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Abstract

We show that bootstrap methods based on the positivity of probability measures provide
a systematic framework for studying both synchronous and asynchronous nonequilib-
rium stochastic processes on infinite lattices. First, we formulate linear programming
problems that use positivity and invariance property of invariant measures to derive rig-
orous bounds on their expectation values. Second, for time evolution in asynchronous
processes, we exploit the master equation along with positivity and initial conditions
to construct linear and semidefinite programming problems that yield bounds on ex-
pectation values at both short and late times. We illustrate both approaches using two
canonical examples: the contact process in 1+1 and 2+1 dimensions, and the Domany-
Kinzel model in both synchronous and asynchronous forms in 1+1 dimensions. Our
bounds on invariant measures yield rigorous lower bounds on critical rates, while those
on time evolutions provide two-sided bounds on the half-life of the infection density and
the temporal correlation length in the subcritical phase.
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1 Introduction

Randomness, whether intrinsic or arising from incomplete information, appears ubiquitously
across problems in physics. This naturally leads to the study of the probability distribution
(or measure) of states, which provides the notion of physical observables averaged over the
randomness. In stochastic processes where time evolution is probabilistic, probability mea-
sures that remain invariant under the evolution govern the system’s late-time behavior. Such
invariant measures are said to be in global balance, where the net probability flux into and out
of each state vanishes.

If an invariant measure further satisfies detailed balance—where the probability flux be-
tween any pair of states is balanced—it is called a reversible measure. Stochastic processes
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that admit nontrivial reversible measures1 are referred to as equilibrium, some of which coin-
cide with thermal equilibrium described by the standard Gibbs measure in statistical physics,
where the presence of a Hamiltonian aids significantly in understanding the system. Questions
such as how a system equilibrates, and what the equilibrium properties are, have led to the
discovery of essential concepts and observables, with universality and phase transition being
representative examples.

Most physical processes in nature, however, are described by nonequilibrium physics,
where nontrivial reversible measures and Hermitian time-evolution generators are absent. In
such systems, the focus shifts to invariant measures, and beautiful phenomena like universality
and phase transitions still emerge,2 as demonstrated by many numerical studies. The resulting
universality classes are fundamentally distinct from those in equilibrium systems and play a
crucial role in our understanding of nature.

From a theoretical standpoint, many elegant tools used to study equilibrium physics—such
as reflection positivity—are no longer available. Consequently, our theoretical understanding
of nonequilibrium systems still lags behind that of equilibrium systems. For instance, the
simple critical nonequilibrium system of directed percolation (DP) in 1+1 dimensions remains
unsolved, in stark contrast to the exactly solvable Gibbs measures in one- and two-dimensional
Ising models.

Nevertheless, there exist rigorous mathematical results for certain nonequilibrium models,
such as the contact process [2] and oriented percolation [3], where properties like mono-
tonicity and duality have proven to be powerful.3 For example, in the contact process, the
existence [2] and nature of the phase transition [5] have been established, and several rigor-
ous methods have been developed to bound physical quantities [2, 4–8]. This motivates the
search for a general framework that does not rely on model-specific properties and applies to
a broader class of nonequilibrium systems—or even to both equilibrium and nonequilibrium
cases.

In this work, we show that the positivity of probability measures under time evolution—a
trivial but fundamental property of any stochastic process—provides a natural and system-
atic method for deriving rigorous bounds on expectation values in nonequilibrium stochastic
processes on an infinite lattice. Although positivity alone is trivial, its combination with con-
straints such as invariance, time evolution, and initial conditions yields nontrivial, rigorous,
and sometimes sharp bounds on the expectation values. In the case of invariant measures
in equilibrium lattice systems, this idea was recently formulated in [9]. We extend it here to
nonequilibrium systems and to noninvariant (time-dependent) measures. The latter general-
ization is inspired by a recently developed framework for bounding time evolution governed
by master equations in stochastic and quantum systems [10–13].4

The idea of using basic properties of probability measures (or density matrices in quantum
settings), such as positivity, to derive constraints on observables has appeared in various fields
of mathematical sciences. Examples include quantum chemistry [15,16], Markov chains [17],
optimal control theory [18], stochastic and dynamical systems [19–23], matrix models [24–
29], and classical or quantum lattice systems [9, 30–36]. More broadly, methods based on
consistency conditions are referred to as bootstrap methods in the physics literature, with
conformal bootstrap [37–39] being a prominent example. This work develops a bootstrap
framework for nonequilibrium stochastic processes on infinite lattices, based on the positivity
of probability measures.

1A reversible measure is trivial if the probability flux between all pairs of states is zero. An example of such a
trivial reversible measure is the absorbing state, which will be discussed later in this work.

2See e.g. [1] and references therein for a review of the subject.
3See Chapters II, III, and VI of [4] for an introduction to some of these mathematical tools and results.
4See [14] and references therein for a more complete overview of the subject.
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1.1 Setup

We begin by introducing the class of problems studied in this work. We consider the stochastic
time evolution of spin configurations on an infinite lattice Zd . Concretely, each site i ∈ Zd

carries a spin degree of freedom si ∈ {1,−1}. A spin configuration, or a state, s is then an
element of the space S = {1,−1}Z

d
. As time evolves, a state s ∈ S undergoes probabilistic

transitions to other states in S. We distinguish two types of time evolution: asynchronous and
synchronous.

1.1.1 Asynchronous stochastic processes

In asynchronous processes, time is continuous, t ∈ R, and transitions from s to s′ ∈ S occur
spontaneously. These processes are also referred to as interacting particle systems [4]. We focus
on processes where s may transition to s′ only if they differ at a single site of Zd . As a result,
each state s has only countably many states it can transition to.

Let si denote the state that differs from s only at site i, that is, si
j = (1 − 2δi j)s j for all

j ∈ Zd . We assume the transition rate c(i, s) ≥ 0 from s to si depends only on s and the site i
being updated. Furthermore, we consider only local processes, meaning that c(i, s) depends on
finitely many spins near site i. Specific choices of c(i, s) define different stochastic processes.

If the system is instead defined on a finite subset Λ ⊂ Zd , so that the state space is finite,
the time evolution of the probability measure Π(sΛ) over sΛ ∈ {1,−1}Λ is governed by the
master equation (also called the Kolmogorov equation):

d
d t
Π(sΛ) =

∑

i∈Λ
c(i, si

Λ)Π(s
i
Λ)−

∑

i∈Λ
c(i, sΛ)Π(sΛ) , (1)

where the first and second terms on the right-hand side (RHS) represent the gain
and loss of probability weight on the state sΛ, respectively. The expectation value
〈 f (sΛ)〉=

∑

sΛ∈{1,−1}Λ Π(sΛ) f (sΛ) of any function f (sΛ) then satisfies

d
d t
〈 f (sΛ)〉=

∑

sΛ∈{1,−1}Λ

�

∑

i∈Λ
c(i, si

Λ)Π(s
i
Λ) f (sΛ)−

∑

i∈Λ
c(i, sΛ)Π(sΛ) f (sΛ)

�

=
∑

i∈Λ

­

c(i, sΛ)
�

f (si
Λ)− f (sΛ)

�

·

.

(2)

While the infinite-lattice version of equation (1) is not well-defined, the expectation value
form (2) does admit an extension:

Master equation:
d
d t
〈 f (s)〉=

∑

i∈Zd

­

c(i, s)
�

f (si)− f (s)
�

·

. (3)

When f (s) depends on only finitely many spins, the RHS sum truncates to a finite number of
terms. The master equation (3) describes how expectation values evolve in time, given initial
conditions.

For an invariant measure, the expectation values are time-independent and satisfy

Invariance equation:
∑

i∈Zd

­

c(i, s)
�

f (si)− f (s)
�

·

= 0 , ∀ f (s) ∈ D(S) , (4)

where D(S) is a function space called the core; see Chapter I of [4] for a formal definition.
For our purposes, it suffices to know that the set of finite-degree polynomials in {si}i∈Zd is
dense in D(S). If equation (4) is satisfied term by term—i.e.




c(i, s)
�

f (si)− f (s)
� �

= 0 for
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each i ∈ Zd—then the measure is called reversible. A stochastic process is called equilibrium
if it admits nontrivial reversible measures; otherwise, it is nonequilibrium. We now introduce
two examples of asynchronous, nonequilibrium stochastic processes that will serve as the main
examples of this work.

1.1.2 Contact process

The first example is the contact process on Zd , which models the spread of an epidemic. A
spin at site i is considered “healthy” if si = −1 and “infected” if si = 1.5 The transition from s
to si follows a simple rule: 1) if site i is infected, it becomes healthy at rate 1; and 2) if site i is
healthy, it becomes infected at rate λni , where ni is the number of infected nearest neighbors.
The infection rate λ ∈ R+ is a parameter of the process.

The corresponding transition rate is given by

c(i, s) =
1+ si

2
+λ

1− si

2

∑

j∈N(i)

1+ s j

2
, (5)

where N(i) = { j ∈ Zd | ∥ j − i∥2 = 1} denotes the set of nearest neighbors of site i. The first
term on the RHS is nonzero only when si = 1 and represents the rate-1 recovery to si = −1.
The second term is active only when si = −1 and describes the infection transition. The sum
∑

j∈N(i)
1+s j

2 counts the number of infected neighbors, so that the total infection rate is λni as
expected.

There is a special state called the “absorbing state” where si = −1 for all i ∈ Zd—i.e., all
sites are healthy. Regardless of the value of λ, once the system enters the absorbing state,
it remains there permanently. The absorbing state defines a trivial invariant (and reversible)
measure. The central question is whether there exist other, nontrivial invariant measures.6

It was shown in [2] that there exists a finite critical infection rate λc such that for all
λ < λc (the subcritical phase), the absorbing state is the unique invariant measure; whereas for
λ > λc (the supercritical phase), there also exists a nontrivial invariant measure known as the
upper invariant measure. For example, in d = 1, numerical studies suggest λc ≈ 1.6491 [40],
with rigorous bounds 1.5388 ≤ λc [6] and λc ≤ 1.942 [7]. The transition at λ = λc has
been proven to be continuous [5], and is believed to lie in the DP universality class in 1+1
dimensions. These rigorous results often rely on specific properties of the contact process,
such as monotonicity and duality.7

Because the contact process (and the Domany-Kinzel model discussed next) is translation-
invariant, we restrict our attention to translation-invariant measures in this work. The infec-
tion density is then defined by

ρ =
­

1+ si

2

·

. (6)

For λ ≤ λc , ρ decays to zero over time regardless of the initial condition. In contrast, for
λ > λc , the upper invariant measure exhibits ρ > 0, so the infection density does not neces-
sarily vanish over time. Thus, ρ serves as the order parameter for the phase transition.

1.1.3 Asynchronous Domany-Kinzel model

The second example we study in this work is the asynchronous Domany-Kinzel model on Z.
The original version of the model [41,42] is synchronous, which we will introduce shortly. As

5This differs from the usual convention in the literature, where the healthy state is assigned value 0. The map
between si ∈ {1,−1} used in this work and ηi ∈ {0, 1} used elsewhere is simply ηi =

1+si
2 .

6Since the invariance equations (4) are linear in the measure, any convex combination of invariant measures is
also invariant, implying the existence of infinitely many invariant measures if more than one exists.

7See e.g. Chapters II, III, and VI of [4].
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before, we adopt the terminology of sites being either healthy or infected. The transition rule
at site i is as follows: 1) if exactly one of its nearest neighbors is infected, then site i becomes
infected at rate p1 and becomes healthy at rate 1−p1; 2) if both nearest neighbors are infected,
then site i becomes infected at rate p2 and healthy at rate 1− p2; 3) if none of the neighbors
are infected, then site i becomes healthy at rate 1. Here, both p1 and p2 are real parameters
taking values in [0, 1]. The explicit expression for the transition rate is

c(i, s) =
1− si

2

�

p1
1− si−1si+1

2
+ p2

1+ si−1

2
1+ si+1

2

�

+
1+ si

2

�

(1− p1)
1− si−1si+1

2
+ (1− p2)

1+ si−1

2
1+ si+1

2
+

1− si−1

2
1− si+1

2

�

.
(7)

As in the contact process, the model has a unique absorbing state for all values of p1 and
p2, in which every site is healthy. The synchronous version of the Domany-Kinzel model is
well known to exhibit a curve of DP criticality in the (p1, p2) parameter space (see e.g. [1]).
By the Janssen-Grassberger conjecture [43, 44], the asynchronous version is also expected to
belong to the DP universality class. For any fixed p2 ∈ [0, 1), there exists a critical value p1c
such that for p1 < p1c , the absorbing state is the only invariant measure, while for p1 > p1c , a
nontrivial upper invariant measure appears. As in the contact process, the infection density ρ
serves as the order parameter.

The model exhibits two distinct regimes: 1) the monotonic regime, p1 ≤ p2, and 2) the
non-monotonic regime, p1 > p2. In the non-monotonic case, having both neighbors infected
leads to a smaller infection rate than having only one infected neighbor.8 This behavior in-
validates many standard theoretical tools used for monotonic processes such as the contact
process.9 To illustrate the power of the bootstrap method developed in this work, we focus on
the non-monotonic case with p2 = 0.

1.1.4 Synchronous stochastic processes

In synchronous processes, time is discrete, t ∈ N, and all spins in the configuration are updated
simultaneously. We restrict attention to local Markov processes, in which the spin at site i at
time t + 1 depends only on the spins at nearby sites (e.g., nearest neighbors) at time t. Such
processes are also known as probabilistic cellular automata.

Rather than discussing the general case, we directly introduce the synchronous Domany-
Kinzel model on Z. In this model, the time evolution of spin configurations s(t) is governed
by the following update rule:10

For all i ∈ Z and t ∈ N, si(t + 1) =











1 , with probability p1 if si(t) + si+1(t) = 0 ,

1 , with probability p2 if si(t) + si+1(t) = 2 ,

−1 , otherwise.

(8)

Special cases include: p1 = p2 (site percolation), p2 = p1(2 − p1) (bond percolation), and
p2 = 0 (Wolfram’s rule 18 [46]). As in the asynchronous examples discussed earlier, the
synchronous Domany-Kinzel model also possesses a unique absorbing state with si(t) = −1
for all i ∈ Z, and is expected to exhibit a line of DP criticality in the (p1, p2) parameter space
separating subcritical and supercritical phases.

8For a more complete definition of monotonicity, we refer the reader to Chapters II and III of [4].
9Nonetheless, there are established mathematical results for certain non-monotonic processes; see, e.g., [45].

10This definition of the Domany-Kinzel model is equivalent to the traditional one in which si(t+1) depends only
on si−1(t) and si+1(t), since the odd and even sublattices in Z at a given time t are dynamically decoupled in that
case.
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Define DL = {1,2, . . . , L} ⊂ Z and let PL denote the set of polynomials in the spins {si}i∈DL
.

For any f (s) ∈ PL , the update rule (8) implies that the expectation value evolves according to

〈 f (s(t + 1))〉=
∑

A⊂DL+1

CA( f )
­

∏

i∈A

si(t)
·

, (9)

where the sum is over all subsets A of DL+1, and the coefficients CA( f ) ∈ R depend on A and
on f (s), as determined by the update rule (8).

