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Abstract

Synchronization between the internal dynamics of the superconducting phase in a
Josephson junction (JJ) and an external ac signal is a fundamental physical phe-
nomenon, manifesting as constant-voltage Shapiro steps in the current-voltage charac-
teristic. Mathematically, this phase-locking effect is captured by the Resistively Shunted
Junction (RSJ) model, an important example of a nonlinear dynamical system. The stan-
dard RSJ model considers an overdamped JJ with a sinusoidal (single-harmonic) current-
phase relation (CPR) in the current-driven regime with a monochromatic ac component.
While this model predicts only integer Shapiro steps, the inclusion of higher Josephson
harmonics is known to generate fractional Shapiro steps. In this paper, we show that
only two Josephson harmonics in the CPR are sufficient to produce all possible fractional
Shapiro steps within the RSJ framework. Using perturbative methods, we analyze the
amplitudes of these fractional steps. Furthermore, by introducing a phase shift between
the two Josephson harmonics, we reveal an asymmetry between positive and negative
fractional steps—a signature of the Josephson diode effect.
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1 Introduction

The Resistively Shunted Junction (RSJ) model [ 1-3], originally derived to describe the Joseph-
son effect in superconductors, has emerged as a paradigmatic example of a nonlinear dynam-
ical system with interdisciplinary applications. In the context of overdamped Josephson junc-
tions (JJs), its standard form is

h dy

26RE+IS(<,0):IdC+IaCcoswt, (D

where R is the effective shunt resistance describing the dissipative charge transfer at finite
voltages [in parallel with the supercurrent I(¢)], and the function sought is ¢(t). The model
contains three key ingredients: (i) Dissipation (dy/dt term) models energy loss, crucial for
realistic physical systems. (ii) Periodic force [27-periodic I,(¢) term] reflects phase coher-
ence in superconductors and may arise due to an internal periodic potential in other systems.
(iii) Driving force [the right-hand side (rhs) of Eq. (1)] represents external control parameters
with monochromatic ac component (dc/ac currents, forces, fields).

This minimalistic yet rich structure allows the RSJ equations to describe various physical
phenomena such as the Josephson effect in superconductors [4-7], the charge transport by
charge density waves in Peierls conductors [8-10], motion of mechanical systems such as an
overdamped pendulum (mechanical analog of the JJ) [11] or a Suslov system (specific type
of a rigid-body motion) [12], etc. Mathematically, the RSJ model is studied as an example of
nonlinear dynamics [13-19].

In the absence of an external ac driving component, i.e., at I,. = 0, the solution of Eq.
(1) depends on relation between I, and the critical current I, defined as the maximum of the
current-phase relation (CPR) I(¢). At I4. < I., the system is in the stationary state with phase
¢ corresponding to the fixed external current I;.. At I4. > I, the system enters the running
state with time-dependent phase ¢(t). In this resistive regime, a finite voltage

hdy
V= 2e dt’ @
across the junction appears, and its time average defines the current-voltage characteristic
(CVO) V(Idc). The solution of Eq. (1) demonstrates Josephson oscillations corresponding to
winding of ¢(t) by integer multiples of 2.

In the presence of external ac driving, the internal Josephson oscillations can synchronize
with external driving. This leads to phase-locking, manifesting as Shapiro steps in the CVC
[4,5]. Generally, these constant-voltage steps appear at

with natural numbers n and k.
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The simplest current-phase relation corresponds to sinusoidal CPR, I(¢) = I, sin ¢, which
can be experimentally realized in the case of a tunnel Josephson junction (or in the vicinity of
the superconducting critical temperature). In this case, only integer Shapiro steps arise (cor-
responding to k = 1) [6,7,20-22]. The fundamental importance of the phase-locking effect in
this limit is underlined by applications of tunnel Josephson junctions for fundamental-constant
measurement and the quantum metrology as a whole [6, 7]. In particular, measurements of
the Shapiro steps provide the basis of the voltage standard.

In Josephson junctions with higher transparency, higher Josephson harmonics become es-
sential [6,7,23], so that the CPR can be represented as

I(p)= Zlmsinmgo. @

m=1

The fractional (subharmonic) Shapiro steps with k > 1 are then expected to appear, and their
positions and amplitudes provide information on the CPR [23,24]. Is there a direct correspon-
dence between the fractionality of the Shapiro steps (values of k) and the Josephson harmonics
in the CPR Eq. (4) (values of m)? In other words, do irreducible Shapiro fractions with a given
k appear only due to the presence of harmonics with numbers m that are multiples of k in the
CPR [25,26]? It turns out that the answer is negative, and already two harmonics are sufficient
to generate subharmonic Shapiro steps of arbitrary fractionality.
Specifically, we demonstrate in the present paper that the CPR with only two Josephson
harmonics,
L(p)=1I;sinp +I,sin2p, 5

actually generates all fractional Shapiro steps. The CVC then has a Cantor-ladder-type form
(also known as the devil’s staircase). We analytically find the steps’ amplitudes in limiting
cases.

