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Abstract

Fluctuations of observables provide unique insights into the nature of physical systems,
and their study stands as a cornerstone of both theoretical and experimental science.
Generalized fluctuations, or cumulants, provide information beyond the mean and vari-
ance of an observable. In this paper, we develop a systematic method to determine the
asymptotic behavior of cumulants of local observables as the region becomes large. Our
analysis reveals that the expansion is closely tied to the geometric characteristics of the
region and its boundary, with coefficients given by convex moments of the connected cor-
relation function: the latter is integrated against intrinsic volumes of convex polytopes
built from the coordinates, which can be interpreted as average shadows. A particular
application of our method shows that, in two dimensions, the leading behavior of odd
cumulants of conserved quantities is topological, specifically depending on the Euler
characteristic of the region. We illustrate these results with the paradigmatic strongly-
interacting system of two-dimensional quantum Hall state at filling fraction 1/2, by per-
forming Monte-Carlo calculations of the skewness (third cumulant) of particle number
in the Laughlin state.
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1 Introduction

Understanding, describing, and quantifying the behavior of physical systems hinges on the
ability to predict and measure physically meaningful quantities. One particularly effective
procedure involves selecting a subsystem, typically by choosing a simple spatial region, and
analyzing the scaling behavior of certain observables as the subsystem becomes large. This ap-
proach has proven highly successful across various physical systems and with different types of
probes, allowing for the extraction of valuable information such as insights into long-range cor-
relations, quantum criticality, and topological properties. The choice of region is sometimes
dictated by the experimental setup, and other times by convenience. This choice, however,
can significantly impact the physics being revealed. Disentangling physical information from
the geometric characteristics of the selected region represents a complex challenge, often ad-
dressed on a case-by-case basis, depending on the geometry and specific theory in question
(e.g., [1–19]). This underscores the need for general, theory-independent results in this area.
In this paper, we solve this problem to the leading orders for the cumulants of any local observ-
able, for arbitrary smooth regions in any translation invariant theories, under physically natural
locality assumptions.

The m–th bipartite cumulant of a local observable in a finite region A⊂ Rd (see Fig. 1(a))
may be written as

Cm(A) =

∫

Am

dr1 . . . drm 〈ρ(r1) . . .ρ(rm)〉c , (1)

with ρ(r) the local density associated to the observable and 〈ρ(r1) . . .ρ(rm)〉c its connected
m–point function. This correlation function is assumed not to suffer from UV singularities
at coincident points, except for Dirac-delta singularities which typically occur when counting
particles (full-counting statistics). We assume the connected correlation function is translation
invariant, and decays sufficiently fast whenever any of its argument goes to infinity, see Sec. 3.

We are interested in the asymptotic expansion of cumulants for large spatial regions. To
investigate this, we dilate region A by a factor λ. In the limit of large λ, it is believed that the
m-th cumulant admits an expansion of the form

Cm(λA) = c0λ
d + c1λ

d−1 + c2λ
d−2 + · · · , (2)

where the coefficients ci depend on the connected m-point correlation function, the space
dimension d, and the geometry of A. This type of expansion has been implicitly assumed in
earlier works such as [19] and [20], where the λ0 contribution to the variance and higher
cumulants, respectively, was studied in two-dimensional systems. Similar expansions have
also been conjectured for entanglement entropies in systems with sufficiently local correlations
[21].
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Figure 1: (a) A large subregion A in R2 with a smooth boundary ∂ A. (b) Convex
hull H = H(r1, . . . , rm−1, 0) relevant to the expansion of Cm(A) in d = 2 dimensions
(an example with m = 7 is shown). In this case, 2πv1 = vol(∂ H) is the perimeter
of the hull, see (9), while 2πv2 = vol(H) is the area of the hull, see (10). (c) Mean
shadow interpretation of v1. Here s(θ ) is the length of the shadow projected onto a
fixed straight line for some orientation of H labeled by the angle θ (the fixed light
source is far away in a direction perpendicular to the line). Averaging s(θ ) over all
angles yields the mean width, which is twice v1. (d) Convex hull H relevant to the
computation of Cm(A) in d = 3 dimensions (an example with m = 8 is shown). In
this case, v1 is given by (9) and involves the exterior dihedral angles between the
two faces adjacent to the edges, while 8πv2 = vol(∂ H) (see (10)) is the surface area
of the hull, i.e. the sum of the surface area of all faces.

In this work, we rigorously establish the validity of such an expansion in broad generality
and derive explicit expressions for the coefficients ci . Throughout, we assume that the underly-
ing theory is isotropic and translation-invariant. While isotropy is not required for the validity
of our approach, it simplifies the structure of the coefficients, which can then be expressed in
terms of invariant geometric quantities known as intrinsic volumes (see Appendix).

2 Summary of the main results

We develop a method to compute bipartite cumulants of local observables. We establish a
general formula for the coefficients c0, c1, c2 in the expansion (2) of the cumulants at large
regions:

c0 = s0[ f ]vol(A) , (3)

c1 = s1[ f ]vol(∂ A) , (4)

c2 = s2[ f ]

∫

∂ A
dσ trκ , (5)

where dσ is the surface element on the boundary ∂ A, and κ is the extrinsic curvature tensor
associated to ∂ A. First, c1 is proportional to the size, or “area”, of the boundary, and is well-
known (e.g., [22]) as area-law term. Secondly, c2 is sensitive to the curvature of the boundary.
Finally, s j[ f ] are integrals that depend on the physical state through the connected correlation
functions f (r1, . . . , rm−1)= 〈ρ(r1) . . .ρ(rm−1)ρ(0)〉c , but not on A.

