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Abstract

We investigate the many-body localization (MBL) transition in the quantum Ising model
with long-range interactions. Unlike spin chains with short-range interactions, where the
MBL transition point remains elusive due to strong finite-size effects and local fluctua-
tions, long-range interactions suppress such fluctuations and enable clearer signatures
of critical behavior. Using exact results from a related Bethe lattice localization problem,
we estimate the MBL threshold within logarithmic accuracy and find consistency with ex-
act diagonalization. Although the critical disorder diverges in the thermodynamic limit,
our results demonstrate that the critical regime can still be probed and highlight the
relevance of this model to systems with dipole-dipole, elastic, or indirect exchange in-
teractions.
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1 Introduction

In contrast to single-particle localization [1], which emerges when interactions are negligible
and typically occurs at zero temperature, many-body localization (MBL) can arise at arbitrary
temperatures. The MBL transition separates chaotic (delocalized) and deterministic (local-
ized) dynamical phases in interacting quantum systems. In the chaotic phase, the eigenstate
thermalization hypothesis (ETH) holds [2,3], meaning the system acts as a thermal bath for its
subsystems and reaches thermal equilibrium internally. By contrast, the localized phase fails to
thermalize, and the system retains memory of its initial state indefinitely. In the chaotic regime,
equilibration involves energy equipartition and irreversible relaxation that erases the system’s
initial information, whereas the localized phase preserves it. This robustness of memory makes
the localized phase particularly desirable for quantum technologies, including quantum hard-
ware [4-9], where relaxation processes are a fundamental source of decoherence.

Despite extensive efforts to understand and characterize the many-body localization (MBL)
transition in various systems [ 10-21] two fundamental questions remain unresolved: (A) How
can the MBL transition point be determined? and (B) What is the nature of the system’s be-
havior in the critical regime near the transition? For single-particle localization, the transition
threshold can be reliably identified numerically since the complexity of the eigenstate basis
grows only polynomially with system size [22]. In contrast, for MBL the complexity grows ex-
ponentially [15,23], preventing convergence in numerically accessible spin chains with short-
range interactions, even though the existence of the transition in the thermodynamic limit has
been rigorously established [21,24]. Here, we investigate the MBL transition in spin systems
with long-range interactions, where the transition can be analyzed analytically by exploiting
its similarity to the solvable localization problem on the Bethe lattice [25]. This approach
provides a well-defined transition point and opens the way to probing critical behavior in the
vicinity of the transition.

Generally, MBL problem can be formulated using the Hamiltonian split into static and
dynamic parts as [13,14]

H=Hy+&V, (1)

where I/{\O is a static Hamiltonian composed of commuting operators Ei (e.g., spin projection
operators S? to the z axis defined in local sites i) and V is a dynamic interaction including
operators not commuting with each other and the static Hamiltonian (e.g., spin projection
operators Sl?‘ to the x axis, as in Eq. (2) below). The parameter & (transverse field I' in Eq. (2))
controls the strength of dynamic interaction. The system is obviously localized for £ = 0, and
the physical parameters characterized by the operators A; serve as its integrals of motion.
The static eigenstate basis {B} of the system Fock space is chosen using the states with given
values of operators A\i (for N interacting spin-1/2 particles this will be 2V states, characterized
by different spin projections S¥ = +1/2 to the z axis). The Fock space for a single-particle
localization problem involves only N states defined, for example, as a single spin excitation of
the ferromagnetic state with the total spin projection to the z axis +(N /2 — 1), provided that
the dynamic interaction V does not modify the spin projection.

When the dynamical parameter £ # 0, dynamical interactions modify the eigenstates,
which become superpositions of static-basis states with fixed operators A;. In the single-particle
problem, this modification can be quantified by the number of static-basis states contributing to
a single eigenstate: if this number remains independent of system size, the states are localized,
whereas if it grows with system size, the states are delocalized. The chaotic (delocalized)
regime is further characterized by Wigner-Dyson level statistics [ 26], reflecting level repulsion.
In contrast, localized states are spatially separated and exhibit Poisson level statistics, as level
repulsion is absent. At the transition point, eigenstates display marginal behavior between
these two regimes.
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It has been rigorously established [24] that the MBL phase can emerge in certain spin
chains with short-range interactions at sufficiently small but nonzero dynamical interactions
(& # 0). However, advanced numerical studies of the localization threshold in such chains,
even for system sizes up to N = 25 spins [27-29], show very slow convergence, likely due
to sensitivity to local fluctuations [30], which can drive localization breakdown. Conclusive
results would require simulations of systems larger than 30 spins, beyond the reach of classical
computation. Moreover, no analytical method exists to determine the localization threshold
in MBL with short-range interactions, paralleling the challenge of the Anderson localization
problem.

