, our results
indicate that chaotic collective spin systems' can generate chaotic permutation-symmetric N-
qubit states which exhibit at least | N/3]|-particle scalable entanglement. Furthermore, for
permutation-symmetric states, we clarify that the universal scaling of QFI in Eq. (2) and its
independence from spin direction a can distinguish chaotic from integrable collective spin
systems with positive Lyapunov exponents (LEs) [21,22,35], in contrast to OTOCs.

Equation (2) has several remarkable consequences.? First, it provides a unifying view of
randomness and quantum chaos, as expressed by the equality

Finaos[012 Frana[0]1 = J du(U)Fo[Ulgo), 0], (3)

up to the leading terms in K, where the right-hand side quantity is the QFI averaged over
random states in the space . Reference [37] proved that

FranalO1= 4Tr,c[0%]/(K + 1) — 4(Tric[O1?/K(K + 1),

which agrees with Eq. (2) for K> 1.2 Notice that the unitary operators generating chaotic
states are not Haar random [38]. Actually, the implementation of random unitary operators
in a quantum system is exponentially hard in general [39-41]. Our findings demonstrate
that randomness displayed by the QFI in Eq. (3) can be achieved in chaotic N-qubit systems
involving only two-body interactions and initially polarized states, realizable in current atomic
quantum simulators [42-50].%

Furthermore, interesting insights can be gained by using the fundamental relation between
the QFI and the fidelity OTOC, F4(0,t)= (wglwg(G, )p T (0)Wy(0,t)p(0)|,) [20-22,52]:

32./_"@(9, t)

_ZW :FQ“wchaos(t))’é], (4)

where p(0) = [1) (1ol is the initial pure state and Wu(6,t) = U:haos(t)exp(iQO)Uchaos(t).5
Let us consider chaotic states in the permutation-symmetric subspace and use O =J,. In this
case, Eqs. (2) and (4) predict that typically (namely, by replacing F[ | chaos(t)),J, ] for t>t*

by its time average F,.s[J,]) the fidelity decreases sharply after a collective spin rotation

1Collective spin models in this Letter refer to the quantum systems whose Hamiltonians are described solely by
collective spin operators J,,.

2Equation (2) can be rewritten as F,,o, 24(A(A))]I)C sk With I /K being the infinite temperature thermal state in
the Krylov space, which is related to quantum thermalization, see [36].

3The result F,,,4[0]=4Tr.[0*]/(K+1) is found in Eq. (C12) of Ref. [37]. There, the condition Tr.[0]=0 is
assumed. Nevertheless, the result of Ref. [37] can be directly extended to the case of Tr,.[O]# 0 by replace the
origin O with O—Tr.[0]/K and lead to F,,,4[0]=4Tr[02]/(K+1) — 4(Tr,.[01)?/K(K + 1), which agrees with
our Eq. (2) in the limit K > 1.

*See also a recent proposal using sequential measurements of a central spin coupled with a spin ensemble and
reaching an average QFI ~ N?/3 (~ N) for symmetric (non-symmetric) coupling: [51].

>0TOCs capture the complexity arising from the non-commutativity of operators W, (6, t) and p(0), linked to
the LE.
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Figure 1: Panels (a)-(c) show the Wigner distributions (colormap) of the evolved
state |y pa0s(t)) for the COE chaotic model Eq. (10): (a) t =0, corresponding to
the initial coherent spin state aligned along the y axis; (b) t < t*; and (c) t > t*.
Panel (d) shows the Wigner distribution of a typical example of random state with
QFI close to F,,,4, Eq. (3).

exp(i56J,) by an angle 56 ~ +/3/N around any axis a: an evident non-Gaussian feature.
Consequently, we anticipate that chaotic states exhibit uniform angular substructures in the
generalized Bloch sphere, with a characteristic angular size 668. This is confirmed by plot-
ting the Wigner distribution of chaotic states obtained from a kicked top model (as discussed
below) and illustrated in Fig. 1(a)-(c). Starting from a coherent spin state [panel (a)], the
Wigner distribution of the chaotic state initially develops elongated structures for t <t* [panel
(b)]. Subsequently, for t > t*, we observe characteristic isotropic substructures [panel (c)],
as expected, which indicates a high metrological sensitivity [53,54]. For comparison, panel
(d) displays the Wigner distribution of a random state with QFI close to the average given
by Eq. (3). The similarity between the Wigner distribution of | ,,0s(t > t*)) with that of a
random state visually supports the results discussed above.

