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Abstract

We present a general method for calculating Rényi entropies in the ground state of a one-
dimensional critical system with mixed open boundaries, for an interval starting at one of
its ends. Technically, we consider the case when the boundary operator implementing the
change of boundary conditions is degenerate under the Virasoro algebra. By exploiting
the null-vectors conditions, we derive the ordinary differential equations that govern
the scaling functions associated to the entropies. In particular, we provide an explicit
formula for the second Rényi entropy. Additionally, we identify and compute the leading
finite-size corrections to compare our theoretical results with numerical data for the
Ising and three-state Potts critical chains.
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1 Introduction

The understanding of quantum entanglement has proved to be a research topic of continued
and central interest for physicists working in domains as diverse as high energy physics, con-
densed matter theory and quantum information. Entanglement measures have turned out to
be useful diagnostic tools for tensor network algorithms, quantities of interest for the AdS/CFT
correspondence, and, most relevantly for the present work, a powerful tool for probing the
physics of quantum many-body systems. With respect to the latter, the study of entanglement
has proved crucial to the study of phase transitions in one-dimensional quantum systems, by
allowing their detection and the characterization of their critical exponents and corresponding
central charge [1–4]. Important applications of entanglement are found in higher dimensions
as well. We mention, for two-dimensional systems, the establishment of intrinsic topological
order and various anyonic quantum dimensions [5,6] and the detection and counting of crit-
ical Dirac fermions [7–10]. Finally, entanglement can also be used in two [11–15] or higher
dimensions [16, 17] to reveal gapless interface modes. While the focus on entanglement en-
tropies has been mostly theoretical, in recent years, experimental proposals as well as actual
experiments have been designed to measure them [18–23].

The basic setup is as follows: one considers a quantum system in a pure state |Ψ〉, and a spa-
tial bipartition of said system into two complementary subregions A and B. The entanglement
between them is then encoded in the reduced density matrix ρA = TrB|Ψ〉〈Ψ| and it can be
quantified through entanglement measures, such as the Rényi entanglement entropies [24–28]

SN (A) =
1

1− N
log TrA

�

ρN
A

�

, (1)
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Figure 1: An interval of length ℓ in a 1d critical chain with mixed BC (αβ) and length
L.

and in particular the N → 1 limit, corresponding to the well-known von Neumann entropy:

S(A) = −TrA (ρA logρA) . (2)

For strongly correlated quantum systems, the theoretical computation of entanglement en-
tropies is a technically challenging endeavor. However, if these systems are one-dimensional
and critical, the formidable toolbox of two-dimensional Conformal Field Theory (CFT) is avail-
able to tackle such computations. Arguably the most renowned result obtained in this frame-
work is the universal asymptotic growth for the ground state entanglement entropy of an in-
terval A of length ℓ in an infinite system: [1,2,29–32]

SN (ℓ)∼
c
6

N + 1
N

logℓ (ℓ→∞) , (3)

where c is the central charge of the one-dimensional critical system under consideration. The
calculation of entanglement entropies through such methods rests on two crucial insights. The
first one is that, for integer values of N , and a subsystem A = ∪i[ui , vi] built as the union of
some disjoint intervals, the moments of the reduced density matrix TrA

�

ρN
A

�

can be expressed
as the partition function of an N -sheeted Riemann surface with conical singularities corre-
sponding to the endpoints of the intervals [ui , vi] [2, 29]. Such partition functions can be
evaluated, with significant toil, for free theories and some special cases of interacting mod-
els [4,32–41]. In general, however, a second insight is needed to make progress: the replica-
tion of the spacetime of the theory can be “exchanged” for the replication of the target space of
the CFT [42–44]. Such a construction, known in the literature as the cyclic orbifold CFT [44],
is built from the permutation symmetric product of N copies of the original CFT (referred
to as the mother CFT), by modding out the discrete subgroup ZN of cyclic permutations. In
this framework, the conical singularities of the mother CFT defined on the replicated surface
are accounted for by insertions of twist operators [42] in cyclic orbifold correlators. Thus, by
computing correlators of twist operators, one can evaluate TrA

�

ρN
A

�

for a variety of setups.
Furthermore, one can easily adapt this twist operator formalism to encode modified boundary
conditions around the branch points [45], which is fitting for computations of more refined
entanglement measures such as the symmetry-resolved entanglement entropy [46–51] or for
explorations of entanglement in non-unitary systems [45,52].

In this article, we consider the Rényi entanglement entropy in a one-dimensional critical
system, with open boundary condition (BC) α at one end of the chain and β at the other
end, when the subregion A is a single interval adjacent to one boundary (see Figure 1). In the
scaling limit, such a critical system is described by a Boundary Conformal Field Theory (BCFT),
with a well-understood [53–56] correspondence between the Virasoro representations and the
conformal boundary conditions, and an algebra of boundary operators that interpolate between
them, namely the boundary condition changing operators (BCCOs) ψ(αβ).
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The case of identical BCs, namely α = β , has been thoroughly analysed using either con-
formal field theory methods [2, 32, 57–60] or exact free fermion techniques [61–63]. These
analytical studies have been complemented with numerical implementations based on density-
matrix renormalization group (DMRG) techniques [64–67] and other methods [68]. In that
setup, the determination of the Rényi entanglement entropy reduces to computing a one-point
twist function on the upper half-plane or on the disk, and yields the following universal be-
haviour, as the lattice spacing a→ 0 (keeping ℓ and L finite) [2]:

S(αα)N (ℓ)∼
c

12
N + 1

N
log
�

2L
πa

sin
�

πℓ

L

��

+ log gα + CN , (4)

where gα is the universal boundary entropy [69] associated to the boundary condition α, and
CN is a non-universal constant that does not depend on α.

In the case of mixed boundary conditions α ̸= β , conformal invariance yields the general
form of the Rényi entropy

S(αβ)N (ℓ)∼
c

12
N + 1

N
log
�

2L
πa

sin
�

πℓ

L

��

+
1

1− N
logF (αβ)N (ℓ/L) + CN , (5)

where F (αβ)N is a universal scaling function, which interpolates smoothly between the values
g1−N
α and g1−N

β
. The aim of the present work is to find an exact determination of this scal-

ing function for ℓ ∈ [0, L]. We focus on the situation when the BCCO ψ(αβ) is degenerate
at level two under the Virasoro algebra, i.e. when ψ(αβ) ≡ ψ12 in the usual Kac notation.
Through Cardy’s doubling trick, the problem then amounts to computing a (chiral) four-point
function of the form 〈Ψ12σ

†σΨ12〉 in a cyclic orbifold CFT, where σ is the twist operator, and
Ψ12 = (ψ12)⊗N is the replicated degenerate operator. We perform this calculation in various
examples, by deriving a linear Ordinary Differential Equation (ODE) for this four-point func-
tion, through the use of null-vector conditions under the orbifold Virasoro algebra. We also
compute the leading finite-size corrections to (5) by applying a similar approach to the cor-
relators of the form 〈Ψ12σ

†
φ
σ
φ
Ψ12〉, where σφ is a composite twist operator, associated to a

primary operator φ in the mother CFT. Typically, φ is an “energy-like” operator, i.e. a relevant
primary operator in the invariant sector under the discrete symmetries of the model.

The article is organised as follows. In Section 2, we recall the general setup leading to
the generic form (5), and we provide a summary of our analytical and numerical results for a
generic BCFT, and for the Ising and three-state Potts critical chains. In Section 3 we quickly re-
view the cyclic orbifold construction, emphasising its implementation on the upper-half plane,
including the calculation of some OPE structure constants, which are useful for our particular
purpose. In Section 4 we expose the derivation of ODEs for the scaling functions F (αβ)N in
various cases. The more technical details are included in the Appendix.

2 Summary of results

2.1 Scaling functions for Rényi entropies

We consider a quantum system at criticality on an open chain of size L, with lattice spacing
a. The left and right ends of the system have distinct boundary conditions, denoted as α and
β , respectively. As the system size becomes sufficiently large, the universal properties of the
bulk are described by a two-dimensional CFT, whereas the behaviour of the boundaries can
be effectively characterised using conformal boundary conditions. Notably, we are excluding
any consideration of subleading corrections resulting from irrelevant boundary perturbations
[70–72]. We also assume that the CFT describing the scaling limit of the chain is unitary.

4
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Our goal is to evaluate the entanglement entropy between the interval A = [0,ℓ] and its
complement B = [ℓ, L], in the ground state, as depicted in Figure 1. The N th Rényi entropy
S(αβ)N (ℓ) is obtained from the lattice partition function on an N -sheeted covering [2], which,
in the continuum limit, corresponds to a partition function with conical singularities. Alterna-
tively, one may employ the twist field formalism, as outlined in [73]. In this framework, the
N th Rényi entropy is determined by the one-point function of the lattice twist operator:

S(αβ)N (ℓ) =
1

1− N
log〈σlattice〉 . (6)

In the scaling limit the lattice twist operator admits an expansion in terms of increasingly
irrelevant local fields in the corresponding CFT, as discussed around Eq. (15). The leading
contribution is governed by the one-point function 〈σ(ℓ, ℓ̄)〉(αβ)SL

of the twist operator σ [73]
on the infinite strip SL (with imaginary time running along the imaginary axis)

SL = {w ∈ C , 0< Re(w)< L} , (7)

with conformal BC α (resp. β) on the left (resp. right) boundary. The dimension of the twist
operator σ is given by [43,44]

hσ =
c

24

�

N −
1
N

�

, (8)

where c is the central charge. Upon mapping to the upper half plane H via the map
¨

SL →H ,

w 7→ z(w) = exp(iπw/L) ,
(9)

one gets

〈σ(w, w̄)〉(αβ)SL
=
�

�

�

πz
L

�

�

�

2hσ
〈σ(z, z̄)〉(αβ)H . (10)

On the right-hand side, the upper half-plane H has boundary conditions α for x > 0 and β for
x < 0, as in Fig. 2. The corresponding Rényi entropy reads

S(αβ)N (ℓ) =
c

12
N + 1

N
log
�

2L
πa

sin
�

πℓ

L

��

+
1

1− N
logF (αβ)N (eiπℓ/L , e−iπℓ/L) , (11)

where we reintroduced the lattice spacing a, and the universal function F (αβ)N is given by

F (αβ)N (z, z̄) = |z − z̄|2hσ 〈σ(z, z̄)〉(αβ)H , z ∈H . (12)

For α = β , the function F (αα)N reduces to a one-point function on H, or equivalently on the
unit disc D:

F (αα)N (z, z̄) = 〈σ(0)〉(α)D = g1−N
α (13)

[see (62)], and one recovers the well-known expression (4) of [2]. In the generic situation
α ̸= β , the function F (αβ)N is non-trivial. This function tends to a finite constant on each
part of the boundary. Indeed, since the CFT is unitary, the leading behaviour is given by the
bulk-boundary OPE σ→ 1, which yields

lim
Arg(z)→0

F (αβ)N (z, z̄) = g1−N
α , lim

Arg(z)→π
F (αβ)N (z, z̄) = g1−N

β . (14)

The leading asymptotic behaviour of the entanglement entropy as the lattice spacing a
approaches zero is captured by (11–12), up to an additive constant that is independent of

5
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β α

σ(z, z̄)

Ψ(αβ)(0)

Figure 2: Operator insertions for the ZN orbifold BCFT correlators of interest on the
upper-half plane with mixed BC (α for x > 0 and β for x < 0 ). There is another
BCCO at x =∞, which is not depicted here.

the boundary condition and arises from the normalisation of the twist operator. When com-
paring with a finite-size system, it is necessary to account for various sources of corrections
originating from irrelevant deformations of the Hamiltonian in both the bulk and the bound-
ary [74, 75] or parity effects [76]. Furthermore, it is well established [57, 77] that for open
systems, these finite-size corrections to the entanglement entropy are more pronounced than
for a periodic chain. The most significant corrections arise from the subleading scaling of the
lattice twist operators [45]. Like any other lattice operator, the lattice twist operator σlattice
can be expressed, in the continuum limit, as a local combination of scaling operators

σlattice ∼
∑

φ primary

Cφ a2hσφσφ + . . . , (15)

where . . . denotes the contribution of descendants under the orbifold Virasoro algebra. Here,
a is the lattice spacing, and the constants Cφ are non-universal, dimensionful amplitudes.
The sum is over primary operators of the mother theory, and σφ denotes the composite twist
operator [45, 52, 78] associated to the primary operator φ. The conformal dimension of the
composite twist operator is given by

hσφ = hσ +
hφ
N

, (16)

where hφ is the conformal dimension of φ. Thus, the expectation value of the twist operator
reads, in the scaling limit,

〈σlattice(ℓ)〉
(αβ)
SL
∼
∑

φ primary

Cφ

�

πa

2L sin πℓL

�2hσφ

F (αβ)N ,φ (z, z̄) + . . . , (17)

where z = exp(iπℓ/L), and the typical scaling function is given by

F (αβ)N ,φ (z, z̄) = |z − z̄|2hσφ 〈σφ(z, z̄)〉(αβ)H , z ∈H . (18)

It obeys the boundary conditions

lim
Arg(z)→0

F (αβ)N ,φ (z, z̄) = A(α)
φ,1 g1−N

α , lim
Arg(z)→π

F (αβ)N ,φ (z, z̄) = A(β)
φ,1 g1−N

β , (19)

where A(α)
φ,1 and A(β)

φ,1 are bulk-boundary OPE coefficients in the mother CFT [see (54)].

6
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One can implement the change of boundary conditions by the insertion of the BCCO
Ψ(αβ) = (ψ(αβ))⊗N associated to the change of BC α→ β on all replicas in the orbifold BCFT:

〈X 〉(αβ)H =
〈Ψ(βα)(∞)XΨ(αβ)(0)〉H
〈Ψ(βα)(∞)Ψ(αβ)(0)〉H

, (20)

where X denotes any product of bulk operators. An alternative expression for the scaling
functions (12) and (18) can then be obtained through a conformal map from the upper half-
plane H to the unit disk D, namely u 7→ (u− z)/(u− z̄). This yields

F (αβ)N (z, z̄) =
〈Ψ(βα)(1)σ(0)Ψ(αβ)(z/z̄)〉D
〈Ψ(βα)(1)Ψ(αβ)(z/z̄)〉D

,

F (αβ)N ,φ (z, z̄) =
〈Ψ(βα)(1)σφ(0)Ψ(αβ)(z/z̄)〉D
〈Ψ(βα)(1)Ψ(αβ)(z/z̄)〉D

.

(21)

As is customary with the ZN cyclic orbifold, one possible approach to studying the scaling
function (21) is to work on the N -sheeted branched covering of the base manifold. In this
approach, a three-point function as in the RHS of (21) becomes a disk partition function of the
mother CFT, with the boundary partitioned into 2N connected components, with alternating
boundary conditions α and β , as described in [57]. This can be generalized to the case of an
excited twist field, yielding the expression

F (αβ)N ,φ (z, z̄) =
1

N2Nhψ

¬

∏N−1
a=0 ψ

(βα)(ωa)ψ(αβ)
�

ωa(z/z̄)1/N
�

φ(0)
¶

D
¬

ψ(βα)(1)ψ(αβ)(z/z̄)
¶N

D

, (22)

where ω= exp(2iπ/N). One of the main limitations of this unfolding method is the dramatic
increase of moduli space. What starts as a simple one-variable problem, involving only the
variable η = z/z̄, becomes a more complicated problem with 2N variables. Although, in the
specific case under study, these 2N positions of the operators are not entirely independent,
calculating the 2N -point correlation functions typically requires treating them as if they were.
As a result, this method is only practical for certain CFTs, where the computation of such 2N -
point correlation functions can be carried out explicitly, such as in the Ising model or the free
scalar field [57]. We thus adopt an alternative approach to calculate the scaling function.

Rather than unfolding the correlation function into the cumbersome expression (22), one
can instead operate within the framework of the cyclic orbifold. Cardy’s doubling trick guar-
antees that the correlation function 〈Ψ(βα)(∞)σφ(z, z̄)Ψ(αβ)(0)〉H is a linear combination of
conformal blocks of the form

Ψ(βα)(∞)

Ψ(αβ)(0)

�

Ψk
−−−−−−
�σ†

φ
(z̄)

σφ(z)
. (23)

After rescaling and observing that |z − z̄|= (z − z̄)/i for any z ∈H, we thus obtain the scaling
function as a linear combination of rescaled conformal blocks:

F (αβ)N ,φ (z, z̄) = (η− 1)2hσφ
∑

k

Xk

Ψ(βα)(∞)

Ψ(αβ)(0)

�

Ψk
−−−−−−
�σ†

φ
(1)

σφ(η)
, η= z/z̄ . (24)

The allowed intermediate states Ψk are in correspondence with untwisted boundary opera-
tors [79], determined by the bulk-boundary OPE σφ → Ψk as the operator σφ tends to the

7
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boundary and the boundary OPE Ψ(αβ) · Ψ(βα) → Ψk, and the coefficients Xk can be related
to the OPE structure constants. Naturally, the complexity is conserved to some extent, and
the main challenge here lies in dealing with orbifold conformal blocks, which are significantly
more intricate than standard Virasoro ones [40, 80]. However, it has been shown in [45]
that provided the operators ψ(αβ) and/or φ are degenerate under the Virasoro algebra in the
mother CFT, it is possible in some cases to derive a linear ODE for these conformal blocks.
This is the approach we follow in this paper, under the assumption that the operator ψ(αβ) is
degenerate at level two.

2.2 Generic BCFT

We consider a mother CFT with central charge c < 1. We shall use the Kac parameterisation
for the central charge and the conformal dimensions

c = 1−
6(1− g)2

g
, hrs =

(r − sg)2 − (1− g)2

4g
, 0< g < 1 , (25)

and we denote by φrs the primary operator of dimension hrs. As mentioned above, we re-
strict our analysis to the particular case when the operator ψ(αβ) has conformal dimension
hψ = h12 = (3g − 2)/4, in which case we have

L2
−1ψ

(αβ) = g L−2ψ
(αβ) . (26)

Under this assumption, we derive a linear ODE for the leading and subleading scaling functions
at N = 2, and for the leading scaling function at N = 3. Using the Frobenius method, the
solutions of these ODEs can always be represented as explicit, exact power series, which in
some cases simplify to well-known special functions, such as hypergeometric functions. The
results presented below are expressed in terms of the parameterisation (see Appendix B)

F(z, z̄) = F[ζ(z/z̄)] , ζ(η) =
(1+pη)2

4
p
η

. (27)

In polar coordinates, if z = r exp(iθ ), then η = exp(2iθ ) and ζ(z/z̄) = cos2(θ/2). The
contribution to F(z, z̄) from the conformal block with intermediate state Ψk in the channel
Arg(z)→ 0 is typically a power-series solution to the ODE, of the form

Fk(ζ) = (1− ζ)
hΨk
/2
∞
∑

n=0

an,k (1− ζ)n . (28)

Alternatively, one can work with the basis of solutions {Fk(1−ζ)}, corresponding to the channel
Arg(z)→ π.