2 General equations

We will investigate Shapiro steps in the framework of the RSJ model in the current-driven
regime, see Eq. (1). We assume that due to external irradiation, the current has an ac compo-
nent with frequency w which sets natural units of time, voltage, and current. The correspond-
ing dimensionless quantities are

T=wt, v=V/Vy, Jjo=1,/1p, (6)
(with a =s,dc, ac, 1, 2), respectively, where
Vo =hw/2e, Iy=Vy/R. 7
In this notation, the RSJ equations (1)-(2) take the following form:

V=9, (8)
(p+js(§0):jdc+jaccos(7+ﬂ): ©

where the dot denotes d/dt. In comparison to Eq. (1), we introduce the 3 phase of the ac
current. Obviously, it can be eliminated by a time shift [i.e., encoded into the initial value of
the phase ¢(0)]; however, we prefer to keep it in order to trace the relative phase between the
internal Josephson oscillations and the external ac signal.
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The CVC of the Josephson junction is the v(j;.) dependence, where the overline denotes
averaging with respect to 7. Due to the ac component of the current (external irradiation),
the Shapiro steps in the CVC generally appear at

v==n/k, (10)

with natural numbers n and k [this is the dimensionless form of Eq. (3)]. Implying irreducible
fractions, we refer to the steps with k = 1 and k > 1 as integer and fractional ones, respectively.
For future reference, we consider the textbook case in which the current has only the dc
component and the CPR contains only the first Josephson harmonic. Equation (9) then takes
the form
¢ +j1sing = jgc, (11D
and in the case |ji.| > j;, its solution is [2, 3,27]

-2 -2
Jdc — )

j1 + vtan(vt/2)
] jae +jrcos(vr—a)’

p(t)= 2arctan[ ] +27n, v(it) = (12)

Jde

v=sgn(ja)\/jse =i,  cosa=ji/jac,  sina=4/j%—j/ljal- (13)

In this case, the CVC takes the form

where

v=. (14)

Adding the ac component of the current to the rhs of Eq. (11) would lead to the appearance
of integer Shapiro steps in the CVC.

3 Two harmonics in the current-phase relation

Our main focus is on the case of a Josephson junction with two harmonics in the CPR, see Eq.
(5). We are interested in studying the fractional Shapiro steps in this case. Substituting the
corresponding dimensionless j;(¢) into Eq. (9), we obtain the resulting differential equation

@+ jr15inQ + jo 5N 2 = jge + Jac cOS (T + ), (15)

which we deal with below. For future use, we define A = j,/j; as the amplitude ratio of two
harmonics.

It is well-known that the Josephson junction with two harmonics in the CPR produces
integer (k = 1) and half-integer (k = 2) Shapiro steps [24]. At the same time, numerical
solution of Eq. (15) demonstrates the presence of all fractional steps (with arbitrary k), see
Fig. 1(a). For this reason, we refer to the integer and half-integer steps as trivial ones, while
the fractional Shapiro steps with k = 3 we call nontrivial.

3.1 Limit of weak external irradiation and small second harmonic (j,. < j,,
AL])

To begin with, we consider the limit in which the ac component of the current is small com-
pared to the maximum of j;(¢) (which we briefly denote as j,. < j;). In order to calculate the
amplitudes of the Shapiro steps, we employ the perturbation theory with feedback [28, 29],
which is well suited to treat resonances. In Eq. (15), we represent ¢ and j,. as series with
respect to small j,./J;,

0(7) = po(1) + P1(T) + Pa(T) + ..., (16)

. .(0 (1 .(2
jae=iD+i D+ P+ 17)
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Figure 1: CVC of the Josephson junction with second Josephson harmonic in the CPR
at j,. = 0.8, j; =1, and A=0.7. (a) Range of voltages below the first Shapiro step.
Many fractional steps besides half-integer one are seen. (b) Range of voltages below
the 1/2 Shapiro step [zoomed part of plot (a)]. Series of steps of type 1/k with k > 1
and the 2/5 step, which is part of 2/k series are seen. Amplitude of the 2/5 step is

much less than amplitude of the steps of type 1/k.

The idea of the perturbation theory with feedback (with respect to j,./j; or to other parameters,
as discussed below) is that at each step we adjust the value of j,. [in accordance with Eq. (17)]
in order to avoid divergence of ¢,(7) at large 7. The point is that in the finite-voltage regime,
the solution ¢ (7) contains both a linearly growing and a periodic part. We absorb the linear
part into the zeroth-order solution ¢,(7) which is determined by j((ig), the zeroth-order part
of the current. The corrections ¢, (t) (with n = 1) at this value of the current may contain
corrections to the linear part of the solution, which would make them unlimited functions.
In order to avoid this, we adjust the value of the current, introducing corrections j(gz) (this is
what we call a feedback). The corresponding ¢,(7) are then limited functions. As a result,
the series (16) yields the average voltage V= ¢ = ¢, which is a function of jc(l(c)). At the same
:(0)

time, the current is given by the series (17), which is also a function of the starting value j;_".
Therefore, we obtain the CVC as a parametric dependence V(jy.) with parameter jég).
The zeroth approximation ¢, is a solution of equation
$o T+ 18I0 ¢ + j28In2¢ =j§2), (18)
while the corrections to the phase are written as
’ dt
: -(n)
¢ (T)=¢0(T)f Jao TE(O) | —=, (19)
" Tn[ de " ]‘Po(f)
where 1, are arbitrary constants and the first several F,, are
Fy =jacos(T+B),  Fy=(jsingg+4jysin2¢00)p?/2, ... (20)

