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Abstract

We investigate the phase diagram and memory retrieval capabilities of Restricted Boltz-
mann Machines (RBMs), an archetypal model of bipartite energy-based neural networks,
as a function of the prior distribution imposed on their hidden units—including binary,
multi-state, and ReLU-like activations. Drawing connections to the Hopfield model and
employing analytical tools from statistical physics of disordered systems, we explore how
the architectural choices and activation functions shape the thermodynamic properties
of these models. Our analysis reveals that standard RBMs with binary hidden nodes and
extensive connectivity suffer from reduced critical capacity, limiting their effectiveness
as associative memories. To address this, we examine several modifications, such as in-
troducing local biases and adopting richer hidden unit priors. These adjustments restore
ordered retrieval phases and markedly improve recall performance, even at finite tem-
peratures. Our theoretical findings, supported by finite-size Monte Carlo simulations,
highlight the importance of hidden unit design in enhancing the expressive power of
RBMs.
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1 Introduction

Statistical modeling plays a central role in modern computational science, especially with the
rapid progress of machine learning. Its impact is clearly seen in the success of generative
models, which are particularly good at creating and analyzing complex data [1,2]. Unlike tra-
ditional statistical physics—where models are built from known interactions through a Hamil-
tonian—statistical modeling often works in reverse: it starts from data and aims to infer the
underlying parameters that explain it. This inverse approach has proven to be a powerful and
flexible way to uncover structure in data and build meaningful models across many areas of
science.

Over the past few decades, statistical physicists have made major strides in interpretable
modeling, notably by adopting Hinton’s Boltzmann Machine [3]—particularly in its version
without hidden nodes—to address a wide range of scientific problems [4-7]. Building on a
long tradition stemming from the Ising model, researchers have developed a rich set of ana-
lytical and numerical tools to efficiently learn interaction parameters, especially pairwise cou-
plings between spins. This work represents a fruitful integration of theoretical understanding
and computational techniques [8-15].

However, models like the Ising model, which capture only pairwise interactions and local
fields, are inherently limited in their generative power. They can match empirical means and
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covariances but fail to reproduce higher-order correlations present in real-world data [16—
18]. This restricts their ability to model the full complexity of structured datasets. Recent
research on bipartite architectures such as Restricted Boltzmann Machines (RBMs) [19] has
shown their ability to naturally describe all-order moments based on model parameters. RBMs
are structured with two layers: one represents the dataset variables, and the other contains
latent variables for modeling effective interactions. When the hidden units follow a Gaussian
distribution, the model effectively reduces to a pairwise interacting system [20,21]. However,
adopting more complex distributions for the hidden units, such as binary or ReLU activations,
transforms the RBM into a fully multibody interacting model. This understanding has spurred
the development of mappings between RBMs and models of interacting variables that include
interaction terms up to potentially any order of interaction [ 18,22,22-24]. Furthermore, these
mappings have proven successful in practical modeling and inference applications, evidenced
by their effectiveness in recovering models in inverse experiments with both binary [18,22,23]
and Potts variables [24, 25] in visible nodes. This means that by varying the chosen prior
distribution for the hidden variables, the RBM transitions from a system dominated by pairwise
interactions, similar to the Hopfield/Ising model, to a more complex and powerful formulation
that encompasses high order interactions. This combination of expressivity and simplicity in
architecture has made RBMs a very appealing tool for data-driven studies in biology [26].

Beyond their practical applications, RBMs have remained a central focus of research in
both the physics [27] and computer science [28] communities. Introduced in the early 2000s
as tractable generative models [29, 30], RBMs have undergone extensive development. Key
advancements include improved training algorithms, such as persistent contrastive diver-
gence [31] and optimized sampling strategies [32-34] for efficient gradient estimation, in-
cluding novel out-of-equilibrium schemes that enhance generative quality [35,36]. Progress
has also been made on the long-standing challenge of estimating the partition function during
learning [34,37].

From a physics perspective, the learning dynamics and pattern formation in RBMs have re-
vealed rich phenomena, including cascades of phase transitions that give rise to hierarchically
structured clusters [38-40]. Their equilibrium properties have also been studied in the frame-
work of associative memory, where the emergence of metastable states has been analyzed using
Hebbian learning rules [41,42]. Recent investigations of RBMs in high-load regimes—where
the number of patterns scales with system size—have mapped out their phase diagrams under
various hidden-layer priors [43-45]. These studies show that binary hidden units severely
limit recall capacity, whereas truncated Gaussian units enhance critical capacity at zero tem-
perature relative to standard Gaussian units [46,47]. In contrast, in low-load regimes, where
the number of patterns is small, successful recall remains possible even with binary hidden
units, provided the hidden layer is sufficiently large [48].

A central modeling choice in RBMs is the prior distribution of the hidden units. Binary hid-
den units, the traditional option, offer a very efficient implementation of the learning dynam-
ics. However, despite their link to the Hopfield model and its associative memory mechanism,
no theory has demonstrated their ability to recall and store patterns. Yet, past works have
shown how this modeling choice works on practical cases. By contrast, ReLU hidden units and
their unbounded activation, can capture richer structures, and have been shown to outperform
the Hopfield model in terms of associative memory in the zero temperature limit [46]. Our
goal is therefore to study the associative memory mechanism of the binary-hidden RBM, and
how it compares to other possible activation functions such as ReLU. Given the importance
of this design choice in practice, we explore how the phase diagram of RBMs varies with the
hidden-unit prior and the number of latent features, focusing on their associative memory
properties.
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2 Definition of the model

In this work, we focus on a specific class of bipartite generative neural networks: Restricted
Boltzmann Machines (RBMs). These models capture pairwise interactions between two layers
of variables: avisiblelayer s = {s;};—; _ ,, representing the input or dataset, and a hidden layer
7 = {7, }u=1,..n,» which encodes potential dependencies among the visible units. Throughout
the manuscript, we assume that each visible unit corresponds to a binary variable (i.e., an
Ising spin), such that s; € {—1,1}. The energy function, or Hamiltonian, of the system takes
the generic form:

Ny Ny
_ h _1
H(s,T)= iZM:SinT“ ;aisi HZ:;L{H (’L’H) , and p(s,7)= 7 exp[—BH(s,7)], (1)
where w = {w;,,} denotes the weight matrix connecting visible and hidden nodes in the bipar-
tite graph. The vector a represents local visible biases (or magnetic fields, in physical terms),
while " is the hidden potential, which accounts for prior choices or additional biases on the
hidden units. The joint probability distribution p(s, ) is given by the Boltzmann distribu-
tion associated with the Hamiltonian at a given inverse temperature 3 = 1/T. Recent studies
have shown that the Hopfield model can be mapped onto a bipartite Hamiltonian of the RBM
type when the hidden variables are assumed to follow a Gaussian distribution [20, 27, 49].
Specifically, starting from the Hamiltonian of the Hopfield model and applying the Hubbard-
Stratonovich transformation, one obtains:

P P 2
__1 pen 1 u
Huopfiela () =—1~ Z Z € €jsis; = TON, P (Zl: & Si) + const., (2)

Vi<ju=1

p(s) = % exp (_ﬁ HHopfield (s ))
=%fl:[dﬂc“exp(_N;ﬂ;TI,ZL-F[.};THZ&?SL.)’ (3)

where P represents the number of patterns. The exponent appearing inside the integral of (3)
corresponds to Eq. (1) with the Gaussian prior Z/Iﬁ (T“) = —ﬂNVTfL /2. Thus, the Boltzmann
distribution can be re-expressed as that of a bipartite model involving the spin variables s and
a new set of Gaussian-distributed hidden variables 7. In this reformulation, the weight matrix
of the bipartite system corresponds to the set of Hopfield patterns {i f‘ }, and, by construction,
there are no intra-layer couplings. The equilibrium properties of this model, that we review
below, are well understood in the case where the weights 5? are independent, identically
distributed binary variables, typically taking values £1 with equal probability.

