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Abstract

Holographic CFTs admit a dual emergent description in terms of semiclassical general
relativity minimally coupled to matter fields. While the gravitational interactions are
required to be suppressed by the Planck scale, the matter sector is allowed to interact
strongly at the AdS scale. From the perspective of the dual CFT, this requires breaking
large-N factorization in certain sectors of the theory. Exactly marginal multi-trace de-
formations are capable of achieving this while still preserving a consistent large-N limit.
We probe the effect of these deformations on the bulk theory by computing the relevant
four-point functions in conformal perturbation theory. We find a simple answer in terms
of a finite sum of conformal blocks, indicating that the correlators display no bulk-point
singularities. This implies that the matter of the bulk theory is made strongly coupled
by boundary terms rather than local bulk interactions. Our results suggest that holo-
graphic CFTs that describe strongly coupled AdS matter must be isolated points on the
CFT landscape or sit infinitely far away on the conformal manifold from conventional
holographic CFTs.
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1 Introduction

Characterizing the space of consistent theories of quantum gravity remains one of the big
open problems in high energy physics. This problem can be formulated in its sharpest form
for theories of quantum gravity with a negative cosmological constant, i.e. in asymptotically
Anti-de Sitter (AdS) spaces, thanks to holography and the AdS/CFT correspondence [1-3].
In AdS,,; space, a theory of quantum gravity is consistent if it leads to boundary correlation
functions that satisfy the fundamental axioms of a conformal field theory in d dimensions
(CFT4): unitarity, causality, and crossing symmetry. A theory of quantum gravity is consistent
if it complies with these conditions not just in the semiclassical expansion, but at the full
nonperturbative level.

One can thus view the space of CFTs as describing the space of consistent theories of quan-
tum gravity in AdS space. This statement is rather formal, since most CFTs will not lead to
gravity duals which are accurately described at low energies by semiclassical general relativity
coupled to a finite number of matter fields. CFTs that admit a dual, emergent description in
terms of semiclassical general relativity minimally coupled to matter fields are very special
and are often referred to as holographic CFTs. In AdS, one can thus reformulate the goal of
characterizing the space of consistent theories of quantum gravity in terms of two questions:
what are the defining properties of a holographic CFT, and what is the list of CFTs that satisfy
these properties?

This way of phrasing the question is physical and practical at the same time. It is physical
because it underlines the key dynamical properties that enable the emergence of a geomet-
ric description at low energies; but it is also practical, as it efficiently organizes the search.
Much progress on this topic has been achieved in recent years, most prominently thanks to
an application of the conformal bootstrap program [4-6] to holography, as pioneered in [7].
The starting point of this program, and the first known condition of holographic CFTs, is the
large-N condition. This condition introduces a parametric separation between the AdS and
Planck scales that is parametrized in the CFT by the stress tensor two-point function

d—1

(TT) ~N ~ 485 (1)
Gy

where N schematically counts the number of local degrees of freedom of the CFT, {45 is
the scale of AdS, and Gy is Newton’s constant. If N is large, the bulk gravitational theory is
semiclassical, i.e. weakly coupled, such that graviton loops are suppressed.

The second condition required by [7] (see also [8]) is large-N factorization. We will review
this condition in detail in section 2. In essence, it implies that correlation functions of operators
with scaling dimensions A < N factorize in the large-N limit, such that light operators behave
as generalized free fields. In the bulk, large-N factorization implies that all couplings are
suppressed by the Planck scale. For example, the effective Lagrangian of a scalar field would
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be 12
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for order one values of g5 4. These bulk couplings can be matched to parameters in the solution
to the bootstrap equations in the 1/N expansion of the dual CFT [7,9]. Note that the scaling of
the couplings makes the effective bulk theory tractable as it becomes free in the semiclassical
(Gy — 0) limit.

Large-N factorization holds in canonical realizations of AdS/CFT, and follows naturally if
the boundary CFT is a large-N gauge theory. However, a common misconception is that large-
N factorization is a necessary condition for all holographic CFTs.! The only condition that is
truly necessary is that gravity is semiclassical, i.e. weakly coupled. This can be diagnosed from
the four-point function of the stress tensor in the CFT, the condition being

(TTTT), 1

(TTY(TT) N 3)

If large-N factorization is imposed, this condition follows, but the converse is not true (at least
it does not imply large-N factorization for all light correlators).? In fact, large-N factorization
is not even phenomenologically desirable: the theories of quantum gravity we would most
like to understand (to make a connection with our own universe), are those where a strongly
interacting QFT like QCD or the Standard Model is weakly but consistently coupled to gravity.
This means that matter fields in AdS should be allowed to interact at the AdS scale. In this
scenario, a scalar field would instead be described by an effective Lagrangian of the form

1 as B
ﬁscalarz Eauqbauqb +m2¢2+g3€A35¢3+g4£f\d3¢4; )

for order one values of g5 4. Such interactions require a holographic CFT where large-N fac-
torization breaks down.

A general approach for obtaining holographic CFTs without large-N factorization was de-
scribed in [12]. The idea is to start from a “conventional” holographic CFT that completely
factorizes in the large-N limit, and then turn on an exactly marginal deformation that breaks
large-N factorization®*

Scrr — Scrr + A(N)f d?x Oef(X). (5)

Here it is important that the deformation parameter A(N) depends on N since distinct N
scalings lead to different effects in the large-N limit. As shown in [19], a deformation driven
by a multi-trace operator with A ~ N° leads to a theory with a well-defined large-N limit, but
one where large-N factorization is lost.

!An example of AdS/CFT where a sector of the CFT breaks large-N factorization was shown to exist in type IIB
string theory in [10].

2It is a priori not clear whether this property follows directly from (1). In d = 2, it does follow from (1),
since all stress tensor correlators are fixed by Virasoro symmetry, but this statement does not generalize to higher
dimensional CFTs where any operator can appear in the OPE of two stress tensors. A partial proof in d > 2 will be
discussed in [11].

Note that there are instances of AdS/CFT where the CFT does not completely factorize, including AdSs x S°
at finite string coupling, whose moduli space can contain sectors with different N-scalings due to coincident D3
branes, see e.g. [13].

“Exactly marginal multi-trace operators exist in known holographic CFTs. For example, there is such a double-
trace operator in the Klebanov-Witten theory in d = 4 [14, 15], and marginal operators of arbitrary traces are
known in symmetric orbifolds of ' = 2 minimal models in d = 2 [16]. In d = 2, double-trace deformations
consisting of the product of two chiral currents are also known to be exactly marginal [17,18].
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We may be tempted to interpret the deformation (5) as a dial that continuously interpo-
lates between CFTs whose dual effective Lagrangians start with a weakly-coupled matter sector
as in (2) and “flow” to a strongly-coupled one as in (4). This would imply that the deforma-
tion can change the bulk coupling constants such that they become independent of Gy.> We
know, however, that multi-trace deformations in AdS/CFT induce a change in the boundary
conditions of bulk fields [20]. This suggests that the above interpretation is too naive: the
breakdown of large-N factorization induced by (5) is not expected to result in a local interac-
tion on the bulk side of the AdS/CFT correspondence, at least not in conformal perturbation
theory.