As a concrete example, the probability that si(t+1) = 1 equals the sum of p1× (probability
that exactly one of si(t) and si+1(t) is 1), and p2× (probability that both si(t) and si+1(t) are
1), which gives

­

1+ si(t + 1)
2

·

= p1

­

1− si(t)si+1(t)
2

·

+ p2

­

1+ si(t)
2

1+ si+1(t)
2

·

. (10)

By similarly expressing probabilities for all spin configurations on DL , one can compute all the
coefficients CA( f ) in (9) for each f (s) ∈ PL . We will discuss the relationship between these
expectation values and probabilities in more detail shortly.

Invariant measures satisfy the condition

Invariance equation: 〈 f (s)〉=
∑

A⊂DL+1

CA( f )
­

∏

i∈A

si

·

, ∀ f (s) ∈ PL , ∀L ∈ N . (11)

In this work, we restrict to translation-invariant measures, in which case equation (11) serves
as the definition of invariance. As with the asynchronous cases, the absorbing state is the
unique invariant measure in the subcritical phase, while a nontrivial upper invariant measure
appears in the supercritical phase. The model is monotonic for p1 ≤ p2 and non-monotonic for
p1 > p2. In this work, we focus on the non-monotonic case p2 = 0 corresponding to Wolfram’s
rule 18.

1.2 Main ideas of the bootstrap method

We now briefly outline the bootstrap method for the nonequilibrium stochastic processes dis-
cussed above. The key observation is that the invariance equations (4) and (11), as well as
the master equation (3), are all linear in the expectation values. The only distinction between
these expectation values and arbitrary real numbers or time-dependent functions that satisfy
the same linear equations is that the former arise from a valid probability measure. This dis-
tinction is enforced by the following positivity constraints, which we refer to as probability
bounds:

Probability bound:
­

∏

i∈A

1+ uisi

2

·

≥ 0 , (12)

for any finite subset A ⊂ Zd and any spin assignment u ∈ {1,−1}A. The function
∏

i∈A
1+uisi

2
is the indicator function for the event {s ∈ S | si = ui , ∀i ∈ A}; that is, it equals 1 if the event
occurs and 0 otherwise. Therefore, its expectation value corresponds to the probability of that
event and must be nonnegative.

We have already encountered such indicator functions in the expressions for the transition
rates (5) and (7), the definition of the infection density ρ in (6), and the time evolution of
probabilities in the synchronous case (10). Crucially, the probability bounds are themselves
linear in the expectation values.
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1.2.1 Invariant measures

Recently in [9], equations (4) and (12) were combined to formulate the following linear pro-
gramming (LP) problem for determining invariant measures of asynchronous stochastic pro-
cesses:

Over the space of expectation values
­

∏

i∈A

si

·

for finite subsets A of Zd ,

minimize 〈q(s)〉, where q(s) is a polynomial of interest, subject to

linearity of expectation values, normalization 〈1〉= 1, (4), and (12).

(13)

Additional symmetry constraints, such as translation invariance, may be included as they are
also linear in the expectation values. Although (13) is, in principle, an optimization problem
with infinitely many variables and constraints, we may focus on a finite subset of variables
and constraints that still must be satisfied. The resulting minimum 〈q(s)〉min from such a finite
relaxation then provides a rigorous lower bound on the exact value of 〈q(s)〉 for any invariant
measure on Zd . A rigorous upper bound can be obtained analogously by maximizing the same
objective.

In [9], it was shown that as more variables and constraints are systematically included, the
solutions of (13) converge to the expectation values realized by an actual invariant measure.
This convergence theorem implies that (13) may serve as an alternative definition of invariant
measures.

An analogous LP problem applies to invariant measures of synchronous processes governed
by the update rule (8):

Over the space of expectation values
­

∏

i∈A

si

·

for finite subsets A of Z,

minimize 〈q(s)〉, where q(s) is a polynomial of interest, subject to

linearity, normalization, translation invariance, (11), and (12).

(14)

As in the asynchronous case, this LP yields a rigorous lower bound on 〈q(s)〉 for all invariant
measures. The convergence theorem from [9] extends straightforwardly to this setting as well.

For all stochastic processes considered in this work, every invariant measure in the su-
percritical phase is a linear combination of the absorbing state and the upper invariant mea-
sure. Consequently, its expectation value 〈· · · 〉w is given by a weighted average of 〈· · · 〉abs and
〈· · · 〉up, which are the expectation values corresponding to the absorbing state and the upper
invariant measure, respectively:

­

∏

i∈A

si

·w

= (1−w)
­

∏

i∈A

si

·abs

+w
­

∏

i∈A

si

·up

= (1−w) (−1)|A| +w
­

∏

i∈A

si

·up

, ∀A⊂ Zd ,
(15)

where |A| denotes the number of sites in A, and the weight w lies in [0,1]. In the analysis
below, we focus on the case w> 0.

To derive results that apply specifically to the upper invariant measure,11 we rewrite

­

∏

i∈A

si

·w

=
­

∏

i∈A

si

·abs

+D
�

∏

i∈A

si

�

, D
�

∏

i∈A

si

�

= w

�

­

∏

i∈A

si

·up

−
­

∏

i∈A

si

·abs
�

. (16)

11We thank Yuan Xin for suggestions and extended discussions on the bootstrap analysis of the upper invariant
measure.
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Up to a factor of w, the quantity D represents the difference between the expectation values
for the upper invariant measure and the absorbing state. Since the absorbing state is invariant,
the invariance equations (4) and (11) for 〈· · · 〉w are homogeneous and linear in D (note that
D(1) = 0).

Next, consider probabilities of events where at least one spin takes the value 1. These
probabilities are identically zero in the absorbing state. Therefore, when w> 0, their positivity
imposes nontrivial constraints on the upper invariant measure alone, which are homogeneous
and linear in D:

­

∏

i∈A

1+ uisi

2

·w

=D
�

∏

i∈A

1+ uisi

2

�

≥ 0 , ∀A⊂ Zd s.t. ∃i ∈ A , where ui = 1 . (17)

Since both the invariance equations and the probability bounds in (17) are homogeneous
and linear in D, they induce nontrivial linear constraints on the ratios. For convenience, we
consider the ratio of D acting on a generic polynomial to D(si); that is, D(si) serves as a
reference point:

R
�

∏

i∈A

si

�

=
D
�∏

i∈A si

�

D (si)
=

­

∏

i∈A si

·up

− (−1)|A|

〈si〉up + 1
, ∀A⊂ Zd , (18)

where we have assumed translation invariance in writing 〈si〉up. Since the denominator
〈si〉up+1 is strictly positive, the probability bounds (17) remain valid even when D is replaced
by R:

R
�

∏

i∈A

1+ uisi

2

�

≥ 0 , ∀A⊂ Zd s.t. ∃i ∈ A , where ui = 1 . (19)

Similarly, the invariance equations (4) and (11) can be expressed purely in terms of R, and
remain linear in R.

The LP problem that yields nontrivial bounds on R, and hence on the upper invariant
measure, is given by:

Over the space of ratios R
�

∏

i∈A

si

�

for finite subsets A of Z,

minimize R (q(s)), where q(s) is a polynomial of interest, subject to

linearity, R(1) = 0, R (si) = 1, translation invariance, (19),

and invariance (4) or (11) with (16) and (18).

(20)

In practice, convex optimization solvers for large-scale problems typically return results
with rounding errors. However, due to the simplicity of LP formulations like (13), (14), and
(20), one can employ simplex methods to obtain exact solutions. In this work, we use the built-
in LinearOptimization function in Mathematica [47], which provides an exact LP solver
for problems such as (13), (14), and (20). The resulting bounds are mathematically rigorous
bounds on the expectation values and their ratios R.

1.2.2 Noninvariant measures: Short-time behavior

We now consider noninvariant measures for asynchronous processes whose expectation values
evolve over time t. To make this time dependence explicit, we denote them as 〈· · · 〉t . The
linear constraints (3) and (12) must hold at all times t ∈ R.
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Suppose we specify initial conditions 〈
∏

i∈A sA〉t=0 = vA, which are clearly linear in the
expectation values. This leads to the following convex optimization problem:

Over the space of
­

∏

i∈A

si

·

t
for finite subsets A of Zd and t ∈ [0, T] for fixed T > 0,

minimize 〈q(s)〉t=T , where q(s) is a polynomial of interest, subject to

linearity of expectation values, 〈1〉t = 1, (3) and (12) for all t ∈ [0, T],

and initial conditions
­

∏

i∈A

sA

·

t=0
= vA.

(21)

Symmetry constraints respected by both the time evolution and the initial conditions may also
be included, as they are linear in the expectation values. The variables in this optimization
problem are once-differentiable functions of t ∈ [0, T], so even when restricted to spins over
finite subsets A⊂ Zd , the problem remains infinite-dimensional.

In section 3.2, we consider the dual convex optimization problem, which can be made
finite-dimensional while still yielding rigorous lower bounds on 〈q(s)〉t=T . Analogously, an
upper bound is obtained by maximizing the primal objective. The rigorous nature of these
bounds is guaranteed by the standard weak duality theorem in convex optimization. This ap-
proach has recently been used in [12–14] to derive similar bounds for stochastic and quantum
systems.

Depending on the specific formulation, the dual problem can take the form of either LP or
semidefinite programming (SDP). The former yields mathematically rigorous bounds, while
the latter offers bounds up to rounding errors but with significantly reduced computation time.
In this work, we employ the built-in SemidefiniteOptimization function in Mathematica
[47], using Method→ "MOSEK" [48] for solving the SDP.

1.2.3 Noninvariant measures: Late-time behavior

In the subcritical phase, expectation values decay exponentially fast to those of the absorbing
state at late times, for any initial conditions with 〈si〉t=0 > −1:

As t →∞ ,
­

∏

i∈A

si

·

t
→ (−1)|A| + BAe−

t
ξ , ∀A⊂ Zd , (22)

for some real numbers BA satisfying (−1)|A|BA < 0. Here, ξ > 0 is the temporal correlation
length, whose inverse ∆ = ξ−1 is the spectral gap of the time-evolution generator. Crucially,
the decay exponent ξ is the same for all expectation values.

The master equation (3) and probability bounds (12) must hold even at very late times.
Therefore, we can substitute (22) into them, where ξ appears through the d

d t 〈 f (s)〉 term in
the master equation (3). These provide constraints that ξ must satisfy. At a trial value of
ξ, the problem of determining whether these constraints are satisfied reduces to a simple LP
problem:

Over the space of BA for finite subsets A of Zd at a trial value ξ > 0,

maximize B{i} subject to

symmetries, linearity of expectation values, 〈1〉t = 1, B{i} ≤ 1,

and (3) and (12) with the substitution (22) with t →∞.

(23)

Note that we have added the constraint B{i} ≤ 1. Without it, the constraints are homogeneous
(and in fact linear) in BA, so the problem would be unbounded unless the solution is BA = 0.
Therefore, there are only two possible outcomes of the LP (23): either B{i} = 0 or B{i} = 1. If
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the result is B{i} = 0, which contradicts (−1)|A|BA < 0, then the trial value of ξ is excluded as
a possible temporal correlation length. In contrast, if the result is B{i} = 1 and the inequality
(−1)|A|BA < 0 can be explicitly verified, then the trial value of ξ is allowed.

1.3 Sample results and outline

We briefly present a few sample results of the bootstrap method here, deferring more complete
sets of results to the main sections. Applying the LP (13) for invariant measures to the contact
process on Z2 at λ= 1, we obtain the upper bound on the infection density

ρ ≤
1915290
2610007

≈ 0.733826 , (24)

which is consistent with the kinetic Monte Carlo (KMC) estimate ρ ≈ 0.72506(26) discussed
in appendix B. For certain values of λ, the upper bound on ρ becomes 0, implying that ρ = 0
and thereby providing a lower bound on the critical value λc,2 for the phase transition on Z2.
This yields

λc,2 ≥ 0.362 , (25)

which is consistent with the Monte Carlo estimate λc,2 ≈ 0.41220(3) [49].
We similarly apply the LP (14) for invariant measures of the synchronous Domany-Kinzel

model on Z at p2 = 0 (Wolfram’s rule 18), and obtain the following upper bound on ρ at
p1 = 0.9:

ρ ≤ 0.454362 , (26)

which is consistent with the Monte Carlo estimate ρ ≈ 0.42621(33). We also obtain a lower
bound on the critical value ps

1c for p1 given by

ps
1c ≥ 0.772 , (27)

consistent with the estimate ps
1c ≈ 0.799(2) from [50].

To obtain nontrivial bounds on the upper invariant measure in the supercritical phase, we
apply the LP (20) to the contact process on Z at λ= 2 and find

−0.6404661<R (s1s3) =
〈s1s3〉up − 1
〈s1〉up + 1

< −0.6403856 , (28)

which is consistent with the KMC estimate R(s1s3)≈ −0.6403(7).
Turning to time evolution, we apply (21) to the contact process on Z at λ= 2, and obtain

the following bounds from the dual SDP problems, where the initial conditions are 〈sA〉t=0 = 0
for all A⊂ Z:

0.61617≤ ρt=1 ≤ 0.61880 . (29)

Here, ρt denotes the infection density at time t.
For the contact process, ρt is a non-increasing function of time t when the initial condition

is

∏

i∈A si

�

t=0 = 1 for all A ⊂ Zd .12 In the subcritical phase, we define the half-life t1/2 for
such initial conditions by ρt=t1/2

= 1
2 . If, at a given t = T1, the lower bound on ρt=T1

is greater

than 1
2 , then T1 ≤ t1/2. Similarly, if the upper bound on ρt=T2

is less than 1
2 , then t1/2 ≤ T2.

This yields the following two-sided bounds on t1/2 for the contact process on Z at λ= 1:

1.575< t1/2 < 1.59 , (30)

consistent with the KMC estimate t1/2 ≈ 1.589(14).

12See Theorem 2.3 in chapter III of [4].
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Lastly, we apply (23) to derive bounds on the temporal correlation length ξ. For example,
in the contact process on Z2 at λ= 0.1, we obtain

1.48< ξ < 1.528 , (31)

while a rough KMC estimate gives ξ≈ 1.411.
This paper is organized as follows. In section 2, we introduce the LP formulation for

invariant measures and derive rigorous bounds on their expectation values, which further
lead to lower bounds on the critical rates. In section 3, we discuss the convex optimization
problem for the short-time evolution of the expectation values, whose dual problem provides
bounds on them. These bounds then yield two-sided bounds on the half-life. We next present
the LP formulation for the late-time evolution in section 4, which provides two-sided bounds
on the temporal correlation length. We conclude with future prospects in section 5.

2 Bootstrapping the invariant measures

We start by describing hierarchies of LP problems that impose the defining properties of the
invariant measures of the stochastic processes of interest, along with the resulting bounds on
their expectation values.

