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Abstract

The Lee-Huang-Yang (LHY) energy correction at the edge of the mean-field stability
regime is known to give rise to beyond mean-field structures in a wide variety of systems.
In this work, we analytically derive the LHY energy for two-, three- and four-component
one-dimensional bosonic short-range interacting mixtures across the mean-field stability
regime. For varying intercomponent attraction in the two-component setting, quantita-
tive deviations from the original LHY treatment emerge being imprinted in the droplet
saturation density and width. On the other hand, for repulsive interactions an unseen
early onset of phase-separation occurs for both homonuclear and heteronuclear mix-
tures. Closed LHY expressions for the fully-symmetric three- and four-component mix-
tures, as well as for mixtures comprised of two identical components coupled to a third
independent component are provided and found to host a plethora of mixed droplet
states. Our results are expected to inspire future investigations in multicomponent sys-
tems for unveiling exotic self-bound states of matter and unravel their nonequilibrium
quantum dynamics.
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1 Introduction

Since the first experimental realization of the Bose-Einstein condensate [1-3], outstanding
progress has been sealed in terms of realizing, monitoring and controlling multicomponent
atomic gases [4-6]. This is largely owed to exploiting Feshbach resonances [7] and trap-
ping techniques [8, 9] to manipulate the interatomic interaction strength or range and the
external confinement landscape respectively. Starting from single-component bosonic gases,
a multitude of correlated phases beyond the weakly interacting mean-field (MF) limit were
observed, such as the (Super-) Tonks-Girardeau states for strong (attractions [10,11]) repul-
sions [12-15]. Turning to bosonic mixtures arguably enriched correlated phases, already for
weak interactions, occur due to the competition between the intra- and inter-species interac-
tions. This has lead, for instance, to phase separation [ 16-18], when the interspecies repulsion
surpasses the average intraspecies one, bubble phases at the immiscibility threshold [19], or
the recently realized quantum droplets [20-23] when the interspecies attraction slightly over-
comes the intraspecies repulsions.

The emergence of the self-bound liquid-type configurations known as quantum droplets
in contact interacting three-dimensional (3D) bosonic mixtures [24, 25], as well as in dipo-
lar gases [26, 27], is a manifestation of the impact of quantum fluctuations. These may be
captured by the Lee-Huang-Yang (LHY) energy [20, 28], representing the first-order correc-
tion to the Bogoliubov MF theory, which arrests the expected collapse of the ensuing attrac-
tive system at the edge of the MF stability regime [5]. Several properties of these intriguing
many-body bound states of matter have already been explored. These refer, exemplarily, to
their spectrum [29, 30], collective excitations [20,29,31], collisions [31,32] and coexistence
with nonlinear soliton [33, 34] and vortex [35-38] states, within the context of the LHY the-
ory [21,22,39], see also Refs. [40-43] for the exposition of beyond-LHY effects by deploy-
ing ab-initio methods. Experimentally, quantum droplets have been observed in 3D in both
homonuclear [24, 25,44] and heteronuclear [45-47] mixtures. One of the main challenges
faced by these experimental efforts stems from the relatively short droplet lifetimes caused
(primarily) by three-body recombination [48]. These lifetimes are increased in relevant 1D
settings [49, 50] due to lower densities but also in heteronuclear mixtures [45].

A particularly interesting property is the dependence of the LHY term on the dimension-
ality [50-52], in contrast to MF interactions [6]. In 1D that we focus herein, the LHY term is
attractive [53] instead of being repulsive as in 3D, significantly changing the droplet paramet-
ric region and its phenomenology. Concretely, the 1D geometry causes the droplet parametric
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regions to i) not feature collapse, ii) host stable bright-soliton solutions [54-56] and iii) co-
incide with the respective MF stability regimes. Hence, 1D platforms share the premise of
hosting, comparatively easier to control, enriched droplet phases even more in the genuine
two- [57-61] and three-component [62] settings. Additionally, quantum droplets and more
generally the impact of quantum fluctuations in 1D can be studied throughout the MF stabil-
ity regime. However, the majority of the current investigations have been motivated by the
correspondence to the 3D case, and thus solely focused on the attractive threshold of the MF
stability regime. Hence, a general framework being able to describe droplets across the MF
stability region but also heteronuclear mixtures in 1D is still lacking. Moreover, extraction
and investigation of the LHY energy in higher-component setups is an open question. Indeed,
previous studies on three-component mixtures in 1D have been focused on the case of a single-
impurity in the third component [63-65] or a MF density coupling between the droplet and
the impurities [66,67]. Instead, appropriate inclusion of the LHY term among all components
may be able to unveil unseen self-bound structures.

To address the above-discussed open problems, we derive the LHY energy (in a closed
form whenever possible) and associated extended Gross-Pitaevskii equations (eGPEs) for two-,
three- and four-component 1D bosonic mixtures based on the perturbative Bogoliubov treat-
ment. Previous treatments restricted to two-component settings [53], can be obtained as a
limiting case of our framework and are restricted to the 3D wave collapse threshold. In con-
trast to those, which (for convenience) we dub herein as “original”, our exact approach remains
valid throughout the 1D MF stability regime. Namely, it encompasses both attractive and re-
pulsive interspecies interactions and interestingly it is able to tackle homonuclear as well as
heteronuclear two-component settings. Direct comparisons of our approach to the approxi-
mate one in the attractive intercomponent interaction regime reveals quantitative deviations.
These are imprinted as a reduced droplet saturation density and increased width in the ex-
act case. Turning to the repulsive side, our results predict an early onset of phase-separation
for both homonuclear and heteronuclear mixtures which is absent within the approximate
framework.

Next, we provide exact closed form expressions for the LHY energies and ensuing eGPEs
of a three-component mixture with either three or two identical components. It is explicated
that such settings offer a broad range of possibilities for creating mixed droplet phases that
are absent in lower-component setups. Additionally, a closed form LHY expression is extracted
for the fully symmetric four-component mixture, constituting the higher-component mixture
for which the Bogoliubov modes may be derived analytically in the general case. We present
the derivations in a detailed and structured manner aiming to provide a useful resource for re-
searchers entering the rapidly expanding field of quantum droplets and in general attractively
interacting bosonic setups.

This work is structured as follows. In Section 2, we introduce the general multicomponent
bosonic mixture featuring short-range contact interactions, the Bogoliubov transformation,
and the original approximate two-component LHY theory being valid at the edge of the MF
stability regime. Section 3 is devoted to the derivation and solution of the exact eGPEs for
the genuine two-component mixture across the entire MF stability regime. This treatment is
generalized to the three-component (Sec. 4) and the four-component (Sec. 5) bosonic mix-
ture. Concluding remarks and perspectives for future investigations are offered in Sec. 6.
In Appendix A, we provide further details regarding the three-component mixture stability
conditions. Appendix B discusses the existence of asymmetric (domain-wall like) droplet dis-
tributions in the phase-separated regime.
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2 Basic settings and background

2.1 Multicomponent bosonic droplet setting

We consider a multicomponent bosonic mixture consisting of N, atoms of mass m, (where
o =A,B,C,D,...) residing in 1D free space and featuring periodic boundary conditions. No-
tice, however, that our results (to be presented below) persist also in the case of a box potential
provided that its length is sufficiently large and does not impact the edges of the discussed
self-bound droplet configurations. The mixture is assumed to be close to zero temperature,
where s-wave scattering dominates [68]. Hence, interparticle interactions are represented
by contact potentials. Their effective coupling strengths are intracomponent repulsive (i.e.
800 = &5 > 0) and intercomponent attractive (g, < 0) or repulsive (g,,- > 0). In a cor-
responding experiment, they can be adjusted either via Fano-Feshbach resonances [69, 70]
through the 3D scattering length or through confinement induced resonances [ 68] by modify-
ing the transverse trap frequency, w | . This is significantly tight such that transverse excitations
are prohibited and the atomic motion is restricted across the elongated x-direction as in cor-
responding 1D experiments [71].
The many-body Hamiltonian in second quantized form reads

AN g R oo’ -+ 1
H= f dx(z (vl how, + UL, + >, %\Pgwg,%%,)), (1)
o o/>0
where fla = —% (%) is the underlying single-particle hamiltonian and ¥, (x) refers to

the field operator annihilating a o species boson at position x. In what follows, for computa-
tional convenience, we rescale the above Hamiltonian with respect to the energy scale set by
mAgﬁ /h%. Hence, the length, time, and interaction strengths are given in units of 12/(mug,),
n3/ (mAgﬁ), and g, respectively.

2.2 Bogoliubov transformation

For an arbitrary set of n bosonic operators A =(&1, &;, e, &;g ,@4q, @y, ,..., &,) the general

Bogoliubov transformation is defined by A=UB. Here, BTz(ﬁI, [3;, cees [3:1 B, Bas ey Bo)
M N

N* M*

where M,N are n x n matrices [72]. Demanding that both A and B satisfy bosonic commu-

I 0

" , with I,, denoting the n-

0 —I,

dimensional identity matrix. As such, utilizing the arbitrary Bogoliubov transformation yields

are the Bogoliubov operators and U = is the Bogoliubov transformation matrix,

tation relations translates to M, = [A,A"] = [B,BT] = (

Mb:UMbUT. (2)

Thus, demanding that Eq. (2) holds is equivalent to imposing that the Bogoliubov transfor-
mation preserves the commutation relations of the set of bosonic operators. However, in this
case, it is not required to explicitly derive the constraints on the elements of the transformation
matrix U, as done in the usual textbook derivation [5,6].