The N = 2 Rényi entropy. For N = 2, we find that, upon the change of variables (27), the
scaling function F (αβ)2 in (11) obeys the hypergeometric ODE (see Appendix A). The boundary

conditions (14) then determine the function F (αβ)2 completely:

F (αβ)2 (z, z̄) = g−1
α G
�

cos2 θ

2

�

+ g−1
β G
�

sin2 θ

2

�

, θ = Arg(z) , (29)

where the function G is the unique solution of (A.12) satisfying G(0) = 0 and G(1) = 1. This
function can be expressed in terms of Gauss’s hypergeometric function 2F1 as

G(ζ) = ζh13 × 2F1 ( g, 1− g; 2g|ζ)

2F1(g, 1− g; 2g|1)
, (30)

8
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where g is related to the central charge through (25), and the exponent in the prefactor reads
h13 = 2g − 1, which is positive in any unitary CFT.1

Any scaling function F (αβ)2,φ (18) contributing to the finite-size corrections of S(αβ)2 involves

a composite twist operatorσφ . For genericφ, we derive the fourth-order linear ODE for F (αβ)2,φ ,
upon the change of variable (27)

(g − 1)g
�

16(1− 2g)hσφ − 3(3g − 2)(16hσφ − 1)ζ(ζ− 1)
�

F(ζ)

+ 2(g − 1)(1− 2ζ)
�

(4g2 − 8g + 3) + 3
�

6g2 − 15g + 10− 8ghσφ
�

ζ(ζ− 1)
�

F ′(ζ)

+ ζ(ζ− 1)
�

8(2g2 − 5g + 3) + (66g2 − 177g + 120− 16ghσφ )ζ(ζ− 1)
�

F ′′(ζ)

+ 5(2g − 3)ζ2(ζ− 1)2(1− 2ζ)F ′′′(ζ) + 2ζ3(ζ− 1)3F (4)(ζ) = 0 .

(31)

The local exponents of the ODE at ζ→ 0 or ζ→ 1 yield the dimensions of intermediate states
Ψk in the conformal blocks (24):

1 , (1⊗Ψ13 +Ψ13 ⊗ 1) , Ψ13 ⊗Ψ13 , Ψ13 ⊗Ψ13 . (32)

Let us denote by F1(ζ), F2(ζ), F3(ζ), F4(ζ) the solutions of the ODE corresponding to these
conformal blocks, and normalised so that Fk(ζ) ∼ (ζ− 1)hΨk

/2 as ζ→ 1. The functions Fk(ζ)
can be described as explicit power series and evaluated numerically to arbitrary precision for
ζ ∈ [0,1], through the Frobenius method. The physical solution then reads, up to an overall
phase factor,

F (αβ)2,φ (z, z̄) = λ1 F1(ζ) +λ2 F2(ζ) +λ3 F3(ζ) +λ4 F4(ζ) , ζ= cos2 Arg z
2

, (33)

where the constants λ1, . . . ,λ4 are related to the orbifold OPE structure constants in a simple
manner.

The N = 3 Rényi entropy. For N = 3, the scaling function F (αβ)3 obeys the third-order ODE
upon the change of variable (27)

4AB(6A+ B + 3)(1− 2ζ)F(ζ) + 2[9AB − Cζ(1− ζ)]F ′(ζ)

− 9(4A+ B − 2)(1− 2ζ)ζ(1− ζ)F ′′(ζ) + 18ζ2(1− ζ)2F ′′′(ζ) = 0 ,
(34)

where
A= g − 1 , B = 6g − 5 , C = 36A2 + 2B2 + 30AB − 18A− 3B . (35)

The local exponents at ζ→ 0 or ζ→ 1 correspond to the intermediate states

1 , (1⊗ψ13 ⊗ψ13 +ψ13 ⊗ 1⊗ψ13 +ψ13 ⊗ψ13 ⊗ 1) , ψ13 ⊗ψ13 ⊗ψ13 , (36)

and F (αβ)3 is given by a linear combination of the power series solutions F1, F2, F3.

1In a non-unitary CFT, the function F (αβ)2 no longer captures the leading scaling behaviour of the Rényi entropy,
because the most relevant twist operator is a composite twist operator σφ (where φ is a primary operator of the
mother CFT, with a negative scaling dimension), rather than the bare twist σ. However, the solution (29–30)
for F (αβ)2 remains valid if h13 > 0. If h13 < 0 then the boundary conditions (14) no longer apply, since the most
relevant term of the OPE as z approaches the boundary is σ→ Ψ13.
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(a) Fixed mixed BC (+−).
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Figure 3: The second Rényi entropy of the interval [0, m] in the critical Ising chain
with two types of mixed BC, for a chain of size M = 26. In both cases, the interval is
adjacent to the α= + boundary.

2.3 The critical Ising model

We consider the critical Ising quantum chain, with free ( f ) or fixed (+ or −) open BCs. There
are two inequivalent choices with different left and right BCs, namely (α,β) = (+,−), and
(α,β) = (+, f ).

The leading behaviour of Rényi entropies for generic N in the critical Ising model was
previously obtained in [57] through a different approach, and compared to numerical data of
the actual Ising chain obtained using DMRG. It is worth noting that even for relatively large
systems of∼ 102 sites, large deviations were observed between the lattice data and the leading
CFT prediction.

Our method allows to recover the leading CFT contribution to the Rényi entropy (for N = 2
and N = 3), but also to compute the first subleading correction. We observe that the agreement
with the lattice data becomes excellent once this correction is taken into account, even for small
systems of ∼ 26 sites accessible to exact diagonalisation.

For N = 2, the scaling functions appearing in the expansion (17) read

F (+−)2 (reiθ , re−iθ ) =
p

2
�

1− 1
4 sin2 θ
�

, F (+−)2,ϵ (reiθ , re−iθ ) =
p

2
�

1− 9
4 sin2 θ
�

,

F (+ f )
2 (reiθ , re−iθ ) =

p
2cos

θ

4
, F (+ f )

2,ϵ (reiθ , re−iθ ) =
p

2cos
3θ
4

.
(37)

The expressions for the leading contribution F (αβ)2 agree with the results reported in [57]. As

far as we know, the subleading corrections F (αβ)2,ϵ had not been computed previously. We show
in Figure 3 the remarkable agreement between our CFT calculations (which include the leading
and subleading contributions) and the numerical results from the exact diagonalisation of the
Ising Hamiltonian, for the second Rényi entropy of the interval [0, m] in a system of M sites.

To illustrate the large amplitude of finite-size effects, we show in Figure 4 how the CFT
prediction fares against the lattice results with and without the incorporation of the subleading
term. Even for the curve including both subleading and leading terms in (17), the agreement
with lattice data becomes worse close to the boundary. This can be traced to the presence of
corrections from descendants of twist operators, which introduce terms of O(M−hϵ−1) relative
to the bare twist contribution.

We can perform the same kind of analysis for the third Rényi entropies S(αβ)3 . In this case,
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Figure 4: The second Rényi entropy of the interval [0, m] in the critical Ising chain
of size M = 26 with mixed free fixed BC. Inclusion of the subleading term in the ex-
pansion (17) is crucial for obtaining a satisfying agreement between CFT predictions
and lattice results.

we obtain the scaling functions

F (+−)3 (reiθ , re−iθ ) = 2
�

1− 4
9 sin2 θ
�

, F (+−)3,ϵ (reiθ , re−iθ ) = 2
�

1− 16
9 sin2 θ
�

,

F (+ f )
3 (reiθ , re−iθ ) = 2cos

θ

3
, F (+ f )

3,ϵ (reiθ , re−iθ ) = 2cos
2θ
3

.
(38)

In Figure 5, we once again compare our CFT calculations (including both the leading and
subleading term) with the lattice results for the third Rényi entropy S(αβ)3 , to good agreement
for mixed fixed BC (Fig. 5a) and mixed free fixed BC (Fig. 5b). As for the N = 2 results,
including the CFT subleading contribution to S(αβ)3 is necessary to obtain a satisfying match
with the lattice results. Further finite-size corrections in this case decay as O(M−2hϵ/3−1).

As announced in the beginning of the section, our results for the bare twist correlators
(for all configurations of mixed BC) are compatible with the ones of [57]. The subleading
contribution to the Rényi entropies from the excited twist correlator is largely responsible
for the mismatch between the lattice and CFT data in the aforementioned article. Finite-size
corrections of this magnitude can be suppressed only with much larger system sizes M ∼ 103

sites [60].

2.4 The critical three-state Potts model

In the three-state Potts quantum chain, we denote by R, G, B the three possible values of each
spin. We consider two types of boundary conditions: fixed (R, G or B), and restricted (GB, RB
or RG). For example, the condition GB means that the boundary spin can take the values G
or B, with equal energy.

The lattice expectation value 〈σlattice(ℓ)〉
(GB,R)
SL

follows an expansion of the form (17). Here,
the conformal dimensions of twist operators are hσ = 1/20 and hσϵ = 1/4. We estimate
numerically the non-universal amplitudes C1, Cϵ by a simple analysis on the critical three-state
Potts chain with periodic boundary conditions.
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(b) Fixed-free mixed BC.

Figure 5: The third Rényi entropy of the interval [0, m] in the critical Ising chain
with two types of mixed BC, for a chain of size M = 26. In both cases, the interval is
adjacent to the α= + boundary.

The scaling function F (GB,R)
2 is obtained by setting g = 6/5 in (29–30). The leading finite-

size correction F (GB,R)
2,ϵ is determined by applying the Frobenius method to the fourth-order

ODE (31) – see Section 6. Remarkably, in this case, only a single intermediate state Ψ = 1
contributes in the channel associated to Arg(z)→ π.

Putting everything together, we can compare the lattice computation for the second Rényi
entropy S(GB,R)

2 with our analytic results in Figure 6. We observe that the inclusion of the
subleading term gives an analytic curve that is closer to the lattice data, and in fact matches
it quite well for most of the data points. We have also checked that the discrepancy between
the CFT and the lattice data is supressed for a system of M = 18 sites, compared to smaller
system sizes.

Firstly, due to the operator content of the D-series M6,5 CFT, we expect the higher order

corrections to S(GB,R)
2 to have a slower power law decay than in the case of the Ising CFT. We

conjecture that the next-to-subleading contribution will decay as ∼ M−2hσϵ+1. These correc-
tions arise from the operators σX and σ(1)ϵ . While F (R,GB)

2,X can be calculated by a repeat of the
method employed for the subleading term, the correlator involving a descendant twist opera-
tor would require the derivation of a new differential equation, which is beyond the scope of
this work.

Furthermore, the quantum chain sizes we can reach are diminished in the case of the three-
state Potts model, since the size of the space of states grows as ∼ 3M . This memory constraint
prevents us from reaching sizes at which higher order corrections are suppressed, using our
computational methods. This limitation can be, perhaps, bypassed through the usage of more
sophisticated numerical tools, such as DMRG or tensor network methods, to access system
sizes M for which the unknown higher-order correction terms are further suppressed.

We obtain the scaling limit of S(GB,R)
3 , by solving the third-order ODE (34) for F (GB,R)

3 . Like

for F (GB,R)
2,ϵ , only one intermediate state Ψ = 1 contributes, and we compute the corresponding

power series by solving the ODE numerically with the Frobenius method. However, in this
case, we do not have access to the leading finite-size correctionF (GB,R)

3,ϵ , with relative amplitude

M−4/15. Thus, our CFT results are limited to the dominant term of S(GB,R)
3 , and the comparison

with numerical results is expected to be poor. The CFT predictions are shown in Fig. 7.
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Figure 6: The second Rényi entropy of the interval [0, m] in the critical three-state
Potts chain of M = 18 sites, with mixed (GB, R) BC.

3 The cyclic orbifold in the presence of a boundary

Here we review briefly the cyclic orbifold construction [43,44,79], and we examine specifically
the features of the corresponding orbifold boundary CFT, in the upper-half plane geometry. We
follow the notations of [79].

3.1 The cyclic orbifold construction

Consider the original CFT model M, which we shall call the mother CFT. The cyclic orbifold
CFT MN is obtained by taking N identical decoupled replicas of M, and allowing for defect
lines along which the copies are connected cyclically.

The underlying algebra for MN consists of currents T (r)(z), with r ∈ ZN playing the role of
the discrete Fourier index with respect to the cyclic permutation of replicas. The total energy-
momentum tensor of MN is given by T (0), and the other currents T (r) can be viewed as ad-
ditional conserved currents in an extended conformal algebra. The associated Laurent modes
are denoted L(r)m , where the index m belongs to Z/N . They generate the orbifold Virasoro
algebra OVirN

�

L(r)m , L(s)n

�

= (m− n)L(r+s)
m+n +

Nc
12

m(m2 − 1)δm+n,0δr+s,0 , (39)

where c is the central charge of the mother CFT. The invariant subalgebra (of the universal
enveloping algebra) with respect to the ZN action is called the neutral subalgebra AN . It is
generated by monomials with a vanishing total Fourier index:

AN =
¬

L(r1)
m1
· · · L(rp)

mp
, r1 + . . .+ rp ≡ 0 mod N

¶

. (40)
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Figure 7: The third Rényi entropy of the interval [0,ℓ] in the critical three-state Potts
chain of size L with boundary conditions (GB, R), (R, R) and (GB, GB), in the scaling
limit. The mixed BC curve can be seen to interpolate between the identical BC results.

The orbifold Virasoro algebra and the neutral subalgebra have antiholomorphic counterparts
OVirN and AN , respectively.

In the holomorphic part of the CFT MN for prime N , the operator content is classified in
terms of the primary operators under the neutral subalgebra AN . It is shown in [79] that in the
bulk CFT MN , the corresponding scalar operators form the full set of OVirN ⊗OVirN primary
operators which are invariant under cyclic permutations of the replicas. There are three kinds
of AN primary operators. The untwisted non-diagonal operators are symmetrised products of
non-identical primary operators φ1, . . . ,φN on the decoupled copies

[φ1, . . . ,φN ] = #
N−1
∑

a=0

φa+1 ⊗ · · · ⊗φa+N , (41)

The untwisted diagonal operators associated to a primary operator φ of M are of the form

Φ(0) = Φ= φ ⊗ · · · ⊗φ , Φ(r) =

(

#L(r)−1 · (φ ⊗ · · · ⊗φ) , if φ ̸= 1 ,

#L(r)−2 · (1⊗ · · · ⊗ 1) , if φ = 1 ,
(42)

where r = 1, . . . , N −1. The twist operators are the non-local operators inserting the endpoints
of defect lines connecting the replicas cyclically. The bare twist operator σ corresponds to a
cyclic permutation a 7→ a + 1 across the defect, with boundary conditions around the branch
point given by the vacuum state. The composite twist operator associated to the primary
operator φ of M is the form [52,81]

σφ(z) = # lim
ε→0

�

ε(N−1)h/N [φ,1, . . . ,1](z + ε)σ(z)
�

, (43)

where h is the conformal dimension of φ. For φ = 1, one simply sets σ1 = σ. The twisted
sector of the operator content also includes the conjugate twist operators σ†

φ
associated to

a 7→ a − 1, and more generally the operators σ[k]
φ

associated to a 7→ a + k for k ∈ Z×N . The
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orbifold Virasoro modes L(r)m acting on an untwisted operator must have an integer index m,
otherwise they vanish. In contrast, due to the non-trivial monodromy of T (r) around a branch
point, the modes L(r)m mode acting on σ (resp. σ†) must have an index m ∈ Z− r/N (resp.
m ∈ Z+ r/N), and similarly for σφ and σ†

φ
. The following operators are also primary under

AN :
σ
(r)
φ
= # L(r)−r/N ·σφ , σ

†(r)
φ
= # L(r)−(N−r)/N ·σ

†
φ

, (44)

for r = 1, . . . , N .
The conformal dimensions of the above operators read

h[φ1,...,φN ] = hφ1
+ . . .+ hφN

, hΦ = Nhφ , hΦ(r) =

¨

Nhφ + 1 , if φ ̸= 1 ,

2 , if φ = 1 ,

hσφ = hσ†
φ
=

c
24

�

N −
1
N

�

+
hφ
N

, h
σ
(r)
φ

= h
σ

†(N−r)
φ

= hσφ +
r
N

,

(45)

where hφ denotes the conformal dimension of φ. The normalisation factors # in (41–44) are
chosen so that the two-point function of any AN primary operator O on the full plane satisfies
〈O(0)O†(1)〉C = 1.

3.2 The cyclic orbifold on the upper half-plane

To construct the cyclic orbifold BCFT, we will work on the upper half-plane H, with the bound-
ary along the real axis. We parameteriseH by z = x+ i y with x ∈ R and y > 0, and we impose
the gluing condition on the boundary for the stress-energy tensor components:

T (0)(x) = T
(0)
(x) , for x ∈ R , (46)

which ensures that the boundary is conformal, i.e. it preserves the total stress-energy tensor
[82]. The ZN orbifold, however, has an extended symmetry, and we must choose if and how
the components of the additional currents T (r ̸=0) are glued at the boundary. Our usage of the
replica trick provides a clear indication for these choices: since we are considering N copies
of the same mother BCFT, we must impose the gluing condition Ta(x) = T a(x) on each of
them. By taking the Fourier transform of this relation, we find that in the orbifold CFT we are
effectively imposing:

∀r ∈ ZN , ∀x ∈ R , T (r)(x) = T
(r)
(x) . (47)

This implies that the boundary preserves a full copy of the OVirN algebra. By the same rea-
soning on CFT replicas, the physically relevant orbifold boundary states correspond to having
the same conformal BC on the N copies of the mother CFT.

On the upper half-plane, we will set the conformal BC α on the positive real axis x > 0 and
the conformal BC β on x < 0. To implement such mixed conformal BC in a BCFT, we shall work
with the formalism of boundary condition changing operators (BCCOs) [53]. These operators,
restricted to live on the boundary, are placed at the points of suture of regions of different
BC. The full operator algebra of a BCFT is then formed by considering the OPEs between both
BCCOs and bulk operators. For a given pair of conformal BCs (α,β), there can be several
primary BCCOs implementing the change α→ β: we denote such an operator ψ(αβ)h , where
h specifies its conformal dimension. The most relevant BCCO implementing α→ β is simply
referred to as ψ(αβ).

In the ZN orbifold CFT, we only consider untwisted BCCOs. We define the diagonal BCCOs
as

Ψ
(αβ)
h =ψ(αβ)h ⊗ · · · ⊗ψ(αβ)h
︸ ︷︷ ︸

N times

, (48)
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and likewise for Ψ(αβ), while the non-diagonal BCCOs are

[ψh1
, . . . ,ψhN

](αβ) :=
1
p

N

N−1
∑

a=0

ψ
(αβ)
ha+1
⊗ · · · ⊗ψ(αβ)ha+N

, (49)

where at least two dimensions hi , h j are distinct. Orbifold correlators with mixed BC are
obtained by inserting the most relevant diagonal BCCOs:

〈O1(z1, z̄1) · · ·On(zn, z̄n)〉
αβ
H =
〈Ψ(βα)(∞)O1(z1, z̄1) · · ·On(zn, z̄n)Ψ(αβ)(0)〉H

〈Ψ(βα)(∞)Ψ(αβ)(0)〉H
. (50)

By Cardy’s doubling trick [54,82], such (n+2)-point correlators are given by linear combina-
tions of the (2n+2)-point conformal blocks on the Riemann sphere C with external operators

Ψ(∞),O1(z1),O1(z̄1), . . . ,On(zn),On(z̄n),Ψ(0) , (51)

where Oi(z̄) is the antiholomorphic counterpart of Oi(z). In more precise terms, Oi is the
operator conjugate toOi with respect to the symmetry algebra preserved by the boundary [83].
For ZN twist operators, conjugation acts as σφ = σ

†
φ
[42]. For instance, the one-twist function

〈σ(z, z̄)〉(αβ)H =
〈Ψ(βα)(∞)σ(z, z̄)Ψ(αβ)(0)〉H
〈Ψ(βα)(∞)Ψ(αβ)(0)〉H

, (52)

is given by a linear combination of conformal blocks of the form

Ψ(βα)(∞)

Ψ(αβ)(0)

�

Ψk
−−−−−−
�σ†(z̄)

σ(z)
. (53)

The intermediate state Ψk is a diagonal or non-diagonal untwisted boundary operator. It must
be compatible both with the boundary condition α, and the boundary condition β . For in-
stance, if Ψk is diagonal, it must be of the form Ψk =ψh ⊗ · · · ⊗ψh, where h is such that both
BCCOs ψ(αα)h and ψ(ββ)h are allowed in the mother CFT.