The aim of this paper is to shed light on this expectation. To do so, we study the bulk
interpretation of the multi-trace deformations capable of breaking large-N factorization. For
concreteness, we will consider the simplest example of such a deformation, namely the de-
formation of a two-dimensional CFT with N' = (2,2) supersymmetry driven by the exactly
marginal triple-trace operator [19]

1 _
Oye(x) = ﬁ(:xOO: +2:Yp0O: + h.c.), (6)

where ¥, v, and v are (super)descendants of a single-trace chiral primary operator O with
ho = ho = 1/6, and the deformation parameter A in (5) is independent of N. We are assum-
ing here that the undeformed theory preserves large-N factorization. As shown in [19], this
deformation is exactly marginal and preserves convergence of the large-N limit. Importantly,
this deformation leads to a breakdown of large-N factorization, as evidenced by the O(N?)
scaling of the OPE coefficients under the deformation [19]

8m* _
VZCOO)(1' = vlcOl[)l/;'i' = _1"(1—/3)6 +0 (N 1) . (7

These are the only OPE coefficients of single-trace operators affected by the deforma-
tion to leading order in the large-N limit. Note that the operators featured in the
OPE coefficients in (7) are special as the sum of their conformal dimensions satisfies
Aporal = 280 + A, = Ag + Ay + Ay = 2. This observation provides further motivation
for our study since bulk Witten diagrams for cubic vertices with total conformal dimension
Ao = d are divergent [21].° The interpretation of adding such a bulk coupling is that it
leads to an anomaly, i.e. to a beta function for the corresponding multi-trace operator [22].
In this case, a nonvanishing OPE coefficient could be the result of a boundary interaction, as
explicitly shown in the case of ABJM [23].

Summary of results

The goal of this paper is to address the fate of the bulk interactions induced by (6) by consid-
ering the four-point function of the single-trace operator O. This four-point function depends
on cross-ratios, and in the right kinematic regime can precisely probe the locality of the bulk
theory. From the CFT perspective, (7) guarantees that the operator y is exchanged in the
conformal block decomposition of the four-point function. Calculating the four-point function
will tell us what other operators are exchanged, and how to interpret these exchanges in the
bulk theory.

>The example of AdS/CFT with a strongly coupled bulk matter sector of [10] can indeed be reached contin-
uously. Note, however, that the strongly coupled point is separated from the factorizing point by a distance on
moduli space that diverges with N. We will comment more on this in section 2.3.

5The same is true for extremal OPE coefficients, where the scaling dimension of one of the operators equals the
sum of the other two.
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Unlike the OPE coefficients (7), which are affected at linear order in the deformation pa-
rameter A at large N, the four-point function receives corrections starting at quadratic order
in A, and our final result reads

(07(0)0"(x)0(1)0(0)).

,12: Z \COOP~2|x|2(hp_1/3)|2F1(hp’hp’2hp;X)|2- (8)
pe{x’, 0%}

The four-point function (8) takes the form of a sum over global conformal blocks, as expected.
Surprisingly, the sum over conformal blocks is finite and corresponds to the exchange of the
single-trace operator ' (as expected) along with a single double-trace operator O? ~:00:.
Nevertheless, this four-point function is perfectly consistent, being conformally invariant and
single valued on the Euclidean plane. This last property is sensitive to the precise values of
the OPE coefficients in (8) and provides a nontrivial consistency check of our results.

The four-point function (8) is of order O(N?), signaling a clear breakdown of large-N
factorization, as anticipated from (7). This suggests that the interaction of four bulk fields
dual to O must be strong in the sense that it is independent of Gy. However, the four-point
function (8) cannot be interpreted as originating from a local interaction in the bulk. If it
could, the correlator would exhibit a bulk-point singularity [7,24,25]. Here, we find no such
singularity at order A? since our correlator consists of a finite number of conformal blocks,
each of which is regular in the bulk-point limit. Therefore, the four-point function (8) must
arise from an interaction that is not localized deep in the interior of AdS. It could however be
the result, for example, of a boundary term in the effective Lagrangian.

Our characterization of exactly marginal operators of arbitrary trace and their effect for
various scalings at large N is exhaustive. While we have not analysed higher-trace deforma-
tions explicitly, we expect similar results to those obtained here.” Our results suggest that
exactly marginal multi-trace operators can break large-N factorization but cannot induce local
couplings in the bulk. Single-trace deformations, on the other hand, always preserve large-N
factorization.

It is important to emphasize that this analysis holds at the level conformal perturbation
theory. For finite deformations (and in particular for large deformations), the analysis needs
to be refined on a case by case basis. This is precisely what happens in the example of [10],
which uses a single-trace transformation to break large-N factorization. In that example one
has to take A to grow with N faster than naively allowed in conformal perturbation theory.
We conclude that holographic CFTs dual to strongly coupled bulk matter must therefore be
isolated points in the CFT landscape, or sit infinitely far apart from conventional holographic
CFTs on conformal manifolds. While this conclusion is reached from explicit calculations in
two-dimensions, we expect similar statements to apply to other exactly marginal multi-trace
deformations that break large-N factorization in higher dimensions.®

The paper is organized as follows. In section 2 we review the large-N expansion and
large-N factorization of holographic CFTs. Therein we also review the effect of different kinds
of exactly marginal deformations on the large-N properties of these theories. In section 3 we
revisit the triple-trace deformation of [ 19] and describe the breakdown of large-N factorization
deduced from the calculation of two OPE coefficients. Section 4 is devoted to the computation
of four-point functions in the large-N limit. We conclude in section 5 with the interpretation
of our results. In appendix A we provide details on the evaluation of the integrals necessary
to compute OPE coefficients and four-point functions in conformal perturbation theory.

“Marginal quadruple-trace operators were discussed in [7] and again found to affect only a finite number of
conformal blocks.

8With the caveat that exactly marginal multi-trace deformations do not exist for all d, and at any given d beyond
two dimensions, there is a maximal possible number of traces that leads to a marginal operator. This follows from
the unitarity bound.
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2 Large-N CFTs and exactly marginal deformations

In this section, we review the salient features of large-N CFTs with a planar (i.e. 't Hooft) limit
with an emphasis on large-N factorization. We also review some basic aspects of conformal
perturbation theory and describe the interplay between the two. Finally, we describe the type
of marginal operators that exist in large-N CFTs and the fate of large-N factorization under
these deformations.

2.1 Large-N CFTs

Holographic CFTs are characterized by, among other properties, the existence of a dimension-
less parameter N that schematically controls the number of degrees of freedom of the CFT.
This parameter is defined from the two-point function of the stress tensor by’

<Tuv(x'u)Ta/3 (O)) = NI,uv,aﬂ (XM) s 9

where the function 1, ,5(x") is fixed by conformal symmetry [26]. From the holographic
point of view, the AdS/CFT dictionary relates this dimensionless parameter to the scale of AdS

measured in Planck units via i1
¢~

AdS
N~ Gy’ (10)
where d is the dimension of the CFT and we have neglected order one coefficients. Since
Newton’s constant controls quantum effects in gravity, such as graviton loops, the large-N
limit corresponds to the semiclassical description of gravity in AdS.

The description of large-N CFTs requires taking the limit N — oo, which should be viewed
as a limit in theory space. Different sectors of the theory behave quite differently under this
limit. In particular, the operators of the theory split into two kinds. Operators whose scaling
dimensions are fixed as N — oo are referred to as light operators. An important assumption
on large-N CFTs is that correlation functions of light operators converge in the large-N limit.'°
Usually, one also assumes that the number of operators of any fixed dimension converges in
this limit. These assumptions exclude, for example, the N-fold tensor product of a given CFT.