In the following, we detail the derivation and consequences of Eq. (2), also see Appendix,
and present the results of numerical simulations.

2 QFI for quantum chaotic dynamics

First, let us briefly recall the fundamental relationship between QFI and entanglement [3,55].
For a generic pure N-qubit state |)(v], the QFI [56] is given by

Folly), 01=4((4|0% 1) — (|0[)?). (5)

Violation of the inequality Fy[|1)),J,] <sk?+r2, for O=J,, indicates that |¢) contains at least
(k+1)-particle entanglement among the N qubits [15-17], where s = | N /k| represents the
largest integer less than or equal to N /k, and r =N—sk. QFI can also be used to detect insepa-
rability and entanglement depth [57,58]. Next, we will derive the QFI for chaotic systems by
computing Eq. (5) using RMT and the ergodicity hypothesis.

The chaotic systems under consideration exhibit energy spectrum structures that, although
potentially belonging to distinct symmetry classes, are effectively modeled by Dyson’s three

4
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circular ensembles of unitary random matrices [29-31,59,60], which validates the reliability
of employing RMT.

These are the circular orthogonal ensemble (COE), the circular unitary ensemble (CUE), or the
circular symplectic ensemble (CSE), each gives distinct distributions of energy level spacings

ST:eXP (—%’;) s COE,

P(S)={ Zexp(-1), CUE, (6)
4618 2
‘2613 exp (—897614) . CSE,

corresponding to linear, quadratic, and quartic level repulsion, respectively. = Here,
S, = (E,+1 — E,)/AE with the E,, being the ordered eigenenergies of H and AE the mean
level spacing.

Let {|b,,) ﬁ:l be a basis of the Krylov space formed by eigenstates of the corresponding
random matrix associated with the chaotic Hamiltonian H. We recall that the Krylov space
IC=span{H"|v)} .2, is the minimal subspace of the full Hilbert space # confining the time
evolution of [Y(t))haos =U(t)|Yo) where H=ilnU(t)/t [34]. We write

K

(O ()= D @ ()aw(t)(by|0?[byy), )

m,m’=1

where a,,(t)= (b |V chaos(t)), to evaluate Eq. (5). According to the ergodicity hypothesis [32,
33], the time averaging for vector a(t)=[a;(t),a,(t),...,ax(t)] as in Eq. (1) can be replaced
by averaging over random matrices (that we indicate with an overline in the following). We

have (02) :Zi,mle a;';lam/(bmlézlbm/) and use the result [59,61,62]

———_ _T(BK/2) [(L+p/2)
i T T(BK/2+1) T(B/2)

where #=1,2,4 refers to COE, CUE, and CSE, respectively, and I'(-) is the Gamma function.
Noticing that Zm(bmlézlbm) =Tr.[0?], we find @=Trlc[(§2]/K, in the limit K>>1. In the
same limit, (0)2= (Tr,c[é])z /K?+0 (Trc[0%]/K?), see Appendix A. Equation (2) is recovered
by substituting the above correlation functions into Eq. (5). We emphasize that, in the limit
K>1, 3-dependent terms do not contribute to the leading terms of QFI (see Appendix A) and

Eq. (2) thus universally applies to chaotic dynamics irrespective of whether they are described
by COE, CUE, or CSE.

5m,m’ > (8)

3 Chaotic dynamics in the permutation-symmetric subspace

We consider N-qubit systems with Hamiltonian involving collective spin operators, thus hav-
ing J? = Za:x,y,z J 3 as a conserved quantity (Casimir invariant). By taking |vy,) as a spin-
polarized state, we find that the Krylov space is given by the permutation-symmetric subspace

JC=Sym™ (C?) of dimension K=N+1 with J2=N(N+2)/4I. In this case,
Tric[J2]=N(N+1)(N+2)/12,  Trc[J,]=0, 9)

and thus Eq. (2) predicts F,0s[J,] >~ N2/3.
We validate these predictions using specific examples of chaotic kicked-top models with
all-to-all spin-spin interactions and addressing the different Dyson ensembles. Considering
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stroboscopic times, we write |V qa0s()) = U™|Y), where U is a Floquet operator for the
different random matrix models [59]:°

Ucor = €xp (—i]%u’zz) exp (—iAJ,) , (10)
[ p—— LJJ% _'AJZZ —ipJy

CUE—exp(—l N )exp( { N )e R (1D
Ucse, = exp(—iV)exp(—iH), (12)

with Hy=2A¢J2/N and V =84,J}/N>+2A,(J,J, + J.J,)/N+2A3(J,.J, +J,J,)/N, for COE,
CUE and CSE, respectively.

