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Abstract

It is known that a large class of characters of 2d conformal field theories (CFTs) can be
written in the form of a Nahm sum. In [1], D. Zagier identified a list of Nahm sum expres-
sions that are modular functions under a congruence subgroup of SL(2,Z), which can be
thought of as candidates for characters of rational CFTs. Motivated by the observation
that the same formulas appear as the half-indices of certain 3d N = 2 supersymmetric
gauge theories, we perform a general search over low-rank 3d N = 2 Abelian Chern-
Simons matter theories which either flow to unitary TFTs or N = 4 rank-zero SCFTs in
the infrared. These are exceptional classes of 3d theories, which are expected to support
rational and C2-cofinite chiral algebras on their boundary. We compare and contrast our
results with Zagier’s and comment on a possible generalization of Nahm’s conjecture.
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1 Introduction

The classification of two-dimensional rational conformal field theories (RCFT) has been ex-
tensively studied in both physics and mathematics, particularly following the seminal work
by Mathur, Mukhi, and Sen [2]. The key feature of RCFTs that plays a central role in the
classification program is the modularity of the characters, defined as

χMi
(q) = q−c/24 TrMi

qL0 , (1)

where {M1, . . . , Md} are simple modules of an underlying rational and C2-cofinite vertex oper-
ator algebra (VOA) [3]. These characters {χM1

, . . .χMd
} transform as a vector-valued modular

function under SL(2,Z),

χM j
(τ′) = Ri jχMi

(τ) , τ′ =
aτ+ b
cτ+ d

,

�

a b
c d

�

∈ PSL(2,Z) , (2)

where Ri j is a representation of SL(2,Z). It is known that each of the characters χMi
(q) trans-

forms as a modular function of weight zero under some congruence subgroup Γ (n). Although
the converse is not expected to be true in general, such modular functions are natural candi-
dates for the characters of a rational vertex operator algebra offering an interesting approach
for the classification of 2d RCFTs [2,4–8].

Among various strategies, we focus on a series of works [1, 9–12], which highlighted the
fact that a large class of 2d VOA characters can be represented as a Nahm sum formula.1

χ(A,B,C)(q) =
∑

m∈Nr

q
1
2 mt Am+B t m+C

(q)m1
· · · (q)mr

, (3)

1N is a set of non-negative integers including 0.
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where A is a positive semi-definite r × r matrix, B is a length r vector, and C is a real number.
The most familiar example is given by the vacuum character of the Virasoro minimal model
M(2, 5),

χ0(q) = q11/60
∏

n=2,3(mod 5)

1
(1− qn)

=
∞
∑

n=0

qn2+n+11/60

(q)n
. (4)

Other examples of characters with Nahm sum representations or generalizations thereof in-
clude those of some Virasoro minimal models, super-Virasoro minimal models, lattice VOAs,
and log-VOAs. See [13–16] for a partial list of related works.

A natural question is the following: for which matrices A do there exist B and C such that
(3) becomes a modular function? W. Nahm attempted to answer this question by developing a
conjecture which relates modular functions and torsion elements in the Bloch group. Utilizing
this conjecture, Nahm and separately D. Zagier found numerous examples of triplets (A, B, C)
for which (3) is modular [1,12].

This paper is motivated by an observation that the Nahm sum formula (3) also appears
naturally as a half-index of 3d N = 2 U(1)rK Chern-Simons matter (CSM) theories of type

U(1)rK + r chiral multiplets , (5)

where each of the U(1) factors has precisely one charged chiral multiplet of charge 1, under a
particular choice of boundary condition that will be discussed in section 3.4.2 In this context,
the r × r matrix A is identified with the mixed Chern-Simons level matrix K . As discussed
extensively in recent literature [26–30], the boundary vertex operator algebras of 3d super-
symmetric gauge theories are generically non-rational. However, there are two important
classes of exceptions:

(i) The theory flows to a unitary TFT.

(ii) The theory flows to a rank-zero SCFT with supersymmetry enhancement to N = 4.

If (ii) occurs, one can perform the full topological A/B-twist to obtain a pair of non-unitary
semi-simple TFTs which admit boundary conditions that support a 2d rational VOA. This point
of view has been useful in the recent discovery of novel bulk-boundary relations involving a
large class of non-unitary, rational VOAs [21–25, 31–37]; motivating us to perform a general
search for N = 2 Abelian CSM theories of type (5) that satisfy (i) or (ii). In order to flow
to a rank-zero SCFT or a unitary TFT, this description is generally subject to a superpotential
deformation involving monopole operators. We search for integer matrices K for which there
is such a superpotential deformation leading to the desired infrared (IR) behavior. The search
is performed over positive definite K for r = 1,2, 3 with entries ranging from -17 to 17. While
the bounds for Ki j are chosen primarily for technical reasons, we expect that gauge theories
with large values of |Ki j| are unlikely to flow to a rank-zero SCFT. This is because the quantum
dimensions of monopole operators, which are roughly proportional to the CS level, become
too large and render the superpotential deformation irrelevant.

The results are summarized in Section 4. We find 27 distinct examples and an infinite
family of K that are expected to flow to rank-zero SCFTs. It is not necessary for each IR theory
to be distinct, as an Abelian Chern-Simons matter theory often has a large duality orbit. We
perform extensive tests of IR dualities among the candidate theories by computing various
supersymmetric observables, and find that they can be organized into 8 duality classes. We do
not perform an exhaustive search for theories that flow to unitary TFTs, but are able to identify
several infinite families.

2See recent works [17–25], which focuses on a similar observation.
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We compare the result with the list in [1], and find some examples of modular functions
that do not appear in loc.cit.. This is due to the fact that a slightly modified version of the Nahm
sum formula is more natural from the physical point of view, leading to a small generalization
of Nahm’s conjecture. We also find that there are several examples which appear in loc.cit. but
do not show up in our search, and explain why this is expected.

This paper is organized as follows. In Section 2, we give a short review of Nahm’s con-
jecture and reformulate it in the point of view of 3d supersymmetric quantum field theory. In
Section 3, we review the general aspects of 3d Abelian CSM theories; listing the necessary con-
ditions for these theories to flow to rank-zero SCFTs in the IR. In Section 4, we summarize the
results of our search and list the candidate Abelian CSM theories that flow to rank-zero SCFTs
or unitary TFTs. In Section 5, we collect a partial list of open questions. In Appendix A, we
summarize our conventions for supersymmetric partition function computations. In Appendix
B, we collect useful formulas for various characters of rational VOAs.

2 Nahm sum formula and modular functions

Consider the system of equations

1− x i =
r
∏

j=1

x
Ai j

j , (6)

which is obtained by examining the asymptotic behavior of the Nahm sum formula (3) as
q → 1. Nahm’s conjecture can be stated in a way that relates the solutions of (6) to the
modularity of (3). This is achieved via two special functions known as the Rogers dilogarithm
and the Bloch-Wigner function. The Rogers dilogarithm is defined on 0< x < 1 as

L(x) = Li2(x) +
1
2

log(x) log(1− x) . (7)

This function satisfies limx→0 L(x) = 0 and limx→1 L(x) = π2

6 which can be taken as definitions
for L(0) and L(1) respectively. The function can then be extended to the rest of R as

L(x) =

¨

2L(1)− L(1/x) , if x > 1 ,

−L(x/(x − 1)) , if x < 0 .
(8)

The Bloch-Wigner function is defined as

D(z) = Im(Li2(z)) + arg(1− z)log|z| . (9)

This function is continuous for all z ∈ C and satisfies D(z) = 0 for z ∈ R. For A positive definite
and symmetric with entries in Q, (6) has exactly one solution with all real algebraic entries
between 0 and 1. We denote the solutions to (6) as X (a)i with a indexing the solutions and

beginning at X (0)i , which is defined to be the special solution with 0 < X (0)i < 1. With this
information Nahm’s conjecture can be stated as follows.3

Nahm’s conjecture. Let A be a positive definite symmetric r×r matrix with rational entries
and let X A be the corresponding set of solutions to (6). Given the following statements:

(i) For all solutions in X (a)i ∈ X A,
∑

i D(X (a)i ) = 0.

(ii) For the special solution X (0)i , 1
L(1)

∑

i L(X (0)i ) ∈Q.

3This is not the original form of Nahm’s conjecture as discussed in [1, 12] for which a counterexample was
found in [38]. The conjecture given here is equivalent to a weakened which is discussed in [39].
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(iii) There exist B ∈Qr and C ∈Q such that χA,B,C(q) is a modular function.

Then (i) =⇒ (iii) and (iii) =⇒ (ii).
Our work relates to Nahm’s conjecture in several ways. In section 4, we perform a generic

search for matrices Kab that define a class of N = 2 Chern-Simons matter theories which flow
either to rank-0 N = 4 SCFTs or unitary TFTs. As will be discussed in the next section, the
partition function of these theories on D2×S1 with a specific choice of the boundary conditions,
an object often called the half-index, can be schematically written in the form

Ihalf =
∑

m∈Nr

(−1)α
t m q

1
2 mt Km+β t m+γ

(q)m1
· · · (q)mr

. (10)

This is nearly the same as (3), the difference being an additional sign factor in the summand.
This sign is related to the choice of spin structure along the non-contractable cycle of the
boundary torus. Furthermore, the partition functions of 3d theories on Seifert manifolds can
be written as a sum over solutions to the Bethe equations

1− xa = ζa

r
∏

b=1

xKab
b , (11)

which can be obtained by asymptotic analysis of (10). These equations are the same as (6)
up to an added phase factor ζa. Moreover, as described in Appendix A, the data of a UV
Abelian Chern-Simons matter theory with the desired IR properties can be used to determine
the modular S and T matrices of a related semi-simple TFT. One can show that when the TFT
is non-spin the matrix T takes the form4

Tαβ = δαβ exp

�

1
2πi

∑

i

L(X (α)i )

�

,

and that the modulus is

|Tαα|= exp

�

1
2π

�

∑

i

D(X (α)i )

��

,

with α labeling solutions to equations of the form (6) obtained from the UV theory. Using
these facts, we can develop a physical interpretation of (i) and (ii) in Nahm’s conjecture:

(i) =⇒ |Tαα|= 1 , for all X (α)i ∈ X A ,

(ii) =⇒ arg(Tαα) ∈ πQ , for some solution X (α)i ∈ X A .

These are both necessary conditions on the modular data of a semi-simple TFT. In fact, in
physics we expect that arg((Tαα)) ∈ πQ for all solutions to the equation (6).

The connection between Nahm’s conjecture and our work gives us a body of previous
results in the math literature with which to compare and contrast. In [1], Zagier performed
a general search over low-rank matrices (r = 1, 2,3) satisfying (i). He found a total of four
infinite families as well as several sporadic cases all listed in Table 1. For each case in Table
1 there exists at least one pair (B, C) such that χ(A,B,C)(τ) is modular. However, due to the
implication structure in Nahm’s conjecture, the matrices in Table 1 only classify a subset of the
low-rank cases resulting in modular functions. Additionally, in [12]Nahm proposed a family of
matrices categorized by diagrams of ADET type. Here, “ADE” stands for the Dynkin diagrams
Ar , Dr and Er , while “T” is less familiar. The diagram Tr is defined as an A2r Dynkin diagram

4Up to overall normalization by a unit norm complex number.
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Table 1: The matrices found in [1]. For each matrix listed, its inverse is also a valid
result. Several infinite families are listed with α ∈Q, h ∈ Z.

r = 1 2 1 1/2

r = 2
�

α 1−α
1−α α

� �

2 1
1 1

� �

4 1
1 1

� �

4 2
2 2

� �

2 1
1 3/2

� �

4/3 2/3
2/3 4/3

�





2 1 −1
1 1 0
−1 0 1









2 1 1
1 1 0
1 0 1









3 2 1
2 2 1
1 1 1









2 1 1
1 2 0
1 0 2









4 2 1
2 2 0
1 0 1









4 2 1
2 2 0
1 0 1





r = 3





6 4 2
4 4 2
2 2 2









4 2 2
2 2 1
2 1 2









4 2 −1
2 2 −1
−1 −1 1









8 4 1
4 3 0
1 0 1









4 2 1
2 2 0
1 0 1









4 2 1
2 2 0
1 0 1









αh2 + 1 αh −αh
αh α 1−α
−αh 1−α α









αh2 + 2 αh −αh
αh α 1−α
−αh 1−α α









αh2 + 1/2 αh −αh
αh α 1−α
−αh 1−α α





folded in half. Its primary difference in this context is that the Cartan matrix associated with
Tr is the same as that of Ar except for C(Tr)r r = 1. Given a pair (X , Y ) of ADET type diagrams,
Nahm proposed that

A(X , Y ) = C(X )⊗ C(Y )−1 , (12)

would satisfy (i). Solutions to (6) for specific families (X , Y ) were studied and determined
analytically in [12, 40] and a proof that matrices of the form (12) satisfy (i) was claimed
in [41].