Let us briefly recall the phase diagram of this system. When the number of stored patterns
is non-extensive, i.e., P ~ O(1) with respect to N,, the model undergoes a second-order phase
transition at 3. = 1, similar to the Curie-Weiss model. Below this critical temperature, the
system can spontaneously polarize toward one of the stored patterns, this is the ferromagnetic
or recall regime. The term recall indicates that the system visits configurations that are nearby
one of the stored patterns. Above the critical temperature, the system is not polarized and the
spins or discrete variables are not aligned with any direction: the system is in a paramagnetic
regime. Although mixed states (having a non-zero overlap with more than one pattern) can
appear when P is odd, they are typically subdominant: their free energy is always higher than
that of pure states, which corresponds to the recall of a single pattern.

In the case where the number of patterns is extensive, P = aN,, the phase diagram in the
a— T plan is much richer, as can be seen in Figure 1. At high temperatures, the system is in a
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Figure 1: Phase diagram of the Hopfield model as a function of the temperature T
and the density of patterns a. P stands for Paramagnetic, SG for Spin Glass, R for
Recall, (m)R for Metastable-Recall. On top of the recall phase for pure states, we
show in shades of green the regions where mixed states with L patterns (for odd L
in the range L € {3,5, 7,9} from light to dark green) exists as stable local minima of
the free energy.

paramagnetic phase, showing no alignment with the stored patterns—this is indicated by the
light-blue region in Figure 1. Upon lowering the temperature, the system undergoes a second-
order phase transition into a spin-glass (SG) phase, represented in purple, where the system
remains frozen in spurious configurations uncorrelated with the stored patterns. Within this
SG phase, at sufficiently low temperatures and for storage loads a = P/N, < a, ~ 0.14, a
metastable phase emerges (labeled (m)R for metastable-Recall and shown in yellow), char-
acterized by a strong overlap with one of the patterns. This metastable state becomes ther-
modynamically dominant through a first-order transition, marked by the boundary between
the yellow and red regions. At even lower temperatures and smaller a, additional metastable
states emerge, exhibiting partial recall of multiple patterns. These are represented by various
shades of green in the lower-left corner of the phase diagram. Finally, in this model there exists
a 1RSB phase [42] within the R and (m)R phases very close to T — 0, which is indicated as a
dashed line in Fig. 1. It is quite standard that such a phase takes place in Hopfield-like model
at low temperatures [ 50-52] which slightly modifies the capacity of the model [53]. However,
since the adjustment of the capacity under the 1RSB scheme is very modest, it is not always
considered in this context.

This model serves as a canonical example of associative memory, where the energy land-
scape becomes shaped by the stored patterns, allowing for retrieval capabilities under appro-
priate choices of temperature T and load a. The critical capacity, denoted a., defines the
maximum load at which pattern recall remains possible at zero temperature. In the standard
Hopfield model, this value is approximately a, ~ 0.14. The full phase diagram in the a — T
plane, including regions of local stability for the recall of L > 1 patterns, is shown in Figure 1.
Various recent studies have explored strategies to enhance a, by modifying how patterns are
encoded [54-56]. Beyond exact recall, recent work has shed light on how correlations be-
tween stored patterns can give rise to generalization [57]. The bipartite formulation of the
Hopfield model establishes a direct link with the “classical” Boltzmann Machines by Hinton
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and collaborators in the 1980s [3, 19]. The Hamiltonian in Eq. 1 (up to an additional mag-
netic field) is structurally identical to that of the Hopfield model in its bipartite form, with the
key difference that the hidden variables are discrete, 7, = +1.!

Over the past decade, the phase diagram of RBMs has been extensively investigated [44,
46,48]. However, much of this work has centered on simplified associative memory models or
variants with continuous hidden units—such as Gaussian or ReLU activations—often overlook-
ing the fully binary hidden nodes commonly used in practice. Yet, this discrete formulation,
originally proposed in the foundational RBM and still prevalent in modern implementations,
remains crucial for both theoretical insights and practical utility.

In the following manuscript, we therefore investigate the behavior of the RBM under vari-
ous settings. First, using a simple example we illustrate in Section 3 that the RBM with hidden
binary units provide a different phenomenology than the classical paramagnetic-ferromagnetic
phase transition in temperature: at high temperature or paramagnetic phase, the discrete vari-
ables have no preferred alignment, while at lower temperature, in the ferromagnetic phase,
they polarize towards some concrete direction. In this case, the system remains polarized at
all temperatures. This is clearly not a good behavior for a Machine Learning model as the sys-
tem will quickly polarize towards a pattern that is uncorrelated with the dataset and break the
learning. We also show how it is possible to recover the typical behavior of the Hopfield model
(in the low-load regime) by encoding a pattern on an extensive number of hidden nodes: we
further confirm that this is a plausible scenario for the behavior of RBMs when performing a re-
alistic training. In Section 4, we generalize our analysis to the high-load regime, yet observing
very bad recall properties. We then suggest how to improve this behavior by introducing the
possibility to silence the hidden nodes in Section 5, justifying the relevance of such a procedure
also in the case of ReLU-activated hidden nodes.

3 Low-load and binary hidden nodes

We begin by considering the case in which both visible and hidden nodes are binary, focusing
on the low-load regime, where the number of stored patterns is small compared to the system
size (i.e., P ~ O(1)). In the Binary-Gaussian RBM (or equivalently, the Hopfield model with a
bipartite formulation) standard mean-field techniques from statistical physics can be applied
by introducing appropriate order parameters. However, the binary nature of the hidden nodes
introduces technical challenges that complicate the analysis. To illustrate the framework, let
us define the Hamiltonian corresponding to a single pattern w (i.e. P = 1) coupled to one
binary hidden unit:

H(s,’r)z—TZsiwi, 4)

4
with s; = 1 and 7 = £1. We can express the partition function associated with Eq. (4) by

introducing the overlap order parameter m = N ! > w;s; (also called Mattis magnetization)
using a Dirac delta function. After standard manipulations, this yields:

Z= ZJ dmdmexp [logZ cosh (BN, m) —iN,mm + iﬁlz WiSl-:|
{s} i (5)

= f dmdmexp [logz cosh (BN,m) —iN,mm + Z log 2 cosh (irﬁ)} .
i

In the original formulation of (Restricted) Boltzmann Machines, both visible and hidden units take binary
values in {0, 1}; however, this representation can be equivalently mapped to {—1,1} through a straightforward
reparametrization of the weights and biases.
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where we used that 251:_1 e = 231/:_1 ¢’ when w = 1 with equal probability. The corre-
sponding saddle-point equation for m, which determines its value in the thermodynamic limit,
is given by

m = tanh [f tanh (8N, m)] N tanh [ Bsign(m)] = sgn(m)tanh(f). (6)

The equilibrium behavior of the system determined by the solution of (6) differs significantly
from that of the Hopfield model. Specifically, the system remains polarized toward the stored
pattern at all temperatures, meaning the overlap m # 0 for any > 0. As the temperature
decreases (8 — o©0), the magnetization—i.e., the overlap with the pattern—monotonically
increases and eventually converges to 1, indicating perfect alignment with the stored configu-
ration in the zero-temperature limit.

