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Abstract

We study the general structure of the electromagnetic field in the vicinity of spatial in-
finity. Starting from the general solution of the sourced Maxwell equations written in
terms of multipole moments as obtained by Iyer and Damour, we derive the expansion
of the electromagnetic field perturbatively in the electromagnetic coupling. At leading
order, where the effect of long-range Coulombic interactions between charged particles is
neglected, we discover infinite sets of antipodal matching relations satisfied by the elec-
tromagnetic field, which extend and sometimes correct previously known relations. At
next-to-leading order, electromagnetic tails resulting from these Coulombic interactions
appear, which affect the antipodal matching relations beyond those equivalent to the
leading soft photon theorem. Moreover, new antipodal matching relations arise, which
we use to re-derive the classical logarithmic soft photon theorem of Sahoo and Sen. Our
analysis largely builds upon that of Campiglia and Laddha, although it invalidates the
antipodal matching relation which they originally used in their derivation. The antipodal
matching relations and the proof of the classical logarithmic soft photon theorem agree
with an earlier analysis of Bhatkar, which we generalize using other methods.
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1 Introduction and summary of results

It has been established over the last decade that leading soft theorems [1] are consequences of
Ward identities associated with asymptotic symmetries [2-6]. The soft theorems are further-
more the Fourier transform in momentum space of position space electromagnetic memory
effects [7-9], see [10-12] for reviews. Sub"-leading soft theorems with n > 1 have also been
formulated [13-23] and have been proven to be associated to asymptotic symmetries in a
generalized sense [24-36].

The infrared structure of gauge theories strongly differs between tree-level and after in-
cluding loops. In four spacetime dimensions, the soft expansion of n-point amplitudes in QED
at tree level admits a Laurent expansion in the soft frequency w starting with a pole. Once
loop corrections are taken into account, a logarithmic branch log «w occurs which multiplies a
universal soft factor that only depends upon the momenta, polarization, masses and charges
of the incoming and outgoing particles involved [18-21]. This is the logarithmic soft photon
theorem. The universal logarithmic soft factor decomposes into two pieces: the quantum part
and the classical part. The latter can be obtained from a purely classical computation while
the quantum part arises from the computation of Feynman diagrams.

A proposal was made a few years ago in [30] to derive the classical part of the logarithmic
soft theorem in QED from the conservation of a charge between future null infinity and past
null infinity. However, the authors assumed symmetrically defined asymptotic falloff condi-
tions between future and past null infinity, while an asymmetry occurs due to the retarded
nature of the fields. In [23], Bhatkar derived the explicit classical solution to first order in the
electromagnetic coupling and derived the corresponding fall-off conditions at future and past
null infinities from first principles. In particular, some asymptotic properties of the electro-
magnetic field can be inferred from the asymptotic expansion of the Liénard-Wiechert solution
created by an accelerated charged particle. The resulting electromagnetic field displays an
explicit radial logarithmic branch (analogous to the one described in [37] in the gravitational
case) not accounted for in the work of [30] and no logarithmic branch in advanced time at past
null infinity contrary to that assumed in [30]. He was then able to derive the correct antipodal
matching relations [23] which he had shown earlier to imply the logarithmic soft theorem
in QED [38]. In this paper, we generalize the work of [30] consistently with the subsequent
analysis of Bhatkar [23,38] to provide an infinite set of antipodal matching relationship up to
first order in interactions between matter and the electromagnetic field.

We will make use of the multipolar decomposition of the electromagnetic field introduced
by Damour and Iyer [39] as a technique to systematically derive the antipodal matching condi-
tions of the field across spatial infinity. We will proceed perturbatively in the electromagnetic
coupling, by first deriving all matching conditions at tree level, before deriving another infi-
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nite set of matching conditions at first order in the coupling. One such matching condition will
be relevant for the classical logarithmic soft theorem. Our identification of classical charges
leading to the logarithmic soft theorem will differ from the one presented in [30] and agree
with the ones presented in [23,38]. Many of the tools and identities developed in [30] will
nonetheless play a crucial role in our more general developments. Since our derivation of
the antipodal relationships only depends upon the vacuum electromagnetic field equations at
spatial infinity, these relationships apply to more generic theories than QED, e.g. charged par-
ticles with internal structure, as long as the boundary conditions considered on the induced
electromagnetic multipolar moments apply.

The rest of the paper is organized as follows. In Section 2 we derive the asymptotic behav-
ior of the electromagnetic field of a charged particle at future and past null infinities, which is
accelerating as a result of its long-range Coulombic interaction with other scattered particles.
We use this to derive generic boundary conditions in Section 3, which we express in terms
of the multipole moments and their fall-offs in the vicinity of spatial infinity. Under these as-
sumptions we are able to derive the antipodal matching conditions across spatial infinity, first
at tree level and second including the effect of interactions among charged particles to first
order in the electromagnetic coupling. This will enable us to re-derive the classical logarithmic
soft photon theorem in Section 4.

2 Asymptotic electromagnetic field of a charged particle

We start by recalling the description of the electromagnetic field given by Damour and Iyer in
terms of multipole moments [39], which provide a complete characterization of the solutions
to the sourced Maxwell equations. We then turn to the study of the electromagnetic field
produced by a charged particle which is still accelerating at asymptotically early/late times as
a result of the long-range Coulombic interaction with other charged particles.

2.1 Multipole expansion of the electromagnetic field

Following the notations of [39], in four-dimensional Minkowski space described by coordinates
(T, X") such that the metric is

N,y dxtdx” = —dT? + (dX")?, 1)

the electromagnetic potentials can be expanded in terms of electric and magnetic multipole
moments Q; (U) and M, (U) as

o o (D Q)
Ay(T,X") = Z(; i fh( - )

00 130+l a (2
A(T,XH :Z% 9,1 (QlL_l(U)) + ¢ €100 0ur 1 (MbL—l(U)) ,
(=1 :

R L+1 R

where U = T —R, R? = X;X', and n; = X;/R is a unit spatial vector. A repeated capital latin
index L implies a £-dimensional sum over a set of spatial indices iy, i, ..., iy, while superscripts
denote the number of U-derivatives applied on the associated function. Using the identity

) (€=
Q Q. (U)
aL (FL):(—].)ZJEOC[] L ny, (3)

Rit1
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£+ )
given in [40] with ¢;; = 2J(Tj))" the gauge potential can be equivalently written as
JHe=J)
o Q)
lj
Ao(T,X")=— ZZ L )

0]0

(L=j+1) (L—j+1) {—j)
A(TX)_ZZ(EH)' W) _L+1, (MbL-(U)+(J'+1+E) My, (U ))na . (5)