Figures 2 provide direct numerical evidence supporting the N2/3-scaling law for chaotic
collective spin dynamics irrespective of the specific random matrix model. Panels (a), (e),
and (g) display numerically computed histograms of the level spacing distribution for i In(U, )
(y=COE, CUE, CSE), and compare them with the analytic expressions Eq. (6). These pan-
els clearly distinguish the distinct level-spacing distributions among the three models (COE,
CUE, and CSE). The insets in panels (b), (f), and (h) plot the QFI as a function of time.
The QFI Fg[|4 chaos(t)),J; ] exhibits an initial exponential growth [22]7 in a short-time regime
(for t < t*, solid red line) followed by saturation at the predicted value Eq. (2), namely
FihaoslJo1=N?/3. In panels (b), (f), and (h), we plot the QFI extracted from long-time av-
eraging for t > t*, as a function of the number of qubits N. The QFI plotted in all figures
corresponds to J,. In the Appendix D, we also plot the QFI with respect to J, and J, and
numerically verify that the universal scaling of QFI holds for all spin directions. A difference
between spin directions is observed only for a short time t < t*, see Appendix D. The numeri-
cal results agree very well with Eq. (2) even for relatively small values of N. Moreover, panel
(c) shows the LE computed numerically, see Appendix B, while panel (d) plots the long-time
averaged QFI, as a function of the parameters A and C of the model (10). The agreement
between the semi-elliptical regions with finite LEs and the region exhibiting N2/3 scaling of
the QFI further supports the universality of Eq. (2).

4 Chaotic dynamics in the full Hilbert space

Another distinct chaotic model is constructed by applying both transverse and longitudinal
fields to the N-qubit Ising model

N

Hgging = Z (Jafafﬂr1 +ho? + Aaf) , (13)
i=1

where open boundary conditions are adopted. Energy-level spacing statistics, see Fig. 3(a),
indicate that this model is chaotic for J=h=A = 1 [63,64]. We argue that the dynamics
extend over the Krylov space K =®" C2, which coincides with the full N-qubit Hilbert space
of dimension K = 2V. In this case, Tri-[J 2] =N2N"2 Tr,[J,]=0, and thus Eq. (2) implies
F haoslJo 122N . This result holds even in the presence of bit reversal symmetry or parity symme-
try, which will further reduce the full N-qubit Hilbert space, see Appendix Al. Our prediction is

confirmed by numerical analysis in Fig. 3(b), covering system sizes from N = 2,3,...,11. Even

5The time-reversal symmetry T? =1 (T? = —1) of models (10) [ (12) for odd N] implies that orthogonal
(symplectic) transformations as its canonical transformations. Hence, these models belong to the COE (CSE)
classification.

’For the CSE model (12), the LE has not been found due to the lack of classical analogues, as far as we know.
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Figure 2: Level spacing distributions P(S) [panels (a), (e), and (g)], LE Ay [panel
()], and long-time averaged QFI F,,,, [panels (b), (d), (f) and (h)] for COE [pan-
els (a)-(d)], CUE [panels (e)-(f)], and CSE [panels (g)-(h)] chaotic kicked top mod-
els (10)-(12). Panels (a), (e), and (g) compare numerically obtained level spacing
distributions (histograms) for models Egs. (10)-(12) with analytic expressions Eq. (6)
[line, dashed line, and dots, respectively], and verify their classification under RMT.
Panels (b), (f), and (h) confirm the consistency between numerically obtained F s
(blue crosses) and the universal scaling N 2/3 of QFI from Eq. (2) (red line). Their
insets depict the dynamic evolution of QFI (blue circles). The short-time behavior is
accurately described by exponential growth (red line) o< exp(A;pt) with Az = 1.874
for Ugog and A = 1.937 for Ugyg. After the transient Ehrenfest time, the QFI ex-
hibits barely noticeable fluctuations around the constant value given by Eq. (2). For
COE model, the red region in panel (d), given by Eq. (2) corresponds to the re-
gion in panel (¢) with a positive LE. In all panels, we start with a coherent spin
state along the —y direction and evolve it under the following chaotic conditions:
A=1.7,C =10 for model Eq. (10), p=1.7,A=10,1" =0.5 for model Eq. (11), and
Ao=A1=2.5,A,=5,A3=7.5 for model Eq. (12).
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Figure 3: Level spacing distributions [panel (a)] and long-time averaged QFI [panels
(b)] for the chaotic Ising model, Eq. (13) with parameters J=h=A = 1.

for moderately small values of K, our theoretical result remains valid. More generally, Eq. (2)
suggests an operational approach to identify the Krylov space dimension [65] for chaotic dy-
namics with variable-range interaction, to be explored in future research.

