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Abstract

Using the velocity gauge formalism, we develop a theoretical framework for comput-
ing the nonlinear optical responses of time-periodic quantum systems. This approach
complements the length gauge formulation and offers distinct advantages in both nu-
merical and analytical treatments, particularly for atomic and solid-state systems with
well-defined momentum-space structures. By applying our framework to the Rabi model,
we derive numerical solutions in the velocity gauge and compare them with the length
gauge, demonstrating full agreement between the two formulations. Our findings re-
veal rich optical phenomena, including photon-assisted transitions, frequency mixing ef-
fects, and emergent Floquet-induced photocurrents that are absent in static systems. We
demonstrate that nonlinear responses in Floquet-driven systems exhibit resonances at
integer multiples of the driving frequency, providing insights into ultrafast spectroscopy
and Floquet engineering of quantum materials. The present formulation establishes a
bridge between theoretical models and experimental observations in driven quantum
systems, with potential applications in quantum optics, photonics, and next-generation
optoelectronic devices.
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1 Introduction

Time-periodic quantum system have attracted a lot of attention in last decade due to experi-
mental [1-3] and theoretical [4-6] advancement in studying such systems. Floquet theorem
has been proved to be a useful tool to characterize time-periodic systems either in closed non-
interacting systems which gives the exact solutions of Schrodinger equation [7-9] or even
in time-periodic open quantum systems [10-13] where it can be used to determine the non-
equilibrium steady states, i.e non-decaying evolution of these systems. Moreover the Floquet
engineering of quantum materials [ 14-18] and metamaterials [19, 20] has opened a new av-
enue to induce specific properties on demand.

An intriguing aspect of Floquet systems is their optical response, which emerges from the
interplay between the driving field and external probes. The linear response of these systems
has been extensively studied [21-29], while understanding their nonlinear responses is crucial
for advancing ultrafast photonics and quantum technology. However, a key challenge in de-
scribing nonlinear optical effects in Floquet systems is the choice of gauge, which significantly
impacts theoretical modeling and computational efficiency. The strong light-matter nonlinear
interaction in Floquet systems enables the generation of harmonics at integer multiples of the
driving frequency, a process critical for ultrafast light sources and extreme ultraviolet genera-
tion.

The study of nonlinear optical responses in static systems has primarily been conducted
using two distinct gauges: the velocity gauge, recently formulated with a diagrammatic ap-
proach [30], and the length gauge, which has been shown to generate various photocurrents,
including shift current, injection current, gyration current, and the intrinsic Fermi surface ef-
fect [31].

While they are theoretically equivalent, they can lead to different computational efficien-
cies and results in practical applications, in particular, in two-band models of graphene and
topological insulators due to incomplete basis truncation [32]. In strong field approximation
calculations for the ionization of negative ions with odd-parity ground states, the length and
velocity gauges produce qualitatively different angular-resolved energy spectra [33], or in the
molecular strong field approximation of N,, the length gauge results were found to be in better
qualitative agreement with experimental findings compared to the velocity gauge [34]. A key
advantage of the velocity gauge is its natural enforcement of optical sum rules, which miti-
gates truncation errors in numerical simulations. Additionally, the velocity gauge maintains
gauge invariance by keeping the Bloch Hamiltonian diagonal in momentum space, facilitating
analytical and computational treatments.
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The optimal gauge choice depends on the problem, the computational approach, and the
physical system under study. Most importantly, it has recently been shown [35] that a careful
application of the gauge principle can restore gauge invariance even for extreme light- matter
interaction regimes by considering the approximation-induced nonlocality and keeping the
resulting interaction Hamiltonian to all orders in the vector potential.

Although our previous work [36] successfully formulated the nonlinear optical response
using the length gauge for dynamic systems using the Floquet approach, the complexity of
matrix elements in this approach makes numeric treatments challenging. The velocity gauge
formulation, in contrast, provides a more straightforward computational framework and en-
sures gauge-invariant results, making it particularly useful for studying Floquet-driven mate-
rials. One advantage of the velocity gauge is that the Bloch Hamiltonian and density matrix
perturbation remain diagonal in momentum space. As we will show, the matrix elements in the
velocity gauge are straightforward for both analytical approximation and numerical calcula-
tions. Moreover, these matrix elements are gauge-invariant, meaning that they do not depend
on the specific choice of the phase of the Bloch wave functions across the Brillouin zone.

Since the velocity gauge provides distinct advantages in strong-field physics and Floquet
systems, in this work, we develop a comprehensive framework for computing nonlinear op-
tical responses in intrinsically time-periodic quantum systems using the velocity gauge, com-
plementing existing length gauge formulations and providing new insights into Floquet engi-
neering and ultrafast optical phenomena. This formulation provides distinct advantages, par-
ticularly for atomic systems and cases that require analytical tractability.

We apply this framework to the Rabi model [37,38], a paradigmatic example of a driven
two-level system, and obtain numerical results. Our results reveal the Rabi model’s linear
and nonlinear optical responses exhibit complex structures, including photon-assisted tran-
sitions and frequency conversion effects that are not present in static systems. Furthermore,
we present a numerical solution of the Rabi model in the length gauge. This analysis shows
that, while the frequencies and intensity of responses are identical between two gauges at fi-
nite frequencies, there is a spurious divergence at zero frequency limit in the velocity gauge
which is absent in the length gauge.

Recent advances in ultrafast laser pulses and spectroscopy techniques have enabled probing
of nonlinear optical responses with unprecedented precision, as well as Floquet engineering of
quantum materials [3,14,15,39-41]. Our work helps bridge the gap between theoretical pre-
dictions and experimental observations in driven quantum systems. Therefore, the ability to
control nonlinear optical responses in driven Floquet systems provides a new approach to en-
gineering light-driven electronic properties, paving the way for dynamically tunable quantum
materials and next-generation optoelectronic devices.