Another useful property of the Bogoliubov transformation is that it can be used to di-
agonalize a bilinear (in terms of the arbitrary set of bosonic operators A) operator, such as
H = ATHA. Here, H is an one-body operator (expressed in second quantized form) with re-
spect to 4;, &j and H is its corresponding matrix representation. Accordingly, it holds that
H =A"HA=B'U'HUB = B" MU~ M, HUB. Then, by requiring that the Bogoliubov trans-
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formation' diagonalizes H in terms of the bilinear form with respect to B or equivalently
diagonalizes the matrix H,; = MyH, as UH,,U = D, where D is a diagonal matrix, we
obtain the eigenvalues of H,, through the characteristic equation

det(MyH —Al,) =0. (3)

This leads to M,D = diag(A;,..., Ay, —Ans1, ..., —Ag,) and therefore the operator H takes
the form

H=B"M,DB = Z (AiﬁA:ﬁAi — An+i/3iﬁ:) = Z(Ai — An+i)/§:[3i — Z Anti- @
i=1 i=1

i=1

In the last step, we have used that [f;, 8] 1= 1. In this sense, hg = — >/ A, is the eigen-
value of H corresponding to the quasi-particle vacuum in terms of the bosonic quasi-particle
operators (f3;, /5;"), while h; = A;—A,,,; are the eigenvalues corresponding to the quasi-particle
excitations.

2.3 Original two-component LHY treatment

For a two-component, homonuclear (m, = mz = m), 1D mixture the MF stability regime is
given by the condition ng < gagp [5]. In the attractive limit where g, = —,/gagp holds,
taking into account the first-order (LHY) quantum correction it was shown [53] to result in
the following coupled set of “approximate” eGPEs describing two-component 1D quantum

droplets

ov, n? 92 2 gsv/m
3: Z(—%m"‘ga |‘I’a|2+gAB|‘I’a/7éa| - Unﬁ \/gA|‘I’A|2+gB|‘I’B|2 Yy (5)
g

ih

In these equations, the first terms represent the usual mean-field Gross-Pitaevskii equa-
tions (GPEs) and the last term provides the LHY correction. In the symmetric system,
where the intracomponent interactions g, = g and the species densities n, = n, with
N, = fnadx = fl\IIGIde the components behave equivalently. Accordingly, it has been
demonstrated [21, 23] that these eGPEs predict a transition of the droplet density from a
Gaussian to a flat-top (FT) configuration upon either increasing the particle number (N) or

decreasing the intercomponent attraction (|gs5|) with 0 < —gsp < g [53]. The emergent FT
8mg>
O n2(g+gp)?’

Eo(n=ny)=—(g+ gAB)n(z), chemical potential yy = %(n =ngy) = —(g + gag)ngy, and healing

2 2
length go - \/_2::1“0 - \/Zm(gngB)no ’

It is imperative to clarify that the extraction of Eq. (5) is based on the assumption that we
are operating at the interaction boundary g,g = —,/gagp- This is indeed well motivated by
the respective 3D setting in which the LHY contribution is repulsive and provides stabilization
outside the MF stability regime where droplets emerge [20]. However, in 1D systems the
LHY correction turns out to be attractive [23, 53], and therefore the droplet configurations
are hosted within the MF stability regime. Hence, as we will explicate in detail below, no
assumptions (beyond the usual ones deployed for a dilute and weakly interacting gas) are
needed, and we can analytically extract eGPEs which are valid throughout the MF stability
regime and not only in the boundary as was currently known. This is one of the main results
of our work which presents the generalized two-component eGPEs and exposes deviations
from the predictions of the “original” ones described by Eq. (5).

structures feature a saturated peak density at [53] ny = with energy density

!The Bogoliubov transformation matrix U is not unique. Thus, additional constraints can be imposed by ex-
ploiting the remaining (i.e. not the ones required to preserve the bosonic symmetry) degrees-of-freedom.
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3 Two-component mixture

The Hamiltonian density for a short-range (contact) interacting two-component bosonic mix-
ture in a box of length L, can be easily deduced from the general multicomponent Hamil-
tonian given by Eq. (1) with 0 = A,B and o/ = A,B # o. A corresponding experimen-
tally relevant system of choice here could be, for instance, two different hyperfine states of
39K as in the 3D case [24] Next, we express the field operators in the plane-wave basis as
$(x) = aO + Do 1/_ak and ¥(x) = bo + Do = _ b, where we have implicitly as-
sumed perlodlc boundary conditions. Substltutlon of these operators into the aforementioned
two-component Hamiltonian and integration over the box length, leads to the Hamiltonian

= &&&ASAO&O+—B1§'BObO+gAB” b0+—Zk2“'“ +—Zk2 Ty

2 A k0 B k0

+ 3 kZ#:) [alabara_, +aodoala’, +4alaodla,]
+g—ikZ#I)[BgAgf)kb_k+?)0b0b]£b'k+4bg)f)0blifyk] ©)
+ gTAB 2, [alblawb i +abaobl by +alboblar + biaoal by + blbodalay +dgboal bT ]
+0(4;).

Here, terms higher than bilinear in the bosonic operators a, i)k are neglected. From this
expression, it is possible to readily retrieve the zeroth order (MF) approximation by setting
Gy = 4/Ny, by = 4/Np and neglecting all other terms with (ax¢, bro). Such a process results
in the known MF energy density of the two-component setting
Eyp 1 1
gMF:—:—gAn§+—an]23+gABnAnB. (7)
L 2 2
To obtain the first-order correction to the MF energy, one needs to account for the depletion
of the condensate due to quantum ﬂuctuatlons This is achieved by expressing the particle
number operators as Ny = al odo+ Zk#o kak and Np = b bO + Zk#o b/ bk Insertlng those into

the Hamiltonian of Eq. (6) and defining the set of operators & = (ak, o G—ies _k), we arrive
at the bilinear Hamiltonian

2 2 272 2712

~ e gANA gBNB gABNBNA h°k h*k
H=E<I>rH<I>+ + + —E + + gan,+ ggng ). 8
~ 2L 2L I k>0(2mA om,, 8t 8 B) ©))

. . . . . + I 0
The operators, ®, satisfy the bosonic commutation relations, i.e. M, =[®,®'] = ( 02 I ),
)

where I, is the 2 x 2 identity matrix. Also, the Hamiltonian matrix

ha(k)  hag  gana  hup
hag  hg(k) hap  gpng
gana  hap  ha(k)  hpg
hag  ggng  hag  hp(k)

, )

where h,(k) = 2m n, and hug = gag+/Mafig. Note that the sums in Eq. (8) are
Now over positive momenta only. As argued in Sec. 2.2, we can diagonalize the Hamil-
tonian of Eq. (8) in terms of an appropriate Bogoliubov transformation, by solving the

6


https://scipost.org
https://scipost.org/SciPostPhys.19.5.133

e SciPost Phys. 19, 133 (2025)

characteristic equation (Eq. (3)) det(MH — w;I;) = 0 which in this case takes the form
rti
w*+Bw?+y = 0. The parameters are § = —e4(k)—e3(k) and y = ef\(k)eﬁ(k)—ngnAan,

4 2
with e, (k) = \/ —Z n’l‘g + —hmiz g, representing the corresponding single-component Bogoliubov
dispersion relations [6]. The solutions of the characteristic polynomial equation yield the un-
derlying dispersion relation for the two-component system in the presence of the first-order

quantum correction

2 2 2 _2y2 2 k4
) 6A+eBi\/(eA €3)% + 48apNATE 7y
w2 = 5 . (10)

Finally, utilizing the diagonal form of a bilinear operator within the Bogoliubov transforma-
tion prescribed by Eq. (4) and collecting the constant terms in Eq. (8), we find the respective
ground state energy

0=

gaN; | 88N5 | gasNpNy nk2 h2k>
2L * 2LB+ LB +Z(w++a)_— T om _gAnA_anB)- 11)

Apparently, the first terms in Eq. (11) correspond to the standard MF intra- and inter-
component interaction energies respectively, while the sum is the first-order LHY quantum
correction for the two-component mixture. To calculate the LHY contribution, we substitute
the sum in Eq. (11) with an integral over k according to Zk>0 — (L/27) f0+ *° dk. We note in
passing that in the 3D case, additional terms (o< +%) enter the corresponding sum over

k, while the latter has to be substituted with the corresponding 3D integral [6].