2.1 LP hierarchy for asynchronous stochastic processes on the lattice Z

For asynchronous stochastic processes, the LP hierarchy for the invariant measures was con-
structed in [9], which we now review. We begin with systems on Z and discuss the Z2 case in
section 2.3. Recall the notations DL = {1, . . . , L} ⊂ Z and PL , the set of polynomials of spins
{si}i∈DL

.
Both the contact process and the asynchronous Domany-Kinzel model on Z respect three

types of symmetries on the lattice: 1. translation, 2. reflection about a lattice site, and 3.
reflection about a midpoint between two lattice sites. More concretely, given a finite subset
A ⊂ Z, right- and left-translations τ+ and τ− act as τ±(A) = {i ± 1|i ∈ A}; reflection about a
lattice site j, denoted r j , acts as r j(A) = { j− i|i ∈ A}; and reflection about a midpoint between
sites j and j+1, denoted v j , acts as v j(A) = { j− i+1|i ∈ A}. We define the equivalence relation
∼ between two finite subsets A and B of Z as: A ∼ B if and only if A and B can be obtained
from each other via repeated actions of τ±, r j , and v j for j ∈ Z.

The LP hierarchy LPinv for the invariant measures, respecting the symmetries of the lattice,
for the transition rate c(i, s) on the infinite lattice Z at level L is given as follows (L = 2, 3, . . .
for the contact process and L = 3,4, . . . for the asynchronous Domany-Kinzel model):

Definition 1. Given the objective function q(s) ∈ PL , LPinv(L) is a LP problem where

• Variables. Variables are
­

∏

i∈A si

·

∈ R, where A⊂ DL .

• Objective. Minimize the objective 〈q(s)〉 subject to the following constraints:

1. Linearity. Given any polynomials q1 ∈ PL and q2 ∈ PL , with α ∈ R, their expectation
values satisfy linearity: 〈q1 +αq2〉= 〈q1〉+α〈q2〉.
2. Unit normalization. 〈1〉= 1.

3. Symmetry. For any A⊂ DL and B ⊂ DL such that A∼ B,
­

∏

i∈A si

·

=
­

∏

i∈B si

·

.

4. Invariance. For any polynomial f (s) ∈ PL−1,

∑

i∈DL−1

­

c(i, s)
�

f (si)− f (s)
�

·

= 0 , (32)
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where
­

∏

i∈A si

·

with 0 ∈ A is replaced by
­

∏

i∈τ+(A) si

·

so that (32) closes within the variables

under consideration.
5. Probability bound. For any given spin assignment u ∈ {1,−1}DL ,

­

∏

i∈DL

1+ uisi

2

·

≥ 0 . (33)

The minimum of 〈q(s)〉 obtained by LPinv(L) will be denoted as 〈q〉min
L .

Equations (32) are indeed the invariance equations (4) for f (s) ∈ PL−1, where the infinite
sum

∑

i∈Z truncates to a finite sum
∑

i∈DL−1
since f (si)− f (s) = 0 if i /∈ DL−1. The transition

rates c(i, s) for the contact process (5) and the asynchronous Domany-Kinzel model (7) involve
spins si−1, si , and si+1, so that (32) may produce expectation values of functions depending on

s0, which are not in the space of variables
­

∏

i∈A si

·

with A ⊂ DL . We therefore make use

of translation invariance to shift such functions so that (32) closes within the space of these
variables.

The constraints of LPinv(L) form a proper subset of those of LPinv(L′) for any L′ > L.
Therefore, 〈q〉min

L is a non-decreasing function of L. We can similarly define an LP hierarchy
for maximizing the objective 〈q(s)〉 and obtain the corresponding maximum 〈q〉max

L , which is a
non-increasing function of L. These results provide rigorous bounds on the value of 〈q(s)〉 that
any invariant measure, respecting the symmetries of the lattice, for the transition rate c(i, s)
on the infinite lattice Z must obey:

〈q〉min
L ≤ 〈q(s)〉 ≤ 〈q〉

max
L , ∀L . (34)

Furthermore, Theorem 5 in [9] implies that there exists an invariant measure respecting the
symmetries whose expectation value of q(s) agrees with the limiting value 〈q〉min

L→∞, and sim-
ilarly, there exists another invariant measure respecting the symmetries whose expectation
value of q(s) agrees with 〈q〉max

L→∞. These two measures may or may not coincide.

2.2 Results for the contact process on Z

We now present the bounds obtained from LPinv(L) for the contact process on Z with the
transition rate (5). At low L, it is possible to obtain analytic expressions in terms of the rate
λ, while at higher L, we use the LP solver LinearOptimization in Mathematica [47].

2.2.1 Analytic results at low L

We start with L = 2, assuming that λ > 0. After using the symmetry, the single invariance
equation at this level is given by

1−λ+ 〈s1〉+λ〈s1s2〉= 0 ⇒ 〈s1s2〉= −
1−λ+ 〈s1〉

λ
. (35)

There are three linearly independent probability bounds, which are given by the following
expressions after imposing the symmetries and (35):

−(1− 2λ+ 〈s1〉+ 2λ〈s1〉)≥ 0 , 1+ 〈s1〉 ≥ 0 , (2λ− 1)(1+ 〈s1〉)≥ 0 . (36)

Therefore, we find

〈s1〉= −1 , if λ <
1
2

, −1≤ 〈s1〉 ≤
2λ− 1
2λ+ 1

, if λ≥
1
2

. (37)
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Figure 1: Left: LPinv(L) upper bounds on ρ for the contact process on Z at L = 7
(black), L = 8 (orange), L = 9 (blue), and L = 10 (green), and also the KMC
estimates (yellow) with 1σ error bars, which are hardly visible. The estimate for
the critical rate λc ≈ 1.6491(1) from [40] is marked in red. Right: LPinv(L) upper
bounds on ν for the contact process on Z, together with the KMC estimates. Colors
for data points are identical to those in the left figure.

Two conclusions can be made. The first equality implies a lower bound 1
2 ≤ λc on the critical

rate λc since 〈s1〉 = −1 specifies the absorbing state. The second inequality shows an upper
bound on 〈s1〉, or equivalently, an upper bound on the infection density ρ ≤ 2λ

2λ+1 of the
nontrivial upper invariant measure for λ > λc . Note that the lower bound on ρ is always
given by 0≤ ρ due to the presence of the absorbing state.

It is straightforward to extend the analysis to L = 3, leading to

〈s1〉= −1 , if λ < 1 , −1≤ 〈s1〉 ≤
2λ2 −λ− 1
2λ2 +λ+ 1

, if λ≥ 1 , (38)

implying 1≤ λc and 0≤ ρ ≤ 2λ2

2λ2+λ+1 forλ > λc . The case L = 4 can still be solved analytically,

providing 1+
p

37
6 ≤ λc and upper bounds on ρ, which are no longer as simple to express as in

the cases of L = 2,3.

2.2.2 Exact results at higher L

Given a rational value of λ, we now maximize ρ =
­

1+s1
2

·

in LPinv(L) (i.e. q(s) = 1+s1
2 ) at

higher values of L to derive rigorous upper bounds on ρ, using the LinearOptimization
function in Mathematica [47]. For example, LPinv(L = 8) at λ = 2 produces
ρ ≤ 5716599354130854044092609142591744

9027340680181721890466616314606815 ≈ 0.63325, while it produces ρ ≤ 0 at λ = 1.42, im-
plying 1.42 ≤ λc . Note that due to the presence of the absorbing state, minimization of ρ in
LPinv(L) always produces a trivial lower bound 0 ≤ ρ. Therefore, we discuss only the upper
bounds on ρ.

We performed the analysis up to L = 10 and obtained the left plot of Figure 1, where the
KMC estimates obtained from 200 independent simulations over a periodic lattice of size 200
are also shown (see Appendix B for more details on the KMC simulations). We observe that
the upper bounds are closer to the KMC estimates at larger values of λ. Theorem 5 in [9]
implies that as L→∞, the upper bounds will converge to the value realized by the nontrivial
upper invariant measure in the supercritical phase.

We also performed a similar analysis to obtain upper bounds on

ν=
­

1+ si

2
1+ si+1

2

·

, (39)
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Figure 2: LPinv(L) lower bounds on λc for the contact process on Z at different values
of L (blue dots). For comparison, the estimate λc ≈ 1.6491(1) is also shown (dotted
red line).

which is the probability that two adjacent sites take spin values +1. LPinv(L) upper bounds
on ν are presented in the right plot of Figure 1, together with the KMC estimates.

LPinv(L = 10) also provided the lower bound 1.46 ≤ λc by obtaining ρ ≤ 0 at λ = 1.46.
Such lower bounds at different values of L are presented in Figure 2. These results are weaker
than the bound 1.5388 ≤ λc obtained in [6], where auxiliary stochastic processes whose crit-
ical rates lower bound λc are constructed based on monotonicity and coupling arguments.

2.3 Results for the asynchronous Domany-Kinzel model on Z

To illustrate that bootstrap methods are applicable regardless of specific properties like mono-
tonicity, we now apply LPinv(L) to the asynchronous Domany-Kinzel model with p2 = 0. We
expect that there exists p1c such that at p1 = p1c , the model undergoes a continuous phase
transition corresponding to the DP universality class in 1+1 dimensions. KMC results in Ap-
pendix B suggest p1c ≈ 0.908.

2.3.1 Analytic results at L = 3

LPinv(L = 3) has four variables after symmetries are imposed: 〈s1〉, 〈s1s2〉, 〈s1s3〉, and 〈s1s2s3〉.
Two invariance equations are given by

〈s1〉+ 〈s1s2〉= 0 , 1− p1 + 〈s1〉+ p1〈s1s3〉= 0 . (40)

Using these, the probability bounds lead to

〈s1〉= −1 , if p1 <
1
2

, −1≤ 〈s1〉 ≤
2p1 − 1
2p1 + 1

, if
1
2
≤ p1 ≤ 1 , (41)

implying 1
2 ≤ p1c and ρ ≤ 2p1

2p1+1 for p1 > p1c .

2.3.2 Exact results at higher L

Given a rational value of p1, we use the LinearOptimization function in Mathematica to
maximize ρ in LPinv(L). The results are presented in the left plot of Figure 3, together with
the KMC estimates. LPinv(L = 10) provides the lower bound 0.839 ≤ p1c by obtaining ρ ≤ 0
at p1 = 0.839. Such lower bounds at different values of L are shown in the right plot of Figure
3, consistent with the KMC estimate p1c ≈ 0.908.
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Figure 3: Left: LPinv(L) upper bounds on ρ for the asynchronous Domany-Kinzel
model at L = 7 (black), L = 8 (orange), L = 9 (blue), and L = 10 (green), and
also the KMC estimates (yellow) with 1σ error bars, which are hardly visible. The
estimate for the critical rate p1c ≈ 0.908 is marked in red. Right: LPinv(L) lower
bounds on p1c for the asynchronous Domany-Kinzel model at different values of L
(blue dots). For comparison, the estimate p1c ≈ 0.908 is also presented (dotted red
line).

2.4 LP hierarchy for the contact process on Z2

Bootstrap methods can be straightforwardly extended to higher dimensions. We consider the
contact process on Z2 in this section. As already mentioned, there is a critical rate λc,2 such
that for λ ≤ λc,2, the absorbing state is the unique invariant measure, while for λ > λc,2,
there exists a nontrivial upper invariant measure. The contact process on Z2 belongs to the
DP universality class in 2+1 dimensions.

The lattice symmetry group Z2⋊ D4 respected by the process is generated by lattice trans-
lations along the x- and y-directions, π2 -rotation around the origin, and reflection about the
x-axis. Similarly to the case of Z, we denote A∼ B for two finite subsets A and B of Z2 if they
can be mapped to each other via these symmetry actions. We focus on the measures that re-
spect the full symmetries by imposing the corresponding equalities for the expectation values,
similar to constraint 3 of LPinv(L).

To systematize the LP hierarchy for the contact process on Z2,
we define D̃L = {i ∈ Z2 | ||i||1 ≤ L − 1}, where || · ||1 is the L1-norm and L = 1,2, . . .. For
each j ∈ ∂ D̃L+1 = {i ∈ Z2 | ||i||1 = L}, we define D̄ j

L = D̃L∪{ j}. The idea is that if we take f (s)
in the invariance equation (4) to depend only on the spins over D̃L , then the equation depends
on the expectation values of functions that depend only on the spins over D̄ j

L for j ∈ ∂ D̃L+1.
The variables of the LP at level L, denoted as LP2d

inv(L), are now expectation values of spins

over D̄ j
L for j ∈ ∂ D̃L+1, with the constraints being the invariance equations and probability

bounds that close within them. Finally, define P̃L and P ′L to be the sets of polynomials of spins

over D̃L and D̄ j
L for j ∈ ∂ D̃L+1, respectively.

Definition 2. Given the objective function q(s) ∈ P ′L , LP2d
inv(L) is a LP problem where

• Variables. Variables are
­

∏

i∈A si

·

∈ R, where A⊂ D̄ j
L for j ∈ ∂ D̃L+1.

• Objective. Minimize (or maximize) the objective 〈q(s)〉 subject to the following constraints:

1. Linearity. Given any polynomials q1 ∈ P ′L and q2 ∈ P ′L , with α ∈ R, their expectation
values satisfy linearity: 〈q1 +αq2〉= 〈q1〉+α〈q2〉.
2. Unit normalization. 〈1〉= 1.
3. Symmetry. For any A ⊂ D̄ j

L and B ⊂ D̄k
L for j, k ∈ ∂ D̃L+1 such that A ∼ B,
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­

∏

i∈A si

·

=
­

∏

i∈B si

·

.

4. Invariance. For any polynomial f (s) ∈ P̃L ,

∑

i∈D̃L

­

c(i, s)
�

f (si)− f (s)
�

·

= 0 , (42)

where c(i, s) is given by (5) with d = 2.
5. Probability bound. For each j ∈ ∂ D̃L+1, and any given spin assignment u ∈ {1,−1}D̄

j
L ,

­

∏

i∈D̄ j
L

1+ uisi

2

·

≥ 0 . (43)

As before, the obtained minimum (maximum) provides a rigorous lower (upper) bound
on the value of 〈q(s)〉 realized by any invariant measure respecting the lattice symmetries.
LP2d

inv(L = 1) has only two variables, 〈s(0,0)〉 and 〈s(0,0)s(1,0)〉, after imposing all the symmetries.
The invariance equation leads to

〈s(0,0)s(1,0)〉=
2λ− 1− 〈s(0,0)〉

2λ
, (44)

and the probability bounds, after imposing (44), are given by

1+ 〈s(0,0)〉 ≥ 0 , 4λ− 1− (4λ+ 1)〈s(0,0)〉 ≥ 0 , (4λ− 1)(1+ 〈s(0,0)〉)≥ 0 . (45)

Therefore, we conclude

〈s(0,0)〉= −1 , if λ <
1
4

, −1≤ 〈s(0,0)〉 ≤
4λ− 1
4λ+ 1

, if λ≥
1
4

, (46)

implying a lower bound 1
4 ≤ λc,2 on the critical rate λc,2 for the contact process on Z2. The

numerical estimate from Monte Carlo simulations is given by λc,2 ≈ 0.41220(3) [49].

λc,2
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0.4
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Figure 4: LP2d
inv(L) upper bounds on ρ for the contact process on Z2 at L = 1 (black

line) and L = 2 (blue dots), and KMC estimates (orange dots) with 1σ error bars,
which are hardly visible. The Monte Carlo estimate for λc,2 ≈ 0.41220(3) from [49]
is marked in red.
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Table 1: Comparisons between LP2d
inv(L = 2) upper bounds and KMC estimates for

ρ.

