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Abstract

Thermalization of isolated and open quantum systems has been studied extensively.
However, being the subject of investigation by different scientific communities and being
analysed using different mathematical tools, the connection between the isolated (IQS)
and open (OQS) approaches to thermalization has remained opaque. Here we demon-
strate that the fundamental difference between the two paradigms is the order in which
the long time and the thermodynamic limits are taken. This difference implies that they
describe physics on widely different time and length scales. Our analysis is carried out
numerically for the case of a double quantum dot (DQD) coupled to a fermionic lead, also
known as the interacting resonant level model in quantum impurity physics. We show
how both OQS and IQS thermalization can be explored in this model on equal footing, al-
lowing a fair comparison between the two. We find that while the quadratically coupled
(free) DQD experiences no isolated thermalization, it of course does experience open
thermalization. For the non-linearly interacting DQD coupled to a fermionic lead, the
many-body interaction in the DQD breaks the integrability of the whole system. We find
that this system shows strong evidence of both OQS and IQS thermalization in the same
dynamics, but at widely different time scales, consistent with reversing the order of the
long time and the thermodynamic limits.
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1 Introduction

Common experience shows that a system kept in contact with surroundings at a given tem-
perature eventually thermalizes to that temperature. This forms the basis of much of stan-
dard thermodynamics and statistical physics. Yet, how such a process can consistently arise
from the principles of quantum mechanics has been one of the fundamental questions, with
a long history across physics [1–13] and mathematics [14–22]. Two classes of approaches
to this problem have now become well-established. The first is the open quantum system
(OQS) approach. In this approach, the surrounding environment (bath) of the system is usu-
ally modelled via a continuum of bosonic or fermionic modes, initially in a Gibbs state with
a given temperature, uncorrelated with the system. Equations describing the dynamics of the
system are then derived by formally integrating out the bath degrees of freedom. This can
be done in any of the standard approaches to OQS, like quantum master equations [23, 24],
non-equilibrium Green’s functions, Feynman-Vernon influence functional, Keldysh-Schwinger
path integrals [25–27] and quantum Langevin equations [12,13,28–32]. The OQS approach
then aims to show that, irrespective of the initial state of the system, in the long-time limit,
the system approaches a steady state consistent with the initial temperature of the bath. This
state of the system is expected to be the marginal of the global Gibbs state of the system and
the bath [7–13]. This is the starting point of many strong-coupling approaches to quantum
thermodynamics, where such a state is called the mean-force Gibbs state (MGS) [33–35]. To
the leading order for a small system-bath coupling, the MGS is the Gibbs state of the system
with the temperature of the bath, which is completely consistent with the notion of thermal-
ization in standard statistical physics. Considerable efforts have historically been dedicated
to derive physically consistent weak system-bath coupling quantum master equations for the
system degrees of freedom, satisfying convergence to the Gibbs state of the system [23]. The
fundamental limitations of such an approach have been appreciated only recently [36, 37],
and an improved quantum master equation that ensures convergence to the MGS has been
derived [38].
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In a second well-established approach to describing the process of thermalization, no de-
marcation is made between the system and the surroundings. The whole set-up is taken to be
isolated and evolving according to a global, hermitian Hamiltonian [4,6,39–61]. We call this
the Isolated Quantum System (IQS) approach. A particularly important view within the IQS
approach is the so-called Eigenstate Thermalization Hypothesis (ETH) [1–3,5,44,50], which
has become a cornerstone in the present understanding of chaos and integrability in quantum
many-body systems. In the ETH approach, the initial state of the global set-up is taken to be a
generic state which is sharply peaked at some given energy, and it is assumed that the global
Hamiltonian is non-integrable [50]. It is then argued that for large times, the state of any
small subsystem of the entire set-up relaxes to the marginal of the global Gibbs state, up to
sub-extensive corrections. The temperature of the Gibbs state is consistent with the energy of
the global state.

The non-integrability condition is not fulfilled for “free” models, for which the Hamiltonian
is quadratic in bosonic or fermionic creation and annihilation operators, with no further non-
linear interactions present. For these “non-interacting” models, the ETH approach is known
to fail [50, 52]. Yet, in the OQS approach, the convergence to the MGS has been proven
analytically precisely for this class of Hamiltonians [10–13]. This provides a clear example
that the two ways of describing thermalization refer to different physics, although, to our
knowledge, a fair comparison between them has never been attempted.

Summary of results. To carry out this case study, we consider the physical model of a double
quantum dot (DQD) coupled to a fermionic lead. The model is graphically illustrated in Figure
1. This model is studied in the quantum impurity literature under the name of “interacting
resonant level model” [62–65], and has been controllably realized in a recent experiment [66].
We present here an outline of our results, also summarised in Table 1, and refer to a more
detailed discussion in the coming sections.

Figure 1: Schematic of DQD coupled to a fermionic lead. The system of interest is that
of two fermionic sites (blue discs) which form a double quantum dot (DQD). The
DQD is linearly coupled to a chain of LB fermionic sites (yellow discs) that represent
a fermionic lead (bath). The hopping (blue lines) within the lead is gB. The hopping
constant within the DQD is g, while between the DQD and the lead it is γ. In addition,
a nearest neighbour repulsive many-body interaction with strength V (grey arrow)
may act between the two sites of the DQD. The Hamiltonian for the full, closed,
spinless fermion chain (orange box) is given by (1). We refer to V = 0 as the free
fermion model, and to V > 0 as the interacting DQD model.
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Table 1: Summary of model and four results, see main text for details.

Ĥ(LB) = g ( ̂c†
1 ̂c2 + ̂c†

2 ̂c1) + V ̂n1 ̂n2 + γ ( ̂c†
2b̂1 + b̂†

1 ̂c2) + gB

LB−1

∑
ℓ=1

(b̂†
ℓb̂ℓ+1 + b̂†

ℓ+1b̂ℓ)

  [DQD w. interaction ]ĤS V  [DQD-lead coupling]ĤSB  [fermionic lead (bath)]ĤB(LB)

DQD+lead 
Hamiltonian

DQD+lead 
initial state |ψ(0)⟩ = e−βĤ ini(LB)/2

Zini(LB)
D

∑
n=1

(an + ibn) | χn⟩ Ĥ ini(LB) = Ĥ ini
S + ĤB(LB)

with initial decoupled Hamiltonian

and random Gaussian distributed  
weights  for basis states an, bn | χn⟩

different  
regimes

OQS regime IQS regime

t ≤ toqs with toqs = LB − L0
gB

t ≫ toqs

thermalization  
statement

lim
LB→∞

̂ρS(toqs; LB) = ̂ρMGS ⟨ ̂A⟩ = A(E) + 𝒪(L−1
B )

δ⟨ ̂A⟩2 ≤ C e−α LB

for reduced 
system state ̂ρS

for time-averaged 
expectation value  
and variance of  
local observables ̂A

(free fermions)

(interacting case)

V = 0

V > 0

thermalization statement 
not satisfied

thermalization statement 
satisfied

thermalization statement 
satisfied

thermalization statement 
satisfied

integrable

non-integrable*

1

2 3 4

For the DQD+lead model, we construct typical initial states |ψ(0)〉, see details in Section
3.1. These allow us to explore both, the open quantum system (OQS) and the isolated quantum
system (IQS) notions for thermalization in the same dynamics.

(1) We numerically evidence a crossover between OQS and IQS behaviors and identify a
time scale toqs, proportional to the size of the bath LB ≫ 1, beyond which this crossover
happens; see Section 3.3.1.

(2) We numerically confirm OQS thermalization on the time scale toqs, for both the free
fermionic case (V = 0) and the interacting case (V ̸= 0); see Section 3.3.2. Note that
there is no mathematical proof for such thermalization when V ̸= 0.

(3) We confirm that integrability of the DQD+lead system is broken for V ̸= 0 by evidencing
level repulsion, a crucial feature of non-integrability. However, looking at the full level-
spacing distribution for the largest numerically accessible system size for exact diago-
nalization, we find that it shows significant differences to the Wigner-Dyson distribution
expected for non-integrable systems; see Appendix A. To highlight this difference from
full non-integrable behavior, we refer to this model as non-integrable∗.

(4) Finally, we obtain numerical results for the dynamics at times t ≫ toqs, showing that
thermalization in the IQS sense is indeed obeyed for the interacting case (V ̸= 0); see
Section 3.4.2. As expected, no such IQS thermalization occurs in the free fermionic case
V = 0, contrasting with the OQS thermalization found at earlier times.