3.1 Exact closed form solution for the homonuclear mixture

As already discussed above, unlike the 3D case (see Ref. [20]), in 1D it is not necessary to
impose the approximation gﬁB ~ gagp (which leads to Eq. (5)) in the dispersion relation

of Eq. (10). In particular, it is possible to calculate exactly the ground state energy for a
4(g2;—848p)NaNR

(ganatgpnp)? 2
the change of variables ik = y/m(gsn, + ggng)y to calculate the integral in Eq. (11), the
ground state energy density becomes

homonuclear (m, = my = m) mixture. Indeed, setting p := and by employing

3
E vm(gans+ ggng)?
£=20 = g4 YUY SN (12)
L 2hm
gLHY

where the function of the beyond MF energy contribution

I(p)z—g((l—\/p+1)%+(1+\/p+1)%). (13)

Importantly, the generalized two-component energy density described by Eq. (12) is valid for
any interaction strength and particle number for which the MF treatment is valid. Moreover,
the LHY energy is real-valued and negative, as long as —1 < p <0, i.e. |gas| < +/8agp, so that
p < 0 (while p = —1 is trivially satisfied). Notice that this interaction interval corresponds to
the entire MF stability region, ranging from the usual droplet threshold (—g,p ~ ,/gag5) all the
way to the standard miscibility threshold (gap ~ /8a&5) [16,23]. It is also worth mentioning
explicitly that, in the limit of p = 0, we obtain Z(p = 0) = —4/3, i.e. we recover the original
droplet energy which results in Eq. (5). Moreover, at the edge of the MF stability regime where
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ng R 2485, it holds that |p| < 1, leading to I(p) ~ —% — %. Finally, in the opposite limit of
an uncoupled mixture (g5 = 0) we find I(p = —1) = —2+/2/3. Hence, in this case the LHY
term is reduced by a factor of +/2. A similar expression was recently derived in the context of
a mobile impurity immersed in a droplet host [66].

Having determined the ground state energy of the two-component bosonic mixture in the
presence of the LHY correction, we can subsequently derive the exact eGPEs. This is done by
evaluating the Euler-Lagrange equations with respect to n, yielding:

o m* 92 8¢ n? 02 35
iH— = —— 4+ 2= |p_= T, T, LHY .
1 at ( 2m3x2 + ang) o ( 2 a 2+ga| | +gAB| 7éa| + Ny o‘ ( 4)

In general, the full eGPEs have a quite complicated form, since

Oy _ 380V m(gana+ gsnp) vm(gana+ gsng)® 8T dp

_ () + 15
on, Ak (p) 2k dp on, (15
where
aT ‘/_(\/1_,/p+ —\/1+\/p+ )
(16a)
8p 44/p+1
4 o - ocNog — 8oy
3p _ 4no/(8a8s —8x5)(8 Eort '), (16b)

on, B (gana + gpnp)?

with o # o/. Notably, the form and subsequent impact of the LHY correction away from the
droplet limit (—gsp ~ /8a&p) and even for repulsive intercomponent interactions (where e.g.
bubble configurations have been predicted [19]) is largely unknown. Considering stronger
intercomponent interactions outside the MF stability, i.e. |gag| > ,/gags Where p > 0, re-
sults in a complex LHY correction. A common practice in the literature is to simply neglect
the imaginary part of £ [20, 62], assuming that it is sufficiently small and hence the growth
rate of the resulting instability is slower than e.g. the decay due to three-body recombination.
Examining the validity of this treatment by comparing its predictions e.g. with MF computa-
tions, ab-initio calculations [40-43] or experimental data would be a particularly interesting
direction for future studies, especially in 1D. This is because, aside from being more amenable
to ab-initio calculations, 1D systems do not experience MF collapse in this limit, unlike their
3D counterparts where stable solutions exist only in the presence of the LHY term [20].
An insightful application of our generalized framework is to consider the limiting case
of a fully balanced mixture characterized by g, = gz = g and n, = ng = n, and therefore
= (%2)2 — 1. Accordingly, the second term in Eq. (15) vanishes and the LHY term becomes

~ (g%n)'/21(p). Thus, in this case, the exact LHY term has the same density dependence as in
the “approximate” eGPEs [53] given by Eq. (5), but they are quantitatively different since the
exact LHY term depends also on g,z. Using the exact energy of the full two-component system
given by Eq. (12), we find the minimum of the energy per particle for the aforementioned
balanced mixture to occur at the saturation density

_ mgdr(p)  _ 2me’[1+3(gas/8)" + (1 (gas/8)°)*?] an
21*12(g + gap)? ON*n2(g + gap)>? '
Here, the energy density £(n = n,) = % =—(g+ gAB)nSZ, the chemical potential
AB

_ —mgr*(p) _ d the healing 1 h —\/ \/
s = Frtgres) = (g + gap)n,, and the healing length &, = 2mpg 2m(g+gAB)ns
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Symmetric Two-Component Droplets
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Figure 1: Ground state droplet densities for a symmetric mixture featuring

N, =Nz =N =10, g4 = gg = &, and varying intercomponent interactions gup
(see legends). A plethora of different cases are shown ranging from (a) strong and
(b) weak attractions, to (c) weak (nearly suppressed) couplings all the way towards
(d) repulsive intercomponent interactions. In all cases, the ground state density ob-
tained within the original given by Eq. (5) (dashed lines) and the exact (solid lines)
eGPEs (14) are depicted. Evidently, the original eGPEs consistently predict signif-
icantly more localized configurations when |gs5| # g, while in some cases (e.g.
gsz = —0.6g) it even fails to adequately capture the droplet’s FT density profile.
Note that the dashed blue and green lines in panels (a) and (d) respectively are
hardly visible since they coincide with the solid ones. (e) Dependence of the real and
imaginary parts (see legend) of the LHY energy coefficient (I(p)) in Eq. (13) on the
interspecies interaction strength. (f) The droplet saturation density in both the exact
and original approaches (see legend) with respect to gaz.

Apparently, these exact results exhibit quantitative differences from the predictions of the
original LHY approach described by Eq. (5). This can be readily deduced, for instance, by
comparing them with the approximate saturation density (n,) as well as the chemical potential
and healing length discussed in Sec. 2.3 for the balanced mixture. Note that the chemical
potentials and energies for all 1D droplet configurations discussed throughout this work, are
negative. This supports their self-bound nature in the entire MF stability regime.

To further elucidate the deviations between the original (Eq. (5)) and the exact (Eq. (14))
eGPEs predictions we numerically compute, via imaginary time-propagation, the correspond-
ing ground state droplet densities for the symmetric mixture with g4 = gz = g and
N, = Nz = N = 10. Since, the exact eGPEs (Eq. (14)) are valid throughout the MF stabil-
ity regime, we present results for the standard droplet regime g,z < O [Fig. 1(a), (b)], but
also for the nearly intercomponent decoupled (g,z &~ 0) system [Fig. 1(c)] and even for re-
pulsive interactions within the miscible regime quantified by 0 < g4z < g [Fig. 1(d)]. The
underlying LHY energy, £(n = n,) = —(g + gAB)nSZ, attains its maximum (or minimum abso-
lute) value for the decoupled system, whilst it decreases when g,p is nonzero. Interestingly, it
acquires a relatively small imaginary component for |g,5| > g as shown in Fig. 1(e).
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Figure 2: Ground state density configurations of a homonuclear two-component mix-
ture for fixed Ny = Ny = N = 10, my = my = m, and gz = 0.5g,. Different intercom-
ponent coupling strengths are considered ranging from (a) attractive g,z = —0.4g4,
to (b) decoupled g,z = 0, and (c) repulsive g,z = 0.4g, cases. The outcome of the
exact [Eq. (14)] and the original [Eq. (5)] eGPEs is illustrated as well as the one
stemming from numerical integration of the sum of the LHY energy [Eq. (11)]. As
for the balanced mixture, see Fig. 1, the original eGPEs overestimate the peak density
of the droplets and underestimate their width. Interestingly, as long as the intercom-
ponent interaction becomes repulsive [panel (c)], an early onset of the miscible-to-
immiscible transition, coexisting with droplet configurations, appears to take place,
and being solely captured by the exact eGPEs.

A close inspection of Fig. 1 reveals that the original eGPEs (Eq. (5)) are only accurate
when |g45| = g. In contrast, deviating from this condition they significantly overestimate the
droplet’s saturation density and localization in all other interaction regimes, see Fig. 1(a)-
(d). In particular, the difference in the saturation density among the two approaches becomes
larger for intermediate intercomponent couplings lying in the interval —g < gsz < g as illus-
trated in Fig. 1(f). Even more, for g,z = —0.6 the original eGPEs predict a Gaussian profile for
the ground state density and they fail to capture the FT density profile of the droplet as pre-
dicted by the exact eGPEs, see Fig. 1(b). Additionally, as mentioned before, it is clear that the
droplet solution exists throughout the MF stability regime within both approaches, exhibiting
FT configurations (for sufficiently large particle number) irrespectively of the intercomponent
interaction, g,p, value [Fig. 1(a)-(d)]. Specifically, the droplet becomes progressively more
delocalized and its saturation density decreases as g,z varies from g,z = —g to gap = &.
Namely, the droplet saturation density (width) reduces (increases) sharply between the two
limits, reaching a minimum value of n,(g,; = g) = 921;"52 A 0.0225 for the parameter val-
ues considered here, see also Fig. 1(f). As such, it could be that in practice, after a certain
value of g,z the droplet would be dilute and extended enough appearing to have effectively
disperse thus rendering challenging its experimental resolution by the corresponding imaging
apparatus.