—i Ri+1 {42 tab Ri+1 Ri+2
J=

We will work in retarded spherical coordinates (U,R, 6, ¢ ). We will often denote the angular
coordinates by X4 = (0, ¢). From T = U+R, X; = Rn; with n; = (sin 0 cos ¢, sin 8 sin ¢, cos 0),
we find

AXM ax” T dX! i

A= Z0 axaln = 3y axaloi = Reaor, ©
XM ax” oT oX! i

Fon =30 or " = Gy ar T = o @
XM 9X" i i, ig)

Fpa = ﬁﬁ% = Re,Fo; +Rn'e, Fij = Fys + Rn€;Fij, ®
oxXH 8X" X' oxJ

2
Fas = 5xa a0 = axa o = K easFi ©

where we define the field strength as F,, = 2¢,A,] and e};‘ = gyn'. In electromagnetism, the
symplectic flux is determined by the large radius limit of Fy;,. As shown in Appendix A.1, the
component Fy;, is given in terms of the multipole moments by

‘W) (+1 M, (U) My (U)
iL bL
eAZZ(Hl)' R £+28i‘“’( wo U +1+Z)W)n“ "

=0 j=0 (10)

(=)

4
E E 1 ( l Ty -
=0 = ( AL

An exactly non-radiative electromagnetic (EM) field is defined as a field where the energy
flux through null infinity vanishes. This amounts to setting the leading R° term of Fy, to zero,
see e.g. Eq (3.34) of [41]. Equivalently, an exactly non-radiative EM field has order ¢ multipole
moments that are polynomials of order ¢ at most:

{ 14
QU= g5, U5, M U)= ) q U (11
k=0 k=0

We will see below that the field sourced by a set of interacting charged particles of charge e is
not exactly radiative at spatial infinity, but it is still exactly radiative at linear order in e.

2.2 Radiation field of interacting charged particles

In this subsection we will study the electromagnetic field produced by a set of charged massive
point particles that are accelerating as a result of their Coulombic interactions. More precisely,
we will focus on the very late (resp. early) time dynamics where these particles are widely
separated and their acceleration is decreasing (resp. increasing) with time as inverse square
power. This will give us a benchmark for some of the characteristics expected from a generic
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electromagnetic field configuration, as well as prepare the ground for the derivation of the
logarithmic soft photon theorem to appear in Section 4.

Thus we consider a set of n charged particles labeled by a = 1,...,n. Each particle is
described by a classical trajectory X! (o) subject to the equation of motion

Z.U« XV
m, D) o (o) e

(12)

with m, the mass and e, the charge of the particle. Of course the electromagnetic field-strength
F,,,(X) is determined through Maxwell equations sourced by the charge current

J'“(X)=Zn: Jdo

a=1

dX“

(13)

Asymptotic trajectories

In the absence of Coulombic interactions the particles would follow straight trajectories. Said
differently, the particle’s acceleration is proportional to the electric charges. At very late or
early proper time (Jo| — 00), the particles are widely separated such that their acceleration
is vanishing, and we can effectively use the electric charge as an expansion parameter. Thus,
for the trajectories we write

_ 4 2 _
XH(o)=yl+Vvio+Y! (o) +0(e"), vi=-—1, (14)

where v/ is the asymptotic velocity and Y}'(o) is a correction of order O(e?). To determine the
latter, we need to solve (12) using the electromagnetic field sourced by the particles following
uncorrected straight trajectories, and given by the Liénard-Wiechert solution

X— uy,v __ X_ v,,U
FI,)“,(X)z e_b ( yb) Vy ( .yb) Vi . (15)
AT [(vy X — vy yp)2 + (X — )2/

As customary, we discard the electromagnetic self-force as it is vanishing faster than the accel-
eration, such that at order O(e?) the equation of motion (12) reduces to

d?v} (o) _ sgn(o) Z vy v (v +y5b/0) +(1—v, -yab/a)v“
€q€p

© d?o 4no? ba [(Vb Va Vo Yap/ OV + (Vo + Yap /02T 16
_ sgn(o) @ Vh)Va + “ :
" 4no? Z [(v oy )2_1]3/2 +0(1/0%),

where we defined the impact parameters y,;, = y, — ¥p- The exact solution can be found by
integrating the first line of (16), yielding

7(0) = BT S 0, [0~ el dan)tan (o) + aly logli(@)], A7)
b#a

where

dyp +0 — v eqp +2d,,0 + 02
2 b
dab_eab

tab(o-) = (]—8)
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in terms of the constants

(Va ’ Vb)}’ffb - (va ' yab)vf

PR !

= , bt = , 19
“ab = [y v P 1P = (v v~ 1P 4
d.. = (Va'vb)(vb'yab)+va'yab P (vb.yab)2+y2b (20)
“ [0 v > =1P2 7 [ v ? = 1P

Note that Y, - v, = 0. The asymptotic solution in the limit |o| — oo is thus found to be

Y¥(o)=cl'sgn(o)In|o|+0(1/0), (21)
with -
1 (vy v vy +v

ch=— > eqes o b (22)

e.e .
Anmg 4 [(vy v )2 — 172

This leading logarithmic correction can already be found in [18,42]. The corrected velocity
and acceleration to order O(e?) are therefore given by

Vf(a):v(‘l‘Jrchal_l +0(1/0?), A’;l‘(a)=—cg‘sgn(0)|a|_2+0(1/03), (23)

and the acceleration indeed vanishes as |o|~2 as anticipated. We note that to this order the
velocity is normalized (Va2 = —1) thanks to the property c, - v, = 0.

Liénard-Wiechert field of accelerated particles

Having determined the leading correction to the particle trajectories, we can then evaluate the
leading correction to the radiated electromagnetic field. To do so we use the general Liénard-
Wiechert solution sourced by a single charged point particle following an arbitrary trajectory
XH(o), namely [43]

e ! 4 [(x —X(0))V"(0)— (1> ) 2

FW(X):_4_7_C V(o) - (X —X(0)) do V(o) - (X —X(o)) :|0=0*(X)

with o, (X) the proper time value such that X (o™*) lies on the past lightcone of the evaluation
point X,
[X-X(0)*=0, T>T(0,). (25)

Again we solve this equation perturbatively in e2, using the asymptotic trajectory (14) and
dropping the index a for convenience. It is relatively straightforward to show that the leading
and subleading contributions in e are given by

0.X)=6,X)+60,(X)+0(e, (26)

with

_ X—-y)-Y(5,)
G, =v-y—v-X—4/(v-X—v-y)P+X—-y)?, So,=————— 22, 27
L=V V( YR+ X —y) s gun SRR )
For an incoming particle (0 — —o0), this allows us to evaluate the radiated electromag-
netic field in a neighborhood of past null infinity .#~. To achieve this we switch to advanced
coordinates T =V —R, X' =Rn' and consider the large R limit for which we find