This paper is organized as follows. In Sec. 2, we develop the perturbation theory for calcu-
lating the velocity gauge’s linear and nonlinear optical responses. Sec. 3 applies this framework
to the Rabi model, presenting numerical results for the linear and second-order conductivities
in the velocity and length gauge. Sec. 4 concludes the paper with a discussion of the implica-
tions of our findings and potential future directions. Detailed derivations and additional results
are provided in the Appendices.

2 Density matrix and perturbation theory

We consider a solid-state time-periodic system described by the bare Hamiltonian
H(k,t) = H(k,t + T), where k is the wave vector and T = 27/ represents the time pe-
riod. According to Floquet theorem [42] the solutions of Schrodinger equation for this time-
periodic Hamiltonian are given by |1 ,(t)) = e ¢=f|¢,(t)) where Greek letter a is the band


https://scipost.org
https://scipost.org/SciPostPhysCore.8.3.049

e SciPost Phys. Core 8, 049 (2025)

index, |¢,(t)) = |¢p,(t + T)) is time-periodic Floquet quasimode and €, is quasienergy which
is defined modulo Q, i.e. €, = €,+£ such that €, can be restricted to the first Floquet Brillouin
zone i.e. —% <€, < % (we suppress k index when it does not make confusion and use natural
units e =1 = 1).

Now, we take a step further and assume that the system is subjected to a probe light.
To analyze its response, we develop a perturbation theory. In the velocity gauge, the effect
of external light can be incorporated into the Hamiltonian through the Peierls substitution,
k — k+ A(t), where A(t) is the vector potential of the applied probe field.

It is important to note that velocity and length gauges provide the same results; however,
due to some practical challenges, one gauge works well for a certain problem rather than the
other. The velocity gauge, where the vector potential is used to obtain the electric field, is espe-
cially useful in high frequency THz (terahertz) and strong-field physics because it emphasizes
kinetic energy contributions. While length gauge may require larger basis sets to capture high-
energy transitions accurately. The length gauge is generally simpler when dealing with bound
states and many-body systems, like atoms, molecules, or finite systems where dipole moment
is a well defined operator [43]. Moreover, the length gauge is more suitable for lower-order
perturbation responses as the higher orders involve complicated matrix elements.

The time evolution of the density matrix is derived from the Liouville-von Neumann equa-
tion [44,45]:

latp(k) t) = [H(k: t)lk—>k+A(t): p(k: t)] ) (D

where symbol [A,B] = AB — BA is the commutator. Assuming A as a small constant and
A(t) = AV(t), we expand p in powers of A as p = pl9+ AplH+ A2pl2] 4 | Furthermore, we
perform a Taylor expansion of the Hamiltonian in terms of powers of A as:

hI 22V, (£)V;(¢)
——+

H(k, Olira = h+hAV(0) + > s

(2)

where summation over repeated indices is assumed and h = H(k,t), hl = 3kiH (k, 0),
hij = akl_ 3ij(k, t).

We assume that the density matrix is diagonal in Floquet basis before applying the pertur-

bation i.e. pl®) = > fnl®n(6))(¢,(t)| where the occupation of Floquet states f, being constant
n

in time. The occupation of Floquet states, f,, does not follow the Fermi-Dirac distribution func-
tion as in static systems. Instead, it can be determined from interactions with photons [24],
coupling to the Fermi bath [46], and switch-on protocols [47]. As shown in Appendix A.1,
by defining p,5 = (¢4(t)lpl¢s(t)) and e, = €, — €p, recursion relations between density
matrix elements of different orders can be established as follows:

t
pap = ie f ace s [hv(e),p ],
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2.1 First-order optical conductivity

Here, we develop the first-order perturbation of the density matrix as discussed above. Con-
sidering V,(t) = Ee~'1! /icw; and substituting this into the first equation of (3), one can de-
termine pilﬁ] (see Appendix A.2).

We find the expectation value of the current (J) = —N (v*) (we set the number of charges
in the volume AN = 1 hereafter and v* stands for the velocity operator along the probe) and as-
suming an expansion J = JI% 4+ A3+ 223121+ | and defining (JI1) = ol Ee 1, Therefore,
we need to find the expectation value of the velocity operator. Note that the velocity operator in
the velocity gauge can be obtained by taking the derivative of the total Hamiltonian (2) to the
momentum; thus v' = hi+hijAVj+hlz—Jk7L2Vij+... = y 10l 2y T4 22124 | where we have de-
fined the nth order velocity v'["). Knowing o = —Tr(v*p)/Ee"“1¢, the first-order conductivity
would be obtained by zeroth-order velocity h and first-order density matrix p!'! or the first-
order velocity and zeroth-order density matrix, thus ol = —Tr(v¥[1pl0] 4 y*[0] 5111y /pe=ient
We find, after straightforward calculations, that the current will have a frequency of w; +nfQ,
nez,soocltl= > e M 51 when a probe field with frequency w is applied to the system.

n
As shown in the Appendix A, we find

. fﬁ hx(j'Hl)hZ(—j)
[1](n) _ L xz(n) *fa afl
o (w1) = fahpyW = ) —————— 4)
Xz 1 o, %: aCaa O%:k €ap + i —w;

where the sum over momentum k indicates the integral over Brillouin zone )}, = f d"k/(2m)"
and h’/;g) =1/T fOT el (pp(0)19 H(k, t)|¢p4(t))dt. This formula was first obtained by Kumar
et al. [25]. As demonstrated in the Appendix, to determine the optical conductivity in the
length gauge, one should replace the matrix elements of the second-order derivative of the
Hamiltonian in Eq. (4) with its first-order derivative. The interpretation of Eq. (4) forn =0 is
straightforward and involves j-photon-assisted optical transitions as shown in Fig. 1(a). The
only difference from the static case is the substitution hg, — hgi and €,5 — €,p + jQ. Like
as the static case, the divergence in the second term of Eq. (4) at w; — 0 is spurious and
can be canceled by expanding the first term [30, 36, 48]. However, the first term contains a
real divergence at w; — O (only when the Floquet bands are partially filled, see Eq. (C.6) of
Appendix) associated with the Drude peak, which is well represented in the length gauge.