Large-N CFTs also contain heavy operators whose scaling dimensions diverge in the large-
N limit. These operators are interpreted as black hole microstates in the bulk theory (at least
if their dimension scales linearly with N). We will not discuss heavy operators in this paper
and will focus entirely on correlation functions of light operators.

Thus far, we have reviewed the fundamentals of large-N CFTs. More conditions need to
be imposed for the CFT to be actually holographic, that is, to admit a bulk description in
terms of semiclassical general relativity. In order to see this, note that a large-N gauge theory
at weak coupling, e.g. N' = 4 SYM at vanishing ’t Hooft coupling, complies with the above
assumptions, but has a bulk dual where stringy effects are important at the AdS scale. To
suppress stringy (or even just higher derivative) effects in the bulk effective field theory, one
needs an extra assumption often referred to as the large gap condition [7,27]. This condition
constrains the spectrum of operators with spin, and can be made precise for CFTs that satisfy
large-N factorization, a property we now review.'!

°This parameter is often called the central charge and sometimes denoted as c,. Here, we will call it N, but it
is not to be mistaken with the rank of a gauge group. In the case of a conformal gauge theory, the central charge
is often quadratic in the rank of the gauge group, for example in A" = 4 SYM.

1oNaively, it would appear that equation (9) does not comply with this requirement, even though the stress
tensor is a light operator. This is because it has a poorly chosen normalization for large-N purposes. To avoid this
issue, one could simply consider the normalized operator T,,,/ VN.

111f the theory satisfies large-N factorization, then the large gap condition states that all single-trace operators
of spin greater than two have a parametrically large scaling dimension [28-32].

6
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Large-N factorization is an additional condition that is often imposed for holographic CFTs.
The idea is to split the light operators of the theory into two classes: single and multi-trace
operators. Large-N factorization means that the connected part of correlators of single-trace
operators O; scales with N as'?

(01(x1) -+ O, (xy)), ~Nm2/2, (11)

We see that connected correlation functions are suppressed by the number of operator inser-
tions in excess of two. In other words, the set of light single-trace operators of a holographic
CFT behave as generalized free fields at infinite N. The leading order behavior of any correla-
tion function is therefore obtained by Wick contracting as many pairs of operators as possible,
since their two-point functions are not suppressed in N. For example, the 2n-point function of
single-trace operators O; is given by

<01(X1) e 02n(x2n)> = Z <oi1(xi1)oi2(xi2)> e <0i2n_1(XiZH_l)oiZH(Xi2n)> +O(NTY2),

perm

where we sum over all possible permutations of the indices.
In addition to single-trace operators, crossing symmetry requires the existence of multi-
trace operators O defined by

(0(x)0; (x1) -+ Ok (x)), ~ N°, (12)

where Oy, - -+, Oy are k single-trace operators. It follows that, at infinite N, k-trace operators
are just normal ordered products of singe-trace operators (along with derivatives), since

(0(x)0; (1) - Ok (x10)), = (: 01 -~ Oy : (x)O; (1) - - - Oy (xi.) ), ~ N°. (13)

In fact, it is clear from (13) that connected correlation functions of multi-trace operators can
scale like O(N°) provided that the appropriate Wick contractions exist.

Thus, to leading order in the large-N limit, correlation functions of single and multi-trace
operators are given by sums over products of connected correlators of single-trace components.
Furthermore, the leading order N-scaling of these correlators is determined by the terms in
the sum with the maximum number of Wick contractions.

In the gravitational dual, large-N factorization implies that the bulk theory of gravity is
weakly coupled such that all bulk interactions, including those of matter fields, are suppressed
by 1/N, i.e. by the Planck scale. This means that all bulk fields become free in the large-N limit.
It is important to note, however, that a free Hilbert space for all bulk fields is a more stringent
condition than necessary for a nice gravitational description of the bulk. All that is actually
needed is a weakly-coupled gravitational sector, which translates into large-N factorization
of stress tensor correlation functions. In all prime examples of the AdS/CFT correspondence,
such as gauge theories in the planar limit and symmetric product (or certain permutation)
orbifolds in two dimensions, the entire light spectrum factorizes [33-36]. In these examples,
all matter interactions in the bulk are suppressed by the Planck scale.

However, as discussed in [19], it is possible to relax factorization of the light spectrum
such that matter interactions in the bulk are no longer suppressed and can become of order
one. This is desirable, in fact, if we are interested in models of holography that more closely
resemble the real world: in our universe gravitational quantum effects are weak but the matter
sector (the Standard Model) is strongly interacting.

121n this paper we normalize operators such that their two-point functions are given by (0,(0)0;(1)) = 5,;.


https://scipost.org
https://scipost.org/SciPostPhys.19.5.139

e SciPost Phys. 19, 139 (2025)

The main goal of this paper is to construct holographic CFTs that go beyond large-N fac-
torization; that is, holographic CFTs where correlation functions of some operators (dual to
bulk matter fields) do not factorize at large N while correlators of the stress tensor still fac-
torize. We construct these theories by deforming “conventional” holographic CFTs, i.e. those
satisfying large-N factorization, with exactly marginal operators in a manner that preserves
a convergent large-N limit but breaks factorization in a controlled way. In the remainder of
this section, we first review the different kinds of exactly marginal deformations, and then
consider some aspects of conformal perturbation theory and its application in the context of
large-N theories.

2.2 Deformations of large-N CFTs

Conformal field theories can admit conformal manifolds, namely operators one can deform
the CFT by such that the theory remains conformal

Scrr = Scrr + 7‘[ d%x Oge(x). (14)

For this to be the case, the scaling dimension of O4.; must be equal to d and must remain un-
changed under the deformation. Such operators are called exactly marginal operators. Gener-
ally, it is extremely difficult to find exactly marginal operators but there are mechanisms that
make this possible, most notably supersymmetry [37, 38].

For large-N CFTs, exactly marginal deformations of the kind (14) need to be further spec-
ified. In particular, the N-scaling of the deformation parameter A and the trace type of the
operator play a crucial role. The most general deformation takes the form

Scrr > Scrr + MNP/ J d?x 0K(x), (15)

where A, is independent of N and 8 is a parameter that controls the N-scaling of the de-
formation. The operator OX is an exactly marginal k-trace operator. As we will see, not all
values of 8 and k preserve the large-N limit. Moreover, even within the values that still lead
to a convergent theory, there are drastically different outcomes. We are interested in break-
ing large-N factorization of a large-N CFT through an exactly marginal deformation (15). As
shown in [19], this can be achieved through certain values of 8 and k.

Several examples of large-N marginal deformations have been studied in the literature.
The vast majority involves single-trace operators, i.e. k = 1. This is the most obvious case to
consider for reasons we will explain shortly. See for example [12,39-43]ind = 2 or [44] for a
review on its connection to integrability in ' = 4 SYM. To the extent of our knowledge, exactly
marginal multi-trace deformations with k > 2 were unknown until very recently. These de-
formations were discovered in symmetric product orbifolds of ' = 2 minimal models, where
they can occur with arbitrary number of traces k and in many different combinations of single-
trace components [ 16]. Multi-trace deformations with k > 2 also occur in the theories studied
in [43].