These results demonstrate that both the OQS and IQS thermalization statements can be as-
sessed for the DQD coupled to the fermionic lead, putting the emphasis on the crucial role of
the time-scale separation and the order of limits. For times t ≤ toqs ∝ LB the DQD follows
the thermalization process described by the OQS approach. For much longer times t >> toqs
thermalization happens as characterized by the IQS statements, provided the system is not
integrable.

4

https://scipost.org
https://scipost.org/SciPostPhys.19.5.136


SciPost Phys. 19, 136 (2025)

2 Setting and OQS vs. IQS approaches to thermalization

In this section, we introduce the specific physical model considered here as an illustrative
example, as well as the general open quantum system (OQS) and isolated quantum systems
(IQS) approaches to describe the dynamics of a quantum system.

2.1 Double quantum dot (DQD) coupled to fermionic lead

We consider the dynamics of a DQD coupled to a fermionic chain of length LB, see Fig. 1. The
global Hamiltonian is

Ĥ(LB) = ĤS + ĤSB + ĤB(LB) , (1)

where

ĤS = g
�

ĉ†
1 ĉ2 + ĉ†

2 ĉ1

�

+ V n̂1n̂2 , (2)

ĤSB = γ
�

ĉ†
2 b̂1 + b̂†

1 ĉ2

�

, (3)

ĤB(LB) = gB

LB−1
∑

ℓ=1

�

b̂†
ℓ
b̂ℓ+1 + b̂†

ℓ+1 b̂ℓ
�

. (4)

The operator ĤS describes the Hamiltonian of the bare DQD, the “system”, which consists
of two fermionic sites representing two quantum dots. Here ĉp for p = 1, 2 is the fermionic
annihilation operator of the p-th site, and n̂p = ĉ†

p ĉp are the fermionic occupation number
operators. The hopping amplitude between the two quantum dots is given by g, while V > 0
gives the repulsive many-body interaction between the two dots.

The second site of the DQD is coupled to a “bath”: a chain of nearest neighbour tight-
binding fermions with LB sites. The bath Hamiltonian is ĤB(LB), with intra-bath hopping
constant gB. Here b̂ℓ denotes the fermionic annihilation operator of the ℓ-th site of the bath.
The coupling between the system and the bath is given by the interaction operator ĤSB, which
is just a hopping term between the second site of the system and the first site of the bath, with
hopping strength γ.

Apart from the V -repulsion term in the DQD, all other terms in Ĥ(LB) are quadratic in
fermion creation and annihilation operators. Therefore, V = 0 corresponds to free fermions.
However, when V ̸= 0, then a fourth order many-body interaction term is present in the Hamil-
tonian, and we will refer to this case as the interacting DQD. In the following, we discuss the
notion of thermalization in both open quantum system (OQS) and isolated quantum system
(IQS) approaches, highlighting their differences, and pointing out how our setting can corre-
spond to both.

2.2 OQS thermalization

This section provides general background on the OQS approach applicable for any system-

bath Hamiltonian [23–26]. Consider an initial system-bath state of product form ρ̂S(0)
e−β ĤB

ZB
,

in which the system is in any state ρ̂S(0), and the bath is in a thermal equilibrium state with
respect to the bath’s bare Hamiltonian ĤB(LB) at inverse temperature β , with bath partition
function ZB = TrB

�

e−β ĤB

�

. Since our setting has conservation of number of particles, a more
general initial state would consider a chemical potential for the bath. In this paper, for sim-
plicity, we set the chemical potential to zero. The dynamics of the DQD is obtained by tracing
out the bath degrees of freedom of the full density matrix at time t,

ρ̂S(t; LB) = TrB

�

e−i t Ĥ(LB) ρ̂S(0)
e−β ĤB(LB)

ZB
ei t Ĥ(LB)

�

, (5)
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where we set ħh= 1. The DQD state in the thermodynamic limit, LB →∞, is denoted by

ρ̂S(t) = Λ̂(t) [ρ̂S(0)] = lim
LB→∞

ρ̂S(t; LB) , (6)

which defines Λ̂(t), a completely positive trace preserving map on system density matrices. All
standard techniques in OQS theory, like quantum master equations, non-equilibrium Green’s
functions, the Feynman Vernon influence functional, Keldysh-Schwinger path integrals, quan-
tum Langevin equations etc. [23,25,26,28], are formalisms to describe the dynamics of ρ̂S(t)
under this completely positive trace preserving map. For all these OQS techniques, taking
the limit LB →∞ is crucial, because it is in this limit that the bath becomes a continuum of
fermionic modes and the dynamics becomes dissipative (irreversible).

We now discuss the thermodynamic limit LB →∞ for the bath Hamiltonian ĤB(LB), (4).
It is useful to go to the single particle eigenbasis of the bath by diagonalizing the tight-binding
chain. The bath Hamiltonian and the system-bath coupling Hamiltonian then become

ĤB =
LB
∑

r=1

Ωr B̂†
r B̂r , with Ωr = 2gB cos

�

πr
LB + 1

�

, and ĤSB =
LB
∑

r=1

κr

�

ĉ†
2B̂r + B̂†

r ĉ2

�

, (7)

where B̂r =
LB
∑

ℓ=1

Φℓr b̂ℓ , with Φℓr =

√

√ 2
LB + 1

sin
�

πℓr
LB + 1

�

, and κr = γΦ1r . (8)

In the above, B̂r is the annihilation operator for the r-th mode of the bath. It is a standard fact
from OQS theory [23, 25, 26, 28] that for such a linearly coupled system and in the LB →∞
limit, the influence of the bath on the system dynamics (DQD) is entirely governed by the bath
spectral function, also called the hybridization function, defined as

J(ω) = 2π lim
LB→∞

LB
∑

r=1

|κr |2δ(ω−Ωr) . (9)

In other words, Λ̂(t) depends on the bath Hamiltonian parameters only through the quantity
J(ω). Using Eq. (7) and (8) in Eq. (9), and converting the summation to an integral taking
q = (πr)/(LB + 1) and dq = π/(LB + 1), the bath spectral function for (7) is found to be

J(ω) = 4γ2

∫ π

0

dq sin2(q) δ(ω− 2gB cos q) =
2γ2

gB

√

√

√

1−
�

ω

2gB

�2

, for |ω| ≤ 2gB , (10)

and J(ω) = 0 for |ω|> 2gB.
Typically, due to the contact with the bath, the evolution of the system is driven to a sta-

tionary state, or steady state, in the long time limit, provided that the system-bath interaction
is “effective”, allowing for energy exchange processes between the two components, and the
bath is in the thermodynamic limit. This is usually guaranteed to happen if the bath spectral
function does not vanish at the Bohr (transition) frequencies of the system, ensuring that bath
quanta can induce transitions in the system by absorption and emission processes. This is a
general feature of open systems, discussed for example in [12, 16, 17, 20–24]. In such situa-
tions, the long-time steady state is very often unique, i.e, independent of the initial state of
the system. We will only consider parameter regimes where there is a unique steady state.

Given this setting, the statement of thermalization in the OQS approach is:

lim
t→∞

�

lim
LB→∞

ρ̂S(t; LB)
�

= ρ̂MGS , (11)
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where we recall the definition of the reduced density matrix ρ̂S(t; LB) in (5), and where the
mean force Gibbs state is defined by

ρ̂MGS = lim
LB→∞

TrB

�

e−β Ĥ(LB)

Z(LB)

�

, (12)

with total partition function Z(LB) = Tr
�

e−β Ĥ(LB)
�

. In other words, the state of the system
should converge to the mean force Gibbs state in the long time and thermodynamic limits of
the set-up, irrespective of the initial state of the system. However, it is important to note the
order of limits. In the OQS approach, the system is expected to converge to its asymptotic,
mean force Gibbs state if first one takes the large bath limit, LB → ∞, and afterwards one
takes the long time limit, t →∞.

We note that although the above statement of OQS thermalization is expected to hold gen-
erally, so far it has only been proven for special cases. These include free fermionic and free
bosonic models [7–13] and a range of results in the regime of ultraweak and weak coupling
between system and bath [7,9,18–23,36,38,67–72]. Hence it becomes important to numeri-
cally check the notion of thermalization of OQS beyond weak system-bath coupling and with
non-linear interactions present, where analytical proofs that OQS thermalization occurs are
lacking. The task will thus be to check for the validity of Eq. (11) for the DQD in the presence
of the non-linear V interaction, see Fig. 1.

Let us close this section by pointing out that our numerical analysis is based on finite size
reservoirs. Even when LB is finite, for t ≤ toqs, the DQD effectively perceives the lead as a
continuum bath with infinite degrees of freedom. For t ≫ toqs, the DQD is strongly affected
by the finiteness of the fermionic lead.

