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Abstract

The Unruh effect is a quantum relativistic effect where the accelerated observer per-
ceives the vacuum as a thermal state. Here we propose the experimental realization of
the Unruh effect for interacting ultracold fermions in optical lattices by a sudden quench
resulting in vacuum acceleration with varying interactions strengths in the real temper-
ature background. We observe the inversion of statistics for the low lying excitations in
the Wightman function as a result of competition between the spacetime and BCS Bogoli-
ubov transformations. This paper opens up new perspectives for simulators of quantum
gravity.
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1 Introduction

Since the seminal idea of Feynman [1] the capabilities and regimes of applications of quan-
tum simulators [2, 3] have rapidly grown in the last decades. In particular, systems naturally
defined on a lattice like trapped ions [4,5] and neutral groundstate and Rydberg atoms in opti-
cal lattices and tweezers [6–8], are excellent platforms for simulating coursed-grained models.
They are obviously well suited for simulating condensed matter phenomena where the lattice
is intrinsically there. For instance, by engineering synthetic gauge fields by laser means [9]
in real or synthetic lattices [10,11] one can experimentally realize Hofstadter model [12,13]
and visualize the edge states of quantum Hall effect [14–16], as well as realize other topolog-
ical models like the Haldane model [17]. Similarly by lattice shaking [18], one can achieve
non-Abelian gauge fields [19,20] and observe classical magnetism [21,22] (for comprehensive
reviews see e.g. [23]). Such single-particle simulators are a first step towards experiments that
could help solving open questions in many-body phenomena through quantum simulation, as
for instance the relation between the Hubbard model and high-Tc superconductivity [24–26].
The combination of synthetic gauge fields with interactions could lead for instance to the real-
ization of (quasi-)fractional quantum Hall states in ladders [27,28] or quantum spin liquid [29]
states in triangular lattices with ultracold atoms.

Lattice based atomic simulators are also well suited for simulating high-energy physics
where the lattice is adopted as regularization tool for studying, e.g., strongly coupled gauge
theories [30]. Lattice gauge theories can be interpreted as the natural next step after synthetic
gauge fields, where the phases representing the classical gauge fields are promoted to oper-
ators acting on the gauge degrees of freedom living on the links of the lattice. By adopting
convenient gauge invariant truncations of such degrees of freedom, one can design simulators
of both Abelian [31–37] and non-Abelian gauge theories [38–40] capable to probe confine-
ment, string breaking, and to study the dynamics of charges as in the first proof-of-principle
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experimental realization of the Schwinger model with four ions [41, 42]. Together with the
new classical simulation approach based on tensor networks, e.g. [43–50], such simulators
offer a new way to study challenging open questions in high-energy physics such as the dy-
namics and the phase diagram of strong interactions at finite temperature and densities (for
review see [51–53]).

Recently, lattice based quantum simulators have been pushed forward also for the study of
gravitational phenomena [54]. There is a natural and unresolved tension between quantum
physics and general relativity that produces spectacular and counterintuitive effects. Indeed,
the quantization requires the choice of a preferred time direction, which fixes the notions of
vacuum state and particles, choice that it is at odd with general covariance and makes such
notions depending on the observer [55,56]. Such tension becomes manifest in presence of an
event horizon and leads to the appearance of phenomena such as the Hawking radiation of
a black hole [57] and the Unruh effect [58] for an accelerated observer. The latter sees the
vacuum as a thermal state with a temperature proportional to acceleration essentially because
in his/her reference frame (Rindler metric) there is an event horizon and he/she can access
only part of the vacuum [59–61]. Simulating the Unruh effect and the Hawking radiation is
interesting on one hand because these striking effects are hard to observe in nature, on the
other hand because they are among the experimentally accessible phenomena that can bring
us closer to quantum gravity.

There are essentially two ways of emulating gravity. The first known as analog gravity
exploits the similarity between Navier-Stocks and Einstein-Hilbert equations to engineer the
motion of classical and quantum fluids in artificial space-times (see [62–64] for a review).
In particular the Unruh effect and the Hawking radiation were studied with phononic quasi-
particles in a Bose-Einstein condensate [65–77], photons [78–81] and even classical surface
waves on moving water [82,83] (for very recent ultracold atom experimental analogues of the
cosmological expansion see [84,85]).

Alternatively, one can simulate the motion of artificial Dirac fermions in artificial gravity
background by tailoring Dirac Hamiltonian on the lattice properly. This strategy allows for a
systematic quantum simulation approach. As shown in [54] (see also [86–88]) one can engi-
neer the motion of Dirac fermions in optical metrics [89] by making the Fermi velocity position
dependent, that is by engineering position-dependent tunneling rates on the lattice, which can
be equivalently translated in random walk processes [90–93]. One can apply such procedure to
any lattice formulation of Dirac Hamiltonian [94], as for instance artificial graphene obtained
from ultracold fermions in a brick-wall lattice [95] (see [96, 97] and [98] for realizations of
hexagonal optical lattices). Note that one can obtain the motion of Dirac fermions in certain
curved space-times by physically bending a graphene sheet [99–102]. In principle, one can
observe signatures of the Unruh effect with some subtleties in such a system [103–105] as well
as in more complicate scenarios [106].

Engineering artificial gravity through position-dependent tunneling rates for ultracold
atoms in optical lattices offers several advantages, as we have shown recently in Ref. [107]:

1. It allows for much more tunability as it is as hard as engineering synthetic gauge fields
(position dependent tunneling phases);

2. It allows for a direct experimental observation of the Unruh effect through a quantum
quench;

3. It allows to go beyond single-particle phenomena and explore many-body physics in
curved space-times.

Here we take a first step in the this largely unexplored world and consider the manifes-
tation of the Unruh effect for interacting fermions in two spatial dimensions. The model we
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consider is essentially equivalent to the 2D version of Thirring model [108] (the thermal na-
ture of Hawking radiation was verified for 1D version in [109]). We propose an experimental
protocol for studying the interplay between relativistic invariant quartic interactions and the
acceleration with ultracold atoms. In the experiment, the acceleration of the (interacting)
vacuum can be obtained by quenching the Dirac Hamiltonian as proposed first in [107], while
the interactions can be controlled for instance by Feshbach resonance [110]. Alternatively,
interaction can be mediated by another bosonic atom, as proposed for the Thirring model in
flat space in [111]. We show that when the system can be described thought BCS theory the
Unruh effect occurs for the Cooper pairs: due to the “inversion of statics” [60] we observe a
crossover between bosonic and fermionic thermal response in two spatial dimensions.

The paper is organized as follows. In Sec. 2 we review the derivation of the single-particle
and interacting naive Dirac Hamiltonian in the Rindler metric on a square lattice. The expert
reader can directly to Sec. 3 that is the heart of the paper where we discuss the theoretical
and experimental aspects of the Unruh effect for interacting Dirac fermions. We consider the
case of attractive interactions and derive the Wightman response functions in the mean field
limit. We obtain it by determining the Bogoliubov transformation that relates the quasi-particle
states in Rindler and Minkowski spacetime, once the normalization of the Rindler Hamiltonian
relative to the Minkowski one is chosen such that the former equals the latter in the far horizon
limit, i.e. on the boundaries of the cylindrical lattice. We find the expected thermal response
function for the quasi-particles. In particular, at low energies the effective description in terms
of Cooper pairs translates in a Fermi-Dirac-like Planckian response characteristic of bosons. In
the experimental part, we discuss the feasibility of the model and argue that the Wightman
response function of the De Witt detector can be, in principle, measured by using one-particle
excitation spectroscopy (see also Ref. [107]). In Sec. 4 we take a step back and analyze in
details the BCS theory for the naive Dirac Hamiltonian in Minkowski space. In particular, we
discuss and explain its subtle dependence on the boundary conditions on finite-size systems
(further explanation can be found in the Appedindix that contains also derivations relevant
for Sec. 3). Finally, in Sec. 5 we draw conclusions, we resume our results and comment about
the new perspectives and developments opened up by our work.

2 Derivation of discrete Dirac Hamiltonian

In this section, we present the derivation of the discrete Hamiltonian of interacting massless
Dirac fermions in the Rindler Universe in (2+1) dimensions. For the sake of clarity and to be
self contained, we first review the derivation of the non-interacting Hamiltonian [54,112], by
starting from the general Lagrangian density for Dirac particles in (d+1) curved spacetimes.
We use this section also to fix the notations used in the following sections.

2.1 Non-interacting particles

2.1.1 Lagrangian density

The Lagrangian density of a massless non-interacting Dirac spinor ψ in a (d + 1) dimensional
curved spacetime reads (see, for example [113–115])

L0 = −i ψ̄γµDµψ, (1)

where ψ̄=ψ†γ0 and

Dµψ= ∂µψ+
1
4

w ab
µ γabψ. (2)
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Here Dµψ is the covariant derivative of a spinor ψ, introduced to guarantee the invariance
under the local Poincaré transformations, w ab

µ (x) is the spin-connection which gauges the
Lorentz group, and γ’s are the gamma matrices in a curved spacetime

{γµ,γν}= 2 gµν, γµν =
1
2
[γµ,γν] , γµ = gµνγ

ν, (3)

where gµν is the metric tensor ds2 = gµν d xµd xν. Note that we are using the mostly-positive
metric signature, where the norm of timelike vectors is negative. Choosing the opposite sig-
nature would require to multiply all gamma matrices by the imaginary unit and, as a conse-
quence, changing the sign of the Lagrangian density.