If we now consider multiple patterns by generalizing the initial Hamiltonian (4), we arrive

at the natural extension:
P Ny
DIEH R -
p=1  i=1

which describes a system with P > 1 binary hidden nodes, each associated with a pattern w,.
In the low-load regime P ~ O (1) w.r.t. N, the corresponding saddle-point equations for m,,
take the form:

m, =R, [WM tanh (/5 Zwvsign(mv))] , Yu=1,...,P. (8)

Here, {mu} =15 with m, = N —1 D w;,s;, denotes the set of order parameters characterizing
the overlaps between the system configuration and each stored pattern. The expectation E,,
appears as a consequence of the central limit theorem — with N~ 1 ZiVV f (Wl-“) —E, f(w,) for
a generic f— which justifies replacing empirical averages with their population counterparts
in the thermodynamic limit. It is quite striking how the system differs from the Hopfield
case due to the binary nature of the hidden nodes. In the Hopfield model, the activation of
the hidden units (conditioned on the visible configuration) scales linearly with the local field

Z w;,s;, allowing for large deviations when the spins align with a stored pattern. In
contrast when the hidden nodes are binary, the system’s response is bounded by the hyperbolic
tangent, and the average activation of the hidden nodes (conditioned on the visible ones) is

given by:
<Tu>p(’t“|s) = tanh (Z Wiusi) . )

It is still possible to modify the model (7) to recover behavior analogous to that of the Hopfield
model. The key idea is to associate an extensive number of hidden nodes to each pattern, setting
Ny, = ayN,, with ay; = O(1) in the thermodynamic limit. The resulting Hamiltonian then takes

the form:
Ny

Nh
# (s, {=)" 1)=—%izsiwiu2é‘”, (10)

where the hidden variables (") have been replicated Nj, times for a single pattern y and a fac-
tor 1/N, has been added to keep the Hamiltonian extensive. Introducing the order parameters


https://scipost.org
https://scipost.org/SciPostPhys.19.6.141

e SciPost Phys. 19, 141 (2025)

as before, the partition function now reads

Z:ZJl_[dmudmueXp[NhZIng(:OSh(ﬁmu)+szmumu_izmuzsiwiu]
s w w u u

i

= J l_[dmu exp [aHNVZIOgZCOSh (ﬁmu) + iNvZ m,m, + Zlochosh (12 rhuww)] ,
7 u u i u

(11)

which leads to the following saddle point equations
mM:Eww“tanh[/jaHZwvtanh(ﬁmv)] , Yu=1,...,P. (12)
v

A standard analysis of the above expression shows that the model exhibits a second-order
phase transition at . = 4/1/ay, separating a paramagnetic phase from a ferromagnetic phase
in which one pattern is expressed—that is, m,, # O for some v. Details of these derivations can
be found in Appendix A. This behavior closely parallels the phase transition observed in the
low-load Hopfield model and aligns with the results of [48], where a similar transition was
found using a low-rank approximation of the coupling matrix.

However, there is a subtle but important distinction from the standard Hopfield case. Due
to the binary nature of the hidden nodes, the effective activation function involves a tanh(fm,,)
nonlinearity, which introduces a saturation effect at low temperatures. In contrast, in the
Gaussian case, the response remains linear in fm,,, allowing for unbounded growth of the
signal as temperature decreases. Nevertheless, when a;; = 1, we observe that the temperature
dependence of the magnetization closely matches that of the Hopfield model, suggesting that
the overall thermodynamic behavior remains consistent in this regime.

The main takeaway from this section is that, when using binary hidden nodes, in order to
obtain the same paramagnetic-recall phases, we need to compensate for the “weak” response
of individual units by replicating them—i.e., using a large number of hidden nodes. But does
this phenomenon persist when training an RBM on real data? To address this question, we
perform the following experiment: we train a binary RBM (with {0, 1} visible and hidden
units) on the MNIST dataset, using N}, = 500 hidden nodes—comparable to the input size
N, = 784. To probe the initial stages of learning, we use a small learning rate and examine
the system after 100 gradient updates.

Figure 2(a) displays the learned weights for 70 hidden units, reshaped as 28 x 28 images.
Remarkably, many hidden nodes encode the same dominant feature, often resembling a digit
“1” (or “0” if you focus on the exterior part). This kind of structure is thus very similar to
the model defined in Eq. 10, where a same pattern—here having the shape of a 0 and a 1—is
encoded many times into the weight matrix w,. In panel (b), we analyze the same model
under a rescaled energy landscape, introducing a temperature parameter T = 1/f. We track
the magnetization projected along the principal direction of the weight matrix as a function
of T, with generated samples shown in the inset. This temperature rescaling allows us to ex-
plore how the free energy landscape becomes biased toward memory-like states, that is if the
model in the recall phase similar to the one of the Hopfield model. As the temperature de-
creases (meaning f3 increases), the system increasingly aligns with a learned pattern; at higher
temperatures, it returns to a paramagnetic state. Notably, for T < 1, the model consistently
generates samples strongly resembling the dominant learned features, a behavior analogous
to that of the Hopfield model in the low-load regime.

When training the model for a longer period, specifically after 1000 updates, we observe
that the RBM has learned a broader set of patterns. In Figure 2(c), the features associated
with the weight matrix exhibit greater diversity compared to earlier stages, though many hid-
den units still encode similar patterns, indicating redundancy and therefore being described

8
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Figure 2: Illustration of the early learning dynamics of a binary-binary RBM
trained on the binarized MNIST dataset. (a) Columns of the weight matrix after
100 gradient updates, displaying a subset of 70 out of 100 hidden units plotted as
28 x 28 images. (b) Samples generated by the same model as in (a), evaluated
at different effective inverse temperatures 3. For each temperature, the histogram
shows the magnetization projected along the first principal direction u of the weight
matrix; insets display representative samples generated by the model. (c) Same as
(a), but after 1000 gradient updates. The weight matrix now encodes a greater
diversity of patterns. (d) Samples generated by the model after 1000 updates, as in
(c), showing increased digit variety but limited intra-class variability. (e) Histogram
of overlaps between the generated samples (after 1000 updates) and the first three
principal components a of the weight matrix, indicating dominant alignment along
a few learned directions.

again by the same kind of Energy function Eq. 10, but this time with much more than just
two patterns. Panel (d) shows that the RBM is now capable of generating different digits,
although the variability within each digit class remains limited since the machine is precisely
performing some kind of recall of some learned patterns. Finally, in panel (e), we observe
that a large fraction of the generated samples exhibit strong overlap with the first three prin-
cipal components of the weight matrix, suggesting that generation is still dominated by a few
prominent directions in feature space. To conclude, in the first learning steps of the RBM
with binary hidden nodes, we can explain the working mechanism of the model by means of
the Hamiltonian (7). First, the model learns one pattern over many repeated hidden nodes:
many hidden nodes share the same weights and the machine is only recalling this pattern in
the low-temperature phase. At larger training time, the model learns many patterns, again by
replicating the same pattern over various hidden nodes, and again the sampled configurations
correspond to a recall of one of the learned patterns.

4 High-load regime: Influence of the hidden-unit prior on
retrieval

In this section, we investigate the retrieval capabilities of RBMs in the presence of an extensive
number of stored patterns, focusing on how different priors imposed on the hidden nodes in-
fluence performance. We analyze and compare these priors, discussing both the computational
procedure and the inherent limitations of this approach. All analytical results are derived using
replica theory from the statistical physics of disordered systems, within the replica-symmetric
Ansatz.
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4.1 Binary hidden nodes without bias

We begin by considering the generalization of the Binary-Binary RBM to the high-load regime,
where the number of stored patterns is extensive, P = CtNV,2 with @ = O(1), and each pattern
is associated with an extensive number of hidden nodes, as in Eq. (10). The Hamiltonian for
this system is given by:

N, aN, ayNy
Hs, {fu}“*"v)?_vzlzf%z o (13)
i=1p=

This construction leads to a model where the total number of hidden nodes scales quadratically
with the number of visible units, i.e. N, = aaHNvZ. The analytical treatment of this model is
very similar to the one of the Hopfield model with an extensive number of patterns [42]. First,
we introduce the order parameters, namely the Mattis magnetization (the averaged overlap
of the spin configuration over one randomly chosen pattern),® and the overlap between two
replicas a, b of the system