To ensure the smallness of ¢, and applicability of the perturbation theory, we impose the
condition ¢, = 0 which means that corrections to the phase do not grow with time. We write
this condition in the form

[jéz)_"Fn(T)] [Po(T)=0, n=12,..., 21)

and calculate j; ~ from this equation.
In the limiting case of a small second harmonic (A < 1), we combine the perturbation
theory with respect to A developed in Ref. [29] with the perturbation theory with feedback
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discussed above. It means that each ¢, (withn=20,1,2,...) becomes a series with respect to
A. In further calculations, we do not keep terms of the order of A2 and higher.! In particular,

wo(7) = folr) +Af1(7), (22)

where f, is the solution of Eq. (11) with j((ig) in the rhs, and f; was obtained in Ref. [29]:

2v21n(j§(c))+j1 cos(v'r—a))/jl —Zj((ig)COS(VT—a)

filD)= (23)

j((lg) + j; cos(vt —a)

Then we substitute ¢, into the expression for ;. The condition that ¢; does not grow
with time [condition (21)] in the first order of perturbation theory with respect to both A and

jac/jl gives

AM] =0. (24)

. - . 2
fo(r)  f5(7)
If A = 0, the second bracket is a Fourier series with only the zeroth and first harmonics of
the internal Josephson oscillations, i.e., const and e, At the same time, the first bracket

759 + jaccos (v + /5)][

contains harmonics £1 due to external irradiation. The current correction j((ll) is hence nonzero
only in the case » = +1 due to synchronization (phase-locking) between the two brackets.?
This corresponds to the first integer Shapiro steps (positive and negative) with amplitude

[27,28]
Aj:l:l :jljac/ V 1 +]12 . (25)

In the case A # 0, expansion of the second bracket into Fourier series additionally contains all

harmonics e**”* with k > 1. This corresponds to additional phase-locking at v = +1/k, in

. . (1) .
which case the current correction ]éc) is nonzero:

. :(0) k—1 :(0) k+1
(1) _ Alac? . et [ Uge =) Uge =)
ji ) =—"—sin (£ + ka)(—1) — — - (26)
=0 (e=1j (e i

The argument of the sine in Eq. (26) contains phase shift between the external ac signal
and internal Josephson oscillations. This shift can be arbitrary (formally, due to arbitrary value
of the phase f3), hence the sine in Eq. (26) varies between —1 and 1, which corresponds to
the step in the CVC. The phase 8 determines the specific point on the step (if consider the
CVC choosing the current j4. as an independent variable, then 3 adjusts as we move along the
range of the current values corresponding to the step). In the first order of the perturbation
theory, the two-harmonic CPR thus produces the series of fractional Shapiro steps of type £1/k
(with integer k > 1) with amplitudes

k—1 k+1
) [12:2 2 1_ (1272 11—
Aja i = 2 Whsieim1) - (Vierei) @27)
T e G- Dk (k+ D(kjpst |-

In particular, if k = 2 Eq. (27) reproduces formula (72) from Ref. [29] up to the redefinition
of variables. At arbitrary k > 1, this result is equivalent to Eq. (35) from Ref. [16].

1As we discuss later, higher orders with respect to A do not lead to qualitatively new features.

2Physically, this corresponds to synchronization between external irradiation and internal oscillations. Phase-
locking implies coincidence of the frequencies of the two processes while the phase shift between them is constant.
This phase shift is controlled by f3.
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This series of steps is illustrated in Fig. 1(b). All these steps appear in the same order of
the perturbation theory, and in the limit k — oo the amplitudes of the steps decrease as

Ajirjk = 4Ajace Gy + 1)/K32, k> max(1,1/j;). (28)

Are there fractional steps besides the +1/k series? In order to study this we consider the
second order of perturbation theory with respect to j,./j; in the case v # £1/k. The current
correction j((i:‘:) is hence equal to zero. Using the expression for F,, we write the condition that

4 does not grow with time [condition (21)]:

(2 . . . . .
[Jﬁc) +(J1/2) 93 sin g + 2j,p7 sin 2%] [$o(T)=0. (29)
The Fourier series of apf contains harmonics e =™ with m € Z. The product of these terms
with integer Fourier harmonics coming from functions of ¢ contains the same harmonics with
shifted m which leads to nonzero result after averaging over 7 in the case v =2/m.
Substitution m = %1 gives the amplitude of the second integer Shapiro step which is

Ajiy=j1j2/4, (30)

in the main order with respect to A and exists even in the single-harmonic case (A = 0) [28].
At the same time, in the case of m # £1 and A = 0, averaged terms in Eq. (29), proportional to

ji, sum up to zero, hence jéi) = 0. This result is consistent with fact that the single-harmonic

CPR produces only integer Shapiro steps. In the case A # 0, current correction j(gi) turns out
to be nonzero at m # £1 and, hence, fractional Shapiro steps of type +2/k with k > 2 appear.
All these steps appear in the same order of the perturbation theory, and their amplitudes are

Ajiask < AJZ . D

The dependence on A emphasizes that fractional steps appear due to the presence of the second
Josephson harmonic in the CPR.