O—I-n

. C ‘Ci
5,=—2R(+np»")+0R’, 60,=InR——— +0(R°). (28)
' VO +nvi
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For convenience we can introduce the future-directed null vector n* = (1, —n;) such that these
can be written in covariant form

&, =2Rn-v+OR®), &0, =IR=S+0(R). (29)
n-vy

Since n- v < 0, we can confirm that o,(X) - —o0 as R — oo, which validates the use of the
asymptotic solution described above in this limit. Using this one can evaluate (24) near #™.
It is interesting to notice that the acceleration A*(o) does not contribute to leading order and
first logarithmic correction R™! InR, such that to these orders we can use the simpler expression

vy = & E=X(@))V(0,)~ (X ~X(0.))"V!(0.)
~4m [V(c,) - X—X(o,))]®

Let us look in particular at the component Fgy as it will play an important role in the derivation
of the logarithmic soft photon theorem. For the denominator we have

(30)

Vie,) X—X(c)=v- X—y)+o,+c-X 0;1 +0(eh)
=v~(X—y)+6*+5a*+c-X6;1+O(e4) (31)

—Rn-v+InRES +O(RY) + 0(eh),
n-v

such that we find

e ez (vucv - v,,cu) n

4r (n-v)®

4

Fpa = R(—€\Fo; +n'e}F;;) =R 2 InR +O(R™2), (32)

where we have introduced ez = (0, e};) for covariance. Rather interestingly we witness the ap-
pearance of InR terms in the expansion of the field-strength near .#™. This is the electromag-
netic analogue of the ‘loss of peeling’ discussed by Damour in the gravitational context [37].

Radiative multipoles

We can also investigate the multipolar structure of the electromagnetic field near future null
infinity .#* directly, using their relation to the charge current [39],

1
Q. (U)=N, f d’x %, f dz (1—2) [(L + 1)} +R(z8y]° — dyj'ny)] , (33)
~1

with N, = (20+1)!1/ 2+1(¢+1)1and j = j(X, U+Rz) the retarded current. The hatted notation
stands for the symmetric tracefree part (STF), i.e., X; = x; . Using now dyj* = R719,j*
and integrating by parts, we can also write (33) as

i1...ig)

1
QL(U)=6e,oQo(U)+NMJd3x>“cL f dz(1—z2) (1 +2D)7%—227n)], (34)
—1

where the total electric charge can be computed as

Qo(U) = %f d3x [z5° —jini]il — %f Ax[J*X,U+R)+J*X,U—R)]

(35)
= J d®xJ*(X,U +Rz).
Here we introduced the charge density
J*X,U+Rz)=j"—zjin;, (36)
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whose integral over space is independent of z on account of the current conservation written
in the form [39]

d
X

The current corresponding to a point particle is given by (13), such that

j*=j"X,U+Rz) = eJ do —5(3)(}?22(0)) 5 (z — XO(Gr) — U) ‘Z’;ﬂ , (38)
and the multipole moments therefore read, for £ # 0,
Q(U) =N, ¢ eJ do %(1 e [(1 +zz)‘;—}§) ) ng );((g))] , (39)
with XO(0)—U
z(o0) = “Ro) (40)

Up to this point we have made no approximation. Let us now evaluate the multipole mo-
ments produced by a point particle following the accelerated trajectory (14). To simplify the
computation we can use a translation in order to set to zero the origin of the reference trajec-
tory y¥ = 0 (note that the distances yf , are invariant however). Up to order e3 (remember
Y# = 0(e?)) we have

QU)=Nylerk | doot™(1—2)2[(1+22 0 — 22 [7]]
[Vl
D . Y! -
+N;le VTL do ot 11—zt [(1 +22)Y%0)—22 &]
vl IVl
V1Y (0) (41)
+ N (2e J do %0‘7—2(1 — 22 [(1 42200 — 23 [7]]
—N;le % f do Yi(o)vi O'e_z(l —zz)’”]_1 [(1 + 2200 — 22 |17’|] ,
v
with z expanded as
0 _ YO =12 _ 0 _ U _Yi
2#0)= "2V a0 +0(e?), a0y = Do oZUYo)
[Vlo V302
We can invert this relation,
o(z)=6(2z)+60(z)+0(e?), (43)
with U
o(z)= —,
v — ||z
1916:(2)2 (Vo — U, Yi(0) = Yo7 o (44)
6o(z)=— 6z(6(2)) = !

|17|2U 0=6(z) '
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Using this to change the integration variable in (41), to order O(e®) we get

1

QL(U)=N;leD, Uff dz (V0 — [#]z) (1 =22 (1 + 220 — 22]9]
-1

1
+NyLed, U J dz ‘f—_a(vo — 92y D —22) [+ 2200 — 2217]]
1 o)

1
+N (L —1)e D, UHJ dz 50 (VO — [9l2) (1 — 22 [(1 +22)v°0 — 22(7] ]

- (45)

1
+Ng€ef/LUeJ dz (V0 — [9]z) D (1 —22)t 1[(1+22)Y0(cr) 2z
—1

Yi(&); }
vl

1
+N,l%e Ut f dz v —1Y1)(5) VO —Plz) "t (1 —22) ! [(1 + 220 — 2z|17|:|
—1

1
Nete WUZ 1 f dz Y& (00— [#]2) (1 —22) 7 [ + 220 — 2209 ],
-1

with &6(2) and 60 (2) given in (44), and

déo (v o —UW,Y{(&)+vOv,Yi(5)—|¥| (0Y0(0)+Y0(0))
do [V|2U

(46)

This is a fairly complicated expression, depending on the exact solution Y}'(o) given in (17).
Of interest to us is the structure of the multipoles as a function of the retarded time U, which
takes the form

Q)= Zq“’) Uk +Zq““) U= kan+Zq(1) Utk (47)
k=1

Here the factors q(o) are of the order of the electromagnetic coupling e while the first radiative

(In) 3

corrections g Lk and q(l) are of order e®. To be fully general we should also reinstate the

dependence on the origin of the trajectory y%, which we can achieved by performing the
coordinate transformation _
U U+y2+yin+0R™). (48)

This will not affect the coefficients of the expansion (47) that dominate the regime |U| — oo,
and which we can give explicitly fo future reference, namely

1
¢ =Nile, J dz (v0— [7]2) D1 — 22 (1 + 220 — 2207 (49)
-1

and

qS“f‘NﬂZ”u |2 sgn(U)f dz(v —9l2)” (15+1)(1 2)13 1[(1+z2)v —Zz|v|]
—N, 2 ele 2 sgn(U)J dz (V= 9l2) (A —2) T [(1+ 220 —2:07]]  (50)

+N 2 evy_icpysgn(U) f dz (vO = [912) {1 — 2D (1 + 2200 — 2207,
-1

where we have introduced the unit spacelike vector #* = (|¥|2,v°¥) for convenience. These
coefficients are only sensitive to the velocities v, of the charged particles but not of their impact
parameters Y,p.
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3 Antipodal matchings from multipole expansions

Due to the linearity (in the multipole moments) of the equations at hand, our analysis can be
broken down in a non-radiative case with terms of order O(e), and in radiative corrections
of order O(e®) dominated by a logarithmic term at large U. Thus we consider the multipole
moments

Q)= Zq(‘” UK+ n|Ujutt + 0, U, (51)

where q(o) ~ O(e) and q(ln) ~ 0(e®). Asis apparent from Eq. (2), the field strength will involve
der1vat1ves of the mu1t1pole moments. These are given by

{

s o=
8= ey U 7o L

Llﬁl n(lUNU=re,,,+0(U"1P), (52)
k=

where ©, is the discrete Heaviside distribution defined by

1, ifn=>0,
0, = i (53)
0, otherwise.