In the mother BCFT, bulk-boundary and boundary-boundary OPEs read

φ(x + i y, x − i y) ∼
y→0

∑

h

A(α)
φ,ψh

(2y)h−2hφ ψh(x) + . . . , (54)

ψ
(αβ)
h1
(x1)ψ

(βγ)
h2
(x2) ∼x1→x2

∑

h3

B(αβγ)h1,h2,h3
(x1 − x2)

−h1−h2+h3ψ
(αγ)
h3
(x2) + . . . (55)

In (54), φ denotes a scalar bulk operator and α is the BC on the real axis. In (55), ψ(αβ)h1
(x1)

andψ(βγ)h2
(x2) are two BCCOs, with x1 > x2. The . . . denote the contributions from the Virasoro

descendants. We write these OPEs in shorthand notation as

φ
�

�

α
→
∑

h

ψh , ψ
(αβ)
h1
·ψ(βγ)h2

→
∑

h3

ψ
(αγ)
h3

. (56)

The OPE structure constants can be expressed as correlation functions:

A(α)
φ,ψh

= 〈φ(i/2,−i/2)ψh(0)〉
(α)
H = 〈φ(0)ψh(1)〉

(α)
D , (57)

B(αβγ)h1,h2,h3
= 〈ψ(γα)3 (∞)ψ(αβ)1 (1)ψ(βγ)2 (0)〉H . (58)
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Correspondingly, in the orbifold BCFT, we have the OPEs

σφ(x + i y, x − i y) ∼
y→0

∑

Ψ(αα)

A(α)σφ ,Ψ (2y)hΨ−2hσφ Ψ(αα)(x) + . . . , (59)

Ψ
(αβ)
1 (x1)Ψ

(βγ)
2 (x2) ∼x1→x2

∑

Ψ
(αγ)
3

B(αβγ)Ψ1,Ψ2,Ψ3
(x1 − x2)

−hΨ1
−hΨ2

+hΨ3Ψ
(αγ)
3 (x2) + . . . , (60)

where the sums in the RHS run over BCCOs of the form Ψh or [ψh1
, . . . ,ψhN

], and the . . .
denote AN descendants. We write, in short-hand notation

σφ
�

�

α
→
∑

Ψ

Ψ , Ψ
(αβ)
1 ·Ψ(βγ)2 →
∑

Ψ3

Ψ
(αγ)
3 . (61)

For Ψ(αα) = 1, the structure constants in (59) read

A(α)σ,1 = 〈σ(0)〉
(α)
D = g1−N

α , A(α)σφ ,1 = g1−N
α A(α)

φ,1 , (62)

where gα is the partition function on the unit disc with BC α. This quantity is also known
as the universal boundary entropy, since it can be written as gα = 〈0|α〉, where |α〉 is the
boundary state associated to the conformal BC α, and |0〉 is the vacuum state. More generally,
the bulk-boundary structure constant for a twist operator reads

A(α)σφ ,Ψh
= g1−N

α N−Nh〈φ(0)ψ(αα)h (1)ψ(αα)h (ω) · · ·ψ(αα)h (ωN−1)〉(α)D , (63)

in the case when Ψ is a diagonal BCCO, Ψ = Ψh (this can be easily extended to non-diagonal
BCCOs).

The structure constants in (60) read

B(αβα)Ψhi
,Ψh j

,Ψhk
=
�

B(αβα)hi ,h j ,hk

�N
, (64)

B(αβα)
Ψhi

,Ψh j
,[ψhk1

,...,ψhkN
] =
p

N
N
∏

a=1

B(αβα)hi ,h j ,hka
. (65)

4 Differential equations for the scaling functions

In this section, we outline the derivation of the ODEs announced in Sec. 2, following the
approach of [45]. The derivation relies on the null-vector equations satisfied by the orbifold
primary operators.

4.1 The function 〈Ψ12 ·σ ·Ψ12〉 in a generic Z2 orbifold

The entropy scaling function F (αβ)2 , given by equation (12), can be expressed in terms of the
Z2 orbifold conformal blocks

Jk(η) =
Ψ12(∞)

Ψ12(0)

�

Ψk
−−−−−−
�σ(1)

σ(η)
, (66)

as in (24). In [45], an ODE was obtained for a related object, namely the bulk correlation
function

〈Ψ12(∞)σ†(1)σ(η, η̄)Ψ12(0)〉C .
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Let us recall this derivation, as it will serve as a prototype to derive more involved ODEs in the
present context. In the mother CFT, we have the null-vector conditions

(g L−2 − L2
−1) ·ψ12 ≡ 0 , L−1 · 1≡ 0 , (67)

where g is related to the central charge through (25). The above relations translate respec-
tively into null-vector conditions for the replicated operator

h

2g L(0)−2 −
�

L(0)−1

�2 �
L(1)−1

�2i

·Ψ12 ≡ 0 ,
�

g L(1)−2 − L(0)−1 L(1)−1

�

·Ψ12 ≡ 0 ,
(68)

and for the twist operator
L(1)−1/2 ·σ ≡ 0 , (69)

the latter equation deriving from the induction procedure [44]. Additionally, since Ψ12 is
invariant by cyclic permutations of copies, we have

L(1)0 ·Ψ12 = 0 . (70)

The first step in the derivation of the ODE starts with the following contour integral along the
close contour C∞ enclosing the singular points 0, 1 and η:

∮

C∞

dw (w− 1)1/2(w−η)1/2 eJk(η, w) , (71)

where eJk is the modified conformal block

eJk(η, w) =
Ψ12(∞)

T (1)(w)L(1)−1 ·Ψ12(0)

�

Ψk
−−−−−−
�σ(1)

σ(η)
. (72)

This contour integral must vanish, given that the relation (70) yields

eJk(η, w) = O(w−3) , as w→∞ . (73)

Moreover, the null-vector relation (69) ensures that the integrand has no pole at w = 1 and
w= η. The only poles occur at w= 0, as can be read from the OPE

T (1)(w)L(−1)
−1 |Ψ12〉=
�

w−3 L(1)1 L(−1)
−1 +w−2 L(1)0 L(−1)

−1 +w−1 L(1)−1 L(−1)
−1 +O(1)
�

|Ψ12〉 . (74)

Since Ψ12 and σ are primary, we have

T (1)(w)L(−1)
−1 · |Ψ12〉=
∑

n≤1

w−n−2 L(1)n L(−1)
−1 · |Ψ12〉 , (75)

〈Ψ12| · T (1)(w) =
∑

n≥0

w−n−2〈Ψ12| · L(1)n , (76)

and

T (1)(w)σ(1) =
∑

n≤0

(w− 1)−n−3/2 L(1)n−1/2 ·σ(1) , (77)

T (1)(w)σ(η) =
∑

n≤0

(w−η)−n−3/2 L(1)n−1/2 ·σ(η) . (78)
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As a consequence, the integration contour for (71) can be replaced by a contour C0 enclosing
only the singular point 0. The vanishing of this integral yields the orbifold Ward identity

Ψ12(∞)

µ ·Ψ12(0)

�

Ψk
−−−−−−
�σ(1)

σ(η)
= 0 , (79)

where

µ=
�

α(0)L(1)−1 +α
′(0)L(1)0 +

α′′(0)
2

L(1)1

�

· L(1)−1 , α(w) = (1−w)1/2(η−w)1/2 . (80)

Using the orbifold commutation relations, we can write

µ · |Ψ12〉=
h

α(0)
�

L(1)−1

�2
+α′(0)L(0)−1 + 2h12α

′′(0)
i

· |Ψ12〉 . (81)

Inserting the first null-vector condition (68), we obtain

µ · |Ψ12〉=
h

2gα(0)L(0)−2 −α(0)
�

L(0)−1

�2
+α′(0)L(0)−1 + 2h12α

′′(0)
i

· |Ψ12〉 . (82)

Finally, since the modes L(0)m are simply the Virasoro modes of the orbifold CFT, we can use the
standard procedure to express their action on a correlation function (or conformal block) as a
differential operator. We find that the conformal blocks Jk satisfy the ODE

64g2η2(η− 1)2 J ′′(η) + 16gη(η− 1)
�

(−14g2 + 23g − 6)η+ 2g(1− 4g)
�

J ′(η)

+ (3g − 2)
�

+3(5g − 6)(1− 2g)2η2 + 12g(1− 2g)η+ 16g2(g − 1)
�

J(η) = 0 .
(83)

The local exponents for J(η) are given by

0 1 ∞
−2h12 −2hσ 2hσ − 2h12

−2h12 + h13/2 −2hσ + 2h13 2hσ − 2h12 + h13/2
.

This corresponds to the intermediate states {1,Φ13} in the channel η→ 1, and {σ,σ13} in the
channels η→ 0 and η→∞. Note that, when the mother CFT is a minimal model Mp,p′ , one
can check for various values of (p, p′) that these are exactly the intermediate states allowed
by the orbifold fusion rules found in [79], and that they all have multiplicity one.

Let us now return to the entropy scaling function F (αβ)2 (24). The typical power-series
solutions of the ODE around η = 0 or η =∞ diverge close to the physical domain for η,
namely the unit circle, and the analogous solutions around η = 1 only converge on a portion
of the unit circle. A more convenient choice is the variable ζ:

ζ(η) =
(1+pη)2

4
p
η

. (84)

This change of variable offers several advantages. First the ODE remains of Fuchsian type (see
Appendices A and B). Additionally, the physical domain corresponds to 0< ζ < 1, since

ζ= cos2 πℓ

2L
, 0< ℓ < L . (85)

This means that ζ is not only real but also remains in the domain where the Frobenius method
yields convergent power series expansions (both around ζ = 0 and ζ = 1). Finally, imposing
the appropriate boundary conditions as ℓ→ 0 and ℓ→ L becomes simpler, as these correspond
to ζ→ 1 and ζ→ 0 respectively, whereas both limits collapse to η→ 1 in the variable η.
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After some elementary algebra (see Appendix A), the scaling function is found to satisfy
the following ODE:

ζ(ζ− 1)F ′′(ζ) + 2(1− g)(2ζ− 1)F ′(ζ) + (2− 3g)(1− g)F(ζ) = 0 , (86)

where we have introduced the change of variable F (αβ)2 (z, z̄) = F[ζ(z/z̄)]. We recognise the
hypergeometric equation (A.12) with parameters

a = 2− 3g , b =
3
2
− 2g . (87)

Provided that h13 > 0 (that is g > 1/2), any holomorphic solution on 0< ζ < 1 can be written
as

F(ζ) = λG(ζ) +µG(1− ζ) , (88)

where λ and µ are constants, and

G(ζ) = ζ2g−1 × 2F1 ( g, 1− g; 2g|ζ)

2F1(g, 1− g; 2g|1)
. (89)

Indeed, G is given by the function eI2 of Appendix A, normalised so that G(0) = 0 and G(1) = 1.
As argued in Section 2.1, the limiting values at ℓ = 0 and ℓ = L are given by the boundary
entropies g−1

α and g−1
β

respectively. This fixes the values of λ and µ, and we obtain

F (αβ)2 (z, z̄) = g−1
α G[ζ(z/z̄)] + g−1

β G[1− ζ(z/z̄)] . (90)

At g = 1/2, corresponding to a non-unitary CFT with central charge c = −2, the local expo-
nents of (86) at ζ = 0 become degenerate, with value zero, and hence the solution space is
spanned by a hypergeometric function and a function of the form f (ζ) logζ, where f is an
entire function.

4.2 The function 〈Ψ12 ·σφ ·Ψ12〉 in a generic Z2 orbifold

We now turn to the universal scaling functions F (αβ)2,φ (z, z̄) encoding the subleading corrections
in (17). Such a function corresponds to the conformal blocks

Jk(η) =
Ψ12(∞)

Ψ12(0)

�

Ψk
−−−−−−
�σφ(1)

σφ(η)
. (91)

Here we consider the case of a generic composite twist operatorσφ , with conformal dimension

bh= hσ +
h
2

, (92)

where h is the conformal dimension of the operatorφ in the mother CFT. This means that we do
not assume any null-vector condition on σφ , and in particular (69) no longer holds. For Ψ12,

by combining the null-vector conditions (68) with the commutation relation [L(1)−1 , L(1)−2] = L(0)−3 ,
we obtain the relation

L(1)−2 L(1)−1|Ψ12〉=
�

2L(0)−1 L(0)−2 − L(0)−3 −
1
g

�

L(0)−1

�3
�

|Ψ12〉 . (93)

We obtain two Ward identities by computing the following closed-contour integrals
∮

dw(w− 1)3/2(w−η)3/2eJk(η, w) , and

∮

dw(w− 1)3/2(w−η)3/2w−1
eJk(η, w) , (94)
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where

eJk(η, w) :=
Ψ12(∞)

T (1)(w)L(1)−1 ·Ψ12(0)

�

Ψk
−−−−−−
�σφ(1)

σφ(η)
. (95)

Combining these relations, we obtain an equation of the form

∑

j

λ j ·Ψ12(∞)

µ j ·Ψ12(0)

�

Ψk
−−−−−−
�σφ(1)

σφ(η)
= 0 , (96)

where µ j and λ j are elements of the Virasoro subalgebra generated by the modes L(0)m . This
yields a linear ODE of order four on the conformal blocks Jk. In terms of the scaling function
(18) F (αβ)2,φ (z, z̄) = F[ζ(z/z̄)], the ODE reads

(g − 1)g
�

16(1− 2g)bh− 3(3g − 2)(16bh− 1)ζ(ζ− 1)
�

F(ζ)

+ 2(g − 1)(1− 2ζ)
�

(4g2 − 8g + 3) + 3(6g2 − 15g + 10− 8gbh)ζ(ζ− 1)
�

F ′(ζ)

+ ζ(ζ− 1)
�

8(2g2 − 5g + 3) + (66g2 − 177g + 120− 16gbh)ζ(ζ− 1)
�

F ′′(ζ)

+ 5(2g − 3)ζ2(ζ− 1)2(1− 2ζ)F ′′′(ζ) + 2ζ3(ζ− 1)3F (4)(ζ) = 0 .

(97)

This ODE is manifestly invariant under ζ 7→ 1−ζ, which reflects the invariance of the rescaled
conformal blocks (η− 1)2bhJk(η) under η 7→ 1/η. If we parametrize the conformal dimension
of φ as h= hλ,0 with λ ∈ R, the ODE takes the form

[ζ(ζ− 1)]3F (4)(ζ)− 5
2(2g − 3)[ζ(ζ− 1)]2(2ζ− 1)F ′′′(ζ)

+ z(z − 1)
�

4(g − 1)(2g − 3) + (64− 97g + 37g2 −λ2)ζ(ζ− 1)
�

F ′′(ζ) (98)

+ (g − 1)(1− 2ζ)
�

(2g − 3)(2g − 1) + 3
2(28− 47g + 20g2 − 2λ2)ζ(ζ− 1)

�

F ′(ζ)

+ (g − 1)
�1

2(2g − 1)(8− 17g + 8g2 − 2λ2) + (3g − 2)(2g − 2−λ)(2g − 2+λ)ζ(ζ− 1)
�

F(ζ).

The local exponents for F(ζ) are given by

0 1 ∞
0 0 −4h12

h13
2

h13
2 −4h12 + 1

h13 h13 −4h12 + (1+λ)/g
h13 + 1 h13 + 1 −4h12 + (1−λ)/g

. (99)

The correspondence between singular points in the variables η and ζ is given by

ζ ∼
η→0

1
4
p
η

,







(1− ζ) ∼
η→1

�

η−1
4i

�2
, if Imη > 0 ,

ζ ∼
η→1

�

1−η
4i

�2
, if Imη < 0 ,

ζ ∼
η→∞

p
η

4
. (100)

In particular, the limits Arg(z) → 0 and Arg(z) → π are mapped to ζ → 1 and ζ → 0, re-
spectively. In these limits, we have η → 1, and the contribution of Jk to F (αβ)2,φ (24) scales

as (η− 1)hΨk , which is proportional to (1− ζ)hΨk
/2 and ζhΨk

/2, respectively. Similar relations
can be established for ζ→∞, in correspondence with η→ 0 and η→∞. Hence, the local
exponents (99) correspond to the intermediate states (counted with their multiplicities):

{1, [1,ψ13],Ψ13,Ψ13} , in the channels ζ→ 0 and ζ→ 1 ,

{σλ,0,σ(1)
λ,0,σλ,2,σλ,−2} , in the channel ζ→∞ .

(101)
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Recall that the conformal blocks are labelled by primary operators under the neutral subalgebra
AN .

When the mother CFT is a minimal model, one can check on various examples that the
orbifold fusion rules derived in [44] from the Verlinde formula are consistent with these inter-
mediate states.

The physical solution F (αβ)2,φ can be written as a linear combination

F (αβ)2,φ (z, z̄) = λ1 F1(ζ) +λ2 F2(ζ) +λ3 F3(ζ) +λ4 F4(ζ) , (102)

where ζ= ζ(z/z̄), and F1, F2, F3, F4 are the holomorphic solutions of (97) of the form

Fk(ζ) = (1− ζ)
hΨk
/2
∞
∑

n=0

ak,n (1− ζ)n , (103)

normalised so that ak,0 = 1. The differential equation (97) can be solved via the Frobenius
method, yielding infinite series which are convergent for |1− ζ| < 1. By symmetry, a basis of
solutions around ζ= 0 is simply given by the functions Fk(1−ζ). In practice, using truncated
series is extremely efficient to evaluate these functions numerically to arbitrary precision.

The last step is to describe a general algorithm for the determination of the coefficients λk.
Using the OPEs (59) and (60), one obtains

F (αβ)2,φ (z, z̄) =
Arg(z)→0

4
∑

k=1

�

z − z̄
i

�hΨk �

A(α)σφ ,Ψk
B(αβα)Ψ12Ψ12Ψk

+ . . .
�

, (104)

where . . . denotes the subdominant contributions from the descendant operators. Using (100),
the dominant term of Fk(ζ) in this limit is [(η−1)/4i]hΨk ∼ [(z− z̄)/4i]hΨk , and thus we obtain
for k = 1,2:

λk = 4hΨk A(α)σφ ,Ψk
B(αβα)Ψ12Ψ12Ψk

. (105)

The determination of λ3,λ4 is less direct, due to the two-fold degeneracy of the intermediate
state Ψ13. We use the alternative expansion

F (αβ)2,φ (z, z̄) = µ1 F1(1− ζ) +µ2 F2(1− ζ) +µ3 F3(1− ζ) +µ4 F4(1− ζ) . (106)

Like in the expansion ζ→ 1, here we have

µk = 4hΨk A(β)σφ ,Ψk
B(βαβ)Ψ12Ψ12Ψk

, for k = 1,2 . (107)

Using the change of basis

Fk(ζ) =
4
∑

ℓ=1

pkℓFℓ(1− ζ) , (108)

and comparing the two expansions of F (αβ)2,φ (z, z̄), we obtain the relations

4
∑

k=1

λkpkℓ = µℓ . (109)

Setting ℓ = 1,2 in these equations then yields the values of λ3,λ4 in terms of λ1,λ2,µ1,µ2,
and the coefficients pkℓ. The latter can be obtained numerically, using the numerical power
series expansions of the functions Fk(ζ) and Fℓ(1−ζ) in the intersection of their convergence
domains.
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4.3 The function 〈Ψ12 ·σ ·Ψ12〉 in a generic Z3 orbifold

Here, the relevant conformal blocks are of the form

Jk(η) =
Ψ12(∞)

Ψ12(0)

�

Ψk
−−−−−−
�σ†(1)

σ(η)
. (110)

We give the null-vectors of Ψ12 at levels two and three:

L(r)−2 ·Ψ12 =
1

3g

2
∑

s=0

L(r−s)
−1 L(s)−1 ·Ψ12 , (111)

L(3−r)
−1 L(r)−2 ·Ψ12 =

1
3g

h

2L(0)−1 L(1)−1 L(2)−1 +
�

L(3−r)
−1

�3i

·Ψ12 , (112)

for r ∈ {0,1, 2}.
To derive an ODE for the conformal blocks, we employ seven orbifold Ward identities,

together with the six null-vector conditions above. To not overload the presentation of this
section with technical details, we relegate the specifics of the derivation to Appendix C.