A remarkable feature of (3–5) is the complete factorisation between the geometric and
physics contributions; this was called superuniversality in [19] where the same phenomenon
occurred for the variance C2 of regions with corners. The factorisation pattern becomes more
complicated for higher-order c j ’s; for instance, both trκ2 and (trκ)2 appear in c3, while the
number of such terms quickly increases with the order. Our method theoretically enables the
explicit determination of all of them, but this will be covered in a separate discussion [23].
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Let us now write our main formulas for the s j[ f ]:

s0[ f ] =

∫

dr f (r1, . . . , rm−1) , (6)

s1[ f ] = −
∫

dr v1[r1, . . . , rm−1] f (r1, . . . , rm−1) , (7)

s2[ f ] =

∫

dr v2[r1, . . . , rm−1] f (r1, . . . , rm−1) , (8)

where integrals are taken over Rd , and dr is a shorthand for dr1 . . . drm−1. The functions v1
and v2 are obtained by considering the convex hull H generated by all the r j and the origin (see
Sec. 3). This hull is a convex polytope, which can be determined numerically very efficiently
[24]. For this reason, we shall call the s j “convex moments” of f . Examples of such hulls are
shown in Fig. 1(b,d).

Before further discussing convex moments, we mention an important simplification when
the observable is conserved. In that case [20] s0 always vanishes, s1 vanishes for odd cumu-
lants, and s2 vanishes for even cumulants.

Intrinsic volumes and average shadows. The functions v j appearing in the convex mo-
ments possess a beautiful geometric interpretation. Specifically, v1 is half the mean width,
a well-known measure in the context of convex geometry [25, 26]. It can be computed in
arbitrary dimension, but the formulas are particularly nice and simple in two and three di-
mensions:

v2d
1 =

1
2π

vol(∂ H) , v3d
1 =

1
8π

∑

e∈H

ℓeϕe . (9)

In 2d, v1 is proportional to the perimeter of the hull H, while in 3d the sum runs over all edges
e, ℓe being the length of e and ϕe the exterior dihedral angle between the two faces adjacent to
e. In general, v1 is the unique continuous measure of a convex body which behaves extensively
under union of convexes, and has dimension of a length.1

Similarly, v2 is the unique such measure which has dimension of an area. The explicit
expressions are

v2d
2 =

vol(H)
2π

, v3d
2 =

vol(∂ H)
8π

. (10)

In 2d, v2 is the area of the polygon H, and in 3d it is, famously [27–30], the surface area of
the polyhedron H.

More generally, v1 and v2 are examples of so-called intrinsic volumes. In d dimensions,
there are d such non-trivial volumes v j . Each can be interpreted as the average j–dimensional
shadow of H, that is the mean volume of the projection onto a j–dimensional subspace, av-
eraged over all possible orientations of H (see Fig. 1(c)). Only v1 and v2 enter the cumulants
expansion up to third order, though higher-order corrections are more complicated. The ap-
pearance of such intrinsic volumes of H in our problem is remarkable, since the starting point
has nothing to do with convexes, the only geometric input being the choice of a smooth non-
necessarily convex region A.

For concreteness, we display these intrinsic volumes entering the convex moments in 2d
for the variance (C2)

v1[r1] =
|r1|
π

, v2[r1] = 0 , (11)

1The precise statement goes under the name of Hadwiger’s theorem.
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and the skewness (C3)

v1[r1, r2] =
|r1|+ |r2|+ |r1 − r2|

2π
, v2[r1, r2] =

|r1 ∧ r2|
4π

. (12)

Those expressions generalize to any dimension, as we show in Sec. 3

(e.g., v1[r1] =
vol(Sd−2)

(d−1)vol(Sd−1) |r1| where Sd−1 is the unit sphere in Rd). By convention and for
continuity reasons in the limit of flat triangles, the perimeter of a segment is twice its length.

The case of two dimensions. As already mentioned, the expressions for s1 and s2
greatly simplify in two dimensions. Furthermore, we may use the Gauss–Bonnet formula
∫

∂ A dσκ = 2πχA which relates the boundary curvature to the Euler characteristic χA of re-
gion A. Expression (5) then simplifies to c2 = s2[ f ]2πχA. This result is especially relevant
for odd cumulants if the observable under consideration is conserved. In that case, both the
volume term and the area term vanish, which means odd cumulants converge to the constant

C2n+1(A) = s2[ f ]2πχA . (13)

The Euler characteristic is a topological invariant, hence for a given theory, odd cumulants
remain unaffected by smooth deformations of the region A. This is particularly interesting
since most studies of cumulants focus on the highly symmetric disk geometry [31,32].

Relation to corner terms. So far, we have only discussed smooth geometries. Polygonal
domains, for example, present sharp corners which affect dramatically the behavior of cumu-
lants: the area-law term remains the same, but all cumulants now have a constant piece, which
can be quite complicated [20].

Each corner with opening angle θ (see Fig. 2 on the left) contributes additively a term
am(θ ) to this constant, with a2(θ ) being the only term fully known and explicitly described
[19]. It is natural to ask whether one can reconstruct the smooth constant piece in the cu-
mulants by an Archimedean trick, which is depicted in Fig. 2. To facilitate comparison with
existing literature, we focus on the case where the observable is conserved.