The previous work on Nahm’s conjecture is best described as a bellwether rather than a
precise target we would wish to replicate. For one, because we study Chern-Simons levels, all
of our results are integer-valued matrices; a restriction that does not exist when approaching
this problem from a purely mathematical point of view. On the other hand, when comparing
our findings with those of Nahm and Zagier, we should expect agreement only when their
(A, B) are integral.5 Further, the possible appearance of an additional phase in (11) indicates
that we are working with a slight generalization of Nahm’s conjecture, where L(x) is modified
by a linear term in log(x) (See Sec. A.4 for a discussion) Therefore, we should expect to
discover new matrices beyond those originating from Nahm’s conjecture. Indeed, this is what
we find: any level matrix K listed in Section 4 that is not also given in Table 1 either does
not satisfy (i) (and thus was ignored by Zagier) or does not satisfy the conditions of Nahm’s
conjecture due to the more general form of (10). For these novel cases in Section 4, we find
that there are negative contributions in the character summation formula, i.e. (10) does not
reduce to (3) and thus does not contradict the partial proof of Nahm’s conjecture in [39].

5The integrality of B arises from the physical interpretation of the linear term in the half index.
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Table 2: Charges (F and R∗) of a chiral field Φ in the T∆ theory under the U(1)
flavor and U(1) R-symmetry and mixed background CS levels (kF F and kFR∗). The
superconformal R-charge of the free chiral theory T∆ corresponds to R∗ +

1
2 F .

F(Φ) R∗(Φ) kF F kFR∗

1 0 −1
2

1
2

3 A class of rank-zero theories

3.1 N = 2 Abelian Chern-Simons matter theories

We consider a class of N = 2 Abelian Chern-Simons matter theory, which are labeled by the
Chern-Simons level matrix K and a set of chiral operators {OI}:

T [K , {OI}] :=
(T∆)r

U(1)rK
, with superpotential W =

NO
∑

I=1

OI . (13)

Here T∆ is a free theory of a single chiral field Φ= (φ,ψ) with background Chern-Simons
level −1

2 [42] with a Lagrangian density given by

LT∆(V ) =

∫

d4θ

�

−
1

8π
ΣV V +Φ†eVΦ

�

. (14)

Here ΣV is the linear superfield containing field strength of the background vector multiplet
V = (Aµ,σ,λ, D) coupled to the U(1) flavor symmetry. The theory also has U(1) R-symmetry.
The mixed CS levels between the R-symmetry and the flavor symmetry are summarized in
Table 2. The notation /U(1)rK in (13) denotes the supersymmetric gauging of the U(1)r fla-
vor symmetry in the (T∆)r theory (r copies of T∆) with mixed Chern-Simons level K , which
is an r × r symmetric integer-valued matrix. The gauge charge Q i j of the i-th chiral field Φi
under the j-th U(1) gauge symmetry is chosen to be δi j . If we denote {Vi} to be the back-
ground vector multiplets for (U(1)Top.)r topological symmetry, then the Lagrangian density of
the (T∆)r/U(1)rK theory is

L(T∆)r/U(1)rK (V1, . . . ,Vr) =
r
∑

i=1

LT∆(vi) +

∫

d4θ

 

1
4π

r
∑

i, j=1

Ki jΣvi
v j +

1
2π

r
∑

i=1

Σvi
Vi

!

. (15)

Accounting for the background Chern–Simons level kF F = −
1
2 in the T∆ theory (2), the UV

effective Chern–Simons level for the U(1)r vector multiplet is

K −
1
2

I . (16)

We also consider a superpotential deformation by a collection of gauge-invariant 1/2 BPS chiral
primary operators (CPOs) OI . Since the gauge charges Q i j of the chiral fields are chosen to
be δi j , there are no gauge-invariant CPOs made solely of chiral fields. However, there do exist
disorder-type gauge-invariant CPOs constructed by dressing bare monopole operators with
chiral fields.

1/2 BPS monopole operators A CPO in this description can be written as6

O(n,m) :=

� r
∏

i=1

φ
ni
i

�

Vm , (17)

6Throughout this paper we will not be careful to distinguish between a chiral primary multiplet and its scalar
component.
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where Vm denotes the 1/2 BPS bare monopole operator with monopole flux m and φi is the
scalar field in Φi . The n ∈ (Z≥0)r and m ∈ Zr are subject to the following conditions:

Q i = ni +
∑

j

Ki jm j −
1
2
(|mi|+mi) = 0 , i = 1, . . . , r ,

nimi = 0 , i = 1, . . . , r .

(18)

The Q i is the charge of O(n,m) under the i-th U(1) gauge symmetry so the first condition
imposes gauge invariance. The second condition asserts that O(n,m) is 1/2 BPS: the monopole
operator should be purely electric (m= 0) or purely magnetic (n= 0) for each U(1) factor of
the gauge group.

R-symmetry Let us denote T1, . . . , Tr by the charges under the U(1)rtop topological symmetry
which exists in the absence of the superpotential deformation. The theory also has a U(1)R
symmetry which can be mixed with U(1)rtop. Let Rµ⃗ with µ⃗ ∈ Rr be the R-charge at general
mixing

Rµ⃗ = R∗ + µ⃗ · T⃗ . (19)

The reference R-charge of the monopole operator R∗(Vm) is7

R∗(Vm) =
∑

i

�

kFR∗mi +
1− R∗(Φi)

2
|mi|

�

=
1
2

∑

i

(mi + |mi|) . (20)

After the superpotential deformations by {OI := O(nI ,mI )}
NO
I=1, the mixing parameters are re-

stricted to the space

M[K , {OI}] = {µ⃗ ∈ Rr : Rµ⃗(OI) = R∗(VmI
) + µ⃗ ·mI = 2 , ∀I = 1,2, . . . , NO} . (21)

Assuming that the set {(nI ,mI) ∈ Z2r}NO
I=1 is linearly independent, M is an (r − NO)-

dimensional affine subspace of Rr . The theory T [K , {OI}] has U(1)r−NO flavor symmetries
commuting with the N = 2 supersymmetry and the space M parametrizes mixing between
these and the R-symmetry.

In order to identify a candidate theory T [K , {OI}]which flows to an IR N = 4 rank-0 SCFT,
we will require that there are (r − 1) 1/2-BPS CPOs in the superpotential W , i.e. NO = r − 1.
This is because an N = 4 rank-0 theory should possess only one (non-R) U(1) flavor symmetry
when described in terms of an N = 2 subalgebra.8 In this case, the affine subspace is one-
dimensional and can be represented as

M[K , {OI}r−1
I=1] = {µ⃗= µ⃗0 + νa⃗ : ν ∈ R} . (22)

The µ⃗0 is chosen such that Rµ⃗0
is the superconformal R-charge of the theory T [K , {OI}r−1

I=1]
which is determined by F-maximization as explained below. The vector a⃗ is orthogonal to
the monopole fluxes mI of OI and its overall normalization is fixed by requiring that it is a

7The statement in [59] that R∗(Φ) = 1/3 at the superconformal point (for r = 1, K = −1) should be inter-
preted with care. The R-charge of a gauge-variant operator is not uniquely fixed by F-maximization, and one must
choose a reference point. Our choice Rhere

∗ (Φ) = 0 and the assignement RGY
∗ (Φ) = 1/3 in loc.cit. are related by

RGY = Rhere + G/3, with G the gauge charge. Correspondingly, we take the mixed gauge-R CS level to be kour
GR =

1
2

while kGY
GR = 0. Applying this to eqn. (20), we obtain Rhere

∗ (Vm) =
1
2 (m+ |m|) and RGY

∗ (Vm) =
1
3 |m| which is con-

sistent with the relation RGY = Rhere + G/3 since G(Vm) = −
3
2 m− 1

2 |m|. Since the superconformal index receives
contributions only from gauge invariant operators, the result is independent of this choice.

8However, it is possible for some T [K , {OI}
NO
I=1] with NO < r − 1 flow to an N = 4 rank-0 SCFT, with some UV

symmetries decoupling in the IR. We will discuss such exceptional cases in section 4.3.
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primitive element in Zr with first non-zero component positive. The theory T [K , {OI}r−1
I=1] has

a U(1)A flavor symmetry with charge A given by

A= a⃗ · T⃗ =
r
∑

i=1

ai Ti , (23)

which will be later identified with the part of the R-symmetry in the IR N = 4 algebra.

Topological twisting If supersymmetry enhances at the superconformal fixed point, the
U(1)A × U(1)R symmetry extends to the full SO(4)R = SU(2)H × SU(2)C R-symmetry of the
N = 4 algebra. This allows the topological A/B-twist, defined by the twisting homomorphism

SU(2)E → diag(SU(2)E × SU(2)H) , SU(2)E → diag(SU(2)E × SU(2)C) , (24)

for the A- and B-twist, respectively. Each twist preserves a real scalar supercharge, denoted QA
and QB. The local operators of the superconformal theory that survive in the cohomology of
QA and QB correspond to Coulomb branch operators and Higgs branch operators, respectively.

From the point of view of the N = 2 superconformal algebra, there exists a distinguished
U(1) flavor symmetry called the axial symmetry

A= JC
3 − JH

3 , (25)

where JH
3 /J

C
3 are the Cartan generators of SU(2)H/SU(2)C R-symmetry of N = 4 algebra,

normalized so that J3 ∈
1
2Z. We then define a one-parameter deformation of the U(1) super-

conformal R-symmetry by mixing with the axial symmetry

Rν := Rµ⃗0
+ νA= (JC

3 + JH
3 ) + ν(J

C
3 − JH

3 ) . (26)

The two special values of ν play an important role:

Rν=1 = 2JC
3 , Rν=−1 = 2JH

3 , (27)

as they coincide with the Cartan generators of the R-symmetry that defines the topological B-
and A-twist respectively.

3.2 Conditions on supersymmetric partition functions

The supersymmetric partition functions and indices provide strong probes of a theory’s IR
dynamics. Here we collect a list of supersymmetric observables which we compute in order to
identify candidate theories T[K , {OI}] that flow to rank-zero theories.

Superconformal index The main observable we consider in this paper is the superconformal
index. For the theory T [K , {OI}r−1

I=1], we define

Isci(q,η,ν) = TrH(S2)(−1)Rνq
Rν
2 + j3ηA , (28)

which counts local operators graded by their twisted spins

jtwisted =
1
2

Rν + j3 . (29)

As discussed around eq. (26), the parameter ν is defined so that Rν=0 corresponds to the
superconformal R-symmetry at the fixed point, determined by F-maximization. Specializing to

9

https://scipost.org
https://scipost.org/SciPostPhys.19.5.128


SciPost Phys. 19, 128 (2025)

ν= +1/ν= −1 and η= 1, the index computes the dimension of the space of Higgs/Coulomb
branch local operators, graded by the twisted spins JC ,H

3 + j3,

Isci(q, 1, 1) = TrH(S2)(−1)2JC
3 qJC

3 + j3 , Isci(q, 1,−1) = TrH(S2)(−1)2JH
3 qJH

3 + j3 , (30)

which are also known as the Higgs/Coulomb branch Hilbert series. These quantities coincide
with the S2×S1 partition function of the B- and A-twisted theory, counting the local operators
in each TFT.