We expect the MBL problem to be more tractable in systems with long-range interactions.
This expectation is supported by numerical studies of single-particle Anderson localization in
high spatial dimensions d > 3 [31] with the large number of neighbors and on the Bethe lat-
tice [25] with the large coordination number, where the localization transition occurs when
there is, approximately (up to logarithmic accuracy), one resonant coupling between eigen-
states of the quasi-static Hamiltonian H,, induced by the perturbation £V, Eq. (1). Further-
more, the localization threshold on the Bethe lattice is known analytically [25], and is consis-
tent with the advanced numerical investigations [32-34].

In the present work, we investigate the MBL problem in a system of N interacting spins cou-
pled through random, static, binary interactions that do not depend on the distance between
spins [35]. We argue that the localization threshold in this model is likewise determined, up to
a logarithmic factor, by the condition of having approximately one resonance per many-body
state. Using level-statistics analysis [20], we determine the critical disorder and find excellent
agreement with this analytical estimate. Following earlier studies suggesting the approximate
relevance of Bethe-lattice physics to the MBL problem [23,36], we construct a matching Bethe-
lattice model and show that the localization threshold in our system is roughly a factor of three
smaller than in the corresponding Bethe-lattice problem. Establishing this threshold provides
a solid foundation for future investigations of critical behavior near the MBL transition.

One additional comment is in order. The long-range interaction is almost ubiquitous in
any system of interacting quantum objects (spins, electrons or atomic tunneling systems) due
to dipole-dipole, elastic, magnetic dipole or indirect exchange interactions [37-39]. There-
fore, the present work is potentially applicable to many physical systems, where many-body
localization has been observed, including interacting two-level systems in amorphous solids
[37,40,41], nitrogen vacancies in diamond [42], and cold ions [43]. Certainly, these systems
were analyzed theoretically and reported in numerous publications [14, 35, 37-39, 44-48],
and there exists common understanding of the nature of MBL transition based on the criterion
of a single resonance per state similar to that for the Anderson localization problem in three
dimensions. Within the present study, we attempt to characterize MBL transition not only at
the qualitative, but quantitative level estimating accurately the MBL threshold.

The paper is organized as follows. In Sec. 2, we introduce the interacting-spin model
and the corresponding matching Bethe-lattice problem. In Sec. 3, we outline the analytical
expectations for the MBL transition at infinite temperature, following earlier work by one of
the authors [35]. Section 4 presents a numerical study of the localization problem based
on level-statistics analysis and compares the results with the analytical predictions for the
matching Bethe-lattice model. Finally, Sec. 5 summarizes the main findings of the present
work.
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2 Model and Bethe lattice counterpart

We investigate the quantum spin glass model of N interacting spins characterized by the Hamil-
tonian having a form similar to Eq. (1) (see Refs. [35,49])

H=H,+V, H0=§ZJI»]-S?S]?, V=2r)yss, 2)
i#j i

where SlH are spin 1/2 operators (u = x, y, or z). The first term H, is the static Hamilto-
nian representing the celebrated Sherrington-Kirkpatrick model [50] with random, uncorre-
lated interactions J;; characterized by the Gaussian distribution with the mean (J;;) = 0 and
(JijJi) = Jg (5l~k5 j1t+6;06 jk), while the second term V corresponds to the transverse field. In
the absence of the dynamic term (I' = 0), eigenstates of the model are represented by the 2V
vertices of N-dimensional hypercube with each vertex coordinates given by N spin projections
S§* = +1/2 for the corresponding state, as illustrated in Fig. 1(a) for three spins. Previously,
the MBL problem has been investigated for a random energy model [49,51]. The phase space
of this model can be similarly represented by a hypercube. Yet, the quantum random energy
model is equivalent to the Anderson localization problem on the hypercube, while the present
model possesses a strong correlation between different state energies [35] and destructive
interference, similarly to the MBL problems with short-range interactions. We consider the
present model as a bridge between single-particle and many-body localization problems.