Consider a regular polygon AN with N vertices, each with interior angle θN = π(N −2)/N
(see Fig. 2 on the right). The associated corner term in the cumulants is known to vanish in the
limit θ → π. For odd cumulants of conserved observables, the precise behavior of the corner
term is am(θ ) ∼ σm(π− θ ), with some a priori unknown coefficient σm. This translates into
the following relation

lim
N→∞

Nam(θN ) = 2πσm . (14)

Since the regular polygon AN becomes a disk in this limit, it is reasonable to expect (14) to
match the smooth result (13). By this reasoning, we are able to use (5) to predict a highly
nontrivial exact formula for σm,

σm = s2[ f ] , (15)

A

θ
N = 8 N = 12 N = ∞

A8 A12 A∞

Figure 2: Left: a corner with angle θ contributes a constant term am(θ ) to all
cumulants. Right: sequence of convex regular polygons AN , with interior angles
θN = π(N − 2)/N and fixed perimeter, the N →∞ limit of which is a disk.
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where s2[ f ] is given by (8). We expect this procedure to work generally; an example where
the constants σm were only known numerically is discussed in Sec. 4. This finding illustrates
the fact that corner terms of odd cumulants are very rich, since the result for smooth regions
is implicitly contained in the linear behavior near θ = π. Another qualitative difference is that
corner terms are neither topological nor superuniversal in general [20].

Finally, it is worth noting that this procedure also applies to even cumulants, though it
yields less information. Indeed, the corresponding corner terms vanish quadratically [20],
hence performing the limit yields a vanishing constant term consistent with our general smooth
result c2 = 0 for conserved observables.

3 The volume method

3.1 Physical assumptions

We design a method to study the asymptotics of cumulants for arbitrary smooth large compact
regions A⊂ Rd≥2,

Cm(A) =

∫

Am

dr1 . . . drm 〈ρ(r1) . . .ρ(rm)〉c , (16)

where 〈. . .〉c denotes the usual connected correlation functions. Before performing this expan-
sion, let us state our main physical assumptions, and how they immediately translate to the
correlation functions.

• Translation invariance: 〈ρ(r1 + s) . . .ρ(rm + s)〉c = 〈ρ(r1) . . .ρ(rm)〉c for any s ∈ Rd . Thus
all information about correlations is encoded in f (r1, . . . , rm−1) = 〈ρ(r1) . . .ρ(rm−1)ρ(0)〉c .

• Rotational invariance: 〈ρ(r′1) . . .ρ(r′m)〉c = 〈ρ(r1) . . .ρ(rm)〉c where r′j = R(r j) for R any

rotation in Rd .

• Locality. This implies that f (r1, . . . , rm−1) decays sufficiently fast whenever any argument
r j goes to infinity. This includes the case where a subset of variables go to infinity while
staying close to each other. To guarantee an expansion of cumulants at all orders, f should
in principle decay faster than any power law. However, if we truncate the expansion at order
λd− j , a power law decay with exponent greater than d+ j is sufficient. The function f is as-
sumed to be continuous, but our main result nevertheless allows for δ-function singularities
at coincident points, which are relevant in the context of counting statistics.

3.2 Volume and isotropic volume

Let us exploit our three assumptions in succession, starting with translation invariance first.
We have

Cm(A) =

∫

dr1 . . . drm 1A(r1) . . . 1A(rm) 〈ρ(r1) . . .ρ(rm)〉c , (17)

where 1A(r) = 1 if r ∈ A and 1A(r) = 0 otherwise. A change of variable yields

Cm(A) =

∫

dr1 . . . drm−1

�∫

dr1A(r)1A(r+ r1) . . . 1A(rm−1 + r)

�

f (r1, . . . , rm−1)

=

∫

dr1 . . . drm−1 GA(r1, . . . , rm−1) f (r1, . . . , rm−1) , (18)

6
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Figure 3: Illustration of the volume GA in two dimensions. Left: region A
with interior shown in light green, and smooth boundary. Center: volume
GA(r) = vol[A∩ (A− r)] shown in green, for the choice of vector r (red arrow). Right:
volume GA(r1, r2, r3) = vol[A∩ (A− r1)∩ (A− r2)∩ (A− r3)] in green, for the choice
of vectors r1, r2, r3 (red, blue, brown arrows).

where

GA(r1, . . . , rm−1) = vol [A∩ (A− r1)∩ . . .∩ (A− rm−1)] , (19)

is a volume which depends only on region A and the set of vectors r1, . . . , rm−1, see Fig. 3
above for an illustration. This purely geometric quantity has been considered in the con-
text of Fredholm determinants [33–37], and was also exploited to study corner terms in two
dimensions [20]. Relevant to the variance, GA(r) is known as covariogram or geometric co-
variogram [25, 38] in the context of geostatistics, set covariance function in mathematical
morphology; GA(r)/vol(A) is called the autocorrelation function in the context of small angle
X-ray scattering [39].

Second, we may exploit the invariance of f under simultaneous rotation of its arguments
r j , to rewrite (18) as

Cm(A) =

∫

dr1 . . . drm−1 GA(r1, . . . , rm−1) f (r1, . . . , rm−1) , (20)

with GA the rotation-averaged volume, or isotropic volume

GA(r1, . . . , rm−1) =

∫

R∈SO(d)
dµ(R)GA

�

R(r1), . . . ,R(rm−1)
�

. (21)

Here the integration is with respect to the Haar measure in the group of rotations SO(d)
(equivalently, one can average over rotations of A instead of the r j). See Fig. 4 for an example.