λ LP2d
inv(L = 2) KMC

1 1915290
2610007 ≈ 0.733826 0.72506(26)

1.5 306738522
371876605 ≈ 0.824840 0.82278(17)

2 3540162784
4069310825 ≈ 0.869966 0.86931(11)

We also obtained upper bounds on the infection density ρ =
­

1+s(0,0)
2

·

from LP2d
inv(L = 2)

using the LinearOptimization function in Mathematica. The results are presented in Figure
4. In particular, at λ = 0.362, we obtain ρ ≤ 0, implying a lower bound 0.362 ≤ λc,2 on the
critical rate. In Table 1, explicit numerical comparisons between exact upper bounds on ρ
obtained from LP2d

inv(L = 2) and KMC estimates for ρ are presented. We observe that as λ
increases, the difference between the two decreases.

2.5 LP hierarchy for the synchronous Domany-Kinzel model on Z

The LP hierarchy for the synchronous Domany-Kinzel model on Z is very much analogous
to LPinv(L), with the same set of symmetry constraints. Using the same notations as before,
LPs

inv(L) for L = 2, 3, . . . is a hierarchy of LPs for the invariant measures of the synchronous
Domany-Kinzel model, defined as follows:

Definition 3. Given the objective function q(s) ∈ PL , LPs
inv(L) is a LP problem where

• Variables. Variables are
­

∏

i∈A si

·

∈ R, where A⊂ DL .

• Objective. Minimize the objective 〈q(s)〉 subject to the following constraints:

1. Linearity. Given any polynomials q1 ∈ PL and q2 ∈ PL , with α ∈ R, their expectation
values satisfy linearity: 〈q1 +αq2〉= 〈q1〉+α〈q2〉.
2. Unit normalization. 〈1〉= 1.

3. Symmetry. For any A⊂ DL and B ⊂ DL such that A∼ B,
­

∏

i∈A si

·

=
­

∏

i∈B si

·

.

4. Invariance. For any polynomial f (s) ∈ PL−1,

〈 f (s)〉=
∑

A⊂DL

CA( f )
­

∏

i∈A

si

·

. (47)

5. Probability bound. For any given spin assignment u ∈ {1,−1}DL ,
­

∏

i∈DL

1+ uisi

2

·

≥ 0 . (48)

Recall that CA( f ) are real coefficients completely determined by the update rule (8). The
update rule provides the list of probabilities for all spin configurations over DL , which can then
be expressed as the expectation values of the corresponding indicator functions, as explained
below (12).
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Figure 5: Left: LPs
inv(L) upper bounds on ρ for the synchronous Domany-Kinzel

model at L = 6 (black), L = 7 (orange), L = 8 (blue), and L = 9 (green), and also
the Monte Carlo estimates (yellow) obtained by averaging over 200 independent
simulations on a periodic lattice of size 201 for 400 time steps. Monte Carlo 1σ
error bars are hardly visible. The estimate for the critical rate p1c ≈ 0.799 [50] is
marked in red. Right: LPs

inv(L) lower bounds on p1c at different values of L (blue
dots). For comparison, the estimate p1c ≈ 0.799 [50] is also presented (dotted red
line).

We now consider LPs
inv(L) for the case of Wolfram’s rule 18, where p2 = 0, which is a

non-monotonic process. At L = 3, for example, after symmetries are imposed, the variables
are the expectation values of s1, s1s2, s1s3, and s1s2s3. The invariance equations then lead to
the following relations among them:

〈s1s2〉= 1−
1
p1
−
〈s1〉
p1

, 〈s1s3〉=
2p1 − 2p2

1 + p3
1 − 1+ (2p1 − 2p2

1 − 1)〈s1〉
p3

1

. (49)

Combined with probability bounds, they lead to the lower bound x∗ ≤ p1c on the critical value
p1c for p1, where x∗ ≈ 0.64780 is the unique real solution to the equation 2x3−2x2+2x−1= 0.

Results for higher L are presented in the left plot of Figure 5. At L = 9, we obtain
0.772 ≤ p1c , consistent with the estimate 0.799(2) from [50]. Lower bounds on p1c at dif-
ferent values of L are presented in the right plot of Figure 5.

2.6 LP hierarchy for the upper invariant measure

The bootstrap bounds discussed in the previous subsections apply to arbitrary invariant mea-
sures. However, it is desirable to derive bounds that apply specifically to the upper invariant
measure in the supercritical phase. In this subsection, we discuss such bounds on ratios among
the expectation values of the upper invariant measure. For concreteness, we focus on the lat-
tice Z; the generalization to higher dimensions is straightforward.

As introduced in section 1.2.1, we consider the ratios

R
�

∏

i∈A

si

�

=
D
�∏

i∈A si

�

D (si)
=

­

∏

i∈A si

·up

− (−1)|A|

〈si〉up + 1
. (50)

Both the asynchronous and synchronous invariance equations (4) and (11) can be reformu-
lated as linear equations in R. Invariance equations that close within the expectation values
of polynomials in PL , under the assumption of translation invariance, can be expressed as

∑

A⊂DL

UκL,AR
�

∏

i∈A

si

�

= 0 , ∀κ ∈ ΥL , (51)
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where ΥL is an appropriate finite discrete index set for each L, and UκL,A ∈ R is determined by
the specific invariance equation under consideration. Combined with the probability bounds
(19) on R, we arrive at the following LP problem.

Definition 4. Given the objective function q(s) ∈ PL , LPup(L) is a LP problem where
• Variables. Variables are R

�∏

i∈A si

�

∈ R, where A⊂ DL .
• Objective. Minimize the objective R (q(s)) subject to the following constraints:

1. Linearity. Given any polynomials q1 ∈ PL and q2 ∈ PL , with α ∈ R, their R values sat-
isfy linearity: R(q1 +αq2) =R(q1) +αR(q2).
2. Difference and normalization. R(1) = 0, R(si) = 1.
3. Symmetry. For any A⊂ DL and B ⊂ DL such that A∼ B, R

�∏

i∈A si

�

=R
�∏

i∈B si

�

.
4. Invariance. For each κ ∈ ΥL ,

∑

A⊂DL

UκL,AR
�

∏

i∈A

si

�

= 0 . (52)

5. Probability bound. For any given spin assignment u ∈ {1,−1}DL such that ∃i ∈ DL with
ui = 1,

R

 

∏

i∈DL

1+ uisi

2

!

≥ 0 . (53)

In formulating LPup(L), we have assumed the existence of the upper invariant measure at
a given value of λ. If λ < λc , the result of LPup(L) is void. In contrast, when λ > λc , the result
becomes nontrivial.

2.6.1 Results for the contact process on Z

Consider the contact process on Z. At L = 2, substituting (16) into (35) yields

D(s1) +λD(s1s2) = 0 , (54)

which leads to
〈s1s2〉up − 1
〈s1〉up + 1

=
D(s1s2)
D(s1)

=R(s1s2) = −
1
λ

, (55)

thus completely determining the ratio.
At L = 3, there is one additional invariance equation, which simplifies to

R(s1s2s3) = 1−
2
λ2
+R(s1s3) . (56)

Combined with the probability bounds, we obtain

−
1+λ
λ2
≤R(s1s3)≤ −

1
λ2

, for λ≥ 1 . (57)

Bounds on R(s1s3) obtained from LPup(L) using LinearOptimization at L = 5, 6, and
7 are presented in Figure 6. At λ= 2, LPup(L = 10) yields the bounds given in (28).
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Figure 6: LPup(L) upper and lower bounds on R(s1s3) for the contact process on Z
at L = 5 (black), L = 6 (orange), and L = 7 (blue). The upper and lower bounds at
L = 7 are nearly indistinguishable.

2.6.2 Results for the synchronous Domany-Kinzel model on Z

The formulation LPup(L) also applies to synchronous processes. For the synchronous Domany-
Kinzel model at p2 = 0, the invariance equations at L = 3, for example, imply

R(s1s2) = −
1
p1

, R(s1s3) = −
1− 2p1 + 2p2

1

p3
1

. (58)

On the other hand, R(s1s2s3) is not completely determined. At p1 = 0.9, LPup(L = 9) yields

1.0617<R(s1s2s3)< 1.1989 , (59)

which is consistent with the Monte Carlo estimate R(s1s2s3)≈ 1.1364(12), obtained from 200
independent simulations with random initial configurations on a periodic lattice of size 201
evolved over 400 time steps.

3 Bootstrapping the short-time evolution of noninvariant mea-
sures

In this section, we introduce bootstrap methods for deriving bounds on the short-time evolu-
tion of the expectation values of noninvariant measures in asynchronous processes. We start
by noting a crucial distinction between synchronous and asynchronous time evolutions, which
explains why bootstrap methods are desirable for the asynchronous case but not necessary for
the synchronous case.

Consider the synchronous Domany-Kinzel model on Z, whose expectation values obey
discrete time evolution equations (9). In order to determine 〈si(t + 1)〉, for example, (10)
implies that we need the values of 〈si(t)〉, 〈si+1(t)〉, and 〈si(t)si+1(t)〉. In general, to deter-
mine 〈 f (s(t + 1))〉 for f (s) ∈ PL , we need the values of 〈g(s(t))〉 for g(s) ∈ PL+1. Therefore,
〈 f (s(t = T ))〉 for a given f (s) ∈ PL and T ∈ N can be determined if we are given the initial
values 〈g(s(t = 1))〉 for all g(s) ∈ PT+L−1. We explore this idea further in section 3.8.
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In contrast, the master equation (3) for asynchronous processes is a differential equation
involving time derivatives. For example, in d = 1, d

d t 〈 f (s)〉t for f (s) ∈ PL is equal to a linear
combination of the expectation values 〈g(s)〉t for g(s) ∈ PL+1 (assuming translation invari-
ance). Since such differential equations do not contain information about how 〈 g̃(s)〉t for
g̃(s) /∈ PL , g̃(s) ∈ PL+1 evolves in time, its appearance in the master equation for d

d t 〈 f (s)〉t
makes the equation not explicitly solvable, even if all the initial conditions are specified. In-
stead, it is still possible to bound 〈 f (s)〉t=T at any fixed finite T ∈ R using the bootstrap
methods.

3.1 Primal optimization problem

Bounding time-dependent objectives governed by differential equations such as (3) using con-
vex optimization is a well-established problem in optimal control theory (see, e.g., [12, 18]),
and has recently been extended to the time evolution of expectation values in quantum sys-
tems [13,14]. We now apply this approach to asynchronous stochastic processes.

For concreteness, we focus on d = 1. Our goal is to find lower and upper bounds on
〈q(s)〉t=T given some initial conditions on the expectation values at t = 0 that respect the
lattice symmetries. It is straightforward to formulate the optimization problem based on the
master equation (3). The corresponding level L primal optimization problem PO(L) is defined
as follows:

Definition 5. Given the objective function q(s) ∈ PL−1, initial conditions
­

∏

i∈A si

·

t=0
= yA

for A ∈ DL respecting the lattice symmetries, and time T > 0, PO(L) is a primal optimization
problem where

• Variables. Variables are class C1 functions
­

∏

i∈A si

·

t
of t ∈ [0, T], where A⊂ DL .

• Objective. Minimize the objective 〈q(s)〉t=T subject to the following constraints:

1. Linearity. Given any polynomials q1 ∈ PL and q2 ∈ PL , with α ∈ R, their expectation
values satisfy linearity: 〈q1 +αq2〉t = 〈q1〉t +α〈q2〉t for t ∈ [0, T].
2. Unit normalization. 〈1〉t = 1 for t ∈ [0, T].

3. Symmetry. For any A ⊂ DL and B ⊂ DL such that A ∼ B,
­

∏

i∈A si

·

t
=
­

∏

i∈B si

·

t
for

t ∈ [0, T].
4. Master equation. For any polynomial f (s) ∈ PL−1,

d
d t
〈 f (s)〉t =

∑

i∈DL−1

­

c(i, s)
�

f (si)− f (s)
�

·

t
, t ∈ [0, T] , (60)

where
­

∏

i∈A si

·

t
with 0 ∈ A is replaced by

­

∏

i∈τ+(A) si

·

t
.

5. Probability bound. For any given spin assignment u ∈ {1,−1}DL ,
­

∏

i∈DL

1+ uisi

2

·

t
≥ 0 , t ∈ [0, T] . (61)

6. Initial condition.
­

∏

i∈A si

·

t=0
= yA for A∈ DL .

The minimum of 〈q(s)〉t=T obtained by PO(L) will be denoted as 〈q〉min,L
t=T .

22

https://scipost.org
https://scipost.org/SciPostPhys.19.5.124


SciPost Phys. 19, 124 (2025)

3.2 Dual optimization problem

In PO(L), even though L is finite, the space of variables is infinite-dimensional since they are
functions of t. Therefore, it may not be immediately obvious how to find the minimum 〈q〉min,L

t=T
over such a space. However, the standard weak duality theorem in optimization implies that
any feasible solution of the dual optimization problem produces a lower bound on 〈q〉min,L

t=T ,
which would then serve as a lower bound also on the actual value of 〈q(s)〉t=T .

We introduce a modified version of PO(L) before turning to the dual problem. First, we
explicitly solve constraint 3 of PO(L) and substitute the solutions into the variables, objective,
and constraints 4, 5, and 6 of PO(L), using constraints 1 and 2. Denote by X a

t , a = 1, . . . , m,
the independent variables remaining after this procedure.

Definition 6. The primal optimization problem PO′(L) at level L equivalent to PO(L) is given
by the following:
• Variables. Variables are class C1 functions X a

t of t ∈ [0, T], where a ∈ {1, . . . , m}.
• Objective. Minimize the objective Q+

∑m
a=1 QaX a

t=T subject to the following constraints:

1. Master equation. For β = 1, . . . , n,

rβ +
m
∑

a=1

�

W a
β

d
d t
+ V a

β

�

X a
t = 0 , t ∈ [0, T] . (62)

2. Probability bound. For γ= 1, . . . , l,

hγ +
m
∑

a=1

Ga
γX a

t ≥ 0 , t ∈ [0, T] . (63)

3. Initial condition. For a = 1, . . . , m,

X a
t=0 = ga . (64)

The minimum obtained by PO′(L) is the same as 〈q〉min,L
t=T .

Here, m, n, l ∈ N and Q,Qa, rβ , W a
β

, V a
β

, hγ, Ga
γ , ga ∈ R are completely determined by the in-

gredients of PO(L). We now formulate the dual problem DO(L) of the primal problem PO′(L).
As usual, we introduce the Lagrange multipliers λβW (t), λ

γ
G(t), and λa

g for constraints 1, 2, and

3 of PO′(L), respectively. The functions λβW (t) and λγG(t) are class C1 and C0 functions of
t ∈ [0, T], respectively, while λa

g ∈ R. After varying the Lagrangian with respect to the primal
variables X a

t , we arrive at the dual optimization problem.