3.1 Non-radiative case: Antipodal matchings across spatial infinity

In this subsection, we explore matching relations across spatial infinity, for all components of
the field strength, stemming only from the tree-level O(e) contribution of Eq. (51).

Radial electric field Fyg. The radial component of the electric field is captured in the Fyp
component of the field strength. As shown in Eq. (A.8) of Appendix A.1, in a non-radiative
setting this component can be written

FUR Z Rn+2 UR - Z Z Rn+2 Ut kr}:'kUR (54)

n=0 k=0

Expanded in terms of multipoles, we have

n &0 Ce ({—n+2) (l—n+1) C n (—n)
FUR = Z ﬁ (QL+2(U)HL+2 — (E + 2)QL+1(U)nL+1) — %(n + 1) QL(U)nL . (55)
i—n ! !

It is convenient to project the field onto spherical harmonics. Projected on a given harmonics
ng,, with (n;|n;/) = Cy 644/, we find

C, (=)
e QL( )(Q L+l — Cnpr — (M + 1)C13n) . (56)

n
(Fypsnp) =
As shown by Eq. (11), the non-radiative condition at i constrains the multipole moments to
be polynomials. Therefore, the tree-level contribution to Fyy is given by

n,k C (L—k) 0

(FUR:nL> Z'(Tl k)' Lg k(( 1,n+1 — C¢,n+1 — (n+1)an)~ (57)

As mentioned in Appendix A.1, upon the change of coordinates U = V — 2R, the field strength
becomes

Fyp = ZZ Rn2 v kFVR: (58)

n=0 k=0

10
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with

+ j—k\ ntik
(FVR:nL Z( Z)J(n j )(FUR,”L)- (59)

j=0

n,k . n,k .
By explicit computation of the respective projections of Fyz(n') and Fyz(—n') on every level-£
harmonic, we find the important relation

Yn>0, 0<k<n, (60)

n,k ; 1) n,k ;
Fyp(n =(—1)" Fyr(—n s
()] = (1) Funn)|
where n' and —n' are antipodal points on the sphere. Hence, we find an infinite set of antipodal
matching relations for the radial electric field, to all orders in R and U. We note that for n =k,
this result was presented in [29] up to the factor (—1)". We investigated the origin of this sign

discrepancy and corrected the reasoning of [29], which we detail in Appendix B.

Radial magnetic field F45. The existence of antipodal matching conditions to any order in
R and U for the radial electric field suggests that similar matching conditions also exist for the
magnetic field, in the non-radiative case. In Appendix A.2, we show that at first order in the
coupling constant, F,z can be expanded as

FAB=2R1 5 = ZZRHU”FABf 61)
-

n=0 k=0
As F 3 is antisymmetric, all projections onto symmetric tensor spherical harmonics will trivially
vanish. Hence, the only non-trivial projection will involve the Levi-Civita symbol 5. Using
the standard choice of the relative orientation of the sphere with respect to the orientation of
Euclidean space,
e2Bel eB = euknk (62)

we find

n 1 0+1)
e™BF 5 = Z mcun,n(f +n+Dnpne Mpna(U)

oo (63)
1 (0
+ ; mcun—m—l@ +n)2n+£€—1)n; yMpn(U).
Projected on arbitrary harmonics n;, we find
n C (t—n)
@%Fﬁ,m):E?f%iﬁpmﬁ{n+e+nqqm4)MﬂU) (64)
Plugging in the non-radiative constraint (11) then results in
AB™ G (U=K) _(0
(e FAB|U¢_+’HL) =1 (n—k)! q g cmin + L+ 1)c g 1) (65)
Similarly to the radial electric field, using the transformation U — V — 2R, we find
0o n 1 kn’k
— n—
Fug —ZZEV Fas - (66)
n=0 k=0
with
n+j—k
FAB|f Z( 2)]( ] )FAB|ﬂi' (67)

Just as for the radial electric field, we ﬁnd the followmg infinite set of antipodal matching
relations across spatial infinity,
—( " ¥, a(—n )

FAB(n) Yn>0, 0<k<n. (68)
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Transverse electric field Fy;4. We can also show that antipodal matching relations across

i¥ exist for the remaining components of the field strength. Let us start with the transverse

electric field Fy;4. We define the expansions

oo

=SS LSS Ly (69)

n=0 k=0 n=0 k=0

The exact expansion for Fy, is given by Eq. (A.5). Let us first consider the electric contribution
by setting the magnetic multipole moments to zero. We will restore them at the end. Then,
we find

oo oo c -(6”2% ) d})( )
— E] il L A
FUA_;);@H)' ens + L0+ 1) =pra el My iy
- (70)
0o ©o (t—j+1) (—7)
_ 1 Qi (U) ; Q. (U)
_Zz(e-i_l)' Cl,j+1—le+1 eA L+ ej(€+1) R]+1 3AnL B
j=0 {=j |
that is
n+1 1 (t=n+1
Fya= Z (L +1)! [ Cen+1 QIL(U)eA”L +cn(l+ 1)QL(U)aAnL:| (71)
{=n '

This has to be projected on even or odd vector harmonics D*n;, or e*8Dgn;,, respectively.
We can show that the projection onto the odd vector harmonics vanishes as a result of the
antisymmetry of the Levi-Civita tensor and the symmetry of the multipoles. Thus, only the even
projection remains, which, upon integration by parts, boils down to computing the divergence
of (71). With DADyn; = —£(£ + 1)n, this is

n+1 s n (—n+1 n (—n)
DAF yu= ZH[(;JFT)' (U)( —2n;n; + Dan'Dn; ) — —’!12(5 + 1)QL(U)nL} ) (72)

Since Q;;(U) is totally symmetric, we have
QlL(U)J dQDAni DAnL ng, = 14 QijL_l(U)J dQDAni DAn]- ny_qnp