In (2+1) dimensions γ’s are 2×2 matrices, and can be expressed in terms of Pauli matrices.
A possible choice for the “flat” gamma matrices in Minkowski space is

γ0 = iσz , γ1 = σy , γ2 = −σx . (4)

Irrespectively of the choice of the gamma matrices, in (2+1) dimensions the product of all γ’s
is proportional to the identity

γ0γ1γ2 = −1. (5)

2.1.2 Spin-connection and vielbein

The relation between gamma matrices in curved spacetimes γµ ≡ γµ(x) and the flat matrices
γa is given be a vielbein field ea

µ, i.e. γµ(x) = ea
µ(x)γa. The vielbein field introduces locally

flat Cartesian frame of reference, and it is defined by

ea
µ(x)ηabeb

ν(x) = gµν(x) or eµa (x)gµνeνb(x) = ηab, (6)

where ηab is the Minkowski metric tensor, eµa and ea
µ are inverse matrices, and eµa eb

µ = δ
b
a .

Note that the vielbein ea
µ and the spin-connection w ab

µ (x) fields cannot be independent, as
Lorentz translations must relate orthogonal frames in different points. The requirement of a
covariantly constant vielbein [116] imposes

D[µea
ν] = ∂[µea

ν] +w a
[µ beb

ν] = 0, (7)

where the indices µ and ν are antisymmetrized. The spin-connection can be written explicitly
using the Christoffel symbols Γµνρ

wab
µ = ea

νΓ
ν
σµeσb − eνa∂µeb

ν, (8)

Γµνρ =
1
2

gµα
�

∂ρ gαν + ∂νgαρ − ∂αgνρ
�

. (9)

2.1.3 Lagrangian density in the Rindler Universe

We consider (2+ 1) dimensional static metric of the Rindler Universe [60,61,116]

ds2 = −x2d t2 + d x2 + d y2, (10)

which describes a flat Minkowski spacetime from the point of view of an observed moving with
the constant acceleration a = 1/|x |.

The Rindler universe is static. Indeed, with the above coordinate choice the Rindler metric
(10) is manifestly time-independent, with the time-like Killing vector B = ∂t . The manifest
time-translational invariance allows to construct a conserved Hamiltonian function. We can
obtain it in a simple manner from the Dirac Lagrangian in the Rindler space.
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From (10), we choose the nonzero components of the vielbein as

e0
t = |x |, e1

x = 1, e2
y = 1, (11)

which produce a particularly transparent form of curved gamma matrices

γt = |x |γ0, γx = γ1, γy = γ2. (12)

Accordingly with the choice of a vielbien, we can construct the spin connection, which the
only nonzero components are

w01
t =

x
|x |
= −w10

t , (13)

where the last equality comes from the antisymmetricity of w ab
µ in its internal (flat) indices.

The Dirac Lagrangian density L0 written explicitly in the (2+1) Rindler Universe becomes

L R
0 = −iψ̄

�

γµ∂µ −
1

2x
γ0γ2

�

ψ. (14)

2.1.4 Dirac Hamiltonian

The Hamiltonian density is obtained by the Legendre transformation

H =
δL
δ(∂tψ)

∂tψ−L , (15)

which for the Dirac Lagrangian density L R
0 in the Rindler Universe reads

H R
0 = iψ̄

�

γi∂i −
1

2x
γ0γ2

�

ψ. (16)

Finally, we obtain the Rindler Hamiltonian by integrating the Hamiltonian density on a space-
like hypersurface HR

0 =
∫

dΣH R
0 , where the volume element dΣ =

p
−g dxdy includes the

metric determinant. It is very convenient to write the Hamiltonian in the fully symmetric form,
i.e.,

HR
0 =

1
2

∫

dΣH R
0 +

1
2

∫

dΣ
�

H R
0

�†
, (17)

resulting in

HR
0 =

i
2

∫

dxdy |x |
�

σx∂xψ
† +σy∂yψ

†
�

ψ+H.c. , (18)

where we express the γ’s in terms of the Pauli matrices (4).
Once written in the form of (18), we can properly discretize the Rindler Hamiltonian simply

by replacing integration
∫

dxdy with summation d2
∑

m,n, where d is the lattice spacing, and
by replacing the derivatives with finite differences

f ∂xh →
fm+1,n + fm,n

2

hm+1,n − hm,n

d
, (19)

f ∂yh →
fm,n+1 + fm,n

2

hm,n+1 − hm,n

d
, (20)

which fulfill the Leibnitz rule for differentiation. Finally, the Rindler Hamiltonian on the lattice
reads

HR
0 = i

∑

m,n

�

t x
mψ

†
m+1,nσx ψm,n + t y

mψ
†
m,n+1σyψm,n

�

+H.c. , (21)

6

https://scipost.org
https://scipost.org/SciPostPhys.5.6.061


SciPost Phys. 5, 061 (2018)

which has the form of a Hubbard Hamiltonian with non-Abelian non-uniform tunneling terms

t x
m =
|m+ 1|+ |m|

2
, t y

m = |m|. (22)

Note that the Rindler Hamiltonian is scale invariant, as it does not depend on the lattice spacing
d (d2 from the volume element cancels due to the replacement ψm,n → d−1ψm,n, done to
guarantee the normalization condition

∫

dxdyψ†ψ= 1).
A very similar derivation can be performed to obtain the Dirac Hamiltonian in a flat Min-

kowski space. In fact, since the Rindler Hamiltonian in the symmetric form (18) does not
contain spin connection terms, it suffices to replace the metric determinant with a constant,
i.e.
p
−g = c, which consequently leads to a discrete Hubbard Hamiltonian with a constant

tunneling t (hereafter we choose t as an energy scale, i.e. we put t = 1).

HM
0 = i

∑

m,n

�

ψ†
m+1,nσx ψm,n +ψ

†
m,n+1σyψm,n

�

+H.c. . (23)

The Minkowski Hamiltonian (23) should be recovered from the Rindler Hamiltonian (21) in
the asymptotic limit of small acceleration a = lim|m|→∞ 1/|m| = 0. Therefore, we should
choose a common energy scale at the boundary of the system. This is done by rescaling the
tunneling values (22)

t x
m→ t

′x
m =

|m+ 1|+ |m|
2 M

, t y
m→ t

′ y
m =

|m|
M

, (24)

where m= −M , . . . , M .

2.2 Interacting particles

2.2.1 Lagrangian density for interacting particles

In order to describe interacting Dirac particles we need to include a nonlinear term in the
Lagrangian density (14)

L =L0 +Lint . (25)

The simplest choices for Lint , which would guarantee Lorentz invariance and U(1)-current
conservation are

• density-density interaction [117]

Lint = −
λ

2

�

ψ̄ψ
�2

, (26)

• current-current interaction [108,118]

Lint =
λ

2

�

ψ̄γµψ
� �

ψ̄γµψ
�

. (27)

Note that in (3+1) spacetime dimensions, other possible choices would be Lint =
λ
2

�

ψ̄γ5ψ
�2

or Lint =
λ
2

�

ψ̄γ5γ
µψ
� �

ψ̄γ5γµψ
�

[119], but in (2+1) dimensions a γ5 matrix is trivial - the
product of all gamma matrices is proportional to the identity (5), reflecting the well-known
fact that chirality is absent in even spatial dimensions.
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2.2.2 Interacting Dirac Hamiltonian

The Legendre transformation of the full Lagrangian density (25) leads to the Hamiltonian
density

H =H0 −Lint . (28)

Similarly to the non-interacting case, one gets the full Hamiltonian by integration over a space-
like hypersurface

H =

∫

dΣH = H0 +Hint , Hint = −
∫

dΣLint . (29)

The discretized version of (29) is straightforward, as neither choice of the Lagrangian inter-
action density (26) - (27) includes derivatives. For the Rindler Universe and density-density
interactions (27), we obtain

HR
int =

λ

2

∫

dΣ
�

ψ̄ψ
�2
=
∑

m,n

Umn↑,m,nn↓,m,n −
∑

m,n

Um

2
nm,n, (30)

where we decompose the lattice spinor operator ψm,n =
�

c↑,m,n c↓,m,n

�

, introduce the number
operators nσ,m,n = c†

σ,m,ncσ,m,n, nm,n =
∑

σ nσ,m,n, and define Um = |m|λ/d ≡ |m|U . Also,
we can easily check that the other choice of Lorentz-invariant interactions (27) leads to an
equivalent term

−
λ

2

∫

dΣ
�

ψ̄γµψ
� �

ψ̄γµψ
�

= 3
∑

m,n

Umn↑,m,nn↓,m,n −
∑

m,n

Um

2
nm,n, (31)

as apart from a different coefficient multiplying n↑,m,nn↓,m,n, both interaction terms in (2+1)
dimensions have the same form. Finally, let us compare (30) with the corresponding interac-
tion Hamiltonian in the Minkowski space

HM
int = U

∑

m,n

n↑,m,nn↓,m,n −
U
2

∑

m,n

nm,n. (32)

Imposing that (30) and (32) coincide in the limit of zero acceleration we have to renormalize
Um accordingly to

Um→ U ′m = Um/M , (33)

so that at the lattice boundaries U ′M = U as previously done in the non-interacting case for the

tunneling, t
′x ,y
M ∼ t = 1.