We are interested in the expansion of Cm(λA) for large λ. Using finally our locality as-
sumption, this boils down to finding an expansion of GλA(r1, . . . , rm−1) for large λ and fixed
set of vectors r1, . . . , rm−1. Since

GλA(r1, . . . , rm−1) = λ
dGA(r1/λ, . . . , rm−1/λ) , (22)

it suffices to find an expansion of GA for small displacements r j , which can be done in principle
to any order using tools coming from differential geometry [36, 37]. Such an expansion can
then be used to access an expansion of GA for small arguments. This is what we do in the next
subsection.
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Figure 4: Illustration of the isotropic volume GA(r1, r2) in two dimensions. The choice
of region A is the same as in the previous figure, the vectors r1, r2 are shown top left
in red and blue. The translated regions A− r1 and A− r2 are shown in lighter colors
to better identify the initial region A. The volume GA(r1, r2) is represented in green.
From top left to top right and bottom right to bottom left: GA(rθ1 , rθ2 )where the rθj are
obtained from the r j by a rotation of angle θ , with successive clockwise increments by
π/4 shown. GA(r1, r2) is obtained by averaging GA(rθ1 , rθ2 ) over all angles θ . Vectors
r1 and r2 were chosen to be not so small to magnify curvature effects.

3.3 Derivation of the main volume expansion

The first step is to rewrite GA as

GA(r1, . . . , rm−1) = vol A−VA(r1, . . . , rm−1) , (23)

with (B is the complement of A in Rd)

VA(r1, . . . , rm−1) = vol (A∩ [(B − r1)∪ . . .∪ (B − rm)]) . (24)

The volume VA is shown in light green in Fig. 5. For small r j this volume can be evaluated
by localizing to the boundary ∂ A, which we assume to be smooth. More precisely, we have the
small ε expansion [34,35],

VA(ε r1, . . . ,ε rm−1) =

∫

∂ A
dσ max

1≤ j≤m−1

�

0,ε r j .n+
ε2

2
κabra

j r b
j

�

−
ε2

2

∫

∂ A
dσκa

a max
1≤ j≤m−1

�

0, r j .n
�2
+ o(ε2) ,

(25)

where dσ = dσ(x) denotes the surface element at point x on the boundary ∂ A, κ= κab is the
associated curvature tensor (second fundamental form), and κa

a = trκ. We use the shorthand
notation max1≤ j≤m−1(0, x j) for max(0, x1, . . . , xm−1), as well as Einstein’s summation conven-
tions. Each vector r j may be written as r j = r0

j n+ r⊤j where n= n(x) is the unit outer normal

at a point x of the boundary, and r⊤j denotes the tangential component of r j . We may write

r⊤j =
∑d−1

a=1 ra
j ea, where {ea} forms a basis of the tangent space at x. Similar to GA, one can

define

VA(r1, . . . , rm−1) =

∫

R∈SO(d)
dµ(R)VA(R(r1), . . . ,R(rm−1)) . (26)

Taking average over rotations yields nice simplification. To better understand these, we study
the first-order term in the next subsection, before taking on the next one.
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A
-r -r1

-r2

-r3

Figure 5: Exact same setup as in Fig. 3, but for VA instead of GA. Left: region A.
Middle: volume VA(r) of A∩ (B − r1) shown in green. Right: volume VA(r1, r2, r3) of
A∩[(B−r1)∪ (B−r2)∩ (B−r3)] (green) used to compute the fourth cumulant C4(A)
in two dimensions. For small r j most of the volume is localized near the boundary
∂ A.

3.3.1 First order contribution

Start with

VA(r1, . . . , rm−1) =

∫

R∈SO(d)
dµ(R)
∫

∂ A
dσ max

1≤ j≤m−1

�

0,εR(r j).n
�

+ O(ε2)

= ε

∫

∂ A
dσ

∫

u∈Sd−1

dν(u) max
1≤ j≤m−1

(0, r j .u) + O(ε2)

= εvol(∂ A) v1[r1, . . . , rm−1] + O(ε2) ,

(27)

where we have replaced the average over rotations by a unit sphere average (dν(u) denotes
the uniform measure on the unit sphere) and used the fact that the resulting integral over ∂ A
does not depend any more on the orientation of the unit vector n. We define v1 as

v1[r1, . . . , rm−1] =

∫

u∈Sd−1

dν(u)max
j
(0, r j .u) , (28)

which is a known quantity in the context of integral (convex) geometry, see Appendix. To
explain why that is, let us recall the convex Hull H = H(r1, . . . , rm−1, 0). It is easy to check that

max
1≤ j≤m−1

(0, r j .u) =max
r∈H
(r.u) . (29)

In words, for a convex polytope, the max is attained for r being one of the vertices. This means

v1[r1, . . . , rm−1] =

∫

u∈Sd−1

dν(u)max
r∈H
(r.u) , (30)

which is, by definition, half the mean width of H (the definition is the same for any convex body
K). This quantity satisfies the hypotheses of Hadwiger’s theorem, see Appendix. Furthermore,
it has dimension of a length, so it is proportionnal to V1. Hence for any convex body K , we
have