5 Comparison with quantum systems with semiclassical corre-
spondence

The QFI of quantum systems with semiclassical correspondence grows exponentially at a rate
given by the largest LE, including both chaotic and integrable models [22]. Some integrable
models [66, 67] exhibit positive LEs at unstable points, leading to false detection of quantum
chaos using OTOCs. However, these models do not conform to the RMT description, indicating
they are not truly chaotic and thus invalidating Eq (2). Therefore, compared with OTOCs, our
universal scaling Eq. (2), better excludes these atypical integrable models with positive LEs
from chaotic models, providing a clearer indicator of quantum chaos.

— (a) g = _179 =1

~

\gz 64)\LEt

= 10 00,112 x N1
0 20 40 60 200 300 400

t N

Figure 4: Time-evolution of QFI (a) and long-time averaged QFI (b) in the integrable
LMG model for the initial unstable coherent spin state along the —z direction. The
red straight line in (a) (semi-logarithmic coordinate) corresponds to the exponential
curve with the rate given by four times LE, exp(4A;zt). Blue dots in (b) are numerical
results, which are fitted by a black solid line with scaling of F, ~ 0.112N 1.950 This
behavior deviates from the universal scaling for chaotic collective spin models N2 /3,
as marked by the solid red line.
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As an illustration, we examine the Lipkin-Meshkov-Glick (LMG) model [68-70],

28
Himg = QJ; — FJ,%,

(14)

which is characterized by the generalized Gaudin Lie algebra, enabling exact solvability
through the Bethe ansatz [71]. It finds experimental realizations in various atomic ense-
bles [3,12,18,19] and nuclear magnetic resonance platforms [72]. Due to the existence of
an unstable point, this integrable model has a positive LE A;z = 4/Q(2& — ) in the phase
of Q(Q—2&) < 0 [66], also see Appendix C. Figure 4(a) plots the evolution of the QFI
Fq[l(t)),J,] of an initial coherent spin state prepared at the semiclassical unstable fixed
point, and for the given a =z. Initially, the QFI exhibits exponential growth ~ e**£! resem-
bling chaotic dynamics [22,35]. However, the saturation value reached for time t > t* does
not agree with the value N2/3, Eq.(2), of truly quantum chaotic systems, despite the positive
LE. Furthermore, in contrast to Eq. (2) the QFI of the unstable integrable model shows a strong
dependence in a, see Appendix D.

6 Conclusion and discussion

Through QFI, we have provided a unifying approach to randomness, multipartite entangle-
ment, and quantum chaos, with a fundamental dependence on the dimension of the Krylov
space or symmetry. Qur analysis has been restricted to the broad class of chaotic systems gov-
erned by Dyson’s three random matrix ensembles, with a focus on the long-time dynamical
behavior of the QFI. Nevertheless, we expect possible generalizations beyond the threefold
class [73-77] and open chaotic systems [78], as well as a dependence on possible deviations
from RMT statistics. It is important to emphasize that, while fast scrambling is often viewed
as a necessary condition for the rapid buildup of entanglement, it is not sufficient to achieve
scalable entanglement from separable initial states. For instance, despite exhibiting fast scram-
bling, the chaotic Ising model fails to dynamically generate Heisenberg-scaling (HS) entangled
states due to the absence of an appropriate symmetry structure. From the perspective of quan-
tum metrology, our results demonstrate the remarkable capability of chaotic collective spin
systems with SU(2) symmetry to generate scalable multipartite entanglement at an exponen-
tially fast rate. In particular, the QFI exhibits a universal scaling F,.s[J,] = N?/3, indicating
the emergence of scalable multipartite entanglement.® Unlike GHZ or squeezed states, which
achieve large QFI only for specific axes [3], the entanglement generated by chaotic collective
spin dynamics is axis-independent and accessible from any symmetric separable initial state,
in contrast also to entanglement from integrable dynamics such as one-axis twisting [9].