The index can be computed by the integral formula [43,44]

Isci(q,η,ν) = IK
sci(q, ζ⃗, µ⃗)|µ⃗=µ⃗0+νa⃗, ζi=ηai , where

IK
sci(q, ζ⃗, µ⃗) =

∑

mi∈Z

∮ r
∏

i=1

dzi

2πizi

r
∏

i, j=1

z
Ki j m j

i

r
∏

i=1

�

I∆(mi , zi)(ζi(−q1/2)µi )mi
�

.
(31)

Here I∆(m, z) is the tetrahedron index [45], which computes the generalized index of T∆.

F-maximization The IR superconformal R-charge µ⃗0 of T[K , {OI}] is determined by the fact
that

F(µ⃗) := − log
�

�

�ZK
S3

b=1
(µ⃗)
�

�

� (32)

is maximized at µ⃗ = µ⃗0 in the space of possible mixings, M[K , {OI}] [46–48]. ZK
S3

b
is the

squashed three-sphere partition function (with squashing parameter b) which can be written
as the integral [49]:

ZK
S3

b
(µ⃗) =

∫ r
∏

i=1

dZip
2πħh

exp

�

Z⃗ T KZ⃗ + 2Z⃗ · W⃗
2ħh

� r
∏

i=1

ψħh(Zi)

�

�

�

�

W⃗=(iπ+ ħh2 )µ⃗
. (33)

Here ħh= 2πi b2, andψħh(Z) denotes the quantum dilogarithm function [42,50]. An alternative
and more efficient method for computing F(µ⃗) using Bethe vacua is summarized in Appendix
A.

Given a theory T [K , {OI}], we can compute each of the observables listed above and de-
termine if the theory meets the following criteria. When satisfied these conditions provide
strong evidence that the theory flows to an N = 4 rank-zero SCFT.

(a) There are (r−1) linearly independent9 1/2 BPS CPOs {OI =O(nI ,mI )}
r−1
I=1 satisfying (18).

Note that, as mentioned previously, it is possible for T [K , {OI}
NO
I=1] with NO < r − 1 to

flow to an N = 4 rank-0 SCFT due to excess U(1) flavor symmetries decoupling in the
IR. For simplicity, we focus on the case with NO = r − 1.

(b) The superconformal R-charge Rµ⃗0
should satisfy the condition µ⃗0 ∈ (

1
2Z)

r .

If SUSY enhancement occurs, theN = 2 superconformal R-charge Rν=0=Rµ⃗0
=R∗+µ⃗0·T⃗

can only take values in 1
2Z since Rν=0 = JC

3 +JH
3 . Taking into account the fact that R∗ and

Ti are integer-valued, we arrive at the condition above. This condition is quite restric-
tive as µ⃗0 is determined by extremizing |ZK

S3
b=1
(µ⃗)|, which is in general a transcendental

function of µ⃗.

9The set {(nI ,mI ) ∈ Z2r}r−1
I=1 is linearly independent.
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(c) The superconformal index satisfies

(i) Isci(q,ν= ±1,η= 1) = 1 ,

(ii) Isci(q,ν= 0,η) ̸= 1 .
(34)

If T[K , {OI}r−1
I=1] flows to an N = 4 SCFT, Isci(q,ν = +1/ν = −1,η = 1) only receives

contributions from Higgs/Coulomb branch operators and their descendants [51]. Thus
the index must be trivial in this limit if the IR SCFT is rank-0. Condition (ii) ensures that
the IR theory is a non-trivial SCFT with no mass gap. We examine the gapped cases in
Section 4.2.

In Section 4, we list the theories T[K , {OI}] which have a superconformal index satisfying
conditions (a), (b), and (c). It is also possible to compute other supersymmetric observables,
such as twisted supersymmetric partition functions on Seifert manifolds, to provide further
consistency conditions. As discussed in detail in Appendix A.3, one can extract the modular
data of the boundary VOA from the partition functions and this must satisfy a number of non-
trivial relations. In particular, the fibering operator F(u, v) evaluated at the Bethe vacua u= û
are identified with the diagonal components of the modular T matrices, see (A.21) and (A.22),
which leads to the condition

F(û, v)N = 1 , (35)

for some integer N and for all the vacua u = û. This gives a direct connection to Nahm’s
conjecture as summarized in Section 2.

3.3 Simple lines

Suppose that an N = 2 gauge theory T[K , {OI}] flows to an N = 4 rank-zero SCFT. Then
there exists a distinguished set of line operators {LUV

1 , . . . , LUV
d } in the UV gauge theory which

flow to simple lines (i.e. anyons) in the IR topologically twisted field theory. In this section,
we focus on the case where UV line operators take the form of supersymmetric Wilson loops
WQ⃗ with charge Q⃗ = (Q1, . . . ,Qr), and denote W sim

A/B by the collection of loops which map to

simple lines. The two sets W sim
A and W sim

B always contain the trivial Wilson line, 1 = WQ⃗=0⃗,
which corresponds to the trivial simple line in the twisted TFT. Below we list several necessary
conditions for a UV operator WQ⃗ to become a simple object in the IR.

The conditions we require can be written in terms of the superconformal index with inser-
tion of SUSY Wilson loop operators. This can be computed by multiplying the following factor
in the integrand of (31) [45,52]

W±
Q⃗
=

r
∏

i=1

(qmi/2z±1
i )

Q i . (36)

In the supersymmetric S2 × S1 background which computes the superconformal index, there
are two distinguished points where one can insert a supersymmtric Wilson loop. One at the
north pole of S2 wrapping the S1 fiber, and another at the south pole wrapping the fiber in
the opposite direction. We call these W+ and W− respectively and denote the superconformal
index with insertions of such Wilson loops by (εi ∈ {±})

〈W ε1

Q⃗1
W ε2

Q⃗2
· · ·W εn

Q⃗n
〉sci(q,η,ν) . (37)

Let us consider the S2 × S1 partition function of the A-twisted theory, which can be computed
by the superconformal index with specialization ν = −1, as discussed in section 3.2. In order
to test whether a UV line operator WQ⃗ flows to a simple line in the IR A-twisted TFT, we scan
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over integer charge vectors Q⃗ and search for WQ⃗ which satisfy the following two necessary
conditions10

(i) 〈W±
Q⃗
〉sci(q,η= 1,ν= −1) = 0 , or ± qZ/2 ,

(ii) 〈W+
Q⃗

W−
Q⃗
〉sci(q,η= 1,ν= −1) = 1 .

(38)

The first condition follows from the fact that the S2 × S1 partition function for a semi-simple
TFT with a non-trivial simple line insertion either vanishes or is equal to 1 if we insert the
identity line. The second condition follows from the fact that the fusion between a simple
object L and its orientation reversal L always contains a single 1 (trivial object), i.e.,

L× L∼ 1+ (non-trivial simple objects) . (39)

More concretely, we have

Z[S2 × S1 with two simple objects Lα and Lβ along the S1]

=
∑

γ

S2
0γ

Sαγ
S0γ

Sβγ
S0γ
= (S2)αβ

=

¨

1 , if Lα = Lβ ,

0 , otherwise.

(40)

Here Sαβ is the modular S-matrix and (S2)αβ = Cαβ is the charge-conjugation matrix. If a UV
Wilson loop maps to a sum of multiple simple objects in the IR, it satisfies condition (i) but
not condition (ii). It is also possible that two different UV Wilson loops, WQ⃗1

and WQ⃗2
, map to

the same simple object in the IR. In that case, we expect

〈W+
Q⃗1

W−
Q⃗2
〉sci(q,η= 1,ν= −1) = ±qZ/2 . (41)

In general, a UV line operator LUV
i that maps to a IR simple line may not correspond to

any supersymmetric Wilson loop. Thus we expect that this procedure gives only a subset of
the simple objects in the IR twisted theory.

3.4 Half-index and modular functions

Finally, we consider an N = 2 gauge theory T[K , {OI}] defined on the Euclidean half-space
C × R≤0. The local operators on the boundary are counted by the half-index, which can be
understood as the partition function on the cigar geometry D2×S1, with a choice of boundary
condition B specified on the boundary torus [53–56]. Let (z, z̄, t) be the local coordinate
around a point on the boundary placed at t = 0. The half index is defined by

Ihalf(q,ν,η) := TrT2(−1)RνqRν/2+ j3ηA . (42)

It can be further decorated by a loop operator L placed at the tip of the cigar, wrapping S1.
We denote this by I L

half(q,ν,η).
In order to make contact with the Nahm sum formula discussed in Section 2, we impose

the supersymmetric Dirichlet boundary conditions that preserve a 2d N = (0,2) subalgebra,
as discussed in [56]. Concretely, for an N = 2 vector multiplet, we take

Az|t=0 = Az̄|t=0 = 0 , D|t=0 = 0 , λ−|t=0 = 0 , (43)

10More precisely, the conditions for WQ⃗ to become a simple object, up to a factor of U(1)R flavor Wilson loop
which contributes (−q±1/2)QR∈Z to 〈W±

Q⃗
〉sci. These contributions cancel in 〈W+

Q⃗
W−

Q⃗
〉sci.
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which we denote by the boundary condition D. Crucially, this boundary condition admits the
boundary monopole operators, which are solutions to the BPS equations

F = ∗Dσ , σ =
1

(|z|2 + t2)1/2
, (44)

labeled by the monopole charge

q

∫

D2

F
2π
= m ∈ Zr . (45)

For an N = 2 chiral multiplet, we impose

φ|t=0 = c , ψ+|t=0 = 0 , (46)

where c ̸= 0 is a complex number.11 We denote this boundary condition by Dc , a deformed
Dirichlet boundary condition. The half-index of T [K , {OI}] with the insertion of a supersym-
metric Wilson loop WQ⃗ then reads

I
WQ⃗

half(q,ν,η) =
∑

m∈Nr

q
1
2 mt Kmη−at m(−q1/2)−µ

t mq−Qt m

(q)m1
· · · (q)mr

�

�

�

�

µ→µ0+νa
, (47)

with the Pochhammer symbol (q)n :=
∏n

i=1(1− qi) defined in the usual way. The summation
over m labels the boundary monopole operators discussed above. Notice that with our con-
vention (16), the anomaly coefficient of the boundary global symmetry U(1)r

∂
(which are fully

broken for generic c), is identified with the CS level K .
Similarly to the discussion for the superconformal index, the half index specialized at ν= 0

calculates the character of the vector space of boundary local operators at the superconformal
fixed point, with the R-charge determined by F-maximization. Now, let us assume that the su-
persymmetry at the fixed point enhances to N = 4, and moreover that the boundary condition
B in the infrared is compatible with the supercharges of the twisted theory QA or QB. Then
one can define the half-index of the topologically twisted theories, which coincides with (42)
specialized at ν= ±1 and η= 0,

Ihalf(q, 1,−1) = TrT2(−1)RνqJH
3 + j3 , Ihalf(q, 1, 1) = TrT2(−1)RνqJC

3 + j3 . (48)

Therefore, at ν = −1, we expect that the half index calculates the vacuum character of the
corresponding boundary vertex operator algebra of the A-twisted theory,

χA(q) = q∆ Ihalf(q,ν= −1,η= 1) =
∑

m∈Nr

q
1
2 mt Km+∆(−q1/2)−(µ0−a)t m

(q)m1
· · · (q)mr

. (49)

The non-vacuum characters for the simple modules can be computed by inserting the line
operator that flows to a simple line,

q∆ I
WQ⃗

half(q,ν= −1,η= 1) =
∑

m∈Nr

q
1
2 mt Km+∆(−q1/2)−(µ0−a)t mq−Qt m

(q)m1
· · · (q)mr

, (50)

which we denote by q∆ IA[WQ⃗].

11Under the Dc boundary condition, the reference R-charge of the gauge-variant operator Φ is no longer a free
choice in the F-maximization procedure (see footnote 7), since the bulk U(1)r gauge symmetry reduces to the
boundary global symmetry U(1)r

∂
, which are further fully broken for generic c. To preserve the U(1)R symmetry,

one must choose R∗(Φ) = 0, which is the choice we adopt (see section 2). As emphasized in [56], this choice
should be viewed as part of the definition of the superconformal boundary condition.
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Notice that the assumption that the boundary condition B is compatible with the su-
percharges QA or QB is highly non-trivial, due to the presence of superpotentials involving
monopole operators.12 For a special class of Abelian Chern-Simons matter theories studied
in the work of the second author [23, 24], there is strong evidence that this condition can
indeed be satisfied. In this paper, we do not attempt a detailed analysis of the QA/B-invariance
of the boundary condition B in the IR topological theory. Instead, we focus on analzing the
expressions (49) for the theories T [K , {OI}] that are expected to flow to rank-zero SCFTs, and
propose candidate boundary VOAs supported by the corresponding TFTs when the conditions
are satisfied. We indeed find in section 4 that there are examples (see e.g., 3-6, 3-7 and 3-8)
where the index identically vanishes, suggesting that the the boundary condition B may not
preserve the twisted supercharges.