2.3 Different scalings for the deformations

Let us now review the different values of  and k that are allowed in (15), and their respec-
tive properties in the large-N limit. Different values of the parameter 3 and the number of
traces k in (15) can have vastly different effects on the large-N behavior of a holographic
CFT. This can be seen from the large-N expansion of the correlation functions of the deformed
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theory. Assuming that A, is small, the deformed correlation functions are given in conformal
perturbation theory by

<01(X1) o 'On(xn)>;kk = <01(X1) Tt On(xn)>

+ A NP2 f dz(0*(2)0,(x1) -+ 0, (x,)).
(16)

+ AZNF f d?zd?w (0 (2)0" ()0, (1) -+ - 0, (x,)),
+O0(A)),

where all correlation functions on the r.h.s. are evaluated at A, = 0. For the deformation
to be under control, the deformed theory must still have a consistent large-N limit. This
means that all finite quantities in the CFT must remain finite as we turn on the deformation.
One way to ensure this is to set 8 < 0, since correlation functions of light operators on the
r.h.s of (16) are all finite in the limit N — oo. One exception to this rule occurs for marginal
single-trace deformations where k = 1. In this case, each A] correction to the undeformed
correlation function is suppressed by an additional factor of N~/2. This follows from the
scaling of connected correlation functions given in (11). As a result, we can set f = 1 for
single-trace deformations and still have a convergent large-N limit. This is in fact the standard
N-scaling applied to large-N gauge theories in the 't Hooft limit.

Exactly marginal deformations of the form (15) give anomalous dimensions to generic
operators that are not protected by symmetry. Examples of protected operators are the de-
formation operators themselves, which remain exactly marginal. Additionally, there can be
other operators whose conformal dimensions are protected by (super)symmetry. Let O, de-
note a non-degenerate single-trace operator with zero spin that is not protected by symmetry.
The anomalous dimension y, of Oy can be extracted from the coefficient of the logarithmic
correction to the two-point function using (16)

1 1 9 log |x|?
|x|2ho*70 - | |2ho Yo | |2ho

(00(0)00(x))3, = +0(rp), 17)
where h,, is the conformal weight of O in the undeformed theory. Thus, the strategy to extract
anomalous dimensions is to compute the integrated correlators that appear in (16) and extract
the logarithmic terms. The regularization scheme that we will employ is to cut out small
balls around the location of other operators in the integrals, and throw away the divergent
terms. This gives a well-defined prescription for conformal perturbation theory, and computes
covariant derivatives of the correlators on the conformal manifold [45,46].

Let us track more carefully what happens under the conformal perturbation in the large-N
limit. We first assume that O is a generic operator, meaning that the (potentially multi-trace)
operator OX does not contain O, as one of its single-trace components. In this case, conformal
perturbation theory gives us

(00(x1)00(x2)),, = {00(x1)00(x2))

+ kaﬂ/ZJ d?z (0" (2)0g(x1)0g(x2)),
(18)

+ AZNP f d?z dw (0"(2)0*(W)0,(x1)00(x3)).

+0OA).
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In the correlators that appear on the r.h.s. of the above equation, there is no Wick contraction
between O, and 0X(z) since, by assumption, OX(z) does not contain Oy. Therefore, the inte-
grated correlators have no O(N°) contribution and O does not acquire an anomalous dimen-
sion in the large-N limit. This shows that deformations with # < 0 cannot lead to anomalous
dimensions for generic operators at large N. Thus, the only way to give anomalous dimen-
sions to generic operators in the large-N limit is to consider single-trace deformations which,
as explained above, allow for 3 = 1. In the context of holography, one usually considers defor-
mations along the conformal manifold that take a weakly-coupled CFT to a strongly-coupled
point where the theory becomes holographic. In the process, most of the light operators are
lifted, in particular those with spin, as required by the large gap condition. These operators
correspond to stringy degrees of freedom in the bulk which become massive under the defor-
mation. These types of deformations are always single-trace.

In this paper, we are interested in the fate of large-N factorization under exactly marginal
deformations. Large-N factorization is completely characterized by the scaling of correlation
functions in the large-N limit. For simplicity, let us consider a multi-trace operator OX con-
structed exclusively from a single-trace operator O such that OX =: 0---0: (a similar logic
applies to multi-trace operators made out of distinct constituents). After the deformation,
there is a set of correlation functions whose leading order correction in the large-N limit is
given by (cf. the second line of (16)) [16]

]\]/3/2<0k()1 . ..0n>c ~NP/2(00;, - +:0,,) (00, 11---0p)

K o,
NPT [N N (19)
j=1

where 25:1 n; = n. It is important to note that (19) is the maximal possible large-N scaling;
not all correlation functions scale in this way, but there are always some that do. These cor-
relation functions can be obtained by an appropriate choice of Oq, -, 0,. Therefore, large-N
factorization is preserved if the large-N scaling of (19) is the same as or slower than that
of the undeformed correlator (11). It follows that large-N factorization is preserved when-
ever 3 < 2 — k. This shows that in order to preserve large-N factorization, most multi-trace
deformations will have no effect in the large-N limit.'3

Note that there is an interesting range of values, namely 2 —k < 3 < 0, where the defor-
mation breaks large-N factorization but preserves the large-N limit. This range only appears
for triple and higher-trace deformations where k > 2. For such exactly marginal operators,
we can set 3 = 0 and obtain large-N CFTs where a subsector of the theory breaks large-N
factorization. The subsector depends on the operators that make up OK.

To summarize, there is an important difference between single and multi-trace deforma-
tions. Single-trace deformations lead to a well-defined large-N limit when 8 < 1 and always
preserve large-N factorization. Nevertheless, these deformations can lead to large anomalous
dimensions for generic operators in the large-N limit. Therefore, if we want move a from a
free point on the conformal manifold where the theory has an infinite tower of higher spin
currents, to a holographic point dual to semiclassical gravity, we have to use a single-trace
deformation. The anomalous dimensions of higher spin currents induced by the deformations
have been computed explicitly in [12,39-43]. In some cases, these deformations can also be
studied in the gravity dual close to a “tensionless” point [47-50].

13An interesting case is a deformation with 3 = 0 and k = 2. There, large-N factorization would be preserved
and some operators (those that make up : 0?:) could still be affected at order N°. However, if the operators that
make :0?: are BPS (which is how exact marginality of the deformation is assured), then nothing happens at order
N°, and the visible effects of the deformation are pushed to higher orders in the 1/N expansion.
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Multi-trace deformations, on the other hand, are not capable of giving anomalous dimen-
sions to generic operators at large N. However, for k > 2 and 8 > 2—k, they can break large-N
factorization in a subsector of the CFT. These deformations allow us to explore instances of
AdS/CFT that include strong interactions in the matter sector. In the next section, we will
investigate the simplest example of such a deformation that is capable of breaking large-N
factorization.