2.3 IQS thermalization

Now turning to the isolated quantum system (IQS) approach, here one does not make a dis-
tinction between the DQD and the fermionic lead. Rather, one considers the two together as
an isolated system. Now, an observable Â, that is, in our case, an operator acting on the whole
DQD plus fermionic lead, is called local if it acts non-trivially on a fixed set of sites, indepen-
dently of how large we take LB, or is a sum of such observables. For example, observables
acting on the first two sites (on the DQD, see. Fig. 1) are local.

To state the thermalization in the IQS approach, we look at the expectation value of the
local operator Â as a function of time

〈Â(t)〉= 〈ψ|eiĤ t Âe−iĤ t |ψ〉 . (13)

The initial state |ψ〉 is supposed to have a small energy spread around the given value
E = 〈ψ|Ĥ|ψ〉. This is usually quantified as [50]

〈ψ|Ĥ2|ψ〉 − 〈ψ|Ĥ|ψ〉2

〈ψ|Ĥ|ψ〉2
∼ O(L−1

B ) . (14)

We denote by A(E) the expectation value of Â in the microcanonical ensemble at energy E [73].
From the equivalence of ensembles in standard statistical physics, one has

A(E) = lim
LB→∞

Tr

�

Â
e−βE Ĥ

Z

�

, (15)

where the microcanonical entropy S at energy E is used to define the microcanonical inverse
temperature,

βE =
∂ S(E)
∂ E

. (16)

7

https://scipost.org
https://scipost.org/SciPostPhys.19.5.136


SciPost Phys. 19, 136 (2025)

In this setting, the statement of thermalization in the IQS approach now is [4,39–46,49–56]

〈Â〉 := lim
t→∞

1
t

∫ t

0

d t ′〈Â(t ′)〉= A(E) +O(L−1
B ) , (17)

δ〈Â〉2 := lim
t→∞

1
t

∫ t

0

d t ′
�

�

�〈Â(t ′)〉 − 〈Â〉
�

�

�

2
≤ Ce−αLB . (18)

The first equalities in (17) and (18) are definitions. The second equality in (17) and the
inequality in (18) defines the meaning of thermalization in IQS. In Eq. (18), the constants C
and α are non-universal positive constants which are independent of LB.

Equation (17) says that the infinite time average of the expectation value deviates from
its value obtained from the microcanonical ensemble by a small term, having size at most
of the order of L−1

B . The second IQS thermalization statement (18) says that time-averaged
fluctuations about the infinite time average are exponentially small in LB, in the long time
limit. These two statements combined say that for large times, the time-averaged expectation
value of the local observable approaches its (infinite time) mean value modulo exponentially
small fluctuations in LB.

For large enough values of LB, and since, in our example, the DQD consists of only the first
two sites of chain (see. Fig. 1), the inverse temperature βE in Eq. (16) depends minimally on
the initial state of the DQD, and equals to a very good approximation the fermionic lead’s in-
verse temperature β , governed by the lead’s initial state. Then, for local operators ÂS that only
act on the DQD Hilbert space, the IQS statement of thermalization given in Eq.(17) becomes

〈ÂS〉= AMGS+O(L−1
B ) , (19)

where AMGS, defined as
AMGS = Tr
�

ÂS ρ̂MGS

�

, (20)

is the expectation value of ÂS in the mean force Gibbs state (12). The inverse temperature
β appearing in the state ρMGS is the inverse temperature obtained from initial state of the
fermionic lead. Due to the small contribution to the total energy stemming from the interaction
between the DQD and the fermionic lead, beyond a minimal lead size LB, the value of AMGS
will remain approximately constant under further increase of LB.

Considering local observables on the DQD, and combining Eq. (19) with Eqs. (17) and
(18), we see that thermalization in the IQS approach also means convergence of the state
of the DQD to ρ̂MGS, in the long time and thermodynamic limit. At first sight this appears
similar to thermalization in the OQS approach. However, there are crucial differences, which
we describe below.

2.4 Distinguishing OQS and IQS thermalization

The main difference between the OQS and IQS notions of thermalization is the order in which
the long time and the thermodynamic limits are taken. The OQS thermalization refers to
convergence to ρ̂MGS when the thermodynamic limit (LB →∞) is taken first, and then the
long-time limit (t →∞) is taken (see Eq. (11)). In the IQS approach, first an infinite time
average of any observable is taken for a fixed finite LB. The statements of the IQS thermaliza-
tion tell us how this value approaches the corresponding value obtained from ρ̂MGS, and how
the fluctuations about the latter decay, with increasing LB (see Eqs.(17),(18)).

This difference has important consequences. In most of the literature, thermalization
in the IQS approach is discussed for quantum many-body systems, i.e, in the presence of
many-body interactions [4, 39–61]. In particular, the most well-accepted mechanism for IQS
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thermalization is the so-called eigenstate thermalization hypothesis (ETH) [1–3, 5, 44, 50],
which is expected to apply to non-integrable quantum systems. Thermalization in the IQS
has been numerically established in a range of quantum non-integrable many-body systems
[4, 44, 47, 48, 50, 52, 53, 55, 56, 58, 60]. The requirement of non-integrability excludes cases
such as free fermions and free bosons, where many-body interaction terms are absent in the
Hamiltonian. ETH does not apply and IQS thermalization is not expected to occur in such sys-
tems. This is in stark contrast with the fact that proofs for the OQS thermalization are known
only for free fermionic and free bosonic systems [7–13, 16–22]. Thus it may appear that the
two notions of thermalization are at odds with each other, predicting that the same system
does or does not thermalize. In the current work, we resolve this seeming inconsistency.

Recalling the concepts of OQS and IQS thermalizations discussed in Secs. 2.2 and 2.3
above, there seems to be a second key difference: while OQS thermalization is discussed for
initial states of the whole set-up that are mixed, IQS thermalization is usually discussed for
initial pure states. As we will discuss in Sec. 3.1 below, this difference can be completely
bridged. Before we get to that, we next outline how to obtain the state of the DQD as a
function of time.

2.5 Obtaining the density matrix of the DQD

To present the equilibration results for the OQS and the IQS approach in section 3, we use four
local DQD operators which fully describe the DQD state, as we explain now.

For any initial state ρ̂(0) of the DQD plus the fermionic leads, see Eq. (5), the reduced
DQD density matrix at time t is given by

ρ̂S(t; LB) = TrB

�

e−i t Ĥ(LB) ρ̂(0) ei t Ĥ(LB)
�

. (21)

The global Hamiltonian Ĥ(LB) is number conserving, i.e., it commutes with the total number
operator N̂tot = c†

1c1 + c†
2c2 +
∑LB
ℓ=1 b†

ℓ
bℓ. We will denote the total number of excitations as N .

When the initial state ρ̂(0) also commutes with the total number operator

[ρ̂(0), N̂tot] = 0 , (22)

then the reduced density matrix ρ̂S(t; LB) leaves the sectors of a fixed number (0 or 1 or 2) of
excitations of the DQD invariant. In this case the time-evolved DQD density matrix is of the
form

ρ̂S(t; LB) =







ρ00,00(t) 0 0 0
0 ρ01,01(t) ρ01,10(t) 0
0 ρ10,01(t) ρ10,10(t) 0
0 0 0 ρ11,11(t)






, (23)

written in the ordered orthonormal basis {|00〉, |01〉, |01〉, |11〉} of the DQD Hilbert space, la-
beling the excitations of the two DQD sites. Using the notation

〈Â(t)〉 := Tr
�

Â e−i t Ĥ(LB) ρ̂(0) ei t Ĥ(LB)
�

, (24)

the matrix elements of (23) are expressed entirely in terms of the expectations of the four DQD
operators

〈n̂1(t)〉 , 〈n̂2(t)〉 , 〈ĉ
†
1(t)ĉ2(t)〉 , 〈n̂1(t)n̂2(t)〉 , (25)
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which of course depend on the bath size LB. Explicity, we have

ρ01,10(t) = ρ
∗
10,01(t) = 〈ĉ

†
1(t)ĉ2(t)〉 ,

ρ11,11(t) = 〈n̂1(t)n̂2(t)〉 ,
ρ10,10(t) = 〈n̂1(t)〉 − 〈n̂1(t)n̂2(t)〉 ,
ρ01,01(t) = 〈n̂2(t)〉 − 〈n̂1(t)n̂2(t)〉 ,
ρ00,00(t) = 1−ρ10,10(t)−ρ01,01(t)−ρ11,11(t) .