(73)
=—{ QL+1(U)J dQn . np,

where we used the identity DAniDAnJ- = 0;; —nyn; and the tracelessness of the multipole
moments. Then,

n+1 A f (t—n)

< FUA’D TlL> ' QL(U) (Ce_l’n+1(e + 1) + Cg’nf(e + 1)) . (74)

Plugging in the tree-level multipole moment, exactly as in the two previous cases, one finds
the following matching relations across spatial infinity,

n+1,k+1
FUA(n )

n+1,k+1 .
_(—1)n Fyu(—n') P Vn>=0, 0<k<n, (75)
+

where the coefficients of the expansions have been found to satisfy

n+ij—k n+1+1k+1
Z( /(")

By explicit computation, we were able to derive the result (75) in the presence of all magnetic
multipole moments as well. The derivation is similar to the one explicitly displayed here.

n+1 k+1

. (76)
A
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Component Fr,. Finally we turn to Fp4 which mixes the transverse parts of the electric and
magnetic fields. We define the expansion coefficients as

FRA Z Rn+1 RA ZZ Rn+1

n=0 k=0

) (77)
y_*

Again, we first set the magnetic multipole moments to zero for simplicity of the presenta-
tion. We have

(t—n) (€—n+1)
Cin QL(U) Q1 (U) (Tl oany, + (n+1)n; nL)
Fra= ZZ Rn+1 Oany, — Rn+1 ((+1) ’ (78)
n=0/{=n
and thus ( )
oo
n c (t—n+1) n;ioan; +(n+1)dsn;n
Fra=D 0 ( QL(U)Bym, — Qpp (U) 2t . (79)
=t £+1)
Again, the projection on odd vector harmonics vanishes. We find
n A CZ (e—n)
(Fpa,D"np) = m Q.(U) (5(3 + Degn — cp—,n(€ + 1) + n)) ) (80)

which vanishes when n = 0 as expected from Appendix A.1. From this projection, we find the
following matching relations:

n,k . 1 n,k .
Fra(n)] o = (1" Fra(-nD)[,-,  Vn20, 0<k<n, 81
obtained from
n,k & (n+j—k n+j,k n+j+1,k+1
Fral - = Z(_Z)J( j )( Fra g+ =2 FUAM) : (82)
j=0

The result extends straightforwardly in the presence of magnetic multipole moments. Note
that the factor (—1)"*! in the antipodal matching relation differs by —1 compared to the other
components of the field strength. This is purely due to us artificially starting the radial ex-
pansion at .#* at order O(R™!) although Fy, is actually zero at that order. While the term

0

Fpa vanishes at .#*, the analogous term does not vanish at .#~. In order to write a uniform
expansion between both null infinities we kept that notation here. This only occurs for this
field strength component.

3.2 Multipoles as charges

In this section, we will derive the electric multiple moment Q; (U) as a Noether charge associ-
ated with a specific gauge parameter ¢. The charge formula in the case of electromagnetism
is

Qle]l= ZFP}S dQ +/—geFyg, (83)

where usually the finite part FP is the finite value in the limit R — co. Here, we will derive a
prescription for € such that the finite part, which will remove in general diverging terms in the
large R expansion, will provide a definition of the electric non-radiative charges qzr’k extracted
from non-radiative fields where the multipolar moments are functions of the non-radiative

¢
charges, Q, = >}, _, qz,k ut.
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First, let us derive the solutions to the wave equation

Oe=0, (84)

including those that do not vanish at infinity. We will work in retarded coordinates with metric
ds? = —dU? —2dUdR + R%dQ? such that ,/—g = R?. The wave operator can be written

1
e (85)
=R %[ Gp(R?0re) — Gp(R*0ye) —R?0y Oe + V¢ ],
where V2 is the Laplacian on the sphere. We will use the ansatz
8=ka(x)nL, x=R/U, (86)
in which case the wave equation reduces to
(2x3 +x2)f"(x) + [(Zk +4)x? + (2k + 2)x]f’(x) +[k(k+1)—£2(+1)]f(x)=0. (87)
The general solutions are given by hypergeometric functions,

f]_(x) = x_e_k_l ZFI[_E —k— ]‘J_eJ_zeJ_zx] 5

—k (88)

fz(X) =x 2F1[€ + ].,E —k,2€ + 2,_2X] .

In the large x limit, we have f, = O(x?). We select the solution f, with k ranging from O to £.
For k = £, we recover the solution f, =1 used in [44].
We recall the field for non-radiative configurations,

©& o | Qo) ‘o) Q)
. j L+1 L . L
FUR_ZOEZ(E-i_l)' R+ nL+1—(€+1)( Ri+1 +(_]+1) RI+2 )TT.L . (89)
j=0 t=j

For a given £ > 0 and any k > 0, the charge (83) diverges as R**!. Our prescription is to
ignore all divergences and capture the finite part of the expression. After some small algebra,
we find it is exactly given by

(e=k)

Qle]=frrQL(U), (90)
where the normalization factor is

2k=21(2¢ + 1)1 k+1
= Op_j—oCp_ —O_i_ +0,_ . 1
fex é!(2£+1)!!(k+£—1)!( (—k—2C0—1,k+1 — Or—k—1C¢ k+1 T Oy k£+1clz,k) o)

For k = {, only the third term is present in f; ;. For k = { —1 the second and third term are
present while for 0 < k < ¢ —2 all terms are present. It is obvious from the charge expression
(90) that using the £ + 1 integer values of k in the range 0 < k < £, we can deduce the values
of all non-radiative electric multipoles qzr’k for a given £.

3.3 Radiative case: Antipodal matchings for logarithmic corrections at .#*

The authors of [30] postulated a matching relation between logarithmic contributions to the
field strength between .#* and .#~. The postulated matching relation is expressed as

0,lnU ) 0,lnV )
Fra(n)| o = Frra(-n))|,_, (92)

14


https://scipost.org
https://scipost.org/SciPostPhysCore.8.4.066

SC|| SciPost Phys. Core 8, 066 (2025)

where the field strength was expanded as

InR1In 10
Fra FFRA+EFRA+..., (93)
with
0 i U—>:|:oo i Olr;:U 0
Fpa(U,n)| . UF RA(n)+1nU FEpa(n) +0(U?),

0,lnV (94)

IgRA(V,ni)\ﬂ_ = VF RA(n)+an FEpa(n) +0(V9).

Importantly, we have shown that the presence of In U terms at .#* does not imply the existence
of InV terms at .~ , such that (92) does not make sense in our view.