The analysis of this section is based on conformal perturbation theory, and studies the fate
of correlation functions in the large-N limit order by order in perturbation theory, demanding
that each order converges. In some cases, it is possible to take scalings that grow faster with
N, by first resumming the perturbative series, and only then taking N — ©o. This is how one
should view the non-factorizing theories of [10]. To reach the strongly coupled point there,
one would have to make A scale with at least log(N). In the large-N limit, perturbation theory
breaks down and one has to resum the series before making N large. In the process, one sector
of the theory no longer factorizes at large N, while the rest of the CFT still factorizes.'*

3 A triple-trace deformation

In the rest of the paper, we will discuss the effects of a particular multi-trace deformation in
the context of two-dimensional CFTs with N = (2, 2) supersymmetry. These multi-trace defor-
mations are present, for example, in symmetric product orbifolds of the N' = (2,2) minimal
models.'® These CFTs have been argued to be connected to holographic CFTs through marginal
deformations that reach a holographic point somewhere on their conformal manifolds [16], as
the symmetric orbifold theory contains one or more single-trace marginal operators that can
be turned on and are interpreted as gauge couplings. In particular, these deformations lift the
higher spin currents present at the orbifold point [12].

The theories of [16] also contain many other marginal operators which are multi-trace,
and we are interested in a triple-trace deformation that breaks large-N factorization. In this
section, we will see that such a deformation leads to order O(N°) corrections to some OPE
coefficients of single-trace operators, mostly reviewing the results of [19]; in the next section
we will evaluate four-point functions.

As discussed in the previous section, the simplest example of a deformation capable of
breaking large-N factorization is given by an exactly marginal triple-trace operator. Let us first
discuss the existence of such operators. In order to ensure that the operator we deform the
theory by is exactly marginal, we use supersymmetry. When the theory has at least V' = (2, 2)
supersymmetry, an exactly marginal operator can be constructed from the superpartner of a
chiral primary OK of weight h =h = 1/2 via

Odef ~ G:1/2G:1/20k . (20)
Exactly marginal operators of this type appear for arbitrary values of k in the symmetric prod-
uct orbifold theories studied in [16,43]. In this work we will focus on a particular simple
deformation that was first studied in [19]. Its existence relies solely on the presence of a
chiral primary O of weight hg = hg = 1/6 in the spectrum. Using O we can construct the
following exactly marginal triple-trace operator

1 _
3._ — —
R Y

14We thank Ofer Aharony for bringing this to our attention.
15The deformation we will study is present in any two-dimensional holographic CFT with a ’t Hooft limit and a

BPS operator of weight h =h =1/6.

,:000: + h.c., 2D
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where the factor of 44/3 guarantees that O® has unit norm. The exactly marginal deformation
capable of breaking large-N factorization is then given by

SCFT — SCFT + Af dzx OB(X) . (22)

The triple-trace operator used in (22) is one of many possible choices, since any set of
single-trace chiral primaries can be used to construct it provided that their weights add up to
1/2. Nevertheless, we expect the qualitative results of our analysis to be independent of the
precise weights of the constituent operators, and it would be interesting to prove this. We also
note that the deformation (22) exists in infinitely many CFTs. One family of examples is the
symmetric product orbifold of the N' = 2 minimal models Ak+1 with k =1 mod 3 and k > 4
(here k parametrizes the value of the central charge via c = +2)

3.1 Single-trace OPE coefficients

In order to quantify the effects of the deformation (21), we first study its effect on OPE coeffi-
cients of single-trace operators. The effect of the deformation on single-trace OPE coefficients
is determined by

V1Co.0,0, = f x(07(x)0,(00)0;(10[(0)), | _ . (23)

where Co 0,0, = (Oi(oo)Oj(1)0;;(0)> is the OPE coefficient between O;, O;, and Oy, while
V, is the covariant derivative on the conformal manifold with respect to the coordinate A. The
correlation function appearing on the r.h.s of (23) is formally divergent, but there is a well-
defined regularization scheme that makes the definition meaningful [45,46]. This scheme
corresponds to cutting small balls around the location of the operators to regulate the integrals.
In the undeformed theory, the OPE coefficients of single-trace operators scale as N e
large N, as indicated in (11). A breakdown of large-N factorization is signaled by a scaling
of order N° of the same OPE coefficient. The only OPE coefficients of single-trace operators
capable of obtaining such a correction involve the following (super)descendants of O

3 _ 3

This follows from the fact that an order N° result for (23) can only be obtained from Wick
contractions of the operators {O;, O; ,0! .} with the constituents of 03, and that the latter can
be written as

0® = 2‘/_( :x00: +2:p0: + h.c.). (25)

Thus, Coo,+ and Cg,,;+ are the only OPE coefficients of single-trace operators that can obtain

an order N correction that breaks large-N factorization.
In order to see that Cqq,+ indeed gets a nonzero correction at large N, we evaluate [19]

(0%(x)0(00)0(1)%(0)) = 2% (:17070":(x)0(c0)0(1)2(0)), + O (N )
- % (:7700":(x)0(00)0(1)y (0)) + O (N (26)
1 1

_ = -1
= T 1 +O(NTY),
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where the factor of 2 between the first and second lines comes from two possible Wick con-
tractions of the O operators. The only input needed to obtain (26) is the weight of O. Since O
is a chiral primary, and the deformation (22) preserves supersymmetry, its weight is protected
on the conformal manifold. Therefore, (26) is valid under any other exactly marginal defor-
mations that do not break large-N factorization, like the standard gauge couplings built out of
twist operators.

To leading order in perturbation theory we thus have

1 1
V,C =— | d®x ———— +0O(NY). 27
A 001*\&:0 ’_BJ X |x|8/3]x —1[2/3 reg ( ) 27)

This type of integral can be evaluated analytically. For reasons that will become clear later, let
us define

Oo(a, b) := f d2ulu®u—1/%°. (28)

The integral (28) can be computed using the methods of [19,51] or by contour integration
[52,53]. Both of these methods cut out balls around the singularities to regulate the otherwise
divergent integrals, with the result (see appendix A for details)

FrQl+ar(1+b)r(—1—a—>b)r(1+>5)

b) = —si b 2
Bola, b) = =sin(m D)= ) I(—a) (29)
We thus find [19]
1 4 1 1 8n? 1
V1Cooyi|5mo = —=0o | —2>—= NY)=——=+0(N). 30
A 00y |l=0 ‘/§D0( 3 3)+O( ) 1—‘(1/3)6+O( ) ( )
Similarly, it is not difficult to show that
) 1 [ x(x=1) 1y 8n? 1
chowf{ho— ﬁfd xlx—1|8/3|x|8/3 +O(N )__—F(1/3)6 +O(N ) . (31)

The corrections to the OPE coefficients (30) and (31) are the same, as they must be related
by supersymmetry. Note that this result is a genuine change in the OPE coefficient and not
a consequence of mixing between different operators, the effects of which only appear at
O(N71)[54,55].

We have thus found a pair of OPE coefficients that, in the infinite-N limit, vanish at A =0
but receive order N° corrections when we turn on the deformation. All other OPE coefficients
of primary single-trace operators are N-suppressed before turning on the deformation and
remain suppressed under it. Thus, the deformation breaks large-N factorization, but it does
so in a controlled way: only the sector of the CFT containing operators made from O can
obtain finite couplings at infinite N.

It is important to note that there are certain OPE coefficients of multi-trace operators
that are already finite at A = 0 in the large-N limit. One example is Copp2 = v'2, where
0?2 = % :00: is the simplest double-trace operator constructed from O. Such OPE coeffi-
cients can get finite corrections under the deformation, as we will see explicitly in the next
section.