2.2 Second-order optical conductivity

Now, we determine the response of the Floquet system in the second-order of perturbation

theory. To achieve this, we need to evaluate pgzﬂ] using the second equation of (3), assuming

v, (t)= E,e @2t /i, . This evaluation is detailed in Appendix A.3.

Our results show that when electric fields with frequencies of w;, w, are applied to the
Floquet system, the second-order response would be at a frequency of w; + wy +nQ, n € Z,
therefore, o2l = Ze_inma[z](”). Defining (JI¥1) = ol2EE,e~(@1#@2)t the second-order con-

n
ductivity can be obtained from the zeroth-(second) order velocity matrix and the second-
(zeroth) order density matrix and also from the first-order velocity and first-order density

matrix as o2} = —Tr(v*[21pl0) 4 y*[1 [T 4 yx[01 5121y /E R, emi(@1t@2)t (see the Appendix A).
_ [2 [2]vv

Since p([fﬁ] =Pap TPap > the final response of the system at frequency of w = w; + w4, +nQ
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is composed of four contributions as follows:

xy(j+n)y z(—j)
[2]1(n) _ hﬁiz(n) a 1 fﬁahﬁa haﬂ
O\7s (w1, wy) = Z — - 5
ok 40)10)2 2(1)1(1)2 Bk eaﬁ +]Q— w1
x(jr1+n)y yz(—j1)
. 1 fﬂahﬂal haﬁ '
40)10)2 apjk eaﬁ +]1Q_ w1 — Wy
(jrtiz+n) (—j2)7,2(—j1) (—j1)1,2(=j2)
h;;(il Jo 1 /2&)10)2 f[a’yhzy J2 h)z/[g’ 1 _f)/ahiﬁ J1 hfxy J2

+

afyjiiqk Cap — W27 @1 + 01 +72)0 €yp — w1+ 182 €qy — w1+ Jof2

+(w1,2) = (wy,y).

We can establish a simple correspondence between the time-averaged response of Floquet
systems o(® and that of static systems. This correspondence is illustrated in Fig. 1(a), where
transitions between the states are now accompanied by j; or j, photons. According to Fig. 1(a),
two examples of matrix element substitutions are hg, — hg;) and hg, — hgéf”). The matrix
elements in the reverse direction of the arrows have a minus sign in the Fourier index, i.e.,
h,g — h%] V)| A similar substitution is required for energies according to the direction of the
arrows, such that €,, = €,, — joQ and €,, — €4, + joQ2. The summation over Fourier indices
like j; and j, in Eq. (5) ranges from (—¢,¢), with £ — oo. In practice, a finite £ is chosen to
ensure the convergence of results. Therefore, j; and j, can be replaced with —j; and —j, in
Eq. (5).

Having utilized this substitution method, we can easily derive higher-order responses of
Floquet systems from the formulas used for static systems, which have also diagrammatic
representations [30]. The results for third-order conductivity are detailed in Appendix D.

In the next section, we apply our theoretical formalism to calculate the linear and non-
linear optical response of the Rabi model system. For completeness, we extend the model to
examine a one-dimensional time-dependent system, with the corresponding results presented
in Appendix E.

3 Nonlinear optical response of Rabi model

Let us make use of the application of the formalism developed here for a driven two-level
atom. The Hamiltonian for this static system in real space is written as

H(r) = %az, 6)

where A is the energy gap between two states and o;, i € {x,y,%,0} is the Pauli matrix.
The position operator in this system is conventionally taken as #* = do,., where d = (1|*|2)
is the element of the off-diagonal matrix of the position operator between the eigenstates of
the Hamiltonian. The position operator has no diagonal component since the eigenstates of
Hamiltonian are assumed to be the eigenstates of the parity operator. By applying a unitary
transformation to Eq. (6) to account all operator orders, we can derive the Bloch Hamiltonian
as

%(k) — e—ikPH(r)eikP = % (cos(de)O'Z — sm(2dk)0y) . (7

Note that for a single atom, the quasi-momentum is fixed at a single value, k = 0. As men-
tioned earlier, we apply the Floquet formalism twice, first to the bare dynamic Hamiltonian
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and then again when the system is subjected to an external time-dependent probe. In the first
step, the bare Hamiltonian can be treated whether in length or velocity gauge. In the length
gauge method, where a term 7 - E(t) = rE,cosQt is added to the Hamiltonian, the resulting
Hamiltonian becomes

A
H(k,t) = ) (cos(de)az - sin(2dk)0y) +QycosQto,, (8)

where Q, = dE, is the Rabi frequency. However, in the velocity gauge method, which involves
using Peierls substitution k — k + A(t), where A(t) = —E,sin(Qt)/, the Hamiltonian is ex-
pressed as:

H' (k, t)= % (cos(2d(k +A(t)))o, —sin(2d(k +A(t)))ay) . )