3 Rindler Universe Dirac Fermions with attractive interactions

In this section we consider a model of Dirac fermions with attractive interactions in the mean-
field regime. The primary focus of this section is to analyze the power spectrum of the Rindler
noise with increasing interaction strength, and show the difference between interacting ther-
mal particles in a flat space and interacting accelerating particles at non-zero Unruh temper-
ature TU . In order to compute it we first find quasi-particle basis in the Minkowski and in
the Rindler space for appropriately normalized Hamiltonians defined in the previous section.
Indeed, Rindler Hamiltonian has to coincide with the Minkowski one in the limit of zero accel-
eration. On the lattice, this requirement translates in matching the coupling on the boundaries
in x (we exploit the translational invariance along y by taking it periodic such that our lattice is

8

https://scipost.org
https://scipost.org/SciPostPhys.5.6.061


SciPost Phys. 5, 061 (2018)

a cylinder). Then, we find the unitary transformation between the two quasi-particle basis and
determine the Wightman function on the Minkowski ground state in the Rindler universe, i.e.,
as measured after quenching the Hamiltonian from Minkowski to Rindler spacetime. Finally,
we study the case where the Minkowski background, in which the observer accelerates, is the
thermal state of the interacting Dirac Hamiltonian. We conclude the section by discussing the
experimental requirements for observing the Unruh effect in the presence of interactions with
ultracold fermions in optical lattices.

3.1 Self-consistent Minkowski Hamiltonian

Let us start with writing effective mean-field Hamiltonian in the Minkowski spacetime at phys-
ical temperature T = 0 and express eigensolutions in terms of quasiparticle modes.
The full Hamiltonian of interacting Dirac particles in the Minkowski spacetime is a sum of
noninteracting (23) and interacting (32) terms

HM = HM
0 +HM

int , (34)

or explicitly in (2+1) dimensions

HM = i
∑

m,n

�

ψ†
m+1,nσx ψm,n +ψ

†
m,n+1σyψm,n

�

+H.c.+ U
∑

m,n

n↑,m,nn↓,m,n −
U
2

∑

m,n

nm,n, (35)

where U is an attractive interaction strength U = −|U |, and ψm,n =
�

c↑,m,n c↓,m,n

�

,
nσ,m,n = c†

σ,m,ncσ,m,n, nm,n =
∑

σ nσ,m,n. We tackle the problem by approximating the in-
teraction term with a mean field averages [120,121]

Un↑,m,nn↓,m,n ≈
�

∆ c†
↑,m,nc†

↓,m,n +Λ c†
↑,m,nc↓,m,n +H.c.

�

+W nm,n, (36)

where we consider all possible terms, i.e.

∆ = −U〈c↑,m,nc↓,m,n〉, (37)

W = U〈nσ,m,n〉, σ =↑,↓ , (38)

Λ = U〈c†
↓,m,nc↑,m,n〉. (39)

Notice that (39) does not conserve spin (or species) of particles and therefore, it is identically
zero Λ≡ 0. Consequently, the mean field Minkowski Hamiltonian for interacting particles is

HM
mf
= HM

0 +HM
n +HM

∆, (40)

where HM
0 is a free particle term given by (23), HM

n is an on-site potential energy term (where
we include the chemical potential µ)

HM
n =

∑

m,n

�

W −
U
2
−µ

�

ψ†
m,nψm,n, (41)

and HM
∆ is a pairing term

HM
∆ =∆

∑

m,n

c†
↑,m,nc†

↓,m,n +H.c.=
i∆
2

∑

m,n

ψ†
m,nσyψ

∗
m,n +H.c. . (42)

Before we proceed to the eigensolutions of (40), let us stress that ∆ and W , given by (37) -
(38), are the averages calculated in the ground state |0〉M of HM

mf
. Consequently, ∆ and W

are not external parameters and the eigenvalue problem should be solved self-consistently.
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Furthermore, since both Minkowski and Rindler metrics are translation invariant in y direc-
tion, we consider the eigenvalue problem on the cylinder (see Appendix A for the analyt-
ical solution on a torus in Minkowski space). After performing the Fourier transformation
ψm,n = 1/

Æ

Ny
∑

ky
eiky nψm,ky

, we write the Hamiltonian in a compact matrix form

HM
mf
=

1
2

∑

ky

Ψ†
ky

HM
ky
Ψky

, (43)

where a spinor Ψky
is defined as

Ψ†
ky
=
�

· · · ψ†
m,ky
ψ†

m+1,ky
· · · ψT

m,-ky
ψT

m+1,-ky
· · ·
�

, (44)

and

HM
ky
=

�

σx Px + εky
σy i∆σy

−i∆∗σy σx Px − εky
σy

�

, (45)

where Px is a discrete derivate in x direction Pxψm,ky
= −i t

�

ψm+1,ky
−ψm−1,ky

�

and
εky
= 2 t sin ky . In the Hamiltonian matrix (45) we drop the on-site potential term (41),

as we choose the half-filling condition which yields W = U/2 at µ= 0.
Eventually, we can express the spinor Ψky

in terms of the quasiparticle eigenmodes, which
are eigenvectors of (45)

Ψky
=
∑′

p

��

U M
ky ,p

V M
ky ,p

�

βM
ky ,p
+

�

V M∗
-ky ,p

U M∗
-ky ,p

�

βM†
-ky ,p

�

=
∑′

p

�

U M
ky ,p

V M∗
-ky ,p

V M
ky ,p

U M∗
-ky ,p

�

�

βM
ky ,p

βM†
-ky ,p

�

≡
∑′

p

Mky ,p

�

βM
ky ,p

βM†
-ky ,p

�

, (46)

where
∑′

p
is a summation over positive eigenenergies of the matrix Hamiltonian (45) labeled

by p, EM
ky ,p ≥ 0, and

X (+)ky ,p =

�

U M
ky ,p

V M
ky ,p

�

, X (−)ky ,p =

�

V M∗
-ky ,p

U M∗
-ky ,p

�

(47)

are column eigenvectors to EM
ky ,p and −EM

ky ,p, respectively (see Appendix A). The expression

(46) is a canonical Bogoliubov transformation between interacting particles and quasiparticles
which diagonalize the Hamiltonian (45).

3.2 The mean field Rindler Hamiltonian

In the Sec. 2 we derive a kinetic (21) and interacting (29) terms of the Dirac Hamiltonian in
the Rindler Universe HR = HR

0 +HR
int , that explicitly read

HR =i
∑

m,n

�

t
′x
mψ

†
m+1,nσx ψm,n+ t

′ y
mψ

†
m,n+1σyψm,n

�

+H.c.

+
∑

m,n

U ′mn↑,m,nn↓,m,n −
∑

m,n

U ′m
2

nm,n, (48)

where primes denote the rescaled tunnelings (24) and interactions (33). Let us stress again
that an accelerated observes moves in the physical vacuum |Ω〉, which is a ground state of the
Minkowski Hamiltonian |Ω〉 = |0〉M . Although the Rindler Hamiltonian governs the dynamics
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of an accelerated observer, its ground state |0〉R does not obviously need to coincide with
the physical vacuum |0〉R 6= |Ω〉. Therefore, from the point of an accelerated observed, its
background is an excited state.

For that reason, the mean field averages for the interaction terms should now be calculated
not in the ground state |0〉R, but in the physical vacuum |Ω〉 = |0〉M . For example, the Rindler
pairing function ∆R reads

∆R(m) = −U ′m〈c↑,m,nc↓,m,n〉= ξm∆, (49)

where ξm = |m|/M is a rescaled distance from the horizon.
Apart from the position-dependent elements, the Rindler Hamiltonian (48) has the same

form as the Minkowski Hamiltonian (35), and therefore we obtain its mean field counterpart
practically automatically

HR
mf
=

1
2

∑

ky

Ψ†
ky

HR
ky
Ψky

, (50)

with

HR
ky
=

�

σxR(ξ) + εky
(ξ)σy i∆(ξ)σy

−i∆∗(ξ)σy σxR(ξ)− εky
(ξ)σy

�

, (51)

where ξ is a rescaled position operator ξψm,ky
= ξmψm,ky

,∆(ξ) = ξ∆ is a position-dependent
pairing function, εky

(ξ) = ξεky
a position-dependent tunneling energy (transverse to the hori-

zon), and R(ξ) is a discrete |x |Px operator R(ξ)ψm,ky
= −i t

′x
mψm+1,ky

+ i t
′x
m−1ψm−1,ky

.
Once solving the eigenvalue equation for HR

ky
, one can express the spinor Ψky

(44) in terms

of the Rindler quasiparticles

Ψky
=
∑′

p

�

UR
ky ,p

V R∗
-ky ,p

V R
ky ,p

UR∗
-ky ,p

�

�

βR
ky ,p

βR†
-ky ,p

�

≡
∑′

p

Rky ,p

�

βR
ky ,p

βR†
-ky ,p

�

, (52)

where we remind the reader that the prime in summation indicates that p in
∑′

p runs over the
positive eigenvalue, ER

ky ,p > 0.