4 Four-point functions

In the previous section, we considered a triple-trace deformation of two-dimensional CFTs that
breaks large-N factorization in a subsector of the theory. The gravitational interpretation of
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this result is subtle. One may be tempted to interpret the order one OPE coefficients as a sign
of local bulk interactions, consistent with (4). However, a cubic interaction for the fields dual
to 0, 0, and y (or O, v, and 1)) would lead to an IR divergence in the corresponding Witten
diagram, which stems from the fact that the scaling dimensions of the operators featured in
the interaction add up to d = 2 [21]. Hence, finite bulk cubic interactions cannot account
for the breakdown of large-N factorization. Instead, as described in the introduction, a bulk
interaction of this kind is expected to lead to an anomaly [22], see also [56] for a recent
discussion.

Following [20] and related work, we expect that the OPE coefficients described in the
previous section are the result of an interaction that is localized on the boundary, rendering
the breakdown of large-N factorization a boundary effect, at least at the level of three-point
functions. Although the corrections to the OPE coefficients cannot arise from a local three-
point interaction in the bulk, it is still possible that it leads to higher-order local bulk couplings.
Investigating whether this scenario is realized in our setup is the goal of this section.

Local bulk interactions can be probed by certain singularities in the dynamical correlators
of the dual CFT. These so-called bulk-point singularities only arise when the boundary oper-
ators are aligned such that they allow for classical scattering in the bulk interior [7, 24, 25].
If these singularities are not present, there are no classical scattering processes and hence no
local interactions in the low energy effective bulk theory. Therefore, in order to understand
the bulk interpretation of the finite OPE coefficients induced by multi-trace deformations, we
need dynamical data of the deformed CFT. The simplest correlation functions that contain
dynamical information are four-point functions, which are the subject of this section.

Before we consider four-point functions in the presence of the deformation (22), we need
to discuss a generalization of the integral Oy(a, b). Let us define'®

O(a, b, c; x,x) := f d2ulul®u— 1122 |u—x|%. (32)

This integral is formally divergent but can be regulated by cutting out balls around the singu-
larities. We can evaluate this integral by the contour integration method of [52, 53], which
automatically takes care of regularization. In this case, (32) can be written in terms of two
one-dimensional integrals such that [52,53] (see appendix A for details)

sin(zth)sin(mt(a + b +¢))
sin(7t(a + ¢))

sin(7ta) sin(7tc)
sin(7t(a + ¢))

II,(a,b,c;x)|?,
(33)

O(a, b, c; x,%) = II(a, b,c; x)|* +

where I,(a, b, c; x) and I,(a, b, c; x) are given by

Li(a,b,c;x) = f
1

These integrals can be evaluated explicitly and are given in terms of hypergeometric functions

oo X

dur®(u—1)°w—x)°, Iy(a,b,c;x):= J dur®(1 —w)P(x —u)°. (34)
0

Li(a,b,c;x)=B(-1—a—b—c,b+1)yF;(—c,—a—b—c—1,—a—c;x),

et (35)
Ir(a,b,c;x)=x*"""Bla+1,c+1)yF;(—b,a+1,a+c+2;x),

where B(x,y) = %E(yy)) is the beta function.

Let us come back to the correlation functions of the deformed theory. One four-point func-
tion that receives corrections at order N° is (O7(0)0O'(x)0O(1)0O(o0)).. The leading correction
to this four-point function is found at second order in A and is determined entirely by Wick

6Note that O,(a, b) = O(a, b, 0; x, ¥) is the integral (28) used in the evaluation of Cooyt-
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o (0]

Figure 1: The exchange diagrams contributing to <O“L(O)O"r(x)0(1)0(c>o))C \ 22

contractions of the operators making up the deformation (22). Omitting O(N~!) corrections,
we obtain the order A2 contribution

| ! |
(0(0)0"(x)0(1)0(00)), =—Jd2 fdz xoo (w) x'o 6' (z)O’(O)O’(x)O(l)O(oo))

o]
lw— Z|8/3|W|2/3|W XPPlz—112°
= 2 d*w’ L fdzz’;
3 w2 w — 113w — x |2/ /[ — 13

A2 ( 1 2 1 ) (4 1)
=—0(—©%—Z,—3:%X I:IO P R I
3 37 37 3 37 3
(36)

where in the third line we changed variables (z,w) = (W' + z’(w’ — 1),w’) in order to get
an expression that depends explicitly on the regulated integrals O(a, b, c; x, x) and Ogy(a, b).
Using (29) and (33) we then obtain
F 112
2 1(3 33 ) >
(37)

224
= |Coo,t x/3,F ( )
00y 241 3 3 3
where Cqg,+ is the OPE coefficient computed in the previous section. Recall that Cog,i ~ 4,
so both terms in (37) are O(A?).

We conclude that the four-point function (37) is the sum of two conformal blocks that can
be compactly written as

2
— 3122

2
{0'(00"(x)0(1)0(0)),| ,

(0"(00"(x)0(1)0(00)),| , = > |Coop| x| Fy (hy, by, 2k, 00| (38)
peix’,0%}

The first block in (38) is the exchange of the y' operator in the s-channel, while the second
block is interpreted as the exchange of the double-trace operator 0% = % :00:. In particular,
(36) encodes the change in the OPE coefficient Cogq2 after the deformation such that

3222
24/2

The two exchange diagrams are depicted in figure 1.

Although (38) only receives contributions from two conformal blocks at leading order in
the large-N limit, this is a perfectly consistent four-point function, being conformally invariant
and single valued. Indeed, it is not difficult to verify that the four-point function is invariant
under conformal transformations as can be seen from the analogous computations

(0(0)0'(x)0 (1)0(00)),| , = D [Coop| L —x " D],y (y,
pe{y',0%}

Cooo? = V2 — +0(AY). (39)
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and

(0(0)0"(x)0(1)07(0)).

o = > [Coop| Ix 72D F (R, by, 205 x 71|
pe{x",0%}

Note that both of these expressions, together with (38), are valid to leading order in the large-

N expansion and to quadratic order in the deformation parameter A.

The four-point function (38) is also single valued. This is harder to establish than con-
formal invariance, and it cannot be realized as a finite sum over conformal blocks for general
scaling dimensions. In our case, single valuedness relies on the precise ratio between the pref-
actors of the hypergeometric functions. Single valuedness around x = 0 is not difficult to see
from the explicit expression (26). In order to see that the four-point function is also single
valued around x = 1, we need to use the following identity

_T()l(a+b—c)

oF1(a,b;c;2) = ORO (1—2) %P, F(c—a,c—b;—a—b+c+1;1—2) o)
I'(c)I'(—a—b+c)
Fi(a,b;a+b—c+1;1—2).
Me—ar(c—p) 21 @biatb=c 2
Using (40), we find that the I;(a, b, c; x) and I,(a, b, c; x) integrals satisfy
sin(7tc) sin(7ta)
I Jb) ; :_-—I b’ ) ;1_ +-—I b) ) ;1_ )
(@b, ;%) sin(7t(b +¢)) 2(b,a,c *) sin(7t(b +¢)) i(bya,c *)
I,(a,b C‘X)_—MI (b,a,c;1—x)— sin(rc(a+b+c))I (b,a,c;1—x) “
20T ein(n(b+0) 2 sin(n(b+c)) 7 '
Thus, O(a, b, ¢, x, X) can be equivalently written as
O(a, b, ¢, x,X) = by|I;(b,a,c,1—x)* + by|I,(b,a,c,1—x)|?, (42)

where the coefficients b , are equal to ratios of sine functions that ensure a trivial monodromy
around x = 1. Therefore, the integrals featured in the evaluation of the deformed four-point
function have single valuedness built in.