We do not normalize the spin-spin interaction by the factor 1/+/N as in the original Sher-
rington-Kirkpatrick model [50], because this normalization was necessary to keep the spin
glass transition independent of the number of spins N, while for the present problem it still
leads to the localization threshold approaching zero.

The energy difference between adjacent hypercube vertices m and n (see Fig. 1(a)) is given
by a spin-flip energy

w; =257 Y J;;S*. (3)
j

We are interested in the MBL transition at an infinite temperature for the states with total
energy close to zero. Then the correlations between different spin-flip energies can be ap-
proximately neglected for the large number of spins since the correlation function of different
spin flip energies (w;w;) = Jl.zj /4 ~ Jg /4 is much smaller than the average squared energy
(w?) =3 i 12] /4 ~ NJZ/4. Consequently, the site energies are correlated, while their differ-
ences are approximately uncorrelated. The distribution of spin-flip energies is given by the

Gaussian distribution (N > 1)

w? J
P(w)= e w7 W=«/N—1EO. 4

1
vanw

The matching Bethe lattice problem is constructed following the recipe of Refs. [15,35,52].
Each state of the spin system forms the vertex in the graph coupled with N other states different
from this by a single spin flip and the coupling strength is given by the dynamic parameter I
Thus, the number of neighbors in the matching Bethe lattice model is N. Similarly to the
problem of interest, Eq. (2), we assume that the energies of different sites are correlated while
their differences are not. Then, as argued in Ref. [35], the random potential probability density
function g(E) entering the localization threshold for the states with the energy E on the Bethe
lattice with uncorrelated site energies is replaced with the probability P(0), Eq. (4), that the
neighboring site is in resonance with the given site. The more accurate justification of that is
given in Ref. [53, Supplementary Materials].
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Figure 1: (a) Hypecube with vertices representing the phase space of three spins. (b)
Bethe lattice with each site coupled to three neighbors.

Therefore, the localization threshold in the Bethe lattice problem described above in the
limit N > 1 is determined as [25]

T (nBW)
1~4(N—-1 1 ) 5
( )J%W B I3 ®

where 7y is an unknown parameter of the order of unity. We use ng ~ 1.06, as estimated in
Appendix (see Eq. (A.2)) following Ref. [25] for the Bethe lattice problem with the Gaussian
disorder, which should be approximately relevant for the present situation.

Equation (5) determines the localization threshold of the Bethe lattice problem, and we use
it below to evaluate the localization threshold for the matching MBL problem in the interacting
spin system characterized by the Hamiltonian (2).

3 Analytical estimate of the MBL threshold

The phase space is organized differently for the quantum Ising model shown in Fig. 1(a) and
the corresponding Bethe lattice problem shown Fig. 1(b). In the former case, the graph rep-
resenting the system (hypercube) and it has plenty of loops, while there are no loops in the
latter case. Loops result in destructive interference for the hypercube, which is absent in the
Bethe lattice [35].

The destructive interference is realized already in the second-order process involving two
spins flips illustrated in Fig. 1(a) as the transition between the initial state m and the final
state p that can happen by means of the flip of spins i and j. If the spin i transfers first, then
the transition goes through the vertex n as m — n — p, while in the opposite case it goes
through the vertex o as m — o — p. The total transition amplitude in the second order of
perturbation theory in the dynamic field T is given by the sum of contributions of two paths,
which is defined as I}; = l"z(coi_1 + co]._l) (remember that notation w refers to the flip energy
of the spin k).

The second-order process is significant in the resonant regime, where the total energy
change due to two spin flips w;; = w; + w; —J; (] = 4JijSisz and spin projections S?, S]z.
corresponds to the static basis state m) approaches zero. In this resonant regime, the second-
order transition amplitude reads

2,
=—. (6)

I =
(Ol'Cl)]

J

The second-order transition amplitude approaches zero in the absence of interaction between
spins i and j, reflecting the many-body nature of the two spin flip contribution lacking if the
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spins are just in static longitudinal fields, where no MBL transition can, obviously, take place.