If T [K , {OI}] flows to a rank-zero SCFT and WQ⃗ maps to a simple object in the IR A-twisted
theory, we expect that (50) is a modular function under a congruence subgroup of SL(2,Z),
with a proper choice of ∆ ∈Q. We can make a similar conjecture for the B-twist.

For a half-index to have nice properties under modular transformations, it is natural to
impose the (NS, NS) boundary condition on the boundary torus. The definition of the half-
index (42) graded by (−1)R aligns with this choice. Further, the factor (−1)(µ0−a)t m in the half-
index, which does not appear in the original Nahm sum formula (3), arises from this choice
of spin structure. This implies we are working with a generalization of Nahm’s conjecture, as
stated at the end of Section 2 and discussed in Appendix A.4. In Section 4, we will provide
explicit examples of RCFT characters that can be expressed in this modified Nahm sum formula.

4 Summary of results

4.1 A family of rank-zero theories

In this section, we summarize the class of the candidate rank-zero theories whose partition
functions meet the conditions stated in section 3. For each candidate, we also identify the set
W sim

A of UV Wilson loops that flow to simple objects in the IR A-twisted theory, based on the
criteria in section 3.3. Through these examples, we confirm the conjecture in the previous
section by expressing the IA[WQ⃗] in terms of the known characters of RCFTs. For the naming
convention and explicit expressions of the characters, refer to Appendix B. The identification
of the indices with known RCFT characters are conjectures based on the q-series expansion,
except for a few cases with known Nahm sum representations.

The search scanned all positive definite integer K-matrices for r = 1, 2,3 with entries
between −17 and 17. To avoid redundancy, we exclude candidates that are related to those
with lower r through basic mirror duality or direct products of lower r candidates. The basic
mirror duality is expressed as [42,57]

T∆
U(1)1

≃ T∆ . (51)

Under this duality, a gauge-invariant monopole operator Vn≥0 is mapped to φn. By deforming
the two theories with a superpotential V2 ≃ φ2, i.e. complex mass deformation, we find

� T∆
U(1)1

with a superpotential W = V2

�

≃ (an almost trivially gapped theory) . (52)

12See section 5 of [28] for discussion on the classification of boundary conditions in the presence of superpoten-
tial deformation.
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It implies that

T
�

Kr+1 =

�

Kr 0r
0r 1

�

, {V(0r ,2), {ÕI}r−1
I=1}

�

≃ T [Kr , {OI}r−1
I=1] . (53)

Here, ÕI shares the same (ni , mi) as OI for 1 ≤ i ≤ r − 1, but has (nr , mr) = (0,0). At the
level of the half-index, the duality can be understood from the following equality

∑

m∈Z≥0

q
m2
2

(q)m
=
∞
∏

n=0

(1+ qn+1/2) = q1/48χF (q) . (54)

Here χF is the character of the free Majorana fermion theory,

χF (q) = q−1/48
∞
∏

n=0

(1+ qn+1/2)

= q−1/48(1+ q1/2 + q3/2 + q2 + q5/2 + q3 + q7/2 + 2q4 + 2q9/2 + 2q5 + . . .) .

(55)

In the bulk-boundary correspondence, the 2d RCFT corresponds to the 3d minimal invertible
spin TQFT SO(1)1,13 which is an almost trivial theory.

4.1.1 r = 1

We find one theory which meets all the conditions. This theory flows to the minimal rank-zero
SCFT, which was first found in [59]. We call it Tmin.

1-1 K = (2) = C(A1) ,14

{OI}= ; , µ⃗0 = (−1) , a⃗ = (1) , Wsim = {1, W1} ,

IA[1] = q−11/60χ
M(2,5)
(1,1) , IA[W1] = q1/60χ

M(2,5)
(1,2) ,

Isci = 1− q−
�

η+
1
η

�

q3/2 − 2q2 −
�

η+
1
η

�

q5/2 − 2q3 −
�

η+
1
η

�

q7/2 + . . .

4.1.2 r = 2

Besides the examples which are direct products of two r = 1 theories,

2-1 K =

�

2 −1
−1 1

�

= C(T2) ,

{OI}= {(φ1)
2V(0,2)} , µ⃗0 = (−1, 0) , a⃗ = (1, 0) , W sim

A = {1, W(1,0)} ,

IA[1] = q−19/96χF χ
SM(2,8)
(1,1) , IA[W(1,0)] = q5/96χF χ

SM(2,8)
(1,3) ,

Isci = 1− q1/2 −
�

1+η+
1
η

�

q−
�

2+η+
1
η

�

q3/2 −
�

2+η+
1
η

�

q2 − q5/2 + . . .

This example is studied in [34]. In particular, it was argued that the supersymmetry at
the fixed point enhances to N = 5. Based on various partition function calculations, it
is conjectured that this is dual to the N = 3 SU(2)k=2 Chern-Simons theory coupled to
a half hypermultiplet and a half twisted-hypermultiplet both in fundamental represen-
tation.

13We used the notation in e.g., [58].
14Taking into account the background CS level −1/2 in the T∆ theory (2), this theory corresponds to the U(1)3/2

theory coupled to a single chiral multiplet of charge +1, which we denote simply as U(1)3/2 +Φ. This theory is IR
dual to U(1)−3/2 + Φ [59]. The fact that the Dirichlet half-index coincides with the vacuum character of M(2,5)
was first observed in [21].
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2-2 K =

�

2 1
1 1

�

= C(T2)−1 ,

{OI}= {V(2,−2)} , µ⃗0 = (−1,−1) , a⃗ = (1, 1) , W sim
A = {1, W(1,1)} ,

IA[1] = q−7/32χ
SM(2,8)
(1,1) , IA[W(1,1)] = q1/32χ

SM(2,8)
(1,3) ,

Isci = 1− q1/2 −
�

1+η+
1
η

�

q−
�

2+η+
1
η

�

q3/2 −
�

2+η+
1
η

�

q2 − q5/2 + . . .

This theory is dual to 2-1, which can be inferred from the relation K↔ K−1.

2-3 K =

�

4 2
2 2

�

= C(A1)⊗ C(T2)−1 ,

{OI}= {V(−1,2)} , µ⃗0 = (−2,−1) , a⃗ = (2,1) , W sim
A = {1, W(1,1), W(2,1)} ,

IA[1] = q−17/42χ
M(2,7)
(1,1) , IA[W(1,1)] = q−5/42χ

M(2,7)
(1,2) , IA[W(2,1)] = q1/42χ

M(2,7)
(1,3) ,

Isci = 1− q−
�

η+
1
η

�

q3/2 − 2q2 −ηq5/2 +
�

1
η2
− 1

�

q3 +
�

1
η
−η

�

q7/2 +
1
η2

q4 + . . .

This example is discussed in [21,23,24] in detail, where it is argued that the boundary
condition indeed supports the M(2,7).

4.1.3 r = 3

Besides the examples which are direct products of r = 1 and r = 2 theories, we find 23
candidate rank-zero theories. Many of these theories have identical superconformal indices
and partition functions, which is a strong signal that they flow to the same fixed point. Below
we organize the theories by the duality class.

Class 1: T1(= Tmin) The following list of the theories have the superconformal index

Isci = 1− q−
�

η+
1
η

�

q3/2 − 2q2 −
�

η+
1
η

�

q5/2 − 2q3 −
�

η+
1
η

�

q7/2 + . . . , (56)

which is the same as that of Tmin. There exists a gauge theory description whose (deformed)
Dirichlet half-index reproduces the characters of M(2,5) or the simple affine VOA L1(osp(1|2))
(with a specialization of the Jacobi variable), up to a free fermion factor χF .

3-1 K =





2 −1 −1
−1 2 0
−1 0 1



= C(T3) ,

{OI}= {(φ1)
2V(0,0,2), (φ3)V(1,1,0)} , µ⃗0 = (−1,1, 0) , a⃗ = (1,−1, 0) ,

W sim
A = {1, W(1,−1,0)} , IA[1] = q3/80χF (q)χ

osp(1|2)1 [1] (q, x)|x=−q1/2 ,

IA[W(1,−1,0)] = q27/80χF (q)χ
osp(1|2)1 [M] (q, x)|x=−q1/2 ,

where χosp(1|2)1[1] and χosp(1|2)1[M] are the supercharacters of the vacuum module 1
and a non-vacuum module M of L1(osp(1|2)). (See appendix B for the notation.)
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3-2 K =





2 −1 −1
−1 2 1
−1 1 1



 ,

1) {OI}= {V(0,1,−1), V(1,1,0)} , µ⃗0 = (−1,1, 0) , a⃗ = (1,−1,−1) ,

W sim
A = {1, W(1,−1,−1)} , IA[1] = q−11/60χ

M(2,5)
(1,1) , IA[W(1,−1,−1)] = q1/60χ

M(2,5)
(1,2) ,

2) {OI}= {V(0,1,−1), V(2,2,0)} , µ⃗0 = (−1,0,−1) , a⃗ = (1,−1,−1) ,

W sim
A = {1, W(1,−1,−1)} , IA[1] = q−11/60χ

M(2,5)
(1,1) , IA[W(1,−1,−1)] = q1/60χ

M(2,5)
(1,2) ,

3) {OI}= {V(0,2,−2), V(1,1,0)} , µ⃗0 = (1,−1,−1) , a⃗ = (1,−1,−1) ,

W sim
A = {1, W(1,−1,−1)} , IA[1] = q19/60χosp(1|2) [M]] (q, x)|x=−q1/2 ,

IA[W(1,−1,−1)] = q1/60χosp(1|2) [1]] (q, x)|x=−q1/2 .

3-3 K =





2 1 −1
1 2 0
−1 0 1



 ,

{OI}= {(φ1)
2V(0,0,2), V(−1,1,−1)} , µ⃗0 = (−1, 0,0) , a⃗ = (1,1, 0) ,

W sim
A = {1, W(1,1,0)} , IA[1] = q−13/80χF χ

M(2,5)
(1,1) , IA[W(1,1,0)] = q3/80χF χ

M(2,5)
(1,2) .

3-4 K =





2 1 1
1 2 1
1 1 1



 ,

1) {OI}= {V(0,1,−1), V(1,0,−1)} , µ⃗0 = (−1,−1,−2) , a⃗ = (1, 1,1) ,

W sim
A = {1, W(1,1,1)} , IA[1] = q−11/60χ

M(2,5)
(1,1) , IA[W(1,1,1)] = q1/60χ

M(2,5)
(1,2) ,

2) {OI}= {V(0,1,−1), V(2,0,−2)} , µ⃗0 = (−1,0,−1) , a⃗ = (1,1, 1) ,

W sim
A = {1, W(1,1,1)} , IA[1] = q−11/60χ

M(2,5)
(1,1) , IA[W(1,1,1)] = q1/60χ

M(2,5)
(1,2) ,

3) {OI}= {V(0,2,−2), V(1,0,−1)} , µ⃗0 = (0,−1,−1) , a⃗ = (1,1, 1) ,

W sim
A = {1, W(1,1,1)} , IA[1] = q−11/60χ

M(2,5)
(1,1) , IA[W(1,1,1)] = q1/60χ

M(2,5)
(1,2) .

3-5 K =





3 −2 2
−2 2 −1
2 −1 2



 ,

{OI}= {V(0,2,2), (φ2)V(1,0,−1)} , µ⃗0 = (1,−1,0) , a⃗ = (1,−1, 1) ,

W sim
A = {1, W(1,−1,1)} , IA[1] = q3/80χF χ

M(2,5)
(1,2) , IA[W(1,−1,1)] = q−13/80χF χ

M(2,5)
(1,1) .