Now, let us focus on how the Unruh temperature TU influences the Rindler pairing ∆R (in
Sec. 4 we discuss how the pairing∆ in the Minkowski space changes with the physical temper-
ature T). Since∆R(m) = ξm∆ and ξm is proportional to the inverse of acceleration 1/a = |m|,
we could be tempted to write that the ∆R is proportional to the inverse of Unruh temperature
TU = a/(2π). Nevertheless such conclusion would not be correct. The Unruh temperature is
defined locally on x = constant-hypersurfaces of the Rindler Universe and therefore is differ-
ent for inequivalent observers. The expression (49) tells us how the pairing function changes
with |m| from the point of view of the Minkowski observer. Since the proper time slows down
the closer we are to the horizon, then the interactions seem to be weaker. Therefore ∆R(m)
for the observer at |m| should be rescaled with the proper time∆R(m)/ξm =∆. Consequently,
the pairing strength seen by an accelerated observer does not depend on the Unruh tempera-
ture. At the same time, an observer at |m| sees the pairing to be weaker∆R(m)/ξm′ <∆ when
she/he looks towards the horizon and stronger ∆R(m)/ξm′ > ∆ when she/he looks opposite
to the horizon.

3.3 Wightman function for an accelerated observer

The expressions (46) and (52) are canonical Bogoliubov transformations [120,121] between
interacting fermionic particles and noninteracting quasiparticles in the Minkowski and Rindler
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spacetimes, respectively. As quasiparticles modes (46) and (52) diagonalize the mean-field
Hamiltonian (43) and (50), we can write

HA
mf
=

1
2

∑

ky

Ψ†
ky

HA
ky
Ψky
=

1
2

∑

ky

∑′

p

EA
ky ,p

�

βA†
ky ,p
βA

ky ,p
− βA

-ky ,p
βA†

-ky ,p

�

=

∑

ky

∑′

p

EA
ky ,p
βA†

ky ,p
βA

ky ,p
+ const. , (53)

where p in the sum runs over positive eigenvalues and A refers to either Minkowski (M) or
Rindler (R). Note that in the last equality of (53) we use the fact that HA

±ky
have the same

spectra (see the discussion of the symmetries of HA
ky

in Appendix C).

From (53) we see that the groundstate of HA
mf

is deprived of quasiparticle excitations.
Therefore, it is anihilated by all quasiparticle operators

βA
ky ,p
|0A〉= 0, ∀ky , p s.t. EA

ky ,p > 0. (54)

A state that fulfills (54) is of a form

|0A〉 ∝
∏

ky ,p,EA
ky ,p<0

βA†
ky ,p
|0〉, (55)

where |0〉 where is a particle vacuum. Since quasiparticle operators mix particle creation and
annihilation processes, we directly see that the ground state |0A〉 must contain particles, and
that the groundstates of Minkowski and Rindler Hamiltonians are different as they have dif-
ferent quasiparticle excitations. Also, because quasiparticle modes (46) and (52) are different
for the two (stationary and accelerated) observers, the act of creation of a particle is seen
differently. Combining (46) and (52) together and using R†

ky ,p
Rk′y ,p′ = δky ,k′y

δp,p′ we obtain

�

βR
ky ,p

βR†
-ky ,p

�

=
∑′

p′
R†

ky ,p
Mky ,p′

�

βM
ky ,p′

βM†
-ky ,p′

�

, (56)

which is the spacetime Bogoliubov transformation [60,61] between two noninteracting quasi-
particles from the point of view of different observers. It is straightforward to find out that in
general βR

ky ,p
|0M〉 6= 0, and so indeed |0M〉 6= |0R〉. In particular, we expect a different response

from a particle detector for different observers. Let us write the Wightman function for an
accelerated observer

Gm,n(t) = 〈0M |c†
σ,m,n(t)cσ,m,n|0M〉, (57)

and its Fourier time transform

Gm,n(ω) =

∫

dt e−iωt Gm,n(t), (58)

which is the power spectrum of the Rindler noise.
Because the time evolution c†

σ,m,n(t) is different for the stationary and accelerated ob-
servers, and since |0M〉 6= |0R〉, it is intuitive that a response function Gm,n(ω) should also be
different for the two reference frames. However, the most interesting part is far less intuitive:
(i) the response function Gm,n(ω) for an accelerated observed exhibits thermal behavior, (ii)
in even spacetime dimensions thermal distribution of fermions (bosons) is Fermi-Dirac (Bose-
Einstein), but in odd spacetime dimensions the statistic interchange. (Let us stress that the
latter does not imply a violation of the canonical anticommutation/commutation relations,
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but it is an apparent statistic interchange that comes from dimensional differences in wave
propagation known as the Takagi inversion theorem [60]. In Ref. [107] we verified the inter-
change of statistics for noninteracting fermions with a dimensional crossover.) In particular, in
the continuous limit the power spectrum of a thermal noninteracting gas in (2+1) Minkowski
spacetime is [60]

GT
M
(ω) =

�

|ω||eω/T + 1|−1 (fermions)

|eω/T − 1|−1 (bosons)
, (59)

whereas an accelerated observer sees

G(ω) =

�

|ω||eω/TU − 1|−1 (fermions)

|eω/TU + 1|−1 (bosons)
, (60)

where the Unruh temperature is TU = a/(2π).
One might wonder how to relate the fermionic and bosonic power spectra of a cold thermal

gas (T → 0) in a flat space, to the ones seen by an accelerated observer in the limit of zero
acceleration (TU → 0). In fact, it is easy to find out that in the zero temperature limit, the
modulus of the Bose distribution is Fermi-Dirac

lim
T→0
|eω/T − 1|−1 =

�

0 ,ω> 0
1 ,ω< 0

, (61)

therefore, except for a singular point at ω = 0, the power spectra match exactly in the zero
temperature limit.

Applying the spacetime Bogoliubov transformation (56) we get explicitly the Wightman
function

Gm(t)≡ Gm,n(t) =
1

Ny

∑

ky

∑′

p,p′

�

uR∗
σ,m,ky ,p(t) Γ

(1)
ky ,p,p′ + vR

σ,m,-ky ,p(t) Γ
(2)
ky ,p,p′

�

vM ∗
σ,m,-ky ,p′ , (62)

where uR/M

σ,m,ky ,p and vR/M

σ,m,ky ,p are the elements of column vectors UR/M

ky ,p and V R/M

ky ,p, respectively,

uR
σ,m,ky ,p(t) = e

−iER
ky ,p t

uR
σ,m,ky ,p ,

vR
σ,m,ky ,p(t) = e

−iER
ky ,p t

vR
σ,m,ky ,p , (63)

and

Γ
(1)
ky ,p,p′ = UR T

ky ,pV M
-ky ,p′ + V R T

ky ,pU M
-ky ,p′ ,

Γ
(2)
ky ,p,p′ = UR †

-ky ,pU M
-ky ,p′ + V R †

-ky ,pV M
-ky ,p′ . (64)

Since we expand the Dirac fields in the eigenmodes of the Rindler Hamiltonian, we expect
that the Fourier transform of (62) should express the power spectrum as seen by the acceler-
ated observer with a = 1/|m|. However, this statement is true only if t is the proper time of
the observer. In the Rindler Universe the proper time of an observer is ξm t, and consequently,
to compare the response of different observers, the power spectrum of noninteracting parti-
cles needs to be rescaled as ξmGm(ω/ξm) [107]. Furthermore, in the interacting problem we
have a band gap separating valance and conductance bands. The band gap 2∆R(m) seen by a
Minkowski observer is |m| dependent. To account for that, we need to compare shifted power
spectra, i.e. ξmGm

�

(ω−∆R(m))/ξm

�

.
Note that in the continuous limit, the Unruh temperature of noninteracting fermions is

TU = 1/(2π|m|). The numerical results for the finite lattice system show that indeed TU
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Figure 1: (color online) The Unruh temperature TU in a finite lattice system for the
observer moving with a constant acceleration |a|= 1/|m|. We consider here a square
lattice on a cylinder (open boundary conditions along x) of lengths 100× 100, with
the Rindler horizon laying on the circle along y at the half of the cylinder. The
numerical values TU(m) where found from fitting a continuum limit curve (60) to
the noninteracting numerical power spectrum for ω/ξ < 1. To the numerical results
we fit TU(m) = A/|m|+B and find A≈ 0.2 and B ≈ 0.01. Thus, the behavior of TU(m)
in our finite lattice is remarkably close to the continuum result, TU(m) = 1/(2π|m|),
predicted by the Bisognano-Wichmann theorem.

decreases with increasing |m|, but the functional dependence TU(m) might be in principle
different. We investigate the relation TU(m) by fitting the continuum limit power spectrum
(59) to the numerical results. Eventually, we find that TU(m) = A/|m| + B with A ≈ 0.2
and B ≈ 0.01 reproduces quite well the data for 5 < |m| < 45, see Fig. 1. Thus, we find
good agreement with the results of Bisognano-Wichmann theorem [122,123] (see also [124])
that holds in the infinite lattice limit. Indeed, the theorem, which follows from axiomatic
field theory, implies that all Lorentz-invariant local field theories display the Unruh effect with
TU = 1/(2π|m|). In the following we discuss in details the behavior of the Rindler noise in
the different regimes of interest, extending the results obtained by us in [107] in the non-
interacting Dirac fermions. As in [107] the numerical results are in the agreement with the
continuum limit in the linear dispersion regime, i.e. ω/ξ < 1.