Instead, we show that antipodal matching relations exist between InU terms at .¢#* and
InR terms at .¢~, in agreement with the findings of Bhaktar [23,38]. First, note that Egs. (56),
(64), (74) and (80) do not depend on the nature of the multipole moment. As shown in Section
2.2, radiation induces, at null infinity and for each multipole moment Q;(U) with £ > 1, an
infinite number of new terms at order O(e®) dominated by In|U|U*"!. In Appendix A.2, we
state all the expansions for the O(e®) contributions to the field strength at .#* and how they
translate at ™. Given that the transformation laws from the In U to InR terms are the same as
the ones for the non-radiative contributions, we can immediately infer that antipodal matching
relations will also exist between these terms. For instance, for the radial electric field Fyg, we
recall that that the projection on arbitrary harmonics n; is given by Eq. (56). Plugging the
dominant logarithmic contribution of Eq. (52), we get

n+1,In

( Fug,ny)=—qHn (coimsz—Conra—(M+2)cpnp1) - (95)

[ l

Up to a £-dependent factor, this has the same exact form as the tree-level expression (56)
where we shift n+— n+ 1 and we set k = 0. From this, we find

n+1,In

Fyg(n' )|y+ =(— 1)n+1 FVR( n )|y* (96)

Likewise, we get antipodal matchings for the other logarithmic contributions to the field
strength,

n+1,ln +1
FUA(n )’y =(-1)" FVA( n)|y > 97)
n+1,ln 1
Fp(n)] o = (1™ Fan(on WNy- (98)
and
n+l,n n+1,ln .
Fra(n) = = (=1)" Fra(=n?)|,, (99)

where we remind the reader that quantities at .#* depend logarithmically on U, see Egs.
(A.21), (A.26), (A.29) and (A.32) while those at .#_ depend logarithmically on R, see Egs.
(A.24), (A.27), (A.30) and (A.33).

Let us note that the antipodal relation (99) for n = 0 had been first proposed in [38]
as a way to reproduce the logarithmic soft photon theorem, as discussed in the next section,
and subsequently proved to hold for the electromagnetic field produced by a set of charged
point particles in [23]. Here we have shown that there exist such antipodal relations in all
components of the electromagnetic field and to all orders in R. Moreover, our derivation does
not rely on a particular set of solutions such as those associated with charged point particles,
but rather on the validity of the asymptotic expansion (51). This broadens the applicability of
the antipodal matching relations.
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4 Logarithmic soft photon theorem

As a direct application of the antipodal matching relations obtained in the previous section,
we turn to the derivation of the logarithmic soft photon theorem in its classical form. While
the antipodal matching relation (92) used as a starting point for the derivation in [30] is
incorrect, a substantial part of their analysis still applies. After deriving our results, we got
aware of the work [38] which derives the logarithmic soft photon theorem from the correct
antipodal matching relation, which was conjectured in that work. Our derivation therefore
complements the alternative derivation of [38] based on different methods.

We start from the antipodal matching relation (99) with n = 0, namely

1,In 1,In
Fra(m)| - = Fra(-=n)| -, (100)

which we integrate over the sphere against some arbitrary vector field V4(n),

1,In 1,ln
Q[vi=- f VA Fra(n)| 0 = — f VA Fra(—n)| .- =Q-[V], (101)

where we keep the conventional minus sign used in [30]. We will discuss Q. and Q_ separately,
with the analysis of Q. following closely that of [30]. In particular, using the asymptotic
expansion (C.4) of the Maxwell field, we can write

Lin . 2424 Oo 272k . 2424
Fra| =— lim U%3[Fp, = dU 3y[U83Fpa] — lim U?3[Fpy
o~ —o° (102)
1 1,In
:f dUaU[UzaﬁFRA]+FRA|y++,
—00

where assumed that the expansion in U — 0o towards .#;" has a structure similar to that at

1
#*. Then using the equation of motion (C.13) determining J;;Fg4, we have

oo
Tl = | auay[UPay[F yu—DPF s —q?],T] + Fas 103
RA|J,_+— u[U=9y[Fya Ba—q Jall+ RAlgf - (103)

—0Q

Here we will assume a scattering of massive charged particles such that the charged current
1

ja at #* can be set to zero. On the other hand we use the U-expansion (C.2) of F;, to show

that this term does not actually contribute to the integral, such that

(oe)
1I~ln | ——f dU 8,[U?%8 DEF ]+11’~ln | (104)
RA| g+ = U U BA RA| g -

—0Q

This allows to split the charge Q. [V] into two contributions,

Q. [VI=Q¥Mv]+Qhi[v], (105)
with

0
QMv]= f VAoy[U?0yDPFpal,
- .y (106)
,In
Qhrdv]= —§ vA FRA|y++ )
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In [30] it is shown that the hard charge can be written in terms of the logarithmic component
of the charged matter current j, on the ‘blow-up’ hyperboloid Hj of future timelike infinity i*,
namely

hard _ a In
Q" [V]l= Vi) Ja(y), (107)
Hi

where the vector field V(y) = V*(y)dy, on the hyperboloid Hj is explicitly given by
1
VEy) = o— ¢ (—a(m) - v(y) 5, ()L (m)VAn). (108)
8m u

Here g* = (1,n') and v*(y) are embeddings of the celestial sphere and of the hyperboloid H,
into Minkowski space M, satisfying in particular g> = 0 and v?> = —1. The quantities J ﬁv(y)
and LZ "(n) are representations of the Lorentz generators on H; and on the celestial sphere,
respectively given by

Ly =q"dxq" —q"0aq",

(109)
JEY =vEg,vY —v¥o,vH.
In Fourier space, the soft charge can be written [30]
soft : 2 A B 0
QY[V]= ol)lg})aww 9, ¢ V4(n)D,D°Ag(w,n), (110)

in terms of the asymptotic photon field A%(w, n). Furthermore the authors of [30] show that
upon quantization, the hard charge evaluated in a state |out) consisting of a set of outgoing
massive charged particles is given by

V()3 (#)Iout), (111)
o

where we recall that the velocities v,(y,) are implicitly parametrized by the coordinates y.
Indeed the blow-up hyperboloid Hj also plays the role of (normalized) momentum mass-shell
for the massive particle states [45].