3-6 K =





3 −1 −1
−1 1 0
−1 0 1



 ,

1) {OI}= {(φ1)V(0,0,1), (φ1)V(0,1,0)} , µ⃗0 = (−4, 1,1) , a⃗ = (1,0, 0) ,

W sim
A = {1, W(1,0,0)} , IA[1] = 0 , IA[W(1,0,0)] = 0 ,
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2) {OI}= {(φ1)V(0,0,1), (φ1)
2V(0,2,0)} , µ⃗0 = (−2, 0,1) , a⃗ = (1,0, 0) ,

W sim
A = {1, W(1,0,0)} , IA[1] = 0 , IA[W(1,0,0)] = 0 ,

3) {OI}= {(φ1)
2V(0,0,2), (φ1)V(0,1,0)} , µ⃗0 = (−2,1, 0) , a⃗ = (1,0, 0) ,

W sim
A = {1, W(1,0,0)} , IA[1] = 0, IA[W(1,0,0)] = 0 .

Although the computation of the superconformal indices suggests that the bulk theory
is dual to Tmin, the deformed Dirichlet boundary condition in this description seems
incompatible with the topological twists in the IR theory.

3-7 K =





3 −1 1
−1 1 0
1 0 1



 ,

1) {OI}= {(φ1)V(0,1,0), V(0,1,1)} , µ⃗0 = (−2,1,−1) , a⃗ = (1,0, 0) ,

W sim
A = {1, W(1,0,0)} , IA[1] = 0 , IA[W(1,0,0)] = 0 ,

2) {OI}= {(φ1)V(0,1,0), V(0,2,2)} , µ⃗0 = (−4,1,−2) , a⃗ = (1,0, 0) ,

W sim
A = {1, W(1,0,0)} , IA[1] = 0 , IA[W(1,0,0)] = 0 ,

3) {OI}= {(φ1)
2V(0,2,0), V(0,1,1)} , µ⃗0 = (−1, 0,0) , a⃗ = (1, 0,0) ,

W sim
A = {1, W(1,0,0)} , IA[1] = q−17/120χ2

F χ
M(2,5)
(1,1) , IA[W(1,0,0)] = q7/120χ2

F χ
M(2,5)
(1,2) .

3-8 K =





3 2 −1
2 2 −1
−1 −1 1



 ,

{OI}= {(φ1)(φ2)V(0,0,1), V(2,−2,0)} , µ⃗0 = (−2,−2, 1) , a⃗ = (1,1, 0) ,

W sim
A = {1, W(1,1,0)} , IA[1] = 0 , IA[W(1,1,0)] = 0 .

3-9 K =





3 2 1
2 2 1
1 1 1



= C(T3)−1 ,

{OI}= {V(2,−2,0), V(−1,1,1)} , µ⃗0 = (−1,−1, 0) , a⃗ = (1, 1,0) , W sim
A = {1, W(1,1,0)} ,

IA[1] = q−13/80χF χ
M(2,5)
(1,1) , IA[W(1,1,0)] = q3/80χF χ

M(2,5)
(1,2) .

3-10 K =





5 4 −2
4 4 −2
−2 −2 2



 ,

1) {OI}= {V(1,−1,0), V(1,0,2)} , µ⃗0 = (1,0,−1) , a⃗ = (2,2,−1) ,

W sim
A = {1, W(2,2,−1)} , IA[1] = q1/60χ

M(2,5)
(1,2) , IA[W(2,2,−1)] = q−11/60χ

M(2,5)
(1,1) ,

2) {OI}= {V(1,−1,0), V(2,0,4)} , µ⃗0 = (0,−1,−1) , a⃗ = (2, 2,−1) ,

W sim
A = {1, W(2,2,−1)} , IA[1] = q1/60χ

M(2,5)
(1,2) , IA[W(2,2,−1)] = q−11/60χ

M(2,5)
(1,1) .
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3-11 K =





5 4 2
4 4 2
2 2 2



 ,

1) {OI}= {V(1,−1,0), V(0,−1,2)} , µ⃗0 = (−1,−2,−1) , a⃗ = (2, 2,1) ,

W sim
A = {1, W(2,2,1)} , IA[1] = q−11/60χ

M(2,5)
(1,1) , IA[W(2,2,1)] = q1/60χ

M(2,5)
(1,2) ,

2) {OI}= {V(1,−1,0), V(0,−2,4)} , µ⃗0 = (0,−1,−1) , a⃗ = (2,2, 1) ,

W sim
A = {1, W(2,2,1)} , IA[1] = q−11/60χ

M(2,5)
(1,1) , IA[W(2,2,1)] = q1/60χ

M(2,5)
(1,2) .

3-12 (An infinite family) K =





a2 + 1 a2 a
a2 a2 a
a a 2



 , a ∈ Z \ {0} ,

1)

¨

{OI}= {V(1,−1,0), V(0,−1,a)} , µ⃗0 = (−1,−2,−1) , a⃗ = (a, a, 1) , a > 0 ,

{OI}= {V(1,−1,0), V(1,0,−a)} , µ⃗0 = (1, 0,−1) , a⃗ = (a, a, 1) , a < 0 ,

IA[1] = q−11/60χ
M(2,5)
(1,1) , IA[W(a,a,1)] = q1/60χ

M(2,5)
(1,2) ,

2)

¨

{OI}= {V(1,−1,0), V(0,−2,2a)} , µ⃗0 = (0,−1,−1) , a⃗ = (a, a, 1) , a > 0

{OI}= {V(1,−1,0), V(2,0,−2a)} , µ⃗0 = (0,−1,−1) , a⃗ = (a, a, 1) , a < 0 ,

IA[1] = q−11/60χ
M(2,5)
(1,1) , IA[W(a,a,1)] = q1/60χ

M(2,5)
(1,2) .

Class 2: (T1)2 This theory is expected to flow to the two copies of Tmin’s. As the first evidence,
we can check that the superconformal index is a square of (56):

Isci = 1− 2q−
�

2η+
2
η

�

q3/2 − 3q2 +
�

2+η2 +
1
η2

�

q3 +
�

4η+
4
η

�

q7/2 + . . . (57)

3-13 K =





4 2 2
2 2 1
2 1 2



 ,

{OI}= {V(−1,1,1), V(−1,0,2)} , µ⃗0 = (−2,−1,−1) , a⃗ = (2,1, 1) , W sim
A = {1, W(2,1,1)} ,

IA[1] = q−11/30
�

χ
M(2,5)
(1,1)

�2
, IA[W(2,1,1)] = q1/30

�

χ
M(2,5)
(1,2)

�2
.

The result for IA[1] follows from the identity between two Nahm sums proven in section
7 of [60]:

∑

n1,n2,n3≥0

q(n1+n2+n3)(n1+n2)+n2(n2+n3)+n2
3+n3+n1+2n2

(q)n1
(q)n2

(q)n3

=
∑

n1,n2≥0

qn2
1+n2

2+n1+n2

(q)n1
(q)n2

. (58)

Class 3: T1 ×U(1)2

Isci = 1− q−
�

η+
1
η

�

q3/2 − 2q2 −
�

η+
1
η

�

q5/2 − 2q3 −
�

η+
1
η

�

q7/2 + . . . (59)

19

https://scipost.org
https://scipost.org/SciPostPhys.19.5.128


SciPost Phys. 19, 128 (2025)

3-14 K =





4 −2 2
−2 2 −1
2 −1 2



 ,15

1) {OI}= {(φ1)V(0,1,1), V(−1,0,2)} , µ⃗0 = (−2, 1,−1) , a⃗ = (2,−1,1) ,

W sim
A = {1, W(1,−1,1), W(2,−1,1), W(3,−2,2)} ,

IA[1] = q−47/120χ
U(1)2
1 χ

M(2,5)
(1,1) , IA[W(1,−1,1)] = q−17/120χ

U(1)2
0 χ

M(2,5)
(1,1) ,

IA[W(2,−1,1)] = q7/120χ
U(1)2
0 χ

M(2,5)
(1,2) , IA[W(3,−2,2)] = q−23/120χ

U(1)2
1 χ

M(2,5)
(1,2) ,

2) {OI}= {(φ1)V(0,1,1), V(−2,0,4)} , µ⃗0 = (−3, 2,−2) , a⃗ = (2,−1, 1) ,

W sim
A = {1, W(1,−1,1), W(2,−1,1), W(3,−2,2)} ,

IA[1] = −q−169/240χ−1
F χ

M(2,5)
(1,1) , IA[W(1,−1,1)] = −q1/2 IA[1] ,

IA[W(2,−1,1)] = IA[W(3,−2,2)] = q−1/240χ−1
F χ

M(2,5)
(1,2) .

Class 4: T2 The following class of the theories have the superconformal index expansion

Isci = 1− q−
�

η+
1
η

�

q3/2 − 2q2 −ηq5/2 +
�

1
η2
− 1

�

q3 +
�

1
η
−η

�

q7/2 +
1
η2

q4 + . . . , (60)

which is the same as the rank-zero theory T2 introduced in [21,23]. This is also the supercon-
formal index of the theories T1,2(= T2) and T 2,1 in [24]. The latter two theories are related
by the mirror symmetry:

(T1,2)
∨ = T 2,1 , (61)

where T ∨ and T denotes the mirror dual and the orientation reversal of T respectively. It is
argued in loc. cit. that the Dirichlet half-index of the A- and B-twist of T1,2 (with a suitable
specialization) gives the characters of L2(osp(1|2)) and M(2,7) respectively. The Dirichlet half-
index of the A- and B-twist of T2,1 reproduces the characters of L1(osp(1|4)) and the minimal
W-algebra W min

1/2 (sp(4)), which are also realized at the left boundary of the mirror dual theory
T1,2.

3-15 K =





2 −1 −1
−1 2 0
−1 0 2



= C(A3) ,

{OI}= {(φ2)V(1,0,1), (φ3)V(1,1,0)} , µ⃗0 = (1,−1,−1) , a⃗ = (1,−1,−1) ,

W sim
A = {1, W(1,−1,0) =W(1,0,−1), W(1,−1,−1)} , IA[1] = q1/14χosp(1|4)1[1](q, x)|x=1 ,

IA[W(1,−1,0)] = q−3/14χosp(1|4)1[M1](q, x)|x=1 ,

IA[W(1,−1,−1)] = q−5/14χosp(1|4)1[M2](q, x)|x=1 .

3-16 K =





4 −2 −1
−2 2 1
−1 1 1



 ,

{OI}= {(φ1)V(0,1,−1), V(1,1,1)} , µ⃗0 = (−2,1, 0) , a⃗ = (2,−1,−1) ,

W sim
A = {1, W(1,0,0), W(2,−1,−1)} , IA[1] = q−17/42χ

M(2,7)
(1,1) ,

IA[W(1,0,0)] = q−5/42χ
M(2,7)
(1,2) , IA[W(2,−1,−1)] = q1/42χ

M(2,7)
(1,3) .

15For the second example, we find Z top
S2×S1 = 0, although the superconformal index is equal to 1 at the A/B-twisted

points. See section 5 for more discussion on this example.
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3-17 K =





9 5 3
5 4 1
3 1 2



 ,

{OI}= {V(1,−1,−1), (φ2)
2V(−1,0,3)} , µ⃗0 = (−2,−2,−1) , a⃗ = (3,2, 1) ,

W sim
A = {1, W(2,1,1), W(3,2,1)} , IA[1] = q−17/42χ

M(2,7)
(1,1) ,

IA[W(2,1,1)] = q−5/42χ
M(2,7)
(1,2) , IA[W(3,2,1)] = q1/42χ

M(2,7)
(1,3) .

Class 5: T3 The following theory has the superconformal index expansion

Isci = 1− q−
�

η+
1
η

�

q3/2 − 2q2 −ηq5/2 +
�

1
η2
− 1

�

q3 +
�

1
η
−η

�

q7/2

+
�

η+
2
η
−

1
η3

�

q9/2 + . . . (62)

This theory is expected to flow to the rank-zero theory called T3 as discussed in [21]. The
topological A-twist and B-twist admits the boundary condition that supports M(2,9) and
L3(osp(1|2)) respectively, as discussed in [23].