3.4 Power spectrum at TU ≈ 0 and T = 0

We start by discussing the limit of zero acceleration, TU → 0, in which we expect the Wightman
function in the Rindler space to coincide with the Wightman function in the Minkowski space
at T = 0. By using the analytical solution for the Minkowski system on a torus (see Appendix
A), we find for the latter

GT=0
M
(t) = 〈0M |c†

σ,m,n(t)cσ,m,n|0M〉=
1
2

∑

~k

e−iE~k t , (65)

and consequently

GT=0
M
(ω) =

1
2

∑

~k

δ(ω+ E~k)∝ ρ(ω), (66)
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Figure 2: (color online) The numerical density of states ρ(ω) (left panel) and the
rescaled densities ρ̄(ω̄) (right panel) for a ∆-paired Minkowski system on a torus
with a quasiparticle dispersion relation (67). We consider here a square lattice on
a torus (periodic boundary conditions along both x and y) of lengths 5000× 5000.
For |ω| > ∆ the density of states is basically free fermionic. The rescaled density of
states curves ρ̄(ω̄) = ρ (ω−∆)/∆ overlap for ω̄≈ 0.

where
E~k =

Ç

∆2 + 4
�

sin2(kx) + sin2(ky)
�

, (67)

is a positive quasiparticle eigenenergy of a system and ρ(ω) is the negative energy density of
states.

The numerical density of states ρ(ω) for different values of ∆ is plotted on Fig. 2 (left
panel). For the noninteracting system the density of states can be well approximated with
the continuous limit density, i.e. ρ(ω)∝ |ω| for |ω| ® 1. For the interacting system we can
approximate

GT=0
M
(ω)∝ ρ(ω) =N −1|ω|θ (−ω−∆), (68)

for |ω| ® 1, i.e. a nonzero value of the pairing function ∆ introduces a 2∆ band gap and
a ∆ step jump in the density of states. As ∆ is much smaller than the half band width
w = 2

p
2 ≈ 2.83 of the noninteracting system, for |ω| ¦ ∆ the density of states is basically

free fermionic, and only at |ω| ≈ ∆ encounters the step function jump. As we expect that
GT=0

M
(ω) replicates the power spectrum of the Rindler noise for TU = 0, we can interpret this

Fermi-Dirac like behavior as a response of composite bosons (i.e. Cooper pairs), which should
be fermionic (statistic inversion in even spatial dimensions). In other words the pairing influ-
ences power spectrum only near |ω| ≈∆, which is expected as Cooper pairs tend to form near
the Dirac cones (corresponding to E~k ≈∆) and their number increases with ∆ (see Appendix
B).

Since we expect that (68) estimates the power spectrum of the Rindler noise for TU = 0
can infer that for TU ¦ 0 the qualitative behavior of the power spectrum should be

G(ω)∝
|ω|

e(ω+∆)/TU + 1
, (69)

for |ω| ® 1. It is trivial to realize that (69) in the limit TU → 0 recovers (68). Also, for ∆ ≈ 0
andω/TU � 1 we can drop the plus one in denominator (69) and therefore recover the power
spectrum of noninteracting fermions (60).

In order to compare the power spectra for different values of∆, we need to compensate for
different densities of states of the interacting Minkowski ground states (a physical vacuum).
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Figure 3: (color online) The power spectra of the Rindler noise, i.e. the Fourier
transform of the Wightman function for the interacting Dirac fermions at T=0 and the
pairing function∆≈ 0.25 (left),∆≈ 0.5 (right). We consider here a square lattice on
a cylinder (open boundary conditions along x) of lengths 100×100, with the Rindler
horizon laying on the circle along y at the half of the cylinder. For each value of the
|m|, the G̃(ω̃) are convoluted with a Gaussian filter of 2-site width centered around
m. For∆≈ 0.25 (left) the power spectrum is close to one of noninteracting fermions
(60), but with an indication of a Fermi-Dirac plateau. The |m| = 40 curve (red)
corresponds to the smallest Unruh temperature and therefore we observe an almost
step-like sharp response at low energies. Also, the plateau is more evident for∆≈ 0.5
(right), since the number of Cooper pairs becomes significant, see Appendix B. The
Fermi-Dirac profile is destroyed close to the horizon. Since the density of Cooper
pairs is the greatest near the Dirac points, they dominate lowest energy excitations
(close to ω̃ = 0). For |ω̃| � 0 the fermionic power spectrum is recovered. Note that
the curves were rescaled to account for different proper times of different observers
and shifted by ∆ (due to the spectral gap).

After rescaling ω and shifting the argument of ρ(ω)

(ω,ρ(ω))→ (ω̄, ρ̄(ω̄)) = (ω/∆,ρ (ω−∆)/∆) , (70)

we find that all ρ̄(ω̄) curves overlap near ω̄ ≈ 0, see Fig. 2 (right panel). Consequently, (69)
after rescaling (70)

Ḡ(ω̄) =∆−1G(ω−∆)∝
ω̄

eω̄/(TU/∆) + 1
, (71)

for ω̄≈ 0. Note that Ḡ(ω̄) depends only on the ratio α= TU/∆∝ 1/(∆|m|), which might be
interpreted as the effective Unruh temperature of the interacting accelerated gas. As a result,
as long as α is constant, two nonequivalent accelerated observers might observe the same
spectrum Ḡ(ω̄) near ω̄ ≈ 0. This behavior is expected, since the interaction term of Rindler
Hamiltonian (30) is invariant under the rescaling: U → U c and |m| → |m|/c. Consequently,
in the regime when interaction dominates over kinetic energy the power spectra Ḡ(ω̄) with
constant |m|∆ should coincide.

3.5 Power spectrum at TU > 0 and T = 0

In this section we calculate the power spectra of the Rindler noise using the explicit formula
(62) for the Wightman function. As discussed in Sec. 3.3, we rescale the power spectra ac-
cording to the proper time of an observer G̃(ω̃) = ξmGm(ω̃ −∆), where ω̃ = ω/ξm. The
numerical results are presented on Fig. 3, where we plot the spectra G̃(ω̃) for different pairing
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Figure 4: (color online) The power spectra rescaled to account for both proper-time
difference of inequivalent observers and the difference in the density of states (70).
We consider here a square lattice on a cylinder (open boundary conditions along x)
of lengths 100×100, with the Rindler horizon laying on the circle along y at the half
of the cylinder. For each value of the |m|, the G̃(ω̃) are convoluted with a Gaussian
filter of 2-site width centered around m. Because of the invariance of the interaction
term in Rindler Hamiltonian (30) under the rescaling, U → U c and |m| → |m|/c (see
the discussion in the main text), we expect that when pairing dominates over kinetic
energy, the power spectra with |m|∆ = constant, should be identical. Indeed, blue
and green curves (|m|∆= 10) , as well as red and orange curves ( |m|∆= 5) overlap
close to ω̃/∆= 0.

strengths ∆ ≈ 0.25 (left panel), ∆ ≈ 0.5 (right panel) and various distances to the horizon
|m|= 10, 20,30,40. In order to both minimize lattice artifacts and to mimic realistic measure-
ment schemes of finite space resolution, as in [107] we present the G̃(ω̃) convoluted with a
Gaussian filter of 2-site width.

The numerical results reproduce quite well the expected thermal behavior (69) with the
Unruh temperature inversely proportional to the distance to the horizon TU ∝ 1/|m|. For
|ω̃| � 0 the power spectra are approximately linear (just like in a free fermionic case), while
near |ω̃| ≈ 0 we observe a clear Fermi-Dirac profile (i.e. a bosonic response), which is more
evident for ∆ ≈ 0.5, since the number of Cooper pairs is more significant. Note that, as
expected, the Fermi Dirac plateau is nearly twice higher for ∆≈ 0.5 then in ∆≈ 0.25.

After rescaling (71) we can directly compare different power-spectrum curves. The results
are plotted on Fig. 4. It turns out, that the postulated scaling is indeed valid near |ω̃| ≈ 0, see
the discussion in the previous section.

Note that the chosen values of the pairing function∆ on Fig. 3 are one order of magnitude
greater than the order of the Unruh temperature. For ∆ ∼ TU we find that the power spectra
are changed only marginally in comparison to the noninteracting ones.