∫

u∈Sd−1

dν(u)max
r∈K
(r.u) =

V1[K]
V1[Bd]

. (31)

The normalisation constant was found using the fact that for K the unit ball Bd , the max is
attained for r= u so the left-hand side equals 1. Using (A.7) we have

V1[Bd] =
d bd

bd−1
, (32)
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where recall bd = vol(Bd) = πd/2/Γ (1 + d/2). Putting everything together yields the first
order expansion

VA(ε r1, . . . ,ε rm−1) = εvol(∂ A)
V1[H]
V1[Bd]

+O(ε2) . (33)

3.3.2 Second order contribution

Accessing the second order contribution is significantly more complicated. Let us go back to the
expansion formula (25) for VA. Denote by ∂ A j the regions in ∂ A for which maxk(0, rk.n) = r j .n

and ∂ Aεj the regions for which maxk

�

0, rk.n+ ε
κab ra

k r b
k

2

�

= r j .n+ ε
κab ra

j r b
j

2 . We may write [35]

∫

∂ A
dσmax

j

�

0, r j .n+ ε
κabra

j r b
j

2

�

=
m−1
∑

j=1

∫

∂ Aεj

dσ

�

r j .n+ ε
κabra

j r b
j

2

�

(34)

=
m−1
∑

j=1

∫

∂ A j

dσ

�

r j .n+ ε
κabra

j r b
j

2

�

+ o(ε) . (35)

The last equation follows from the fact that ∂ Aεj differs from ∂ A j by a region of volume ε,
and an error of order ε is typically made in the integrand on such intervals. By typically, we
mean that (35) holds for almost all vectors r j ∈ Rd , but the formula might break at order
ε if ri .n = rk.n for some i ̸= k. Said differently, for a given n, (35) holds except for a set
(r1, . . . , rm−1) of measure zero in Rd . Since we shall shortly integrate over all possible orien-
tations of n to obtain the average volume, we ignore this possibility altogether, as it does not
affect the final result.

Let us now use (35) to simplify the average VA. In particular, for each point x ∈ ∂ A, one
can perform an average over the subgroup SO(d − 1) of rotations which leave the unit vector
n invariant, and thus do not affect which index j gets selected in the max function. Using

∫

R∈SO(d−1)
dµ(R)κabR(r j)

aR(r j)
b = κa

a

(r⊤j )
2

d − 1
= (trκ)

r2
j − (r j .n)2

d − 1
, (36)

we may now undo all the steps performed to explicitly remove the max function, to obtain the
alternative form

VA(r1, . . . , rm−1) =

∫

∂ A
dσ

∫

u∈Sd−1

dν(u) max
1≤ j≤m−1

�

0,ε r j .u+ ε
2 trκ

r2
j − d(r j .u)2

2(d − 1)

�

+O(ε3) , (37)

where the average is taken on the unit sphere. We now replace the max over j by a max over
the Hull H. Similarly as before, the error made by such an approximation is of order ε3. The
point behind such a replacement is that one can use Hadwiger’s theorem, to obtain
∫

u∈Sd−1

dν(u)max
r∈H

�

ε r.u+ ε2 trκ
r2 − d(r.u)2

2(d − 1)

�

= ε
V1[H]
V1[Bd]

−
ε2

2
(trκ)

V2[H]
V2[Bd]

+O(ε3) . (38)

Indeed, one can check that the left-hand side of the previous equation is a valuation, and
translation invariance up to order ε3 follows from the fact that the initial isotropic volume
is translation invariant. To compute the coefficients on the right-hand side, the easiest is to
compute them for a unit ball instead of the polytope H. Replacing the integrand in (37) by
the previous equation yields

VA(ε r1, . . . ,ε rm−1) = εvol(∂ A)
V1[H]
V1[Bd]

−
ε2

2

�∫

∂ A
dσ trκ

�

V2[H]
V2[Bd]

+O(ε3) , (39)
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which is our main result. The intrinsic volumes can also be accessed by a more direct calcula-
tion. Introducing

Ω j =
n

u ∈ Sd−1, r j .u=max
r∈H
(r.u)
o

, (40)

we may rewrite the isotropic volume as

VA(ε r1, . . . ,ε rm−1) = εvol(∂ A) v1[r1, . . . , rm−1]− ε2

�∫

∂ A
dσ trκ

�

v2[r1, . . . , rm−1] +O(ε3) , (41)

where

v1[r1, . . . , rm−1] =
m−1
∑

j=1

∫

u∈Ω j

dν(u) (r j .u) , (42)

v2[r1, . . . , rm−1] =
m−1
∑

j=1

∫

u∈Ω j

dν(u)
d(r j .u)2 − r2

j

2(d − 1)
. (43)

One can check by repeated applications of Stokes’ theorem that the resulting expression
matches known results for the intrinsic volumes of polytopes [26]. This is discussed further
below.

3.4 Discussion and special cases

Let us state the main technical result in a slightly different form. We have the large λ expansion

GλA(r1, . . . , rm−1) = λ
dvol(A)−αdλ

d−1vol(∂ A)V1[H]

+ βdλ
d−2

�∫

∂ A
dσ trκ

�

V2[H] + o(λd−2) , (44)

where αd =
1
d

bd−1
bd

and βd =
1

2π(d−1) are pure numbers which depend only on dimension

(bd = πd/2/Γ (1+ d/2) is the volume of the unit ball). κ denotes the curvature tensor at the
boundary ∂ A and trκ is its trace, the sum of all (d − 1) principal curvatures. V1 and V2 are
the first and second intrinsic volumes of the convex Hull H = H(r1, . . . , rm−1, 0), which is the
smallest convex polytope containing points r1, . . . rm−1, 0, see Appendix (they are proportional
to the v1 and v2 mentionned in Sec. 2).