Our findings offer a complementary perspective to previous work. Ref. [27] established
lower bounds on the time required to prepare HS-entangled states based on Lieb-Robinson
constraints, assuming the existence of such target states. Ref. [26] showed that under short-
range local Hamiltonians, the QFI from separable initial states scales only linearly with system
size, ruling out generic HS generation. Ref. [28] highlighted the role of correlation spreading
in fast entanglement growth, but without addressing symmetry constraints. In contrast, our
results demonstrate that symmetry is a crucial enabling factor for HS scaling in chaotic dynam-
ics, going beyond fast scrambling alone. In addition, while quantities such as OTOCs primar-
ily capture short-time behavior, the QFI offers a complementary probe of long-time quantum
dynamics. This enables a clear distinction between fast-scrambling integrable systems and
genuinely chaotic ones—a distinction that remains elusive when using short-time diagnostics

8We emphasize that the QFI detect metrologically-useful entanglement [3,15]. It has been shown that entangled
symmetric states of N qubits are genuine multipartite entangled, see [79].


https://scipost.org
https://scipost.org/SciPostPhys.19.4.102

e SciPost Phys. 19, 102 (2025)

alone. Altogether, our work deepens the understanding of dynamical entanglement generation
and its fundamental limits, with significant implications for quantum metrology and quantum
information processing in quantum many-body systems.
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A Derivation of long-time averaged QFI for chaotic systems,
Eq. (2)

Let {|b,, ) 1 be a basis of the Krylov space K = span{H"|+)()}~,formed by eigenstates of
the correspondlng random matrix associated with the chaotic Hamlltonian H. The evolved
chaotic state 1) ,0s(t)) = e H¢|2),) can be expanded in the Krylov space as

K

[Wetaos(0)) = Y, @ (O)lby), A1)

m=1
where a,,(t) = (b,,|Y chaos(t)). We want to compute

T
1 A
Fanaosl01= Jim —— | dtFollanaos(t)), 01, (A2)

t*

where O is a Hermitian operator and

Fol$chaos(1)), 01 = 4((0%(1)) — (O(1))?) , (A.3)
is the QFI of the evolved chaotic state | a05(t)), With

K

(ON (1) = > @ (Dan(t)(bnlO%|by). A4)

m,m’=1

Combining the above equations we have

Fenaos[01 = 4 Z (bnlO?[byy) (hm —f dta’(t)a, (t)) (A.5)

m,m’=

N . 1
4 Z m, 01y 2|O|bm/2)(T1LngoT_t* Jt dtaj;ll(t)amzl(t)a:;lz(t)amzz(t)).

mq, m1 mzm =1

According to the ergodicity hypothesis [32, 33], the time averaging for vector
a(t)=[a;(t),ay(t),...,ax(t)] can be replaced by averaging over random matrices (that we

10


https://scipost.org
https://scipost.org/SciPostPhys.19.4.102

e SciPost Phys. 19, 102 (2025)

indicate with an overline in the following), namely

T
. 1 « —
Tll)rgo - Jt* dta; (t)a,(t)=a: (0)a,(0),
T

1
Jim —— } dta, (D)ay (t)ay, (O)ay (t) = ay, (0)ay,(0)ay, (0)ay,(0),

(A.6)

where a,,(0) = (b,,|¢) is the projection of the initial state |1),) on the eigenvector |b,,), with
|b,,) being the m-th eigenvector of one of the random matrices in the random matrix ensemble.
We can define another basis formed by {|y), [{1),-..,|[Y¥x_1)} and define a,, = (b1|Y,,.—1) as
the m-th element of the eigenvector |b;). Random matrix theory (RMT) provides [59, 61, 62]

A (0)*a (0) = ¥ apy = a2 Sy » (A.7)
and
az, (0)ay (0)as, (0)ay,(0)= W
= 1@nl* Sy m Ot By, Ot (A.8)
1@, Plam, 2 (8 my im0, Sy g, + Sy Simgynt ) »
where

[ (T taPm) & (2 lail? = 1) (T lail P dlay])
8 (2 1l —1) (T, diail)

_ r(k/2) T, TGmi+p/2)

CT(BK/2+ X m) [T T(B/2)

Here, m; are non-negative integers, I'(-) is the Gamma function, and =1, 2,4 refers to COE,
CUE and CSE, respectively. Equation A.5 rewrites as

|a1|2m1|a2|2m2 cee |aK|2mK —

(A.9)

Fehaos[01 = 4((0%) — (0)2), (A.10)
with
K
(02) = > lan*(b|0%by), (A.11a)
m=1
K
(0)2= > 1ay[*(bulOlb,)? (A.11b)
m=1
K —
+ D 1t Plam, 2 [ (b, 1015 ) (b, 10151, + (b, 1016y, ) (b, 10151 )]
my#my

where the second term is obtained by considering three kinds of nonzeros contributions in
. o Y 7 7 7 7