Now we turn to the analysis of Q_[V ], which departs entirely from that presented in [30],
although its final expression will be the desired one. For a set of massive charged particles
incoming from past timelike infinity i, we have explicitly computed in (32) the corresponding
field component

hard _
Q" [V]lout) = 4 p—

a,b €out

u v
Ll . e €4 (cuvv c vu)n
Fra(),-= D 2% S (112)
" a€in 4mn (n‘va)

where we recall that n, = (1,n;) and eﬁ = (0, ei). Thus evaluation at the antipodal point
instead gives

b o,y s o=y
RA —nNn _ = .
7 aein47-E ( q°va)3
With this let us prove that Q_[V] as defined in (101) also equals the analogue of the hard
charge (111) for ingoing particles, namely

2
hard — ea Ve Va " Vb
Qrdfvi= > py— Vi3 [ (va.Vb)z_l]. (114)

a,bein

(113)
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To show this, let us first insert (108) in this expression, yielding

Q)= Y et %( g v) VALY (M2, () ;;[ —(VVG;V;’Z 1]. (115)
a a"Vp)m T

a,bein
We have
a . a,,b _ ,,a,b
“ (V) d [,/ =5 —] __TwOadeva e vy vy , aie
! Oyg Lv/(vg- v —1 [(vg-vp)2 =112 [(vg-vp)2—1]3/2
where the last equation follows from the resolution of the identity
0qVy, 0%vy =My, + Vv, (117)
Hence we can write
e ey yb—yayb
hard _ A uv Vy vu
QE[V]= Z 3272m, }( q-v) 2V (n)L, (n)[( P17
a,bein
-(f( q-ve) VA(n)LW(n)(v c —vgcﬁ) (118)
a€1n
3Aq“(c v&—civ®)q” 1,In .
jg P = f VA(n) Fra(-—n)| -,
aem (_q : Va)

recovering the original expression (101), and thereby establishing Q_[V] = Q™ [V].

We now have everything at our disposal to derive the classical part of the logarithmic soft
photon theorem. Indeed, assuming that the scattering dynamics encoded in the S-matrix does
not violate the conservation of the charge Q[V]=Q.[V]=Q_[V], we can write

[Q[V],S]=0, (119)
or equivalently
(out|Q**M[V1S]in) = (out|SQ™™ [V ]|in) — (out|Q"*™ [V ]S]in) . (120)

With the expressions of the charges given in Eqs. (110)-(111) and Eq. (114), it was shown by
the authors of [30] that the identity (120) is nothing but a rewriting of the classical logarithmic
soft photon theorem as originally presented in [18].

In summary, the systematic study initiated here has revealed new sets of antipodal match-
ing relations at tree level (60)-(68)-(75)-(81), and at first order in matter-field interactions
(97)-(98)-(99), which were mostly previously unknown. We have confirmed and broadened
the applicability of the antipodal relation (99) for n = 0 that had been put forward in [23,38],
and which underlies the logarithmic soft photon theorem. Given that these antipodal matching
relations control multipoles sitting at all orders in the large-R and large-U expansions, we can
expect that they control sub"-leading soft photon theorems to all orders in the soft expansion,
such as those discussed in [22,46-49]. We leave this exciting prospect to future investigations.

Acknowledgments

Funding information GC is Research Director of the FNRS. DF benefits from a FRIA Fellow-
ship from the FNRS. KN is supported by a Postdoctoral Fellowship granted by the FNRS.

18


https://scipost.org
https://scipost.org/SciPostPhysCore.8.4.066

SC|| SciPost Phys. Core 8, 066 (2025)

A Multipole expansions for the electromagnetic fields

In this section, we describe the most general form of each component of the electromagnetic
field, first at spatial infinity, i.e. in a non-radiative setting, and then when radiation is included.
The multipole moments we consider are given by Eq. (51), and their derivatives by Eq. (52).
In retarded spherical coordinates (U,R,X%), we have

(e—j+1) ()
aAO(TX)—ZZ (QF(U)+(J'+£+ )QL(U))ninL—e—QL‘(U)a

=0 j= = ¢ R+ Ri+2 Ri+z Qi Ty |
(A.1)
Q) _e+1 (My(v) My, (U)
iL + bl
orA(LX )_Z(;Z(;(€+1)I Ri+1 _€+28iab( Rt +( +1+€)W)na n,
j
(A.2)
and
(6k+2)(U) (eékﬂ%U)
iL iL
GA;(T, X )_ZZ“"‘D' - Iikﬂ +(k+£+1) };k+2 ning (A.3)
£=0 k=0
(0—k+1) (=) (k1)
(L +1)>? M,,;(U) My, (U) antv)
_ {12 €jab Rk+2 + (k +{+ 1) REk+3 5i(anL) ewéi(ilniz"'niz)

(—k+2) (—k+1) (Z k)
+1 My (U) My (U) My (U)
+m€jabninanL( RkL+1 + (2k+20 +3) o= + (k+ L+ 1)k +€+3) lf+3

From these, we find that the radial electric field is given by

oxHox” ;
Fyr= ﬁﬁ_RF‘” =nFr;
oo ¢ (t—+2) (t=j+1) = (A.4)
~ ¢ | Q) Q. () Q.(U)
—;J_:ZO(HD! e — WD S D
the transverse electric field by
ox*oxv
UA = aU 3XA pH)_ReAFTl
(t—j+2) —j+2) (f—]+1)
G4SN | QuU) e+t MbL(U)+( 1M |
Ao+ | R 42 R R | (A.5)
SES Q)
L\Y) A
+ZZ( 1)|£(£+1) Ri+1 €, iy =+ Tligy >

—
Il

o

~
I
—.
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and the sum of the transverse components of the electric and magnetic field as

ox* ox”
Fpa= ﬁmﬂ” Fys+Rn' eAFl]
cu | QW) “QW) (njaany + (k + 1Dayn;ny)
_Z(:uzk R AT i €+1 (A.6)
1 (11\12-1) (U) (= k;L( )
+m€f‘”’ (kw +k+1D)(k+€+1)——— RkT2 )eAn n;

Finally, we compute the expansion for the magnetic field projected on the sphere. Because the
multipole moments are totally symmetric, we find that only the magnetic multipoles contribute
to this component:

_ 9X* ox” )
= axaaxe e =ReekeaFy

. Gy .
_Zze'(£+2) J“”ei‘(egnLJr”aaB”L)( ;( )t v e 1€£1)

(L—k+1) (L—k ) (A '7)

A.1 Non-radiative expansions at i°

In this subsection, equipped with the exact expressions (A.4)-(A.7) for the electromagnetic
fields, we consider only the first, polynomial, contribution to Eq. (52). Let us introduce the
index d defined as the difference between the multipole index of Q;(U) and the order of
differentiation we apply to this multipole. At spatial infinity, any contribution with d < 0
vanishes, and d > 0 will involve polynomials of order d. From the expansions (A.4)-(A.7), we
see that this index d increases by one with every decreasing order in the radial coordinate R.
Then, the whole (U, R) structure of the electromagnetic field components at spatial infinity is
determined by the index d of the leading radial order terms.