As a next step, we turn our attention to an intracomponent interaction imbalanced
homonuclear (my, = my = m) mixture, with g, # g and fixed gz = 0.5g4, as well as
N, = Nz = N = 10. The corresponding two-component droplet configurations within the
exact [Eq. (14)] and original [Eq. (5)] eGPEs, but also the solutions obtained by calculating
the LHY energy through direct numerical integration of the sum in Eq. (11) are visualized in
Fig. 2 upon different variations of the g, attraction.? For clarity, the ensuing solutions are
marked by “Exact”, “Original”, and “Num” respectively. In general, it appears that as long as

2We remark that a larger gz repulsion results in more localized structures in both components, without any
qualitative differences from the configurations depicted in Fig. 2 (not shown).
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the intercomponent coupling is attractive (i.e. g4z < 0) the two components prefer to maxi-
mize their spatial overlap [30,61], while exhibiting similar density profiles as can be seen in
Fig. 2(a). Moreover, tuning g,z towards weaker attractions, both components become less lo-
calized, until a transition from a Gaussian-type to a FT density profile takes place, compare in
particular Fig. 2(a) and (b). Once more, as in the fully symmetric mixture, the original eGPEs
predict appreciably more localized droplet densities alongside a higher FT value.
Additionally, approaching the weakly coupled intercomponent regime (g4 ~ 0) the in-
dividual component droplet separation becomes more prominent, with the more strongly re-
pulsive component exhibiting a more localized density profile and a higher saturation density
[Fig. 2(b)]. Strikingly, this effect is absent within the original eGPEs, predicting instead a
largely overlapping behavior for all intercomponent interactions shown in Fig. 2. Turning to
repulsive intercomponent couplings, e.g. gsp = 0.4g4, we observe a phase separation of the
droplet density between the two components, even though we are still operating well within
the MF stability regime, see Fig. 2(c). A behavior that is completely absent within the orig-
inal eGPEs. This phase separation can be understood from energetic arguments. Indeed, by
ignoring the spatial overlap between the two components, it is possible to approximate the
system shown in Fig. 2(c) by three distinct single-component droplets. Estimating their en-

ergy, in the homogeneous FT case, through minimization of the energy per particle (see also

. . 8m3 o3
Eq. (12)) for each component in the absence of the other, results in Ecl,Comp = — Sﬁii‘: o-

Here, L, designates the spatial extent of each individual droplet. With this approximation
(setting L, as the full-width-at-half-maximum for each structure) we find the total energy
E= Eicomp+2E écomp ~ —0.2832 which is in excellent agreement with the numerically obtained
energy E = —0.2816. The relatively small deviations stem from the (positive) contributions of
the finite overlap and the kinetic terms. In particular, we can approximate the kinetic energy

of each droplet as K.E., = f %I%lzdx A 2%|%:"|250 = z;;"zi‘z = %;’ns, where & is
the healing length of the droplet and the factor of two stems from the two edges of the droplet.
Interestingly, this suggests that the kinetic energy of the droplet scales as o< m,, gczr explaining
why the more weakly interacting (and as we shall see below the lighter component) splits pref-
erentially in the phase separated configurations, in order to reduce the systems kinetic energy.
Clearly, an overlapping arrangement, with component B in a single FT configuration centered
at x = 0 and length L ~ 2Ly would be associated with higher energy due to the repulsive
intercomponent coupling. The energy contribution of the latter is Eyg & gagnangLoyeriqp, and
it would be of order ~ +0.1 assuming similar saturation densities to those in Fig. 2(c) and
Loyvertap & La < L1/3' Hence, this hypothetical overlapping configuration would have a total
energy of order E' ~ chomp + Eécomp(LU = L) +Eyp = E+Ep ~ —0.18, which is significantly
larger that the phase separated configuration.

Note that throughout this work, we focus on parity symmetric® density configurations,
an assumption that pertains only to phase-separated structures. The droplet equations, how-
ever, support also parity asymmetric (or domain-wall like) configurations which, in the case
of phase-separation, possess slightly lower energies (typically of the order of 0.3%) than the
parity symmetric splited configurations e.g. depicted in Fig. 2(c). Such parity asymmetric
distributions while existing within the classical field approximation are not, in general, per-
mitted within a many-body wavefunction perspective which in the absence of an explicitly
symmetry breaking contribution in the Hamiltonian should retain the symmetry. In this con-
text, the lowest energy parity symmetric configurations correspond to a good approximation
to the reduced one-body density of the underlying atomic gas in the ground state, see also Ap-
pendix B for further details and the respective asymmetric density distributions. It is important

Due to translation invariance, parity symmetry is defined with respect to the arbitrary center-of-mass of the
mixture, here set to x = 0.
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to emphasize that these asymmetric single domain-wall like configurations are intriguing on
their own right and deserve further investigation, while they are promising for being exploited
for unprecedented nucleation of topological excitations and hydrodynamic instabilities in the
droplet realm. Finally, it is worth noting that in the presence of e.g. an external harmonic
confinement, the components phase-separate at the standard miscibility threshold [23, 73].

3.2 Heteronuclear two-component mixtures

Besides homonuclear mixtures, droplets can also be hosted in genuinely heteronuclear settings
consisting of two different isotopes. Such systems have already been experimentally investi-
gated in 3D deploying the isotopes 8’Rb and *'K [45, 74] or 8’Rb and 2*Na [75] but also in
1D with the former composition [47]. It is a known fact that the ensuing 3D eGPEs are far
more complicated compared to the homonuclear ones due to the arguably complex form of
the LHY contribution. However, thus far, in 1D (to the best of our knowledge) the extraction of
the respective eGPEs remains elusive. Below, we elaborate on their construction and provide
corresponding numerical results based on this framework.

Specifically, in the most general case of a heteronuclear mixture (m, # mp) the integral
encompassing the LHY contribution represented by Eq. (11) cannot be calculated in a closed
analytical form. An interesting limit arises for % = ':l—i and g4z ~ 0. Recall that the first
of these conditions when m, = mp reduces to the usual density fixing relation where the
two-component eGPE framework reduces to a single-component one [20, 53]. Retaining both
(interaction) conditions, the LHY energy can be calculated analytically acquiring the closed

form

(18)

2, .2
- Ergy = my+mg (gAnA gpNp )%
LHY = =- + .

L 201 my mg

However, this scenario is somewhat specialized. It requires the presence of appreciable exper-
imental tunability in terms of Feshbach resonances that is not yet reached for these recently
realized systems. As such, in what follows, we focus on general heteronuclear setups that do
not satisfy the above-discussed conditions.

More concretely, we first and foremost numerically calculate the LHY energy density given
by Eq. (11) and hence agff” to be incorporated in the corresponding eGPEs featuring inter-
component mass imbalancg, m, # mg. For the sake of comparison, we will also contrast the
above-discussed ground state droplet densities with the ones obtained from either the original
(Eq. (5)) or exact (Eq. (14)) eGPEs (exact only in the mass-balanced case, my, = mg = m),
by directly substituting the different masses of each component in the respective equation
such that we can “artificially” emulate the heteronuclear setting. We mainly focus on mod-
erate mass-imbalances with mg = 2m, to unveil the basic droplet structures and afterwards
comment on the impact of increasing imbalance.

For sufficiently strong intercomponent attraction, see Fig. 3(a), namely within the Gaus-
sian droplet regime, the exact homonuclear eGPEs prediction is in excellent agreement with
the fully general numerical approach. Deviations among the two approaches arise and progres-
sively increase for decreasing intercomponent attraction, where the system transitions towards
the FT region, see Fig. 3(b) where g4z = —0.4g4. In both cases intercomponent mixing is mi-
nor, i.e. the droplet profiles are close to one another, and becomes gradually more pronounced
as we move to the noninteracting limit presented in Fig. 3(c) where the droplets maintain their
FT structure. In contrast, for repulsive g,5, the heteronuclear system prefers to phase separate
into a central droplet occupied by the heavier component, while the lighter species fragments
into two FT droplets on either side [Fig. 3(d)]. This preference of the lighter component to
allocate into two different fragments is attributed to its reduced kinetic energy ~ m, gczy as
compared to the corresponding one of the heavier component (see also the discussion at the
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Figure 3: Ground state phases of heteronuclear droplet densities for (a)-(d)
mg = 2my, (e) mg = 0.5my, and (f) my = 5my, whilst Ny = N = N = 10,
g4 = &g = g. The results are obtained within the original mass-balanced eGPEs
[Eq. (5)] marked by “Original”, the exact mass-balanced eGPEs given by Eq. (14)
and indicated as “Exact”, and the full numerically calculated heteronuclear eGPEs
designated by “Num”. In the first two cases, the mass of each component is plugged
in the corresponding equation. The heteronuclear systems feature attractive (a)
gag = —0.8g, and (b), (e) gap = —0.4g, (c) decoupled, g,z =0, and (d), (f) repulsive
g4p = 0.4g intercomponent couplings. Interestingly, there is an excellent agreement
between the ground state droplet densities predicted by the mass-balanced exact eG-
PEs [Eq. (14)] and the fully general numerical approach. Minor deviations are ob-
served for small mass differences and repulsive interactions which are, for instance,
hardly visible in panel (d). Conversely, the original eGPEs [Eq. (5)] exhibit signifi-
cant quantitative disagreement.

end of Sec. 3.1). In this case we observe a relatively small disagreement (hardly visible) with
the fully general numerical approach, primarily at the edges of the droplet. As in the case
of homonuclear mixtures we enforce parity symmetry, while asymmetric configurations are
addressed in Appendix B.