3.6 Power spectrum at TU > 0 and T > 0

In this section we again consider the power spectrum of Dirac fermions in the Rindler Uni-
verse, although, now we consider as background the thermal state at T > 0 of the interacting
Dirac Hamiltonian in Minkowski space. Such situation is relevant also from the experimen-
tal point of view as the ultracold fermions in optical lattices have typically a non-negligible
temperature compared to the band width, thus order one in our units (t = 1). It is therefore
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Figure 5: (color online) The power spectra of interacting Rindler Dirac fermions for
a thermal background (74) at T = 0.315 (left panel) and T = 0.1 (right panel). We
consider here a square lattice on a cylinder (open boundary conditions along x) of
lengths 100×100, with the Rindler horizon laying on the circle along y at the half of
the cylinder. For each value of the |m|, the G̃(ω̃) are convoluted with a Gaussian filter
of 2-site width centered around m. The temperature T values were chosen such that
∆(T = 0.315) ≈ 0.25 and ∆(T = 0.1) ≈ 0.5 in order to directly compare with the
results in Fig. 3 at T = 0. As expected, the effect of a thermal background becomes
more significant when the ratio T/∆(T ) becomes of order one.

crucial to establish the interplay between the Unruh temperature TU and the physical temper-
ature T such to determine the visibility of the Unruh effect for interacting Dirac fermions, as
done in [107] for the noninteracting case. (Also, in the Appendix D we argue that deviations
from zero chemical potential have smaller impact on the Wightman function then the physical
temperature T .) The thermal Wightman function can be written as

GT
m(t) = Tr[ρM (T )c

†
m,n(t)cm,n], (72)

where
ρM (T ) =

∑

ky ,p

n(EM
ky ,p)β

M †
ky ,p|0M 〉〈0M |βM

ky ,p (73)

and the power spectrum is

GT
m(ω) =

∫

dte−iωt GT
m(t). (74)

In order to compare with the results of the previous section, we choose the interaction
U = 3.55 and manipulate the physical temperature T in such a way to obtain∆(T )≈ 0.5,0.25
(as in Fig. 3).
The numerical results are presented on Fig. 5. As expected, we find that the thermal back-
ground does not affect the Unruh effect until ∆(T )/T ∼ 1. In particular, for T = 0.315 and
∆(T = 0.315) ≈ 0.25 (left panel) we observe a thermal positive frequency contribution from
the quasiparticles above the Fermi sea. For T = 0.1 and ∆(T = 0.1) ≈ 0.5 (right panel) the
power spectrum is very close to the T = 0 case.

3.7 Experimental realization and detection of Unruh effect

In [107] we presented a detailed proposal how to simulate the noninteracting Dirac Hamil-
tonian in Minkowski (35) and Rindler (48) spacetimes in the optical lattice setup. Since the
tunneling matrices of a two component spinor ψm,n is purely off-diagonal, then flipping its
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components at every second site ψm,n→ σxψm,n diagonalize the tunneling and the two com-
ponents do not mix. Therefore, the noninteracting naive Dirac Hamiltonian on a square lattice
is equivalent to two independent copies of a π-flux Hamiltonian, and the optical lattice simu-
lation can be done with one component only. In other words, one can exploit that the lattice
is bipartite and that the unit cell has dimension 2 due to the π flux to encode the two com-
ponents of Dirac spinor in two different sublattices (and reduce the doubling of Dirac points
to 2). The key feature of our experimental proposal in [107] is that the tunneling is assisted
in both x and y directions by Raman lasers that induce a synthetic magnetic field of flux π
in the symmetric gauge. The intensity of the tunneling is controlled by the intensity of (one
of) Raman lasers. Such a scheme allows both for the preparation of the Minkowski vacuum as
groundstate of the corresponding non-interacting Dirac Hamiltonian with uniform tunneling
rates, and for its “acceleration" via a sudden quench of the tunneling rates to a V -shape profile
of the Dirac Hamiltonian in Rindler spacetime.

The generalization of the scheme above to the case of interacting Dirac fermions requires
the introduction of spatially tunable interactions. One possibility would be to realize the
scheme in [107] with dipolar fermionic gases like erbium, where it has been very recently
experimentally demonstrated that dipolar interactions are stable and tunable by Feshbach res-
onances [125]. In such a scheme, each of the two components of the spinor c↑, c↓ are identified
with the two spin species of erbium that occupy two different sublattices. The interaction term
n↑n↓, thus becomes a nearest-neighbor density-density interaction provided by the magnetic
dipole moment of the atoms. The magnetic field (or in alternative the light shift) inducing the
Feshbach resonance has to be then tuned spatially on the lattice spacing scale such to provide
the desired V -shape interaction profile. In alternative, at the price of doubling the number of
Dirac points, we can consider two spin states of fermionic atoms with Feshbach resonance like
potassium [126] loaded in a spin-independent π-flux square lattice and perceiving the same
laser-induced tunneling term. The interactions are now on site. A third possibility would be to
incorporate in the set-up in [107] an additional lattice that hosts bosonic atoms that mediate
the interaction between fermions in the same spin state as in [111]. Again the interaction
between the bosonic and fermionic species needs to possess a Feshbach resonance that allows
to tune the scattering length appropriately.

In [107] we proposed an experimental scheme to measure G(ω) by using the one-particle
excitation spectroscopy [127], which corresponds to a frequency-resolved transfer of the atoms
to initially unoccupied auxiliary band of negligible width. In the weak-coupling limit the num-
ber of atoms transferred to the auxiliary band as a function of frequency detuning ω is pro-
portional to G(ω). A similar scheme can be adopted here if the interactions in the auxiliary
excited state are negligible.

4 Pairing function ∆(U , T )

In Sec. 3.2 we argue that the pairing strength ∆̃R = ξ−1
m ∆R seen by an accelerated observer

does not depend on the Unruh temperature, and is the same for all inequivalent observers in
the Rindler Universe ∆̃R = ∆. In this section we shall consider how the Minkowski pairing
function ∆ depends on the physical temperature T and the interaction strength |U |.

At the half filling for the noninteracting system U = 0, we have ∆ = 0 and the ground
state of the Minkowski Dirac Hamiltonian (23) is a Dirac semimetal with two valence and
conduction bands touching at Dirac points [128–132]. Similarly to a standard BCS theory
[120,121], in a half-filled attractive Fermi Hubbard model on a square lattice even arbitrarily
small attractive interactions U < 0 give rise to a nonzero∆ pairing [133–135]. On the contrary,
it is known that below a critical interaction strength |Uc| 6= 0, Dirac fermions on a honeycomb
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Figure 6: (color online) The meanfield pairing function ∆ for a Dirac Hamilto-
nian (35) on a cylinder as a function of the interaction strength |U | (left panel),
and the temperature T (right panel). We consider here a square lattice on a cylinder
(open boundary conditions along x) of lengths 100×100. In particular, we find that:
(i) Uc increases with the temperature T (left), (ii) the temperature phase transition
is more evident when the interaction strength |U | increases (right). Near T = Tc
for U � Uc qualitatively recover the critial behavior known from the standard BCS
theory, see the main text.

lattice do not form Cooper pairs, since the density of states vanishes linearly at Dirac points
[136–140]. At T = 0 and at the critical interaction |Uc| the system undergoes the quantum
phase transition between semimetal and a paired superconductor [141], although different
methods, i.e. mean-field, variational and Monte Carlo give different estimates of the critical
interaction |Uc| ∼ 2− 5. Note that honeycomb and square lattices are bipartite and therefore
the particle-hole transformation allows us to relate attractive and repulsive Fermi Hubbard
models at the half-filling [142].

Here, we analyze ∆(U , T ) dependence for two types of boundary conditions: (i) open in
x and periodic in y (cylinder), (ii) periodic in both x and y (torus). We find that at T = 0 the
boundary conditions have a strong affect the pairing properties of finite systems. In particular,
we show that arbitrarily small U < 0 gives rise to pairing in a small finite system on a torus.

4.1 Solution on a cylinder

Here we study in details the behavior of BCS pairing function for the Hamiltonian (35) on a
cylindrical square lattice. For concreteness, we present and discuss the numerical results for a
cylinder of size 50× 50 lattice system (open in x direction).

In Fig. 6 (left panel) we plot the pairing gap as a function of the interaction strength
for several values of a physical temperature T . Our numerical results show that the pairing
properties of the system described by the Hamiltonian (35) are similar to the Hubbard model
on the honeycomb lattice, as one could expect. The quantitative differences might be due to the
different dispersion relations away from the Dirac points. At T = 0 we recover the critical value
|Uc| ≈ 3 as obtained for an attractive π-flux model [131]. For T > 0, the critical interaction
increases. In Fig. 6 (right panel), we plot the temperature dependence of the pairing function.
As expected, we find that the pairing gap ∆(T ) diminishes with the increasing temperature,
and at some point we reach a normal unpaired state. In finite systems, it is always the crossover.
Nevertheless, we observe that with increasing U the behavior of ∆(T ) starts to resemble a
phase transition known from the standard BCS theory. It is known that in the standard BCS
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Figure 7: (color online) The meanfield pairing function ∆ for a Dirac Hamilto-
nian (35) on a torus as a function of the interaction strength |U | for different system
sizes N and temperatures T . We consider here a square lattice on a torus of lengths
N ×N . The numerical results are in agreement with (79). For T ≈ 0 and N = 20 the
critical interaction is zero, but already for N = 100 the pairing ∆(U) approaches the
thermodynamic limit. For T = 0.2 the finite size correction in (79) is negligible, the
two curves for N = 20 and N = 100 overlap.

theory, the near critical behavior is universal [143]

∆(T ≈ Tc)≈ A
Æ

1− T/Tc , (75)

and
∆(T ≈ 0)≈ BTc , (76)

where A ≈ 3.07 Tc , B ≈ 1.764 Tc , A/B ≈ 1.74 are independent of material. We find that the
numerical results on Fig. 6 (right panel) qualitatively reproduce the standard BCS theory, with
(75) being a good approximation to the critical transition region. Quantitatively, the param-
eters A and B tend to the BCS values with increasing interaction strength |U |. In particular,
we find A ≈ 2.40 Tc , B ≈ 1.49 Tc , A/B ≈ 1.62 for |U | = 3.75, and A ≈ 2.93 Tc , B ≈ 1.68 Tc ,
A/B ≈ 1.75 for |U |= 4.5. One may question the validity of the meanfield approach for values
of the interactions of the order of the band width. While we can expect (small) quantitative
deviations with respect to more precise approaches like diagrammatic quantum MonteCarlo,
the qualitative behavior is known to be well captured by the mean field approach.