This represents the correct form of the Hamiltonian in the velocity gauge. Interestingly,
Eq. (9) with k = 0 was recently proposed in [35] as a solution to the long-standing discrepancy
between the length and velocity gauge formulations for systems with a truncated Hilbert space
[49]. Equation (9) is equivalent to Eq. (8) and this is provided by moving to a rotating frame
using Ug(t) = exp[it'A(t)] = exp[iA(t)do,]. Then it is easy to check that

H'(k, t) = UL (e )H(k, t)Ux(t) — iU (t) - 3, U(t). (10)

Thus, Eq. (9) can be derived from Eq. (8) via a simple gauge transformation or, equiva-
lently, a change of basis. Crucially, both Eq. (8) and Eq. (9) yield identical optical conduc-
tivity. This is because if |¢,(t)) is a Floquet quasi-mode of H, then the transformed state
ol (1)) = U;(t)lqba(t)) becomes a Floquet quasi-mode of H’ with the same quasi-energy.
Consequently, the matrix elements appearing in the optical conductivity formulas—Egs. (4),
(5), and (D.1)—are identical for both Hamiltonians. For example:

Rl = (L (018 H (K, Ol (1))

; 11
= (¢o(DIUR(UA()8,, H(k, YUR(DUR(D)pp(1)) =Ly,

where we have used the fact that Ug(t) is momentum-independent, which implies
Bk[U;(t) - 0,Ug(t)] = 0. In subsequent sections, we adopt Eq. (8) as the time-periodic Hamil-
tonian for calculating the optical conductivity.

3.1 Numerical results in the velocity gauge

For simplicity, we assume the resonant condition A = Q and adopt the length gauge for the
Hamiltonian given by Eq. (8):

Hoes(k, t) = % (cos(de)cfZ — sin(de)ay) + Qg cos(Qt)o, . (12)

In the second step, we want to analyze the nonlinear response of the Hamiltonian (12) and
calculate the density matrix given by Eq. (3), hence, we define

D= Hres(k> t),
D* = Hyes = ZdTQ (— sin(2dk)o, —cos(2dk)ay) ,

2 (13)
D = 0,0 Hyes = MTQ (— cos(2dk)o, + sin(2dk)oy) ,

3

DX = 3,0, O Hres = 840 (sin(2dk)o, + cos(2dk)o ) .
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Figure 1: (Color online) (a) Relation between photon-assisted transitions and normal
transitions. To find the time average optical response in a Floquet system from the
formula for static systems, we should replace the transitions with photon-assisted
transitions. The matrix elements should acquire a positive Fourier index along the
arrows e.g. h,, — h%) and quasienergies should obtain an additional term in the
opposite direction of the arrows. e.g. €,5 — €,5 + j1 Q. (b) quasi-energy bands with
the color scale representing the physical weight of the sidebands and (¢) quench oc-
cupation of the Floquet states. (d), and (e) the first-order optical response of resonant
Rabi model to a probe field at a frequency of w; using Egs. (4), (13). Notice that j =
0, and 2 photon transitions are allowed and noticeable peaks occur at Q£ Q2. The
circles in panel (b) show that a band is more filled with respect to a band without
circles, also the color scale shows the physical weight defined in the main text. The
j-photon-assisted optical transitions are indicated by arrows in (b). The parameters
are 0 =1,07=0.6,d =0.5.

As mentioned previously, the occupation of the Floquet states depends on various fac-
tors, such as switch-on protocols and dissipation. We can assume the quench occupation
of the Floquet states, which occurs when the drive is suddenly turned on after the sys-
tem has been in the ground state of the static two-level atom. This occupation is deter-
mined by projecting the Floquet states onto the ground state ffueHCh = |(q§£‘”)|1)|2 where

|qb((x”)) =1/T foT e™¥|¢p (t))dt and for the Hamiltonian (13) and a special set of parameters
as illustrated in Fig. 1(b) and (c). It is seen that the lower Floquet band (with a lower quasi-
energy in the first Floquet Brillouin zone, i.e. (—Q/2 < € < ©/2)) has a lower occupation.
The first-order conductivity can be calculated using Egs. (4) and (13). The finite Fourier
components are n = 0,—2. Figure 1(d) and (e) presents the results for the first-order conduc-
tivity of the Rabi model, calculated for a specific set of parameters. A small phenomenologi-
cal imaginary constant n ~ 0.003 can be added to the frequency w; — w; + in to account
for the electron relaxation process. Nonetheless, as suggested in Ref. [50], the replacement
w, — v/ wq(w; +1in) will give better results at low frequencies in the velocity gauge, however,
this may cause fluctuations in optical conductivity which necessitates using finer discretiza-
tion of Brillouin zone. We take this assumption in the following. The quasi-energy spectrum
is shown in Fig. 1(b) with the color scale representing the physical weight of the sidebands,
W, = ((bg”)lqbg")). As seen in Fig. 1(b) the only side bands with finite weights are the first (sec-
ond) Floquet bands of +1(-1) replicas and also two Floquet bands of the zeroth replicas. All
other bands have negligible weight. The positions and signs of the peaks and dips in Figs. 1(d)
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Figure 2: (Color online) Nonzero elements of the second-order optical conductivity of
resonant Rabi model calculated from Egs. (5) and (13). The peaks and dips align with
the resonant transitions in the system. It is important to notice that various resonant
frequencies occur in each term. The parameters are Q = 1,9, = 0.6,d = 0.5 and
w; = wy = w in (a) and (b) while w; = wy = —w in (c) and (d).

and (e) correspond to the optical j-photon-assisted transitions illustrated in Fig.1(b). Notably,
only j = 0, 2 photon transitions are allowed due to the special structure of the drive. An effect
of the light is to modify the effective gap of the system, shifting it from Q to Q — €, as illus-
trated in Fig. 1(b). Another effect is the introduction of an additional absorption line at the
frequency Q + gy, which does not exist in the static system.