On the other hand, the original eGPEs [Eq. (5)] completely miss this phase-separation
behavior, predicting miscible droplets in the repulsive limit, while overestimating (underes-
timating) as before the droplet peak (width). For completeness, note that by employing a
lighter species for component B (e.g. mg = 0.5m,) results in the same to the above-discussed
phenomenology with the droplet configurations reversed while occupying overall larger length
scales, compare for instance Fig. 3(b) and (e) with mz = 2m, and mg = 0.5m, respectively. In
general, we find that both the exact (for my = mp = m) eGPEs [Eq. (14)] and the full numerical
treatment of the heteronuclear mixture do not unveil fundamentally altered droplet configu-
rations with respect to the mass-imbalance. As an example, for mg = 0.2m,, 0.5m,, 2m,, or
5m, variations mainly the droplet localization is affected (not shown for brevity). Instead, the
original eGPEs [Eq. (5)] exhibit high sensitivity to the mass ratio predicting significantly differ-
ent behavior, see for instance Fig. 3(d), (f) with mz = 0.5m, and mz = 5my, where structural
deformations are at play.
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Concluding our investigation on the characterization of 1D two-component droplet setups,
it is worth mentioning explicitly that neglecting the LHY correction and hence reducing our
description to the standard GPEs the system displays the properties of a uniform gas. This in
part stems from the absence of wave collapse in 1D. Indeed, all the droplet structures that we
revealed as well as the ones to be discussed in the following Sections are inherently owed to
beyond MF effects. This means that they represent a direct manifestation of the involvement
of quantum fluctuations as accounted for by the perturbative LHY correction.

4 Three-component mixture

Here, we extend our considerations on the construction of the relevant eGPEs to three-
component 1D droplet settings. For their realization, three different states of 2°K could be
potentially employed. The understanding and properties of such states are largely unexplored
in all spatial dimensions [62,63,65,67], while their 1D description through eGPEs taking the
appropriate LHY correction is, to the best of our knowledge, missing. Following the stan-
dard assumptions, we only consider two-body contact interparticle interactions and restrict
the Hamiltonian to include up to bilinear combinations of operators. It is then straightforward
to obtain the Hamiltonian for the three-component mixture, by employing the corresponding
field operators (W,(x), ¥5(x), $c(x)) as was done in Eq. (6). Along these lines, the three-
component Hamiltonian is readily found to be (see also Ref. [62] for the 3D case)

2 2 2
8Ny + gsNp + 8cN¢ + 8apNaNp + 8acNaN¢ + 8scNgN¢

[y 2L 2L L L I
n2k? nen H2K2 .
At A nr i At A
+kZ#:)[ )a ak+(2mB +anB)bkbk+(—2mC +gcnc)ckck]
+ - Z [gAnA(aka Kt a il ) + ggnp(brb_y + BZ?}L{) + gone(Exbi + 626:{)]
k;éO (19)

+ gapv/MaNp Z (&kE—k + fl;ii?ik + &ki)}z + dzf)k)

1£0
+gAC\/nA”cZ agc_ k+a et Z+&Z6k)

k£0
+ 8pc/ anCZ(bkc T i)* i) é Eliék)—i_o(&k)

1£0

Next, by defining the set of operators &' = (ak, b' ” ,a_ g, ?)_k, ¢_1), which satisfy the bosonic
I

0 —I,
can express the Hamiltonian of Eq. (19) in the following bilinear form

commutation condition M, = [®,®7] = , where I is the 3 x 3 identity matrix, we

A N?  ggNZ  gcNZ N,N NN NN,
H=Z(1>‘Hd>+gA A+gB B+gC c , 8mNaNg | 8acNalNc . 8cNplNe
£ 20 2L | 2L L L L
(20)

S S(EE vgn,).

k>0 O

The respective Hamiltonian matrix (H), due to its involved form is provided in Appendix A.
As it was shown in Sec. 2.2, this Hamiltonian can be diagonalized by solving its characteristic
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equation (see also Eq. (3)) det(MH — wIg) = 0, which yields the characteristic polynomial

w® —(efx + 6]23 + eé)a)4 + [eie% + eie% + 61236% —4(Jpp +Jpc +JBC)]w2

(21
2.2 2 2 2 2
+ [ —eyepee M Jages +Jac€y +JIpc€y) — 165gn(gapgacEpc)V |JABJACJBC|)] =0.
A d, i ins the sing] Bogoliub jes €2 = (IPK2y2 | IOk
s expected, it contains the single-component Bogoliubov energies €, = (3;,-)" + T -8o0 o
21.2 $27.2
and J,, = gnlf an, g(zr oNMoNg Which represents the interspecies coupling contribution.

The roots (w%, w%, w%) of the characteristic polynomial can be calculated analytically,

albeit they have a rather involved form in the general case. Accordingly, the ground state
energy becomes

N2 N2 N2 N,N N,N, NgN,
gAA+gB B+gC C+gABAB+gACAC+gBCBC
2L 2L 2L L L L

EO =
(22)

n’k?  n*k® h%k?

+Z(w1+w2+w3—2 - - _gAnA_anB_gCnC)-

o m, 2mg 2mg

Apparently, already at the MF level, the system is characterized by 12 independent variables
spanning the parameter space (g,4/, Ny, My). This renders rather challenging the systematic
exploration of ensuing phases and development of a unified understanding in the general case.
Hence, it is more convenient and instructive (at least for the purpose of this work) to address
only certain characteristic cases, both from the MF and even more so from the LHY perspective.

4.1 Fully symmetric mixture

The simplest reduction of the three-component system corresponds to that of a fully symmetric
mixture, which can be retrieved by requiring m, = m, g, = &, €50 = G, and n, = n for
every o # o/. It is important to first examine this reduction since, despite its simplicity,
it offers a useful benchmark with the respective single-component droplet system [31, 53],
while deviating from it allows to build-up a systematic understanding of the more complex
three-component setting. Employing the above-mentioned assumptions from Eq. (22) we can
readily obtain the underlying ground state energy density

__E, 3gn? s 1 3h°k>
5—f— > +3Gn +Zkz>(:)(co1+w2+w3— o —3gn)
2(mg®n?)? 2G G (23)
—3¢+ G)nz_m[(l + 258 00-9),
2 3am g g
e
where w;=w,=+v'€2—2J and w;=+€2 + 4J* with Bogoliubov energies €2 = (7122—,’1(12)2+in’f2gn

. . . . . 2 2 . . .
and interspecies coupling contribution J = %Gn. Finally, for convenience we define the
dimensionless density independent parameter

2
F(G/g) =&y [V mgn3h 2 = _g[(l +26G/g)*?+2(1-G/g)*?] <0,

Note that as long as —g/2 < G < g (which corresponds to the MF stability regime as discussed
in Appendix A) the eigenvalues w; are real. Also, in line with the two-component case, the

“These are the solutions of the reduced characteristic polynomial equation

w® —3e2w* + (3e* —127%)w? + (—e® + 12e2J% —16J°) = 0.
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Figure 4: (a) The behavior of the LHY energy for the symmetric mixture stemming
from a reduction of the genuine two-, three- and four-component settings as a func-
tion of the intercomponent interaction G. (b)-(d) Ground state densities of a fully
symmetric three-component mixture with N = 10 for varying interaction G (see leg-
ends). A transition from a Gaussian to a FT profile with increasingly larger spatial
extent, upon reducing the attraction [panels (b), (c)] or increasing repulsion [panels
(), (d)] is evident.

symmetric three-component mixture reduces to an effectively single-component one. This
effectively single-component system, however, depends on two interaction parameters, namely
g and G. Itis inherently different from the corresponding single field reduction stemming from
the two-component setup exclusively due to the respective LHY corrections (see the discussion
below).

The LHY energy of this reduced system, again remains ~ n®/? throughout the MF stability
regime G € [—g/2, g]. Moreover, the density independent proportionality factor ranges from
F(G/g)=—V6/nfor G=—g/2,to F(G/g) = —2+/3/ 7 for G = g, while it takes its maximum
F(G/g) =—2/m value at G = 0, as shown in Fig. 4(a). Interestingly, the strength of quantum
fluctuations appears to be larger close to the immiscibility threshold G = g as compared to the
one close to the droplet regime G = —g/2, as evidenced by the more strongly attractive LHY
energy (see e.g. Fig. 4(a) and Eq. (23)). This is in contrast to the two-component mixture
where quantum fluctuations contribute equally at the two limits, see in particular Fig. 1(e)
and Eq. (13). We attribute this behavior of the three-component system to the aforementioned
“asymmetric” MF stability regime (see also Appendix A for a more elaborated discussion on its
asymmetric nature).

On the other hand, the MF interaction term vanishes at the droplet threshold G ~ —g/2,
while it takes its maximum value at the immiscibility threshold g = G. Hence, it is not a-
priori obvious how important the role of the LHY correction becomes at each limit (e.g. from
Eq. (23)) and one has to solve the corresponding eGPE, as we shall do below. Finally, it is
interesting to note that in the fully symmetric case the corresponding LHY energy of the orig-
inal three-component mixture is always smaller than the one of the reduced two-component
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system, namely it holds that ‘SSCOHIP‘ > g ‘ fé?(mp’ with the equality being valid for G = 0.