1 1
m= —Zwilsi , and qg = —Zs?sf’. (14)
N, & Ny £

The Hamiltonian can then be decomposed into two contributions: the first captures the sig-
nal, namely the overlap with a reference pattern (typically the first, w), while the second
encompasses the remaining patterns, which act as quenched disorder and contribute to the
system’s intrinsic noise. Using standard techniques from the theory of disordered systems
(see, e.g. [58]), we derive the saddle-point equations that dominate the measure in the ther-
modynamic limit N, — 0o, shown below ( a complete derivation is provided in Appendix B):

= f Dz tanh [\/Ez + ayf tanh(/jm)] , (15a)

q= f Dz tanh?®[ /42 + ayf tanh(Bm) |, (15b)
242

q= a(aHﬁ—z)q, (15¢)

where A = 1— ayf32(1—q). The corresponding free energy is then given by

q(q

—Bf = aylog2cosh(fm)— D) fDzlog2cosh(\/—z+m)+mm+aaH/3 ———logA

2A 2
(16)

Equations (15) can be solved numerically to construct the phase diagram for various values
of (ay, B, a). Before proceeding with this analysis, we highlight a noteworthy feature of the
model. In the argument of the tanh function in Egs. (15a)-(15b), the random field associated
with the noise scales as a2, whereas the signal term (at large ) scales only linearly, as
o< ay 3. From this we can deduce that the system will not exhibit recall properties in the zero-
temperature limit, since the effect of the noise will always dominate: this is clearly due to the
fact that the hyperbolic tangent is bounded and therefore the return signal from the hidden
nodes get clamped between —1 and 1. On the contrary, in the Hopfield case the Gaussian
response function will allow the signal to compete with the noise at zero temperature.

2in this section we denote the network load with a to better distinguish it from a.
3for simplicity, here we consider the retrieval of only one pattern.
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Figure 3: Left: Recall phase of the binary-binary RBM with an extensive number
of patterns, as defined in Eq. (13). Colored lines indicate the phase boundary of the
(metastable) recall phase in the (a, T/ /ay) plane for various values of ay;. Diamond-
shaped scatter points represent numerical estimates obtained via Monte Carlo simu-
lations for a system of size N, = 100. Inset: Critical capacity computed in the limit
ay — 00, and plotted in the plane (a, ). In this limit, the model recovers the Hop-
field value a. ~ 0.14 when 8 — 0. Right: Phase diagram of the model with sparse
hidden activations, shown for a;; = 2. As the bias 6 increases, the model approaches
the standard binary case; in contrast, decreasing 8 silences most hidden nodes by
favoring v = 0, effectively reducing their contribution. Interestingly, increasing spar-
sity (i.e., larger 6) enhances the model’s capacity, as more selective hidden activation
reduces interference between patterns. This trend is corroborated by numerical sim-
ulations (in colored diamonds).

In Figure 3 (left), we show the boundary of the recall phase for different values of ay
in the (a, T/ /ay) plane. This boundary is computed as the maximum value of the pattern
load a for which a ferromagnetic solution i.e., a solution where the spins are aligned with one
pattern, exists as a local minimum of the free energy. This corresponds to the spinodal point of
the retrieval solution, that is the point where the ferromagnetic sub-dominant solution ceases
to exist should we continue to increase a at fixed temperature. The recall phase is metastable
and exhibits a non-monotonic behavior with temperature: it reaches a maximum capacity at
an intermediate T, then bends downward and vanishes as T — 0 as expected according to
previous discussion.

A key observation is that the critical capacity, here defined as a. = maxy a(T), remains low
unless ay is extremely large. This indicates that the model is not well-suited for associative
memory tasks in practice. For instance, even with a hidden-node density as high as a;; ~ 100,
the critical capacity barely matches that of the standard Hopfield model. The scatter points
in the figure represent numerical estimates of the phase boundary obtained via Monte Carlo
simulations for a system of size N, = 100, which already represents a very good agreement with
theoretical predictions. Further increasing the system size N, is computationally expensive, as
the total number of hidden nodes scales quadratically with it.

As previously discussed, the zero-temperature limit of this model invariably leads to a
spin-glass phase. However, we can theoretically explore an alternative asymptotic regime in
which the density of hidden nodes, ay, is sent to infinity. Indeed, from Eq. (15a), we observe
that the argument of the hyperbolic tangent scales proportionally with ay. This suggests that,
analogously to the zero-temperature limit in the Hopfield model, we can consider the ay; — oo
limit. In this regime, the saddle-point equations reduce to a single self-consistent equation of
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the form:
B 2 2 . _ tanh(Bm)(1—B2C)
B+ 2ax = tanh (Berf(x)) —nx[je , with x= TNer , (17

where C =limg,,_,o, ag(1—q) remains finite. This scaling allows for a numerical determina-
tion of the critical capacity in the high-ay regime. In the inset of the left panel of Figure 3,
we show how the critical capacity evolves as a function of temperature in this limit, gradually
approaching the Hopfield model value when 3 — 0 as expected.

5 From binary hidden nodes to rectified linear units

We have seen that replacing Gaussian hidden variables with binary T = %1 ones significantly
reduces the model’s critical capacity and suppresses the ordered phase at low temperatures.
However, in the limit of infinite hidden-node density, the model recovers the critical capacity
of the classical Hopfield model. This is expected, as the sum of many independent binary
variables converges to a Gaussian distribution by the central limit theorem. Still, increasing
the number of hidden nodes also amplifies the cumulative noise from other patterns, which
limits further improvements in capacity. From this perspective, it is not surprising that the
model’s performance plateaus. An alternative approach, based on truncated Gaussian priors
(equivalent to ReLU activations [59]), has been shown to yield a better phase diagram at zero
temperature—surpassing even the Hopfield model in terms of critical capacity [46].

In this section, we show how to improve the performance of RBMs with binary hidden
units by introducing a key modification: a local bias on the hidden nodes. By tuning this
bias to control the scaling of the number of activated hidden units, we obtain a well-defined
thermodynamic limit that outperforms the previous binary case without bias. We then extend
this analysis to RBMs with truncated Gaussian hidden units, demonstrating how a properly
chosen local field can suppress the spin-glass phase and further enhance retrieval capabilities.

5.1 Ternary hidden nodes with adjusted biases

The intuition behind the poor critical capacity of the RBM with an extensive number of binary
7 = %1 hidden units per pattern is that the activity coming from other patterns tends to
destruct the ferromagnetic order. Given the large number of hidden units per pattern, this
degradation is perhaps unsurprising. To address this issue, we introduce a modified model.
Specifically, we consider hidden units that take three possible states, T € {0,=%1}, allowing
inactive nodes to be silenced via a local bias or magnetic field. The £1 states are retained to
preserve the symmetry of the Hamiltonian. With these ternary hidden variables, we define the
following Hamiltonian:

H= —% D siwin > Tuu— 2. 0.(1=6:,0) (18)
Voiu u u,u

where each local bias 6, can push (or inhibit) the corresponding hidden node 7,,,. This

formulation enables us to analyze how both the bias and the introduction of three-state hidden

nodes (7t € {0,£1}) affect the free energy of the system. The details are postponed to the

Appendix C. The obtained expression for the free energy is

_pf =mi— 297D o oo (po)p2-L —glogA

2 2A
+ aHNv_l Zlog[1+26ﬁgu cosh (ﬂm)] + J Dz log2cosh(\/gz + ﬁz) s (19)
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where

A=1—ayoy(BO)B*(1—q), (20)
oy (B6) =NlimooNV_IZsig(ﬁ9u+log2), (21)

and sig is the sigmoid function. In the following, we consider a constant bias 6, = 6 for
simplicity. However, it is worth noting that a similar construction (replicating each feature
while incrementally adjusting its bias) was used in the introduction of ReLU activations for
RBMs in [59]. Under the assumption of a constant bias, we obtain the following expressions
for the order parameters:

m= f Dz tanh( \/az + 1), (22a)

m = ayPsig[ PO +log2cosh(fm)]tanh(Bfm), (22b)

qg= J Dz tanhz(\/az +1m), (22¢0)
: 292

i=a q(aysig(fO +1og2)B") (22d)

[1—aysig(B6 +1log2)B2(1—q)]*

The bias can thus be tuned to suppress the noise associated with the order parameter §. In
the signal term, within the large f (low-temperature) regime, the argument of the sigmoid
function becomes (6 +|m|). This implies that negative bias values with —1 < 8 < 0 still allow
a non-zero signal even at zero temperature, while the noise contribution can be effectively
suppressed at sufficiently low temperatures because the term will be typically dominated by
~ sig(860). Indeed, we find that for any 6 in the range —1 < 6 < 0 and T < 1, a retrieval
phase persists. In the right panel of Figure 3, we illustrate the recall behavior of the model for
several values of 0. Itis clear that small negative values of 6 enhance the retrieval properties at
low temperature by silencing the hidden nodes that do not receive a strong signal, suggesting
that this mechanism is very efficient to improve the associative memory of these models.