Analyzing the harmonic structure of Eq. (21) in higher orders of perturbation theory with
respect to j,./j;, we come to the conclusion that if the CPR includes two harmonics, all frac-
tional Shapiro steps appear, and in the limiting case A < 1, j,. < j; amplitudes of fractional
step £n/k are

Ajinjx <AJ", (32)

in the main order of perturbation theory (while amplitudes of integer steps are Aj., o< j.
[27]). The largest step sizes correspond to the “main” +1/k series [see Eq. (27) for exact
result].

In the above discussion of fractional Shapiro steps, we have considered all orders of the
perturbation theory with respect to j,./j; and only linear one with respect to A. The reason is
that keeping terms of the order of A% and higher in Eq. (22) does not lead to the appearance
of new Shapiro steps, while only producing corrections to amplitudes of the previously found
steps. The point is that all possible Fourier harmonics in 1/¢y(7) in Eq. (21), and hence in
F,(7) too, are already generated by the first order with respect to A.

3.2 Limit of large dc current (jg. > j;)

In this section, we apply the perturbation theory with feedback in the limiting case of large dc
current [30], defined by conditions

jl/jdc<< 1; jZ/jdc<< 1. (33)
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This implies that the dc component of the current is large compared to the supercurrent,
Jjde > Jjs- Compared to the previous limiting case, condition A < 1 is not required.

The perturbation theory with feedback in this limiting case is a modification of the ap-
proach employed in Sec. 3.1. It starts with expansions (16) and (17), however, small param-
eters are now given by Eq. (33).

In the zeroth order of the perturbation theory, Eq. (15) becomes

$0 =70+ jaccos (T + B). (34)

Its straightforward solution is

Yo =Ap +j((12)7+jacsin(r+ﬂ), (35)
where Ay is the initial value of ¢, and can be arbitrary. Phase shift  is then redundant and
we assume it equal to zero; the arbitrary phase shift between the junction dynamics and the
external signal is now controlled by Ap.

As we will see below, fractional Shapiro steps of the most general form +n/k appear in
this limiting case. According to Eq. (10), this must correspond to

i =%n/k. (36)

In the first order of the perturbation theory, expanding sin ¢, and sin 2¢ into the Fourier
series with respect to T, we obtain

oo
pr=i0 =i X, Im(acdsin (G5 +m)T + Ap)
m=—00
oo (37)
—j2 D In2i)sin(2i +m)T +24¢),
m=—00

where J,,(z) are the Bessel functions of the first kind. This formula implies only integer
( jég) = %n) and half-integer ( j((ig) = £n/2) Shapiro steps. Their amplitudes are

Ajin = 2H&?px /175 (ac) SN A + o2, (2]ac) sin 28], (38)
A]‘:I:n/Z = 2j2 |Jn(2jac)| P (39)

respectively. The occurrence of trivial steps is directly caused only by the presence of the
corresponding Josephson harmonic in the CPR. Equation (38) at arbitrary n and Eq. (39) at
n = 1 reproduce expressions obtained in Ref. [30] (in the = 0 limit).

In order to find nontrivial fractional Shapiro steps (with k > 2), we assume jég) # +n and

+n/2, which leads to j((ii) =0, and investigate the second order of the perturbation theory:
$2 = Jge — (j1 €08 (oo +2j5 05 2600 )1p1 - (40)

. . . . . . i(i©_
The Fourier series coming from ¢, and functions of ¢, contain harmonics Ui 7™7 and
i(27® . . . .
e*(2sc =7 with m € Z. Products of these terms generate harmonics with (3 ]é(c)) —m)7 and
(4 j(g(c)) —m)7 in the argument of exponent, which may lead to nonzero result after averaging

over T in the cases j(gg) =m/3 and jég) =m/4.

If j((ig) = +n/3, the condition that ¢, does not grow with time gives

Jm (jac)J—m:Fn(zjac)

41
+*n+3m (41)

3 oo
(2 ..
Jéc) = SJ1J2 08 (BAy) Z

m=—0Q

8
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Figure 2: Sizes Aj, . of fractional Shapiro steps from the +n/3 series as functions
of j,.. The amplitudes of the two Josephson harmonics are taken equal, j; = j, = 1.
Values of the numerator: (a) n=1 and 2; (b) n=1 and 4.