As such, it appears that the effect of quantum fluctuations is enhanced in the case of a three-
component mixture, even beyond the additive effect owing to the additional component, due
to the interspecies coupling. Instead, for the MF energy it holds that stmp /3 = Zcomp /2,
i.e. the ratio of the MF energy divided by the number of components remains constant for any
number of components in the symmetric case.

To obtain the effective single-component eGPE equation emanating from the fully symmet-
ric three-component mixture we evaluate the Euler-Lagrange equations (from Eq. (23)) with
respect to n. This standard procedure leads to the symmetric eGPE:

ov n* 32w 9 3y/mg3
3Ti—=—3——+3 +2G) Y|V +F(G/g)———— |¥|¥. 2
=3 3(g +26) [P v+ F(G/) Y vl 29

Similarly to the case of a symmetric two-component mixture, this symmetric eGPE ac-
3
cepts a droplet solution with saturation density n, = F2(G/ g)%, energy density

£30mP(n = n,) = ——(g +2G)n?, chemical potential p, = —%(g + 2G)n,, and healing length
4
&= \/ —fm—’i = \/ mzz;lfj(i}?z);) \/ i gf;G)ns. Again, in accordance with the two-component

symmetric mixture, the ground state density of the symmetric three-component system tran-
sits from a Gaussian-type profile (for G &~ —1/2g) to a FT one for decreasing intercomponent
attraction as captured by the G coefficient. This behavior is explicitly illustrated in Fig. 4(b)
for a fixed atom number.” Additionally, the ground state density maintains its FT character
throughout the repulsive interaction regime, G > 0, see Fig. 4(c) and (d). The saturation
density [width] decreases [increases] by over an order of magnitude as G ~ g, eventually
acquiring the minimum saturation density n,(G = g) = ijz‘iz ~ 0.015 deep in the repulsive
interaction regime as can be seen in Fig. 4(d).

4.2 Two identical components

As it was argued above, already in the limiting case of a fully symmetric three-component mix-
ture evident differences arise (concerning, for instance, the droplet saturation density, and the
LHY correction) when compared to the corresponding reduced two-component system. How-
ever, by construction three-component mixtures offer additional possibilities for intercompo-
nent asymmetry, that could lead to intriguing phenomena and phases that can not be captured
within the two-component setting. A step forward to delve more into the three-component
properties is to consider a system where two of the components are identical (i.e. symmetric),
while the third one is different. To be concrete, this situation is described by my = mg = m,
84 =8 = &, and guc = ggc = G, while g45 and g, are unrestricted parameters, see also
Ref. [62] for the 3D case.

In this scenario, it can be found that the MF stability requires the following conditions to
be fulfilled: i) g, gc > 0, ii) gg¢c > G2, and g > |gup| as well as iii) G2 < 4(g + gap), see also
Appendix A for further details. We remark that the same conditions hold for the respective
3D system as reported in Ref. [62], which is to be expected because the homogeneous MF
energy is independent of the dimensionality. It is also important to emphasize that the last (iii)
condition is more restrictive than the second (ii) one since g-(g+ga5)/2 < ggc if |gagl < g. As
a consequence, it is possible for each pair of subsystems to be stable, while the overall system
is outside the MF stability region, a behavior that equally holds in 3D [62]. For simplicity, here,
we focus on interaction intervals where each subsystem and the overall mixture reside within
the MF stability region.

>Similarly, for fixed interactions the FT transition occurs for increasing particle number (e.g. at N > 30 for
G =—0.4g).
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Further assuming that m = m (for convenience), we find that the LHY energy density for
the general three-component system in Eq. (22) takes the form

o
&HY——W(( (8 —gap))? + (W + Q)T + (W —Q)?), (25)
with the parameters
1
Q= ((g + gap)*n® —2(g + gag)gcnne + 8G2 cnne + gcnc)2 , (26a)
W=gn+gABn+gch. (26b)

The LHY energy density is real and negative as long as g > |[gug| and
W—-Q>0— ZG% < gc(g + gap), which is exactly the MF stability regime, while it be-
comes complex otherwise. Moreover, by removing the third component namely setting

Gc = gc =nc = 0, it holds that Q =W = (g + g4z)n and the LHY energy density becomes

- /
Sy = %ﬁn)”[(l — g5/ )% + (1 + gup/g)%?]. This is exactly the LHY energy density of

the symmetric two-component mixture in the MF stability regime (see Eq. (12) forgy, =gz = ¢
and ny = ng = n).

Asin Sec. 3.1, we can derive the LHY terms of the effective two-component eGPEs describ-
ing the system by calculating their partial derivatives

agﬂ m((g+gAB+ )\/—+(g+gAB——)\/—+2\/_(g 8ap)? 1/_) (27a)

on 47h
35LHY _ 1/2m P
onc ~ 4nh ((gC+ VW =+ (s Q) W+Q)’ (27b)
where
_10Q* , ,
Z__E an _ * n—288apN +88&cNc — &upn + &ap8cnc —4Genc, (28a)
19Q?
P=—_—" =ggcn+gapgcn—A4Gen—ganc. (28b)
2anc

These LHY terms are incorporated in the corresponding eGPEs, which by additionally requiring
\IlA == qu = \II, read

A n? 92w 9 &y
Zlhzz—zﬁﬁ‘(Z(g'FgAB)l‘m +2G¢ |‘~I/C| + — an )\I’, (29a)
A n? 0%, 2 2, 9&ny
lh? = —% a 3 + (gC |“PC| + ZGC |\I/| 3nc )\I’C (29b)

A few characteristic examples of the resulting ground state droplet configurations are pre-
sented in Fig. 5, with fixed g. = g, and g4z = —0.5g. Specifically, the case of G, = —0.5¢
refers to the respective LHY-fluid limit (attained in general here for G, = —g/2 due to MF sta-
bility requirements) of the fully symmetric mixture where MF interactions cancel out. Here,
the individual components become identical and possess a Gaussian type distribution, see
Fig. 5(a). As we decrease the intercomponent attraction, the system transitions to a mixed
state where the symmetric components (A4, B) exhibit a FT configuration and the third one (C)
becomes significantly distorted and delocalizes. Particularly, there is a FT droplet segment ly-
ing within the symmetric components and the remaining atoms of the third component reside
outside this region in a self-bound state as shown in Fig. 5(b), (c). However, by switching-
off the intercomponent interactions among the symmetric components and the third one, i.e.
reaching the decoupling limit with G, = 0, the subsystems feature two independent droplet
structures [Fig. 5(d)].
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Figure 5: Droplet density configurations arising in a homonuclear three-component
mixture for varying interspecies couplings g.c = g€gc = G¢. The latter range from
the attractive (a) G, = —0.5¢g, (b) G = —0.2g, (c) G- = —0.1g, to (d) the decou-
pled G; = 0, and (e) the repulsive G- = 0.1g, (f) G; = 0.4¢g interaction regimes,
thus covering the available parametric space. As it can be seen, mixed phases ex-
hibiting a structurally deformed third component having both a droplet core and
self-bound atoms at the tails [panel (c)] for weak intercomponent attractions or a
configuration of two fully distinct droplets [panel (d)] in the decoupled regime oc-
cur. Also, an early onset of the miscible-to-immiscible transition, coexisting with
droplet configurations, similarly to the two-component mixture takes place for re-
pulsive intercomponent couplings. In all cases, the remaining system parameters are
held fixed and in particular correspond to Ny = Ng = N =10, my =mg =m¢ =m,
84 =8p = gc = &, and gup = —0.5g.

On the other hand, turning to the repulsive side of the MF stability regime (e.g. for
G, = 0.1g, or G; = 0.4g), it turns out that the third component progressively separates
from the symmetric two-component droplet and accommodates two smaller sized droplets on
either side of the symmetric two-component droplet which remains localized at the center
[Fig. 5(e), (f)] (see also Appendix B for the parity asymmetric configurations). Finally, it is
important to emphasize that the above-described investigation is far from being exhaustive for
the three-component system. A more detailed examination of the emerging droplet states and
mixed phases of matter e.g. by varying N, g, gag, and G, across the MF stability regime is
certainly an interesting direction to be pursued in future studies.

5 Four-component mixture
As can be deduced from the above analysis, in order to obtain the ground state energy of
the quasi-particle vacuum one needs to diagonalize the Hamiltonian matrix which has 2 x n

dimensions, with n representing the number of bosonic species. Due to the symmetries of
the Hamiltonian (e.g. being a real Hermitian matrix) the resulting characteristic equation is
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a polynomial of degree n, with respect to the eigenvalues w?. Therefore, the four-component
mixture is the most complex system for which the characteristic equation can be analytically
solved and hence extract its LHY energy. For higher-component settings the characteristic
equation can only be solved numerically in the general case. As such, for completeness, we
present below the LHY energy for the four-component mixture, even though such a setup
would be arguably more challenging to be experimentally realized.