5.2 Truncated Gaussian hidden nodes

Rectified Linear Units (ReLUs) were first introduced in the context of RBMs by Hinton [59].
The recall capacity of RBMs with ReLU or Truncated Gaussian hidden nodes has since been
investigated in the zero-temperature limit [46,47]. Here, we extend this analysis by provid-
ing a full characterization of the recall properties in the temperature - pattern-density plane.
The resulting phase diagram offers valuable insights into the behavior of RBMs during learn-
ing. In particular, since RBMs are typically trained at finite temperature (i.e., not in the zero-
temperature or infinite-coupling limit), it is essential to understand their thermodynamics in
this regime. In the first part, we detail the analytical derivation of the phase diagram. In
the second, we show how hidden biases can mitigate the spin-glass phase—an obstacle to
successful recall at low temperatures—and illustrate this effect with numerical simulations.

5.2.1 Associative memory using tuncated Gaussian hidden nodes with no bias

To introduce ReLU-like activations, we consider the starting Hamiltonian of the RBM given in
(1) with the following prior distribution imposed on the hidden nodes:

p(7) o< 6(7)exp (—A%Z) s (23)
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corresponding to the hidden potential:

A2

—514, 17>0,

U™ (v) = { > . (24)
o0, otherwise.

Here, the variable 7 is constrained to take only non-negative values, and the parameter A con-
trols the variance of the distribution. This choice of prior is particularly useful as it suppresses
negative contributions to the hidden activations, effectively mimicking the behavior of recti-
fied linear units. Once again, the mean-field theory corresponding to this choice of the prior
can be derived using standard techniques from the replica method (detailed in Appendices D
and E). This leads to the following expression for the free energy:

2

f= mm+—ﬂq(1 q)——@(m)+—ﬁlogA—ﬂ—EJDzlogH(az)

— %wa Dzlochosh[/jm+ﬂ\/a—€12] ,

(25)

with a = 4/ % and A = A— f (1 —q). The corresponding saddle point equations are

= J Dgztanh [[J’r?l +p \/a—c}z:l , (26a)

q= J Dztanh? [ Briv+ 4/ agz] , (26b)
m = max (0, %) s (260)
1 . 1 (A=B) e (@’

1=l ) g A b | D) (260)

where we defined the function

H(x)= %erfc(i (27)

A
While the zero-temperature limit of such a system has already been discussed in [46,47], we
are here interested in the full phase diagram in temperature, and the effect of a magnetic field
(in the next subsection). First, let us discuss the phase diagram shown in the leftmost panel
of Figure 4. The recall area is qualitatively similar to the Hopfield case, albeit it spans a larger
portion of the plane a — T: indeed, the critical capacity is higher (about twice the Hopfield
value). Still, the main issue is that the spin glass phase is present (grey area in Figure 4-
left). There is another difference w.r.t. to the Hopfield case: no second-order phase transition
exists between a paramagnetic phase with both m,q = 0 and a pure spin-glass phase with
m = 0,q > 0. In other terms, in the grey area the RS overlap is always positive (although
decreasing with increasing temperature). This behavior seems to be related to the fact that
hidden nodes are defined only in half the real axis, effectively constraining the volume of
configurations in the visible space. Although one could in principle study the nature of such a
spin-glass phase, e.g. by looking at the stability of the RS solution to check where a transition
to RSB occurs (e.g. using the de Almeida&Thouless formalism [60]), here we only focus on
retrieval capabilities of the model, leaving this issue for future investigations.

5.2.2 Associative memory using truncated Gaussian hidden nodes with a hidden bias

We can straightforwardly introduce a bias term on the hidden nodes. This modification makes
it more difficult to activate hidden units that are not aligned with a specific pattern, effectively
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Figure 4: Left: Phase diagram of the ReLU RBM as a function of temperature. The
retrieval (R) and metastable-recall (m)R phases are significantly larger than in the
Hopfield model, indicating enhanced memory capacity. A Spin glass phase is also
present, yet the line is more difficult to identify analytically since that the overlap
parameter g is always non-zero due to the non-symmetric nature of the hidden vari-
ables. Center: Transition lines between the (m)R and spin-glass phases are shown
for various values of the hidden bias 1. As 1) becomes more and more negative, the
phase boundary shifts, enlarging the retrieval region. The light green curve corre-
sponds to the case n = 0 (and thus to the boundary in the left panel). Right: Critical
capacity of the model as a function of the hidden bias 1, shown for the retrieval of L
memory states.

enhancing selectivity. The resulting Hamiltonian takes the form:
7—[[3,1:]=—Zsiwmfru—fr)ZTH—ZU(h) (’L’H). (28)
LU I u
The presence of this field implies the following modification in the conjugate parameter § of
the replica overlap

1 2 2
) 1 2 n e—z(az+b) 1 A— ﬁ e—(az+b)
0= 5o\ x5l |

nBA LA+ Bg DzH(az+b)+2n/3AA+/3q DZHZ(az+b)’

(29)
where b = —n+/B/A. The primary effect of the magnetic field is to stabilize the retrieval
of patterns when it takes negative values, as illustrated in the center and right panels of Fig-
ure 4. In the right panel, we observe that the critical capacity—inferred at T = 0 for various
numbers of recalled patterns L—systematically increases as the field becomes more negative.
Conversely, a positive field tends to suppress pattern recall. Notably, even for moderate values
of the hidden bias, the (metastable) recall region significantly expands toward higher values
of a.

Even more interestingly, we investigate how the spin-glass phase is affected by the hidden
bias. We find that there exists a critical value of the field n, beyond which the spin-glass
phase disappears entirely. In this regime, the system is able to recall a pattern without being
trapped in a spin-glass state. In the left panel of Figure 5, we plot the critical line a(n,) in
the n — a plane for a fixed temperature. To validate these theoretical predictions, we perform
numerical experiments using a binary-ReLU RBM with binary patterns and a global hidden
bias. We run Monte Carlo simulations with N, = 10* visible units at various n and a and
at fixed temperature T = 0.5. Starting from random initial conditions, we perform t = 10*
Monte Carlo sweeps and measure the maximal overlap between the spin configuration and
the stored patterns. This quantity is averaged over Ny = 500 disorder realizations. The right
panel of Figure 5 shows that the average overlap increases sharply when the bias 7 falls below
the critical value n.(a, T), confirming the disappearance of the spin-glass phase and the onset
of successful pattern retrieval.
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Figure 5: Left: Critical lines in the Binary-ReLU RBM with an external field, plot-
ted in the plane (1, a). The blue line represents the spinodal of the Ferromagnetic
solution, at the right of which no retrieval state is present. The red line represents
the spinodal of the spin-glass solution, at the left of which no such fixed point exists.
Finally, the green curve represent the (1st) order phase transition line between the
two equilibrium states. Right: The overlap between a given pattern and the sampled
configuration. In blue, doing a annealing from 17 = —2 to higher valuer, in orange
an annealing starting from 17 = —0.5 toward higher values. We can clearly identify
the two spinodal points. Here N, = 10000, o = 0.5 and at each annealing steps we
perform t = 10* MC steps.