(26)

In this paper, we will consider states satisfying Eq. (22) for all our analysis, without further
mention.

3 Results

In this Section we present our main results, which were summarised in Table 1 above.

3.1 Treating OQS and IQS on same footing via dynamical typicality

We first explain the concept of dynamical typicality and then we show how we can use that to
treat both the OQS and the IQS formalisms on the same footing.

Let {|χn〉}
Dtot
n=1 be an arbitrary orthonormal basis of the entire system plus bath Hilbert space

of dimension Dtot = 2LB+2. Let also an and bn be independent, identically distributed random
numbers with Gaussian distribution of mean 0 and variance 1/2. A state of the form

|ψ〉= R̂
Dtot
∑

n=1

(an + i bn)|χn〉 , (27)

where R̂ is an arbitrary linear operator in the Hilbert space, is called a typical state [74, 75].
Denote by E the average (expectation) with respect to the Gaussian distribution of the an, bn.
It can be verified that for any observable Â we have E

�

〈ψ|Â|ψ〉
�

= Tr
�

R̂R̂†Â
�

[74, 75]. If R̂
is chosen such that R̂R̂† is a density matrix, then the last equality means that the expectation
value of operator Â averaged over the ensemble of pure states |ψ〉 is the same as taking the
quantum-mechanical average of Â in the state ρ̂ = R̂R̂†. Moreover, if Tr[ρ̂2] ≪ 1, i.e, if the
density matrix ρ̂ is sufficiently mixed, then the sample to sample fluctuations coming from
the Gaussian distribution of the an, bn, decay as ∼ D−1

tot [74, 75]. Since, in the current model,
Dtot = 2LB+2, those fluctuations are exponentially suppressed with increase in the lattice size
LB. Therefore, for large LB, operator expectation values obtained from a single realization of
the typical state |ψ〉 closely approximate those obtained from the ensemble averaged state
ρ̂ = R̂R̂†,

〈ψ|Â|ψ〉 ∼ Tr
�

ρ̂Â
�

. (28)

Here the ∼ sign means that a single realization gives an operator expectation value very close
to that obtained for the Gaussian averaged state. This is the statement of dynamical typicality
[74,75].

Our main idea here is to use dynamical typicality to pass between pure initial states used
in the formulation of the IQS approach (Section 2.3) and mixed (equilibrium) initial states
used in the OQS approach (Section 2.2). We will therefore use, for both the OQS and IQS
approaches, initial states of the form

|ψ(0)〉=
e−β Ĥ ini(LB)/2
p

Z ini(LB)

Dtot
∑

n=1

(an + i bn)|χn〉 , (29)
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where Z ini(LB) is a normalization constant. The operator in front of the sum in (29) is the
square root of the thermal density matrix associated with the uncoupled system-bath Hamil-
tonian

Ĥ ini(LB) = Ĥ ini
S + ĤB(LB) , (30)

where the fermionic lead Hamiltonian ĤB(LB) is given in (4). Furthermore, Ĥ ini
S is a new

initial-state system-Hamiltonian, defined by

Ĥ ini
S = ϵ

ini
1 n̂1 + ϵ

ini
2 n̂2 + g ini
�

eiφini
ĉ†
1 ĉ2 + e−iφini

ĉ†
2 ĉ1

�

+ V ini n̂1n̂2 , (31)

where the parameters ϵini
1,2, g ini, φini and V ini are arbitrary real numbers.

According to (28), applied to the observable Â(t) = ei t Ĥ(LB)Âe−i t Ĥ(LB), the dynamics of
expectation values starting in the pure initial state in Eq. (29) (for any randomly chosen values
of an, bn and LB large) is indistinguishable from the dynamics starting in the total mixed state

ρ̂(0) =
e−β Ĥ ini(LB)

Z ini(LB)
= ρ̂S(0)

e−β ĤB(LB)

ZB(LB)
, (32)

where Z ini(LB) = Z ini
S ZB(LB) and the initial system state is expressed as ρ̂S(0) =

e−β Ĥini
S

Z ini
S

. The

initial state ρ̂(0) is thus a product of the DQD and the fermionic lead, where the lead always
starts in a thermal state at inverse temperature β . Varying over the parameters in Ĥ ini

S allows us
to describe arbitrary initial states of the DQD, which furthermore commute with the number of
particles in the DQD. Note that ρ̂(0) commutes with the operator of total number of excitations,
N̂tot (see also(22)). We consider ρ̂(0) as a grandcanonical density matrix with µ = 0, rather
than a canonical density matrix ρ̂N (0) in a fixed number sector of excitations N , i.e.

ρ̂(0) =
LB+2
∑

N=0

eβµN ρ̂N (0)
∑LB+2

k=0 eβµk
, which for µ= 0 , becomes : ρ̂(0) =

1
LB + 3

LB+2
∑

N=0

ρ̂N (0) . (33)

This means that for simulations starting from the typical state (29) we average over all num-
ber sectors. This contrasts with many studies on ETH where only the half-filled sector (i.e.
N = LB

2 + 1) is considered.
Finally we note that ρ̂(0) in Eq.(32) is a thermal state of a short range Hamiltonian, which

differs from Ĥ(LB) only in the first two sites. By virtue of equivalence of ensembles of statistical
physics, this guarantees that ρ̂(0) has a small spread in energy. The analog of Eq. (14) is then
satisfied for the expectation values for the mixed state ρ̂(0) obtained from the Hamiltonian
Ĥ ini(LB). The same will hold when calculating the expectation values with respect to Ĥ(LB)
instead. Since this is the same as obtaining the expectation values from |ψ(0)〉 in Eq. (29),
our choice of initial state satisfies Eq. (14). We have also confirmed this numerically.

Thus, for exploring both OQS and IQS thermalization, we need to evolve the state |ψ(0)〉
in Eq. (29) to a long time using the full Hamiltonian of DQD and the fermionic lead, for finite
but large enough LB. We need to obtain the four DQD expectation values given in Eq. (25)
as a function of time. Obtaining such data for various values of LB allows us to check both
OQS thermalization [Eq. (11)] and IQS thermalization [Eqs. (17), (18), (19)]. We require
neither separate models nor separate initial states to consider thermalization in OQS and IQS
approaches. Rather, as we establish later, we only need to consider separate time regimes of
the same data obtained from the same model starting with the same initial state. This allows a
fair comparison of the two approaches to thermalization and highlights the difference between
the two.
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Checking for thermalization requires obtaining the thermal DQD expectation values inde-
pendently (see Eq. (12)). This can also be straightforwardly obtained using the typical state
approach by calculating DQD expectation values with respect to the state

|ψmf〉=
e−β Ĥ(LB)/2
p

Z(LB)

Dtot
∑

n=1

(an + i bn)|χn〉 , (34)

where Ĥ(LB) is the full Hamiltonian of DQD and the fermionic lead (see Eq. (1)), and Z(LB)
is the normalization constant for the state.

Numerical technique. Before we present our numerical results, we here briefly comment
on how the numerics were carried out. As mentioned in Sections 2.2 and 2.3, for both the
OQS and IQS approaches, one must consider large bath sizes LB and simulate the dynamics
up to long enough times. For V ̸= 0, free-fermion techniques do not apply and numerical
implementations are hard because the Hilbert space dimension D scales exponentially with
LB. Nevertheless, the global Hamiltonian Eq. (1) describes a nearest neighbour tight-binding
chain of spinless fermions, with nearest neighbour many-body interaction only between the
first two sites. Written in the Fock state basis, the Hamiltonian is block diagonal because num-
ber of particles is conserved. Additionally, it is a sparse matrix. Within our computational
resources, exact diagonalization is possible up to LB = 18 (total chain length is 20 sites).
However, this size is not large enough to clearly demonstrate all of the effects we wish to ex-
plore. We thus use the Chebyshev polynomial method [76–79], in which the dynamics can be
simulated without diagonalizing the Hamiltonian, but rather repeatedly using sparse matrix
vector multiplications. The initial state in Eq. (29), as well as the state required for calculat-
ing the thermal expectation values Eq.(34), can also be prepared similarly, using imaginary
time evolution. With this method, we can reach up to LB = 26 within our computational re-
sources (total chain length is 28 sites, size of the largest block of Hamiltonian in Fock space
is 40,116, 600). More importantly, it allows the simulation up to extremely long times (up to
∼ 2000g t). The chain sizes and times treatable with this method are large enough to clearly
explore thermalization in both OQS and IQS regimes, as we see next.