Definition 7. The dual optimization problem DO(L) of the primal optimization problem PO′(L)
is given by the following:
• Variables. Variables are class C1 functions λβW (t) and class C0 functions λγG(t) of t ∈ [0, T],
and λa

g ∈ R.
• Objective. Maximize the objective

Q−
m
∑

a=1

gaλa
g +

∫ T

0

d t

 

n
∑

β=1

rβλ
β
W (t)−

l
∑

γ=1

hγλ
γ
G(t)

!

, (65)

subject to the following constraints:

1. Primal objective. For a = 1, . . . , m,

Qa +
n
∑

β=1

λ
β
W (t = T )W a

β = 0 . (66)
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2. Dual master equation. For a = 1, . . . , m,

n
∑

β=1

�

−
dλβW (t)

d t
W a
β +λ

β
W (t)V

a
β

�

−
l
∑

γ=1

λ
γ
G(t)G

a
γ = 0 , t ∈ [0, T] . (67)

3. Dual probability bound. For γ= 1, . . . , l,

λ
γ
G(t)≥ 0 , t ∈ [0, T] . (68)

4. Dual initial condition. For a = 1, . . . , m,

λa
g −

n
∑

β=1

λ
β
W (t = 0)W a

β = 0 . (69)

The maximum value of the objective obtained by DO(L) is denoted as 〈q〉min,DO(L)
t=T .

Weak duality theorem states that

〈q〉min,DO(L)
t=T ≤ 〈q〉min,L

t=T . (70)

Furthermore, since DO(L) is a maximization problem, any feasible solution to constraints 1,
2, 3, and 4 of DO(L) provides a lower bound on 〈q〉min,DO(L)

t=T . In other words, if some given

λ
β
W (t), λ

γ
G(t), and λa

g satisfy the constraints 1–4 of DO(L), then

Q−
m
∑

a=1

gaλa
g +

∫ T

0

d t

 

n
∑

β=1

rβλ
β
W (t)−

l
∑

γ=1

hγλ
γ
G(t)

!

≤ 〈q〉min,DO(L)
t=T ≤ 〈q〉min,L

t=T

≤ 〈q(s)〉t=T ,

(71)

thus obtaining a lower bound on the actual value of 〈q(s)〉t=T . Upper bounds on 〈q(s)〉t=T can
be similarly obtained by considering PO(L) with objective −〈q(s)〉t=T and modifying DO(L)
accordingly.

Since any feasible solution of DO(L) provides a desired lower bound, we can consider a
finite-dimensional subspace of the dual variables λβW (t) and λγG(t) and search for feasible solu-
tions within this subspace. Moreover, within the space of feasible solutions in the subspace, we
can maximize the dual objective to obtain the best lower bound on 〈q(s)〉t=T attainable in the
subspace. This results in a finite-dimensional optimization problem, which can be addressed
using standard optimization solvers.

There is no canonical choice of subspace, but a desirable one is such that constraint 3 of
DO(L), which imposes positivity, can be naturally implemented. Therefore, subspaces where
a natural positive function basis exists are advantageous, since one can expand constraint 3 in
such a basis and impose nonnegativity of the expansion coefficients. In this work, we employ
two types of such subspaces: B-splines and polynomials.

3.3 Dual optimization problem in B-spline basis

By definition, the clamped B-spline basis provides a positive function basis over the domain
t ∈ [0, T]. We consider a uniform knot vector vknot = (t0, t1, . . . , tN+D) with t0 = . . .= tD = 0,
tk =

k−D
N−D T for k = D + 1, . . . , N − 1, and tN = . . . = tN+D = T for N independent degree-D

polynomial clamped splines φ(D)kD
(t) with kD = 1, . . . , N . Each φ(D)kD

(t) is nonnegative over
[0, T] and has support only on [tkD−1, tkD+D) within [0, T].
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Since the derivative of a clamped B-spline of degree D is a linear combination of clamped B-
splines of degree D−1 over the same knot vector vknot , we consider the clamped B-spline bases
of all degrees µ= 1, 2, . . . , D over vknot so that constraint 2 of DO(L) can be implemented.13

Discarding splines that have no support over the interior region (tD, tN ), we obtain a set of

clamped B-spline basis functions BD =
§

φ
(µ)
k(µ)
(t)

�

�

�

�

µ= 1, . . . , D, k(µ) = 1, . . . , N+µ−D
ª

, where

φ
(µ)
k(µ)
(t) is the k(µ)-th element of the degree-µ clamped B-spline basis over vknot , nonnegative

on [0, T] and supported only on [tk(µ)−1+D−µ, tk(µ)+D) within [0, T]. They satisfy

φ
(µ)
k(µ)
(t)≥ 0 , for t ∈ [0, T] , φ

(µ)
k(µ)
(0) = δk(µ),1 , φ

(µ)
k(µ)
(T ) = δk(µ),N+µ−D , (72)

providing a desired positive function basis. Although BD is not orthonormal, it is linearly
independent. These basis elements can be conveniently generated using the BSplineBasis
function in Mathematica.

Relations among the derivatives are given by

d
d t
φ
(µ)
k(µ)
(t) =

N+µ−1−D
∑

l(µ−1)=1

F (µ)k(µ) l(µ−1)
φ
(µ−1)
l(µ−1)

(t) , µ= 2, 3, . . . , D , (73)

where the expansion coefficients can be computed as

J (µ)k(µ),l(µ)
=

∫ T

0

d tφ(µ)k(µ)
(t)φ(µ)l(µ)

(t) , µ= 1, . . . , D− 1 ,

H(µ)k(µ),l(µ−1)
=

∫ T

0

d t





dφ(µ)k(µ)
(t)

d t



φ
(µ−1)
l(µ−1)

(t) , µ= 2, . . . , D ,

⇒ F (µ) = H(µ)
�

J (µ−1)
�−1

, µ= 2, . . . , D .

(74)

We also define the integrals

w(µ)k(µ)
=

∫ T

0

d tφ(µ)k(µ)
(t) . (75)

We expand λβW (t) and λγG(t) in BD:

λ
β
W (t) =

D
∑

µ=2

N+µ−D
∑

k(µ)=1

qβ(µ,k(µ))
φ
(µ)
k(µ)
(t) , λ

γ
G(t) =

D
∑

µ=1

N+µ−D
∑

k(µ)=1

pγ(µ,k(µ))
φ
(µ)
k(µ)
(t) . (76)

Note that λβW does not include µ = 1 basis elements since constraint 2 of DO(L) involves
dλβW
d t . These expansions can be substituted into DO(L), and each constraint can be written

as a constraint on the expansion coefficients qβ(µ,k(µ))
and pγ(µ,k(µ))

. In particular, constraint 3

for the dual probability bound can be satisfied by imposing pγ(µ,k(µ))
≥ 0. This yields a finite-

dimensional linear programming (LP) problem.

Definition 8. The LP problem DOsp(L; D, N) obtained by using the clamped B-spline basis up to
degree D over the knot vector vknot defined above is given by the following:
• Variables. Variables are λa

g , qβ(µ,k(µ))
, pγ(µ,k(µ))

∈ R for a = 1, . . . , m, β = 1, . . . , n, γ= 1, . . . , l,

13We thank Barak Gabai, Henry Lin, and Zechuan Zheng for pointing out the need for the lower degree splines.
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µ= 1, . . . , D, and k(µ) = 1, . . . , N +µ− D.
• Objective. Maximize the objective

Q−
m
∑

a=1

gaλa
g +

n
∑

β=1

rβ

D
∑

µ=2

N+µ−D
∑

k(µ)=1

qβ(µ,k(µ))
w(µ)k(µ)
−

l
∑

γ=1

hγ

D
∑

µ=1

N+µ−D
∑

k(µ)=1

pγ(µ,k(µ))
w(µ)k(µ)

, (77)

subject to the following constraints:

1. Primal objective. For a = 1, . . . , m,

Qa +
n
∑

β=1

W a
β

D
∑

µ=2

qβ(µ,N+µ−D) = 0 . (78)

2. Dual master equation at degree D. For a = 1, . . . , m and k(D) = 1, . . . , N,

n
∑

β=1

V a
β qβ(D,k(D))

−
l
∑

γ=1

Ga
γ pγ(D,k(D))

= 0 . (79)

3. Dual master equation at intermediate degrees. For a = 1, . . . , m, µ = 2, . . . , D − 1, and
k(µ) = 1, . . . , N +µ− D,

n
∑

β=1



−W a
β

N+µ+1−D
∑

l(µ+1)=1

qβ(µ+1,l(µ+1))
F (µ+1)

l(µ+1)k(µ)
+ V a

β qβ(µ,k(µ))



−
l
∑

γ=1

Ga
γ pγ(µ,k(µ))

= 0 . (80)

4. Dual master equation at degree 1. For a = 1, . . . , m and k(1) = 1, . . . , N + 1− D,

n
∑

β=1

W a
β

N+2−D
∑

l(2)=1

qβ(2,l(2))
F (2)l(2)k(1)

+
l
∑

γ=1

Ga
γ pγ(1,k(1))

= 0 . (81)

5. Dual probability bound. For γ= 1, . . . , l, µ= 1, . . . , D, and k(µ) = 1, . . . , N +µ− D,

pγ(µ,k(µ))
≥ 0 . (82)

6. Dual initial condition. For a = 1, . . . , m,

λa
g −

n
∑

β=1

W a
β

D
∑

µ=2

qβ(µ,1) = 0 . (83)

The maximum value of the objective obtained by DOsp(L; D, N) is denoted as 〈q〉min,DOsp(L;D,N)
t=T .

Any feasible solution to the constraints of DOsp(L; D, N) provides a feasible solution to
those of DO(L) via (76). Therefore,

〈q〉min,DOsp(L;D,N)
t=T ≤ 〈q〉min,DO(L)

t=T ≤ 〈q(s)〉t=T , (84)

as desired. As an illustration of DOsp(L; D, N), we apply it to the contact process on Z at

λ = 2 with initial conditions
­

∏

i∈A si

·

t=0
= 1 for all A ⊂ Z. Setting T = 1

2 , DPsp(3;5, 10)

implemented by the exact LP solver LinearOptimization in Mathematica produces

0.76045≈
182376205152997
239827079364600

≤ ρt= 1
2
≤

13375817266374467
16710997421337240

≈ 0.80042 . (85)
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3.4 Dual optimization problem in polynomial basis

Polynomials also provide another natural basis for positivity constraints, as demonstrated in
numerous polynomial optimization problems. The Markov-Lukács theorem states that a uni-
variate polynomial z(t) is nonnegative over t ∈ [0, T] if and only if it can be represented
as

z(t) = z1(t) + t(T − t)z2(t) , (86)

where z1(t) and z2(t) are sums of squares. If z(t) is of degree 2D, then z1(t) and z2(t)
are of maximal degrees 2D and 2(D − 1), respectively. Introducing monomial basis vectors
v1(t) = (1, t, t2, . . . , tD) and v2(t) = (1, t, t2, . . . , tD−1), we can write z1(t) = v1(t)T Y1v1(t)
and z2(t) = v2(t)T Y2v2(t), where Y1 and Y2 are real symmetric matrices of sizes (D+1)×(D+1)
and D× D, respectively. The statement that z1(t) and z2(t) are sums of squares is equivalent
to the following positive semidefinite conditions:

Y1 ⪰ 0 , Y2 ⪰ 0 . (87)

We therefore write

λ
γ
G(t) = v1(t)

T Y γ1 v1(t) + t(T − t) v2(t)
T Y γ2 v2(t) , λ

β
W (t) =

2D
∑

k=0

yβk tk , (88)

where Y γ1 and Y γ2 are real symmetric matrices of sizes (D+1)×(D+1) and D×D, respectively,

and yβk ∈ R. Then, constraint 3 of DO(L) is satisfied if

Y γ1 ⪰ 0 , Y γ2 ⪰ 0 . (89)

By plugging (88) into DO(L), we obtain a SDP problem, denoted by DOpol y(L; D):

Definition 9. The SDP problem DOpol y(L; D) obtained by using the polynomial basis up to degree
2D is given by the following:
• Variables. Variables are real symmetric matrices Y γ1 and Y γ2 of sizes (D + 1) × (D + 1) and

D× D respectively, and yβk , λa
g ∈ R.

• Objective. Maximize the objective

Q−
m
∑

a=1

gaλa
g +

∫ T

0

d t

 

n
∑

β=1

rβλ
β
W (t)−

l
∑

γ=1

hγλ
γ
G(t)

!

, (90)

where λγG(t) and λβW (t) are given by (88), subject to the following constraints:

1. Primal objective. For a = 1, . . . , m,

Qa +
n
∑

β=1

W a
β

2D
∑

k=0

yβk T k = 0 . (91)

2. Dual master equation. For a = 1, . . . , m,

n
∑

β=1

�

−
dλβW (t)

d t
W a
β +λ

β
W (t)V

a
β

�

−
l
∑

γ=1

λ
γ
G(t)G

a
γ = 0 , ∀t ∈ R , (92)

where λγG(t) and λβW (t) are given by (88).
3. Dual probability bound. For γ= 1, . . . , l,

Y γ1 ⪰ 0 , Y γ2 ⪰ 0 . (93)
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4. Dual initial condition. For a = 1, . . . , m,

λa
g −

n
∑

β=1

yβ0 W a
β = 0 . (94)

The maximum value of the objective obtained by DOpol y(L; D) is denoted as 〈q〉min,DOpol y (L;D)
t=T .

Note that there are only finitely many equations for the variables in constraint 2. More
concretely, we can write

n
∑

β=1

�

−
dλβW (t)

d t
W a
β +λ

β
W (t)V

a
β

�

−
l
∑

γ=1

λ
γ
G(t)G

a
γ =

2D
∑

k=0

tkUa
k (Y

γ
1 , Y γ2 , yβk ; W a

β , V a
β , Ga

γ ; T ) , (95)

where Ua
k depends linearly on the variables Y γ1 , Y γ2 , and yβk . Constraint 2 is then equivalent

to the following linear constraints on the variables:

Ua
k (Y

γ
1 , Y γ2 , yβk ; W a

β , V a
β , Ga

γ ; T ) = 0 , a = 1, . . . , m , k = 0, . . . , 2D . (96)

Any feasible solution to DOpol y(L; D) is also feasible for DO(L). Therefore,

〈q〉min,DOpol y (L;D)
t=T ≤ 〈q〉min,DO(L)

t=T ≤ 〈q〉t=T . (97)

We use SemidefiniteOptimization function in Mathematica with Method→ "MOSEK"
to solve the SDP problem DOpol y(L; D). Unlike the exact LP solvers, SDP solvers based on
the interior-point methods, including MOSEK, are numerical solvers subject to rounding er-
rors. Nonetheless, they provide highly efficient numerical methods to solve problems like
DOpol y(L; D) at high L values, and the numerical solver performance was very stable for all
the examples discussed below. For the rest of this section, we will fix D = 3.