The second-order amplitudes are substantially suppressed, if the spin-flip energies are large
compared to the interaction between spins, i.e., |w;| ~ [w;| > |J l*;l In the opposite cases of
either |w;| K IJi*jI and |w;| ~ |Jl.*j| or |w;| < |Jl.*j| and |w;| ~ |Jl?“j|, the contributions of two paths
do not interfere with each other and contribute as two independent paths similarly to that in
the Bethe lattice. This suggests the constraint of the maximum spin-flip energy in the definition
of the localization threshold given by Eq. (5) by the spin-spin interaction J,/2. Setting this
constraint in the integral in Eq. (5) we obtain the equation for localization threshold within

the logarithmic accuracy in the form

~ 4N — 1)t n_Jo)
B~ 4(N meln( t ) (7

where 8 and 7 are unknown parameters of the order of unity and it is expected that § > 1 [35].
The parameter 8 > 1 originates from the higher-order processes determining the localization
threshold. It is equal to unity for the localization problem on the Bethe lattice, but here it can
be different because of the difference in the total number of distinguishable system pathways.
Indeed, the total number of n-step paths in the Bethe lattice from the given point scales as
N(N — 1)1, while for the interacting spin problem it scales as N!/(N — n)! for the number
of pathways [35]. Consequently, if the MBL transition is determined by the higher-order pro-
cesses of the order of N, then the critical dynamic field I, can increase due to the reduction in
the number of pathways, as reflected by the additional parameter 3 > 1 in Eq. (7).

Our derivation assumes that ' < J;;, which is obviously true near the MBL threshold, since
the width W scales with the number of spins as J,+/N. Thus, we get I‘CMBL ~ Jo/(¥N1n(N))
similarly to the Bethe lattice. Consequently, I, < J;, in the regime of interest N > 1.

We expect that consideration of higher-order processes does not modify the analytical form
definition of the localization threshold in Eq. (7), but only modifies the numerical parameters
p and 7). As it was argued in the earlier work of one of us [35] (see also the analysis in greater
detail in Ref. [53, Supplementary Materials]), the consideration of higher (n'") order spin
transitions within the present model rescales the argument of logarithm in the definition of the
localization threshold by the square root of the number of spin flips n. Such changes together
with the reduction in the number of non-self intersecting paths compared to the number of
such paths in the Bethe lattice are expected to modify only numerical factors compared to
that for the Bethe lattice. These expectations are confirmed by the numerical results reported
below in Sec. 4.

In case of short-range spin-spin interactions, most of the second-order contributions given
by Eq. (6) vanish, because the associated spin-spin interaction J;; is equal zero for them. Con-
sequently, the present consideration is not applicable to the models with short-range interac-
tions, where processes of high order in the number of spin flips are dramatically significant for
understanding the MBL transition [27,54-57].

4 Exact diagonalization results for the MBL threshold

In typical MBL problems, the number of static-basis states contributing to a single eigenstate
increases with system size even in the localized regime [58], though at a slower rate than
the growth of the full basis set. The onset of Wigner-Dyson statistics signals the chaotic
regime [20, 58], where all states effectively couple and strong level repulsion emerges. Al-
ternative criteria for identifying the MBL transition include the long-time behavior of local
correlation functions [39, 59], the presence of local integrals of motion [60], and the time
evolution of entanglement entropy [61]. Among these, level-statistics analysis is the most
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Figure 2: General behavior of (a) the average gap ratio (r) and (b) the fluctuation Ar
depending on the dynamic field I'/J,. The data is shown for N = 13.

computationally accessible, as it requires only the eigenenergies of selected states, which can
be obtained through sparse-matrix diagonalization methods applicable to relatively large sys-
tems. Therefore, our consideration below is based on the level statistics.

To determine quantitatively the critical field strength T, we analyze the level statistics
expressed through the gap ratio parameter r [20]

. min (A, A1)
max (An: An+1) ’

€))

where the quantities A, = E,.,; — E,, represent the differences in energies E, of the adjacent
eigenstates (energy gaps). This ratio is then averaged over some energy window. The localized
phase is characterized by the average gap ratio r ~ 0.3863, while in the delocalized (chaotic)
phase r ~ 0.5307, where the average of the gap ratio is computed either over the full energy
spectrum or over the specified energy window for a fixed choice of disorder.