Let us analyze some special cases based on Fig. 1. If 0 = Q then according to Fig. 1(e)
a dc probe field would produce an intense response at the frequency of —2Q. Conversely, a
probe field at a frequency of 2Q would induce a response at zero frequency, resulting in a
rectified current. It is important to note that these frequency conversions occur at the first-
order of response, unlike in static systems, where the first-order perturbation theory predicts
a response at the same frequency as the probe field.

Now, let us calculate the second-order responses of the resonant Rabi model using Egs. (5)
and (13). First, we consider the case where w; = w, = w. The second-order optical conduc-
tivity in Eq. (5) is finite only for n = &1 and consists of four contributions. The total results are
plotted in Figs. 2(a) and (b) as a function of probe frequency. The peaks and dips align with
the resonant transitions in the system. Figure 2 illustrates various nonlinear phenomena. For
example, consider the special case where Q2 = Q. According to Figs. 2(a) and (b), a dc probe
field will cause intense responses at frequencies £. Moreover, a probe field at the frequency
of /2 will induce responses at frequencies 3Q2/2 and —2/2. These diverse optical phenomena
can be tested in experimental setups, especially because of the discrete energy levels leading
to novel frequency conversion effects.

Next, we consider the case where w; = —w, = w. The calculations reveal that the only
non-negligible Fourier components for optical conductivity in this scenario are n = £1. Using
Egs. (5) and (13), it is straightforward to calculate four contributions as shown in Figs. 2(c)
and (d). Notice that we introduced a small constant w; + w, & 37 to avoid the singularity in
the denominator of the last equation of (5). We observe that the only resonant frequencies in
this case occur at w = Q+Qy and w = 2 — Q. As a limiting case, if we consider Q = Q, then
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Figure 3: (Color online) (b),(c) The first-order optical response of resonant Rabi
model to a probe field at a frequency of w; in the length gauge (solid line) and
velocity gauge (hexagons and squares), respectively. Notice that j = 0, and 2 photon-
assisted transitions are active. The parameters are 2 = 1,0, =0.6,d = 0.5.

according to Figs. 2(c) and (d), a probe field at a frequency of w = 0 would induce significant
currents at frequencies of Q. Furthermore, a probe field at a frequency of w = 2Q would
cause responses at frequencies of Q and 3.

The nonlinear response of the Rabi model using the length gauge formalism [36] is pre-
sented in the next section. The results exhibit many similarities, especially away from the zero
frequency limit (« = 0), the nonlinear conductivities are the same. Consequently, the frequen-
cies of the peaks and dips remain identical. Nevertheless, there is a spurious divergence at
the zero-frequency limit in the velocity gauge formalism, which is absent in the length gauge
formulation.

3.2 Numerical results in the length gauge

For the sake of completeness, let us analyze the nonlinear response of the resonant Rabi model
in the length gauge using numerical methods. The Hamiltonian and its derivatives are provided
in Eq. (13). As outlined in Eq. (A.2) in the Appendix, the time-dependent Schrodinger equation
can be transformed into a time-independent eigenvalue problem with an infinite-dimensional
static Hamiltonian by employing the Fourier decomposition of quasi-modes of Floquet and the
Hamiltonian. Fortunately, this Hamiltonian can be truncated to obtain approximate solutions.

We truncate the time-independent Hamiltonian (A.2) to include Floquet replicas in the
range n € [—3,3]. The linear and second-order response formulas in the length gauge are
provided in Eq. (5), (6) and Eq.(8), (c2) of Ref. ( [36]), respectively. In particular, the position
operator is taken as 7 = do,. and the velocity operator in the length gauge (DY) is represented
in Eq. (13).

Figures 3(a) and (b) show the first-order response under the assumption of quench oc-
cupation. Here, again, only j = 0,2 photon-assisted transitions are active, giving rise to the
two spikes observed in Figs. 3(a) and (b) which are consistent with the quasienergy band
structure, physical weights, and dynamical gap in Fig. 1(b). The limit of zero frequency also
shows no optical conductivity, which is justified by the flat band structure. The results of the
velocity gauge are also shown in Fig. 3 marked with hexagons and squares showing agreement
between the two gauges.

The second-order responses for the cases w; = w, = w and w; = —w, = w are plotted
in Figs. 4(a), (b), and (c), (d), respectively. The velocity gauge results are also plotted for
comparison. The length gauges results and velocity gauges results are in complete agreement
except for the zero-frequency limit. Indeed, the numerical results in the length gauge are more
reliable. However, a smooth gauge must be chosen for the phase of the Bloch wave function
across the Brillouin zone to achieve the correct form.

10
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Figure 4: (Color online) Nonzero elements of the second-order optical conductiv-
ity of the resonant Rabi model in length (solid line) and velocity (hexagons and
squares) gauges, respectively. The length gauges results and velocity gauges results
are in complete agreement except for the zero-frequency limit. The parameters are
2=1,9,=0.6,d =0.5and w; = w, = w in (a) and (b) while w; = wy, = —w in
(c) and (d).

4 Conclusion

We developed a framework for calculating the linear and nonlinear optical responses of in-
trinsically time-periodic systems using the velocity gauge at zero temperature and in pure
systems. The original Hamiltonian is assumed to be time-periodic, while an external field,
typically weak, is applied with a different frequency. We investigated the system’s nonlinear
optical response, which is proportional to the powers of the probe’s electric field. We have
used the velocity gauge which is suited for Floquet systems since it simplifies the treatment
of time-periodic driving fields, ensures gauge invariance, and provides a more efficient and
numerically stable framework for computing nonlinear optical responses.