We obtain the ODE for the scaling function F (αβ)3 in the variable ζ (84)

4AB(6A+ B + 3)(1− 2ζ)F(ζ) + 2[9AB − Cζ(1− ζ)]F ′(ζ)

− 9(4A+ B − 2)(1− 2ζ)ζ(1− ζ)F ′′(ζ) + 18ζ2(1− ζ)2F ′′′(ζ) = 0 ,
(113)

where
A= g − 1 , B = 6g − 5 , (114)

and
C = 36A2 + 2B2 + 30AB − 18A− 3B . (115)

For generic (A, B), if C has the above value, then the local exponents for F(ζ) are

0 1 ∞
0 0 −2A− B

3 − 1
2A+ 1 2A+ 1 −2B

3
B
2 + 1 B

2 + 1 −2A

.

For the above values of (A, B), this gives

0 1 ∞
0 0 −6h12 +

2
3h12

h13 h13 −6h12 +
2
3h12 +

2
3

3h13
2

3h13
2 −6h12 +

2
3h14

.

These local exponents correspond to the intermediate states:

{1, [1,ψ13,ψ13],Ψ13} , in the channels ζ→ 0 and ζ→ 1 ,

{σ12,σ(1)12 ,σ14} , in the channel ζ→∞ ,
(116)

where we use the shorthand notation σrs = σφrs
.

From this point on, one can proceed as in the case of F (αβ)2,φ , except that the complication
coming from non-trivial multiplicities of the local exponents is absent.

It is worth pointing out that the existence of this third order ODE was anticipated in [84],
where only a weaker, fourth order ODE had been obtained. This third order ODE is optimal for
generic CFTs, as confirmed by conformal block counting using the orbifold Verlinde formula
[79].
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Table 1: Boundary operator spectrum of the Ising BCFT.

(αβ) + − f
+ ψ1 ψϵ ψs

− ψϵ ψ1 ψs

f ψs ψs ψ1,ψϵ

5 The critical Ising model

5.1 The quantum chain and the BCFT

The Hamiltonian of the Ising quantum chain with open BC, describing M spins with generic
BC at the boundary, is given by:

Hαβ = −
M−1
∑

j=1

sz
j s

z
j+1 − h

M
∑

j=1

sx
j − hαsz

1 − hβ sz
M , (117)

where sx ,y,z
j denote Pauli spin operators acting on site j. We denote the lattice spacing by a,

so that the length of the chain is L = Ma. The parameters hα, hβ denote external magnetic
fields (in the z direction) acting at the boundary sites j = 1 and j = M . The ground state of
this Hamiltonian is then found by exact diagonalization (ED) for system sizes M ≤ 26 sites,
and from it, the Rényi entropies are evaluated.

To take the scaling limit of the critical chain, we send M → ∞, a → 0 while keeping
L = Ma fixed. In this limit, bulk criticality is achieved for h = 1, while each boundary admits
three critical points hα, hβ ∈ {0,±∞}, corresponding to free, + and − BC.

From a CFT perspective, the scaling limit of the critical Ising chain with open boundaries
is very well understood. It is described by the BCFT with central charge c = 1/2 and a bulk
operator spectrum consisting of three primary operators – the identity 1 (h1 = 0), energy ϵ
(hϵ = 0) and spin s (hs = 1/16)– and their descendants [85]. The three boundary critical
points correspond to the three conformal boundary conditions for the Ising BCFT, which, in
the framework of radial quantization on the annulus, allow the construction of the following
physical boundary states [53]:

| f 〉= |1〉〉 − |ϵ〉〉 (free BC), (118)

|±〉=
1
p

2
|1〉〉+

1
p

2
|ϵ〉〉 ±

1
21/4
|s〉〉 (fixed BC), (119)

where |φ〉〉 denotes the Ishibashi state [86] corresponding to the primary operator φ. The
physical boundary states |α〉 are in one-to-one correspondence with the primary operators of
the bulk CFT:2 | f 〉↔ s and |±〉↔ 1/ϵ. The boundary operators that interpolate between two
conformal BCs can be inferred from this correspondence [53, 88]. The spectrum of primary
boundary operators ψ(αβ)i of the Ising BCFT is summarized in Table 1.

The ground state entropies read

g+ = g− =
1
p

2
, g f = 1 , (120)

and the bulk-boundary OPE coefficients for the energy operator are given by

A(+)ϵ,1 = A(−)ϵ,1 = 1 , A( f )ϵ,1 = −1 . (121)

2This statement is strictly true if the bulk CFT is diagonal, see [87] for a detailed discussion.
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5.2 Rényi entropies

According to the general discussion (17), in the scaling limit with a → 0, the lattice twist
operator admits a local expansion into scaling operators of the corresponding orbifold CFT,
leading to

〈σlattice(ℓ)〉
(αβ)
SL
= C1

�

πa

2L sin πℓL

�2hσ

F (αβ)N (z, z̄)+Cϵ

�

πa

2L sin πℓL

�2hσϵ

F (αβ)N ,ϵ (z, z̄)+ . . . , (122)

where

F (αβ)N (z, z̄) = |z − z̄|2hσ〈σ(z, z̄)〉(αβ)H , F (αβ)N ,ϵ (z, z̄) = |z − z̄|2hσϵ 〈σϵ(z, z̄)〉(αβ)H , (123)

and z = exp(iπℓ/L). The amplitudes C1 and Cϵ in (122) are not universal quantities, but they
can be obtained with very high accuracy from a numerical analysis of the infinite Ising chain.
Here one can employ the free fermion techniques of [1] and the well-known analytical results
for the Rényi entropy of an interval in an infinite system [2,30] to obtain numerical fits for C1
and Cϵ, with great accuracy.

In our computational setup, the system sizes accessible through exact diagonalization are
limited to M ≤ 26 and for technical reasons we only consider even system sizes. With system
sizes of this order of magnitude, finite-size corrections are quite significant. In fact the finite-
size effects are still important even at the much larger system sizes (M ∼ 100 sites) accessible
through DMRG methods [57]. The most relevant corrections we have found arise from the
subleading scaling of the lattice twist operator, given in equation (122). The relative amplitude
of the subleading term with respect to the leading one scales like O

�

M−2hϵ/N
�

. Since we do
not have access, numerically, to system sizes large enough to suppress these corrections, it is
necessary to take into account the first two terms in the expansion of (122) to find a good
agreement with the lattice data. Such subleading contributions to the lattice twist operator
have previously been understood, through the path-integral formalism on the corresponding
replicated surface, under the name of “unusual corrections” [75,89].

5.2.1 Scaling functions for the entropy S(+−)N

In the critical Ising model, the only primary BCCO between the boundary conditions α = +
and β = − has dimension hϵ = 1/2, and thus we denote Ψ(+−) = Ψϵ. Here, we set g = 4/3
in (25), so that the central charge is c = 1/2, and h12 = 1/2. In the limits Arg(z) → 0
and Arg(z) → π, for any twisted operator σφ , the boundary OPEs reduce to σφ

�

�

+ → 1 and

σφ
�

�

−→ 1, respectively. As a consequence, for both F (+−)N and F (+−)N ,ϵ , only the conformal block
with intermediate state Ψk = 1 contributes in the expansion (24), and thus, in each case, the
scaling function is given by the solution of the ODE associated to the local exponent 0 at ζ→ 1
or ζ→ 0.

The case N = 2. The scaling function F (+−)2 obeys the hypergeometric equation (86)

ζ(ζ− 1)F ′′(ζ)− 2
3(2ζ− 1)F ′(ζ) + 2

3 F(ζ) = 0 . (124)

The solution with local exponent 0 at ζ→ 1 can be determined by the Frobenius method. It
turns out that the linear recursion for the coefficients yields a sequence (an) which vanishes
for n> 2. We obtain

F1(ζ) = 1− (1− ζ) + (1− ζ)2 = 1− ζ(1− ζ) . (125)
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In terms of the variable θ = Arg(z), we have ζ= cos2(θ/2), which yields

F1

�

cos2 θ

2

�

= 1− 1
4 sin2 θ . (126)

The physical solution is then given by F1, up to a multiplicative factor, which is determined by
the BCs (14). We obtain:

F (+−)2

�

reiθ , re−iθ
�

=
p

2
�

1− 1
4 sin2 θ
�

. (127)

Similarly, for F (+−)2,ϵ , after setting g = 4/3 and bh= hσϵ = 9/32 in the fourth-order equation
(97), we consider the solution with local exponent 0, and apply the Frobenius method. This
yields the function

F1(ζ) = 1− 9ζ(1− ζ) . (128)

Using the BCs (19), we obtain

F (+−)2,ϵ (reiθ , re−iθ ) =
p

2
�

1− 9
4 sin2 θ
�

. (129)

The case N = 3. With a similar approach, we solve the third-order ODE (113) and the BCs
(14) for F (+−)3 , and we obtain

F (+−)3 (reiθ , re−iθ ) = 2
�

1− 4
9 sin2 θ
�

. (130)

In contrast, we do not have an ODE for F (+−)3,ϵ , but we can obtain its expression as follows.
Using the multiplicities found in [79], we have the fusion rules in the Z3 orbifold of the Ising
CFT:

σϵ ×σϵ → 1 , Ψϵ ×Ψϵ → 1 , Ψϵ ×σϵ → σ(2) . (131)

Hence, there is only one conformal block of the form (23). This means that the conformal
blocks in the three possible channels are all proportional. For the rescaled conformal blocks,
we have

J(η) =
Ψϵ(∞)

Ψϵ(0)

�

1
−−−−−−
�σ†

ϵ(1)

σϵ(η)
∝

Ψϵ(∞)

Ψϵ(0) �

σ(2)

−−
−−
−−
�

σ†
ϵ(1)

σϵ(η)
∝

Ψϵ(0)

Ψϵ(∞) �

σ(2)

−−
−−
−−
�

σ†
ϵ(1)

σϵ(η)
. (132)

The local exponents at η → 0 and η → 1 are µ = −hΨϵ − hσϵ + hσ(2) = −1 and −2hσϵ ,
respectively. Hence, the function defined as

K(η) := η (η− 1)2hσϵ J(η) , (133)

is an entire function on C. In the limit η→∞, one has

J(η) ∝
η→∞

ηhΨϵ−hσϵ−h
σ(2) ⇒ K(η) ∝

η→∞
η−2µ = η2 . (134)

Thus, K(η) is a polynomial of degree two. Due to the symmetry J(1/η) = η2hσϵ J(η), the
polynomial K(η) is of the form

K(η) = a(η2 + 1) + bη . (135)

Using the OPE at η→ 1, for generic N

σϵ(η)σ
†
ϵ(1) = (η− 1)−2hσϵ1+

2hσϵ
Nc
(η− 1)−2hσϵ+2 T (0)(1) + . . . , (136)
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we obtain the expansion

J(η) = (η− 1)−2hσϵ +
2hσϵ
Nc
〈Ψϵ|T (0)(1)|Ψϵ〉 (η− 1)−2hσϵ+2 + . . . (137)

The expectation value is easily computed:

〈Ψϵ|T (0)(1)|Ψϵ〉= Nhϵ =
3
2

. (138)

This yields

K(η) = η+
4
9
(η− 1)2 = η
�

1− 16
9 sin2 θ
�

. (139)

Finally, by imposing the BC (14), we obtain

F (+−)3,ϵ (reiθ , re−iθ ) = 2
�

1− 16
9 sin2 θ
�

. (140)

5.2.2 Scaling functions for the entropy S(+ f )
N

Here also, there is only one primary BCCO between the boundary conditions α= + and β = f ,
and it has dimension hs = 1/16. Hence, we denote the replicated BCCO as Ψ(+ f ) = Ψs. We set
g = 3/4 in (25), so that c = 1/2 and h12 = 1/16. Since, in the limit Arg(z)→ 0, we have the
OPE σφ
�

�

+ → 1, only the conformal block with intermediate state Ψk = 1 contributes to the
scaling function.

The case N = 2. The scaling function F (+ f )
2 obeys the hypergeometric equation (86)

ζ(ζ− 1)F ′′(ζ) + 1
2(2ζ− 1)F ′(ζ)− 1

16 F(ζ) = 0 . (141)

We perform the change of variable f (θ ) = F[cos2(θ/2)], which yields the regular ODE

f ′′(θ ) + 1
16 f (θ ) = 0 . (142)

The unique solution which obeys the BCs (14) is given by

F (+ f )
2

�

reiθ , re−iθ
�

=
p

2 cos
θ

4
. (143)

For F (+ f )
2,ϵ , we set g = 3/4 and bh = hσϵ = 9/32 in the fourth-order equation (97). The

scaling function is then given by

F (+ f )
2,ϵ

�

reiθ , re−iθ
�

=
p

2cos
3θ
4

. (144)

Indeed, one can easily verify that it solves the ODE, and obeys the BCs (19).

The case N = 3. For the scaling function F (+ f )
3 , the third-order ODE (113) and the BC (14)

yield

F (+ f )
3

�

reiθ , re−iθ
�

= 2cos
θ

3
. (145)

For the scaling function F (+ f )
3,ϵ , we have not derived an ODE. In this case, the multiplicities

computed in [79] yield the fusion rules

σϵ ×σϵ → 1+ [1,ϵ,ϵ] , Ψs ×Ψs→ 1+ [1,ϵ,ϵ] , Ψs ×σϵ → σs +σ
(2)
s . (146)
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Hence, the space of conformal blocks is two-dimensional. We assume that these conformal
blocks obey a second-order Fuchsian ODE. Then, the above fusion rules yield the local expo-
nents of the ODE for F (+ f )

3,ϵ , in terms of the variable ζ:

0 1 ∞
0 0 2

3
1
2

1
2 −2

3

. (147)

These are exactly the local exponents of the hypergeometric ODE (A.12), with parameters
a = 2

3 and b = 0. Changing variables to ζ = cos2(θ/2), we find that the function cos(2θ/3)
corresponds to the solution with local exponent 0 at ζ → 1. By imposing the BC (19), we
obtain

F (+ f )
3,ϵ

�

reiθ , re−iθ
�

= 2 cos
2θ
3

. (148)

6 The critical three-state Potts model

6.1 The lattice quantum chain

A natural extension of the Ising chain, the three-state Potts model allows the spins at each site
to take one of three possible values {R, G, B}, which we can also conveniently parametrize by
third roots of unity {1,ω, ω̄}, with ω = exp(2πi/3). The Hamiltonian of the three-state Potts
model, tuned to its bulk critical point [90–92] is given by:

Hαβ = −v





M−1
∑

j=1

�

Z j Z
†
j+1 + Z†

j Z j+1

�

+
M−1
∑

j=2

�

X j + X †
j

�

+H(α)1 +H(β)M



 , (149)

where v =
p

3/(2π3/2) is the conformal normalization factor [92] and the operators Z j and
X j act at site j as:

Z =





1 0 0
0 ω 0
0 0 ω2



 , X =





0 1 0
0 0 1
1 0 0



 . (150)

The terms H(α)1 and H(β)M set the BCs at the ends of the chain. For the purpose of this analysis,
we will set fixed BC of type R at site M and restricted boundary conditions of type {G, B} at
site 1 – the spin at site 1 is forbidden from taking the value R. This is implemented through
the boundary terms:

H(R) = h





1 0 0
0 0 0
0 0 0



 , H(GB) = h





−1 0 0
0 1 0
0 0 1



 . (151)

The critical points of interest for the boundaries correspond to h= +∞. However, for any
h > 0, the boundaries will flow towards the same critical points, up to irrelevant boundary
perturbations [93]. These are typically inconsequential when h takes a large positive value.
Alternatively, one can implement |h|=∞ by simply restricting the local Hilbert spaces of the
boundary sites to exclude the {G, B} and {R} configurations on the left and right boundary,
respectively.
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Table 2: Spectrum of scalar primary operators in the three-state Potts CFT.

Operator Conformal dimension Z3 charge
1 0 0

ϵ ≡ φ12
2
5 0

X ≡ φ13
7
5 0

φ14 3 0
s, s† ≡ φ33

1
15 ±1

ψ,ψ† ≡ φ34
2
3 ±1

6.2 The boundary CFT

The scaling limit of this critical chain is captured by the D-series BCFT M(6,5) with cen-
tral charge c = 4/5 and a bulk primary operator spectrum that contains the scalar op-
erators given in Table 2 as well as the non-scalar operators with conformal dimensions
(h, h̄) = (2/5,7/5), (7/5,2/5), (3,0), (0,3). One can, as shown in Table 2, assign a Z3 charge
to the scalar operators, and their respective conformal families, that is consistent with the fu-
sion rules between them. The conjugation in Table 2 is thus used to distinguish the operators
with the same conformal dimension, but opposite Z3 charge.

In the scaling limit, the fixed and restricted boundary critical points will correspond, natu-
rally, to the fixed and restricted3 conformal boundary states [53,94]. The conformal boundary
states are labelled by the primary operators of Table 2, and they can be expressed in terms of
the Ishibashi states |φ〉〉 as

|1〉=N [(|1〉〉+ |ψ〉〉+ |ψ†〉〉) +λ(|ϵ〉〉+ |s〉〉+ |s†〉〉)] (fixed R) ,

|ψ〉=N [(|1〉〉+ω|ψ〉〉+ ω̄|ψ†〉〉) +λ(|ϵ〉〉+ω|s〉〉+ ω̄|s†〉〉)] (fixed G) ,

|ψ†〉=N [(|1〉〉+ ω̄|ψ〉〉+ω|ψ†〉〉) +λ(|ϵ〉〉+ ω̄|s〉〉+ω|s†〉〉)] (fixed B) ,

|ϵ〉=N [λ2(|1〉〉+ |ψ〉〉+ |ψ†〉〉)−λ−1(|ϵ〉〉+ |s〉〉+ |s†〉〉)] (restricted GB) ,

|s〉=N [λ2(|1〉〉+ω|ψ〉〉+ ω̄|ψ†〉〉)−λ−1(|ϵ〉〉+ω|s〉〉+ ω̄|s†〉〉)] (restricted RB) ,

|s†〉=N [λ2(|1〉〉+ ω̄|ψ〉〉+ω|ψ†〉〉)−λ−1(|ϵ〉〉+ ω̄|s〉〉+ω|s†〉〉)] (restricted RG) ,

(152)

where

N =
√

√ 2
p

15
sin
π

5
, λ=

√

√sin(2π/5)
sin(π/5)

. (153)

Due to the Z3 symmetry of the Hamiltonian, we have some freedom to set which con-
formal boundary state corresponds to the fixed boundary condition R in the chain. However,
this uniquely determines the CFT boundary state that corresponds to the restricted boundary
conditions GB. This can be understood by considering the spectrum of boundary operators
that interpolate between these conformal BC [56], and ensuring the results are consistent
with the underlying Z3 symmetry. In our case, choosing fixed R ↔ |1〉 forces us to assign
restricted GB↔ |ϵ〉. The most relevant boundary operator interpolating between these BCs
is ψ(GB,R)

12 [56], with conformal dimension hϵ = 2/5.
The ground state degeneracies read [91]

gR =

�

5−
p

5
30

�
1
4

, gGB = 2gR cos(π/5) . (154)

3In [53] they are referred to as “mixed” BC.
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6.3 Determination of an entropy scaling function

In this section, we illustrate the calculation of the scaling function F (αβ)N ,ϵ for N = 2, in the
critical three-state Potts chain with boundary conditions α = GB on the left boundary and
β = R on the right. This function determines the subleading contributions to the Rényi entropy
S(GB,R)

2 , arising from the composite twist operator σϵ, where ϵ is the energy operator of the
Potts model. Hence, the mother BCFT is the Virasoro minimal model M(6,5), and in Kac
notation, we have ϵ = φ12.