One of the key observables in the current study is the variance (Ar)? = (r2) — (r)2, where
the averages are taken over disorder samples. Note that, first, we average the gap ratio over a
certain energy window to obtain its value at a fixed disorder realization. Next, we compute the
variance of the obtained gap ratios over disorder realizations. The chosen size of the energy
window can slightly alter the resulting value of (Ar)?, because small window sizes typically
introduce additional source of fluctuation. The variance behavior was previously studied in
Ref. [62] in a broader context of the gap ratio distributions between different disorder sam-
ples. There, it was observed that the variance has a maximum near the MBL transition point.
Hence, it is natural to expect that the maximum fluctuation of the gap ratio emerges at the
transition point. Indeed, the transition point is usually estimated as the inflection point in
critical parameter (r) dependence on the disorder strength (e.g., the ratio R = I'/J,). If we
assume that the ratio r is a function of that parameter, one can represent the fluctuations of r
in terms of the fluctuations of R as (5r2) ~ (dr/dR)?*(SR?). Since the fluctuation in disorder
strength is not strongly sensitive to the transition point, the maximum should be observed at
the maximum derivative dr/dR corresponding to the inflection point.

This expectation is consistent with our studies showing that the maximum fluctuation of
the average ratio r emerges close to the transition region between the chaotic and localized
behavior. This is illustrated in Fig. 2. We suggest using the point of maximum fluctuation Ar
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Figure 3: Dependence of Ar onT'/J, for N = 13 and N;, = 31200 (circles) with the
corresponding parabolic fit (solid line). The shaded area corresponds to the estimate
of the error in determining position of T..

to determine the phase transition point I.(N). Note that traditionally the MBL transition point
is determined with the finite-size scaling analysis, where the data for (r) with different system
sizes N are collapsed on one curve with a certain scaling ansatz [63, 64]. This methodology
relies on the assumption that for large system sizes, the transition point converges to a certain
finite value. Although this may be the case for certain MBL systems with short-range and
long-range interactions [63-65], the current analysis of the MBL transition in the Sherrington-
Kirkpatrick model points towards the N-dependent transition point. Hence, we need a reliable
criterion for the transition for the fixed value of N.

From the computational perspective, it is unfeasible to reach large system sizes (N > 14)
using the full exact diagonalization of the Hamiltonian matrix (2) partially due to a rather
dense structure of the latter (long-range interactions and almost no symmetries) at moderate N
and the exponential growth of the matrix size with the further increase of N. This brings us to
the necessity to employ the filtering approaches, which allow us to diagonalize the Hamiltonian
only in the chosen energy window of the full Hilbert space.

The idea of the filtering follows closely the celebrated Lanczos algorithm to determine the
largest (smallest) energy eigenvalues and eigenvectors of the Hamiltonian. The main differ-
ence is that instead of the original Hamiltonian H, one needs to use a localized function f (H)
of the Hamiltonian. This function must be sufficiently small outside of a fixed energy window
E € [Ein, Emax )- There are several possible approaches on how this function can be defined
and calculated [66-70]. In this study, we closely follow Ref. [28] (see also Ref. [71] for ap-
plications to Floquet systems), which proposes the polynomially filtered exact diagonalization
method. This method constructs the function f(H) as a finite-order Chebyshev polynomial
expansion of the delta function. The number of polynomials in the expansion controls the size
of the energy window. Typically, it appears sufficient to choose the energy window covering
approximately 500 eigenstates of the Hamiltonian, precisely in the center of the energy spec-
trum of the model. Note that the model Hamiltonian has an additional Z, symmetry upon
the simultaneous flip of all spins. This symmetry is used to project the Hamiltonian onto the
subspace with an additional eigenvalue of this symmetry generator. This projection reduces
the effective Hilbert space dimension twice, and thus improves the speed and memory con-
sumption.