3.2 Numerical results: OQS to IQS crossover in the same dynamics

We now show numerical results obtained via the procedure detailed in the previous subsection.
To simulate the dynamics starting from an arbitrary, but fixed, initial state of the DQD we
choose a set of random parameters in Ĥ ini

S . In Fig. 2 we show plots of the dynamics of a
representative observable of the DQD for various values of LB, starting from two different
initial conditions, and for the cases V = 0 and V = g. In all four cases, we see that the value
of LB hardly affects the dynamics up to some time. Thus, within this time, the DQD does not
feel the finiteness of LB. The dynamics in this regime therefore corresponds to the LB →∞
case, and hence to the OQS case. The expectation values in this regime show clear relaxation
dynamics towards those obtained with ρ̂MGS, irrespective of the initial state. This is true for
both V = 0 and V = g, as expected for OQS thermalization.

Beyond this regime, the finiteness of LB is seen. We call this the IQS regime, because
the usual assumption of a bath with infinite degrees of freedom does not hold here. In this
regime, the nature of the dynamics differs greatly for V = 0 and V = g. For V = g we see
clear signatures of relaxation, while for V = 0, we do not see the same within the available
values of LB. As we show later, the data for V = g in this regime show strong signature of IQS
thermalization.
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Figure 2: Crossover between OQS and IQS regimes: Shown is the dynamics of a repre-
sentative DQD observable, 〈n̂1(t)n̂2(t)〉, for different bath sizes LB, starting from an
initial state of the form in Eq. (29), with two different sets of randomly chosen pa-
rameters in Ĥ ini

S , see Eq. (31), corresponding to two randomly chosen initial reduced
states for the DQD. The left panels, (a) and (b), show the dynamics for the free model
(V = 0) for the two different initial condition of the DQD. Panels (c) and (d) show
the dynamics for the interacting model (V = g), for the same two initial condition of
the DQD as above. The horizontal dashed lines show the expectation values of the
mean force Gibbs state ρ̂MGS corresponding to the cases V = 0 and V = g, respec-
tively. The x-axis is shown on log-scale to capture features over a wide time regime.
The shaded region corresponds to the time up to which plots for various LB overlap,
which is the OQS regime. In the remaining time regime, which we denote the IQS
regime, the DQD feels the finiteness of LB. The data in the OQS regime shows strong
evidence of OQS thermalization for both V = 0 and V = g. The data in the IQS
regime shows strong evidence of IQS thermalization for V = g, as we discuss in the
following sections in the main text. Other parameters: gB = 2g, γ= g, β g = 0.1.

This clear crossover from OQS behavior to IQS behavior in the same dynamics at different
time scales is our first and main result. In the following, we analyze the numerical results in
the OQS and the IQS regimes in more detail.

3.3 Thermalization in the OQS regime

We now discuss the equilibration dynamics of the DQQ in contact with the fermionic lead,
within the open quantum systems approach. To do this, we first discuss the relevant time-
scale.

3.3.1 Relevant time-scale in the OQS approach

The fermionic lead plays the role of the bath for the DQD. This bath is a nearest neighbour
tight-binding chain and only the first site of the bath is coupled to the DQD, see Fig. 1. At the
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initial time, the system-bath coupling is switched on. Due to the bath being a short-ranged
lattice system, Lieb-Robinson bounds dictate that, at any finite time t, only a finite part of
the bath is affected by this switching-on. The “disturbance” given by the switching-on of
system-bath coupling spreads with the Fermi velocity, vF = 2gB and reaches the site LB in
time t1 ≃ LB/(2gB). Then, it is reflected back. The DQD is influenced by the finite size of the
bath when this reflected “signal” reaches it. The reflected “signal” again travels with Fermi ve-
locity, so, the dynamics of the system is negligibly affected by the finiteness of the tight-binding
chain representing the bath till t ≃ 2t1 ≃ LB/gB. In practice, therefore, to exactly obtain the
dynamics of the system in the presence of a macroscopic bath up to a time t, it suffices to
consider a bath of size

LB = gB t + L0 , (35)

where L0 is a chosen fixed offset, independent of t and LB. The fixed offset L0 is chosen such
that there is sufficiently small finite bath-size effect. We numerically find it sufficient to choose
L0 = 8. So, for our setting, the statement of thermalization in OQS approach,i.e, Eq. (11), can
be recast as

lim
t→∞

ρ̂S(t; gB t + L0) = lim
LB→∞

ρ̂S

�

LB − L0

gB
; LB

�

= ρ̂MGS . (36)

In particular, in the second equality above, the functional dependence of time on LB ensures
that the time is not long enough to resolve the discreteness of the bath energy levels, and the
DQD perceives the bath as a continuum. Combining all the discussion in this section and in
Sec. 3.1, we see that, for our choice of initial state Eq.(29), for a given LB and a chosen fixed
L0, the dynamics of the DQD up to time

toqs =
LB − L0

gB
, (37)

corresponds to the OQS regime. In other words, for a finite bath of size LB, the time toqs is
the relevant timescale up to which the open system approach is suitable for describing equili-
bration. For t ≤ toqs, even for a finite value of LB, the DQD perceives the lead as a continuum
bath with infinite degrees of freedom, given by the spectral function in Eq.(10).

Thermalization of the DQD in the OQS approach then corresponds to convergence of the
state of the DQD to ρ̂MGS within this regime, starting from a global initial pure state of the
form given in Eq. (29). We re-iterate that, in this choice of initial state, the arbitrariness of
the parameters in Ĥ ini

S makes the initial state of the DQD arbitrary. The convergence should
happen irrespective of the DQD initial state, i.e, irrespective of the choice of parameters in
Ĥ ini

S . Such thermalization is expected to hold both for free fermion case (V = 0), and the
interacting DQD case (V ̸= 0). This is indeed the case, as we show numerically below.

3.3.2 Numerical evidence for thermalization in OQS regime

In Fig. 3, we analyze the numerical results for the same simulation as in Fig. 2, considering only
early times, t ≤ toqs. In particular, graphs (a) and (d) illustrate the correctness of Eq. (36),
both for the free fermion case (V = 0, panels (a)–(c)) and the interacting case (V ̸= 0, panels
(d)–(f)).

Panels (a) and (d) of Fig. 3 show the dynamics of a representative observable 〈n̂1(t)n̂2(t)〉,
see Eq. (25), in the regime t ≤ toqs with toqs(LB) given in (37), for various choices of LB, and
one choice of initial state |ψ(0)〉, see Eq. (29). One clearly sees that plots for smaller values
of LB overlap with those of larger values of LB, demonstrating that there is no finite bath
size effect in this regime. With increase in LB, which leads to increase in toqs, the observable
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Figure 3: Thermalization in the OQS regime: Panels (a), (b), (c) are for the free
fermion case, V = 0. Panels (d), (e), (f) are for the interacting DQD case with V = g.
The results in (a), (d) corresponds to the same simulation as in Fig. 2(a) and (c),
now plotted only for t ≤ toqs, which corresponds to the OQS regime. Note that for
each LB, the time regime t ≤ toqs is different. Plots for larger values of LB overlap
with those of smaller values of LB but extend to longer times. In panels (b) and (e),
we fix LB = 26 and consider two randomly chosen initial states (blue and yellow
symbols) of the DQD. They correspond to the same two initial conditions chosen in
Fig. 2. The horizontal dashed lines in panels (a), (b), (d), (e) show the corresponding
expectation value obtained with the ρ̂MGS. In panels (c) and (f), we plot the trace
distance between ρ̂S(toqs; LB) and ρ̂MGS as a function of bath size LB for the two
different choices of initial states (blue and orange symbols) of the DQD. The straight
lines (dashed-dotted blue and dashed red) are exponential fits to the symbols, with
numerical fit parameters given. Other parameters: gB = 2g, γ= g, β g = 0.1, L0 = 8.
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expectation value converges to that obtained from ρ̂MGS. Note, that ρ̂MGS and hence the
dashed lines depend on the value of V . In panels (b) and (e) of Fig. 3, we display the dynamics
of 〈n̂1(t)n̂2(t)〉 in the regime t ≤ toqs for the two different randomly chosen initial states of
the DQD (see Fig. 2), keeping LB = 26. The plots clearly demonstrate that irrespective of its
initial value, the average of the observable converges to its value in ρ̂MGS. This is the second
result of the paper.

In panels (c) and (f) of Fig. 3, we further plot the trace distance T between ρ̂S(toqs; LB),
i.e. the density matrix (21) of the DQD at time toqs specified in Eq. (37), and ρ̂MGS, i.e. the
DQD’s mean force Gibbs state (12), as a function of LB for two different initial states of the
DQD.1 We find that the trace distance decays exponentially with LB, directly evidencing the
convergence of the state.