3.5 Results for the contact process on Z

In the contact process, the infection density ρt is a non-increasing function of t with the

initial condition
­

∏

i∈A si

·

t=0
= 1, ∀A ⊂ Z i.e. full infection [4]. We take this initial con-

dition for λ = 1 contact process on Z, and use DOpol y(L; D = 3) to study how ρt decreases
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Figure 7: Left: DOpol y(L = 9; D = 3) upper and lower bounds on ρ as functions
of time t (blue) for the contact process on Z at λ = 1 with the initial condition
­

∏

i∈A si

·

t=0
= 1, ∀A⊂ Z, together with the KMC estimates obtained by averaging

over 1000 independent simulations on a periodic lattice of size 200 (gray). Up-
per and lower bounds are hardly distinguishable. Right: Differences ∆ρ between
DOpol y(L; D = 3) upper and lower bounds on ρ at L = 6 (black), L = 7 (orange),
L = 8 (green), and L = 9 (blue).
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Figure 8: Left: DOpol y(L; D = 3) upper and lower bounds on ρ as functions
of time t for the contact process on Z at λ = 2 with the initial condition
­

∏

i∈A si

·

t=0
= 0, ∀A ⊂ Z, for L = 6 (black), L = 7 (orange), L = 8 (green), and

L = 9 (blue). Right: Differences ∆ρ between DOpol y(L; D = 3) upper and lower
bounds on ρ at L = 6 (black), L = 7 (orange), L = 8 (green), and L = 9 (blue).

as t grows. The resulting lower and upper bounds on ρt are presented in Figure 7, along
with the differences between them, which increase over time. In particular, we obtain from
DOpol y(L = 9; D = 3)

0.5001≤ ρt=1.575 , ρt=1.59 ≤ 0.499991 . (98)

The half-life t1/2 in the current example is defined by ρt=t1/2
= 1

2 . Therefore, we obtain lower
and upper bounds (30) on t1/2 at λ= 1.

With different initial conditions, ρt does not need to be non-increasing. We apply

DOpol y(L; D = 3) to λ = 2 for the initial condition
­

∏

i∈A si

·

t=0
= 0, ∀A ⊂ Z. In other

words, we take the product of single site measures each of which has equal probabilities for
si = 1 and si = −1. The results are presented in Figure 8. We note that at early times t ≲ 1.2,
ρt increases and even passes the KMC estimate ρ = 0.6036(6) for the upper invariant mea-
sure since DOpol y(9; 3) produces a lower bound 0.617379 ≤ ρt=1.2. Therefore, we expect ρt
to eventually decrease, suggesting that ρt is not monotonic in t. We do not have a bootstrap
proof of such non-monotonicity from the presented results since the upper bound ρ ≤ 0.62267
for the upper invariant measure obtained from LPinv(L = 10) at λ = 2 (Figure 1) is greater
than the lower bounds on ρt obtained from DOpol y(9; 3) over t ≲ 1.5. Nonetheless, the KMC
estimate suggests that bounds obtained from higher values of L will provide a proof that ρt is
non-monotonic in t.

3.6 Results for the asynchronous Domany-Kinzel model on Z

We now consider the asynchronous Domany-Kinzel model on Z with p2 = 0, which is non-
monotonic. We begin by presenting a simple argument why ρt monotonically decreases for
p1 ≤

1
2 regardless of the initial conditions.

The master equation of PO(L = 3) includes (assuming symmetries)

d
d t
〈s1〉t = p1 − 1− 〈s1〉t − p1〈s1s3〉t ⇒ 〈s1s3〉t = −

1
p1

�

1− p1 + 〈s1〉t +
d
d t
〈s1〉t

�

. (99)

The probability bound corresponding to the event {s | s1 = 1, s3 = 1} then leads to

(2p1 − 1) (1+ 〈s1〉t)−
d
d t
〈s1〉t ≥ 0 , (100)
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implying that ρt is a non-increasing function of t for p1 ≤
1
2 . We then define the half-life t1/2

as usual: ρt=t1/2
= 1

2ρt=0.

We apply DOpol y(L = 6; 3) to the case p1 = 1
4 with the initial condition

­

∏

i∈A si

·

t=0
= 1, ∀A⊂ Z, and obtain

0.50024≤ ρt=0.81 , ρt=0.811 ≤ 0.499898 , (101)

leading to
0.81< t1/2 < 0.811 , (102)

while the KMC estimate is given by t1/2 ≈ 0.8012(32).

3.7 Results for the contact process on Z2

It is straightforward to extend DOpol y(L; D) to the analogous setup for processes on higher-
dimensional lattices. We consider the contact process on Z2 in this section. Using the notations
introduced in Definition 2 for LP2d

inv(L) and applying them to Definition 5, we obtain

Definition 10. Given the objective function q(s) ∈ P ′L , initial conditions
­

∏

i∈A si

·

t=0
= yA

where A ∈ D̄ j
L for j ∈ ∂ D̃L+1, respecting the lattice symmetries, and time T > 0, PO2(L) is a

primal optimization problem where

• Variables. Variables are class C1 functions
­

∏

i∈A si

·

t
of t ∈ [0, T], where A ⊂ D j

L for

j ∈ ∂ D̃L+1.
• Objective. Minimize the objective 〈q(s)〉t=T subject to the following constraints:

1. Linearity. Given any polynomials q1 ∈ P ′L and q2 ∈ P ′L , with α ∈ R, their expectation
values satisfy linearity: 〈q1 +αq2〉t = 〈q1〉t +α〈q2〉t for t ∈ [0, T].
2. Unit normalization. 〈1〉t = 1 for t ∈ [0, T].
3. Symmetry. For any A ⊂ D̄ j

L and B ⊂ D̄k
L for j, k ∈ ∂ D̃L+1 such that A ∼ B,

­

∏

i∈A si

·

t
=
­

∏

i∈B si

·

t
for t ∈ [0, T].

4. Master equation. For any polynomial f (s) ∈ P̃L ,

d
d t
〈 f (s)〉t =

∑

i∈D̃L

­

c(i, s)
�

f (si)− f (s)
�

·

t
, t ∈ [0, T] , (103)

where c(i, s) is given by (5) with d = 2.
5. Probability bound. For each j ∈ ∂ D̃L+1, and any given spin assignment u ∈ {1,−1}D

j
L ,

­

∏

i∈D j
L

1+ uisi

2

·

t
≥ 0 , t ∈ [0, T] . (104)

6. Initial condition.
­

∏

i∈A si

·

t=0
= yA for A∈ D j

L , j ∈ ∂ D̃L+1.

We can repeat the procedures described in sections 3.2 and 3.4 to formulate the dual op-
timization problem DO2

pol y(L; D) of the primal optimization problem PO2(L) using the poly-
nomial basis and obtain lower and upper bounds on time-dependent expectation values of
interest. DO2

pol y(L; D) takes exactly the same form as DOpol y(L; D) except that inputs derived
from the definition of the primal problems are different.
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Figure 9: Left: DO2
pol y(L; D = 3) upper and lower bounds on ρ as functions

of time t for the contact process on Z2 at λ = 1
4 with the initial condition

­

∏

i∈A si

·

t=0
= 1, ∀A ⊂ Z2, for L = 1 (orange) and L = 2 (blue), together with

the KMC estimates obtained by averaging over 1000 independent simulations on
15 × 15 lattice (gray). Right: DO2

pol y(L; D = 3) upper and lower bounds on ρ as

functions of time t for the contact process on Z2 at λ = 1 with the initial condition
­

∏

i∈A si

·

t=0
= 0, ∀A⊂ Z2, for L = 1 (orange) and L = 2 (blue).

Results at λ= 1
4 (subcritical) and λ= 1 are presented in Figure 9. For λ= 1

4 , we take the

initial condition
­

∏

i∈A si

·

t=0
= 1, ∀A⊂ Z2. In particular, we obtain

0.50012≤ ρt=0.979 , ρt=0.985 ≤ 0.4998 , (105)

leading to the bounds 0.979 < t1/2 < 0.985 on the half-life. This is consistent with
the KMC estimate t1/2 ≈ 0.976(5). For λ = 1, the initial condition was taken to be
­

∏

i∈A si

·

t=0
= 0, ∀A⊂ Z2.

3.8 Direct time evolution of the synchronous Domany-Kinzel model on Z

As explained in the beginning of this section, time evolution of local expectation values in the
synchronous Domany-Kinzel model is completely determined by (9) once initial conditions are
given. Even though this is not a problem we solve using the bootstrap, we nonetheless discuss
the results.

Consider the p2 = 0 case and take the initial condition
­

∏

i∈A si

·

t=1
= 0, ∀A ⊂ Z. From

(10), we obtain
〈si〉t=2 = p1 − 1 . (106)

By repeating a similar exercise to obtain CA( f ) for larger subsets A ⊂ Z and functions f (s)
depending on spins over larger subsets (assuming lattice symmetries), we can directly compute
〈si〉t at higher t:

〈si〉t=3 = −p3
1 + 2p2

1 − 1, 〈si〉t=4 = p5
1 − 4p4

1 + 4p3
1 − 1 ,

〈si〉t=5 = −p9
1 + 4p8

1 − 6p7
1 + 8p6

1 − 12p5
1 + 8p4

1 − 1 ,

〈si〉t=6 = −p13
1 + 8p12

1 − 21p11
1 + 18p10

1 + 9p9
1 − 28p8

1 + 32p7
1 − 32p6

1 + 16p5
1 − 1 , . . .

(107)

Results up to t = 9 are plotted in Figure 10.
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Figure 10: Time evolution of 〈si〉 for the synchronous Domany-Kinzel model on Z at
p2 = 0, as a function of p1.

4 Bootstrapping the late-time evolution of noninvariant measures

Bootstrap constraints coming from the master equation and the probability bounds should also
be obeyed at very late times. In the subcritical phase, the late-time behavior is governed by
the temporal correlation length ξ, where expectation values approach those of the absorbing
state exponentially as ∼ e−

t
ξ . We now discuss how such decay behavior can be combined with

the bootstrap constraints to derive bounds on ξ. These bounds are equivalent to bounds on
the spectral gap ∆= ξ−1 of the time-evolution generator.

4.1 ξ for the contact process on Z

To be concrete, we consider the contact process on Z. In the subcritical phase, for any initial
condition satisfying 〈si〉t=0 > −1, we have:

As t →∞ ,
­

∏

i∈A

si

·

t
→ (−1)|A| + BAe−

t
ξ , ∀A⊂ Z , (108)

with (−1)|A|BA < 0. While the specific values of BA depend on the initial condition, the temporal
correlation length ξ is universal.

4.1.1 Analytic results at low L

Now consider the following master equation for the contact process involving spin variables
over DL=2 (assuming translation invariance):

d
d t
〈s1〉t = −λ〈s1s2〉t − 〈s1〉t +λ− 1 . (109)

By substituting (108) into (109), we obtain

−
1
ξ

B{1}e
− t
ξ = −λB{1,2}e

− t
ξ − B{1}e

− t
ξ ⇒ B{1,2} =

B{1}
λ

�

1
ξ
− 1

�

. (110)

As expected, only the terms proportional to e−
t
ξ remain, since the absorbing state is invariant.

For the probability bounds, we know that
­

∏

i∈A
1+uisi

2

·

t→∞
= 1 ≥ 0 when ui = −1 for

all i ∈ A. In contrast, when there exists i ∈ A such that ui = 1, the quantity
­

∏

i∈A
1+uisi

2

·

t→∞
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decays exponentially to 0 as ∼ e−
t
ξ , potentially leading to nontrivial constraints on the coeffi-

cients of the exponential terms:

lim
t→∞

­

∏

i∈A

1+ uisi

2

·

t
=Mue−

t
ξ ≥ 0 if ∃i ∈ A s.t. ui = 1 ⇒ Mu ≥ 0 , (111)

where Mu is independent of t.
For example, the probability bounds for the events {s | s1 = 1, s2 = 1} and

{s | s1 = 1, s2 = −1} as t →∞ lead to

0≤ 2B{1} + B{1,2} = B{1}

�

2+
1
λ

�

1
ξ
− 1

��

, 0≤ −B{1,2} = −
B{1}
λ

�

1
ξ
− 1

�

. (112)

Together with B{1} > 0 and B{1,2} < 0, we conclude

1< ξ≤
1

1− 2λ
, if λ <

1
2

, 1< ξ , if
1
2
≤ λ < λc . (113)

Note that the upper bound on ξ diverges at λ = 1
2 , which coincides with the lower bound

on the critical rate λc obtained from LPinv(L = 2). This correspondence persists at higher
L. In section 2, we used LPinv(L) to derive a lower bound λL on λc at each L. For λ < λL ,
the solution to the invariance equation in LPinv(L) is uniquely given by the absorbing state.
Since the late-time master equation with ξ=∞ reduces to the invariance equation, we would
obtain BA = 0 for λ < λL if ξ =∞, contradicting the requirement (−1)|A|BA < 0. Therefore,
ξ=∞ is allowed only if λ≥ λL .

We now extend the analysis to higher L, i.e., we consider expectation values of
spin variables over DL for L = 3, 4, . . .. Starting from L = 3, the probability bounds
­

∏

i∈DL

1+uisi
2

·

t→∞
≥ 0 generally depend on multiple BA’s for A ⊂ DL , even after applying

symmetries and the master equation. For example, at L = 3, we can eliminate B{1,2} and
B{1,2,3} using the master equation, but two independent variables remain: B{1} and B{1,3}.
After imposing symmetries and the master equation, the probability bounds reduce to

(1+ 2ξ2 − ξ(3+ 2λ))B{1} ≥ 0 ,

2λ2ξ2B{1,3} +
�

2(λ+ 1)ξ2 − (4λ+ 3)ξ+ 1
�

B{1} ≥ 0 ,
�

(2λ+ 3)ξ− 2ξ2 − 1
�

B{1} − 2λ2ξ2B{1,3} ≥ 0 ,
�

2(λ− 1)ξ2 + 3ξ− 1
�

B{1} ≥ 0 ,

2λ2ξ2B{1,3} +
��

4λ2 − 2λ+ 2
�

ξ2 − 3ξ+ 1
�

B{1} ≥ 0 .

(114)

We can form positive linear combinations of these inequalities to eliminate B{1,3}, obtaining
inequalities that depend only on B{1}:

(1+ 2ξ2 − ξ(3+ 2λ))B{1} ≥ 0 ,

λ(ξ− 1)ξB{1} ≥ 0 ,
�

2(λ− 1)ξ2 + 3ξ− 1
�

B{1} ≥ 0 ,

((2λ− 1)ξ+ 1)B{1} ≥ 0 .

(115)

Together with B{1} > 0, we conclude

1
4

p

4λ2 + 12λ+ 1+
1
4
(2λ+ 3)≤ ξ≤

1
4

√

√ 8λ+ 1
(λ− 1)2

−
3

4(λ− 1)
, if λ < 1 . (116)
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The analogous elimination at L = 4 is still tractable analytically. It results in

x∗4,min ≤ ξ≤ x∗4,max , if λ <
1+
p

37
6

, (117)

where x∗4,min is the largest real root of the polynomial

6x3 + x2
�

−4λ2 − 8λ− 11
�

+ x(4λ+ 6)− 1 , (118)

for 0< λ < 1+
p

37
6 , and x∗4,max is the largest real root of the polynomial

x4
�

12λ2 − 4λ− 12
�

+ x3(22λ+ 28) + x2
�

−4λ2 − 18λ− 23
�

+ x(4λ+ 8)− 1 , (119)

for the same range of λ.