Our numerical analysis is performed as follows: At the given system size N € [12,19],
we diagonalize the model (2) in a certain energy window for Ay;, samples of the random
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Figure 4: Dependence of the transition point I./J, on the system size. The fitting
coefficients are f = 1.4 and ) = 0.41.

couplings J;; with the fixed amplitudes J, and I'. We take the number of disorder samples as
Ny ={20000, 31200, 31400, 5400, 800, 400, 400, 400} for N={12,13,14,15,16,17,18,19},
respectively. For every choice of couplings, we compute the value of the gap ratio (8) averaged
over the predefined energy window. Next, both the mean (r) and deviation Ar of this gap ratio
are calculated by sampling over different disorder realizations. The resulting quantities are
functions of both N and I'/J,. The variance Ar as a function of I'/J; has a clear maximum
for every value of N. As mentioned above, we take this maximum position as a transition
point between chaotic and localized behavior for the given system size N. Note that since
Ar is estimated statistically, it still contains noisy features, which can affect the accuracy of
the determination of I'.. To minimize the possible influence of these errors, we perform an
additional fit of the numerical data Ar(T'/J) in the vicinity of the maximum with the parabolic
function (both data and parabolic fit are illustrated in Fig. 3). To estimate the error bars of
each point I.(N), we vary the size and position of the window of the fit, and also perform fits
with twice smaller numbers of disorder realizations. The spread between the obtained values
of the transition point defines the corresponding error bars.

Our main goal is to study the dependence of the MBL transition threshold on the system
size. We adapt the ansatz in accordance with Eq. (7), where both 8 and 1 are determined
numerically from the least-square fitting of the data points I.(N). The best fit predictions
are 3 ~ 1.4 and 1 ~ 0.41. Both numerical results and predictions from the fit are shown in
Fig. 4. In this figure, we also illustrate the results obtained for the Bethe lattice with Eq. (5).
It is clear that the localized phase is more stable against the external field I' than in the Bethe
lattice model.

To compare the present results with those obtained for the Bethe lattice and the quantum
random energy model [72], we reexpress our criterion using the notations close to that of
Refs. [73,74] as

IZ

(0.16Jg )

4In I[LP(O)N ~ 2.8. )
Here we replace the argument of logarithm with its squared value having the same depen-
dence on the number of spins N as in the Bethe lattice problem and replace N with N —1
since we consider the limit of large number of spins N. Particularly, 0.16 stands for n? and 2.8
stands for 23. Consequently, the critical quantum field needs to be approximately 2.8 times
stronger than that for the Bethe lattice to make the states with the zero energy delocalized.

We believe that this raise of the localization threshold is due to the destructive interference of
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Figure 5: Dependence of the value of mean gap ratio at the MBL transition point ., on
the system size. The best horizontal fit corresponds to approximately rgﬁt) ~ 0.472.

contributions of different paths connecting two sites as discussed in Sec. 3. This destructive
interference substantially reduces the domain of energies relevant for the delocalization. The
investigation of the quantum random energy model has led to substantially smaller localiza-
tion threshold [72], possibly because of the lack of correlations of energies for different paths
connecting two sites.

In the present form, the localization threshold depends on the number spins vanishing
within the thermodynamic limit N — oo. To make it finite, the interaction of spins can
be rescaled similar to that within the Rosenzweig-Porter model [75] (see also Ref. [72]) as
Jij = jij\/ﬁ In(N) (Jo = Jov/'NIn(N)). This replacement modifies the definition of localiza-
tion threshold as 4I.P(0) ~ 2.8, where P(0) = 2/(+/21J,), cf. Eq. (9).

We also investigate the correlation between the maximum position of Ar and the value of
(r) at the same critical field T./J,, denoted by r. ~ 0.475 (see also Fig. 2). The dependence
of r, on N is shown in Fig. 5, where it exhibits nearly constant behavior in the studied range
of system sizes. This is similar to the behavior of the critical ratio for the quantum random
energy model [72] at an infinite temperature, though that parameter is closer there to the
localization side (r, ~ 0.415). For random regular graphs organized similarly to the Bethe
lattice, the critical gap ratio r. approaches its Poisson limit corresponding to the localized
states [32].

To provide an alternative description of the localization transition, we can also represent
the transition points at r = r, as the crossing points of the r curves. Following Ref. [35], we
express the transverse field in terms of the rescaled amplitude as (I'—T)/dT,, where we take I,
from the analysis of variance Ar. Next, we assume the universal scaling 6. = I./N”, and seek
for the optimal exponent v. We define the loss function as the accuracy of fitting of the rescaled
curves with a single polynomial function of order 4. The corresponding least-square numerical
analysis of this loss function with the step size Av = 0.01 points to v = 1.49, which is very
close to the rational number 3/2. With this optimal exponent, the graphs for different system
sizes collapse reasonably well to a single universal curve shown in Fig. 6(a). To confirm this
finding, in Figs. 6(b) and 6(c) we also show the dependencies of the gap ratio on the transverse
field with v = 1 and v = 2, respectively. The collapse of the r dependencies at v &~ 1.5 supports
the relevance of our definition of localization threshold based on the maximal fluctuation of
the gap ratio r. This definition can be hopefully used for other problems of interest.
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Figure 6: Dependence of the gap ratio on the field I with different scaling behavior
of the critical domain size 6T, on N.