Setting g = 6/5 and bh= hσ + hϵ/2= 1/4 in (97), we obtain the ODE

− 24[18ζ(ζ− 1) + 7]F(ζ) + 6(2ζ− 1)[44ζ(ζ− 1) + 7]F ′(ζ)

− 30ζ(ζ− 1)[9ζ(ζ− 1) + 4]F ′′(ζ) + 375[ζ(ζ− 1)]2(2ζ− 1)F (3)(ζ)

+ 250[ζ(ζ− 1)]3F (4)(ζ) = 0 .

(155)

The Riemann scheme (99) yields
0 1 ∞
0 0 −8

5
7
10

7
10 −3

5
7
5

7
5 1

12
5

12
5 −9

5

. (156)

The solutions around ζ = 0 are obtained in terms of a power series, using the Frobenius
method. They take the form

Fk(1− ζ) = ζγk

∞
∑

n=0

ak,nζ
n , with ak,0 = 1 . (157)

To determine the coefficients ak,n, it is convenient to rewrite the ODE using the differential
operator θ = ζ∂ζ. It takes the form

�

P0(θ ) + ζP1(θ ) + ζ
2P2(θ ) + ζ

3P3(θ )
�

·F = 0 , (158)

with
P0(θ ) = −θ (5θ − 12)(5θ − 7)(10θ − 7)

P1(θ ) = 6(5θ − 7)(4+ 21θ − 65θ2 + 25θ3)

P2(θ ) = −3(5θ − 8)
�

18− 13θ − 95θ2 + 50θ3
�

P3(θ ) = 2(θ + 1)(5θ − 9)(5θ − 8)(5θ − 3) .

(159)

The local exponents γk are the roots of the characteristic polynomial P0:

γ1 = 0 , γ2 =
7

10
, γ3 =

7
5

, γ4 =
12
5

, (160)

and they correspond to the first and second column of (156). The coefficients ak,n are given
by the linear recursion relation (where, by convention, ak,n = 0 if n< 0):

ak,n = −
P1(γk + n− 1)ak,n−1 + P2(γk + n− 2)ak,n−2 + P3(γk + n− 3)ak,n−3

P0(γk + n)
, (161)

provided P0(γk + n) does not vanish for n ≥ 1. This condition holds except for the case
γ4 = γ3 + 1, which can be traced back to the degenerate fusion σφ × σφ → 2Ψ13. In par-
ticular for F3 we have P0(γ3 + 1) = P1(γ3) = 0, and a3,1 becomes a free parameter (changing
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the value of a3,1 amounts to adding a multiple of F4 to F3). The actual physical solution
corresponds to a certain choice of a3,1, while F4 is unphysical.

From the above recursion relation one can obtain the series expansion of all solutions (157)
to a high order with minimal computational cost. For instance, for k = 1, the first coefficients
a1,n of the series are

1,−4,
24
13

,
98

299
,

553
3887

,
13566
167141

,
10826144
203744879

,

7703652
203744879

,
423213759

14873376167
,

27519615504
1234490221861

,
5654297376

314101062367
, . . .

(162)

The truncated power series are accurate enough to evaluate the functions Fk(ζ) to arbitrary
precision, provided that |ζ| does not approach 1 too closely. For values of ζ near 1, the other
basis of solutions Fk(ζ) can be used instead.

In the determination of the physical scaling function, a huge simplification occurs, since
the boundary condition α= R is incompatible with the boundary operator ψ13, and hence the
OPE as Arg(z)→ π simplifies to

σϵ(z, z̄)
�

�

�

R
→ 1(R,R) . (163)

This implies that, out of the four independent solutions to the ODE in the domain |ζ|< 1, only
F1(1− ζ) contributes, and we get

F (GB,R)
2,φ (z, z̄) = µ1 F1(1− ζ) . (164)

The constant µ1 is given by

µ1 =A(R)σϵ ,1 B
(R,R,GB)
Ψ12,1,Ψ12

, A(R)σϵ ,1 = g−1
R A(R)ϵ,1 , B(R,R,GB)

Ψ12,1,Ψ12
= 1 , (165)

where the universal boundary entropy and the bulk-boundary structure constant for ϵ in the
M(6,5) BCFT read, respectively [91,94,95]:

gR =

�

5−
p

5
30

�
1
4

, A(R)ϵ,1 =

�

1+
p

5
2

�
3
2

. (166)

It may be possible to obtain a simpler ODE by exploiting the null vectors of σϵ. According
to conformal block counting through the orbifold Verlinde formula [44], the optimal ODE is
expected to be of third order. However, we have not derived this optimal ODE; instead, we
work with the generic fourth-order ODE derived earlier.

The fourth order ODE used here for the Potts model is not optimal. Using the optimal
third order ODE would remove the degeneracy of the solution corresponding to the exponent
γ3 and allow to determine directly the physical solution. Alternatively, the physical solution
can be determined by demanding that F3(1− ζ) can be expressed as a linear combination of
Fk(ζ) for k ≤ 3.

7 Conclusion

In this article, we have outlined a general method for computing Rényi entropies in the ground
state of a one-dimensional critical system with mixed open boundaries, specifically for an
interval starting at one of its ends. Given the significant finite size effects in open chains,
we also examined the leading finite-size correction, which results from subleading scaling
operators in the expansion of the lattice twist operators. Within the conformal field theory
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framework, this involves computing certain three-point functions on the upper-half plane in
the ZN cyclic orbifold: two boundary condition changing operators, and one twist operator
(bare or excited).

To achieve this, we derived Fuchsian differential equations satisfied by these correlation
functions, by exploiting the null-vectors of the twisted and untwisted representations of its
symmetry algebra OVirN , along with Ward identities obtained from the additional conserved
currents of the theory. The Frobenius method then systematically provides a way to find power
series solutions to these differential equations. The correlation functions are obtained as partic-
ular linear combinations of these conformal blocks, with coefficients given by certain boundary
and bulk-boundary structure constants.

Among the cases we have analysed are the leading and subleading contributions to the one-
interval second and third Rényi entropies of the Ising model, and the second Rényi entropy
for the three-state Potts model. We have also derived differential equations for mixed BC twist
correlators in the Z2 and Z3 orbifolds of generic BCFTs, as well as an explicit solution for the
second Rényi entropy.

We analyzed the CFT results, incorporating the first subleading correction, and compared
them with numerical data for the critical Ising and three-state Potts spin chains. In both cases,
we found remarkable agreement across all mixed boundary condition choices, despite the
constraints of limited system sizes. Expanding to larger system sizes could be possible through
advanced numerical approaches such as DMRG [96,97] or tensor network methods [68].

An important limitation of our method, first identified in [45], is that obtaining a differ-
ential equation becomes increasingly difficult as the Rényi index N is increased. We have
verified, using the fusion rules in [79], that the expected order of the ODEs grows with N
for generic minimal models, indicating that more orbifold Ward identities will be needed to
obtain the ODEs. Given this growing algebraic complexity with increasing N , it is natural to
question whether the orbifold formulation offers any real advantage over the unfolded pic-
ture. In fact, for small values of N and a limited number of branch points, it might be feasible
to reduce the dependence on moduli to a single variable even in the unfolded setting. This
has been achieved in a few simple settings, typically when the covering space is a torus [98]
or an annulus [60]. However, the orbifold framework provides a natural and systematic way
to perform this reduction: the symmetry of the covering space and the structure of the twist
fields effectively encode the necessary information, and the problem is automatically recast
into a single-variable framework. This is precisely the motivation behind our use of twist
operators, and we believe it represents the main strength of the approach. Importantly, we
believe that the complexity we encounter is intrinsic to the problem and would arise in the
unfolded picture as well—only there it would be further complicated by the need to navigate
a higher-dimensional moduli space. In this regard, the orbifold method has a clear advan-
tage: the reduction in moduli is built into the formalism, so only the algebraic (as opposed to
geometric) difficulties remain to be tackled.

A possible extension of this work would be to generalize the setup for the calculation of
Rényi entropies of an interval contained in the bulk, with mixed BC. However, in this situation,
one would have to find a partial differential equation that a four-point function with two twist
fields and two BCCOs satisfies. Cardy’s doubling trick tells us that such a correlator is given by
a linear combination of six-point conformal blocks on the complex plane, so the corresponding
differential equation would be partial instead of ordinary.
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A Hypergeometric differential equation

In this Appendix, we recall some useful facts about the hypergeometric differential equation.
Euler’s hypergeometric differential equation is given by

η(η− 1) f ′′(η) + [(a+ b+ 1)η− c] f ′(η) + ab f (η) = 0 , (A.1)

and it has the following Riemann scheme:

0 1 ∞
0 0 a

1− c c − a− b b
. (A.2)

The solutions are constructed using Gauss hypergeometric function

2F1(a, b; c|η) =
∞
∑

n=0

(a)n(b)nηn

(c)nn!
, (q)n = q(q+ 1) · · · (q+ n− 1) . (A.3)

Following the conventions of [99], we give a standard basis of solutions to (A.1) around the
singular point η= 0:

I1(η) = 2F1(a, b; c | η) ,

I2(η) = η
1−c

2F1(b− c + 1, a− c + 1; 2− c | η) ,
(A.4)

and around η= 1:

K1(η) = 2F1(a, b; a+ b− c + 1 | 1−η) ,

K2(η) = (1−η)c−a−b
2F1(c − b, c − a; c − a− b+ 1 | 1−η) .

(A.5)

The two bases of solutions are linearly related by

Ii(η) =
2
∑

j=1

Pi jK j(η) , (A.6)

with the fusing matrix P

P =

�

Γ (c)Γ (d)
Γ (c−a)Γ (c−b)

Γ (c)Γ (−d)
Γ (a)Γ (b)

Γ (2−c)Γ (d)
Γ (1−a)Γ (1−b)

Γ (2−c)Γ (−d)
Γ (1−c+a)Γ (1−c+b)

�

, (A.7)

and its inverse:

P−1 =

�

Γ (1−c)Γ (1−d)
Γ (1−c+a)Γ (1−c+b)

Γ (c−1)Γ (1−d)
Γ (a)Γ (b)

Γ (1−c)Γ (1+d)
Γ (1−a)Γ (1−b)

Γ (c−1)Γ (1+d)
Γ (c−a)Γ (c−b)

�

, (A.8)

expressed in terms of Euler’s Gamma function Γ , with d = c− a− b. Note that P−1 is obtained
from P by the change (a, b, c, d)→ (a, b, 1− d, 1− c).

If the parameters of the hypergeometric equation satisfy the relation c = a − b + 1, then
the rescaled function y(η) = ηa/2 f (η) has Riemann scheme

0 1 ∞
a/2 0 a/2

b− a/2 1− 2b b− a/2
, (A.9)
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and therefore, it has the same local exponents at 0 and∞. Correspondingly, in terms of the
operator θ = η∂η, the ODE for y reads

h

(η− 1)θ2 + b(η+ 1)θ +
a
4
(2b− a)(η− 1)

i

y(η) = 0 , (A.10)

and it is invariant under η 7→ 1/η. We now introduce the change of variables

y(η)→ F

�

(1+pη)2

4
p
η

�

, (A.11)

which yields the differential equation for the function F

ζ(ζ− 1)F ′′(ζ) +
1
2
(2b+ 1)(2ζ− 1)F ′(ζ) + a(2b− a) F(ζ) = 0 . (A.12)

This is the hypergeometric equation, with modified parameters

ea = a , eb = 2b− a , ec = b+
1
2

. (A.13)

We obtain the two bases of solutions (eI1,eI2) and (eK1, eK2) to (A.12), by substituting
(a, b, c)→ (ea,eb,ec) in (A.4–A.5). This yields

eI1(ζ) = 2F1(a, 2b− a; b+ 1/2 | ζ) , eK1(ζ) = eI1(1− ζ) , (A.14)

eI2(ζ) = ζ
1/2−b

2F1(1/2+ a− b, 1/2− a+ b; 3/2− b | ζ) , eK2(ζ) = eI2(1− ζ) . (A.15)

Let us describe the limiting behaviour of these solutions as ζ → 0 and ζ → 1 in the regime
b < 1/2. Clearly one has eI1(0) = 1, whereas eI2(0) = 0. To study the behaviour at ζ→ 1, we
use the change of basis

eIi(ζ) = ePi1 eI1(1− ζ) + ePi2 eI2(1− ζ) , i ∈ {1,2} , (A.16)

where ePi j denotes the matrix element of (A.7) after substituting (a, b, c) → (ea,eb,ec). On the
right-hand side, one has eI1(0) = 1 and eI2(0) = 0. Thus we simply get limζ→1 eIi(ζ) = ePi1.

To summarise, in the regime b < 1/2, the functions eI1,eI2 are continuous in ζ on the interval
[0,1], with limiting values

eI1(0) = 1 , eI1(1) =
1
π
Γ (b+ 1/2)Γ (3b+ 1/2) cosπ(a− b) , (A.17)

eI2(0) = 0 , eI2(1) =
Γ (3/2− b)Γ (3b+ 1/2)
Γ (1− a)Γ (1− 2b+ a)

. (A.18)

B Change of variable for Fuchsian differential equations

In Appendix A, we have shown that, if the hypergeometric ODE in the variable η is invariant
(after proper rescaling) under η 7→ 1/η, then the ODE expressed in the variable

ζ(η) =
(1+pη)2

4
p
η

(B.1)

is also a hypergeometric ODE, with modified parameters. In the present section, we shall
extend this result to any Fuchsian ODE which is invariant under η 7→ 1/η.
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Consider a generic ODE of Fuchsian type in the variable η, with singularities at η = 0, 1
and∞. That is to say an ODE of the form
�

ηn(η− 1)n∂ n
η +η

n−1(η− 1)n−1p1(η)∂
n−1
η + . . .+ pn(η)

�

y(η) = 0 , (B.2)

where each p j(η) is a polynomial of degree at most j. We assume that the ODE is invariant
under η 7→ 1/η.

First, we rewrite the ODE in terms of the operator θ = η∂η. Using the identity

η j∂ j
η = θ (θ − 1) · · · (θ − j + 1) , (B.3)

the ODE (B.2) takes the form
�

(η− 1)nθ n + (η− 1)n−1q1(η)θ
n−1 + . . .+ qn(η)

�

y(η) = 0 , (B.4)

where each q j(η) is a polynomial of degree at most j. Invariance of the ODE under η 7→ 1/η
means that q j(η) is of the form

q j(η) =
j
∑

k=0

q j,k η
k , with q j, j−k = q j,k . (B.5)

Moreover, for any non-negative integer m, we have

ηm/2 +η−m/2 = 2 Tm(2ζ− 1) , (B.6)

where Tm is the m-th Chebyshev polynomial of the first kind. We can thus rewrite q j(η) as

q j(η) = η
j/2Q j(ζ) , where Q j(ζ) =

j
∑

k=0

q j,k T| j−2k|(2ζ− 1) , (B.7)

and, by construction, Q j(ζ) is a polynomial of degree at most j, and it is invariant under
ζ→ 1− ζ. Hence, we can rewrite the ODE (B.2) as
h
�

4
Æ

ζ(ζ− 1)
�n
θ n +
�

4
Æ

ζ(ζ− 1)
�n−1

Q1(ζ)θ
n−1 + . . .+Qn(ζ)

i

F(ζ) = 0 , (B.8)

where we have applied the change of functions y(η) = F[ζ(η)]. Now, we need to express the
action of θ in terms of ∂ζ. Using the relation

θ =

p

ζ(ζ− 1)
2

∂ζ , (B.9)

one obtains by induction that, for any integer j ≥ 1, θ j is of the form

θ j =
j
∑

k=1

2− jβ jk(ζ)
�Æ

ζ(ζ− 1)
�2k− j

∂ k
ζ , (B.10)

where each β jk(ζ) is a polynomial of degree at most ( j − k). The polynomials β jk(ζ) are
determined by the recursion relation

β11(ζ) = 1 , β j+1,k(ζ) = β j,k−1(ζ) +
�

(2k− j)(ζ− 1/2) + ζ(ζ− 1)∂ζ
�

β jk(ζ) , (B.11)

where by convention β jk(ζ) = 0 if k /∈ {1, . . . , j}. Using this recursion, we obtain that
β jk(1− ζ) = (−1)kβ jk(ζ). Finally, we introduce the polynomials

Pn(ζ) =Qn(ζ) , and Pk(ζ) =
n
∑

j=n−k

2 jβ j,n−k(ζ)Qn− j(ζ) , for k = 1, . . . , n− 1 , (B.12)
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and we end up with the ODE in the variable ζ:
�

[ζ(ζ− 1)]n∂ n
ζ + [ζ(ζ− 1)]n−1P1(ζ)∂

n−1
ζ + . . .+ Pn(ζ)

�

F(ζ) = 0 . (B.13)

The ODE (B.13) is Fuchsian, since each Pk(ζ) is a polynomial of degree at most k. Moreover,
using the property Pk(1−ζ) = (−1)n−kPk(ζ), we find that this ODE is invariant under ζ→ 1−ζ.

C Derivation of the ODE for 〈Ψ12 ·σ ·Ψ12〉 in the Z3 orbifold

We present in this section all the orbifold Ward identities and null-vector conditions we used
to derive the third-order differential equation (34).

The Ward identities

We derive linear relations between correlators of the form

〈Ψ′12|σ
†(1)σ(η)|Ψ′′12〉 , (C.1)

where Ψ′12 and Ψ′′12 are descendants of Ψ12 under OVirN . For this, we consider closed-contour
integrals of the form
∮

dz(z − 1)m2+1(z −η)m3+1zm4+1 〈Ψ′12(∞)T
(r)(z)σ†(1)σ(η)Ψ′′12(0)〉 , (C.2)

where m2 ∈ Z+ r/N , m3 ∈ Z− r/N , and m4 ∈ Z. Applying the Cauchy theorem on the above
integral yields a linear relation of the form
∞
∑

p=0

ap(η)〈(L
(r)
m1+pΨ

′
12)(∞)σ

†(1)σ(η)Ψ′′12(0)〉=
∞
∑

p=0

�

bp(η)〈Ψ′12(∞)(L
(r)
m2+pσ

†)(1)σ(η)Ψ′′12(0)〉

+cp(η)〈Ψ′12(∞)σ
†(1)(L(r)m3+pσ)(η)Ψ

′′
12(0)〉+ dp(η)〈Ψ′12(∞)σ

†(1)σ(η)(L(r)m4+pΨ
′′
12)(0)〉
�

,

(C.3)

where m1 = −m2−m3−m4−2, and the functions ap, bp, cp, dp are the Taylor-series coefficients
of simple power functions of (z,η), whose exponents are defined in terms of m1, . . . , m4. For
instance:

(1− z)m2+1(1−ηz)m3+1 =
∞
∑

p=0

ap(η) z
p , (z − 1)m2+1(z −η)m3+1 =

∞
∑

p=0

dp(η) z
p . (C.4)

In particular, here we shall set N = 3 and m2, m3 ≥ −1/3, and thus, due to the null-vector
condition L(1)−1/3 ·σ = 0 and its counterpart for σ†, the first and second terms in the RHS of
(C.3) vanish.