4.1.2 LP results at higher L

Combining probability bounds to eliminate all but B{1} is in principle possible at higher L, but
in practice computationally expensive. Instead, we reformulate the problem as a LP feasibility
question. At a fixed trial value ξ= ξ∗, we ask whether there exist coefficients BA such that the
probability bounds and the master equation, together with the condition (−1)|A|BA < 0, are
satisfied. If no such BA exists, then the actual value of ξ cannot be ξ∗. By scanning over trial
values of ξ∗, we can determine which values of ξ are allowed and which are excluded.

In the low-L analysis above, we observed that the set of allowed ξ values forms a single
interval. This is natural, as the constraints from the probability bounds and the master equation
imply that late-time expectation values cannot decay arbitrarily fast or arbitrarily slowly, while
all intermediate decay rates are likely to be admissible. We will assume that this single-interval
structure persists at higher L. While this assumption could be investigated directly, we do not
pursue that direction here. Explicit feasibility checks at finely spaced trial values of ξ provide
strong empirical support for the assumption.

Under the single-interval assumption, we extract upper and lower bounds on ξ as follows.
First, we identify a trial value ξ = ξ0 for which the constraints are feasible. We then increase
ξ gradually from ξ0 until feasibility fails, at which point we obtain an upper bound on ξ.
Similarly, decreasing ξ from ξ0 until feasibility fails yields a lower bound. Feasibility tests can
be carried out using the following LP:

Definition 11. Given a trial value ξ= ξ∗ > 0, LPξ∗(L) is a LP problem where
• Variables. Variables are BA, where A⊂ DL .
• Objective. Maximize the objective B{1} subject to the following constraints:

1. late-time behavior. Make substitutions
­

∏

i∈A

si

·

t
→ (−1)|A| + BAe−

t
ξ∗ , ∀A⊂ DL , (120)

for all the expressions
­

∏

i∈A si

·

t
appearing below.

2. Linearity. Given any polynomials q1 ∈ PL and q2 ∈ PL , with α ∈ R, their expectation values
satisfy linearity: 〈q1 +αq2〉t = 〈q1〉t +α〈q2〉t .
3. Unit normalization. 〈1〉t = 1.
4. Symmetry. For any A⊂ DL and A′ ⊂ DL such that A∼ A′, BA = BA′ .
5. Master equation. For any polynomial f (s) ∈ PL−1,

d
d t
〈 f (s)〉t =

∑

i∈DL−1

­

c(i, s)
�

f (si)− f (s)
�

·

t
, (121)
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Figure 11: Upper and lower bounds on ξ obtained from LPξ∗(L) at L = 5 (orange),
L = 6 (blue), and L = 7 (green), together with the analytic bounds (117) at L = 4
(gray) and KMC estimates (yellow). Some finite but large upper bounds lie outside
of the scale of the current plot.

where
­

∏

i∈A si

·

t
with 0 ∈ A is replaced by

­

∏

i∈τ+(A) si

·

t
so that the equation closes within the

variables under consideration.
6. Probability bound. For any given spin assignment u ∈ {1,−1}DL except for ui = −1, ∀i ∈ DL ,

­

∏

i∈DL

1+ uisi

2

·

t
≥ 0 . (122)

7. Boundedness. B{1} ≤ 1.

A few remarks are in order. First, the master equation is homogeneous in BA since the
absorbing state is invariant. Likewise, the probability bounds considered above are homo-
geneous in BA, as the events they correspond to involve at least one spin variable being +1,
whose probability decays to zero at late times. Therefore, BA = 0 is always a feasible solution
to LPξ∗(L). If there exists a feasible solution with B{1} ̸= 0, then any overall positive rescaling
of the BA’s also yields a feasible solution for all constraints, possibly except for the boundedness
condition B{1} ≤ 1. Thus, LPξ∗(L) has only two possible outcomes: B{1} = 0 or B{1} = 1.

When the outcome is B{1} = 0, it implies that the only feasible value of B{1} is zero. This
contradicts the condition (−1)|A|BA < 0 and therefore excludes ξ∗ from the set of allowed
values of ξ. In contrast, when the outcome is B{1} = 1, we then check whether

∏

A⊂DL
BA ̸= 0

holds for the solution of LPξ∗(L). If so, the condition (−1)|A|BA < 0 follows from the probability
bounds, and ξ∗ is accepted as an allowed value of ξ.

We applied LPξ∗(L) at L = 5,6, 7 over finely spaced values of ξ∗ using the
LinearOptimization function in Mathematica, and obtained the upper and lower bounds
on ξ shown in Figure 11, under the single-interval assumption discussed above. Rough KMC
estimates of ξ were obtained as described in Appendix B.

4.2 ξ for the contact process on Z2

It is straightforward to extend the late-time analysis to higher dimensions. Here, we consider
the contact process on Z2. Using the notations from section 2.4, we introduce the following
LP problem:
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Definition 12. Given a trial value ξ= ξ∗ > 0, LP2d
ξ∗
(L) is a LP problem where

• Variables. Variables are BA, where A⊂ D̄ j
L for j ∈ ∂ D̃L+1.

• Objective. Maximize the objective B{(0,0)} subject to the following constraints:

1. Late-time behavior. Make substitutions
­

∏

i∈A

si

·

t
→ (−1)|A| + BAe−

t
ξ∗ , ∀A⊂ D̄ j

L , j ∈ ∂ D̃L+1 , (123)

for all the expressions
­

∏

i∈A si

·

t
appearing below.

2. Linearity. Given any polynomials q1 ∈ P ′L and q2 ∈ P ′L , with α ∈ R, their expectation values
satisfy linearity: 〈q1 +αq2〉t = 〈q1〉t +α〈q2〉t .
3. Unit normalization. 〈1〉t = 1.
4. Symmetry. For any A⊂ D̄ j

L and A′ ⊂ D̄k
L for j, k ∈ ∂ D̃L+1 such that A∼ A′, BA = BA′ .

5. Master equation. For any polynomial f (s) ∈ P̃L ,

d
d t
〈 f (s)〉t =

∑

i∈D̃L

­

c(i, s)
�

f (si)− f (s)
�

·

t
. (124)

6. Probability bound. For each j ∈ ∂ D̃L+1, and any given spin assignment u ∈ {1,−1}D̄
j
L except

for ui = −1, ∀i ∈ D̄ j
L ,

­

∏

i∈D̄ j
L

1+ uisi

2

·

t
≥ 0 . (125)

7. Boundedness. B{(0,0)} ≤ 1.

Again, only two outcomes are possible: B{(0,0)} = 0 or B{(0,0)} = 1. If B{(0,0)} = 0, then ξ∗

is excluded as a valid value of ξ. At L = 1, the analysis can be carried out analytically. The
master equation, together with symmetries, leads to

−
1
ξ

B{(0,0)} = B{(0,0)} − 2λB{(0,0),(1,0)} . (126)

The probability bounds are then given by

(ξ− 1)B{(0,0)} ≥ 0 , ((4λ− 1)ξ+ 1)B{(0,0)} ≥ 0 , (127)

which imply

1< ξ≤
1

1− 4λ
, if λ <

1
4

, 1< ξ , if
1
4
≤ λ < λc . (128)

At L = 2, we perform the feasibility test described in the previous section and obtain

1.48≤ ξ≤ 1.528 at λ= 0.1 , 2.126≤ ξ≤ 2.665 at λ= 0.2 , (129)

while rough KMC estimates are given by ξ ≈ 1.411 at λ = 0.1 and ξ ≈ 2.489 at λ = 0.2 (see
Appendix B).

5 Future prospects

In this work, we presented bootstrap methods implementing the defining properties—such as
positivity, invariance, or the master equation—of the measures of interest in nonequilibrium

36

https://scipost.org
https://scipost.org/SciPostPhys.19.5.124


SciPost Phys. 19, 124 (2025)

stochastic processes, and derived nontrivial bounds on expectation values and other relevant
quantities. It is guaranteed that the bounds will eventually converge to the actual values
as more and more constraints are imposed [9]. There are several clear directions for future
investigation.

• It is desirable to increase the level L of the optimization problems to obtain tighter
bounds. Although the size of the problems grows exponentially with L, it is plausible that
only a small subset of the constraints plays a significant role in improving the bounds. In the
context of quantum mechanical systems on a lattice, identifying the most relevant subset of
bootstrap constraints among an exponentially large set has been recently studied and shown to
significantly improve the resulting bounds [36,51]. This identification relies on tensor network
approaches to quantum many-body systems, which exploit the entanglement structure of low-
energy states. Tensor network methods have also been applied to nonequilibrium stochastic
processes in earlier works [52,53], and it would be interesting to explore whether they can be
used to construct more efficient bootstrap methods and thereby yield improved bounds.

• Even though we derived lower bounds on the critical rates, the current bootstrap meth-
ods for invariant measures do not provide a mechanism to obtain upper bounds. Such upper
bounds have been derived previously using alternative methods (see, e.g., [7] for the case
of the contact process on Z), but it remains unclear whether approaches based solely on the
positivity of the measures can yield similar results.

In fact, the derivation of even a nontrivial one-sided bound on the critical rate from the
positivity of measures is not guaranteed in general stochastic processes. In the equilibrium
stochastic Ising model, bootstrap methods for invariant or reversible measures did not yield
bounds on the critical temperature unless additional ingredients—such as the first Griffiths
inequality [54, 55]—were employed [33]. In the nonequilibrium setting, bootstrap methods
for the invariant measures of the asynchronous version of Toom’s rule [56] do not appear to
produce bounds on the critical rates unless the bias is maximal [57].

We expect that by systematically investigating the probability bounds involving one spin
and two adjacent spins for all nearest-neighbor transition rules with symmetries, one may
uncover general criteria for when bootstrap methods can constrain the critical rate. A related
question—suggested to have an affirmative answer by the results of this work—is whether
bootstrap methods always yield at least one-sided bounds on the critical rates for processes
with absorbing states.

• In section 4, we derived bounds on the temporal correlation length ξ in the subcritical
phase. At criticality, we expect power-law behavior of the expectation values at late times.
It would be extremely interesting if bootstrap methods could provide nontrivial bounds on
the associated critical exponents—either through the approach discussed in this work or via
methods more closely aligned with the conformal bootstrap [37–39,58].

The absence of conformal symmetry, reflection positivity, time-reversal symmetry, and
Hermiticity of the time-evolution generator introduces unique challenges in studying critical
nonequilibrium processes such as DP criticality. Nonetheless, scale invariance is still present
and may prove useful in gaining a deeper understanding of these systems. Recent develop-
ments in equilibrium scale-invariant theories that lack conformal invariance and reflection pos-
itivity [59] may also offer valuable insights for advancing the bootstrap program in nonequi-
librium settings.

• The study of late-time behavior in section 4 was enabled by the presence of an absorbing
state. In particular, deviation terms with exponential decay contributed nontrivially to the
probability bounds precisely because most of these probabilities are identically zero in the
absorbing state. It is natural to ask whether a similar analysis can be applied to processes
without an absorbing state.
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Even in cases where there is a unique invariant measure and all its expectation values are
explicitly known, if the measure is generic in the sense that typical probabilities are nonzero,
the probability bounds will be trivially satisfied at late times. Nonetheless, it may still be
possible that additional properties of the initial conditions or of the dynamics—such as cer-
tain monotonicity—lead to constraints on the coefficients of the exponentially decaying terms.
When combined with the master equation, such constraints may yield nontrivial results.

• The bootstrap methods discussed in this work have direct applications to problems
in other fields of mathematical sciences. For classical dynamical systems [19], it is straight-
forward to bound the time evolution of non-stationary measures. An interesting question is
whether such studies might shed light on the nature of strange attractors in chaotic systems
such as the Lorenz system, whose properties have been difficult to establish using bootstrap
methods based on stationary measures. Similarly, in the context of quantum mechanical sys-
tems [13], there are many compelling questions concerning the late-time behavior of correla-
tors that would be fascinating to explore. The main challenge, once again, appears to lie in
identifying inequality constraints that remain nontrivial at late times.
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A Size and runtime of the optimization problems

In this section, we present a few details about the optimization problems employed in this
work.

A.1 LP for invariant measures

When implementing LPinv(L) in Definition 1 using the LinearOptimization function in
Mathematica, we explicitly solved the symmetry constraint 3 and the invariance constraint 4
using the linearity constraint 1 and the unit normalization constraint 2, in order to reduce
the problem to the minimal number of independent variables. We also applied the symmetry
constraint 3 to the probability bound constraint 5 to reduce the number of inequalities in the
LP. The number of variables and probability bounds at different values of L is presented in
Table 2 for the case of the contact process on Z.

While solving the linear equality constraints required negligible time (less than a minute
for L = 10), the runtime for the LinearOptimization solver increased significantly with L.
For a single data point measured on a laptop, the runtime at different values of L is summarized
in Table 3.

For the contact process on Z2, LP2d
inv(L = 2) in Definition 2 has 50 variables after impos-

ing symmetry constraints, 40 variables after further imposing invariance constraints, and 272
probability bounds. The runtime of LinearOptimization in this case was approximately 30
seconds.

38

https://scipost.org
https://scipost.org/SciPostPhys.19.5.124


SciPost Phys. 19, 124 (2025)

Table 2: Number of independent variables in LPinv(L) for the contact process on
Z after imposing symmetry and invariance constraints, along with the number of
probability bounds. Without any constraints, the number of variables is 2L − 1.

L 2 3 4 5 6 7 8 9 10

# of variables after symmetries 2 4 7 13 23 43 79 151 287

# of variables after symmetries and invariance 1 2 3 6 10 20 36 72 136

# of probability bounds 3 6 10 20 36 72 136 272 528

Table 3: LinearOptimization solver runtime for LPinv(L) for the contact process
on Z. For L < 7, the runtime was negligible.

L 7 8 9 10

Runtime a few seconds ∼ 30 seconds ∼ 5 minutes ∼ 3 hours

A.2 SDP for noninvariant measures

For the time evolution of noninvariant measures in asynchronous stochastic processes, we
solve the dual optimization problems. We focus on DOpol y(L; D = 3) from Definition 9, which
employs a polynomial basis of degree up to 6. As described in section 3.2, we solve for the
symmetry constraints in the primal optimization problem in advance, which determines the
values of m, n, and l, and thereby fixes the size of DOpol y(L; D = 3). Specifically, m is the num-
ber of primal variables after imposing symmetries (second row of Table 2); n is the difference
between the number of primal variables before and after imposing the invariance equations
(i.e., the difference between the second and third rows of Table 2); and l is the number of
probability bounds (last row of Table 2).

Once DOpol y(L; D = 3) is expressed as in Definition 9, we solve a total of 3m linear equality
constraints explicitly to obtain the minimal number of independent variables, and then impose
the semidefinite constraints using the SemidefiniteOptimization function in Mathematica
with Method → "MOSEK" (with default parameter values). In total, there are 2l positive
semidefinite matrices: l of size (D+1)×(D+1) and another l of size D×D. Solving the linear
equality constraints using NSolve (with default settings) often takes comparable—or even
greater—time than the semidefinite optimization step itself. The runtimes for both procedures
are summarized in Table 4 for the contact process on Z.