Eq. (A.5): my=m]=my=m),, m;=m7 # my=m,, and m; =m, # my=m/. From Eq. (A.9),

we have

5 _ D(BK/2rQ+4/2) _ 1

lap,|? = FPK/2+ T (/2) K’ VYm, (A.12a)
_T(BK/2)r2+p/2)  B+2

lap,|* = T(PK/2+ 2T(B/2) ~ (PR 2K’ VYm, (A.12b)

FREIEE |2:F(ﬁK/Z)F(1+/5/2)F(1+/3/2)_ B - (A120)

T(BK/2+2)I(B/2)T(B/2) ~ (BK+2)K’

11
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Substituting Eq. (A.12) into Eq. (A.11), we obtain

K

o 1 A2
(%)= 2, (bul0"lbw).
= B+2 s, A
(0)2 = (PK+ 2K r;l(bmlolbm> (A.13)
B K \ \ . \
+ mm;Z[<bm1|0|bml><bm2|0|bm2> + (b, 01bn,) (b, [01b1, )]

Due to Z (b nl0?|b,,) = Tr,[O?], the first correlation function in Eq. (A.13) becomes

Try [0?]

(02) = =<

, (A.14)

which is the Eq. (8) in the Main text. The second correlation function in Eq. (A.13) can be
evaluated as follows

(0)2 = (/3K+2)K Z<b 101b,,)

p S . . . .
t PR+ 2K m;ﬂ [(my 1161, By [O1byn,) + (i, 10161, By 011, )]
/3 K /3 K 2
— A 2 A
=~ BRToR ;<bm|olbm> t BR+ 2K (;wmmwm)) (A.15)
B S \ .
*mm;:l“’ml'O"’mzﬂbmzlowm»
ﬁ(Tr;c[O])z BTrc[02]
(/5K+2)K Z< mlOlbn) (/5K+2)K * (BK+2)’

where in deriving the last equation we have used the identity relation eri:l |b) (bn| = Idg.
Let us analyze the three terms in Eq. (A.15) and compare them to Eq. (A.14). Let’s start with
the first term in Eq. (A.15). We use (b,,|O|b,)? < (b,,|070|b,,) = (b,,|0?|b,,), for all |b,,,),
which follows from the Hermiticity of operator O. This gives

L S A 2 ﬂ X 2 ﬂK Tr,C[éz] Tr,C[(A)z]
(ﬁK“)K;(bmlowm) s—(/jK”)KmZ::(b OP1by) = o R < S
(A.16)

Similarly, the last term in Eq. (A.15) is

BTrc[0*]  BK Tr;c[éz]<Tfic[52]
(BK+2)K PBK+2 K2 ~— K2

(A.17)

Finally, we will show that the second term in Eq. (A.15) is the same or lesser order term than
Tr,[0%]/K, and thus it should be kept. By writing the operator O in the spectral decomposition
form within the Krylov space: O = ZI:I=1 Amldi){(dpy|. Tt follows that

K K
Toe[02]= DA%, (Trel0 (Z ) (A.18)

m=1 m=1

12
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Applying Jensen’s inequality for the convex function f(x) = x2, we obtain

1< 1< ’
DI (1) Y S (A.19)
szl Km:l

Combining Egs. (A.18) and (A.19), we deduce that

KTric[0%] > (Tri[0])2. (A.20)

Thus, the second term in Eq. (A.15) is

ﬂ(Tr;c[O])2< B oy Tr[02]

2
(BR+K = praa ko)== (A.21)

which implies that this term S (Tr,c[é])2 /(BK + 2)K is the same or lesser order term than

Tri[0?]/K. The following examples will show that j3 (Tr,c[é])2 /(BK + 2)K can be on the
same order of Tr,c[éz] /K and thus it will contribute to the leading terms of QFI for some
special situations. Based on the above analysis, Eq. (A.15) can be written as

—  B(Tre[0])° Try [02]
(0)2 = (BK + 2)K +O( I§<2 )

(A.22)

To analyze the influence of 3, we can expand /(8K + 2)K by using Taylor expansion up to

B,ie.,

Therefore, Eq. (A.22) becomes

Gy (TclO)” _ 2(ml0])” (méﬂ)

K2 BK3 K2
. ) (A.24)
_ (Trxc[0]) L0 (Tr,c[oz])
K2 K2 ’

where the 3-dependent term (Tr,c[(A)])2 /BK® < Tri.[0%]/BK? cannot contribute to the lead-
ing terms.
Combining Egs. (A.10), (A.14) and (A.24), we find

Ao A \2 Ao
Fchaos[é]:4Tr,§<[O ]_4(Tr§£0:|) +O(T1’]<|:O ]) >

K2 (A.25)

which is one of the main results of our manuscript, Eq. (2) in the main text. Next, we will
discuss different behaviors of QFI by considering two kinds of Krylov spaces.