We have applied this framework to a driven two-level atom, known as the Rabi model,
and derived numerical results. The length gauge nonlinear response of the Rabi model reveals
similar linear and nonlinear responses, with the frequencies of peaks and dips nearly identical
to those in the velocity gauge case. Our findings provide a foundation for interpreting the
nonlinear optical responses of driven systems, which have recently become experimentally
accessible thanks to advances in ultrashort laser pulses and ultrafast spectroscopy techniques
[15,39,51].

Our velocity gauge framework offers a robust approach for computing nonlinear optical
responses in Floquet-driven materials. We predict that experimental observation of these ef-
fects is feasible under the following realistic conditions: Strong-field ultrafast laser sources in
the THz to visible range, Low temperatures (10-100 K) to minimize decoherence, High-purity
samples with minimal disorder to preserve Floquet-band coherence, Pump-probe spectroscopy
and nonlinear optical measurements to capture Floquet-induced currents. These conditions
are well within the reach of modern condensed matter laboratories, making our predictions
testable with current experimental capabilities.

Although our formalism provides accurate results for a two-band topological system, it
can be extended to a broader range of cases, including the application of the velocity gauge
formulation in multiband systems and strongly correlated electron materials.

11
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A Details of derivations

In this section, we provide detailed calculations, specifically demonstrating how density ma-
trices and conductivities of various orders are obtained.

The fundamentals of Floquet theory are extensively studied in the literature. The
Schrodinger equation for Floquet quasi-modes, as defined in the main text, can be represented
as:

(H(t)_lat)|¢a(t)> = ea|¢a(t)>: (Al)
where the momentum index k is suppressed. If we insert the Fourier expansion of time-periodic
Hamiltonian and Floquet quasi modes H(t) = e ™*H® and |¢,(t)) = e_lmmlcbgn)) in (A.1)
we find

S HO16®) —mal(™) = e, |9 0) (A.2)

This equation is an eigenvalues problem with a static infinite dimensional Hamiltonian. This
Hamiltonian in the numerical calculations should be truncated at a dimension that guarantees
the convergence of the results (also see [36]). It can also be shown that an orthogonality
relation between Floquet quasi-modes can be defined as

<¢a(t)|¢[j(t)> = 5aﬁ: (A.3)

which we assume hereafter.

A.1 Perturbation theory

To derive Eq. (3) of the main text we substitute the expansion of p and also total Hamiltonian
(Eq. (2)) in powers of A in the von Neumann equation and equate the terms with the same
powers of A and find

i0,p! = [, p!"],
i0,p" = [k, ptM] +[n'V(0), p1],

. , hiJ

i0,p'* = [h, pP ]+ [R'Vi(0), o' ] + [;mt)vj(t),p[‘”], (A4)
o (3] [3] i 217, [ 27 m |, [h [0]

i1 = [h, pH ]+ [WVi(0), o ]+ | S Vi(O)Vi(0), oM |+ 57 VOV (Ovi(0),pt |

We can find the matrix elements in Eq. (A.4) by using Eq. (A.1) as follows
(Pa(OI[h P ] 15(0)) = €ap(Da(Olp™MIPs (1)) —i(3: (D)l ™I Pp (1))

i [n] (A.5)
— 1P (D)lp"™ 8, (1)) -
Substituting Eq. (A.5) in Eq. (A.4) we reach at
: 0 0] _ 0
latp([xﬁ] = (ea —eﬁ)p([xﬁ] = ea/ﬂp([xﬁ] ,
. 1 1 i
0P L5 = €apprg +[AVi(0), P15
. ; hi
i, = [h'Vi(0), o] s + [7\4(t)vj(t),p[01] , (A.6)
af

) ) hij hijl
latpffﬂ]=[hlvl-(t),pm]aﬁ+[7\4(t)vj(t),p[”] +[7‘4(t)vj(t)vz(t),p[°]] :
af af

By changing the variables p([x';j] = S(t)e €ast therefore iatpg;j] = i0,S(t)e " €apt +ea/58(t)e_i6aﬁ t
we can integrate the equations for S(t) in (A.6) and prove Eq. (3).
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A.2 First-order conductivity

Now, we find the first-order density matrix. By inserting V,(t) = Ee~'“1! /iw; in the first equa-
tion of (3) and using the fact that pt[l%] = fo0qp We find:

. t
[1]_ _le “ap'E i(eqp—w)t’ (1,2 [0]3,2
Pap =" e, 2. SO (12 Pl — Ly ) d
—J_

. —ieaﬁt t . ,
_ _le . E f ez(eaﬁ—wl)f (fﬂ _fa) hfxﬂdt/’ (A.7)
—00

Ly
ei(—o_)1+jﬂ)t

ny_ iE z(—;)
Pap wlgeaﬂ+jﬂ—w Tpaltap ™

—q T _::
where hfx(ﬁ D= 1T [ e 9%, (0)]; hldp(0))dt.
The first-order conductivity can be determined by using the zeroth-order velocity and first-
order density matrix or first-order velocity and zeroth-order density matrix as

SRV (t [o] _ hx [1]
vx[l]p[0]+vx[0]p[1] %: aa ()paa Z P

0[1] = —Tr( Ee—iwit )= —i
e 1 Ee lOJlt
. eithhx f Z(—J)
i ﬁa
- thf _ , A8
w1 Za: oo’ & aZﬁ] ea[j +]Q_C()1 ( : )

X(J+n)f/5 Z(—J)
a

[1](n) _ 1 xz(n)
o (w)=— foh — _
Xz w1 Za: a’tfaa prE aﬂ +]Q— wq

A.3 Second-order conductivity

We evaluate the second-order density matrix by using the second equation of (3) and Eq. (A.7).
By defining V,,(t) = E;e™'2" /iw, we have