A final remark on the ReLU potential, It should be noted, however, that the Truncated Gaus-
sian prior excludes the possibility to have a finite fraction of totally de-activated hidden units.
In order to account for it, the correct prior for this choice of ReLU hidden units should be a
rectified Gaussian distribution rather than a truncated one, which is very similar to the spike
and slab RBM introduced in [61] where the authors used a full Gaussian distribution instead
of a truncated Gaussian. This kind of model can be simply expressed as a mixture between a
chosen continuous distribution and and a delta peak in O in order to encode the prior of the
hidden layer. The weight of the delta peak in O precisely accounts for the missing probabil-
ity mass in the interval (—o0,0). Implementing such a choice results into a slight modified
mean-field theory, for which however no notable difference has been found w.r.t. the truncated
case.

6 Conclusions and perspectives

In this work, we analyzed the retrieval properties of bipartite energy-based models, focusing
on Restricted Boltzmann Machines (RBMs) with binary visible units and different architec-
tural choices for the hidden layer. We showed that, unlike their Gaussian counterparts or the
classical Hopfield model, RBMs with binary visible and hidden units suffer from a markedly
reduced retrieval capacity in the high-load regime. This limitation stems from the saturation
of the binary activation function and increased interference among competing patterns, which
collectively hinder the emergence of robust memory states.

We demonstrated that this limitation can be partially alleviated by introducing redundant
hidden units per pattern or by applying local biases to regulate their activation. However, such
modifications do not fully restore the associative memory capacity seen in the Hopfield model.
A more effective strategy involves relaxing the binary constraint: using ternary or ReLU-like
hidden variables dramatically enhances performance. In particular, the introduction of tunable
local biases allows the model to suppress spurious activations, stabilize recall states, and avoid
the onset of spin-glass phases—even at finite temperatures.
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Our theoretical predictions, grounded in replica computations and validated by finite-size
Monte Carlo simulations, highlight the critical role of architectural choices—especially the hid-
den unit prior—in shaping the expressive power and functional behavior of generative neural
models. These findings suggest that the capacity for associative memory is not the sole or
even dominant mechanism underlying the generative performance of a model. In fact, RBMs
with binary hidden units can substantially outperform Hopfield networks in terms of genera-
tion quality, despite their weaker capacity for memorization. This observation underscores the
need to better understand the interplay between memorization, generalization, data structure
and architectural design in unsupervised learning systems. As such, a natural extension of our
work would be to consider correlated patterns, specially in the light of recent works using the
Hidden manifold [62] in the context of the Hopfield model, for instance [57]. This will be the
matter of future works, in particular since in that case a crucial aspect would be to study the
generalization properties which is out of the scope of this paper.

Finally, it would be interesting to relate the phase diagram of these models and their learn-
ing dynamics. First, our results could be used to understand the learning of random patterns
in a Bayesian context [45,63], where the phase diagram of the Hopfield generated patterns
is related to the retrieval of the signal. Second, it would be relevant to understand how ReLU
hidden nodes affect the phase diagram of the learning task. To do that, we could repeat the
computation of [64, 65] using different priors on the hidden nodes. In particular, the authors
of [64] observed a potential 1RSB phase in the learning of the RBM with Gaussian hidden
nodes when increasing the entropy of the dataset (the degree of corruption with respect to
a pattern). It would be interesting to understand whether making some hidden units silent
using for instance a ReLU activation reduces this phase, thus providing a larger range of tem-
perature where the RS solution exists. While out of the scope of this paper, this would shed
some light on the different learning performances of different priors, therefore completing the
proposed picture.
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A Derivation of the free energy of the low-load cases

We provide the analytical details of the computation for the low-load case with binary hidden
nodes, i.e. the models discussed in Section 3.

A.1 Intensive number of hidden nodes

We start by the simplest model introduced in Eq. (7) with P ~ O (1) patterns. The case P =1
corresponding to the Hamiltonian (4) can be derived afterwards by simply setting P = 1.
Notice first that the Hamiltonian (7) can be rewritten as a function of a set of Mattis magneti-
zations, one for each pattern:

P Ny P
1
H=— E Ty E siWiy =—Ny E T,m,(s), where mu(s)zﬁ E WiySi - (A1)
p=1 =1 p=1 v
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The partition function can be easily computed using a set of Dirac-delta distributions to impose
the Mattis magnetization over all the patterns:

P P
1 . . A ea
1= l_[f dm,6 (mM - ﬁzwiusi) = l_lf drh, exp |:1Nvmumu _1muzwiu5i . (A2)
u=1 v u=1 i

Using the above expression and the shorthand notations dm = [ | L dm,, (and similarly for ri)
we can write the partition function of Eq. (A.1) as

P N,
Z :Zexp (ﬁZT“Zsiwiu) (A.3)

u=1 i=1

= Z exp |:Z log 2 cosh (/5 Z wiusi)] (A.4)
s u i

= ZJ dmdm exp |:Z log cosh (ﬂNVmu) +iN,m - m — iZ mMZsiwi“] (A.5)
s u u i

= f dmdm exp [Zlogcosh(ﬁNvmu)—i]\lvm . Iﬁ—ZlOgZCOSh (izwiuﬁlu)] . (A.6)
1 i p

Now we can find the saddle points by derivating the exponent of (A.6) w.r.t. {(mu, Tﬁu)}i:f

1
m, = IVZWW tanh (iZwivrﬁv) , (A.7)
v i P

irh, = B tanh (BN,m,,) . (A.8)

In the limit N, — o0, by using the property tanh (ﬂNvmu) — sign (m“) and by replacing the
empirical average w.r.t. one realization of the set of stored patterns w with the expectation
value w.r.t. their distribution, we get:

m, =E, [Wu tanh (iZW,,nﬁ,,)] , (A9)
irh,, = Bsign(m,,) . (A.10)

The combination of the two above equations gives Eq. (8).

A.2 Extensive number of hidden nodes

In order to correct the behavior of the previous model, an extensive number of hidden nodes
N, = 1,...,ayN,, leading to the Hamiltonian defined in Eq. (10) and re-written here for
convenience:

1 P v Ny,
%(s,{f(“)}izl)}]vvzzsm 1T§“)- (A.11)
u=li1= a=

With this modification, introducing two sets of order parameters as

1 1
) — E . (h) — E (W)
m,° = L2 SiWiy s and m” = WA To s (A.12)
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for u = 1,..., P, the partition function can be obtained by introducing the order parameters
as in the previous section:

NV Nh
ZsiwiHZTa“) (A.13)
i=1 a=1

B B 2

a

{s}.{7}

= Z J [m]exp[ﬁN Zm h) _iN Zﬁz(v) (V)+1Zm(v)23 Wiy,
{s}.{z}
—1Nth (h)+1Zm(h)Z (“)] (A.15)
JD[m exp [ﬁN Zm —iN, Zrh(") iNhZﬁql(lh)m(h)
w
+Zlog2cosh (12 ﬁlLV)Wiu) + NthogZCOSh (ir?lg‘))] , (A.16)
i 1 7

where we used the short-hand notation D[m] = dm™dm®. Taking the saddle point when
N, — oo, we arrive to the following free energy

_Bf = Bay Zm(v) Zﬁl(V) ) g, Zﬁl(h) (b)

+E,, log2cosh (12 rﬁg’)wu) +ay Z log2 cosh(ithh)) . (A.17)
w 1

(A.14)

The relevant equations for the order parameters mg’), mgl) (obtained after substituting the
conjugate ones) are given by

mg’) =E, |:wM tanh (ﬁaHngh)wv)} , (A.18)
v
mg‘) = tanh (/3 mg’)) . (A.19)

Finally, substituting (A.19) into (A.18) we get to Eq. (12) in the main text. As said before, in-
vestigating for the recall of one representative pattern, a second-order phase transition appears

B2ay =1, hence . = v/1/ay.