Due to the arbitrary value of the initial phase Ay, the cosine in Eq. (41) varies between —1 and
1, which corresponds to the step in the CVC. In the second order of the perturbation theory,
the two-harmonic CPR thus produces the series of fractional Shapiro steps of type +n/3 with
amplitudes

Jm (jac )J—n—m (2]ac)

oo
Ajinsz = 3j1J2 Z

42
e n+3m (42)
This result is illustrated in Fig. 2.
In the case ](0) = *n/4, the condition that ¢, does not grow with time gives
(2) _ m(zjac)J—m:Fn(zjac)
Jio = 2]2 cos(4Ap) Z T om . (43)

m=—oo

However, the sum in Eq. (43) is equal to zero, therefore, fractional Shapiro steps of type £n/4
do not appear in the second order of the perturbation theory. This is not unexpected. The

. . . . i(0)_ . ..
Fourier series that consists of harmonics e ~™7 in Eq. (40) does not contain j; and hence

does not depend on the presence of the first Josephson harmonic in the CPR. If the series in
Eq. (43) was nonzero, we could assume j; = 0, replace 2 with ¢, and obtain fractional half-
integer Shapiro steps produced by the single-harmonic CPR. Vanishing of Eq. (43) emphasizes
the fact that nontrivial fractional Shapiro steps appear only due to the interplay of different
Josephson harmonics.

Are there nontrivial fractional steps besides the +n/3 series? In order to study this we

consider higher orders of the perturbation theory with respect to j; 5/ jq. in the case ](O) #*n/k

+(2) .

with k =1, 2, and 3. The current correction j; ~ is hence equal to zero. In the third order of

the perturbation theory:

3= Jdc (Jjz €0S @ + 2] 08 2000 + (Jy Sin @ + 4j, Sin 2000) 97 /2. (44)

We proceed in the same manner as before, considering harmonics generated in the rhs of this
expression.

As a result, in the third order of the perturbation theory we find series of fractional steps
of types £n/4 and +n/5 with amplitudes

m(jac)Jl (jac)J—n—m—l(zjac)
Ajfinja = 81112 Zoo I_Z: (n+4m)(n+41) ’ ()
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95 o I (2701 (2 et Giac)
Ay o= 225 52 m\<Jac acrnom— et 6
Jxn/s 4 J1Ja Z Z (2n+5m)(2n+51) “o)

m=—oQ [=—00

It is important to note that fractional Shapiro steps of type £n/4 appear due to product of
the first and second harmonics, and fractional steps of type +n/6 do not appear, because in
this order of the perturbation theory they cannot be produced by the interplay of Josephson
harmonics.

According to the results above, we find a certain pattern that the amplitude of the fractional
Shapiro steps of type £n/k is

Ajinpe o< j455, with a+2p=k 47)

(while a + f is the order of the perturbation theory which should be minimized to get the
main contribution to the steps size). At the same time, for nontrivial Shapiro steps, both a
and 8 should be nonzero, because otherwise we would have a contribution to the steps size
generated by a single Josephson harmonic, while we know that a single-harmonic CPR only
produces trivial steps. As a result,

B= [k—l] : (48)

2
In the above derivation, we have explicitly checked this pattern for k from 1 to 5. Analyzing
the harmonic structure of ¢,(7) in higher orders of perturbation theory with respect to j; 5/ jgc,
we conclude that if the CPR contains the two harmonics, then all fractional Shapiro steps ap-
pear. According to Egs. (47) and (48), fractional steps of types £n/2k and +n/(2k +1) appear
in the (k + 1)th order of perturbation theory with respect to j; 5/jq4., and their amplitudes are

Ajinyo < 25571, Ajin/(2k+1) O< j1jh - (49)

3.3 Overlap of the two limiting cases

The conditions of the limiting cases considered in Secs. 3.1 and 3.2 are compatible if
Jacs Jo L j1 € Jjge- S0, in this overlapping regime, we can compare the results of the above
limiting cases. Approaching this regime from the limiting case of small amplitude of the ac
current and small amplitude of the second Josephson harmonic (Sec. 3.1), we need to addi-
tionally assume j; < j4. [equivalent to kj; < 1 in Eq. (27)]. Equation (27) then yields

Ajurjk = J¥ 2 jojac/ 252k —1). (50)

Alternatively, we may approach the overlapping regime starting from the limiting case of large
dc current (Sec. 3.2), additionally assuming j,., j, < j;. Substituting n = 1, we then see that
Egs. (39), (42), and (45) reproduce Eq. (50) with k = 2, 3, and 4, respectively.

At the same time, the results of the two limiting cases differ from each other in the case of
+1/k Shapiro steps with k > 4 [see Eq. (50) vs Eq. (49)]. Actually, they are both legitimate
contributions to the amplitudes of the steps; however, their relative importance depends on
an additional parameter j12 /j». In Sec. 3.2, we did not assume any special limit with respect
to this parameter, so we minimized a + 8 in Eq. (47) in order to minimize the overall power
of j jf , obtaining Eq. (48). However, if we assume j12 > j,, the main contribution stems
from minimizing 3, which yields f = 1. The dominant contribution to the amplitude of the
fractional steps of +1/k type is then given by Eq. (50). In the opposite case, j12 < j,, Eq. (48)
is valid and the main result is given by Eq. (49) with n=1.

Generalization of the above reasoning to arbitrary nontrivial fractions £n/k (with k = 3)
is straightforward. In the case j12 > j,, the amplitude of the step is given by Eq. (32) [instead
of Eq. (50)], which can be refined as

Afapr O K 2joj0 . (51)
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In the opposite case, j12 < j,, the main result is given by Eq. (49), which can be refined as

Ajinok < 25K Afenycaksr) O jiiki - (52)

As before, the differences arise at k > 4. The reason is that at such values of k, Eq. (47) has
several solutions with respect to nonzero a and f3.