The process for deriving the energy of the four-component mixture is identical to the ones
of the two- (Sec. 3) and three- (Sec. 4) component ones described above. For brevity, we
provide directly the resulting characteristic polynomial

w8+aw6+ﬁw4+ya)2+5=0, (30)

containing the rather involved coefficients

a= —Zefr , (31a)
D ’ D
B=>.> (22 —4/50), (31b)
o=Ac’>0
D
Y= Z|: |: Z Z 0/60// +4 Z Z JU’U”] (31¢)
o o’'>00">0' o'#0 0">0',0"#0

+16 l_[ Sgn(gU/U//)y JU/U//],

o'#o,0'<a”

6= l_[ _42 [(eal €, 0102)‘]0304] + 162 l_[ ﬂ (31d)

Vv WacJapIscJppl _ g9V |JapJanIscJcp _ g9V |JABJACJBDJCD|

sgn (8ac8an&€Bc&BD) sgn (gap8€ap&Bc&cp) sgn (gap8€ac&Bp&cp) ’

—32

( K2 k2 )2 H2k2

where e + T 8ooNy are the single component Bogoliubov energies and

J = h2k2 n2k2
oo’ — mm oo
refers to all possible permutations of 0, 0,,03,0,4 such that 0, < 05, and 03 < 04 and thus
index duplication is avoided.
The solutions (w;) of the characteristic polynomial equation can be calculated exactly and

the resulting ground state energy for the four-component quasi-particle vacuum reads

2
) N o) VL Z[Zw —Z( LS )] (32)

o#o’ k>0

2 n,n, the interspecies coupling contributions. The notation P in the sums

It is apparent that for this setup the parametric space as defined by the different intra- and inter-
component coupling combinations, the atom number and mass of each component becomes
exceedingly large. While a systematic study of this system is interesting on its own right, in
what follows we restrict ourselves to the relatively simpler case of the symmetric mixture.
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Symmetric Four-Component Droplets
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Figure 6: Ground state droplet densities within a fully symmetric four-component
mixture with different intercomponent couplings G (see legend) and fixed N = 10.
The transition from a Gaussian-like to a FT profile takes place, upon reducing at-
traction [panel (a)] while for increasing repulsion [panel (b)], the droplets maintain
their FT structure and exhibit increasingly larger spatial widths.

5.1 Symmetric four-component mixture

Let us consider a fully symmetric four-component mixture characterized by N, = N,
800 = &, and g,,, = G,. Here, the MF energy (first two sums of Eq. (32)) reduces to
Ef,f;mp = (2g + 6G4)n?, whilst the MF stability regime is given by —g/3 < G, < g, ensur-
ing the stability of each subsystem but also of the full four component mixture. Accordingly,

the roots of the characteristic polynomial of Eq. (30) simplify to w% 93 = e — G4¥n, and

2_ 9 thZ
C()4 =€+ 3G4_m

n and the LHY energy density becomes

4comP__2V mg3n3 ((1_%)% (1+3%)%)
g g’ )

B nh
As in the case of the symmetric two-component mixture [Sec. 3.1], the emergent droplet

_ mg? _G4y3/2, 1 G4N3/2
_4n2h2(3G4+g)2((1 g) +3(1+3g) )’

energy density £4°™P(n=n,)=—2(g +3G4)n52, chemical potential u, =—2(g+3G4)n,, and heal-

ing length & = \/—%
the LHY energy of the fully symmetric four-component mixture is always smaller than twice the
LHY energy of the corresponding symmetric two-component system, namely Sff;;mp < ZSLZPCI(;mp
with the equality being valid for G, = 0. This implies the presence of enhanced quantum
fluctuations in the symmetric four-component system, see also Fig. 4(a), beyond an additive
contribution. On the other hand, for the MF energies it holds that EQ?mp = 251\2,1‘;0mp . Repre-
sentative ground state droplet profiles of the reduced four-component setting are illustrated
in Fig. 6 for different intercomponent couplings (G,) and fixed intracomponent ones. In line
with the behavior of the droplets arising in lower-component mixtures also here a deforma-
tion from a Gaussian to a FT density profile occurs for decreasing intercomponent attractions
as depicted in Fig. 6(a). Finally, at the repulsive side, increasing the intercomponent interac-
tion across the MF stability regime results in quantum droplet structures of significantly larger
spatial width, as shown in Fig. 6(b).

1
+_
3

&

LHY (33)

solution can be shown to have saturation density n,

_ K> ..
= \/ P g TR T Moreover, similarly to the three-component setup,
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6 Conclusions and future directions

We derived, in a systematic manner, the first-order beyond mean-field LHY quantum correc-
tion and associated eGPEs for two-, three- and four-component 1D bosonic mixtures featuring
short-range contact interactions. The four-component system represents the highest multicom-
ponent setting for which the LHY energy can be analytically derived in the general case. In all
cases, whenever the complexity of the system allows corresponding closed form expressions
are provided. Importantly, our treatment relies only on the assumption of a dilute gas such
that the perturbative Bogoliubov treatment is valid. Hence, the LHY energies and the ensuing
eGPEs obtained are reliable throughout the MF stability regime, namely from the attractive to
the repulsive intercomponent interaction regimes in contrast to previous treatments.

Focusing on the two-component mixture, we extracted closed form solutions for the LHY
energy and constructed the corresponding exact coupled system of eGPEs for homonuclear set-
tings but also provided numerical results for heteronuclear 1D systems. Specifically, by tuning
the intercomponent interactions towards smaller attractions, we retrieve the structural defor-
mation of the droplets from Gaussian to FT density configurations. However, it is explicated
that the previously discussed original two-component LHY treatment reveals quantitative de-
viations as compared to our exact eGPE results and can be obtained as a limiting case from the
exact expressions presented herein. These deviations are reflected by an increased saturation
droplet density and decreasing width. Turning to repulsive interactions, we identify even more
significant qualitative differences with the original LHY treatment, especially for heteronuclear
settings featuring intercomponent mass-imbalance. In particular, self-bound structures with
decreasing saturation densities are found for larger intercomponent repulsions, while an early
onset of phase-separation occurs for both homonuclear and heteronuclear mixtures. The nu-
merically computed heteronuclear droplet states are found to be in good agreement with the
results of the exact eGPEs for homonuclear settings upon direct substitution of the different
masses. Meanwhile, the original eGPEs fail to adequately capture the droplet densities.

Additionally, exact closed form expressions of the LHY energies and the eGPEs are dis-
cussed for three-component mixtures especially in the cases of i) a fully-symmetric system
and ii) two identical components coupled to a third independent one. It is argued that the
LHY energy is not additive to the number of components and it is in general larger for three-
component setups as compared to two-component ones. A plethora of droplet phases exist,
ranging from the underlying LHY-fluid limit, to Gaussian miscible droplet components as well
as to mixed states for decreasing attraction. These mixed states refer to FT configurations for
the symmetric components and a delocalized droplet distribution for the third one. The latter
assembles in a FT droplet segment within the symmetric components and the remaining atoms
lying beyond the intercomponent overlap region are in a self-bound state. Instead, for repul-
sive interactions the third component phase separates from the symmetric two-component
droplet and exhibits two smaller sized droplets on either side. Finally, a closed LHY form is
also provided for the fully symmetric four-component mixture. Here, the transition from Gaus-
sian to FT droplets for decreasing attraction and afterwards to large spatial FT structures upon
crossing to the repulsive intercomponent regime is observed.

There are several intriguing pathways to be followed in the future based on our work which
provides the first steps towards exploring ground state multicomponent droplet configurations.
A straightforward extension is to systematically study the transition towards phase-separation
in heteronuclear mass-imbalanced two-component mixtures and unveil the origin of this mech-
anism. Similarly, the three- and four-component mixtures offer completely unexplored possi-
bilities to create exotic droplet configurations. These include, for instance, miscible spatially
deformed droplet structures, and importantly mixed droplet phases thereof as well as droplet-
soliton [76] or droplet-vortex [36] coexistence. The interpolation of three-component droplet
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states to the few-body regime using sophisticated numerical schemes is also of particular in-
terest [77-79]. On the other hand, dynamical crossing of these droplet phases is expected to
reveal insights into their collective excitations and the spontaneous generation of nonlinear
defects or delocalized structures such as shock-waves [80,81]. Along these lines, emulating
the time-of-flight measurement process of multicomponent droplet states in order to testify
their self-bound nature is certainly worth pursuing. Finally, extending our treatment to 3D
geometries in order to investigate the impact of the LHY term beyond the MF stability edge as
well as in the presence of external potentials are very relevant open questions to address.
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A Details on the stability conditions of the three-component mix-
ture

The Hamiltonian matrix for the three-component mixture used in Eq. (20) of the main text
takes the form

(szj t8aMa  &apv/Malls  &acv/Malc 8ana 8aBv/Mallg  &ac/Mallc \
848/ TuNp Zin: + &pnp ch«/m 84 /TN gpnp 8sc /B¢
8acV/Talc  &pc+/Mplic +gan gAcm 8pc+/MpMc 8cne
8aN 8aB v/TaTlp gAcm + 8aN gfmm 8ac /Ml
8aB v/TaTlp 8pNp 8pc+/MpMc gABm JrgB”B gscm
\gAcm 8sc+/MBNc &cne 8ac/Malc gscm + gan)

Before exploring the LHY term in more detail, it is important to determine the MF stability

regime. In general, the stability condition is given by demanding that the Hessian matrix

(Hess) in terms of derivatives with respect to the densities (Hessy 5, = ai ?ff =—r=) has only

positive eigenvalues [5]. Namely, the Hessian matrix in our case reads

8a 8aB 8ac
Hess=| gap &8 8sc |- (A1)
8ac 8Bc 8c

with eigenvalues dictated by the roots of the characteristic polynomial

f(X)_X —-X Zgo'a+x Z A8y +C. (A.2)

o<o/

In this expression, Agyo/= 8080/~ 8oy, AN C=g8h+8584c+8c8an—8A8BEC—28BEACEBC-
Note that the stability of the individual components requires Ag,, > 0 (and g, > 0) for all
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components. Then, MF stability requires

[1'] oo > 09

[2'] AgO'(J'/ > O,

[3.] c<o0, (A.3)
1

(4] g2uger—VA>0, where A=D g0, + ;/(gim ~ Ago0r/2),
Zagag_ﬂ Zogoa+‘/z

[5.] f(f)ZO, and f(f)go

In particular, the last two conditions guarantee the existence of three real solutions. How-
ever, the Hessian matrix (Eq. (A.1)) is a real and symmetric (normal) matrix, and hence it is
guaranteed to be diagonalizable. As such, the characteristic polynomial (Eq. (A.2)) is already
guaranteed to have three real roots by construction and we do not need to check the (rather
complicated) conditions [5.] explicitly. Finally, condition [4.] is automatically satisfied as long
as condition [2.] holds.