4.2 Solution on a torus

Here we analyze a system described by the Hamiltonian (35) in the meanfield approximation
on a torus. Interestingly, contrary to the previous result, in this case we find analytically that
for finite systems, the pairing does happen for any |U | at T = 0. We comment more on this
point at the end of this section.

In this case the expression for ∆ can be computed analytically (see the Appendix A for
details) and reads

∆=
|U |

Nx Ny

∑

~k

∆

2E~k
tanh

� E~k
2 T

�

, (77)

where
E~k =

Ç

∆2 + 4
�

sin2(kx) + sin2(ky)
�

, (78)
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is a positive quasiparticle eigenenergy of a system. From (77) we get

|Uc(T )|= lim
∆→0+

�

f (∆, T ) +
2

∆Nx Ny
tanh

�

∆

2 T

�

�−1

=

�

f (0, T ) +
1

Nx Ny T

�−1

, (79)

where

f (∆, T ) =
1

Nx Ny

∑

~k 6=D.P.

1
2E~k

tanh
� E~k

2 T

�

(80)

is finite in the thermodynamic limit Nx , Ny →∞. The summation in (80) goes over all ~k in
the Brillouin zone except for ~k ∈ {(0 0), (0 π), (π 0), (π π)}, since for ∆ = 0 the dispersion
relation has four Dirac points which require a separate treatment as E~k = 0.

First of all, let us analyze the equation (79) in thermodynamic limit. Taking Nx , Ny →∞
we get

|Uc(T )|
N→∞
== f (0, T )−1, (81)

which is finite for all T <∞ and reproduces the numerical results for a system on a cylinder.
Indeed, for T ≈ 0 we obtain

|Uc(T ≈ 0)| N→∞
== f (0,0)−1 ≈ 3.1. (82)

Instead, for finite systems we have

|Uc(T )|
N<∞
==

�

f (0, T ) +
1

Nx Ny T

�−1

, (83)

where now the second term cannot be dropped. In particular, |Uc(T )| ∝ T for small T and
goes to zero in the limit T → 0+. (Note that the order of limits is important: if one puts T = 0
in (79) before taking the limit ∆→ 0+ then the finite size result would be different.)

Because limT→0+ |Uc(T )|= 0, the pairing of Dirac fermions on torus can take place for an
arbitrarily small interaction strength |U |. This apparent discrepancy between the two finite-
size solutions of the Dirac Hamiltonian (23) with different boundary conditions can be ex-
plained as following. From (77) at T = 0 the highest contribution to ∆ comes from the
smallest positive eigenvalues E~k. In particular, for small∆≈ 0 the highest contribution comes
from the Dirac cones ~K ∈ {(0 0), (0 π), (π 0), (π π)} (the density distribution of Cooper pairs
is discussed in details in the Appendix B) which greatly affects small systems but is irrelevant
in the thermodynamic limit, see Fig. 7. At the same time, this argument does not apply to
the solution on the cylinder, as for even number of points N the two bands touch only in a
thermodynamic limit, cf. Fig. 6.

Different than for the naive Dirac Hamiltonian on a square lattice (23), the boundary con-
ditions do not play a significant role for the honeycomb lattice, where the critical interactions
is nonzero |Uc|> 0 also on a torus. Again, such behavior admits a simple explanation in terms
of the band structure of the model. The graphene dispersion relation

E~k =
Ç

3+ 2cos(ky
p

3) + 4 cos(
p

3/2ky) cos(3/2kx) +∆2, (84)

is minimalized only in the thermodynamic limit as the Dirac cones’ coordinates
~K = ±(0,4π/(3

p
3)) are not integer multiple of π. Thus, as it happens for finite cylindri-

cal lattices the Dirac points do not contribute to the computation of ∆ also in finite toroidal
honeycomb lattices.
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5 Conclusions and Outlook

In this paper we have investigated and proposed the experimental observation of the Unruh
effect for interacting particles with ultracold fermions in optical lattices by a quantum quench.
We have shown that achieving tunable Lorentz-preserving interactions with fermionic atoms is
possible. Thus, it is possible to simulate an accelerated observer in an interacting background
by simulating the corresponding Hamiltonian in Rindler space. Observing the Unruh effect
reduces then to measuring the Wightman response function in Rindler spacetime for the inter-
acting background, the ground state of the interacting Dirac Hamiltonian in Minkowski space.
While here and in [107] we consider the detection of the Wightman function by one particle
excitation spectroscopy as witness of the thermal behavior, one can in principle search for sig-
natures of Unruh effect in other correlation functions, for instance density-density correlations.
This is an interesting research direction we plan to pursuit in the next future.

We have studied the Wightman response function detected by an accelerated observer for
attractive relativistic interactions in the meanfield approximation, for varying interactions and
real temperature T of the background. In this approximation, the Unruh effect results from
the interplay between the two different Bogoliubov transformations that relate the notion of
particles for inertial and accelerated observers, and of particles and BCS quasi-particles, re-
spectively. In the low-energy limit, in which the lattice system is with good approximation rel-
ativistic invariant, we have found that the Wightman function (precisely its power spectrum)
displays the Planckian spectrum characteristic of the Unruh effect with a peculiarity. When the
interactions grow, up to dominate over the Unruh temperature, there is a crossover between
normal and “double" inversion of statistics determined by the (bosonic) Cooper pairs. Remark-
ably, in the low-energy limit our meanfield lattice calculations for interacting fermions not only
give that the response is thermal, but also that the functional relation between the Unruh tem-
perature TU and the proper acceleration a is the same as for a free theory, TU = 1/(2πa).

Such finding is in agreement with the predictions of the Bisognano-Wichmann theorem,
which are valid under very general assumptions for any relativistic quantum field theory. On
one hand, such fast convergence of lattice calculations to the correct relativistic behavior indi-
cates that our lattice approach to the quantum simulation of quantum field theories in curved
spacetime is promising. On the other hand, it can be read as a further evidence of the robust-
ness of the Bisognano-Wichmann predictions recently observed in [144], where the equiva-
lence between entanglement Hamiltonian and the Hamiltonian perceived by accelerated ob-
servers is used to access the entanglement spectrum of lattice models.

The present paper opens up interesting perspectives. It offers for instance a natural setup
for testing quantum thermometry [145] and quantum thermodynamics [146] in curved space-
times in presence of interactions (for a review on recent trends and developments in quantum
thermodynamics see e.g. [147]).

It offers also a experimental playground for toy models of Lorentz-violating and trans-
Planckian physics [148] (see also [62] for a comprehensive review and references therein).
Indeed, as we argue above there is a tight relation between Unruh effect and basic principles of
relativistic quantum field theory as Lorentz invariance and locality. This tight relation explains
the universality of the thermal behavior of the Wightman function [149, 150]. Conversely,
deviations from such behavior can signal e.g. the breaking of Lorentz invariance [151], the
deformation of the uncertainty principle [152], or even open a window on quantum gravity
[153]. Ultracold atom simulators of quantum interacting matter in artificial curved spacetime
may serve for analyzing/testing such scenarios (cf. with Lorentz violations in neutrino physics
[154,155]).

Beyond the Unruh effect, another interesting direction for the quantum simulator we pro-
pose here is the study of dynamical chiral symmetry breaking in curved spacetime [156]. In-
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deed, by considering further atomic species we can in principle include more than one flavour
and engineer the Gross-Neveu model [157] (see also a recent coldatom quantum simulator
of the (1+1)d lattice Gross-Neveu model [158]) in an arbitrary optical (or more complicated)
metric. Last but not least, our study can be seen a further important step in the long journey
to the simulation of self-gravitating quantum manybody physics.
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A Analytic equation for ∆ on torus

In this section we seek for a fully periodic solution of the mean-field Minkowski Hamiltonian
at the half filling. After expressing the field operators in the momentum space, we can write

HM
mf
=

1
2

∑

~k

�

ψ†
~k
ψT

-~k

�

HM
~k

�

ψ~k
ψ∗

-~k

�

, (85)

where ψ†
~k
=
�

c†
↑,~k

c†
↓,~k

�

, and

HM
~k
=

�

~g~k ◦ ~σ i∆σy
−i∆σy ~g~k ◦ ~σ

∗

�

, (86)

where ∆ = |U |〈c↑,m,nc↓,m,n〉, ~g~k = 2 t
�

sin(kx) sin(ky)
�

, and ~σ =
�

σx σy

�

, such that
~g~k ◦ ~σ = 2 t

�

sin(kx)σx + sin(ky)σy

�

. The eigenvalues of (86) read

λ~k = ±
Ç

∆2 + 4
�

sin2(kx) + sin2(ky)
�

≡ ±E~k. (87)

The two eigenvectors associated to the positive eigenvalue are

X (+)
~k,1
=

1
p

2









1
G~k
0
∆
E~k

,









, X (+)
~k,2
=

1
p

2









0
− ∆E~k

1
G∗
~k









, (88)

with G~k =
2t
E~k

�

sin(kx) + i sin(ky)
�

. Let us the write the field operator explicitly in terms of the
eigenmodes

�

ψ~k
ψ∗

-~k

�

=
∑

p=1,2

�

X (+)
~k,p
β~k,p + X (−)

~k,p
β†

-~k,p

�

, (89)
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Figure 8: (color online) The plot of Cooper pairs density ρ(kx = 0, ky) obtained from
(91). Up to ∆ ≈ 1, with good approximation the Cooper pairs are formed around
Dirac cones only.

where X (−)
~k,p
= (σx ⊗12)X

(+)∗
-~k,p

.