P t
[2]v _ 1€ leaﬁtEZ i(egp—wo)t’ y y /
Pap = iwy Zy: —ooe n (h Yp)’ﬁ parh )dt’

. . Y(=j2) g 2(=j1) Z(—J )7 ¥(=j2)
(2w _ __EE el (i)t forhay 'l fYa g (A.9)
op W1y 4 €qp T (h+Jj)—wi—wy | €5+ 12—y ay T2 —wq ’
[2]vv ie_le"”tEEz C e g1t Bz 0ly=
Pap =7 2iwyiw, Z}’: _Ooe ( Yprﬁ paY )d
[2]vv EE, elCermwath Ot RECY
- (i) 10
20)16{)2 ab’ +]1Q Wi —

Note that Eq. (A.9) can be written in an equivalent form by changing the variables in the second
term j; < j, and also (2, w;) <= (¥, w,) which is justified because we later symmetrize the
conductivities. Hence,

EE | - o
([12/5]‘} el 2 Z l(_wl_w2+(]1+12)Q)thz)(/_.]2)h;(ﬁ Jl)I(Cl)l, w2) , (A.]. 1)
@192 {5y
1 f f
I(wy,w,) = — [ Py - ks ] . (A12)
€ap T U1 +J2)2—w1—wy | €5+ 12— w1 €4y + o —wy
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Next, we calculate the second-order conductivity using the zeroth (second)-order velocity
and the second (zeroth)-order density matrix, as well as the first-order velocity and the first-
order density matrix. After symmetrizing the final result with respect to (wq,2) <= (w1, ),
we obtain

ol?l = —mr(y 1 pl0) 4 I p 1T 4 yx01 [Ty, emilenten)t (A.13)
thyz(n) . f hxy(]+n)hz(—])
I (o1 ry) = 2 -
41w,y 2010 L5 €qp TJ2—

1 fﬂa X(Jl +n)hy2(—h)

46010)2 bk Cap +]1Q—w1—w2

Z hx(h+Jz+n)hy(—12)hz(_h)[(w1, wy) + ((w1,2) & (wy,¥)),

2co
1@ 2 apyjijok

which is equivalent to the expressions (5) of the main text.

B Velocity operator in the length gauge and velocity gauge

In this section, we compare the velocity operator in the length and velocity gauges. As stated
in the main text, in the length gauge, the electric field is coupled to the position, and the total
Hamiltonian is written as

E (k,t)=H(k t)+r-E(t). (B.1)

tOt
Using the Heisenberg equation of motion, one can express the velocity operator in the length
gauge (vF) as

VE— _l[HE (k,t),r]:i[H(k,t)+r-E(t),r]

=i [H(k, £),r] = id H(k, t) [k r] = 4 H(k, t),

where we use the fact that [r- E(t),r] = 0. Thus, the velocity operator in the length gauge is
independent of perturbation.
On the other hand, in the velocity gauge, the total Hamiltonian is written as

(B.2)

tot(k t) =H(K, t)|xskra(e) -

Thus, we can write

=1[k ] (HK, Olioirac)) = G (HEK, Oliokrac) -

So, the velocity operator in the velocity gauge depends on the external perturbation.

dr .
VA = dt =1 [HV (k, t), 1‘:| =1 [H(k, t)lk—>k+A(t):r:| (B.3)

C Obtaining length gauge conductivities from velocity gauge con-
ductivities

Now, we demonstrate how to switch between the conductivity formulas of the velocity gauge

and the length gauge. In the velocity gauge conductivity formulas, there are matrix elements
of various order derivatives of the Hamiltonian, which we need to express in terms of the
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matrix elements of the first-order derivative of the Hamiltonian. The matrix elements of the
second-order derivative can be written as

hg;} = azhzﬂ - i[gz:hx]aﬁ > (Cl)

where we have defined &% , = i(¢4(t)|0, ¢, (t)) as a generalize Berry connection. The proof
of the above equation can be written readily:

hap = (@a()10k, O Hldp (1)) = O, (Pa(0)I0 Hlpp(1)) —

I'= (2, $a(13, Hpp(0)) + (bul0)Id HIG, $(0)) ©2)
i (i i) A,
Y

where for obtaining the third line we inserted the complete set 1 = ZY |qby(t)) (qb),(t)l and also
used the fact that (G ¢4(t)|¢,(£)) + (P (t)I, ¢, (1)) = G 64, = 0.

It is an easy task to calculate the Fourier components of Eq. (C.1) as follows

xz(n) x(n) . z(j+n) X(—J) (j+n) £2(=))
R = g, B Z(g FpXC) (e g2C ) .3)
Yj

Using Eq. (C.3), we can derive the following relations::

Zfahxz(n) _ Z faakz hz(n) _ lf Z ( Z(J+n)hx(—J) x(]+n) gz(—J))

ak

=20 | faB ki —ify > (E5PRET — TRt
ok 3
: - (C.4)

=> |-n0a £, J”Z fs hx(1+n)§z(—1)
ak “

f hX(J'H‘l)hZ(—J)

=§ hX(n)akf“JrZ €up + 10

where in the third line we performed integration by parts, taking advantage of the Brillouin
zone being a closed path, and in the final line we applied the relationship between matrix
elements of the position and velocity operators:

a) - TL e
Sarp cup 1P (C.5)
that was mentioned in Ref. [36]. Inserting Eq. (C.4) in the first term of Eq. (4) eliminates the
divergence term and yields the length-gauge expression

hx('H_n)hz(_J)

1 [3a
[11(n) — X(n)
o (wq) = E h, - 8 i E — . (C.6)

The first term represents the intraband contribution, while the second term corresponds to the
interband contribution. The only divergence at zero frequency occurs in the intraband term
when J;_f, # 0, which arises in partially filled Floquet bands. This divergence is physical and
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analogous to the Drude peak in metals, with a key distinction: here, a DC field may induce a
divergent AC response [36].