A.1 Full Hilbert space with or without bit reversal symmetry or parity symmetry

For a fix collective spin operator J,, we can define a basis {|ji,js " ,Jn)}
(j,€{0,1},£=1,2,...,N) when considering the full Hilbert space ®" C? as the Krylov space,
denoted as K. Clearly, the dimension of K¢ is K = 2N, By noticing that |jy, jy, -+, jy) is an

eigenvector of J, with an eigenvalue ZQ’ZI(Z jo —1)/2, then we have

N

13
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where we have used the results

N N N

0w St St

m=0 m=0 m=0

Therefore, by Eq. (A.25), we find F,,0s[J,] = N + O(N/2N) for the full Hilbert space.

In the following we want to show that Fy,.s[J,] ~ N for the full Hilbert space with or
without bit reversal symmetry or parity symmetry. Let us first include parity symmetry. This
separates the full Hilbert space into two subspaces constructed by states with an odd number
of up spins or an even number of up spins. For the parity-odd (parity-even) subspace as the
Krylov space, denoted as K, (K_), the basis will be {|j;, jo," -+, jk)} with Zlgzl je being odd
(even). Therefore, we have

[N/2]
141 N N 1£1
Tric, [J,]= 2m+——= =oN—"—"—
.l mz_(:)(m 2 2)(2m) 4
[N72J , , (A.28)
11 NY3(N N+(1+1)
Trie, [J2] = 2m+ ———— =N —
ticsl o] Z(m 2 2) (2m) 8
m=0
where we have used the results
[N/2] [N/2] [N/2]
N 1 N N N N(N+1
Z( ):ZN_’ Zm( )ZZN_’ Zmz( ):2N¥, VN >3.
— \2m 2 — 2m 8 — 2m 32
m=0 m=0 m=0
(A.29)

The dimensions of K. are both 2¥~!, Therefore, substituting Eq. (A.28) into Eq. (A.25), we
conclude that F,.[J,] =N + O(N/2N) for both spaces K.

Finally, we consider a full Hilbert space subjected to the bit reversal symmetry B. The bit
reversal operator B is defined by

Bljl)jZ)"')jN) = |jN:jN—1a'-~:j1)' (ABO)

According to the bit reversal symmetry, the separated subspaces are denoted by Kp. corre-
sponding to B = *1. For simplification, we only consider the case of N being even. The
dimension of Kp_ is half the number of nonpalindromic binary words of length N, i.e.,
2N=1 _ 9N/271 " and the dimension of Kpy is thus 2N71 4 2N /21, Introducing the space
P = span{|ji, jo, > Jn) = BljisJo> 5 Jin) = lj1,Jo> " »Jn)}- It is straightforward to prove
that

Tric. [Jo ] — Trp[Jg ] Tric, [Jo ] — Trp[Jg ]
Try,, [J1]=Trp[J0]+ — 5 , Trg, [0 =—2 5 , (A31)
where 1) = 1,2. An direction calculation gives
N/2 N/2 2
N\(N/2 5 ( N) (N/Z) n2N
TrplJ,] = 2m—— =0 TrplJ2] = 2m—— =2"“—_. (A.32
=3 (om=5 ) () =0 =X (o5 ) (5 - (A32)

Substituting Egs. (A.32) and (A.26) into Eq. (A.31) we have
N N
Tr, [l =0,  Trg, [Jg]=2"5 £2"2 7 (A33)

Therefore, further by Eq. (A.25) we conclude that Fg,.[J,]= N + O(N/2N) for both spaces
Kps.
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Figure 5: Evolution of QFI with respect to J 22 in the chaotic COE model with param-
eters A=1.7 and C = 10.

A.2 Permutation-symmetric subspace

Now we consider the permutation-symmetric subspace as the Krylov space, denoted by ;. For
a fixed spin operator J,,, we can construct a basis for K, by using the Dickes state {|m) }2\11/:2 _NJ2
and meanwhile ensure J,|m) = m|m). It finds that the dimension of K, is N + 1 and

N/2 N/2
N(N +1)(N +2)
_ _ 27 _ 2 _
Tre D= >, m=0, Tr[J2= > m?= - . (A.34)
m=—N/2 m=—N/2
Then by using Eq.(A.25), we find that F,0s[J,]=N?/3 + O(N).
Furthermore, we can consider the case of taking O = J 3 Due to
e N(N + 1)(N + 2)(3N2 + 6N —4)
Tre, [J31= > m'= , (A.35)
shoa 240
m=—N/2
then by Eq. (A.25), we have
_ N*?
FenaoslJ; 1= =+ OIN?), (A.36)

which is numerically verified in Fig. 5.