In the case of two symmetric components (i.e., g4 = gg = &) coupled to the third compo-
nent with the same interaction strength (namely g,- = gg¢c = G) the characteristic polyno-
mial of the Hessian matrix becomes

fO0) =x—x*(2g+gc)+x(8*—2G.—288c—8as) +[2G(.8—2GEgan—8 8+ 8ap&c]. (A4)
Therefore, MF stability for these three-component mixtures requires
[1.] g>0, and g->0,
[2] lgasl>g, and ggc> Gy, (A.5)
3] G2< (g +am):

For the case of the fully symmetric mixture i.e. g4 = g5 = g¢ = g and gup = Zac = x>
the system is significantly simplified and the MF stability requires —g/2 < G < g. Evidently,
the MF stability window becomes reduced compared to the respective two-component one,
given by —g < gup < g as discussed in Sec. 3.1, and asymmetric with respect to the sign of
the inter-species interaction strength. An intuitive explanation for this phenomenology is the
following. Consider a mixture consisting of N identical components with N particles per com-
ponent, featuring intracomponent interactions g, = g and intercomponent ones g, = G, for
all o, o’. Ignoring any complications stemming from the exchange statistics and distinguisha-
bility, a particle of species o may scatter from N — 1 o-species particles with strength g and
(W —1)N atoms of other components with strength G. Hence we expect that, on average, the
intracomponent interaction strength will be suppressed by a factor of N'—1 (assuming N > 1)
compared to the intercomponent one, yielding an average interaction strength o< (G + Ng—_1)'
We anticipate the stability of this effective single-component mixture to be ensured as long
as its average interaction strength is repulsive (i.e. G > _N‘g—_1)> since the effective single-
component picture does not impose any limitations at the repulsive side. Indeed this pattern
appears to hold for NV = 2, (see Sec. 3.1) N = 3, (see Sec. 4.1) and N = 4 (see Sec. 5.1),
where the lower stability bound corresponds to G > —g, G > —g/2, and G > —g/3 respec-
tively. On the other hand, the only upper bound imposed to the intercomponent interaction
strength G, stems from the stability of its sub-systems which requires G < g regardless of the
number of components. This means that at the repulsive side all components will either be
stable and fully overlap or all components will be mutually unstable and phase separate from
all other components. A hypothetical partially phase separated configuration, with M over-
lapping components in one cluster and A'—M in the other, would feature average intra-cluster
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Asymmetric Phase Separated Configurations
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Figure 7: Parity asymmetric density configurations corresponding to (a) a homonu-
clear two-component mixture with interaction strengths gz = 0.5g, and g4z = 0.4g,
and (b), (c) a heteronuclear mixture characterized by gz = g4 = &, g4 = 0.4¢
and mgy = 2my and my = 5my respectively. (d), (e) The same as before but for
a homonuclear three component mixture with two identical components featuring
84=8 =8c =8, & = —0.5g as well as G; = 0.1g and G- = 0.4g respectively.
(f) Reduced one-body density of the many-body wavefunction occupying the states
corresponding to the classical-field solutions given in (a). In all cases each compo-
nent contains N, = 10 atoms.

interaction strengths o< G + % and o< G + T\/’% respectively, both of which are larger
than the inter-cluster coupling strength G (considering only repulsive interactions). As such,
there is no reason for the clusters to phase separate, which explains why such configurations
do not seem to appear.

B Asymmetric phase-separated configurations

The eGPEs derived in the main text support also ground state solutions with spontaneously
broken parity symmetry in the case of mass-, or interaction-imbalanced mixtures featuring
inter-component repulsion. Namely, these solutions are present in the cases where the phase
separated configurations discussed in the main text appear as illustrated in Fig. 2 (c), Fig. 3(d),
(f), and Fig. 5(e), (f). In Fig. 7(a)-(e) we present the corresponding parity asymmetric solu-
tions for all cases mentioned above. In all cases, these solutions feature slightly lower energies
(e.g. the relative energy difference is ~ 0.3% [~ 0.25%] for the homonuclear [heteronuclear
with mg = 5m,] two-component mixture presented in Fig. 7(a) [Fig. 7(c)]) than the parity
symmetric configurations shown in the main text. However, as mentioned in the main text, we
consider such asymmetric phase-separated configurations to be associated with the classical-
field approximation since they are not in principle permitted under a many-body wavefunction
Ansatz. As such, within the main text we present and discuss the respective parity symmetric
solutions as the ground state of the system in-spite of the slightly larger energy owing to the
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larger kinetic energy. We have confirmed that both types of solutions (i.e., symmetric and
asymmetric) are robust when exposed to small amplitude perturbations, e.g., emulated by a
random noise distribution across the spatial profile of the solution, and they afterwards let to
evolve at least for total evolution times T = 10* i /(m,g?2) that we have checked. It is also im-
portant to remark that the existence of these configurations should not be under-appreciated.
They can naturally emerge in corresponding experiments e.g. even in the presence of relatively
small magnetic field gradients or other symmetry breaking contributions due to un-avoidable
imperfection sources. Moreover, these domain-wall like distributions are interesting on their
own right e.g. for dynamical applications in order to create topological excitations or study
hydrodynamic instabilities.

To clarify our argument about the many-body wavefunction structure, consider as an ex-
ample the homonuclear two-component mixture. Let ®,(x), ®5(x), be the single particle
wavefunctions corresponding to the densities depicted in Fig. 7(a). We note in passing that
all the configurations shown in Fig. 7(a)-(e) are, of course, doubly degenerate and their parity
transformed counterpart is also a solution with the same energy, due to the parity symmetry of
the ensuing Hamiltonian. Hence, neglecting any higher order correlations, the simplest form
of the many-body wavefuntion for our homonuclear mixture, consistent with the results from
the eGPEs would be:®

o) = || A (|4>A(x)>|¢>3(x» N |<1>A(—x>>|<1>3(—x)>). ®.1)

Therefore, the corresponding diagonal of the reduced single-particle density matrix (namely,
p;(x) = Tr,(¥|¥)) of the underlying many-body system is not the one presented in Fig. 7(a),
but it has the significantly more involved spatial profile illustrated in Fig. 7(f). Obviously, this
structure can be associated with a significantly higher energy (at the level of the classical-
field approximation) than either the parity symmetric solution shown in Fig. 2 (c), or the
parity asymmetric solution depicted in Fig. 7(a). Finally, let us mention explicitly that the
parity symmetric solutions discussed throughout the text can be directly associated with the
reduced single-particle density of a many-body wavefunction (at the same level of approx-
imation) since they are not degenerate. Namely, if @i(x), @g(x) are the parity symmet-
ric single particle wavefunctions corresponding to the densities illustrated in Fig. 2(c), then
|¥) = 4/N4N|®5(x))|@5(x)) is a valid (parity symmetric) many-body wavefunction, with the
diagonal of its reduced single-particle density matrix being exactly the structure shown in
Fig. 2(c). Thus, the densities of the parity symmetric solutions of the eGPEs can be interpreted
as the reduced single-particle densities of the ground-state many-body wavefunction of the
atomic gas and their energy can be interpreted as the energy of the many-body configuration
(within the accuracy of the perturbative calculation). In contrast, parity asymmetric configu-
rations do not permit this interpretation even if they correspond to a lower energy within the
classical-field approximation, although upon proper symmetrization they could correspond to
avalid (in general excited) many-body configuration (as the one shown in Fig. 7(f)). Of course
as mentioned already, the situation changes in the presence of external parity breaking contri-
butions which would lift the degeneracy of the parity asymmetric configurations and void the
need for the symmetrization, thus making the corresponding parity asymmetric configurations
valid candidates for the ground-state of the atomic gas.

®In  general, the mirror symmetry is around the center-of-mass of the system
(c = %(NiAanxdx + NLBanxdx) A~ 28.5 in our case) which is arbitrary owing to the underlying transla-
tion symmetry.
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