We would like to highlight that although convergence to ρ̂MGS is expected in the OQS
regime [7] for V ̸= 0, no convergence proof exists. To our knowledge, convergence to the
mean force Gibbs state, ρ̂MGS, has also not been numerically explicitly checked for any system
with many-body interactions (i.e, non-Gaussian systems). Thus, the observation of dynamical
convergence to ρ̂MGS for the V = g DQD is a new result, albeit perhaps not very surprising.

As we will see next, for a given LB, the IQS regime is reached when the evolution is con-
tinued beyond time toqs, where only the interacting DQD case (and not the free fermion case)
will show thermalization, in stark contrast with the OQS regime.

3.4 Thermalization in the IQS regime

3.4.1 Integrability breaking in the interacting DQD

Before we proceed to analyse thermalization within the IQS approach, we must distinguish
between the integrable and the non-integrable case, since, as mentioned before, IQS ther-
malization is mainly discussed for non-integrable systems [4, 39–46, 49–61]. It has been es-
tablished that a single impurity in an otherwise integrable model can make the system non-
integrable [80–83]. We do a similar check for the interacting DQD, by calculating the spectral
form factor (SFF) and level spacing distributions. The results are given in Appendix A. We
find that the interacting DQD shows key features of non-integrability, such as level repul-
sion. But within the accessible values of LB for exact diagonalization, it does not fully develop
all non-integrable features. Specifically, while the level-spacing distribution deviates signifi-
cantly from the Poisson distribution expected for integrable systems, it does not converge to
the Wigner-Dyson distribution expected of non-integrable systems. We refer to the system’s
partial non-integrability behavior as non-integrable∗. Uncovering these characteristics for the
interacting DQD is the third result of the paper.

3.4.2 Numerical evidence for thermalization in IQS regime

The IQS regime corresponds to the dynamics of the state of the DQD on a time scale much
beyond toqs. This timescale is up to g toqs ∼ 10 for LB = 20∼ 26, see Fig. 2. To explore the IQS
regime, we now look at the dynamics at much longer times, up to g t = 2000. Note that, all the
physics discussed here are for timescales much less than the timescale of Poincare recurrences
[84,85], which is expected to scale super-exponentially with LB, and is impossible to reach in
any practical numerical or experimental investigation for chain lengths of our interest. In Fig. 4
we plot the dynamics of one representative observable 〈n̂1(t)n̂2(t)〉, starting from a randomly
chosen initial state. This plot is of the same data as in Fig. 2(a) and (c), but with the x-axis on
a linear scale instead of a log-scale, and the y-axis slightly zoomed in. Panel (a) of Fig. 4 gives

1The trace distance between any two density matrices ρ̂1 and ρ̂2 is defined as T (ρ̂1, ρ̂2) =
1
2

∑d
r=1 |λr |, where

λr , r = 1,2, 3, . . . d are the eigenvalues of ρ̂1 − ρ̂2, and d is the Hilbert space dimension.
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Figure 4: Thermalization in the IQS regime: Plot of the same data as in Fig. 2(a)
and (c), only with the x-axis in linear scale instead of log-scale. In contrast to Fig. 3,
where we considered maximal times up to g toqs ∼ 5−8, we now consider the whole
time range of g t up to 2000. The horizontal dashed lines in panels (a) and (b) show
the corresponding expectation value obtained with ρ̂MGS. Panel (a) shows the free,
integrable, DQD case V = 0. Oscillations are found to persist for all times and for
all the chosen values of LB. Panel (b) shows the dynamics in the interacting, non-
integrable∗ case V = g. The large oscillations disappear after some time g t ∼ 400
and only small fluctuations about a relaxed value persist. Those small fluctuations
diminish rapidly with increasing bath size LB. Other parameters: β g = 0.1, γ = g,
gB = 2g.

the dynamics in the non-interacting, or integrable case V = 0. It shows large oscillations which
do not decrease in amplitude, even for large times and within the values of LB considered. In
panel (b) we plot the dynamics of the same observable for the interacting non-integrable∗ DQD
model V = g. Now the dynamics is drastically different. While the oscillations are sizeable for
small times (up to g t ∼ 400) they are strongly suppressed beyond that time scale, persisting as
smaller fluctuations. Those fluctuations decrease with increasing LB. This long time behavior
corresponds to small oscillations about a relaxed value. These results suggest that for the non-
integrable∗ model, the dynamical behavior follows the thermalization statement of the IQS
approach, showing fluctuations about a mean value which are exponentially suppressed with
increase in lattice size, see Eq.(18).

Let us now explore the relaxation in the interacting DQD case in more detail, in the light
of IQS thermalization, Eqs. (17), (18). We note that in Eq. (18) the time dependence of the
integral up to a finite time does not play a role. So, the fluctuations (18) about a time averaged

value 〈Â〉 defined in (17) may be written as

δ〈Â〉2 = lim
t→∞

1
t

∫ t1

0

d t ′
�

�

�〈Â(t ′)〉 − 〈Â〉
�

�

�

2
+ lim

t→∞

1
t − t1

∫ t

t1

d t ′
�

�

�〈Â(t ′)〉 − 〈Â〉
�

�

�

2
, (38)

for any finite t1. The first term on the right hand side converges to zero in the t →∞ limit,
and the second term becomes identical to the infinite time average of the integrand. Therefore,
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Figure 5: IQS thermalization of interacting DQD with variable bath size LB: (a) Log-
plot of the variance δ〈n̂1n̂2〉2(t1, t f ) of data points shown in Fig. 4(b), as a function
of initial interval time t1, while keeping the final interval time fixed, g t f = 2000.
Here t1 is varied between 0 ≤ t1 ≤ 1900g−1. Different colours indicate results for
various bath sizes LB. After a time t∗(LB), the dynamics reaches an approximately
constant value which we call v(LB) (horizontal dashed lines). The spacing between
these saturation values is equal as LB varies over the values LB = 20,22, 24,26,
which indicates exponential decay of v(LB) with LB. (b) Log-plot of the long-time

variance δ〈Â〉2(t1, t f ) for each of the four observables Â of the interacting DQD, as
a function of LB. The times t1, t f are taken large, so that the variance has reached

the approximately constant value (c.f. panel (a)). The quantities δ〈Â〉2(t1, t f ) are
numerically evaluated via Eq. (39) with t1 = 1800g−1 and t f = 2000g−1. The plots
show that the variance of each observable Â decays exponentially with LB, in line
with Eq. (40). Other parameters: V = g,β g = 0.1, γ= g, gB = 2g.

explicitly neglecting the finite time behavior and defining

δ〈Â〉2(t1, t f ) :=
1

t f − t1

∫ t f

t1

d t ′
�

�

�〈Â(t ′)〉 − 〈Â〉
�

�

�

2
, (39)

the exponential decay of fluctuations, Eq. (18), can be re-written as

lim
t f→∞

δ〈Â〉2(t1, t f )≤ C e−αLB , ∀ t1 ≥ t∗(LB) . (40)

Here C and α take numerical values specific to the observable Â, while being independent of
bath size LB. So, the above expression says that there exists a time t∗(LB), beyond which the
variance of values of 〈Â(t)〉 is exponentially small in bath size LB. Our plots in Fig. 4 show that
no such time exists for the non-interacting DQD. In contrast, the plots of the interacting DQD
show that after some large fluctuations for a short initial time, the variance quickly reduces
and remaining oscillations diminish with increasing bath sizes.

We now establish this more clearly for the interacting DQD with V = g. For numeri-

cal simplicity, we approximate δ〈Â〉2(t1, t f ) by the variance of data points when calculating
〈Â(t)〉 over the time range from t1 to t f . For the interacting DQD, we now plot in Fig. 5(a) the

numerical value of the variance δ〈n̂1n̂2〉2(t1, t f ) for fixed t f = 2000g−1, as a function of initial
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Figure 6: Decaying deviations from full thermalization in the IQS regime: (a) Relative

deviation E
�

〈Â〉
�

, see Eq. (41), of operator expectation values from their mean force

Gibbs state (thermal) values as function of 1/LB, for all four DQD operators. Linear
fits (dashed, dotted, dash-dotted, solid) show excellent consistency with (19), for all
four operators (25). (b) Trace distance T between the time averaged density matrix ρ̂
and the mean force Gibbs state ρ̂MGS as a function of 1/LB, for three randomly chosen
initial states of the DQD (gray, light green, dark green squares). Linear fits (dotted,
dashed, solid) show excellent consistency with (19), for all three initial states drawn
from (29). Other parameters: β g = 0.1, γ = g, gB = 2g. Time averages are taken
between t1 and t f as chosen in Fig. 5(b).

time t1, and for various values of LB (varying colours). The variance initially decays exponen-

tially with t1. For late times t1 > t∗(LB), some time t∗(LB), the value of δ〈Â〉2(t1, t f ) settles
to an approximately constant value, which we denote by v(LB). The value of t∗(LB) increases
with LB. This, once again, highlights the importance of taking t →∞ first in Eq. (18).