Intriguingly, the above formula can be rewritten solely in terms of intrinsic volumes as

GλA(r1, . . . , rm−1) = λ
d V0[B0]Vd[A]V0[H]

V0[Bd]
−λd−1 V1[B1]Vd−1[A]V1[H]

V1[Bd]

+λd−2 V2[B2]Vd−2[A]V2[H]
V2[Bd]

+ o(λd−2) ,
(45)

where Vj[Bd] are given by (A.7), and V0[Bd] = 1 was kept for aesthetic purposes. We empha-
size that the appearance of such quantities is quite remarkable; we do not expect higher-order
terms to have such a simple interpretation. Notice also that A need not be convex for our main
formula to hold, however a smooth boundary ∂ A is crucial.

Owing to locality, plugging (44) in (20) yields the cumulant expansion. Below we revisit
special cases, expanding on what was mentionned in the introduction. We discuss the variance
m= 2, the skewness m= 3, as well as the most usual dimensions d = 2 and d = 3, and finally
the peculiar case of d = 1.
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The variance m = 2. The convex Hull H(r, 0) is a line segment in any dimension. Since H
can be embedded in a one-dimensional space, V1[H] = |r| coincides with the one-dimensional
volume of the segment, and V2[H] = 0. The expansion reads

GλA(r) = λ
dvol(A)−αdλ

d−1vol(∂ A)|r|+O(λd−3) . (46)

This particular result happens to be well-known in several different fields. For example it can
be found in [39] in the context of small angle X-ray scattering, where recall GλA(r)/vol(A) is
called the (isotropic) correlation function. The isotropic covariogram GλA(r) = GλA(r) is also
simply related to the distance distribution function, which is the probability density that two
random points in A are at distance r (e.g., [25] and references therin), whose short distance
asymptotics have been comprehensively studied.

The skewness m = 3. The convex Hull H(r1, r2, 0) is a triangle in any dimension, so it can
be embebbed in a two-dimensional plane. This means V1[H] =

1
2vol(∂ H) = |r1|+|r2|+|r1−r2|

2 ,

and V2[H] = vol(H) = |r1∧r2|
2 , such that

GλA(r1, r2) = λ
dvol(A)−αdλ

d−1vol(∂ A)
|r1|+ |r2|+ |r1 − r2|

2

+ βdλ
d−2

�∫

∂ A
dσ trκ

�

|r1 ∧ r2|
2

+O(λd−3) .
(47)

Two dimensions. In two dimensions, the convex hull H = H(r1, . . . , rm−1, 0) is simply a con-
vex polygon. Another simplification stems from the Gauss-Bonnet formula

∫

∂ A dσκ = 2πχA
which relates mean curvature to the Euler characteristic (χA = 1 for a simply connected re-
gion). The expansion reads

GλA(r1, . . . , rm−1) = λ
2 vol(A)−λvol(∂ A)

vol(∂ H)
2π

+χAvol(H) +O(1/λ) , (48)

where vol(∂ H) coincides with the perimeter of H. Notice that continuity of the intrinsic vol-
umes imposes a convention where the perimeter is twice the length of H if all vectors r j are
collinear.

Three dimensions. The convex hull H = H(r1, . . . , rm−1, 0) is a convex polyhedron, and the
expansion reads

GλA(r1, . . . , rm−1) = λ
3 vol(A)−λ2 vol(∂ A)

∑

e∈H

ℓeϕe

8π
+λ

�∫

∂ A
dσ trκ

�

vol(∂ H)
8π

+O(1) , (49)

where the sum runs over all edges of the hull, ℓe is the length of the edge, and ϕe is the
corresponding (exterior) dihedral angle.

One dimension. By a direct calculation, one gets

GλA(x1, . . . , xm−1) = λvol(A)−χAV1[H] , (50)

where χA is the number of connected components, and

V1[H] = max
1≤ j≤m−1

(0, x j)− min
1≤ j≤m−1

(0, x j) , (51)

is the volume (length) of the convex hull of {0, x1, . . . , xm−1}. Formula (50) is consistent with
the first two terms in (44) with convention α1 = 1, but it involves no approximation provided
λ is sufficiently large, so there are no further corrections.
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Figure 6: Third cumulant C3 for a Laughlin state of bosons at filling fraction ν= 1/2
in a droplet of radius R. Data for two regions with same Euler characteristic χA = 1:
the disk x2+ y2 ≤ r2 and a 4–disk deformation x4+ y4 ≤ r4. For large particle num-
ber N , C3 becomes independent of the shape of region. The agreement deteriorates
near r = 0 and r = R. This is due to boundary effects which break translational invari-
ance for the latter, while in the former the region is not large enough for our results to
apply. The relevant function, not known analytically, is f (r1, r2) = 〈ρ(r1)ρ(r2)ρ(0)〉
where ρ is particle density.