B Calculation of Lyapunov exponent (LE)

The chaotic properties of quantum chaotic models are quantitatively assessed by their (largest)
LE, denoted as A, from their classical counterpart, which measures the rate of divergence
between nearby orbits in classical dynamical systems. We take the COE-described kicked top
model as an example to illustrate the numerical calculation of LE.

Its Hamiltonian is given by

.C .
Ucop =€xp (—lﬁJZZ) exp (—iAJ, ), (B.1)
by defining classical variable X = (X,Y,Z) = 2(Jy,Jy,J;)/N, quantum dynamics
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Jo1= UéOEjn Ucor can be mapped onto classical dynamics in the limit N — oo, as follows

Xp41 =X, c0sO, —(cosAY, —sinAZ,)sinO,,
Y11 =X,sin®, + (cosAY,, —sinAZ,) cos®,,, (B.2)
Zn41 = COSAZ, + sinAyY,,

where ©, = C(cosAZ,, +sinAY,). The LE can be calculated by using [80-82]
Ag = ln[nl_i)nc}o (t+(n))1/"] , (B.3)

where t_(n) is the largest eigenvalue of T = ]_[;:1 T()?p) and T(X,) = 3X,,,1/8X,. In the
main text, we will always consider the following coherent spin state as the initial state for
numerical calculation,

16, ¢) = cos¥ (g) exp [tan(%)e“ﬁ‘} IN/2,N/2)

N 0 . 0 (B.4)
= § (cos 5' 1) +e® sinEI l)i) .
Therefore, the initial classical variables for coherent spin states are
Xo=sin(8)cos(¢), Y, = sin(6)sin(¢), Zy =cos(0). (B.5)
Equations (B.2) and (B.3) provide a numerical approach to calculate LE.
C An unstable point in the LMG model
The Lipkin-Meshkov-Glick (LMG) model is given by
Hiye =, — i{—gJ}f . (C.1)

To identify unstable points, we express the LMG Hamiltonian with respect to coherent spin

states 0. SIH 10
himg = ( ’¢|NL/MZG| @) =QcosO —2Esin® O cos® ¢ . (C.2)

Canonical variables are defined as follows

Q=+4/2(1+cosO)cos¢p, and P=—4/2(1+cosB)sin¢.

Consequently, Eq. (C.2) transforms into

2 2
P7+Q ) (C.3)

Q
hLMG:E(Pz‘FQz)—Q—ng(l— 4

Analysis of the classical Hamiltonian, Eq. (C.2), reveals that P = Q = 0 denotes the unstable
point when Q(Q — 2&) < 0 since

Ophimc(0,0) = Fqhyc(0,0) =0, and
32 (0, O)anhLMG(O, 0) — [3pdghimc(0,0)]* = Q(Q—28) < 0.

Correspondingly, the positive Lyapunov Exponent (LE) for this unstable point, P = Q = 0, is

given by [66]
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Figure 6: Evolution of QFI with respect to different spin operators J, , , in mod-

els of (a) Ucop, (b) Ucyg, (€) Ucsp, and (d) LMG. Chaotic conditions are used,
A=1.7,C =10 for (a), p = 1.7, A = 10, A’ = 0.5 for (b), and A, = A; = 2.5,
Ay =5, and A5 = 7.5 for (c). The coherent spin state |7t/2,—7/2) is used in panels
(a-c). In panel (d), we consider the unstable coherent spin state |7, ¢) as the initial
state, and parameters of the LMG model are chosen as Q2 =1 and £ = —1.

D QFI for different spin directions

From Fig. (6), we see that in chaotic collective spin models, e.g., Ucog, Ucug, and Ucgg, defined
in the main text, the short-time behavior of QFI is dependent on the choice of the direction
of the spin operator J,. However, in the long-time region, QFI in chaotic collective models
behaves independently of a and tends towards a universal behavior, F, —» N 2/3. For the LMG
model, although at the unstable point, QFI displays exponential growth during the short time,
there is no universal behavior of QFI even in the long-time region, and it highly depends on
the choice of a.
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