We also see that the value v(LB) decreases exponentially with LB, i.e. it obeys the bound
v(LB) ≲ C e−αLB . This is evident from the log-plot shown in Fig. 5(a). To establish this more
clearly, we plot the long-time constant values v(LB) for all four operators of the DQD (see
Eq. (25)) as a function of LB in Fig. 5(b). We see that all these quantities decay exponentially
with LB. These observations numerically evidence the exponential decay of the variance with
LB required for IQS thermalization, see Eqs. (40) and (18).

In order to check numerically the validity of Eq. (19), we define for any operator Â,

E
�

〈Â〉
�

=

�

�

�

�

�

〈Â〉 − AMGS

AMGS

�

�

�

�

�

. (41)

This measures the deviation of the expectation from its value in the mean force Gibs state,

see (20). From (19) we expect E
�

〈Â〉
�

= d/LB + f with d specific to the observable Â while

independent of LB, and an offset f which should be negligible. In Fig. 6(a), we now plot

E
�

〈Â〉
�

, as a function of 1/LB, for all four system operators (25). Here the time average is

taken over the same range as in Fig. 5(b). (Note that we have also verified that this plot is
almost unaffected by choosing a much smaller value of t1, as long as t1 ≫ toqs.) We clearly
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see that E
�

〈Â〉
�

decays linearly as 1/LB for all choices of Â, with a small offset f (y-intercept).

To see this more generally, we plot in Fig. 6(b) the trace distance between the time averaged
density matrix ρ̂ := 1

t f −t i

∫ t f

t i
d t ′ρ̂(t ′) of the DQD, and the state ρ̂MGS, as a function of 1/LB.

This is done for three different randomly chosen initial conditions of the DQD. We again clearly
see a 1/LB decay with a small offset in all cases. Neglecting the small offset, this is completely
consistent with Eq. (19). We attribute this small spurious offset to numerical limitations [see
Appendix. B].

Combining all of the above, we see that the interacting DQD, satisfies Eqs. (18) and (19),
and therefore shows thermalization in the IQS sense for t ≫ toqs. In contrast, the non-
interacting DQD does not thermalize in the IQS sense, at least within the range of time and LB
considered. Our numerical results clearly highlight that for thermalization in the IQS sense to
hold, we need to first take the long time limit in Eqs. (17) and (18) for a fixed bath size LB,
before considering increased bath sizes. This is the fourth result of the paper.

4 Summary and outlook

In this work we have carried out a systematic comparison between the notions and conditions
of thermalization in OQS and IQS, on the basis of a model consisting of a DQD coupled to
a fermionic lead. The notion of thermalization involves taking both the long time and the
thermodynamic limits. We show that both the OQS and the IQS approach investigate the
convergence to the same state. However, they apply the two limits in a different order: while
in the OQS one first performs the thermodynamic limit and then the long-time limit, it is
the other way around in the IQS approach. As a consequence, the two approaches give the
convergence to the final state at markedly different timescales. This timescale separation in
the two thermalization notions, to our knowledge, is a new insight. We believe it stems from
the fact that in the IQS approach, the system and the environment are considered a single
complex, and relaxation to equilibrium is required at all locations within this complex. In
contrast, in the OQS approach, only local variables of the system alone, and not those of the
environment, are required to show thermalization, resulting in a faster process.

Using the concept of typicality, we have constructed the class of initial states usually consid-
ered in the OQS approach, as a special type of randomly chosen pure state. This class of states
allows the initial state of the DQD to be arbitrary while the reduced bath state is thermal, and
allows to study both notions of thermalization on an equal footing. Our main finding is that
the dynamics starting from such a state shows a clear crossover between OQS and IQS behav-
ior. The OQS regime corresponds to the time scale toqs within which the system hardly feels
the finite size of the bath. Lieb-Robinson bounds can be invoked to show that toqs is roughly
proportional to bath size LB for large LB. Regardless of the initial state of the DQD, the state
of the DQD at time toqs converges to the mean-force Gibbs state ρ̂MGS as LB is increased. This
corresponds to thermalization in the OQS sense and it holds irrespective of the presence of
many-body interactions within the DQD. Note that, although expected, to our knowledge, the
convergence of OQS dynamics to ρ̂MGS has not been previously numerically demonstrated for
any system with many-body interactions.

We then showed that thermalization in the IQS sense takes place at times t ≫ toqs. In this
regime, the DQD is affected by the finiteness of the bath. In this sense, the dynamics of the
DQD may no longer be considered as that of an open system and one is led to view the DQD
plus the environment as a single, isolated system. It is known that integrable Hamiltonians do
not thermalize in this regime, but according to ETH considerations, non-integrable ones are
expected to. The free DQD case corresponds to free fermions, thereby is integrable and is not
expected to thermalize in this regime, which we confirmed via numerical investigation.
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In contrast, for the interacting DQD, we found that the presence of many-body interaction
within the DQD breaks integrability. This was evidenced by the shape of the spectral form fac-
tor and the system’s level spacing statistics. At the numerically accessible values of LB, while
we found clear signature of level-repulsion which is a hallmark of non-integrable behavior, we
did not fully recover the expected Wigner-Dyson distribution. This non-integrable∗ behavior
could be a finite-size effect, and full convergence could still manifest at increasing LB. Regard-
less of the only partially non-integrable character of the interacting DQD within our accessible
values of LB, we found strong evidence of IQS thermalization at times t ≫ toqs.

Our results open several directions for further research. Since our model is identical with
the interacting resonant level model, our results should be relevant for quantum impurity
problems, and in the low temperature regime for Kondo physics [62–66]. While here we
focused on the behavior of observables defined locally on the reduced system (i.e., the DQD),
it will be extremely interesting to extend the analysis to observables defined locally on the
bath. Our approach could be applied to other fermionic models than the one investigated
here. Here, the Hamiltonian parameters in the DQD are different from the lead, allowing
a natural separation between system and bath. However, the same protocol can be applied
to a situation with uniform Hamiltonian parameters, thereby having no natural separation.
In this connection, free fermionic models would be specifically of interest [86–89]. Overall,
we believe our results call for a more in-depth study of the necessary assumptions for IQS
thermalization, as well as, a systematic comparison of OQS/IQS thermalization in a broader
class of models [90–92].
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A Numerical results for integrability breaking in the interacting
DQD

We check the integrability of our model using the spectral form factor (SFF), as well as the
level-spacing distribution. In order to do so, we restrict ourselves to the half-filled sector of
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the full Hamiltonian, whose dimension, we denote by D. The SFF is defined as

SFF=
1
D2

�

�

�Tr(e−iĤ t)
�

�

�

2
. (A.1)

It is known [93–102], that for non-integrable systems the SFF shows a characteristic dip,
ramp and plateau behavior as a function of t. The ramp and plateau expression has the form
b2(W t/(2πD)), where W = Emax − Emin is the difference between largest and smallest eigen-
value of Ĥ and the function b2 is

b2(x) =
1
D

�

1− [1− 2x + x log(2x + 1)] Θ(1− x) +
�

x log
�

2x + 1
2x − 1

�

− 1
�

Θ(x − 1)
�

, (A.2)

with Θ(x) being the Heaviside step function. At x = 1 the function switches from an approxi-
mately linear ramp, to an approximately constant plateau with the value 1/D. For integrable
systems, this universal ramp and plateau behavior will be missing.

We numerically evaluate the SFF for both the non-interacting DQD case and the interacting
DQD case. The plots of the SFF are shown in blue in Fig. 7. It is clear that the non-interacting
DQD case does not show any resemblance to b2 (orange) even at long times. However, the
interacting DQD case with V = g indeed shows a ramp and plateau which resembles the
universal function b2. This provides numerical evidence that the interacting DQD case has
non-integrable features.