3.4 Stability of the solutions

In this section, we perform a stability analysis of the perturbative solutions ¢(7) obtained in
Secs. 3.1 and 3.2. The analysis can be performed similarly to that in Ref. [13]. We introduce
a small perturbation 6¢(7) to our solution and linearize Eq. (15) with respect to it. The
resulting equation

09 +06p(jicosyp+2j,cos2¢) =0, (53)

yields
T
Sp(t)=exp [—J (j1cos ¢ +2j, cosZap)dT’]. (54)

The perturbative solution is stable if 6 p(7) does not grow with time. To ensure the smallness
of 6, we impose the condition

j=(j;cos¢ +2j,c052p) = 0. (55)

In the limiting case of weak external irradiation and small second Josephson harmonic
(Sec. 3.1), we differentiate Eq. (15) with respect to T and write the resulting relation as

—(j1 cos * + 2j, €08 2¢*) = (§* + joesin(t + B))/¢*, (56)

where ¢* is the exact solution of Eq. (15). We note that ¢*/¢* = 0 and substitute the exact
relation (56) into the average in Eq. (55) with the perturbative ¢ [taken from Eq. (22)] instead
of ¢*. According to this accuracy, we keep only the terms up to the first order with respect to
Jjac and A, obtaining

HER) + L —AM]. (57)
] jaccos(T ﬁ)[fo(f) 72(0)

The structure of Eq. (57) is similar to the expression for jéi) from Eq. (24). Hence, simi-

larly to jéi), we find that 7@ is nonzero only in the case v = £1/k with integer k. In this

case, jCV oc cos(£p + ka), while j(g(l:) o< sin(£f + ka). Although the value of the sine is

unambiguously determined by j((i(lz), the sign of the cosine can be both positive or negative.
Therefore, we can always choose a value of 8 corresponding to the stable solution ¢. In the
case v # £1/k, we need to investigate higher orders of the perturbation theory with respect
to ju/j1, which can be considered in a similar manner.

Turning now to the limiting case of large dc current (Sec. 3.2), we note that the expression
under the average in Eq. (55) is nothing but dj;(¢)/d . We substitute there the perturbative
solution ¢ with accuracy up to the third order with respect to j,/j4., as obtained in Sec. 3.2.
Expanding the average in Eq. (55) with this accuracy, we can write the result as

w2 2 Ohleo) | 9%i(e0) | 2%lgo) 1 8%(%0)
9o 95 dpg 2 3¢

(58)
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Ajoi3/Ajy 3 Ajoi/Aji 3
3.0F 3.0F (b)
2.5F

2.5F

2.0

1.5
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Figure 3: Ratio of the amplitudes of the 2/3 and 1/3 fractional Shapiro steps as
a function of A at j; = 1/3 and different values of j,.: (a) j,. = 0.5, 1.0, 1.5;
(b) jac = 1.8, 2.0, 2.5. Numerically calculated data points are shown by symbols
(connected by straight lines for convenience). Accurate numerical determination of
the step sizes becomes challenging in the case of small steps.

The current corrections from Sec. 3.2 can actually be expressed in the same manner:

N . 2 .

(D) T .(2) 9j5(vo) .(3) 9js(po) | P1 9%js(o)
= 5 = —_ = + —

Jao = Js(¥o) Jie =1 200 Jie =2 P 2 03

(59)

From this equation, considering different series of fractional steps (i.e., substituting j((jg) =+xn/k
with k = 2,...,5), we find that the current correction producing the series with denominator
k, is proportional to sin kA or cos kAy (depending on k). At the same time, due to additional
differentiation of the CPR in Eq. (58), in the main order with respect to j,/j4. for the same
k, we find jG% o< cos kAy or sinkAyp, respectively. Similarly to the previous limiting case,
due to this swap, we can always choose a value of Ap corresponding to the stable solution ¢.
Higher orders of the perturbation theory with respect to j;/j4. can be considered in a similar
manner.

3.5 Comparison between the 1/3 and 2/3 steps

A natural question inspired by the presence of nontrivial fractional Shapiro steps is the hier-
archy of their amplitudes. The obvious example is the comparison between Aj; /3 and Ajy /3.
We have already seen that under the conditions of Sec. 3.1 (small j,. and A), the result is
Ajos3/Ajijz X jae < 1 [see Eq. (32)]. At the same time, under the conditions of Sec. 3.2
(large j4.), the ratio of the two amplitudes can be both smaller and greater than 1 [see Eq.
(42) and Fig. 2(a)].

More general cases can be studied numerically. We illustrate the results in Fig. 3. Generally,
the Ajy/3/Ajy/3 ratio can be smaller or greater than 1. At not too small j,, it becomes a
nontrivial function of all the problem parameters. In particular, the curves in Fig. 3 become
nonmonotonic as functions of A.