Ward 1 Setting Ψ′12 = Ψ
′′
12 = L(1)−1Ψ12, and (m1, m2, m3, m4) = (−1, 1/3,−1/3,−1) and r = 1

in (C.2) yields a linear relation of the form

a0|1〈Ψ12|(L
(1)
1 )

2σ†(1)σ(η)L(1)−1|Ψ12〉+ a1|1〈Ψ12|L
(1)
1 L(1)0 σ

†(1)σ(η)L(1)−1|Ψ12〉 (C.5)

= d0|1〈Ψ12|L
(1)
1 σ

†(1)σ(η)L(1)−1 L(1)−1|Ψ12〉+ d1|1〈Ψ12|L
(1)
1 σ

†(1)σ(η)L(1)0 L(1)−1|Ψ12〉 .

Ward 2 Setting Ψ′12 = Ψ12,Ψ′′12 = (L
(1)
−1)

2Ψ12, (m1, m2, m3, m4) = (−1,1/3,−1/3,−1) and
r = 1 in (C.2) yields a linear relation of the form

a0|2〈Ψ12|L
(1)
1 σ

†(1)σ(η)(L(1)−1)
2|Ψ12〉

= d0|2〈Ψ12|σ†(1)σ(η)(L(1)−1)
3|Ψ12〉+ d1|2〈Ψ12|σ†(1)σ(η)L(1)0 (L

(1)
−1)

2|Ψ12〉

+ d2|2〈Ψ12|σ†(1)σ(η)L(1)1 (L
(1)
−1)

2|Ψ12〉+ d3|2〈Ψ12|σ†(1)σ(η)L(1)2 (L
(1)
−1)

2|Ψ12〉 .

(C.6)
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Ward 3 Setting Ψ′12 = (L
(1)
−1)

2Ψ12,Ψ′′12 = Ψ12, (m1, m2, m3, m4) = (−1,1/3,−1/3,−1) and
r = 1 in (C.2) yields a linear relation of the form

d0|3〈Ψ12|(L
(1)
1 )

2σ†(1)σ(η)L(1)−1|Ψ12〉

= a0|3〈Ψ12|(L
(1)
1 )

3σ†(1)σ(η)|Ψ12〉+ a1|3〈Ψ12|(L
(1)
1 )

2 L(1)0 σ
†(1)σ(η)|Ψ12〉

+ a2|3〈Ψ12|(L
(1)
1 )

2 L(1)−1σ
†(1)σ(η)|Ψ12〉+ a3|3〈Ψ12|(L

(1)
1 )

2 L(1)−2σ
†(1)σ(η)|Ψ12〉 .

(C.7)

Ward 4 Setting Ψ′12 = Ψ12,Ψ′′12 = L(1)−1Ψ12, (m1, m2, m3, m4) = (0,−1/3,1/3,−2) and r = 2 in
(C.2) yields a linear relation of the form

d0|4〈Ψ12|σ†(1)σ(η)L(2)−2 L(1)−1|Ψ12〉+ d1|4〈Ψ12|σ†(1)σ(η)L(2)−1 L(1)−1|Ψ12〉

+ d2|4〈Ψ12|σ†(1)σ(η)L(2)0 L(1)−1|Ψ12〉+ d3|4〈Ψ12|σ†(1)σ(η)L(2)1 L(1)−1|Ψ12〉= 0 .
(C.8)

Ward 5 Setting Ψ′12 = L(1)−1Ψ12,Ψ′′12 = Ψ12, (m1, m2, m3, m4) = (−2,−1/3, 1/3,0) and r = 2 in
(C.2) yields a linear relation of the form

a0|5〈Ψ12|L
(1)
1 L(2)2 σ

†(1)σ(η)|Ψ12〉+ a1|5〈Ψ12|L
(1)
1 L(2)1 σ

†(1)σ(η)|Ψ12〉

+ a2|5〈Ψ12|L
(1)
1 L(2)0 σ

†(1)σ(η)|Ψ12〉+ a3|5〈Ψ12|L
(1)
1 L(2)−1σ

†(1)σ(η)|Ψ12〉= 0 .
(C.9)

Ward 6 Setting Ψ′12 = Ψ12,Ψ′′12 = L(1)−1Ψ12, (m1, m2, m3, m4) = (−1,−1/3,1/3,−1) and r = 2
in (C.2) yields a linear relation of the form

a0|6〈Ψ12|L
(2)
1 σ

†(1)σ(η)L(1)−1|Ψ12〉= d0|6〈Ψ12|σ†(1)σ(η)L(2)−1 L(1)−1|Ψ12〉

+ d1|6〈Ψ12|σ†(1)σ(η)L(2)0 L(1)−1|Ψ12〉+ d2|6〈Ψ12|σ†(1)σ(η)L(2)1 L(1)−1|Ψ12〉 .
(C.10)

Ward 7 Setting Ψ′12 = Ψ12,Ψ′′12 = L(2)−1Ψ12, (m1, m2, m3, m4) = (−1, 1/3,−1/3,−1) and r = 1
in (C.2) yields a linear relation of the form

a0|7〈Ψ12|L
(1)
1 σ

†(1)σ(η)L(2)−1|Ψ12〉= d0|7〈Ψ12|σ†(1)σ(η)L(1)−1 L(2)−1|Ψ12〉

+ d1|7〈Ψ12|σ†(1)σ(η)L(1)0 L(2)−1|Ψ12〉+ d2|7〈Ψ12|σ†(1)σ(η)L(1)1 L(2)−1|Ψ12〉 .
(C.11)

The null-vector conditions

The null-vector condition on ψ12 in the mother CFT reads

(g L−2 − L2
−1) ·ψ12 ≡ 0 . (C.12)

This yields, in the ZN orbifold
�

g L(r)−2 −
1
N

N−1
∑

s=0

L(s)−1 L(r−s)
−1

�

·Ψ12 ≡ 0 , (C.13)

for any r ∈ Z/N . In the present case, we set N = 3, and we get
�

3g L(0)−2 − L(0)−1 L(0)−1 − 2L(1)−1 L(2)−1

�

·Ψ12 ≡ 0 , (C.14)
�

3g L(1)−2 − L(2)−1 L(2)−1 − 2L(0)−1 L(1)−1

�

·Ψ12 ≡ 0 , (C.15)
�

3g L(2)−2 − L(1)−1 L(1)−1 − 2L(0)−1 L(2)−1

�

·Ψ12 ≡ 0 . (C.16)
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D Orbifold structure constants

In the orbifold BCFT, the operator algebra consists of OPEs of three types. First, there is the
operator subalgebra of bulk operators. We shall not directly use the structure constants of
this subalgebra in this work, but they have been discussed in [44, 45, 80, 100]. The second
type of OPE we need to consider in the orbifold BCFT, is the bulk-boundary OPE which encap-
sulates the singular behaviour of a bulk field as it approaches a conformal boundary. In our
calculations, we will only need to work with the OPEs of generic (primary) twist field σφ(z, z̄)
approaches a (diagonal) conformal boundary α:

σφ(x , y) ∼
y→0

∑

k

A(α)σφ ,Ψk
(2y)hΨk

−2hσφ
�

Ψααk (x) + . . .
�

, (D.1)

where the sum runs over all the diagonal primary boundary operators Ψ(αα)k =ψ(αα)k ⊗· · ·⊗ψ
(αα)
k ,

and the dots stand for their descendants under the neutral subalgebra [79]. We also need to
consider the OPEs of orbifold boundary operators. For generic diagonal BCCOs, this takes the
form

Ψ
(αβ)
i (x1)Ψ

(βγ)
j (x2) ∼x1→x2

∑

k

B(αβγ)Ψi ,Ψ j ,Ψk
(x1 − x2)

hk−hi−h j
�

Ψ
(αγ)
k (x2) + . . .
�

, (D.2)

for x1 > x2, and where the index k runs over all the primary orbifold BCCOs interpolating
between the conformal boundary conditions α and γ. In the present work we are only con-
cerned with untwisted boundary fields. The corresponding structure constants B(αβγ)Ψi ,Ψ j ,Ψk

are
straightforward to evaluate as they simply factorize into a linear combination of products of
mother BCFT three-point functions. Therefore, we will focus on the bulk-boundary structure
constants A(α)σφ ,Ψk

. These structure constants can be computed using factorization and unfold-

ing arguments, along the lines of [79], [84] and [100].
The main result derived in this appendix is that these orbifold structure constants are given

in terms of the mother theory data by

A(α)σφ ,Ψk
= g1−N

α N−Nhψk

¬

φ(0)ψ(αα)k (1)ψ(αα)k (ω) · · ·ψ(αα)k (ωN−1)
¶α

D
. (D.3)

Two particular cases are used in this paper:

• when Ψααk = 1, this simply becomes

A(α)σφ ,1 = g1−N
α A(α)

φ
, (D.4)

• for N = 2 and Φ= 1 this simplifies to

A(α)σ,Ψk
= g−1

α 2−2hψk

¬

ψ
(αα)
k (1)ψ(αα)k (−1)

¶α

D
= g−1

α 2−4hψk , (D.5)

provided the field ψk exists on the boundary α.

The derivation of (D.3) can be done in two steps. First, consider the bulk-boundary struc-
ture constant A(α)σ,1, which can be expressed as the following one-point function on the unit
disk D:

A(α)σ,1 = 〈σ(0)〉
α
D . (D.6)
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This can be interpreted as the following ratio of mother CFT partition functions:

〈σ(0)〉αD =
Z(α)DN
�

Z(α)D
�N , (D.7)

where DN denotes the N -th covering of the unit disk with a branch point at the origin. The
branched covering DN is conformally equivalent to the standard unit disk D, but features a
conical singularity at the origin. A careful treatment of the corresponding conformal anomaly
[101], however, reveals that

Z(α)DN
= Z(α)D , (D.8)

leading to the result

〈σ(0)〉αD =
�

Z(α)D
�1−N

. (D.9)

Additionally, the partition function Z(α)D is equal to the ground state degeneracy gα = 〈0|α〉,
which is defined as the overlap between the vacuum state |0〉 and the boundary state |α〉 in
the mother BCFT [91]. Consequently, we have

A(α)σ,Ψ1
= g1−N

α . (D.10)

This structure constant is responsible for the well-known universal additive correction log gα to
the boundary entanglement entropy [2]. Consider now the generic structure constant A(α)σφ ,Ψk

,
which is equal to the following correlation function on the unit disk:

A(α)σφ ,Ψk
=
¬

σφ(0)Ψ
(αα)
k (1)
¶α

D
. (D.11)

Now the ratio of correlation functions
¬

σφ(0)Ψ
(αα)
k (1)
¶α

D

〈σ(0)〉αD
, (D.12)

can be interpreted as a correlation function in the mother theory involving N boundary fields
ψ
(αα)
k and one bulk field φ on the N -sheeted branched covering DN . This covering can be

uniformized to the standard unit disk via the holomorphic map z→ z1/N , leading to
¬

σφ(0)Ψ
(αα)
k (1)
¶α

D

〈σ(0)〉αD
= N−Nhψk

¬

φ(0)ψ(αα)k (1)ψ(αα)k (ω) · · ·ψ(αα)k (ωN−1)
¶α

D
. (D.13)

Substituting 〈σ(0)〉αD = gN−1
α yields the announced result.

We note that the structure constant (D.5) can also be obtained from the result of [60] for
the twist 2-point function on the unit disc with conformal BC α. This two-point function is

〈σ(0)σ(x)〉D = g−2
α 2−c/3[|x |2(1− |x |2)]−2hσZα|α(τ) , (D.14)

where Zα|α(τ) is the annulus partition function with boundary conditions α on both boundary
components. The annulus has perimeter 1, and real width −iτ/2, where τ is given by

τ(|x |) = i
2 F1

�1
2 , 1

2 , 1; 1− |x |2
�

2 F1

�1
2 , 1

2 , 1; |x |2
� . (D.15)

The limit |x | → 1 corresponds to τ→ 0 and

q̃ = e−2iπ/τ ∼
�

1− |x |2

16

�2

→ 0 . (D.16)
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Using
Zα|α(τ) =
∑

k

nk
ααχk(−1/τ) , (D.17)

and in the absence of degeneracies (nk
αα ∈ {0,1}), one finds that the conformal block of

〈σ(0)σ(x)〉D corresponding to the bulk-to-boundary fusionσφ(x) ∼
|x |→1

(1−|x |2)−2hσ+hΨkA(α)σφ ,Ψk
Ψk

is proportional to
[|x |2(1− |x |2)]−2hσnk

ααχk(−1/τ) , (D.18)

and one can read off the corresponding structure constant, namely
�

A(α)σ,Ψk

�2
= g−2

α 2−8hΨk nk
αα . (D.19)

We thus recover (D.5) when nk
αα = 1.

E Alternative derivation of scaling functions in the Ising CFT

In this section, we will derive the bare and excited twist contributions to the second and third
Rényi entropy in the critical Ising chain with fixed mixed BC α= +,β = −.

In the Ising BCFT, the boundary field that interpolates between the corresponding confor-
mal BC |±〉 is the operator ψ(+−)ϵ , with conformal dimension h = 1/2. The most straightfor-
ward approach to this computation is to use equation (22), as was done in [57], to obtain the
leading scaling function F (+−)N . Indeed the 2N -points correlation function in the numerator
of (22) can be obtained rather simply using Wick’s theorem, bosonization or even Jack poly-
nomials [102–106]. This method would apply equally well to the subleading scaling function
F (+−)N ,ϵ .

These computations can also be done in the orbifold formalism. In the ZN orbifold of
this theory, the change in boundary conditions is implemented by the diagonal operator Ψ(+−)ϵ

defined as in (48). There the essential observation is that the space of conformal blocks is
one-dimensional for the correlation function




Ψ(−+)ϵ (∞)σφ(z, z̄)Ψ(+−)ϵ (0)
�

, (E.1)

and is spanned by

FN ,φ(η) =
Ψϵ(∞)

Ψϵ(0)

�

1
−−−−−−
�σ†

φ
(1)

σφ(η)
. (E.2)

This follows from the trivial fusion rule Ψϵ×Ψϵ → 1, coupled to the fact that the fusion channel
σφ×σ

†
φ
→ 1 cannot be degenerate (fusion numbers of the form N1

aā are always equal to one).
The conformal block in the other fusion channel can be obtained from the fusion rules of the
ZN orbifold, found in [44] for N = 2 and in [79] for N prime. We will focus on the cases N = 2
and N = 3. For N = 2 we have

Ψϵ(∞)

Ψϵ(0) �

σ

−−
−−
−−
�

σ†(1)

σ(η)

, and

Ψϵ(∞)

Ψϵ(0) �

σϵ

−−
−−
−−
�

σ†
ϵ(1)

σϵ(η)

, (E.3)

while for N = 3 the blocks are

Ψϵ(∞)

Ψϵ(0) �

σ(1)ϵ

−−
−−
−−
�

σ†(1)

σ(η)
, and

Ψϵ(∞)

Ψϵ(0) �

σ(2)

−−
−−
−−
�

σ†
ϵ(1)

σϵ(η)
, (E.4)
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Table 3: Singular behaviour of the conformal block of (E.1) for different N and twist
field insertions σ j(η).

0 1 ∞
N = 2,φ = 1 −1 − 1

16 −15
16

N = 2,φ = ϵ −1 − 9
16 − 7

16

N = 3,φ = 1 −1 −1
9 −8

9

N = 3,φ = ϵ −1 −4
9 −5

9

where σ(1)ϵ ∝ L−1/3σϵ and σ(2) ∝ L−2/3σ. These fusion rules also imply the leading sin-
gular behaviour of the conformal block around the points η ∈ {0,1,∞}. The corresponding
exponents are given in Table 3.

From the exponents around η→ 0 and η→ 1 we can determine the generic form of the
conformal blocks for the four cases enumerated above to be:

FN ,φ(η) = η
−1(η− 1)−2hσφ PN ,φ(η) , (E.5)

where PN ,φ(η) is a degree 2 polynomial in η satisfying

PN ,φ(η) = η
2PN ,φ(1/η) . (E.6)

This polynomial can be found by comparing with the OPE

(η− 1)2hσφσφ(η)σ
†
φ
(1) = 1+

2hσφ
Nc
(η− 1)2 T (1) + . . . (E.7)

This implies that

η−1PN ,φ(η)∼ 1+
2hσφ
Nc
〈Ψ12|T (1)|Ψ12〉 (η− 1)2 (η→ 1) , (E.8)

yielding
PN ,φ(η) = 2hσφ (1−η)

2 +η . (E.9)

The corresponding scaling functions for N ∈ {2,3} and φ ∈ {1,ϵ} follows

F (+−)N ,φ (η) =
p

2
N−1 �

1+ 2hσφ
�

η1/2 −η−1/2
�2�

, (E.10)

where we used the OPE structure constant of the bulk to boundary fusion σφ → 1, namely

A(±)σφ ,1 = A±φ g1−N
± =

p
2

N−1
, (E.11)

since A±ϵ = A±1 = 1 and g± = 1/
p

2.
More explicitly in terms of θ = πℓ/L:

F (+−)2,1 (η) =
p

2

�

1−
sin2 θ

4

�

=
7+ cos 2θ

4
p

2
, (E.12)

F (+−)2,ϵ (η) =
p

2

�

1−
9 sin2 θ

4

�

=
9cos 2θ − 1

4
p

2
, (E.13)

F (+−)3,1 (η) = 2

�

1−
4sin2 θ

9

�

=
2
9
(7+ 2cos 2θ ) , (E.14)

F (+−)3,ϵ (η) = 2

�

1−
16sin2 θ

9

�

=
2
9
(1+ 8cos 2θ ) . (E.15)

41

https://scipost.org
https://scipost.org/SciPostPhys.19.5.119


SciPost Phys. 19, 119 (2025)

References

[1] G. Vidal, J. I. Latorre, E. Rico and A. Kitaev, Entanglement in quantum critical phenom-
ena, Phys. Rev. Lett. 90, 227902 (2003), doi:10.1103/PhysRevLett.90.227902 [preprint
doi:10.48550/arXiv.quant-ph/0211074].

[2] P. Calabrese and J. Cardy, Entanglement entropy and quantum field theory, J. Stat. Mech.:
Theory Exp. P06002 (2004), doi:10.1088/1742-5468/2004/06/P06002.

[3] M. Caraglio and F. Gliozzi, Entanglement entropy and twist fields, J. High
Energy Phys. 11, 076 (2008), doi:10.1088/1126-6708/2008/11/076 [preprint
doi:10.48550/arXiv.0808.4094].

[4] S. Furukawa, V. Pasquier and J. Shiraishi, Mutual information and boson radius in
a c = 1 critical system in one dimension, Phys. Rev. Lett. 102, 170602 (2009),
doi:10.1103/PhysRevLett.102.170602 [preprint doi:10.48550/arXiv.0809.5113].

[5] A. Kitaev and J. Preskill, Topological entanglement entropy, Phys. Rev. Lett. 96, 110404
(2006), doi:10.1103/physrevlett.96.110404 [preprint doi:10.48550/arXiv.hep-
th/0510092].

[6] M. Levin and X.-G. Wen, Detecting topological order in a ground state wave func-
tion, Phys. Rev. Lett. 96, 110405 (2006), doi:10.1103/physrevlett.96.110405 [preprint
doi:10.48550/arXiv.cond-mat/0510613].

[7] M. A. Metlitski, C. A. Fuertes and S. Sachdev, Entanglement entropy in the O(N)
model, Phys. Rev. B 80, 115122 (2009), doi:10.1103/PhysRevB.80.115122 [preprint
doi:10.48550/arXiv.0904.4477].

[8] X. Chen, W. Witczak-Krempa, T. Faulkner and E. Fradkin, Two-cylinder entanglement
entropy under a twist, J. Stat. Mech.: Theory Exp. 043104 (2017), doi:10.1088/1742-
5468/aa668a [preprint doi:10.48550/arXiv.1611.01847].