3-18 K =





6 4 2
4 4 2
2 2 2



 ,

{OI}= {V(0,−1,2), V(−1,2,−1)} , µ⃗0 = (−3,−2,−1) , a⃗ = (3, 2,1) ,

W sim
A = {1, W(1,1,1), W(2,2,1), W(3,2,1)} , IA[1] = q−23/36χ

M(2,9)
(1,1) ,

IA[W(1,1,1)] = q−11/36χ
M(2,9)
(1,2) , IA[W(2,2,1)] = q−1/12χ

M(2,9)
(1,3) ,

IA[W(3,2,1)] = q1/36χ
M(2,9)
(1,4) .

Class 6: The following class of theories have the superconformal index expansion:

Isci = 1− q1/2 −
�

1+η+
1
η

�

q−
�

2+η+
1
η

�

q3/2 −
�

2+η+
1
η

�

q2 − q5/2 + . . . , (63)

which agrees with the superconformal index of the theory T(2,8) in [34]. The Dirichlet half-
index of the theory reproduces the vacuum character of N = 1 super Virasoro minimal model
SM(2,8).

3-19 K =





4 2 1
2 2 0
1 0 1



 ,

{OI}= {V(1,−1,−1), (φ3)
2V(−2,4,0)} , µ⃗0 = (−1,−1,−1) , a⃗ = (2, 1,1) ,

W sim
A = {1, W(2,1,1)} , IA[1] = q−7/32χ

SM(2,8)
(1,1) , IA[W(2,1,1)] = q1/32χ

SM(2,8)
(1,3) .

Class 7: The following class of theories have the superconformal index expansion:

Isci = 1− q1/2 −
�

1+η+
1
η

�

q−
�

2+η+
1
η

�

q3/2

− q2 +
�

2+η2 +
1
η2
+ 2η+

2
η

�

q5/2 + . . . , (64)

which agrees with the superconformal index of the theory T(2,12) defined in [34]. The Dirichlet
half-index of the theory reproduces the vacuum character of N = 1 super Virasoro minimal
model SM(2, 12).
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3-20 K =





2 1 1
1 2 0
1 0 2



 ,

{OI}= {V(−2,2,2), V(2,−1,−1)} , µ⃗0 = (−1,−1,−1) , a⃗ = (0,1,−1) ,

W sim
A = {1, W(0,1,−1), W(1,1,0)} , IA[1] = q−7/48χ−1

F χ
SM(2,12)
(1,3) ,

IA[W(0,1,−1)] = q−7/48χ−1
F χ

SM(2,12)
(1,3) , IA[W(1,1,0)] = q1/48χ−1

F

�

−χSM(2,12)
(1,1) +χSM(2,12)

(1,5)

�

.

3-21 K =





4 2 −1
2 2 −1
−1 −1 1



 ,

{OI}= {(φ1)
2(φ2)

2V(0,0,2), (φ3)V(−1,2,0)} , µ⃗0 = (−2,−1, 0) , a⃗ = (2,1, 0) ,

W sim
A = {1, W(1,1,0), W(2,1,0)} , IA[1] = q−7/16χF χ

SM(2,12)
(1,1) ,

IA[W(1,1,0)] = q−5/48χF χ
SM(2,12)
(1,3) , IA[W(2,1,0)] = q1/16χF χ

SM(2,12)
(1,5) .

3-22 K =





4 2 1
2 2 0
1 0 1



 ,

{OI}= {V(2,−2,−2), (φ3)V(−1,2,0)} , µ⃗0 = (−2,−1,−1) , a⃗ = (2, 1,1) ,

W sim
A = {1, W(2,1,1)} , IA[1] = q−11/24χ

SM(2,12)
(1,1) , IA[W(2,1,1)] = q1/24χ

SM(2,12)
(1,5) .

Class 8: The following theory has the superconformal index expansion

Isci = 1− q−ηq3/2 −
�

1−
1
η2

�

q2 +
2q5/2

η
+
�

3+η2 +
2
η2

�

q3 +
�

3η+
5
η

�

q7/2 + . . . (65)

Note that this is an example where the superconformal index does not contain the term

−(η+ 1/η)q3/2 , (66)

in the q-expansion. The existence of this term is a strong signal that the supersymmetry is
enhanced to N = 4, since it coincides with the contribution from the extra supercurrent mul-
tiplet. However, it is neither a necessary nor a sufficient condition, as the spectrum may contain
other multiplets whose contribution to the index is the same, possibly with the opposite sign.

The examples in this class provides a gauge theory description whose (deformed) Dirichlet
half-index reproduces the characters of the W-algebra minimal model W3(3, 7).

3-23 K =





5 −3 2
−3 3 −1
2 −1 1



 ,

{OI}= {(φ2)V(1,0,−2), V(1,2,1)} , µ⃗0 = (−1,0,−1) , a⃗ = (4,−3,2) ,

W sim
A = {1, W(2,−1,1), W(3,−2,1), W(4,−3,2)} ,

IA[1] = IA[W(4,−3,2)] = 0 , IA[W(2,−1,1)] = IA[W(3,−2,1)] = 1 .

22

https://scipost.org
https://scipost.org/SciPostPhys.19.5.128


SciPost Phys. 19, 128 (2025)

3-24 K =





6 −3 −1
−3 2 1
−1 1 1



 ,

{OI}= {(φ1)
2V(0,1,−1), V(1,1,2)} , µ⃗0 = (−3, 1,0) , a⃗ = (3,−1,−1) ,

W sim
A = {1, W(1,0,0), W(−1,1,0), W(3,−1,−1)} ,

IA[1] = q−19/28χ
W3(3,7)
(5,1,1) , IA[W(1,0,0)] = q−1/4χ

W3(3,7)
(4,2,1) ,

IA[W(−1,1,0)] = q−1 IA[W(1,0,0)] , IA[W(3,−1,−1)] = q1/28χ
W3(3,7)
(3,2,2) .

4.2 Unitary TFTs

When an N = 2 gauge theory T [K , {OI}] has a mass gap, the theory flows to a unitary TFT in
the IR which supports a unitary rational VOA at the boundary. A strong signal for the theory
T [K , {OI}] to have a mass gap is

IK
sci(q, µ⃗, ζ⃗= 1⃗) = 1 , for all µ⃗ ∈M[K , {OI}] , (67)

which implies that the only local operator in a unitary TFT is the identity operator. Similarly
to the non-unitary case, the UV gauge theory has a flavor symmetry whose rank is equal to
the dimension of M[K , {OI}]. For some examples, the index is 1 for all µ⃗ ∈M[K , {OI}] even
though its dimension is non-zero. In the case, it is natural to expect that the UV flavor symmetry
decouples in the IR. As a consequence, the superconformal index and the three-sphere free
energy F(µ⃗) defined in (32) do not depend on the mixing parameter µ⃗ ∈M[K , {OI}].

For a UV supersymmetric Wilson loop WQ⃗ to be a simple object in the IR TFT, it must satisfy
the conditions similar to those in (38):

i) 〈W+
Q⃗
〉sci(q, µ⃗, ζ⃗= 1) = 0 , or ± qZ/2 ,

ii) 〈W+
Q⃗

W−
Q⃗
〉sci(q, µ⃗, ζ⃗= 1) = 1 ,

(68)

for all µ⃗ ∈M[K , {OI}].
If T [K , {OI}] with a positive definite K has a mass gap and a UV loop WQ⃗ flows to a simple

object in the IR TFT, the half-index

q∆ I
WQ⃗

half(q, µ⃗) =
∑

m∈Nr

q
1
2 mt Km+∆(−q1/2)−µ

t mq−Qt m

(q)m1
· · · (q)mr

(69)

is expected to be a modular function upon a proper choice of µ⃗ ∈M[K , {OI}] and ∆ ∈Q.
Although we do not perform an exhaustive search for the unitary cases, we list some ex-

amples below.

4.2.1 r = 1

There is only one example:

U1-1 K = (1) = C(T1) , {OI}= {V(2)} , M[K , {OI}] = {(0)} ,

Ihalf(q) =
∑

m≥0

qm2/2

(q)m
=
∞
∏

n=0

(1+ qn+1/2) := q1/48χF . (70)

The half-index coincides with the character of a free fermion given in (54) and (55).
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4.2.2 r = 2

U2-1 K =

�

a 1− a
1− a a

��

�

�

�

a≥1
, {OI}= {V(1,1)} , M[K , {OI}] = {(0,0) + ν(1,−1)}ν∈R ,

Ihalf(q,ν; a) =
q−ν

2/8a

(q)∞

∑

m∈Z
(−1)νmq

1
2 a(m− ν2a )

2
.

This relation follows from the identity

∑

m≥0

qm(m+n)

(q)m(q)m+n
=

1
(q)∞

(n ∈ Z≥0) . (71)

We find that q∆ Ihalf(q,ν; a) with ∆= ν2

8a − 1/24 is identical to the vacuum character of U(1)a
WZW model when ν ∈ 2aZ. This indicates that the IR theory is the U(1)a Chern-Simons
theory.

U2-2 K =

�

a −1
−1 1

��

�

�

�

a≥2
, {OI}= {φ1V(0,1)} , M[K , {OI}] = {(0, 1) + ν(1,0)}ν∈R ,

Ihalf(q,ν) = 0 .

This theory is dual to

U(1)a−1 coupled to Φ1(of charge +1) and Φ2 (of charge −1) with superpotential W = Φ1Φ2

≃ U(1)a−1 Chern-Simons theory .

The first line follows from the basic mirror symmetry reviewed in Section 51. Integrating
out the two chiral fields, we obtain the pure CS theory in the infrared. As discussed in [56],
the deformed Dirichlet boundary condition for Φ1 breaks the supersymmetry spontaneously
unless its boundary value is at the critical point of the superpotential.

U2-3 K =

�

a+ 1 a
a a

��

�

�

�

a≥1
, {OI}= {V(1,−1)} , M[K , {OI}] = {(1, 0) + ν(1, 1)}ν∈R ,

Ihalf(q,ν) = 1 .

The half-index computation suggests that the only boundary operator that survives is the iden-
tity operator. It is interesting to note that we also have16

I
WQ⃗

half(q,ν,η) = 〈W+
Q⃗
〉sci(q,ν,η) , for all Q⃗ . (72)

4.2.3 r = 3

U3-1 K =





2 1 1
1 a 2− a
1 2− a a





{OI}= {V(−1,1,1), V(2,−1,−1)} , M[K , {OI}] = {(0, 0,0) + ν(0, 1,−1)}ν∈R ,

Ihalf(q,ν; a) =
q−ν

2/8a

(q)∞

∑

m∈Z
(−1)νmq

1
2 a(m− ν2a )

2
,

which is same as U2-1.

16It is tempting to conjecture that the deformed Dirichlet boundary condition flows to that corresponds to “closing
the puncture” of D2 × S1 in the IR, which produces the partition function on S2 × S1.
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U3-2 K =





1+ a a −a
a a 1− a
−a 1− a a





�

�

�

�

a≥2

{OI}= {V(0,1,1),φ
2
3 V(2,−2,0)} , M[K , {OI}] = {(0, 0,0) + ν(1, 1,−1)}ν∈R ,

χ(q,ν; a) = q∆ Ihalf(q,ν; a) =

�

q−1/24

(q)∞

∑

m∈Z
(−1)νmq

1
2 a(m− ν2a )

2

�

χF (q) ,

where ∆ = qν
2/8a−1/24−1/48. For even ν, χ(q,ν; a) = χU(1)a

ν/2 (q)χF (q), which indicates
that the bulk theory flows to U(1)a ⊗ SO(1)1 Chern-Simons theory.

4.3 Comparision with Zagier’s result

Let us now compare our lists with the result in [1]. The half-index IA[WQ⃗] in (50) or I
WQ⃗

half(q, µ⃗)
in (69) corresponds to the modular Nahm sum formula χ(A,B,C) in (3), with the identification

A= K , B = −
(µ0 − a− 2Q)

2
(or B = −

(µ− 2Q)
2

) , and C =∆ , (73)

provided that B ∈ Zr . We find that all the triples (A, B, C) in the Zagier’s list, summarized in
Table 1 (with B ∈ Zr), appear in our classification except for two cases.