For DO2
pol y(L = 2; D = 3) applied to the contact process on Z2, the NSolve runtime was

approximately one minute. The SemidefiniteOptimization runtime was also about one

minute for the initial condition
­

∏

i⊂A si

·

t=0
= 1 in the subcritical phase, and about ten

minutes for the initial condition
­

∏

i⊂A si

·

t=0
= 0 in the supercritical phase.

B Kinetic Monte Carlo simulations

In this section, we briefly describe the KMC simulations used in this work. For a more com-
prehensive introduction to KMC, we refer the reader to [60]. KMC is employed to simulate
asynchronous stochastic processes on a finite lattice Λ ⊂ Zd .
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Table 4: Runtime for NSolve and SemidefiniteOptimization functions for
DOpol y(L; D = 3) in the case of the contact process on Z.

L 6 7 8 9

NSolve runtime ∼1 second ∼10 seconds ∼3 minutes ∼10 minutes

SemidefiniteOptimization runtime ∼1 second ∼10 seconds ∼1 minute ∼1.5 minutes

0 100 200 300 400 500 600
t

0.3

0.4

0.5

0.6

0.7

0.8

ρ

Single instance

Average over 200 instances

Figure 12: KMC simulation results for the infection density ρ of the contact process
on a periodic lattice of size 200 at λ = 1.8. The initial state is given by si = 1 for
all i ∈ Λ. A single KMC instance is shown in orange, while the average over 200
simulations is shown in black.

Recall that in asynchronous processes, the current spin configuration s can transition to a
new configuration si spontaneously at a rate c(i, s) for all i ∈ Λ. On a finite lattice, there are
only finitely many possible transitions, and the total rate is given by Rs =

∑

i∈Λ c(i, s). Conse-
quently, the waiting time ts until the next transition (after the system has entered configuration
s) is drawn from an exponential distribution with rate parameter Rs: ts ∼ Exp(Rs).14 Once
ts is drawn, a site i ∈ Λ is selected with probability c(i, s)/Rs, and the spin configuration is
updated to si . The KMC simulation procedure is summarized in Algorithm 1.

Algorithm 1 KMC simulation of asynchronous stochastic processes up to time T

1: Start with an initial state s at time t = 0.
2: while t < T do
3: Compute Rs =

∑

i∈Λ c(i, s).
4: Draw ts ∼ Exp(Rs) and update t = t + ts.
5: Randomly choose a site i ∈ Λ with probability c(i, s)/Rs.
6: Update s = si .
7: end while

In Figure 12, we present the KMC simulation results for the contact process on a periodic
lattice of size 200 at λ = 1.8, with the initial state given by si = 1 for all i ∈ Λ. To obtain
the KMC estimates for the invariant measures in section 2, we first computed the time average

14The exponential distribution describes the time intervals between consecutive events in a Poisson point process,
which defines the notion of time (set by Poisson clocks) in asynchronous stochastic processes.
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of ρ for each simulation after discarding a transient period. These time averages were then
averaged over 200 independent runs to produce the final KMC estimate for ρ (and similarly
for ν). For the time-evolution results in section 3, KMC estimates were obtained by averaging
over 1000 independent simulations.

KMC estimates for the critical rates can be inferred from the late-time power-law decay of
ρ. For example, in the asynchronous Domany-Kinzel model with p2 = 0, we expect ρt ∼ t−δ

at the critical point p1 = p1c , where δ ≈ 0.159464(6) is the universal critical exponent for
critical DP in 1+1 dimensions [61]. In Figure 13, we show log-log plots of ρ vs. t at p1 = 0.9
(subcritical), p1 = 0.908 (critical), and p1 = 0.93 (supercritical), where a clear power-law
decay emerges at late times t ≳ 100 for p1 = 0.908. The fit yields δ ≈ 0.15992.

KMC estimates for the temporal correlation length ξ in the subcritical phase are extracted
from the exponential decay of ρ. Figure 14 presents an example for the contact process on
a periodic lattice of size 200 at λ = 0.8, where the slope of the log plot gives an estimate
of the spectral gap ∆ = ξ−1. Other estimates of ξ in section 4 were obtained using similar
procedures, averaging over 1000 independent KMC simulations. For the contact process on
Z2, simulations were performed on a periodic 15× 15 lattice.

1 5 10 50 100 500
t

0.2

0.3

0.4

0.5

0.6

ρ

p1=0.9

p1=0.93

p1=0.908

Fit for p1=0.908

Figure 13: Log-log plot ofρ vs. t from KMC simulations of the asynchronous Domany-
Kinzel model with p2 = 0 on a periodic lattice of size 200, averaged over 200 inde-
pendent runs, at p1 = 0.9 (green), p1 = 0.908 (black), and p1 = 0.93 (orange).
The initial state is given by si = 1 if i ≡ 1,2 mod 3 and si = −1 if i ≡ 0 mod 3. A
power-law fit ρ(t) = 0.57507 t−0.15992 at p1 = 0.908 obtained from t ∈ [100, 640]
is shown in red.

0 5 10 15 20 25 30 35
t

0.001

0.010

0.100

1

ρ

Average over 1000 instances

Fit

Figure 14: Log plot of ρ vs. t from KMC simulations of the contact process with
λ = 0.8 on a periodic lattice of size 200, averaged over 1000 independent runs
(black). The initial state is fully infected: si = 1 for all i on the lattice. A fit
ρ(t) = 0.512977 e−0.215633t obtained from t ∈ [5, 25] is shown in red.
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[36] M. Cho, C. O. Nancarrow, P. Tadić, Y. Xin and Z. Zheng, Coarse-grained bootstrap of quan-
tum many-body systems, (arXiv preprint) doi:10.48550/arXiv.2412.07837.

[37] R. Rattazzi, V. S. Rychkov, E. Tonni and A. Vichi, Bounding scalar operator dimensions in
4D CFT, J. High Energy Phys. 12, 031 (2008), doi:10.1088/1126-6708/2008/12/031
[preprint doi:10.48550/arXiv.0807.0004].

[38] R. Rattazzi, S. Rychkov and A. Vichi, Bounds in 4D conformal field theories with
global symmetry, J. Phys. A: Math. Theor. 44, 035402 (2010), doi:10.1088/1751-
8113/44/3/035402 [preprint doi:10.48550/arXiv.1009.5985].

[39] R. Rattazzi, S. Rychkov and A. Vichi, Central charge bounds in 4D conformal field
theory, Phys. Rev. D 83, 046011 (2011), doi:10.1103/PhysRevD.83.046011 [preprint
doi:10.48550/arXiv.1009.2725].

[40] J. Hooyberghs and C. Vanderzande, One-dimensional contact process: Duality and renor-
malization, Phys. Rev. E 63, 041109 (2001), doi:10.1103/PhysRevE.63.041109 [preprint
doi:10.48550/arXiv.cond-mat/0010045].

[41] W. Kinzel, Phase transitions of cellular automata, Z. Phys. B Condens. Matter 58, 229
(1985), doi:10.1007/BF01309255.

[42] E. Domany and W. Kinzel, Equivalence of cellular automata to Ising models and directed
percolation, Phys. Rev. Lett. 53, 311 (1984), doi:10.1103/PhysRevLett.53.311.

[43] H. K. Janssen, On the nonequilibrium phase transition in reaction-diffusion systems
with an absorbing stationary state, Z. Phys. B Condens. Matter 42, 151 (1981),
doi:10.1007/BF01319549.

[44] P. Grassberger, On phase transitions in Schlögl’s second model, Z. Phys. B Condens. Matter
47, 365 (1982), doi:10.1007/BF01313803.

[45] S. Takahashi, A. Y. Tretyakov and N. Konno, On some Harris-FKG type corre-
lation inequalities for a non-attractive model, J. Stat. Phys. 102, 1429 (2001),
doi:10.1023/A:1004808916380.

[46] S. Wolfram, Statistical mechanics of cellular automata, Rev. Mod. Phys. 55, 601 (1983),
doi:10.1103/RevModPhys.55.601.

44

https://scipost.org
https://scipost.org/SciPostPhys.19.5.124
https://doi.org/10.1051/epjconf/201817511011
https://doi.org/10.1103/PhysRevD.107.L051501
https://doi.org/10.48550/arXiv.2203.11360
https://doi.org/10.48550/arXiv.2206.12538
https://doi.org/10.1103/PhysRevX.14.021008
https://doi.org/10.48550/arXiv.2212.03014
https://doi.org/10.1038/s41467-024-51592-3
https://doi.org/10.48550/arXiv.2311.18706
https://doi.org/10.48550/arXiv.2412.07837
https://doi.org/10.1088/1126-6708/2008/12/031
https://doi.org/10.48550/arXiv.0807.0004
https://doi.org/10.1088/1751-8113/44/3/035402
https://doi.org/10.1088/1751-8113/44/3/035402
https://doi.org/10.48550/arXiv.1009.5985
https://doi.org/10.1103/PhysRevD.83.046011
https://doi.org/10.48550/arXiv.1009.2725
https://doi.org/10.1103/PhysRevE.63.041109
https://doi.org/10.48550/arXiv.cond-mat/0010045
https://doi.org/10.1007/BF01309255
https://doi.org/10.1103/PhysRevLett.53.311
https://doi.org/10.1007/BF01319549
https://doi.org/10.1007/BF01313803
https://doi.org/10.1023/A:1004808916380
https://doi.org/10.1103/RevModPhys.55.601


SciPost Phys. 19, 124 (2025)

[47] Wolfram, Mathematica, version 14.2 (2024).

[48] MOSEK ApS, Mosek optimizer (2024), https://www.mosek.com.

[49] A. G. Moreira and R. Dickman, Critical dynamics of the contact process with quenched
disorder, Phys. Rev. E 54, R3090 (1996), doi:10.1103/PhysRevE.54.R3090 [preprint
doi:10.48550/arXiv.cond-mat/9604148].

[50] G. F. Zebende and T. J. P. Penna, The Domany-Kinzel cellular automaton phase diagram, J.
Stat. Phys. 74, 1273 (1994), doi:10.1007/BF02188230.

[51] I. Kull, N. Schuch, B. Dive and M. Navascués, Lower bounds on ground-state energies of
local Hamiltonians through the renormalization group, Phys. Rev. X 14, 021008 (2024),
doi:10.1103/PhysRevX.14.021008 [preprint doi:10.48550/arXiv.2212.03014].

[52] Y. Hieida, Application of the density matrix renormalization group method to a non-
equilibrium problem, J. Phys. Soc. Jpn. 67, 369 (1998), doi:10.1143/JPSJ.67.369
[preprint doi:10.48550/arXiv.cond-mat/9711072].

[53] E. Carlon, M. Henkel and U. Schollwöck, Density matrix renormalization group and
reaction-diffusion processes, Eur. Phys. J. B 12, 99 (1999), doi:10.1007/s100510050983
[preprint doi:10.48550/arXiv.cond-mat/9902041].

[54] R. B. Griffiths, Correlations in Ising ferromagnets. I, J. Math. Phys. 8, 478 (1967),
doi:10.1063/1.1705219.

[55] R. B. Griffiths, Rigorous results for Ising ferromagnets of arbitrary spin, J. Math. Phys. 10,
1559 (1969), doi:10.1063/1.1665005.

[56] A. L. Toom, Stable and attractive trajectories in multicomponent systems, in Multicompo-
nent random systems, Marcel Dekker, New York, USA, ISBN 9780824768317 (1980).

[57] M. Cho and J. Y. Lee, In preparation.

[58] A. A. Belavin, A. M. Polyakov and A. B. Zamolodchikov, Infinite conformal symmetry in
two-dimensional quantum field theory, Nucl. Phys. B 241, 333 (1984), doi:10.1016/0550-
3213(84)90052-X.

[59] A. Gimenez-Grau, Y. Nakayama and S. Rychkov, Scale without confor-
mal invariance in dipolar ferromagnets, Phys. Rev. B 110, 024421 (2024),
doi:10.1103/PhysRevB.110.024421 [preprint doi:10.48550/arXiv.2309.02514].

[60] A. F. Voter, Introduction to the kinetic Monte Carlo method, in Radiation effects in solids,
Springer, Dordrecht, Netherlands, ISBN 9781402052934 (2007), doi:10.1007/978-1-
4020-5295-8_1.

[61] I. Jensen, Low-density series expansions for directed percolation: I. A new efficient algo-
rithm with applications to the square lattice, J. Phys. A: Math. Gen. 32, 5233 (1999),
doi:10.1088/0305-4470/32/28/304.

45

https://scipost.org
https://scipost.org/SciPostPhys.19.5.124
https://www.mosek.com
https://doi.org/10.1103/PhysRevE.54.R3090
https://doi.org/10.48550/arXiv.cond-mat/9604148
https://doi.org/10.1007/BF02188230
https://doi.org/10.1103/PhysRevX.14.021008
https://doi.org/10.48550/arXiv.2212.03014
https://doi.org/10.1143/JPSJ.67.369
https://doi.org/10.48550/arXiv.cond-mat/9711072
https://doi.org/10.1007/s100510050983
https://doi.org/10.48550/arXiv.cond-mat/9902041
https://doi.org/10.1063/1.1705219
https://doi.org/10.1063/1.1665005
https://doi.org/10.1016/0550-3213(84)90052-X
https://doi.org/10.1016/0550-3213(84)90052-X
https://doi.org/10.1103/PhysRevB.110.024421
https://doi.org/10.48550/arXiv.2309.02514
https://doi.org/10.1007/978-1-4020-5295-8_1
https://doi.org/10.1007/978-1-4020-5295-8_1
https://doi.org/10.1088/0305-4470/32/28/304

	Introduction
	Setup
	Asynchronous stochastic processes
	Contact process
	Asynchronous Domany-Kinzel model
	Synchronous stochastic processes

	Main ideas of the bootstrap method
	Invariant measures
	Noninvariant measures: Short-time behavior
	Noninvariant measures: Late-time behavior

	Sample results and outline

	Bootstrapping the invariant measures
	LP hierarchy for asynchronous stochastic processes on the lattice Z
	Results for the contact process on Z
	Analytic results at low L
	Exact results at higher L

	Results for the asynchronous Domany-Kinzel model on Z
	Analytic results at L=3
	Exact results at higher L

	LP hierarchy for the contact process on Z2
	LP hierarchy for the synchronous Domany-Kinzel model on Z
	LP hierarchy for the upper invariant measure
	Results for the contact process on Z
	Results for the synchronous Domany-Kinzel model on Z


	Bootstrapping the short-time evolution of noninvariant measures
	Primal optimization problem
	Dual optimization problem
	Dual optimization problem in B-spline basis
	Dual optimization problem in polynomial basis
	Results for the contact process on Z
	Results for the asynchronous Domany-Kinzel model on Z
	Results for the contact process on Z2
	Direct time evolution of the synchronous Domany-Kinzel model on Z

	Bootstrapping the late-time evolution of noninvariant measures
	 for the contact process on Z
	Analytic results at low L
	LP results at higher L

	 for the contact process on Z2

	Future prospects
	Size and runtime of the optimization problems
	LP for invariant measures
	SDP for noninvariant measures

	Kinetic Monte Carlo simulations
	References