A.3 Low-load and rectified linear units

For the sake of completeness let’s investigate what happens when using Rectified Linear Units,
which correspond by taking a truncated Gaussian for the prior on the hidden nodes. In this
context, we go back to the classical setting where one hidden node encodes for one pattern.
The hidden units 7, can only be positive. Therefore the prior is given by

2
p(7T) o< exp (—%) fort e R". (A.20)

T
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The method to compute the partition function is very similar to the case of the Hopfield model,
with the restriction that the hidden node is constrained to be positive.

szdn“ldmd'vexp( 22 2 VﬂZT mg iNZrﬁama
+Zlogcosh [inhawia:D .
i a

Eliminating the conjugate variables 1, we obtain

(A.21)

2.2
T

prmy=-3"20

a

max(0, mi) + <log cosh [ﬂzai Z w,max(0, ma)]> . (A.22)

Taking the saddle point, we obtain the following mean field equation in the case of discrete

weights:
mg = <Wa tanh(ﬁ Z wab)> P
b

Ty = Uiﬁmax(o, mg).

We see that in the case that the magnetization is positive the behavior on 7 is linear in the
magnetization. In the end, taking into account the constraint on 7 > 0, we get

m, = <wa tanh ([jzoi Zmax (o, mb))> . (A.23)
b

The second order phase transition can be easily computed by considering the recall of only
one pattern (considering binary £1 random i.i.d. patterns) and taking small values of m,. We
obtain that

fe=o0,. (A.24)

B Derivation of the free energy of the high-load binary-binary
RBM with repetead hidden nodes

We start from the Hamiltonian defined in Eq. (13), and consider the replicated partition func-
tion with n replicas with same quenched disorder (here given by the patterns’ distribution):

Zn — Z B ZZ @, ZT% B ZZ (a)zwm fff?l @D

(@), (a) Va 1i=1 i >1
{i Tuu} H

where we have already separated the signal contribution from a —just one, for simplicity—
representative pattern w;. The average over the disorder reads:

<eNVZ Z (H)ZM>1W1MZu Laz> = l_[ <eN WIMZ (G)Zu ffz>
w

i,u>1
_ (ﬂ) (a)
ll;ll 2cosh [ Z Z ] B.2)
~on| 125 (S o)
2 N2 ’
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where the argument of the logcosh can be expanded assuming that we are recalling only one
pattern and therefore the activation of the hidden nodes for the other patterns is of order of
~ +/ayN,. Substituting this result in the above expression and introducing the order param-

eters (introducing the Mattis magnetizations) m® = N le(a) w; 1 and the 2-replica overlap

dab = x; Z (a) gb) we get, after some straightforward manipulations:

< n> _J l_[(dmadrha)l_[(dqabqab)elN Z mama+1N Za<bqabqab

a<b

. A . b
X I | E e_lza masfa)wi,1_12a<b qab‘s(a)s( ) | I E ﬁmﬂr(laL)l
(B.3)

i (a) (@)
L °; T1 u

2
1S LS W OIEI ) R L5 SN O eI D) O 32

u>1 _{Tga)}

After tracing out the sum over configurations in the second line and expressing the resulting
partition function as a saddle point integral, we get the following free-energy density (i.e.
normalizing w.r.t. N, ):

—Bf —1Zm m +1anbqab +IS+aHZlog2cosh(/5ma)+aIE, (B.4)

a<b
with
. aa : (a) (D)
IS = EW logz e_IZa m sﬂW—lZa<b dabS; °S; 5 (B.S)
2
IE — log Z e%g—vza(zu Tga) 2+%Q[_v a#bqab(Zu TE[a))(ZTE]b)) . (B6)

9)

B.1 Replica-symmetric (RS) Ansatz

Under the following replica symmetric Ansatz for the order parameters

w_
mbt=m,,

/\M_hl\

mh =i,

dap =9, fora<hb,

Gup =1q, fora<b,

we can easily rewrite the free energy (B.4). Using some integration by parts to simplify the
energetic term Z and the entropic one Zg, in the limit n — oo. So the final free energy reads,
in the limitn — 0

1
—Bf =—mm+ > (q—1)§ + aylog2coshfm + J Dzlog2cosh (rﬁ + \/Ez)
(B.7)

2
——log[l—aHﬁ (1- Q)]+aaHﬂ [m]

which is the same expression as Eq. (16) in the main text.
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C Derivation of free energy for binary-ternary RBM with adjusted
biases

We consider the following Hamiltonian
1
=g s 2,7 = 2,0, (1=8.00,)
Vou,i u u,u

where s; = £1 and T = {0,%1}. In this Hamiltonian, the bias 6, can be used to interpolate
between a system where all the hidden nodes to be zero, in the limit 6, — —o0, or binary
symmetric when 6, — 00. Following the same computation as for the Hopfield model, we can
for instance first characterize how the signal term (in the replicated system) can be computed

E,(m) =nN,ay log[l + 2P0 cosh(ﬂm)] ,

where instead of the usual log cosh, we have an additional term due to the possibility that an
hidden is silenced (7 = 0). In the same way, the noise term from Eq. B.2; before taking the
limit n — O but after the RS Ansatz; is changed to

RS _pP-1 BO B —
E . ..(a= N, log(szzfl:[Dzaepoa:log[1+Ze cosh(\/ﬁv[z\/ﬁ+za\/1 q])D

(C.D
Because the variables are centered, we have a cosh that we can expand up to second order as
usual. We obtain

Efffise(q) = Pl\z,l log (ZJ DZJ l:[Dza (1 + Zeﬁe)Nh
2
X exp {aHO-O(ﬁG)ZﬁT [24/ +244/1 —q]z}),

where we defined
2P0

1+2eP0°
From this equation, we see that there is now an extra term defined by Eq. A, where the field 8
can play an important role to inhibit the noise’s contribution while keeping the signal non-zero.

oo(x) = (C.2)

D Derivation of generic free energy with arbitrary hidden prior
in the high-load regime

This sections presents a detailed derivation of the equilibrium free energy of a RBM with
binary visible nodes and arbitrary prior on the hidden units. Specifically, we start from the
first definition (i.e. Eq. (1)) given in the main text of the Hamiltonian of such a model:

N, Ny
H(s,'c)=—Zsiwiufu—2aisi—zug(*r“) , (D.1)
iu i=1 u=1

where s; € {—1,1} are the visible nodes, and t,, are the hidden ones. A prior on hidden

u
units corresponds to a potential Z/{F(Lh) (7:“) in the above Hamiltonian. We want to compute
the partition function of this model and its free energy by letting the weights to be quenched

disorder with w;, € {—1, 1}. We also need to rescale the coupling term by 4/N, to be consistent

22


https://scipost.org
https://scipost.org/SciPostPhys.19.6.141

e SciPost Phys. 19, 141 (2025)

in the thermodynamic limit. For simplicity, we consider no external biases in the following
calculations, and the same prior over each hidden node so that L{!(lh) (T u) =y® (T u)' Further
generalizations can be made e.g. by using a either constant or random external bias, or by
modeling a finite dilution in the RBM’s weights, e.g. along the lines of [47]. With these
settings, partition function and the quenched free energy read:

Z = ZJdrexp \/_Zwluslru+[52u(h) (T , (D.2)

iu

1
E,logZ. (D.3)

F=7m,

D.1 Generic free energy computation

We start from the replicated partition function of (D.2) by splitting the signal and noise term.
This time we separate the first L patterns encoded in the weight matrix, corresponding to a
situation where at most L nodes are strongly activated.