The first exception is17

K =





2+ a a −a
a a 1− a
−a 1− a a



 (a ≥ 3) . (74)

The T [K ,;] has only one primitive 1/2 BPS monpole operator V(0,1,1). After the superpotential
deformation, the gauge theory T [K , V(0,1,1)] flows to an N = 4 SCFTs in the IR. The UV gauge
theory has two U(1) topological symmetries but the computation of superconformal index
strongly suggests that one linear combintations of them acts trivially in the IR. If this happens,
the example does not show up in our search due to our simplifying assumption (a) in section
3.2.

The remaining faithful U(1) can be identified with the U(1)A symmetry. The superconfor-
mal R-charge and the axial U(1) symmetry A= a⃗ · T⃗ is given by

µ⃗0 = (0, 1,−1) +α(1,1,−1) , a⃗ = (0,1,−1) . (75)

Here α ∈ R parametrize the mixing of R-symmetry with the decoupled U(1) symmetry. One
can check that the superconformal index is independent on α. The half-index computation at
α= 0 becomes

Ihalf(q,ν= −1,η−1) =
∑

m1,m2,m3≥0

q
1
2 mt Kmηm2−m3

(q)m1
(q)m2

(q)m3

=
�

Ihalf(q,ν= 1,η)[T1-1]
�

×

�

1
(q)∞

∑

m∈Z
qam2/2η−m

�

.

(76)

In the A-twist limit, the half-index becomes

Ihalf(q,ν= −1,η= 1) = q
7

120χ
M(2,5)
(1,2) χ

U(1)a
0 , (77)

17The K with a = 1 and a = 2 corresponds to the K for 3-7 and 3-14 each.
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which suggests that the T [K , {V(0,1,1)}] theory is a mirror dual of the T1-1 ⊗ U(1)a theory.
The second exception is the case

A=





2 1 1
1 2 0
1 0 2



 , B =





1
1
0



 , or





1
0
1



 , C = 5/24 , (78)

in Zagier’s list. The Nahm sum formula with (78) for both choices of B gives

χ(A,B,C)(q) =
1
2
χ

U(1)2
1 (q) = 1+ q+ 3q2 + 4q3 + 7q4 + 10q5 + . . . (79)

This is a modular function but we do not know whether it can be identified with a vacuum
character of any rational VOA.18 It can be reproduced from the half index of U3-1 with a = 2
at µ⃗= 0⃗ decorated by a supersymmetric Wilson loop of charge Q⃗ = −(1,1, 0). However, when
computing the superconformal index:

〈W+
Q⃗

W−
Q⃗
〉sci(q,η= 1, µ⃗= 0⃗) ̸= 1 , (80)

this implies that the UV Wilson loop WQ⃗=−(1,1,0) does not flow to a simple object in the IR.

5 Discussion

Relevance of superpotentials The gauge theory T[K , {OI}r−1
I=1] should be understood as a

sequence of renormalization group (RG) flows:

T[K ,;]
δW=O1−−−−−→ T[K , {O1}]

δW=O2−−−−−→ · · ·
δW=Or−1−−−−−−−→ T[K , {OI}r−1

I=1] . (81)

For the RG flows to make sense, the superpotential at each step must be relevant:

R(I−1)
0 (OI)< 2 , for I = 1, . . . , r − 1 . (82)

Here, R(I−1)
0 =R∗+µ⃗

(I−1)
0 ·T⃗ represents the superconformal R-charge of the theory T[K ,{OA}I−1

A=1],
which can be determined by extremizing the F(µ⃗) over µ⃗ ∈ M[K , {O1, . . . ,OI−1}]. There
should be a proper sequence of the 1/2 BPS operators, O1,O2, . . . ,Or−1, to ensure that the
relevance conditions are satisfied.

Verifying the relevance of the superpotential is a challenging task, even numerically, and
will address it in future work. Instead, we will indirectly demonstrate that certain examples
in our classification may violate this condition by highlighting inconsistencies in the IR fixed
point. In the cases of 3-14-(2) and 3-20, the half indices IA[WQ⃗] contain a factor χ−1

F , which
does not correspond to any RCFT character known in literature. Additionally, the A and B-
twisted partition functions on S2×S1 are not equal to 1 for the 3-14-(2) case. In the 3-20 case,
the half-index IA[W(1,1,0)] is expressed as a sum of two characters (modulo a χ−1

F ), even though
W(1,1,0) ∈ W sim

A . Notably, both cases involve a non-primitive monopole operator: V(−2,0,4) in
3-14-(2) and V(−2,2,2) in 3-20, which we suspect to be irrelevant.

UV Wilson loops which flow to sums of IR simple objects In section 3.3, we have scanned
UV Wilson loops which flow to simple objects in the IR TFT. Half-indices with the Wilson loops
well matched to the RCFT characters of the corresponding primaries. But there are some

18As coefficients of χU(1)2
1 (q) are all even, the coefficients of q-series are all integer-valued.
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exceptional cases that we couldn’t find the UV Wilson loop corresponding to an IR simple
object: χSM(2,12)

(1,3) of 3-22, and χW3(3,7)
(3,3,1) of 3-24.

In 3-22, we couldn’t find the UV Wilson loop corresponding to χSM(2,12)
(1,3) . Instead, we find

that
IA[W(1,1,0)] = q−1/8χ

SM(2,12)
(1,3) − q1/24χ

SM(2,12)
(1,1) . (83)

The relation indicates that the UV Wilson loop flows to a non-simple line in the IR, which can
be written as a linear combination of two simple lines. Suppose that the deformed Dirichlet
boundary condition in the UV gauge theory maps to a holomorphic boundary condition in the
IR topological theory denoted by 〈hol|, so that the vacuum character of the boundary algebra
can be written as

χvac(q) = q−c/24〈hol|D2 × S1〉 , (84)

where 〈hol|D2×S1〉 is the partition function of the IR theory on D2×S1 with the holomorphic
boundary condition. We also denote the IR simple loops by {Lh}, with h representing the
conformal dimension of the corresponding module. They are normalized as follows:

χh(q) = qh−c/24〈hol|Lh|D2 × S1〉 , (85)

where 〈hol|L|D2 × S1〉 is the partition function decorated by a loop operator L along the S1.
The result (83) suggests that

W(1,1,0)
RG and A-twisting
−−−−−−−−−−−→ L− 1

3
− q1/2 I . (86)

It is compatible with the following superconformal index computation:

〈W−(1,1,0)W
+
(1,1,0)〉sci = 〈D2 × S1|(L− 1

3
− q1/2 I)†(L− 1

3
− q1/2 I)|D2 × S1〉

= 〈D2 × S1|(L†
− 1

3
− q−1/2 I)(L− 1

3
− q1/2 I)|D2 × S1〉

= 2 .

(87)

The manifold S2× S1 can be obtained by gluing two solid tori with opposite orientations, and
its partition function can be expressed as 〈D2 × S1|D2 × S1〉, which is 1 for semi-simple TFTs.
For two simple objects Lα and Lβ , we have 〈D2 ×q S1|L†

αLβ |D2 × S1〉= δαβ , see (39).

In 3-24, there exists a UV Wilson loop whose half-index is equal to χW3(3,7)
(3,3,1) up to a q-

prefactor,
q2 IA[W(−2,2,1)] = q4 IA[W(−4,3,1)] = q−3/28χ

W3(3,7)
(3,3,1) , (88)

but they are not simple: 〈W−(−2,2,1)W
+
(−2,2,1)〉sci = 〈W−(−4,3,1)W

+
(−4,3,1)〉sci = 3. This suggests that

the Wilson loops can be expressed as linear combinations of three IR simple objects. Based on
our computations, we propose the following expressions for the two Wilson loops in terms of
IR simple objects:

q2W(−2,2,1)
RG and A-twisting
−−−−−−−−−−−→ L− 4

7
+ L− 3

7
− eL− 3

7
,

q4W(−4,3,1)
RG and A-twisting
−−−−−−−−−−−→ L− 4

7
− L− 3

7
+ eL− 3

7
.

(89)

Note that there are two primaries with a conformal dimension of −3/7 in the W3 minimal
model and the corresponding bulk simple objects are denoted by L− 3

7
and eL− 3

7
. They are

related to each other by a charge conjugation and they share the same conformal character.
The above identification is also consistent with 〈W−(−2,2,1)W

+
(−4,3,1)〉sci = −q−2.
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A Supersymmetric partition functions

In this appendix we summarize the conventions and formalism used in the present work for
computing the supersymmetric partition function ZMg,p

. Here Mg,p is an oriented circle bun-
dle of degree p ∈ Z over a closed Riemann surface Σg . For a more in-depth discussion of this
topic refer to [61,62].

A.1 General structure of partition functions on Mg ,p

For our purposes the main object to be computed isZM0,1
, asM0,1 ≃ S3 and thus it is necessary

for F-maximization calculations. However, the other “twisted partition functions”, ZMg,p
, are

useful for checking dualities between theories so the general case will be discussed here.
The partition function ZMg,p

for an N = 2 SUSY Chern-Simons-Yang-Mills matter theory
with gauge group G, flavor group GF and chiral multiplets Φi can be defined using two pieces
of data: the effective twisted superpotential W(u, v) and the effective dilaton Ω(u, v). These
are functions of ua and vi , scalar fields valued in the Cartan subalgebras h ⊂ g and hF ⊂ gF
respectively. We also define a similar variable for the background R-symmetry vector multiplet
which we will denote vR.19 Further it is useful to define single-valued fugacities for these
variables

xa = e2πiua , yi = e2πivi . (A.1)

In what follows, the discussion is not general and only refers to the forms of W and Ω which
are necessary for the present work.

The effective twisted superpotential W(u, v) is broken down into two pieces, one originating
from the Chern-Simons terms of the theory and one originating from the one-loop contribution
of the Φi:

20

W(u, v) =WCS(u, v) +WΦ(u) . (A.2)

For the T [K ,;] theory in (13), they are explicitly given by

WCS(u, v) =
1
2

∑

a,b

Kabuaub +
1
2
(1+ 2vR)

∑

a

Kaaua +
∑

a,i

δaiuavi , (A.3)

WΦ(u) =
1

(2πi)2
∑

a

Li2 (xa) . (A.4)

The effective dilaton Ω(u) for the T [K ,;] theory

Ω(u) =
1

2πi

∑

a

log (1− xa) . (A.5)

19The choice of vR is not entirely free as will be discussed later in this appendix.
20Importantly this is all done in the “U(1)− 1

2
quantization” which arises due to the parity anomaly that exists in

3D gauge theories as discussed in [62].
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With the twisted effective superpotential and effective dilaton we now define the building
blocks of our partition function. These are the handle gluing operator H(u, v), fibering operator
F(u, v), and the flux operators Π(u, v):

H(u, v) = exp

�

2πiΩ(u, v)det
ab

�

∂ 2W(u, v)
∂ ua∂ ub

��

, (A.6)

F(u, v) = exp
�

2πi
�

W(u, v)− ua
∂W(u, v)
∂ ua

− vi
∂W(u, v)
∂ vi

��

, (A.7)

Πa(u, v) = exp
�

2πi
∂W(u, v)
∂ ua

�

, Πi(u, v) = exp
�

2πi
∂W(u, v)
∂ vi

�

. (A.8)

H(u, v) and F(u, v) can be inserted into the partition function on an S2 × S1 background to
form the partition function on a Mg,p, degree p circle bundle over genus g Riemman surface,
i.e.

ZMg,p
= 〈HgF p〉S2

A×S1 , (A.9)

where the A subscript indicates we are utilizing the A-twist background on S2 as described in
[61]. The flavor flux operator Πi(u, v)ni can also be inserted to compute the partition function
in the presence of a nontrivial flavor flux nα threaded through the base space Σg . Lastly, the
gauge flux operator, Πa(u, v) is a rational function in the xa which defines the Bethe vacua21

as solutions to the system of polynomial equations:

SBE =
�

ûa

�

� Πa(û, v) = 1,∀a = 1, . . . , r
	

. (A.10)

Combining everything, the partition function with these operator insertions takes the form:

ZMg,p
(v; vR,nα) =

∑

û∈SBE(v;vR)

H(û, v)g−1F(û, v)p
∏

i

Πi(û, v)ni . (A.11)

A.2 R-Symmetry backgrounds and F-maximization

In order to use the tools described in the previous section we must have a choice of vR. This
is related to a choice of background configuration for the U(1)R gauge field AR on Mg,p. We
will now review the possible R-symmetry backgrounds of the 3D A-model as well as their
application to F-maximization and twisted index computations.