4 More harmonics in the current-phase relation
In this section, we consider the CPR with three Josephson harmonics and then discuss gener-
alization to the case of more harmonics. In the limiting case of small amplitude of the higher

Josephson harmonics and ac current, considered in Sec. 3.1, the presence of the third har-
monic leads to the complication of Eq. (18) and expressions for F,(7) with n > 1. However,
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similarly to the terms o< A2, it does not lead to the appearance of new Shapiro steps. The
point is that all possible Fourier harmonics in 1/¢y(7) in Eq. (21), and hence in F,(7) too,
are already generated by the presence of the second Josephson harmonic in the CPR. At the
same time, physically, the condition A < 1 can be due to the small transparency T < 1 of the
Josephson junction. If this is indeed so, then the amplitude of the nth Josephson harmonic
is proportional to T", hence the normalized amplitude of the third harmonic is ~ A%, Along
the same lines as at the end of Sec. 3.1, we conclude that the presence of the third Josephson
harmonic (as well as higher ones) does not affect the amplitude of the nontrivial fractional
Shapiro steps in the main order of the perturbation theory.

In the limiting case of large dc current, considered in Sec. 3.2, CPR with three Josephson
harmonics produces all fractional steps in lower orders of the perturbation theory, compared to
the case of only two Josephson harmonics. Similarly to the case of two harmonics, amplitude
of the fractional Shapiro steps of type +n/k is proportional to j jzﬁ j:’,: with a +28 +3y =k
(while a + 8 + v is the order of the perturbation theory which should be minimized to get
the main contribution to the steps size). At the same time, for nontrivial Shapiro steps, at
least two out of three a, 3, and y should be nonzero, because otherwise we would be dealing
with a single-harmonic contribution which is known to vanish. (The above consideration is
straightforwardly generalized to the case of more Josephson harmonics.)

At the same time, fractional Shapiro steps of type +n/3 now become trivial and appear in
the first order of the perturbation theory. Applying the rule described above, we conclude that
steps of type £n/4 and £n/5 appear in the second order of the perturbation theory due to
the interplay of the third Josephson harmonic with the first and the second one, respectively.
Amplitudes of these steps are o< j; j; and o< j,js, respectively.

5 Josephson diode effect

In this section, we discuss the manifestation of the Josephson diode effect (JDE) in fractional
Shapiro steps. The diode effect refers to the dependence of a junction’s properties on the
direction of the current. We consider a modification of the CPR in Eq. (5) by a phase shift $
between the two Josephson harmonics, so that the dimensionless CPR becomes

js(@) = jysinp + jsin(2¢ — ). (60)

This form of the CPR effectively arises in different physical systems such as combined 0-7t JJs in
magnetic field [31], JJs between exotic superconductors with broken time-reversal symmetry
[32], asymmetric SQUIDs with higher Josephson harmonics [29,33], and SQUIDs with three
sinusoidal JJs in the loop [34]. Nontrivial values of the phase shift ($ # 0 mod 7) require
breaking of the time-reversal symmetry (due to, e.g., an external magnetic field).

If ¢ # 0 mod 7, our numerical calculations demonstrate asymmetry between amplitudes
of positive and negative fractional steps, see Fig. 4. Analytically, the presence of 5 slightly
changes current corrections in Egs. (26) and (41): £ + ka + ¢ instead of £f + ka in the
argument of sine and 3Ap — qE instead of 3Ayp in the argument of cosine, respectively. This
means, that fractional Shapiro steps remain symmetric in the main order of the perturbation
theory. In order to find asymmetry, higher orders of the perturbation theory are required.

In the limiting case of small amplitude of the ac current and small amplitude of the second
Josephson harmonic, we further develop the derivation of Sec. 3.1 and consider the second
order with respect to A. To illustrate the results, we consider the main series of the fractional
Shapiro steps. The corresponding asymmetric correction to the steps size can be written as

AJEIT = Fyj, APsing, (61)

where the y factor is positive and depends only on j4. and j;.
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Figure 4: CVC of the JJ with two Josephson harmonics in the CPR at j,. = 2.5, j; = 1,
A=1, and 5 = 1t/2. Nontrivial value of the phase shift [5 between the harmonics
leads to the Josephson diode effect. The figure demonstrates asymmetry between the
positive and negative fractional Shapiro steps (the negative ones are present although
hardly visible at the chosen values of the parameters).

In the limiting case of large dc current we further develop the derivation of Sec. 3.2. Con-
sidering the next order with respect to j; 5/ j4., wWe find asymmetric corrections to the ampli-
tudes of fractional steps, which are

NI = £ (y1jHiE 2 + 12325 ) sin g, (62)
.( ) .3 . k— .1k .7
Ajitsny =+ (vailiy ™ +vai i )sing, (63)

where 74, v5, 73, and y4 depend only on j4. and jg.

6 Discussion

Now we comment on the difference between the RSJ model that we have studied and its
possible modifications.

Reference [ 18] states that in the case of I;(¢) containing at least two Josephson harmonics,
there exists an analytic driving force I,.(t) such that all fractional Shapiro steps exist. Our
results imply that a monochromatic driving force I,.cos wt is sufficient for that.