The estimated exponent differs from the previously estimated exponents v ~ 1 both for
the XY model with the long-range interactions [76], quantum random energy model [72] and
random regular graphs [32]. The difference could be originated from the larger number of
random parameters, i.e., N(N — 1)/2 random interactions in the present work instead of N
random potentials in Refs. [72,76]. Averaging over larger numbers of parameters can reduce
the fluctuations.

5 Conclusion

We have investigated the many-body localization (MBL) transition in the quantum Ising model
with long-range, distance-independent interactions using both analytical arguments and nu-
merical simulations. In contrast to the MBL problem with short-range interactions, where
strong finite-size effects hinder reliable estimates, we find that the numerically extracted lo-
calization threshold is consistent with the analytical predictions.

Our results are compared with those for the matching Bethe-lattice problem and for the
quantum random energy model. We find that the critical dynamical field I, for the MBL tran-
sition in our system exceeds the corresponding thresholds in both models by a factor of order
three. This enhancement arises from the destructive interference of spin-flip processes, which
is absent in the other two models. Thus, the present problem occupies an intermediate po-
sition between single-particle localization models (for example, the quantum random energy
model on the Bethe lattice, which is equivalent to Anderson localization on the hypercube) and
paradigmatic many-body localization models with short-range interactions. We hope that the
results reported here, together with future investigations, will shed further light on the nature
of the MBL transition. Our approach may also be extendable to physically relevant systems
with long-range interactions decaying as a power law with distance.

The analytical expression for the transition, Eq. (7), accurately describes the dependence
of the critical field on system size, as confirmed by exact diagonalization when parameters
B = 1.4 and n = 0.41 are used. Furthermore, the weak size dependence of the average ratio r
at the transition (Fig. 5) indicates that finite-size effects are already minimal for N = 18 spins,
yielding reliable estimates of the transition point. This contrasts sharply with MBL in systems
with short-range interactions [27], where much larger system sizes are required. Thus, both
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analytical and numerical results demonstrate that the MBL transition in the quantum Ising
model with infinite-range interactions can be characterized reliably using the Bethe lattice
framework, providing a powerful model probe of critical behavior near the transition.

For each number of spins N, the localization threshold is estimated from the maximum
fluctuation of the gap ratio r. The resulting thresholds are consistent with the expected col-
lapse of the rescaled r(I") curves, confirming the reliability of this approach. Consequently,
these relatively simple computational methods can be applied to other systems of interest to
probe their localization thresholds.

In our model of size-independent spin-spin interactions of the order of J,, we found that
the critical transverse quantum field scales with the number of spins as I. o< J,/(+/N In(N)),
while for the normalized interaction J,/+/N [50] it scales as I. o< J,/(N In(N)). The width of
the critical domain scales with the number of spins as 5T, /T, ~ N~ 1,
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A Estimate of the localization threshold for the Bethe lattice with
the Gaussian disorder

Here we derive the approximate analytical expression for the localization threshold for the
Bethe lattice problem with the Gaussian distribution of site energies characterized by the
width W and large coordination number N. In the limit of a large coordination number N, a
real part of self-energy can be approximately neglected near the localization threshold [25].
Next, we use the Gaussian distribution of random energies P(x) replacing the function Q
in [25, Eq. 7.7] as
oo

(P'(x) —p’(—x))ln(rﬁ) dx, (A1)

B

1~—2(N— 1)1“BJ

0
where P/(x) = dP/dx. Using the identity P’(x) = —P’(—x) and representing the logarithmic
term in the form In(x/Tg) = In(x/W)+1In(W /Ty), we evaluate the integral containing the first
term numerically as 0.0462/W and the second integral analytically as 2 In(W /I3)/(v27W).
Combining these terms together we end up with the approximate definition of the localization
threshold in the form used in the main text,

I (1.06W)
1~4(N—-1 In . (A.2)
( )\/27'CW I
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