To determine the second-order response in the length gauge, we need to express the
second-order and third-order derivatives of the Hamiltonian (as in Eq. (C.3)) in terms of its
first derivative in the formula (5). The matrix elements of the third-order derivative of the
Hamiltonian can be related to the second-order derivative in the following manner:

h;}f = azh;i% - i[gz’hxy]aﬁ . (C7)

D Third order conductivity

For the sake of completeness, we determine the third-order response of Floquet systems in

this section. First, we evaluate the third-order density matrix p([lgﬁ] using Eq. (3) from the main

text and Egs. (A.11), and (A.10). We introduce some shorthand notations 62/)5 =€q,—€p+JN2

and w; + wy = w19, W] + Wy + w3 = w. The non-symmetrized third-order conductivity at
frequency of w; + w4 + w4 + nQ is composed of eight terms which can be written as

O-\[/l?)ggfnz)(wl: Wy, W3) oy
~ 1 wxy(i+m)pa(—) 1 wx(j+n)y yz(—j)
~ i hlgzxcyz(n) Zfﬁah/ja haﬁ Zfﬁah[ja haﬁ
T W wyw Z 3! fa+z U) b
1Waw3 |45 : B @1~ €ap @127 €ap
1 w(j+n)y xyz(—j)
3fpaltpy Map
+ 5)
w — 6(1[5
wx(jr 4o+ p y (=) =) Ly wGutitm oy ()G
+a/;j R REPE I (), 0,) + 2hﬁa AR R (AP
1J2

1 ' »
+ Ehgglﬂzﬁ-n)higjjz)hi’;( h)I(wlza 603)

w(jr+ja+jz+n) g x(—ja) g, ¥ (—j2) 3,2(—j1)
h[a‘oc1 L ha@ ’ h@y ’ hyﬂ ' fﬁy fya

Y Jor  _

(1 +j2+is) (1+j2) (1) U2)
afyBjijais (605[15 B — (1)) (69'7/15 . —0)12) 67/; ! 69; )
w(iitiatis+m) 3 x(—ja) 3 y (—j,) 1, 2(—51)
_hﬁal L h9[3‘ Shﬁy 2 hyQ ' foy B fra
. — D )
(efoll;')z‘*'Js) _ w) (625‘*'}2) _ 0)12) Ey]91 —w, eoi)zr —w,

The above results should be symmetrized concerning the interchange of
(w1,2) <= (wq,y) <= (w3, x) to yield the final optical conductivity.

E Nonlinear response of driven SSH model

Here, we would like to utilize the formalism developed in this paper to compute the linear and
nonlinear response of the driven Su-Schrieffer-Heeger (SSH) model in the velocity gauge, and
we compare these results with those obtained in the length gauge. The SSH model is a one-
dimensional system defined on a bipartite lattice, originally introduced to describe electronic
states in polyacetylene [52]. The Hamiltonian we analyze can be expressed in momentum
space as follows:

Q
H(k,t)= 5[(0.5 + cosk)o, —sinko, ] +Acos(Q2t)o, . (E.1)
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Figure 5: (Color online) (al) Quasienergy bands, (a2) ideal occupation of Floquet
states, (b) first-order optical response of a driven SSH model to a probe field at a
frequency of w using Egs. (4) and (E.1). (c), (d) finite elements of the second-order
conductivity of the driven SSH model in the velocity gauge (blue line) and length
gauge (orange line). The circles show a band filled, and the color scale shows the
physical weight defined in the main text. Arrows indicate the j-photon-assisted opti-
cal transitions in (al). The parameters are O = 1,A=0.3.

By applying Egs. (4) and (5), the nonlinear response in the velocity gauge can be readily
calculated. For the length gauge results, we use Egs. (5), (6), and (8), along with Eq. (c2)
from Ref. [36].

In Fig. (5)(al), the quasienergy band structure is displayed, while (a2) depicts the ideal
occupation of Floquet states, where the lower Floquet band is fully occupied and the upper
Floquet band is entirely empty. The linear and nonlinear responses are shown in Figs. (5)(b)
and (c),(d), respectively, demonstrating excellent agreement between the velocity and length
gauges. As established in this paper, the length and velocity gauges are indeed equivalent, a
fact confirmed by the numerical results. The only distinction lies in the spurious divergence
observed in the zero-frequency limit within the velocity gauge, which disappears in the length
gauge. However, when the bands are partially filled, intraband components can become active
in the length gauge, leading to a genuine divergence at the zero-frequency limit, known as the
Drude peak [36].

Finally, we address a key consideration for nonlinear response calculations in the length
gauge. As discussed in Ref. [36], selecting a smooth gauge for the Bloch wave function phases
across the Brillouin zone is essential, particularly for the intraband-interband component o2,
In our numerical implementation, we ensure gauge smoothness through manual inspection
and verify result convergence. Cross-checking the Berry connection matrix elements against
the velocity matrix elements (Eq. (C.5)) provides additional validation.

An alternative approach circumvents direct computation of the Berry connection and co-
variant derivative by employing sum rules derived from the fundamental relation (Eq. (C.1))
which can be reformulated as follows:

ihs =i(h%,)  +[eh*] (E.2)

af’

where r; denotes the interband position operator, with matrix elements given by r¢, p= 04p&l B
Using Eq. (E.2) and (C.5), we can express the covariant derivative in terms of velocity oper-
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ator matrix elements, thereby eliminating the need to compute derivatives of the Bloch wave
functions directly.
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