Finally, by using the decomposition (89) we can obtain an equation for the pairing function

∆=
|U |

Nx Ny

∑

~k

〈c↑,~kc↓,-~k〉=
|U |

Nx Ny

∑

~k

∆

2E~k
tanh

� E~k
2 T

�

. (90)

B Pairs density

From (90), the quantity ρ(~k) = |〈c↑,~kc↓,-~k〉|
2 can be interpreted as the density of Cooper pairs

in the whole system. For T = 0

ρ(~k) = |〈c↑,~kc↓,-~k〉|
2 =

∆2

4E2
~k

, (91)

where
E~k =

Ç

∆2 + 4
�

sin2(kx) + sin2(ky)
�

. (92)

It is straightforward to conclude that for ∆ ≈ 0 the density of Cooper pairs is very small
ρ(~k) ≈ 0, unless E~k ≈ ∆. This is the case for the Dirac points ~K ∈ {(0 0), (0 π), (π 0), (π π)},
where the density is maximal, i.e., ρ(~K) = 1/4.This simple observation tells us that the pairing
is dominated by Dirac-like excitations near the Dirac cones. This is the reason why the bosonic
response (the Fermi Dirac plateau) only appears in the low frequency regime (Fig. 3). We plot
ρ(kx = 0, ky) in Fig. 8. The figure shows that up to ∆ ≈ 1, with good approximation the
composite bosons (Cooper pairs) are formed around Dirac cones only.

C Symmetries of HM/R
ky

In this part we consider all possible symmetries of the matrix Hamiltonian HA
ky

, where A stands

both for R (Rindler) or M (Minkowski). First of all, it is easy to find out that a unitary operator
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U1 = σx ⊗1X ⊗12, (93)

where 1X is the Nx ×Nx -identity matrix over the lattice coordinate m along x , transforms the
Hamiltonian as

U†
1 HA

ky
U1 = −HA∗

-ky
. (94)

Thanks to this symmetry, in (46) and (52) we are able to obtain the negative energy eigen-
modes out of positive solutions X (−)

~k,p
= U1X (+)∗

-~k,p
. Additionally, after making a gauge choice

such that ∆ ∈ R, then we see that there is another symmetry of the Hamiltonian

U†
2 HA

ky
U2 = −HA

-ky
, (95)

where
U2 = σy ⊗1X ⊗σz . (96)

At the half filling, we also have

U†
3 HA

ky
U3 = −HA∗

ky
, (97)

where
U3 = σz ⊗1X ⊗12. (98)

All four possible combinations of U1, U2, U3, i.e. U1U2, U1U3, U2U3 and U1U2U3 are also
necessarily symmetries of HA

ky
. In particular, defining U4 = U1U3 we see

U†
4 HA

ky
U4 = HA

-ky
, (99)

therefore, we conclude HA
ky

and HA
-ky

have the same spectrum.

D Non-zero chemical potential

In this section we show that a moderate non-zero chemical potential is not critical for the
observation of the Unruh effect in optical lattices. A non-zero chemical means that what we are
preparing is not the vacuum but a state that it is slightly populated by particles or antiparticles,
depending on the sign of the chemical potential.

We expect that the Planckian signature in the Wightman response function to be robust
against chemical potentials up to values of the order of the Unruh temperature. Such situation
is indeed not so different than starting with a gas of atoms at non-zero temperature. As we
show for both interacting (see Sec.3.6) and non-interacting [107] Dirac fermions, distinctive
features of the Planckian spectrum survive up to temperature of the order or even slightly
higher than the Unruh temperature itself. We also expect that the finite temperature of the
sample will be in general larger in typical ultracold atom experiments than the error in the
calibration of the atom filling, or that at worst they are of the same order. Thus, we conclude
that the essential requirement for the experiment is that they are at most of the order of the
maximal Unruh temperature, which is a fraction of the band width (see Fig.1).

We back the arguments raised above with the numerical study of a non-zero chemical
potential for non-interacting fermions (as argued above we expect a similar behavior also in
presence of interactions). The numerical results are plotted in Fig. 9.
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Figure 9: (color online) The influence of non-zero chemical potential and the non-
zero temperate of atoms on the power spectrum of Wightman response function. Left
panel: The distance to the horizon is fixed |m| = 30 which corresponds to the Un-
ruh temperature TU ≈ 0.015 (see Fig.1). As expected, µ = 0.1 and µ = 0.15 data
deviate from T = 0 curve only for small positive frequencies. Indeed, the µ = 0.1
curve is very close to T = 0 result. The µ = 0.15 curve exhibits more thermal be-
havior, still it less deviates form the perfect case then T = 0.2 curve. Right panel:
The power spectrum of Wightman response function for a fixed nonzero chemical
potential µ = 0.15. Although the chemical potential is about an order of magnitude
larger then the Unruh temperature, we can still distinguish the characteristic thermal
properties of power spectra (see Eq.(60).
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of analog Hawking radiation in momentum space, Phys. Rev. Lett. 115, 025301 (2015),
doi:10.1103/PhysRevLett.115.025301.

[77] J. Steinhauer, Observation of quantum Hawking radiation and its entanglement in an ana-
logue black hole, Nat. Phys. 12, 959 (2016), doi:10.1038/nphys3863.

[78] T. G. Philbin, C. Kuklewicz, S. Robertson, S. Hill, F. König and U. Leonhardt, Fiber-optical
analog of the event horizon, Science 319, 1367 (2008), doi:10.1126/science.1153625.

[79] F. Belgiorno, S. L. Cacciatori, M. Clerici, V. Gorini, G. Ortenzi, L. Rizzi, E. Rubino, V. G.
Sala and D. Faccio, Hawking radiation from ultrashort laser pulse filaments, Phys. Rev.
Lett. 105, 203901 (2010), doi:10.1103/PhysRevLett.105.203901.

[80] W. G. Unruh and R. Schützhold, Hawking radiation from “phase horizons” in laser fila-
ments?, Phys. Rev. D 86, 064006 (2012), doi:10.1103/PhysRevD.86.064006.

[81] S. Finazzi and I. Carusotto, Spontaneous quantum emission from analog
white holes in a nonlinear optical medium, Phys. Rev. A 89, 053807 (2014),
doi:10.1103/PhysRevA.89.053807.

[82] W. G. Unruh, Experimental black-hole evaporation?, Phys. Rev. Lett. 46, 1351 (1981),
doi:10.1103/PhysRevLett.46.1351.

32

https://scipost.org
https://scipost.org/SciPostPhys.5.6.061
http://dx.doi.org/10.1103/PhysRevA.69.033602
http://dx.doi.org/10.1103/PhysRevLett.101.110402
http://dx.doi.org/10.1103/PhysRevA.78.021603
http://dx.doi.org/10.1088/1367-2630/10/10/103001
http://dx.doi.org/10.1103/PhysRevA.80.043603
http://dx.doi.org/10.1103/PhysRevA.80.043601
http://dx.doi.org/10.1140/epjd/e2009-00314-3
http://dx.doi.org/10.1103/PhysRevLett.109.220401
http://dx.doi.org/10.1103/PhysRevLett.115.025301
http://dx.doi.org/10.1038/nphys3863
http://dx.doi.org/10.1126/science.1153625
http://dx.doi.org/10.1103/PhysRevLett.105.203901
http://dx.doi.org/10.1103/PhysRevD.86.064006
http://dx.doi.org/10.1103/PhysRevA.89.053807
http://dx.doi.org/10.1103/PhysRevLett.46.1351


SciPost Phys. 5, 061 (2018)

[83] S. Weinfurtner, E. W. Tedford, M. C. J. Penrice, W. G. Unruh and G. A. Lawrence, Measure-
ment of stimulated Hawking emission in an analogue system, Phys. Rev. Lett. 106, 021302
(2011), doi:10.1103/PhysRevLett.106.021302.

[84] L. Feng, L. W. Clark, A. Gaj and C. Chin, Coherent inflationary dynamics for Bose–
Einstein condensates crossing a quantum critical point, Nat. Phys. 14, 269 (2018),
doi:10.1038/s41567-017-0011-x.

[85] S. Eckel, A. Kumar, T. Jacobson, I. B. Spielman and G. K. Campbell, A rapidly expanding
Bose-Einstein condensate: An expanding universe in the lab, Phys. Rev. X 8, 021021 (2018),
doi:10.1103/PhysRevX.8.021021.
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