Interestingly, the RSJ model of type (15) is considered in relation to searching for a
4n-periodic contribution to the Josephson current from topologically protected Andreev
levels (Majorana bound states) [35-38]. In this context, in addition to the conven-
tional sin¢ contribution, the Josephson current is assumed to possess a 4m-periodic term:
Iyn4n(9) = I, sing + I, sin(p/2). Obviously, the resulting equations are equivalent to ours
up to rescaling ¢ — 2¢, e — 2e. The even and odd Shapiro steps discussed in the context
of the 4m-periodic Josephson effect [35-38] then correspond to our integer and half-integer
steps, i.e., to trivial Shapiro steps. At the same time, our results imply presence of all possible
fractional Shapiro steps also in the I, 4, model.

A modification often considered in the literature corresponds to a different driving regime:
instead of the current-driven case, one can assume the voltage-driven case. In this regime, not
the current but the voltage is fixed, V(t) = V4. + V,.cos wt. The phase ¢(t) is then found not
from the RSJ equation (1) but directly from the Josephson relation (2). The result determines
the current I(¢(t)) that demonstrates the Shapiro features (spikes) in the I,(V,.) dependence
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at Vg, given by the same relation as Eq. (3). In the case of only one harmonic in the CPR, only
integer Shapiro spikes arise [6,39]. Higher harmonics in the CPR lead to fractions with k > 1,
and the denominators directly correspond to the harmonic number [39,40]. This means that
irreducible Shapiro fractions with a given k appear only due to the presence of the harmonics
with numbers m that are multiples of k in the CPR. As a result, a CPR with only two harmonics,
Eq. (5), generates only integer and half-integer Shapiro features.

Returning to the current-driven regime, we now focus on the sinusoidal CPR with
I,(¢) =1,sin . As we have already mentioned, in this case, the RSJ model (1) produces only
integer steps [6,7,20-22]. At the same time, this model can be considered as the overdamped
limit of the more general Resistively and Capacitively Shunted Junction (RCSJ) model [6, 7].
The RCSJ model differs from Eq. (1) by additional term (7C/2e)d?¢ /dt? in the left-hand side
(where C is the capacitance). This modification leads to the generation of all subharmonic
steps and to the devil’s staircase structure of the CVC even with in the case of the sinusoidal
CPR [41-43].

Finally, we comment on the experimental relevance of a CPR with only two Josephson
harmonics (m = 1,2). Such CPR can be a good approximation in JJs close to the tunneling
limit. Theoretically, higher Josephson harmonics contain additional powers of small junction
transparency. In a recent experiment [44], the second Josephson harmonic was shown to be
the leading correction to the first one in tunnel junctions. Alternatively, the second harmonic
may become important if the first one is suppressed due to additional physical mechanisms,
e.g., near the 0-7 transition [45-49].

7 Conclusions

In the framework of the RSJ model (9), we have theoretically investigated a Josephson junc-
tion with the CPR (5) containing two Josephson harmonics. We demonstrate that due to the
presence of the second Josephson harmonic, in the current-driven regime, not only integer and
half-integer but also all fractional (subharmonic) steps appear. We employ a combination of
perturbative methods to find analytically amplitudes of the fractional Shapiro steps (generally
given by v = £n/k which we assume to be irreducible fractions).

In the limiting case of small amplitude of the ac current and small amplitude of the second
Josephson harmonic (j,. < j;, A = j,/j; < 1), in the first order of the perturbation theory,
we reproduce the result of Ref. [16] for the amplitudes of fractional steps of type £1/k with
k > 1. The amplitudes of these steps are o< Aj,. [see Eq. (27)]. In the next order of the
perturbation theory with respect to j,./j;, we find fractional steps of type +2/k with k > 2;
their amplitudes are o< Ajfc. The structure of the perturbation theory suggests that the nth
order reveals fractional steps of type £n/k with amplitudes o< Aj’ . At the same time, higher
orders of the perturbation theory with respect to A only provide small corrections to the above
results.

In the limiting case of large dc current, we find amplitudes of nontrivial fractional steps
of type £n/3 in the second order of the perturbation theory with respect to j;/ji. < 1 and
Jjo/Jgae < 1. Their amplitudes are o< j; j, [see Eq. (42)]. We also find amplitudes of fractional
steps of types +n/4 and £n/5 in the third order of the perturbation theory; their amplitudes
are o< j12 jo and o< j; j22, respectively [see Egs. (45) and (46)]. The structure of the pertur-
bation theory suggests that the (k + 1)th order reveals fractional steps of types +n/2k and
+n/(2k + 1) with amplitudes o< j12 j§_1 and o< j; jé‘, respectively. Importantly, nontrivial frac-
tional steps appear due to product of different Josephson harmonics and do not arise in the
single-harmonic case.
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Additionally, we consider the CPR with a phase shift between the two Josephson harmonics,
Eq. (60), which leads to the Josephson diode effect. In the case of fractional steps, this is
manifested in asymmetry between the n/k and —n/k steps. In the limiting cases, we find
the corresponding asymmetries which turn out to be small compared to the amplitudes of the
steps. The results are presented in Egs. (61)-(63).
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