[9] W. Zhu, X. Chen, Y.-C. He and W. Witczak-Krempa, Entanglement signatures of emergent
Dirac fermions: Kagome spin liquid and quantum criticality, Sci. Adv. 4, eaat5535 (2018),
doi:10.1126/sciadv.aat5535 [preprint doi:10.48550/arXiv.1801.06177].

[10] V. Crépel, A. Hackenbroich, N. Regnault and B. Estienne, Universal signatures of Dirac
fermions in entanglement and charge fluctuations, Phys. Rev. B 103, 235108 (2021),
doi:10.1103/PhysRevB.103.235108 [preprint doi:10.48550/arXiv.2102.09571].

[11] D. Varjas, M. P. Zaletel and J. E. Moore, Chiral Luttinger liquids and a general-
ized Luttinger theorem in fractional quantum Hall edges via finite-entanglement scal-
ing, Phys. Rev. B 88, 155314 (2013), doi:10.1103/PhysRevB.88.155314 [preprint
doi:10.48550/arXiv.1306.4976].

[12] V. Crépel, N. Claussen, B. Estienne and N. Regnault, Model states for a class of chiral
topological order interfaces, Nat. Commun. 10, 1861 (2019), doi:10.1038/s41467-019-
09168-z [preprint doi:10.48550/arXiv.1806.06858].

[13] V. Crépel, N. Claussen, N. Regnault and B. Estienne, Microscopic study of the Halperin-
Laughlin interface through matrix product states, Nat. Commun. 10, 1860 (2019),
doi:10.1038/s41467-019-09169-y [preprint doi:10.48550/arXiv.1904.11023].

42

https://scipost.org
https://scipost.org/SciPostPhys.19.5.119
https://doi.org/10.1103/PhysRevLett.90.227902
https://doi.org/10.48550/arXiv.quant-ph/0211074
https://doi.org/10.1088/1742-5468/2004/06/P06002
https://doi.org/10.1088/1126-6708/2008/11/076
https://doi.org/10.48550/arXiv.0808.4094
https://doi.org/10.1103/PhysRevLett.102.170602
https://doi.org/10.48550/arXiv.0809.5113
https://doi.org/10.1103/physrevlett.96.110404
https://doi.org/10.48550/arXiv.hep-th/0510092
https://doi.org/10.48550/arXiv.hep-th/0510092
https://doi.org/10.1103/physrevlett.96.110405
https://doi.org/10.48550/arXiv.cond-mat/0510613
https://doi.org/10.1103/PhysRevB.80.115122
https://doi.org/10.48550/arXiv.0904.4477
https://doi.org/10.1088/1742-5468/aa668a
https://doi.org/10.1088/1742-5468/aa668a
https://doi.org/10.48550/arXiv.1611.01847
https://doi.org/10.1126/sciadv.aat5535
https://doi.org/10.48550/arXiv.1801.06177
https://doi.org/10.1103/PhysRevB.103.235108
https://doi.org/10.48550/arXiv.2102.09571
https://doi.org/10.1103/PhysRevB.88.155314
https://doi.org/10.48550/arXiv.1306.4976
https://doi.org/10.1038/s41467-019-09168-z
https://doi.org/10.1038/s41467-019-09168-z
https://doi.org/10.48550/arXiv.1806.06858
https://doi.org/10.1038/s41467-019-09169-y
https://doi.org/10.48550/arXiv.1904.11023


SciPost Phys. 19, 119 (2025)

[14] V. Crépel, B. Estienne and N. Regnault, Variational Ansatz for an Abelian to
non-Abelian topological phase transition in ν = 1/2 + 1/2 bilayers, Phys.
Rev. Lett. 123, 126804 (2019), doi:10.1103/PhysRevLett.123.126804 [preprint
doi:10.48550/arXiv.1904.01589].

[15] B. Estienne and J.-M. Stéphan, Entanglement spectroscopy of chiral edge
modes in the quantum Hall effect, Phys. Rev. B 101, 115136 (2020),
doi:10.1103/PhysRevB.101.115136 [preprint doi:10.48550/arXiv.1911.10125].

[16] A. Hackenbroich, A. Hudomal, N. Schuch, B. A. Bernevig and N. Reg-
nault, Fractional chiral hinge insulator, Phys. Rev. B 103, L161110 (2021),
doi:10.1103/PhysRevB.103.L161110 [preprint doi:10.48550/arXiv.2010.09728].

[17] B. Estienne, B. Oblak and J.-M. Stéphan, Ergodic edge modes in the 4D quantum
Hall effect, SciPost Phys. 11, 016 (2021), doi:10.21468/SciPostPhys.11.1.016 [preprint
doi:10.48550/arXiv.2104.01860].

[18] T. Brydges, A. Elben, P. Jurcevic, B. Vermersch, C. Maier, B. P. Lanyon, P.
Zoller, R. Blatt and C. F. Roos, Probing Rényi entanglement entropy via random-
ized measurements, Science 364, 260 (2019), doi:10.1126/science.aau4963 [preprint
doi:10.48550/arXiv.1806.05747].

[19] M. Niknam, L. F. Santos and D. G. Cory, Experimental detection of the correla-
tion Rényi entropy in the central spin model, Phys. Rev. Lett. 127, 080401 (2021),
doi:10.1103/PhysRevLett.127.080401 [preprint doi:10.48550/arXiv.2011.13948].

[20] A. Lukin, M. Rispoli, R. Schittko, M. E. Tai, A. M. Kaufman, S. Choi, V.
Khemani, J. Léonard and M. Greiner, Probing entanglement in a many-body-
localized system, Science 364, 256 (2019), doi:10.1126/science.aau0818 [preprint
doi:10.48550/arXiv.1805.09819].

[21] V. Vitale et al., Symmetry-resolved dynamical purification in synthetic quantum mat-
ter, SciPost Phys. 12, 106 (2022), doi:10.21468/SciPostPhys.12.3.106 [preprint
doi:10.48550/arXiv.2101.07814].

[22] A. Neven et al., Symmetry-resolved entanglement detection using partial transpose mo-
ments, npj Quantum Inf. 7, 152 (2021), doi:10.1038/s41534-021-00487-y.

[23] D. Azses, R. Haenel, Y. Naveh, R. Raussendorf, E. Sela and E. G. D. Torre,
Identification of symmetry-protected topological states on noisy quantum computers,
Phys. Rev. Lett. 125, 120502 (2020), doi:10.1103/PhysRevLett.125.120502 [preprint
doi:10.48550/arXiv.2002.04620].

[24] L. Amico, R. Fazio, A. Osterloh and V. Vedral, Entanglement in many-body sys-
tems, Rev. Mod. Phys. 80, 517 (2008), doi:10.1103/RevModPhys.80.517 [preprint
doi:10.48550/arXiv.quant-ph/0703044].

[25] P. Calabrese, J. Cardy and B. Doyon, Entanglement entropy in extended quantum systems,
J. Phys. A: Math. Theor. 42, 500301 (2009), doi:10.1088/1751-8121/42/50/500301.

[26] J. Eisert, M. Cramer and M. B. Plenio, Colloquium: Area laws for the entanglement
entropy, Rev. Mod. Phys. 82, 277 (2010), doi:10.1103/RevModPhys.82.277 [preprint
doi:10.48550/arXiv.0808.3773].

43

https://scipost.org
https://scipost.org/SciPostPhys.19.5.119
https://doi.org/10.1103/PhysRevLett.123.126804
https://doi.org/10.48550/arXiv.1904.01589
https://doi.org/10.1103/PhysRevB.101.115136
https://doi.org/10.48550/arXiv.1911.10125
https://doi.org/10.1103/PhysRevB.103.L161110
https://doi.org/10.48550/arXiv.2010.09728
https://doi.org/10.21468/SciPostPhys.11.1.016
https://doi.org/10.48550/arXiv.2104.01860
https://doi.org/10.1126/science.aau4963
https://doi.org/10.48550/arXiv.1806.05747
https://doi.org/10.1103/PhysRevLett.127.080401
https://doi.org/10.48550/arXiv.2011.13948
https://doi.org/10.1126/science.aau0818
https://doi.org/10.48550/arXiv.1805.09819
https://doi.org/10.21468/SciPostPhys.12.3.106
https://doi.org/10.48550/arXiv.2101.07814
https://doi.org/10.1038/s41534-021-00487-y
https://doi.org/10.1103/PhysRevLett.125.120502
https://doi.org/10.48550/arXiv.2002.04620
https://doi.org/10.1103/RevModPhys.80.517
https://doi.org/10.48550/arXiv.quant-ph/0703044
https://doi.org/10.1088/1751-8121/42/50/500301
https://doi.org/10.1103/RevModPhys.82.277
https://doi.org/10.48550/arXiv.0808.3773


SciPost Phys. 19, 119 (2025)

[27] N. Laflorencie, Quantum entanglement in condensed matter systems,
Phys. Rep. 646, 1 (2016), doi:10.1016/j.physrep.2016.06.008 [preprint
doi:10.48550/arXiv.1512.03388].

[28] M. Headrick, Lectures on entanglement entropy in field theory and holography, (arXiv
preprint) doi:10.48550/arXiv.1907.08126.

[29] C. Callan and F. Wilczek, On geometric entropy, Phys. Lett. B 333, 55 (1994),
doi:10.1016/0370-2693(94)91007-3 [preprint doi:10.48550/arXiv.hep-th/9401072].

[30] C. Holzhey, F. Larsen and F. Wilczek, Geometric and renormalized entropy in confor-
mal field theory, Nucl. Phys. B 424, 443 (1994), doi:10.1016/0550-3213(94)90402-2
[preprint doi:10.48550/arXiv.hep-th/9403108].

[31] J. I. Latorre, E. Rico and G. Vidal, Ground state entanglement in quantum spin
chains, Quantum Inf. Comput. 4, 48 (2004), doi:10.26421/QIC4.1-4 [preprint
doi:10.48550/arXiv.quant-ph/0304098].

[32] P. Calabrese and J. Cardy, Entanglement entropy and conformal field theory, J. Phys. A:
Math. Theor. 42, 504005 (2009), doi:10.1088/1751-8113/42/50/504005 [preprint
doi:10.48550/arXiv.0905.4013].

[33] M. A. Rajabpour and F. Gliozzi, Entanglement entropy of two disjoint intervals from fusion
algebra of twist fields, J. Stat. Mech.: Theory Exp. P02016 (2012), doi:10.1088/1742-
5468/2012/02/P02016 [preprint doi:10.48550/arXiv.1112.1225].

[34] A. Coser, L. Tagliacozzo and E. Tonni, On Rényi entropies of disjoint intervals in con-
formal field theory, J. Stat. Mech.: Theory Exp. P01008 (2014), doi:10.1088/1742-
5468/2014/01/P01008.

[35] P. Calabrese, J. Cardy and E. Tonni, Entanglement entropy of two disjoint intervals in con-
formal field theory: II, J. Stat. Mech.: Theory Exp. P01021 (2011), doi:10.1088/1742-
5468/2011/01/P01021.

[36] V. Alba, L. Tagliacozzo and P. Calabrese, Entanglement entropy of two dis-
joint blocks in critical Ising models, Phys. Rev. B 81, 060411 (2010),
doi:10.1103/PhysRevB.81.060411 [preprint doi:10.48550/arXiv.0910.0706].

[37] V. Alba, L. Tagliacozzo and P. Calabrese, Entanglement entropy of two disjoint inter-
vals c = 1 theories, J. Stat. Mech.: Theory Exp. P06012 (2011), doi:10.1088/1742-
5468/2011/06/P06012.

[38] S. Datta and J. R. David, Rényi entropies of free bosons on the torus and hologra-
phy, J. High Energy Phys. 04, 081 (2014), doi:10.1007/JHEP04(2014)081 [preprint
doi:10.48550/arXiv.1311.1218].

[39] A. Coser, E. Tonni and P. Calabrese, Spin structures and entanglement of
two disjoint intervals in conformal field theories, J. Stat. Mech.: Theory
Exp. 053109 (2016), doi:10.1088/1742-5468/2016/05/053109 [preprint
doi:10.48550/arXiv.1511.08328].

[40] P. Ruggiero, E. Tonni and P. Calabrese, Entanglement entropy of two disjoint intervals and
the recursion formula for conformal blocks, J. Stat. Mech.: Theory Exp. 113101 (2018),
doi:10.1088/1742-5468/aae5a8 [preprint doi:10.48550/arXiv.1805.05975].

44

https://scipost.org
https://scipost.org/SciPostPhys.19.5.119
https://doi.org/10.1016/j.physrep.2016.06.008
https://doi.org/10.48550/arXiv.1512.03388
https://doi.org/10.48550/arXiv.1907.08126
https://doi.org/10.1016/0370-2693(94)91007-3
https://doi.org/10.48550/arXiv.hep-th/9401072
https://doi.org/10.1016/0550-3213(94)90402-2
https://doi.org/10.48550/arXiv.hep-th/9403108
https://doi.org/10.26421/QIC4.1-4
https://doi.org/10.48550/arXiv.quant-ph/0304098
https://doi.org/10.1088/1751-8113/42/50/504005
https://doi.org/10.48550/arXiv.0905.4013
https://doi.org/10.1088/1742-5468/2012/02/P02016
https://doi.org/10.1088/1742-5468/2012/02/P02016
https://doi.org/10.48550/arXiv.1112.1225
https://doi.org/10.1088/1742-5468/2014/01/P01008
https://doi.org/10.1088/1742-5468/2014/01/P01008
https://doi.org/10.1088/1742-5468/2011/01/P01021
https://doi.org/10.1088/1742-5468/2011/01/P01021
https://doi.org/10.1103/PhysRevB.81.060411
https://doi.org/10.48550/arXiv.0910.0706
https://doi.org/10.1088/1742-5468/2011/06/P06012
https://doi.org/10.1088/1742-5468/2011/06/P06012
https://doi.org/10.1007/JHEP04(2014)081
https://doi.org/10.48550/arXiv.1311.1218
https://doi.org/10.1088/1742-5468/2016/05/053109
https://doi.org/10.48550/arXiv.1511.08328
https://doi.org/10.1088/1742-5468/aae5a8
https://doi.org/10.48550/arXiv.1805.05975


SciPost Phys. 19, 119 (2025)

[41] B. Estienne, Y. Ikhlef, A. Rotaru and E. Tonni, Entanglement entropies of an interval for
the massless scalar field in the presence of a boundary, J. High Energy Phys. 05, 236
(2024), doi:10.1007/JHEP05(2024)236 [preprint doi:10.48550/arXiv.2308.00614].

[42] L. Dixon, D. Friedan, E. Martinec and S. Shenker, The conformal field theory of orbifolds,
Nucl. Phys. B 282, 13 (1987), doi:10.1016/0550-3213(87)90676-6.

[43] A. Klemm and M. G. Schmidt, Orbifolds by cyclic permutations of tensor product conformal
field theories, Phys. Lett. B 245, 53 (1990), doi:10.1016/0370-2693(90)90164-2.

[44] L. Borisov, M. B. Halpern and C. Schweigert, Systematic approach to cyclic orbifolds,
Int. J. Mod. Phys. A 13, 125 (1998), doi:10.1142/S0217751X98000044 [preprint
doi:10.48550/arXiv.hep-th/9701061].

[45] T. Dupic, B. Estienne and Y. Ikhlef, Entanglement entropies of minimal models from
null-vectors, SciPost Phys. 4, 031 (2018), doi:10.21468/SciPostPhys.4.6.031 [preprint
doi:10.48550/arXiv.1709.09270].

[46] N. Laflorencie and S. Rachel, Spin-resolved entanglement spectroscopy of critical
spin chains and Luttinger liquids, J. Stat. Mech.: Theory Exp. P11013 (2014),
doi:10.1088/1742-5468/2014/11/p11013.

[47] M. Goldstein and E. Sela, Symmetry-resolved entanglement in many-body systems,
Phys. Rev. Lett. 120, 200602 (2018), doi:10.1103/PhysRevLett.120.200602 [preprint
doi:10.48550/arXiv.1711.09418].

[48] J. C. Xavier, F. C. Alcaraz and G. Sierra, Equipartition of the entanglement en-
tropy, Phys. Rev. B 98, 041106 (2018), doi:10.1103/PhysRevB.98.041106 [preprint
doi:10.48550/arXiv.1804.06357].

[49] L. Capizzi, P. Ruggiero and P. Calabrese, Symmetry resolved entanglement entropy of ex-
cited states in a CFT, J. Stat. Mech.: Theory Exp. 073101 (2020), doi:10.1088/1742-
5468/ab96b6.

[50] B. Estienne, Y. Ikhlef and A. Morin-Duchesne, Finite-size corrections in
critical symmetry-resolved entanglement, SciPost Phys. 10, 054 (2021),
doi:10.21468/SciPostPhys.10.3.054 [preprint doi:10.48550/arXiv.2010.10515].

[51] R. Bonsignori and P. Calabrese, Boundary effects on symmetry resolved entanglement, J.
Phys. A: Math. Theor. 54, 015005 (2020), doi:10.1088/1751-8121/abcc3a [preprint
doi:10.48550/arXiv.2009.08508].

[52] D. Bianchini, O. Castro-Alvaredo, B. Doyon, E. Levi and F. Ravanini, Entanglement en-
tropy of non-unitary conformal field theory, J. Phys. A: Math. Theor. 48, 04FT01 (2014),
doi:10.1088/1751-8113/48/4/04ft01.

[53] J. L. Cardy, Boundary conditions, fusion rules and the Verlinde formula, Nucl. Phys. B
324, 581 (1989), doi:10.1016/0550-3213(89)90521-X.

[54] J. L. Cardy and D. C. Lewellen, Bulk and boundary operators in conformal field theory,
Phys. Lett. B 259, 274 (1991), doi:10.1016/0370-2693(91)90828-E.

[55] J. L. Cardy and I. Peschel, Finite-size dependence of the free energy in two-dimensional
critical systems, Nucl. Phys. B 300, 377 (1988), doi:10.1016/0550-3213(88)90604-9.

45

https://scipost.org
https://scipost.org/SciPostPhys.19.5.119
https://doi.org/10.1007/JHEP05(2024)236
https://doi.org/10.48550/arXiv.2308.00614
https://doi.org/10.1016/0550-3213(87)90676-6
https://doi.org/10.1016/0370-2693(90)90164-2
https://doi.org/10.1142/S0217751X98000044
https://doi.org/10.48550/arXiv.hep-th/9701061
https://doi.org/10.21468/SciPostPhys.4.6.031
https://doi.org/10.48550/arXiv.1709.09270
https://doi.org/10.1088/1742-5468/2014/11/p11013
https://doi.org/10.1103/PhysRevLett.120.200602
https://doi.org/10.48550/arXiv.1711.09418
https://doi.org/10.1103/PhysRevB.98.041106
https://doi.org/10.48550/arXiv.1804.06357
https://doi.org/10.1088/1742-5468/ab96b6
https://doi.org/10.1088/1742-5468/ab96b6
https://doi.org/10.21468/SciPostPhys.10.3.054
https://doi.org/10.48550/arXiv.2010.10515
https://doi.org/10.1088/1751-8121/abcc3a
https://doi.org/10.48550/arXiv.2009.08508
https://doi.org/10.1088/1751-8113/48/4/04ft01
https://doi.org/10.1016/0550-3213(89)90521-X
https://doi.org/10.1016/0370-2693(91)90828-E
https://doi.org/10.1016/0550-3213(88)90604-9


SciPost Phys. 19, 119 (2025)

[56] R. E. Behrend, P. A. Pearce, V. B. Petkova and J.-B. Zuber, On the classification of bulk and
boundary conformal field theories, Phys. Lett. B 444, 163 (1998), doi:10.1016/S0370-
2693(98)01374-4 [preprint doi:10.48550/arXiv.hep-th/9809097].