4 An application: Quantum Hall states in 2d

We illustrate our general results on a concrete example, provided by 2d quantum Hall states
of the form

Ψ(z1, . . . , zN ) =
∏

1≤ j<k≤N

(z j − zk)
1/νe−
∑N

j=1 |z j |2/4 , (52)

where 1/ν takes integer values, and zk = xk+i yk are the coordinates of the particles. Here, ν is
the filling fraction, and ν= 1 corresponds to the integer quantum Hall effect (free fermions),
ν = 1/2 is the simplest interacting bosonic state, while ν = 1/3 is the celebrated Laughlin
1/3 state. For large particle number N , particles lie in a droplet of radius R =

p

2N/ν with
constant density, while this same density goes to zero very quickly outside.

We look at particle fluctuations in large smooth regions in the bulk. Physically, all corre-
sponding correlations become translationally invariant and isotropic when N is large, which
means our main formulas apply. Total particle number is also conserved. This implies the
vanishing of c0, c2 for all even cumulants, and the vanishing of c0, c1 for all odd cumulants.
Particle statistics in the state (52) are simulated with Monte Carlo techniques for arbitrary
filling ν. Most numerical results presented here are obtained using a procedure similar to that
explained in [19,40].

To demonstrate the validity of our main formula (13), in particular its topological nature,
we consider the third cumulant or skewness. Since both the volume and area terms vanish, it
is expected to converge to the constant

C3(A) =
χA

2

∫

R4

dr1dr2 |r1 ∧ r2| f (r1, r2) , (53)

for large A. To illustrate this result, we consider disks x2 + y2 ≤ r2 and deformed disks
x4+ y4 ≤ r4 geometries, for various values of r ∈ (0, R). Both regions share the same topology,
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χA = 1. Numerical results at filling fraction ν = 1/2, see Fig. 6, confirm that for large regions
and particle number the third cumulant becomes a constant, C3≃0.0583(1). We can compare
this result with the one obtained by exploiting our relation (15) with the previously computed
corner coefficient [20], C3 ≈ 0.0597. We can further generate a new prediction using the
known [20] corner coefficient σ3 for the Laughlin FQH state at ν= 1/3, C3 ≈ 0.049. Another
interesting example is provided by a sequence of annulus geometries for which χA = 0. We
have numerically checked that the skewness indeed vanishes asymptotically in that case.

We also performed several other checks at the free fermion point ν = 1, for which Wick’s
theorem allows to reconstruct all correlations for the particle density. The integral in (53) can
be evaluated analytically, yielding

C3(A) =
χA

2
p

3π
, (54)

for arbitrary smooth region A. Expression (54) can be compared to exact computations of
cumulants based on correlation matrix techniques (e.g., [31, 32, 41]), which typically allow
to treat highly symmetric geometries only, such as the disk. We find precise agreement with
our general formulas. We may further compute exactly the smooth limit of the corner term
σ3 = 1/(4

p
3π2)≃ 0.0146245, to be compared with the numerical calculation σ3 ≃ 0.01462

performed in [19], both in perfect agreement.

5 Discussion

We have developed a method for computing arbitrary cumulants of local observables in ar-
bitrary smooth regions for arbitrary translation invariant theories, under physically natural
assumptions on locality.

We have established a general explicit formula (3–5) for the first orders in the expansion
(2) of the cumulants for large regions, showing a complete factorisation between the geomet-
ric and physics contributions. The latter is encoded in what we dubbed “convex moments”
of the connected correlation functions (6–8), which are integrals of the connected m–point
functions against certain intrinsic volumes of convex hulls of m points. An intrinsic volume can
be interpreted as the average shadow of a convex body projected onto a plane (see Fig. 1(c)).
The appearance of such volumes in our problem is very surprising, since the only geometric
input is the choice of a smooth non-necessarily convex region A.

Subleading to the volume and area terms, the second-order coefficient in the cumulants’
expansion is sensitive to the integrated boundary curvature, which can be related in two di-
mensions to the Euler characteristic of the region A—a topological invariant. Remarkably,
odd cumulants of conserved observables for which the volume and area terms vanish are thus
topological in two dimensions, see (13). Said differently, odd cumulants remain unaffected by
smooth deformations of the (large) region’s shape. To illustrate this particular feature of odd
cumulants and to demonstrate the validity of our general results, we have performed Monte
Carlo calculations of the third cumulant for different shapes of region in a strongly-interacting
system provided by the two-dimensional quantum Hall state at filling fraction ν = 1/2. The
numerical results perfectly agree with our theoretical prediction.

To derive our results, we have assumed a fast decay of correlations, which is guaranteed,
e.g., in gapped phases with a finite correlation length. Such an assumption was mainly tech-
nical, the generality of our results should extend well beyond gapped phases: a rule of thumb
is that the asymptotic expansion remains valid up to a finite order, specifically up to the point
where the convex moments s j[ f ] cease to be finite. This typically happens in theories where
correlations decay algebraically (i.e., as a power law), in which case the asymptotic expansion
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holds as long as the decay exponent is large enough to ensure convergence of the relevant in-
tegrals or sums defining the moments. A particularly interesting case occurs when the convex
moments have a mild logarithmic divergence. Several physical examples have been already
discussed for the variance [15, 19], in which case the geometric part is enhanced by a mul-
tiplicative logλ term, and the remaining physical part can be universal. We expect a similar
phenomenon to occur for higher cumulants.