Our result is also compatible with crossing symmetry. In the cross-channel where the op-
erators O and O' fuse, the two conformal blocks we have obtained in the original channel
will lead to anomalous dimensions and changes in the OPE coefficients of the double-trace
operators : 00" :. This is in agreement with crossing symmetry and can be checked operator
by operator.

The features described above are not unique to the four-point function (37). Another
four-point function that gets corrected at order O(N®) is (¥ 7(0)O(x) ¥ (1)O(00)).. The com-
putation of this correlator is analogous to the previous one, and it also results in a sum over

two conformal blocks
2

(27(0)0"(x) 2 (1)0(00)),

2 Z |Cx0p|2|x|2(h"_5/6)

1 1
2F1(hp — E,hp + E,th;X)
pe{07,:x0:}

This four-point function features an O' exchange with the expected OPE coefficient
Cyo007 = Cooyi- Moreover, there is a conformal block associated with a : y O : exchange with

OPE coefficient
3272

CxO:)(O: =1- + 0(14) . (43)

This double-trace OPE coefficient gets adjusted in the right way to make the four-point function
single valued. A simple check shows that the four-point function (4) is also invariant under
conformal transformations. The two exchanges contributing to (y7(0)0"(x)y(1)0(c0)) C| 22
are shown in figure 2.

This concludes our computations of the four-point functions. The interpretation of these
results and a discussion of open questions are considered in the next section.
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o (0] 0] o

Figure 2: The exchange diagrams contributing to ( 27(0)07(x) x(l)O(oo))C | 22

5 Discussion

We have shown that an exactly marginal triple-trace deformation (the deformation (22)) leads
to well-defined nonvanishing connected four-point functions at infinite N. This is a clear break-
down of large-N factorization, which states that the only nonvanishing part of a four-point
function at large N is its disconnected component. Interestingly, the four-point functions we
have computed only receive contributions from two conformal blocks: the minimal exchange
of an operator consistent with the OPE coefficients computed in section 3 and a single other
operator. Our result satisfies the axiomatic rules of CFT, in particular single valuedness of the
four-point function on the Euclidean plane. In this sense, the result we have found is the sim-
plest way to preserve single valuedness given the exchange of the operator found in section 3.
We conclude with the interpretation of our results and open questions.

No bulk-point singularity

Our results immediately suggest that the triple-trace deformation does not induce a local in-
teraction in the bulk, at least not in perturbation theory. Such a local bulk interaction would
correspond to a sum over an infinite number of conformal blocks. Indeed, a finite number of
blocks in the Euclidean four-point function cannot lead to the bulk-point singularities charac-
teristic of a local quartic interaction in the bulk [7,24,25]. This follows from the fact these
singularities arise from the non-holomorphic behavior in the Lorentzian continuation of the
Euclidean four-point function. Such a behavior is not possible when the Euclidean correlator
features only a finite number of products of holomorphic and antiholomorphic functions as in
(37).

The expectation for the nature of the bulk theory is that it includes a boundary interaction
for the bulk matter fields of the form

Spulk — Sbulk f dtg dx ¢3(z =0, tg, x), (44)
9AdS

where d AdS denotes the boundary of AdS at z = 0. This boundary interaction implements the
change of boundary conditions of the bulk fields induced by the deformation (22).

The situation we find in the bulk is reminiscent of boundary conformal field theory (BCFT),
where the boundary degrees of freedom can be strongly coupled, while the bulk degrees of
freedom are not necessarily so. This scenario can arise, for example, in a free theory with
conformal boundary conditions, where one turns on a boundary marginal operator that dras-
tically changes the boundary data. In such a setup, the bulk spectrum and OPE are completely
unchanged, and thus remain free. However, if one only studies the boundary data, it may
be very difficult to see whether the bulk sector is free or not. In our context, the bulk-point
limit gives us a tractable observable that encodes the relevant physics, which has no natural
counterpart in BCFT.
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The bulk point at finite coupling

An interesting question is to understand the fate of the theory at finite A. There, we expect
that infinitely many conformal blocks contribute to the four-point function and the fate of
the bulk-point singularity is more obscure. Note that the operators which contribute in the
four-point function are higher and higher trace operators, rather than double-trace operators
:0(g,0")"0: with higher and higher n. It would be interesting to see if this makes a difference
in the bulk-point limit, as it seems possible to us for the singularity to emerge again at finite A
(but still large N).

More general multi-trace deformations

A natural question to ask is whether the results obtained here are a generic feature of exactly
marginal multi-trace deformations that break large-N factorization, or special features of the
triple-trace deformation considered herein. At least in the case of two dimensions, conformal
perturbation theory suggests this is a generic feature of multi-trace deformations. Let us first
consider the case where the four-point function is obtained from Wick contractions of scalar
operators. In this case, the leading O(N°) contribution to the four-point function of single-
trace operators can be represented in terms of products of the integrals O(a, b, c; x, x). This
follows from the fact that exact marginality requires the deforming operator to be a supersym-
metric descendant of a chiral primary so that the leading O(N°) correction to the four-point
function is of O(A2). As a result, the four-point function is given by a product of O(a, b, c; x, X)
which can be written as a finite sum over conformal blocks.

For Wick contractions between operators with spin, the only change in the argument is in
the form of the integrand, which is no longer a real function. While we have not evaluated
the general form of these integrals explicitly, they satisfy a factorization property similar to the
one found in the evaluation of Oy(a, b) and O(a, b, c; x, X) (see appendix A). For this reason,
we expect these integrals to yield similar results such that the four-point function is given by
a finite sum over conformal blocks.!” Consequently, we do not expect to see the emergence
of a bulk-point singularity in the four-point function of theories deformed by higher trace
deformations, at least in perturbation theory.

It is worthwhile to mention that the case of a quadruple-trace deformation was discussed
in [7], and there again the CFT data was modified in such a way that a single OPE coefficient
is affected to first order in conformal perturbation theory. This parallels nicely with the results
obtained in this paper.

Conformal manifolds and infinite distances

If even at finite A there is no way to interpret our deformed CFTs as being dual to bulk matter
sectors with local interactions, we are faced with a no-go result: it is not possible to obtain
a CFT dual to a strongly coupled bulk matter from a CFT with a ’t Hooft like expansion in
perturbation theory. Perturbatively, single-trace deformations always preserve the ’t Hooft
limit and large-N factorization, while we have shown that multi-trace deformations appear to
not produce local bulk interactions.

To be clear, this does not mean that such holographic CFTs do not exist. Concretely, one
can imagine a couple of avenues that evade this conclusion. For example, one could imagine
changing the order of limits. This entails deforming the theories while keeping N finite, re-
summing the perturbative expansion, and only then taking the large-N limit. Moreover, one

17 As an explicit example of this, consider integrals determining the correction to the OPE coefficients Coo,+ and
COWL-,»,' in (27) and (31). The first integrand is real (the result of Wick contractions between scalar operators) while
the second integrand is complex (obtained from Wick contractions of operators with spin). Both integrals are
related to EIO( — %, —%) and yield the same answer.
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could obtain a strongly coupled bulk matter sector by non-perturbative procedures, such as
performing an S-transformation on moduli [10]. Both of these strategies illustrate that on
a conformal manifold, CFTs dual to strongly coupled bulk matter sectors are separated by a
distance that diverges with N from CFTs satisfying large-N factorization. Therefore, these
phenomenologically interesting CFTs are in some sense isolated.