A.2.1 U(1)R Holonomy and flux in the 3D A-model

The construction of the 3D A-model necessitates a background configuration for the U(1)R
vector multiplet. This configuration can be described by a choice of vR and nR which are
related to the fiber holonomy and flux of the background U(1)R gauge field AR. Qualitatively
these can be thought of as

vR“= ”−
1

2π

∫

S1

AR , nR“= ”
1

2π

∫

Σg

dAR , (A.12)

though a more proper treatment is given in [62]. Now, the 3D A-model background on Mg,p
imposes:

vR ∈

¨

1
2Z , p even,

Z , p odd,
nR = g − 1+ vRp . (A.13)

21For non-Abelian gauge group G the action of the Weyl group of G on SBE must be considered.
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Given a choice of representative for vR, it is apparent from (A.12) that integer shifts of vR
correspond to large gauge transformations of AR

µ and thus describe the same background.
Explicitly we have:

(vR,nR)∼ (vR + 1,nR + p) . (A.14)

Recall that for a field with R-charge r the Dirac quantization condition is rnR ∈ Z and thus the
A-model background generically enforces r ∈ Z. However, examining the conditions (A.13),
we see that when p ̸= 0, g − 1 = 0 (mod p), and vR is integral,22 a specific representative vR
can be chosen such that nR = 0 in which case we are free to allow r ∈ R. This is crucial for
F-maximization where the R-charge must be allowed to take on arbitrary real values.

A.2.2 F-maximization in the 3D A-model

As stated in section 3.1, the superconformal R-charge of the IR SCFT need not be the same as
that of the UV theory. Generically the superconformal R-charge can be a mixture of the refer-
ence UV R-charge and any available Abelian flavor charges, including those that are emergent
in the IR. For T [K ,;] theory, we parameterize this mixing as in (19):

Rν⃗ := R∗ + µ⃗ · T⃗ .

In a 3d N = 2 QFT, the free energy F ≡ − log |ZS3 | is maximized as a function of µ⃗ at the
superconformal R-symmetry, a principle suitably named F-Maximization [46–48]. Our goal is
thus to show how ZS3 as defined in section A.1 depends on µ⃗. It will then be possible to utilize
F-maximization to compute the superconformal R-charge of the IR theory.

The mixing of U(1)R with the Abelian flavor symmetry appears as a mixing of the R and
flavor symmetry current multiplets

j(R)µ −→ j(R)µ + µ⃗ · j⃗
(F)
µ . (A.15)

Alternatively, via the minimal coupling between current and vector multiplets, this can be
equivalently described as a shift in the flavor vector multiplet

V⃗(F) −→ V⃗(F) + µ⃗ V(R) . (A.16)

It is then clear from their definitions that the variables in the partition function of section
A.1 are affected as follows

vi −→ vi +µi vR , ni −→ ni +µinR . (A.17)

Using this we see how the functions of section A.1 change: WCS gains a term of the form vRu⃗·µ⃗
and the flux operators Πi appearing in (A.11) have their exponent shifted by µinR. The latter
fact indicates that if we are working in a background with no flavor flux threaded through Σg
then the R/flavor symmetry mixing turns on such a flux. Equivalently, due to the functional
forms of H and Πi given in (A.6) and (A.8), we can think of this as a shift in Ω given by

Ω −→ Ω+
�

nR

g − 1

�

µi
∂W
∂ vi

. (A.18)

With the shifted versions of vi and Ωwe can set vi = 0 and compute ZS3(µi) to determine a
theories superconformal R-charge. However, as mentioned previously the flavor and R-charges
of operators generically must be integral. This implies that the µi are also generically integral.
Only when g − 1 = 0 mod p can we choose a representative vR such that nR = 0; allowing
R-charges and thus the µα to be arbitrary real numbers. For the case of S3 ≃M0,1 such a

22One can find conditions for vR half-integral, namely g − 1= p
2 (mod p), but this will not be important here.
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representative of the R-symmetry background exists. Specifically, we must set (vR,nR) = (1, 0)
in order to perform F-maximization calculations, otherwise ZS3(µi) is ill-defined for arbitrary
real µi . Comparing our formulas (33) and (A.11), we seem to have two very different descrip-
tions of the 3-sphere partition function which we could use for F-maximization. Fortunately,
for our purposes they are equivalent

|ZK
S3

b=1
(µ⃗)|= |ZM0,1

(v = µ⃗; vR = 1,nR = 0)| ,

and thus we can choose either representation to compute the superconformal R charge.
In this work, when we deform the UV theory T [K ,;] by monopole operators to arrive

T [K , {OI}], the effect can be understood as follows. Given a relevant, dressed, monopole
operator which we can add to the superpotential, we must insist that its R-charge remains 2
after mixing. In most of the cases studied in this paper, the theories with gauge group U(1)r

were deformed by r−1 monopoles. This gives r−1 constraints on the r variables µi and thus
there is a one parameter family of µi(ν̃) along which we perform F-maximization:

µi(ν̃) = ci + ν̃ai .

Where ai will always be the normalized charge vector of the unbroken U(1)A subgroup and ci
are constants determined by requiring the superpotential have R = 2. In this sense determin-
ing the value µ⃗0 at which the theory will be superconformal is reduced to a one-dimensional
extremization problem on |ZM0,1

(ν̃)|. If we define the extremizing value to be ν∗, then
µ⃗0 = µ⃗(ν∗) which is the reference point defining the affine line (22).

A.3 Modular data of A/B twisted TFTs

The partition functions on Mg,p with p ∈ 2Z of the A (or B) twisted rank-0 SCFT are con-
jecturally equal to the A-model partition functions using the U(1) R-charge Rν=−1 = 2JH

3 (or
Rν=1 = 2JC

3 ) in (22) and (26):

Z[A-twisted theory on Mg,p∈2Z]

=

�

ZMg,p
(v; vR,n)

�

�

�

�

v=− µ2 ,vR=−
1
2 ,n=µ((g−1)− p

2 )

�
�

�

�

�

µ=µ0−a
(A.19)

=

 

∑

û∈SBE(v;vR)

H(û, v)g−1F(û, v)p
∏

i

Πi(û, v)ni

�

�

�

�

v=− µ2 ,vR=−
1
2 ,n=µ((g−1)− p

2 )

!

�

�

�

�

µ=(µ0−a)
,

up to an overall phase factor. As a finite semisimple 3d TFT, on the other hand, the partition
function can be alternatively given as

Z[A-twisted theory on Mg,p∈2Z] =
∑

α

(S0α)
2−2g(Tαα)

−p , (A.20)

using the modular data, S and T , of the TFT. Comparing the two expressions, the modular
data of the A-twisted TFT is23

S−2
0α = eH(ûα, v) , (Tαα)

−2 = eiπδ
eF2(ûα, v) ,

ûα ∈ SBE(v, vR) , with v = −
µ

2
=
�

−
µ0 − a

2

�

, and vR = −
1
2

,
(A.21)

23In previous works [32, 34], Htheir = eHour and Ftheir = eFour and thus the relation is simply S−2
0α = Htheir and

(Tαα)−2 = Ftheir.
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with a δ ∈Q.24 We define

eH(ûα, v) :=H(ûα, v)
∏

i

Π
−2vi
i (ûα, v) ,

eF(ûα, v) := F(ûα, v)
∏

i

Π
vi
i (ûα, v) .

(A.22)

We expect an injective map from [WQ⃗α
] ∈W A

sim/ ∼, where ∼ is the IR equivalence in (41), to

ûα ∈ SBE(v = −
µ0−a

2 ,νR = −
1
2) satisfying

∏

exp(−2πiQ⃗α · ûβ) =
�

Sαβ
S0β

of A-twisted TFT

�

. (A.23)

Using the relation, one can fix the matrix element Sαβ [32,63].

A.4 Relation to Nahm’s conjecture

We can use the information of section A.1 to compute the modular T for the theories discussed
throughout this work at mixing parameter µa and relate them to the discussion in section 2.
Note that to compute the T matrix for the A-twisted (B-twisted) theory, one must set µ⃗= µ⃗0−a⃗
(µ⃗= µ⃗0 + a⃗). The eF in (A.22) is

F(u, v)
∏

i

(Πi(u, v))vi = exp

�

1
2πi

∑

a

�

Li2(xa) +
1
2

∑

b

Kab log(xa) log(xb)

��

. (A.24)

The Bethe-equation at (v, vR) = (−
µ
2 ,−1

2) is given as in (11) with ζa = eiπµa ; using this, we
have

exp

 

∑

a,b

Kab log(xb) log(xa)

!

= exp

�

∑

a

log((−1)µa(1− xa)) log(xa)

�

. (A.25)

When v = −µ2 ∈ Z we can write (A.24) (via an abuse of notation, ignoring subtleties of the
function’s domain) in terms of the Rogers dilogarithm (7)

eF(û, v) = e
1

2πi

∑

a L(xa) . (A.26)

Further, using (11) once more, the modulus of this function will be related to the Bloch-Wigner
function (9)

| eF(û, v)|= exp

�

1
2π

∑

a

Im(Li2(xa)) + arg(1− xa) log |xa|
�

= e
1

2π

∑

a D(xa) . (A.27)

Note, that if any entry in µa is non-even the application of (A.25) will add terms linear in
log(xa) to L(x) and D(x) appearing in (A.26) and (A.27).

B Characters of rational VOAs

The characters corresponding to pure U(1)k Chern-Simons theory are (0≤ µ < k)

χU(1)k
µ (q) =

qµ
2/2k−1/24

(q)∞

∑

m∈Z
qkm2/2+µm . (B.1)

24The phase factor eiπδ comes from 3-manifold framing choice, background R-symmetry Chern-Simons term,
gravitational Chern-Simons term and etc. All of these factors contribute to a rational value of δ.
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The characters of Virasoro minimal model M(P,Q) are (1≤ r < P, 1≤ s <Q)

χ
M(P,Q)
(r,s) =

qh−c/24

(q)∞

∑

n∈Z

�

qn2PQ+n(Qr−Ps) − q(nP+r)(nQ+s)
�

,

h=
(Qr − Ps)2 − (P −Q)2

4PQ
, c = 1−

6(P −Q)2

PQ
.

(B.2)

The characters of N = 1 super Virasoro minimal model SM(P,Q) are (1≤ r < P, 1≤ s <Q
with r − s ∈ 2Z)

χ
SM(P,Q)
(r,s) = qh−c/24 (−q1/2; q)∞

(q)∞

∑

n∈Z

�

q(n
2PQ+n(Qr−Ps))/2 − q(nP+r)(nQ+s)/2

�

,

h=
(Qr − Ps)2 − (P −Q)2

8PQ
, c =

3
2

�

1−
2(P −Q)2

PQ

�

.

(B.3)

The characters of Lk(osp(1|2)) modules are

χosp(1|2)k [Mi] (z; q) =
k+1
∑

n=1

(−1)n−1χ
M(k+2,2k+3)
(n,2i+1) (q)χ[L(k)n,0](z; q) , (B.4)

where χ[L(k)n,0] is the character of affine su(2) algebra at level k [64,65].
The character of the highest weight module labeled by ( j0, j1, . . . , jk−1) in the Wk (k, k+N)

minimal model is given by [66]

χ
Wk(k,k+N)
( j0, j1,..., jk−1)

=

�

(qk+N ; qk+N )∞
(q)∞

�k−1 k−1
∏

a=1

k−1
∏

b=0

(q jb+ jb+1+...+ ja+b−1; qk+N )∞ , (B.5)

where we define ji = ji′ if i ≡ i′ (mod k), and they should satisfy
∑k−1

i=0 ji = k+N . For example,
the character of W3(3, 7) minimal model is written as

χ
W3(3,7)
( j0, j1, j2)

=

�

(q7; q7)∞
(q)∞

�2

(q j0; q7)∞(q
j1; q7)∞(q

j2; q7)∞

× (q j0+ j1; q7)∞(q
j1+ j2; q7)∞(q

j2+ j0; q7)∞ ,

(B.6)

up to q-prefactor.
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