Integrable vs. chaotic behavior can also be assessed by analysing the energetic spectra
[50]. For example, the spectra for transmon qubit gates have been found to show chaotic
fluctuations [103]. Here we follow this approach and calculate the energetic level spacing
distribution for the full Hamiltonian in the half-filled sector. Let us write the full Hamiltonian
as Ĥ =
∑D
α=1 Eα |Eα〉 〈Eα|, where Eα are the energy eigenvalues, arranged in ascending order

of energy, |Eα〉 are the corresponding energy eigenvectors, and d is the dimension of the half-
filled Hilbert space. The level-spacing distribution is given by

P(s) =
1
N

D−1
∑

α=1

δ

�

s−
Eα+1 − Eα
∆

�

, (A.3)

where ∆ is the mean “local” nearest neighbour level spacing, N is a normalization constant,
and δ(x) is the Dirac delta function. For integrable systems, a large number of degeneracies
of energy levels is expected. The corresponding level spacing distribution is Poissonian [47,
48,50,83]

PPoi(s)∝ e−s (for integrable systems). (A.4)

For non-integrable systems, no degeneracy of energy levels within a symmetry sector is ex-
pected. This is termed level-repulsion. In fact, if our system is fully non-integrable, the level-
spacing distribution is expected to correspond to that of a random matrix of the Gaussian or-
thogonal ensemble (GOE), which is called the Wigner-Dyson (WD) distribution [47,48,50,83],

PWD(s) =
πs
2

e−πs2/4 (for fully non-integrable systems). (A.5)

There is another distribution called the Brody distribution that smoothly interpolates between
the Poisson distribution and the WD distribution [47,48,83],

PBro(s) = (a+ 1) b s e−b s(a+1)
, 0≤ a ≤ 1 (for partially non-integrable systems), (A.6)

where b = Γ
� a+1

a+1

�a+1
. For a = 0, the Brody distribution becomes the Poisson distribution,

while for a = 1, it becomes the WD distribution. Importantly, the Brody distribution for a > 0
also goes to zero at s = 0, signifying level repulsion.
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Figure 7: Checking integrability of the interacting DQD: The spectral form factor (SFF)
(A.1) of the full Hamiltonian Ĥ in (1) is plotted (blue symbols) as a function of W t,
with W = Emax − Emin, for the non-interacting DQD case V = 0 in panel (a), and for
the interacting DQD case with V/g = 1 in panel (b). The function b2 (orange line) is
the universal expression given in Eq. (A.2). The SFF in panel (a) does not approach
the function b2, while in panel (b), after an initial dip, the SFF oscillates around b2,
evidencing the SFF behavior expected of a non-integrable model. The vertical dashed
line shows the transition point from ramp to plateau, at W t = 2πD, with D = 2LB+2.
The results in (a) and (b) are for LB = 18 (total chain size LB + 2 = 20). The
horizontal dashed line is located at 1/D. Panel (c) shows the system’s level-spacing
distribution P(s) (blue dots) at V/g = 0.1 (almost free fermion case) for LB = 18. It
is evident that it is close to the Poissonian distribution PPoi(s), (A.4) (dashed green),
as expected for an integrable system. Panel (d) shows the level distribution P(s) for
the interacting DQD model at V/g = 1.0 for LB = 18. The level-spacing distribution
is still far from the Wigner-Dyson (WD) distribution (dashed yellow) expected for
fully non-integrable systems. But, P(s) closely follows a Brody distribution (red line)
which, unlike the Poisson distribution (dashed green), goes to zero at zero spacing s.

Calculating the level-spacing distribution requires unfolding of the spectrum. To achieve
this, in our calculation, for each α, we divide the spacing by a rolling average over a chosen
window size around that energy. Additionally, around 1% of eigenvalues from the top and the
bottom of the spectrum are neglected. Although often not explicitly written in most recent
works, these are rather standard procedures to obtain the level-spacing distribution.

To ensure that there is no particular artefact stemming from the above unfolding procedure,
we also consider the ratio of adjacent gaps, defined as

rα =
min(Eα+1 − Eα, Eα − Eα−1)
max(Eα+1 − Eα, Eα − Eα−1)

. (A.7)
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Figure 8: Non-integrability of the interacting DQD: (a) The figure shows the values of
a, obtained by fitting the level-spacing distribution at half filling (N = LB

2 + 1) of the
interaction DQD with the Brody distribution, as a function of interaction strength V ,
for various values of LB (chain length is LB+2). The value a = 0 (dashed horizontal
line) corresponds to a Poisson distribution, which is expected for integrable systems,
while a = 1 (continuous horizontal line) corresponds to a Wigner-Dyson distribution,
expected for fully non-integrable systems. (b) The figure shows the values of r, which
is the mean ratio of successive energy gaps, as a function of V for various values
of LB. The dashed horizontal line corresponds to r = 2 ln2− 1 ≈ 0.3863, which is
expected for Poisson distribution, while the continuous horizontal line corresponds to
r = 0.5295, which approximates the expected value for Wigner-Dyson distribution.

Let r be the mean value of rα, averaged over all α. The value of r is known for cases when
the spacing distribution matches Poisson and WD distributions, i.e., for integrable and non-
integrable systems: r = 2 ln 2− 1 for integrable systems, and r ≈ 0.5295 for non-integrable
systems. The value of r is also routinely used to characterize integrability-breaking in quan-
tum systems. Unlike the level-spacing distribution calculating this quantity does not require
unfolding of the spectrum.

The spacing distribution for our system is shown in Figs. 7(c) and (d). In Fig. 7(c), we
show the spacing distribution for a small value of V/g. For such small values of V/g, at
accessible system sizes, the distribution is close to PPoi(s). However, on increasing V/g, the
level repulsion becomes clear, and the distribution fits very well to a Brody distribution with
0 < a < 1. This is shown for V/g = 1 in Fig. 7(d). In Fig. 8(a), we plot the fitted Brody-
distribution parameter a versus the interaction strength, for various system sizes. We find
that the WD distribution corresponding to a → 1 is not recovered even for larger values of
V/g. However, the value of a does increase with increase in chain length, up to a value of ca.
a ≈ 0.45. A similar approach towards markers of non-integrability is seen in the mean ratio of
adjacent gaps, r. The value of r remains in between that expected for integrable and fully non-
integrable systems. Butr also seems to increase towards the non-integrable value on increasing
chain length. From these numerical results, it seems that at the numerically accessible chain
lengths, the system would be neither integrable nor fully non-integrable. We call such finite-
size systems “partially non-integrable”, denoted in short as non-integrable∗. It is crucial to
note that, level-repulsion, which is a key aspect of non-integrable systems, is already clear
even at such finite chain lengths. On further increasing chain lengths, the spacing distribution
may recover the full WD form, but we leave confirmation of this for future research.
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B Numerical limitations for results of dynamics

Although the numerical technique we have used is quite powerful and has allowed us to sim-
ulate quite large chain lengths up to considerably long times, there are certain limitations,
which can lead to small errors that are hard to reduce. We believe the small spurious offset
seen in linear fits of Fig. 6 stem from these errors. Here, we describe the main possible sources
of such errors.

First, we used a single typical state to approximate a thermal state. This is done both for
the initial condition, and in calculating the expectation values corresponding to ρ̂MGS. While
this is a good approximation at large enough system sizes, this is not exact and small sample
to sample fluctuations are expected at any finite system size. Deviations between expectation
values obtained from a single typical state and those from a thermal state may be reduced by
ensemble averaging. But, although they reduce exponentially with system size, for a given
system size, they are not expected to decrease as fast with ensemble averaging. Therefore, re-
ducing the deviations at a given system size require averaging over a large number of samples.
Since we are performing a long time simulation (up to t = 2000g−1), with quite large many-
body systems (up to total chain length is 28 sites, size of the largest block of Hamiltonian in
Fock space is of size 40116600), using a single typical state is already computationally quite
expensive. This makes taking average over a large number of typical states impractical. So, at
present, we are unable to make a systematic check of whether the offset can be reduced via
ensemble averaging.

Second, in Figs. 4(b), it is apparent that, although there is relaxation, the simulation might
not have reached the asymptotic value within the time range considered. It may be that taking
time averages over much larger time regimes reduces the offset. This is again hard to check,
because going to longer times is also expensive. However, within our time regime, we have
seen that taking time average over any time regime with t1≫ toqs yields plots similar to Figs. 6
with quantitatively similar offsets.

Third, our numerical data is taken in steps of time g t = 1. Taking such large time steps is
one of the advantages of the Chebyshev polynomial method that we utilize to make such long
time simulations tractable within our computational resources. This, however, also means
that the average of data points deviates from the actual time average defined in terms of an
integral. So, it may be that the spurious offset can be reduced on taking a finer time-grid. But,
this again, would increase simulation time greatly, making the simulation impractical.
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