fdr(a)exp ZZWWSI(‘I) @y = Z WiyS fa) (a)+/52u(h)( (a))
s(a@)

V a,i u= V a,i,u>L
(D.4)
We now perform the average over the extensive noise:
(e Tomamd®) [ (et )
pw) sl p(wiu)

= [T o ( 2

i,u>L
~ (@) ()
o | Ny l%:L (Za: )
=exp 2N Z Z( (a)) Z Z (a), (b) (a) (b)
Viu>L a Ny i,u>La<b

Now we introduce the order parameters, namely the magnetization of the visible nodes w.r.t.
. . . N, . s

the weights of the activated hidden node {w;,},", and the overlap between two visible con-

figurations:

:—Zwluf‘l), Yae{l,...n}, and VYue{l,...,L}, (D.6)
= ]VZsfa)sfb), Ya<be{l,...n}. (D.7)
v

Enforcing their definitions through deltas we get

1:Jl_[dqabd(iab exp [iNVanbQGb an Z (a) (b):| (D.8)

a<b a<b a<b
1:J l_[ dmtdm” exp [1N Zm“m“—lzm Z (@) l“] (D.9)
a,u<L
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After substituting Eqgs (D.9)-(D.8) and (D.5) into (D.4) we get:

:fl_[dqabdqab 1 dmgdngJdc@

a<b a,u<L s(@

com BV 3] mi 197 31 (50 452 37 T gt

a,u=1 a,u>L i,u>La<b (D.10)
U® (@) 4N, e '
+p Z ( ) + a;L mi
_IZ m“ Z (a)Wl,u + W Z qabqab - IZ dab Z (a) (b)
i,u<L a<b a<b

In order to have a non trivial limit for the activated hidden nodes we rescale it as
TL“) — ,/erff), so we set a change of variables of the type Tff) = /N, y!. After this change
of variables, we rewrite (D.10) as a saddle point, defining a = Ny, /N,:

J l_ldqabdqab]_[dm drin, exp[—BNf1, (D.11)
a<b
i 1 1
f=—= mgrhg—— Guplap — = Ls — =Ty — —Tx. (D.12)
[5 a”uZSL /5 ; b4ab /5 S ﬁ E ﬂ R

In the above expression we defined for convenience three quantities, an entropic term (Zg)
depending on the values of visible nodes, and two energetic terms, one associated to the signal
term Zy and another one due to all the other hidden nodes which are not activated Z. All of
them are defined below:

Is=E, logZeXp —i Z mhw,s, anbs sp | s (D.13)

a,u<L a<b

Ir= 1%1°gf [T dviesp BN, D miyi+p > u®(VNy2)| (D.14)

v a,u<L a,u<L a,u<L

IE=logJ<l_[dTaexp|:ﬁ2 ZT + B2 anb’t rb+/52u(h’(r ) (D.15)

a<b

Note that the entropic term just depends on the visible nodes, so not on the potential /(.
Notice that the signal term is factorized over both a and u < L

Z logf dyexp [ﬂvamﬁ + U™ (\/ﬁvy)] . (D.16)

Vau<L

D.2 Replica symmetry

Assume now RS in the following form
mg =m,,

mb =ifm,,

qap =q(1—084p), fora<b,

dap =iaf?q, fora<b,

and rewrite the three integrals (D.13)(D.14)(D.15). Derivation steps are given below.
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Entropic term Zg

Is=E, logZexp[ﬁ(m w)Zs +apf qu Sbi|

a<b

2
=E, logZexp {/5 (- w)Zsa + %aﬁzcj [(Zsa) —n]}

a

= —gaﬁzq +E, logZJ Dz exp {/5 (1 - w)za:sa + ﬁ\/a_c“]zza:sa} (D.17)

s i e 8wy

~ —ga[a’zq +nE,, f Dzlog2cosh [/J’ (m-w)+ B4/ ac}z] .

Energetic, noise term

ZEzlongdraexp[gzzT +p qZT Tb+/32u(h)(r )]

a<b

2
= logf l_[d’ra exp {%zzri + %[g’zq [(Z Ta) —Zri] +p ZZ/{(h)(Ta)}

=logfl_[d’rafDzexp[MZTi+ﬁ@zZra+ﬂZU(h)(Ta):| (D.18)
:logJDz{JdTexp[ﬁ d-9) 2+ﬁ‘/_z¢'+ﬁu(h)(r)}}n
szlogdeexp[ﬂ 1-q) 2+ﬁfz¢+ﬁu(h)(r)]
Energetic, signal term

In= 1% 2. logf dy exp[ BNyym, + BU™ (v/Nyy)]. (D.19)

vV usL

After the above simplifications, we can write the the free energy in the limit n — 0 as

f= 2 mut, BN

u<L

—l}E szlochosh[/j (1 - w)+[5\/_z] (D.20)

——JDzlongreXp[ﬂ 1-a) 2+ﬂf2T+ﬁM(h)(T)]

ZlongyeXP[ﬁN ymy + U™ (VNyy)]

Vu<L

This is a generic expression holding for any potential on the hidden nodes. In particular, the
hidden potential /M affects the signal Z and noise Z energetic terms.
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E Specifying potential RELU

For the moment we consider a ReLU potential with an external field 1. The expression of the

potential is [47]
A2
—s1°+nt, T>0,
u(r)={ 2 K (E.1)

0, otherwise,

which corresponds to a truncated Gaussian prior in the interval (0,+00). We specify below
the expressions of the energetic terms with the potential (E.1)

Signal term 7,

1 [
Ip = ]VZIOgJ dyexp[ﬁNVymM+ﬁL{(\/va):|
vV u<L
1 [ y?
:]VVZlog dyexp ﬂNVmMy—ﬂANV7+O(\/NV)
u<L 0
1 [ y2
:ﬁZIOg ) dyexp[ﬂNvay—ﬂANv?}

J
:iZlog exp PNy, \IT [1+erf—ﬁNvm“ ]
N, & 21 | \ 282N, J2BAN,

1 2BAN, 1 Nym
= {ﬁmz— log P V+—log[1+erfﬁ—“}} .
0=l T N,

', V2PN,

In the limit N, — 00, the second term cancels and the third one will depend on the sign of m:
specifically, it will be 0 when m,, > 0. When m,, < O there is a non vanishing limit computed by
using the asymptotic expansion of the complementary error function, and we get the following
expression:

_BAN o
Tn= s é m2e (m,) (E.2)

where © (m) is the Heaviside step function.

Energetic term 7
[ [ B> 2 h
IE=J DzlogJ drexp| —-(1—q)7 +B/qzT + UM (1)

[ [ 2 BA
=J Dzlog dT exp ?(l—q)'r2+[5\/§zr—7rz+ﬁnr
0

:Jf' DzlogJ drexp[—%72+(ﬁﬁz+ﬁn)f]

0
[ o 1 ) (Bvaz+pBn)
= Dzlog{ ﬂ—Aexp[zﬂ—A(ﬂﬁz‘*‘ﬁn) }H[—T]}
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+ 2
= —%logA + % + J DzlogH [—\Jg(ﬁz + n)]

:—%logA+%(q+ﬂ2)+JDZlogH[\lg(ﬁZ—ﬂ)}, (E.3)

where we defined A = A — 3 (1 —q) and the function H (x) = %erfc (%) In the last line we

exploited the fact that f Dzf (—z) = sz f (). Using these two results, the free energy in
general support of the RBM with ReLU hidden layer is given by

. 1 af a a
f :Zm”mu—ﬁZmiG(mM)+7q(1—q)+%logA—£(q+n2)
u<L UL (E4)

—%JDzlogH(az+ b) %EWJDZIOgZCOSh[[j (m-w)+ B4/ an] ,
with b=—n\/§anda= %q; A=A-p1—q).
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