[57] L. Taddia, J. C. Xavier, F. C. Alcaraz and G. Sierra, Entanglement entropies
in conformal systems with boundaries, Phys. Rev. B 88, 075112 (2013),
doi:10.1103/PhysRevB.88.075112 [preprint doi:10.48550/arXiv.1302.6222].

[58] L. Taddia, Entanglement entropies in one-dimensional systems, PhD the-
sis, Universita degli Studi di Bologna, Bologna, Italy (2013) [preprint
doi:10.48550/arXiv.1309.4003].

[59] L. Taddia, F. Ortolani and T. Pálmai, Rényi entanglement entropies of descendant states in
critical systems with boundaries: Conformal field theory and spin chains, J. Stat. Mech.:
Theory Exp. 093104 (2016), doi:10.1088/1742-5468/2016/09/093104.

[60] B. Estienne, Y. Ikhlef and A. Rotaru, Second Rényi entropy and annulus par-
tition function for one-dimensional quantum critical systems with boundaries,
SciPost Phys. 12, 141 (2022), doi:10.21468/SciPostPhys.12.4.141 [preprint
doi:10.48550/arXiv.2112.01929].

[61] M. Fagotti and P. Calabrese, Universal parity effects in the entanglement entropy of XX
chains with open boundary conditions, J. Stat. Mech.: Theory Exp. P01017 (2011),
doi:10.1088/1742-5468/2011/01/P01017.

[62] J. C. Xavier and M. A. Rajabpour, Entanglement and boundary entropy in
quantum spin chains with arbitrary direction of the boundary magnetic fields,
Phys. Rev. B 101, 235127 (2020), doi:10.1103/PhysRevB.101.235127 [preprint
doi:10.48550/arXiv.2003.00095].

[63] A. Jafarizadeh and M. Ali Rajabpour, Entanglement entropy in quantum spin
chains with broken parity number symmetry, SciPost Phys. 12, 195 (2022),
doi:10.21468/SciPostPhys.12.6.195 [preprint doi:10.48550/arXiv.2109.06359].

[64] N. Laflorencie, E. S. Sørensen, M.-S. Chang and I. Affleck, Boundary effects in the
critical scaling of entanglement entropy in 1D systems, Phys. Rev. Lett. 96, 100603
(2006), doi:10.1103/PhysRevLett.96.100603 [preprint doi:10.48550/arXiv.cond-
mat/0512475].

[65] J. Ren, S. Zhu and X. Hao, Entanglement entropy in an antiferromagnetic Heisenberg
spin chain with boundary impurities, J. Phys. B: At. Mol. Opt. Phys. 42, 015504 (2008),
doi:10.1088/0953-4075/42/1/015504.

[66] J. Spalding, S.-W. Tsai and D. K. Campbell, Critical entanglement for
the half-filled extended Hubbard model, Phys. Rev. B 99, 195445 (2019),
doi:10.1103/PhysRevB.99.195445 [preprint doi:10.48550/arXiv.1901.09151].

[67] H.-Q. Zhou, T. Barthel, J. O. Fjærestad and U. Schollwöck, Entanglement and boundary
critical phenomena, Phys. Rev. A 74, 050305 (2006), doi:10.1103/PhysRevA.74.050305
[preprint doi:10.48550/arXiv.cond-mat/0511732].

[68] R. Orús, A practical introduction to tensor networks: Matrix product states and projected
entangled pair states, Ann. Phys. 349, 117 (2014), doi:10.1016/j.aop.2014.06.013
[preprint doi:10.48550/arXiv.1306.2164].

46

https://scipost.org
https://scipost.org/SciPostPhys.19.5.119
https://doi.org/10.1016/S0370-2693(98)01374-4
https://doi.org/10.1016/S0370-2693(98)01374-4
https://doi.org/10.48550/arXiv.hep-th/9809097
https://doi.org/10.1103/PhysRevB.88.075112
https://doi.org/10.48550/arXiv.1302.6222
https://doi.org/10.48550/arXiv.1309.4003
https://doi.org/10.1088/1742-5468/2016/09/093104
https://doi.org/10.21468/SciPostPhys.12.4.141
https://doi.org/10.48550/arXiv.2112.01929
https://doi.org/10.1088/1742-5468/2011/01/P01017
https://doi.org/10.1103/PhysRevB.101.235127
https://doi.org/10.48550/arXiv.2003.00095
https://doi.org/10.21468/SciPostPhys.12.6.195
https://doi.org/10.48550/arXiv.2109.06359
https://doi.org/10.1103/PhysRevLett.96.100603
https://doi.org/10.48550/arXiv.cond-mat/0512475
https://doi.org/10.48550/arXiv.cond-mat/0512475
https://doi.org/10.1088/0953-4075/42/1/015504
https://doi.org/10.1103/PhysRevB.99.195445
https://doi.org/10.48550/arXiv.1901.09151
https://doi.org/10.1103/PhysRevA.74.050305
https://doi.org/10.48550/arXiv.cond-mat/0511732
https://doi.org/10.1016/j.aop.2014.06.013
https://doi.org/10.48550/arXiv.1306.2164


SciPost Phys. 19, 119 (2025)

[69] I. Affleck and A. W. W. Ludwig, Universal noninteger “ground-state degeneracy” in critical
quantum systems, Phys. Rev. Lett. 67, 161 (1991), doi:10.1103/PhysRevLett.67.161.

[70] E. Eriksson and H. Johannesson, Corrections to scaling in entanglement entropy from
boundary perturbations, J. Stat. Mech.: Theory Exp. P02008 (2011), doi:10.1088/1742-
5468/2011/02/P02008.

[71] H. Casini, I. S. Landea and G. Torroba, The g-theorem and quantum information the-
ory, J. High Energy Phys. 10, 140 (2016), doi:10.1007/JHEP10(2016)140 [preprint
doi:10.48550/arXiv.1607.00390].

[72] E. Cornfeld and E. Sela, Entanglement entropy and boundary renormalization group
flow: Exact results in the Ising universality class, Phys. Rev. B 96, 075153 (2017),
doi:10.1103/PhysRevB.96.075153 [preprint doi:10.48550/arXiv.1705.04181].

[73] J. L. Cardy, O. A. Castro-Alvaredo and B. Doyon, Form factors of branch-point twist fields
in quantum integrable models and entanglement entropy, J. Stat. Phys. 130, 129 (2007),
doi:10.1007/s10955-007-9422-x [preprint doi:10.48550/arXiv.0706.3384].

[74] J. Cardy and P. Calabrese, Unusual corrections to scaling in entanglement entropy, J.
Stat. Mech.: Theory Exp. P04023 (2010), doi:10.1088/1742-5468/2010/04/P04023
[preprint doi:10.48550/arXiv.1002.4353].

[75] E. Eriksson and H. Johannesson, Corrections to scaling in entanglement entropy from
boundary perturbations, J. Stat. Mech.: Theory Exp. P02008 (2011), doi:10.1088/1742-
5468/2011/02/P02008.

[76] P. Calabrese, M. Campostrini, F. Essler and B. Nienhuis, Parity effects in the scaling
of block entanglement in gapless spin chains, Phys. Rev. Lett. 104, 095701 (2010),
doi:10.1103/PhysRevLett.104.095701 [preprint doi:10.48550/arXiv.0911.4660].

[77] M. A. Rajabpour and F. Gliozzi, Entanglement entropy of two disjoint intervals from fusion
algebra of twist fields, J. Stat. Mech.: Theory Exp. P02016 (2012), doi:10.1088/1742-
5468/2012/02/P02016.

[78] D. X. Horvath, P. Calabrese and O. A. Castro-Alvaredo, Branch point twist field form
factors in the sine-Gordon model II: Composite twist fields and symmetry resolved entan-
glement, SciPost Phys. 12, 088 (2022), doi:10.21468/SciPostPhys.12.3.088 [preprint
doi:10.48550/arXiv.2105.13982].

[79] B. Estienne, Y. Ikhlef and A. Rotaru, The operator algebra of cyclic orbifolds, J.
Phys. A: Math. Theor. 56, 465403 (2023), doi:10.1088/1751-8121/acfcf6 [preprint
doi:10.48550/arXiv.2212.07678].

[80] F. Ares, R. Santachiara and J. Viti, Crossing-symmetric twist field correlators and
entanglement negativity in minimal CFTs, J. High Energy Phys. 10, 175 (2021),
doi:10.1007/JHEP10(2021)175 [preprint doi:10.48550/arXiv.2107.13925].

[81] O. A. Castro-Alvaredo, B. Doyon and E. Levi, Arguments towards a c-theorem
from branch-point twist fields, J. Phys. A: Math. Theor. 44, 492003 (2011),
doi:10.1088/1751-8113/44/49/492003.

[82] J. L. Cardy, Conformal invariance and the Yang-Lee edge singularity in two dimensions,
Phys. Rev. Lett. 54, 1354 (1985), doi:10.1103/PhysRevLett.54.1354.

47

https://scipost.org
https://scipost.org/SciPostPhys.19.5.119
https://doi.org/10.1103/PhysRevLett.67.161
https://doi.org/10.1088/1742-5468/2011/02/P02008
https://doi.org/10.1088/1742-5468/2011/02/P02008
https://doi.org/10.1007/JHEP10(2016)140
https://doi.org/10.48550/arXiv.1607.00390
https://doi.org/10.1103/PhysRevB.96.075153
https://doi.org/10.48550/arXiv.1705.04181
https://doi.org/10.1007/s10955-007-9422-x
https://doi.org/10.48550/arXiv.0706.3384
https://doi.org/10.1088/1742-5468/2010/04/P04023
https://doi.org/10.48550/arXiv.1002.4353
https://doi.org/10.1088/1742-5468/2011/02/P02008
https://doi.org/10.1088/1742-5468/2011/02/P02008
https://doi.org/10.1103/PhysRevLett.104.095701
https://doi.org/10.48550/arXiv.0911.4660
https://doi.org/10.1088/1742-5468/2012/02/P02016
https://doi.org/10.1088/1742-5468/2012/02/P02016
https://doi.org/10.21468/SciPostPhys.12.3.088
https://doi.org/10.48550/arXiv.2105.13982
https://doi.org/10.1088/1751-8121/acfcf6
https://doi.org/10.48550/arXiv.2212.07678
https://doi.org/10.1007/JHEP10(2021)175
https://doi.org/10.48550/arXiv.2107.13925
https://doi.org/10.1088/1751-8113/44/49/492003
https://doi.org/10.1103/PhysRevLett.54.1354


SciPost Phys. 19, 119 (2025)

[83] A. Recknagel, D. Roggenkamp and V. Schomerus, On relevant boundary perturba-
tions of unitary minimal models, Nucl. Phys. B 588, 552 (2000), doi:10.1016/S0550-
3213(00)00519-8 [preprint doi:10.48550/arXiv.hep-th/0003110].

[84] T. Dupic, B. Estienne and Y. Ikhlef, The imaginary Toda field theory, J. Phys. A: Math.
Theor. 52, 105201 (2019), doi:10.1088/1751-8121/aafeaa.

[85] P. Di Francesco, P. Mathieu and D. Sénéchal, Conformal field theory, Springer, New York,
USA, ISBN 9781461274759 (1997), doi:10.1007/978-1-4612-2256-9.

[86] N. Ishibashi, The boundary and crosscap states in conformal field theories, Mod. Phys.
Lett. A 04, 251 (1989), doi:10.1142/S0217732389000320.

[87] I. Runkel, Structure constants for the D-series Virasoro minimal models, Nucl. Phys. B 579,
561 (2000), doi:10.1016/S0550-3213(99)00707-5 [preprint doi:10.48550/arXiv.hep-
th/9908046].

[88] D. C. Lewellen, Sewing constraints for conformal field theories on surfaces with bound-
aries, Nucl. Phys. B 372, 654 (1992), doi:10.1016/0550-3213(92)90370-Q.

[89] J. Cardy and P. Calabrese, Unusual corrections to scaling in entanglement entropy, J. Stat.
Mech.: Theory Exp. P04023 (2010), doi:10.1088/1742-5468/2010/04/p04023.

[90] Y. Zou, A. Milsted and G. Vidal, Conformal data and renormalization group flow
in critical quantum spin chains using periodic uniform matrix product states, Phys.
Rev. Lett. 121, 230402 (2018), doi:10.1103/PhysRevLett.121.230402 [preprint
doi:10.48550/arXiv.1710.05397].

[91] I. Affleck, M. Oshikawa and H. Saleur, Boundary critical phenomena in the three-
state Potts model, J. Phys. A: Math. Gen. 31, 5827 (1998), doi:10.1088/0305-
4470/31/28/003.

[92] M. Henkel, Conformal invariance and critical phenomena, Springer, Berlin, Heidelberg,
Germany, ISBN 9783662039373 (2013), doi:10.1007/978-3-662-03937-3.

[93] G. M. T. Watts, K. Graham and I. Runkel, Boundary flows for minimal models, Proc. Sci.
006, 040 (2000), doi:10.22323/1.006.0040.

[94] A. F. Caldeira, S. Kawai and J. F. Wheater, Free boson formulation of boundary states in
W3 minimal models and the critical Potts model, J. High Energy Phys. 08, 041 (2003),
doi:10.1088/1126-6708/2003/08/041.

[95] Y. Zou, Universal information of critical quantum spin chains from wavefunction over-
lap, Phys. Rev. B 105, 165420 (2022), doi:10.1103/PhysRevB.105.165420 [preprint
doi:10.48550/arXiv.2104.00103].

[96] S. R. White, Density matrix formulation for quantum renormalization groups, Phys. Rev.
Lett. 69, 2863 (1992), doi:10.1103/PhysRevLett.69.2863.

[97] N. Chepiga, Critical properties of quantum three- and four-state Potts models with
boundaries polarized along the transverse field, SciPost Phys. Core 5, 031 (2022),
doi:10.21468/scipostphyscore.5.2.031 [preprint doi:10.48550/arXiv.2107.08899].

[98] M. Headrick, Entanglement Rényi entropies in holographic theories, Phys.
Rev. D 82, 126010 (2010), doi:10.1103/PhysRevD.82.126010 [preprint
doi:10.48550/arXiv.1006.0047].

48

https://scipost.org
https://scipost.org/SciPostPhys.19.5.119
https://doi.org/10.1016/S0550-3213(00)00519-8
https://doi.org/10.1016/S0550-3213(00)00519-8
https://doi.org/10.48550/arXiv.hep-th/0003110
https://doi.org/10.1088/1751-8121/aafeaa
https://doi.org/10.1007/978-1-4612-2256-9
https://doi.org/10.1142/S0217732389000320
https://doi.org/10.1016/S0550-3213(99)00707-5
https://doi.org/10.48550/arXiv.hep-th/9908046
https://doi.org/10.48550/arXiv.hep-th/9908046
https://doi.org/10.1016/0550-3213(92)90370-Q
https://doi.org/10.1088/1742-5468/2010/04/p04023
https://doi.org/10.1103/PhysRevLett.121.230402
https://doi.org/10.48550/arXiv.1710.05397
https://doi.org/10.1088/0305-4470/31/28/003
https://doi.org/10.1088/0305-4470/31/28/003
https://doi.org/10.1007/978-3-662-03937-3
https://doi.org/10.22323/1.006.0040
https://doi.org/10.1088/1126-6708/2003/08/041
https://doi.org/10.1103/PhysRevB.105.165420
https://doi.org/10.48550/arXiv.2104.00103
https://doi.org/10.1103/PhysRevLett.69.2863
https://doi.org/10.21468/scipostphyscore.5.2.031
https://doi.org/10.48550/arXiv.2107.08899
https://doi.org/10.1103/PhysRevD.82.126010
https://doi.org/10.48550/arXiv.1006.0047


SciPost Phys. 19, 119 (2025)

[99] F. W. J. Olver et al. (eds.), NIST digital library of mathematical functions: Version 1.1.7
(2022), https://dlmf.nist.gov/.

[100] M. Headrick, Entanglement Rényi entropies in holographic theories, Phys.
Rev. D 82, 126010 (2010), doi:10.1103/PhysRevD.82.126010 [preprint
doi:10.48550/arXiv.1006.0047].

[101] J. Sully, M. Van Raamsdonk and D. Wakeham, BCFT entanglement entropy at large
central charge and the black hole interior, J. High Energy Phys. 03, 167 (2021),
doi:10.1007/JHEP03(2021)167 [preprint doi:10.48550/arXiv.2004.13088].

[102] B. Feigin, M. Jimbo, T. Miwa and E. Mukhin, A differential ideal of symmetric polynomials
spanned by Jack polynomials at β = −(r−1)/(k+1), Int. Math. Res. Not. 1223 (2002),
doi:10.1155/S1073792802112050 [preprint doi:10.48550/arXiv.math/0112127].

[103] B. Doyon and J. Cardy, Calogero-Sutherland eigenfunctions with mixed boundary condi-
tions and conformal field theory correlators, J. Phys. A: Math. Theor. 40, 2509 (2007),
doi:10.1088/1751-8113/40/10/018 [preprint doi:10.48550/arXiv.hep-th/0611054].

[104] B. A. Bernevig and F. D. M. Haldane, Model fractional quantum Hall states and Jack poly-
nomials, Phys. Rev. Lett. 100, 246802 (2008), doi:10.1103/PhysRevLett.100.246802
[preprint doi:10.48550/arXiv.0707.3637].

[105] B. Estienne and R. Santachiara, Relating Jack wavefunctions to WAk−1 theories, J. Phys.
A: Math. Theor. 42, 445209 (2009), doi:10.1088/1751-8113/42/44/445209 [preprint
doi:10.48550/arXiv.0906.1969].

[106] B. Estienne, B. A. Bernevig and R. Santachiara, Electron-quasihole duality and
second-order differential equation for Read-Rezayi and Jack wave functions,
Phys. Rev. B 82, 205307 (2010), doi:10.1103/PhysRevB.82.205307 [preprint
doi:10.48550/arXiv.1005.3475].

49

https://scipost.org
https://scipost.org/SciPostPhys.19.5.119
https://dlmf.nist.gov/
https://doi.org/10.1103/PhysRevD.82.126010
https://doi.org/10.48550/arXiv.1006.0047
https://doi.org/10.1007/JHEP03(2021)167
https://doi.org/10.48550/arXiv.2004.13088
https://doi.org/10.1155/S1073792802112050
https://doi.org/10.48550/arXiv.math/0112127
https://doi.org/10.1088/1751-8113/40/10/018
https://doi.org/10.48550/arXiv.hep-th/0611054
https://doi.org/10.1103/PhysRevLett.100.246802
https://doi.org/10.48550/arXiv.0707.3637
https://doi.org/10.1088/1751-8113/42/44/445209
https://doi.org/10.48550/arXiv.0906.1969
https://doi.org/10.1103/PhysRevB.82.205307
https://doi.org/10.48550/arXiv.1005.3475

	Introduction
	Summary of results
	Scaling functions for Rényi entropies
	Generic BCFT
	The critical Ising model
	The critical three-state Potts model

	The cyclic orbifold in the presence of a boundary
	The cyclic orbifold construction
	The cyclic orbifold on the upper half-plane

	Differential equations for the scaling functions
	The function 1212  in a generic Z2 orbifold
	The function 12  12  in a generic Z2 orbifold
	The function 12 12  in a generic Z3 orbifold

	The critical Ising model
	The quantum chain and the BCFT
	Rényi entropies
	Scaling functions for the entropy SN(+-)
	Scaling functions for the entropy SN(+f)


	The critical three-state Potts model
	The lattice quantum chain
	The boundary CFT
	Determination of an entropy scaling function

	Conclusion
	Hypergeometric differential equation
	Change of variable for Fuchsian differential equations
	Derivation of the ODE for 1212  in the Z3 orbifold 
	Orbifold structure constants
	Alternative derivation of scaling functions in the Ising CFT
	References