Another interesting possibility is to deform a standard holographic CFT with a relevant
operator and flow to the IR. One could also add probe branes to the bulk on which a matter
theory is strongly coupled. The addition of branes suggests that such theories are “isolated”
in the QFT landscape sense, and are separated from factorizing points on the moduli space by
distances that diverge with N.

Naturalness from string compactifications

An interesting question related to this work is whether matter in AdS that is coupled at the
Planck scale is more natural in a landscape sense, and whether having strongly coupled matter
requires fine-tuning. An argument from string compactifications indicates that this could be
the case. In general, the low energy effective action of string compactifications (with fluxes)
takes the schematic form

_ 1 D
SgrT = —167IGNJd x/gR+V(¢)), (45)

where D is the number of large (i.e. not string or Planck scale) dimensions, and V(¢) is a
potential for scalar fields which, importantly, should be seen as including their kinetic terms.
If the potential contains a constant term, the theory admits an AdS vacuum. For the vacuum to
have a large AdS scale, it requires the length scale of the potential to be parametrically larger
than the Planck scale (in the case of AdSs x S°, this is achieved by putting N units of flux).
This parametric separation requires some sort of fine-tuning, and can be understood as the
cosmological constant problem. Of course, the problem is “resolved” by the large-N condition
on the CFT side.

If one further assumes that there are no other length scales in the potential, then one
is naturally led to a gravitational theory where the matter interacts at the Planck scale, and
where the dual CFT factorizes at large N. This can be seen by rescaling the scalar fields such
that their kinetic terms are canonically normalized, which induces Planckian factors in the
interactions. One is thus led to wonder whether strongly coupled matter requires further fine-
tuning, beyond solving the cosmological constant problem; or said differently, it reinstates
the cosmological constant problem that large N was previously solving. It would be very
interesting to understand this question better.
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A Evaluation of integrals

In this appendix we explain some of the steps necessary to evaluate the integral (32), which
we reproduce here for convenience

O(a, b,c; x,x) := f d2ulul®u— 1122 )u—x|%. (A.1)

First, let us compute the simpler integral Oy(a, b) = O(a, b, 0; x, X) using contour integrals,

as is done in [52,53]. The integral (A.1) can then be evaluated using the same methods. As

shown in [12], Oy(a, b) can also be evaluated using polar coordinates by introducing a cutoff

near the location of the singularity at u = 1 or u = 0, and then removing the divergent term

proportional to an inverse power of the cutoff. This method was recently generalized in [51].
The integral Oy(a, b) is given by

Oo(a, b) := f d2ulu®u—1/%°. (A.2)

Here we consider the case where a, b < 0. The first step in the evaluation of the integral is to
change coordinates to u = u; + iu,, which results in

Og(a, b) = if du, J du, (u% + u%)a ( (u; —1)*+ u%)b . (A.3)

2

Next, we analytically continue u, — ie™ ie u,, with € > 0, so that

oo oo
Oo(a,b) =1 f du, f du, (u% + u%e_‘ﬁs)a ( (u; —1)*+ u%e_“is)b . (A.4)
—0Q —0Q

We then expand around ¢ = 0 and notice that, up to O(¢) corrections, the integrals factorize
once we consider lightcone coordinates u, = u; £u,

Oo(a, b) = % f duy (uy —ie(uy —u))(up —1—ie(uy — u—))b
o (A.5)
xf du_(u_+ie(u, —u_))*(u_—1+ie(u, —u_))®.

—00

Due to the analytic continuation, the integrals in (A.5) should be seen as contour integrals
on the complex plane with poles or branch cuts emanating from 0 and 1. The terms multiplied
by e give a prescription as to how to go around the poles. There are the following three
possibilities:

* u, < 0. The contour of u_ is below the real axis at u_ =0, 1.
* 0 <u,; <1. The contour of u_ is above the real axis at u_ = 0, and below itatu_ = 1.

* u, > 1. The contour of u_ is above the real axis at u_ =0, 1.
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Figure 3: The contours v, 5 3 in the complex u_ plane.
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Figure 4: The deformation of the y, contour in the complex u_ plane.

0
°

Therefore, the integral over u, splits into three qualitatively different parts, each with their
own contour (shown in figure 3)

0 1 [e%e}
f du+...f du_....’.f du+...f du_...+J du+...f du_..._ (A6)
-0 Y1 0 Y2 1 Y3

The contours y; and y5 can be deformed to infinity, where the integrand vanishes, while the
Yo contour is deformed to the contour y shown in figure 4. The deformed contour can be
parametrized as y =y, Uy, U y_ where y, and y. are given by

y+(t)=i£—tei‘g, teRo_q,

, T T
Tolp) =1+ |[ele'”, Sy Ses, (A.7)
y_(t) = —ie + te2™ e teRs.

In the limit ¢ — 0, the contribution of y, to the integral is a pure divergence, while the
contributions from vy are finite, and combine to

limJ du_(u)*(u_—1)P = —sin(rcb)f dt t%(t—1)°. (A.8)
r+Ur— 1

e—0
The full integral is regulated by subtracting the purely divergent contribution coming from y.
This regularization scheme amounts to minimal subtraction and is compatible with the one

used previously in [12]. After combining all of the above and changing coordinates to x =1/t
we thus find

1 1
Og(a, b) = —f dujuf (uy — 1) sin(nb)J dx x99 (x —1)P. (A.9)
0 0

This integral evaluates straightforwardly to

I'(1+a)(1+b)T(—=1—a—b)I(1+b)

Oo(a, b) = —sin(nb) r'(2+a+b) ['(—a)

(A.10)

Let us now turn to the integral O(a, b, ¢; x, x¥) defined in (A.1). Using the same analytic
continuation used to evaluate Oy(a, b) above, and similar steps and manipulations, one finds
that there are two contours that contribute nontrivially to O(a, b, ¢; x, X). In analogy with the
evaluation of Oy(a, b), we can deform the contours to enclose one of the poles in the integral,
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Figure 5: Deformations of the different contours that contribute to O(a, b, ¢; x, X).

see figure 5. By carefully parametrizing these contours, one then obtains (33), which we

reproduce here for completeness [53]

sin(ntb)sin(m(a + b + ¢))
sin(nt(a + ¢))

sin(7ta) sin(7tc)

I - x)|?
Sin(r(a +0) [I5(a, b, c;x)|*,

O(a, b, c; x,%) = II(a, b, c; x)|* +

I po

where I,(a, b, c; x) and I5(a, b, c; x) are given in terms of B(x,y) = o)

Ii(a,b,c;x)=B(-1—a—b—c,b+1)yF(—¢c,—a—b—c—1,—a—c;x),

+et1 (A.11)
Ir(a,b,c;x)=x"""Bla+1,c+1)F;(—b,a+1,a+c+2;x).

In particular, note that the regularization scheme used in the evaluation of this integral is
equivalent to minimal subtraction, namely to the removal of the purely divergent contributions
to the integral.
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