An important question regards the physical content behind such convex moments. In the
simple case of the variance in two dimensions, it was shown [19] that, for geometries with
corners, the corresponding corner terms are related to the (universal) small momentum expan-
sion of the structure factor, related to the Stillinger-Lovett sum rule. We do not know whether
our new convex moments can, in some cases, be connected to universal higher sum rules of
the correlation functions.

We have focused on the first three orders in the expansion of cumulants at large region
size, which already present rich features. In a follow-up paper, we discuss higher orders and
the more complicated method allowing their derivation. Furthermore, it would be interesting
to revisit our derivation of cumulants’ expansion assuming less symmetry, for example without
rotational invariance for anisotropic systems, or in curved space.

Acknowledgments

We are grateful to G. Aubrun for pointing out the relation between some of our formulas and
the concept of intrinsic volumes in convex geometry.

Funding information W.W.-K. is supported by a grant from the Fondation Courtois, a Chair
of the Institut Courtois, a Discovery Grant from NSERC, and a Canada Research Chair.

A Appendix

Intrinsic volumes are fundamental functionals in stochastic and integral geometry, also known
as geometric probability [25, 26]. For instance, they appear in the probability that one body
moving uniformly at random will intersect with another body, via the principal kinematic for-
mula. Intrinsic volumes provide a complete set of measurements that characterize the size
and structure of a convex body, or more generally, a polyconvex set (a finite union of convex
bodies). They feature in the volume of the ε-neighborhood of a compact convex subset K of
Rd (the set of points within a distance ε from K), as given by the Steiner formula:

vold
�

K + εBd
�

=
d
∑

j=0

bd− jε
d− jVj[K] . (A.1)

Here, vold stands for the d-dimensional volume, Bd denotes the unit ball in Rd , and
b j = vol j(B j) = π j/2/Γ ( j/2 + 1). The functional Vj is called the j-th intrinsic volume. Up
to normalization, Vj[K] is the average volume of the projection of K onto a j-dimensional
subspace of Rd , chosen uniformly at random (Kubota’s formula):

Vj[K] =
�

d
j

�

bd

b j bd− j

∫

G(d, j)
dν j(L)vol j(K |L) , (A.2)

where G(d, j) is the Grassmannian of j-dimensional linear subspaces of Rd , equipped with the
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invariant probability measure ν j , and vol j(K |L) is the j-dimensional volume of the orthogonal
projection of K onto L.

Intrinsic volumes capture essential geometric properties such as volume, surface area,
and mean width. Specifically, Vd[K] = vold[K] is the (d-dimensional) volume of K , while
2Vd−1[K] = vold−1(∂ K) is the surface area of K . Up to prefactors, Vd−2[K] is the mean curva-
ture of ∂ K , and V1[K] is the mean width of K . Finally for K a non-empty compact convex set,
V0[K] = 1, and more generally for a polyconvex set V0[K] = χ(K) gives the Euler characteris-
tic. If the boundary ∂ K is a smooth hypersurface, all intrinsic volumes (except for Vd) can be
expressed as integrals of local geometric quantities on the surface ∂ K . Specifically,

Vj[K] =
1

(d − j)bd− j

∫

∂ K
dσ ed− j−1(κ1, · · · ,κd−1) , (A.3)

where ep are the elementary symmetric functions in the principal curvatures κi ,

ep(κ1, . . . ,κd−1) =
∑

1≤i1<...<ip≤d−1

κi1 . . .κip , (A.4)

with the convention e0 = 1. These curvature integrals allow to extend the notion of intrinsic
volumes to any compact domain A with a smooth boundary ∂ A. In particular,

V0[A] =
1

d bd

∫

∂ K
dσ

d−1
∏

j=1

κ j = χA , (A.5)

is the Euler characteristic.
The terminology intrinsic volumes comes from the fact they do not depend on the dimen-

sion into which the convex subset is embedded. Besides this property, intrinsic volumes exhibit
many important characteristics:

• They are non-negative (Vj[K]≥ 0) and monotone (K1 ⊂ K2 implies Vj[K1]≤ Vj[K2]).

• They are homogeneous of degree j: Vj[λK] = λ jVj[K].

• They depend continuously on K .

• They are valuations on convex bodies (i.e. compact convex subsets with non-empty in-
terior). Roughly speaking a valuation is a notion of size. More precisely this means that
Vj[;] = 0 and that given two convex bodies K1 and K2 such that K1 ∪ K2 is also a convex
body, then

Vj[K1 ∪ K2] = Vj[K1] + Vj[K2]− Vj[K1 ∩ K2] . (A.6)

This additivity property allows to extend the notion of intrinsic volumes to finite unions
of convex bodies.

• They are invariant under all isometries of Rd .

Hadwiger’s theorem ensures that the above properties characterize uniquely intrinsic vol-
umes up to normalization. More precisely, any invariant, continuous valuation on convex
bodies in Rd is a linear combination of the intrinsic volumes V0, V1, . . . , Vd . In particular, any
invariant, continuous valuation that is homogeneous of degree j is proportional to Vj . This
profound theorem has intriguing applications. For example, in three dimensions, the average
projected area of a convex solid is one-quarter of its surface area, a result proven by Cauchy
in the 19th century. There are also applications in grain growth theory [30], among others.

In the following, we will also need the intrinsic volumes of the unit sphere Bd . Those can
simply be obtained from either Steiner (A.1) or Kubota’s formula (A.2) as

Vj[Bd] =
�

d
j

�

bd

bd− j
. (A.7)
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