Radial electric field Although Eq. (A.4) formally involves O(R™!) terms, one can observe
that all the multipoles contributing to this order have d = —1 and thus vanish. As explained
above, the first non-vanishing order will carry an index d = 0, and so on. We find that, at
spatial infinity, the radial electric field can be written as

[e%)
_ 1 n— knk
n= n=0 k=0

When going to advanced spherical coordinates with U = V — 2R, the field strength transforms
as Fyg(V,R,X*) = Fyr(U(V,R,X"),R,X") and

FVR ZRn-ﬁ-Z VR ™ ZZRn+2 48 kanVR’ (A9)

n=0k=0

with

n,k as (n+i—k\ntik
FVR:Z(_Z)]( j ) FUR' (A.].O)

j=0
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Indeed,

oo n n—k

ZZRH+2 v kFUR_ZZZ Rn— ]+2( Z)Jvn k_J(n -k)r}“'kUR

n=0 k=0 n=0 k=0 j=0
oo n k
S L (R
R-i+2 j+n) R
n=0 k=0 j=—n
oo n n
1 _ n— k\nk
:Z RJ+2(_ )n JV] k( B .)FUR
n=0k=0 j=k n—=j
n=0 j=0 k=0 j=0n=j k=0
o0 n oo
1 _ n+j—k\ntik
I ol (i b
n=0 k=0 j=0 J

where, in the first and last lines, we respectively use Leibniz’s differentiation rule and perform
the successive transformations n — n— j and n <« j. Although the sum over j seemingly
sweeps all the positive integers, it is naturally truncated by the definition of the c;,, coefficients
introduced in Eq. (3), which vanish for m > £.

Transverse electric field The first non-vanishing order in the radial coordinate is O(R™})
with d = 0. Then,

oo

Fya= Z Rn+1 - Z Z Rn+1 n+1 kJAl ? (A1D)

n=0 n=0 k=0

where the n+1 and k+1 superscripts are chosen for notational convenience, as will be apparent
in the last section. When going to advanced coordinates, the field strength transforms trivially
as Fy(V,R,X*) = Fy,(U(V,R,X"),R,X*) and

o)
Fyp= Z Rn+1 Z Z Rn+1 n+1 ,;;1 ? (A12)

n=0 n=0 k=0

with

nLk+l & n+i—k\ntitLk+1
FVA == Z(—Z)J( j ) FUA . (A.].B)
j=0

Fgrs component One can check that the O(R™!) contribution to Fy, vanishes for any multi-
pole moment: we have

11 (© 1 @ _
Fra = R Z I (QL(U)aAnL it QL+1(U)aAnL+1) +O(R™2). (A.14)
=0 ""

By shifting the summation index in the second term, we find that the two O(R™!) contributions
cancel each other, and the first non-trivial order has d = 1. Nevertheless, in order to simplify
our analysis of the matching relations by homogenising the expansions at future and past null
infinities, let us write

Fra = ZRnH RA ™ ZZRnH ur knFI;A gt (A.15)

n=0 k=0
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0,0
where we acknowledge that Fg,

P vanishes. Going to advanced coordinates, the Jacobian

matrix is non-trivial: Frs(V,R,X?) = Fga(U(V,R),R,X?) — 2F;4(U(V,R),R,X?) and Fy4 can be
expanded as

Fra = ZZ otV E (A.16)
n=0k=0 uﬂ
with
nk 0 (n+j— k n+j,k n+j+1,k+1
FRA|J+_ :Z(—zy( ; )( Fra| yv —2 " ) . (A.17)
j=0

Note that Fg, has a non-trivial O(R™!) contribution in advanced coordinates.

Radial magnetic field From (A.7), we straightforwardly find

Fup = Z—FAB ZZRHU”"FABDH (A.18)

n=0 k=0
and -~
Lok
Fag :Z AB ™ ZZRn+1 AB|ﬂ;’ (A.19)
n=0 n=0 k=0
with
Fusl,- Z( 2)1(’”; k) Eag e (A.20)

A.2 Field expansions at .#*: Radiative corrections

We now turn to the O(e2) corrections to the multipole moments given in (52).

Radial electric field From (52) and (A.4), we find the O(e2) contributions to the radial
electric field to be given by

oo

1 _
FURzzR — In|U|U" FUR+ZR+ZO(U“ 1, (A.21)

n+1,ln
where the Fyjp coefficients are generated by the logarithmic part of (51). We now go to

advanced coordinates. Note that

V m
In|U|=In(2R—V)=InR+1n2 s A.22
n|U] = In( )HHZ(ZR) (A.22)
and -~
_1 m _1 m
y-m = &V (m+k )(1) . (A.23)
2mRm k 2R
k=0
Then, at .#~, we find
et 1 n+1
Fyp= ZR FVR +Z Rni3 o), (A.24)
n=0
with -
n+1,ln n+ .n+j+1,ln
FVR:Z( ] J)( 2)] FUR . (A.25)
j=0

Notice that the transformation law for the angular coefficients of the logarithmic terms is the
same as for the tree-level contributions, where k = 0.
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Transverse electric field Performing the same steps as for Fyp, we find

oo

1
FUA—ZAR — In|U|U" FUA+Z—O(U” 2), (A.26)

at .#*. Radiation induces overleading contributions to Fy;, in the radial coordinate. However,
these contributions carry a negative power of U and therefore will be strongly suppressed in
the neighbourhood of spatial infinity. At .#~, we find

i 1 n+2,ln i
FVA—ZR—lnRV" FVA+ZR —o(v"), (A.27)
n=0
with
n+2,In n+ .n+j+2,In
FVA_Z( j ])(— Y Fya. (A.28)

j=0

Fgra component At order #%, at order O(e®), we have

= 1 nn+1,1n o 1 .
FRA:Z(:)RH+2 In|U|U FRA|U¢_+ +Z(:)RH+ZO(U ). (A.29)
n= n=

At .#7, this translates to

n+1,ln

Fap = Z g IRV Fpal - + Z 0™, (A.30)
with
n+1,In n+j n+j+1,1 n+j+2,1
Fpal - = Z( ; )( 2)! ( Fga| o —2 FUAL+) : (A.31)

j=0

Radial magnetic field Finally, we find that the subleading corrections to the radial magnetic
field can be written as

e 1 nn+1,1n 0 1 -
Fap =ZJRH+1 In|UlU FABlyﬁZﬁO(U ). (A32)
n= n=

Thus, we find the following expansion at £~ for Fyz:

n+1,In
Fup = Z -InRV" 1~"A,3|j,,+zm+1 oM, (A.33)
with
n+1,ln Tl+] n+j+1,1
FAB|f Z( Z)J( j ) FABTy_*' (A.34)
j=0

B Maxwell equations at spatial infinity

In order to confirm the factor (—1)" in (60) which is absent in [29], we revisit the analysis
presented there. The starting point is a foliation of the outer lightcone in Minkowski spacetime
by three-dimensional de Sitter hyperboloids (dS;),

ds®> =dp*+ p*hyp dx®dxF, (B.1)
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with radial coordinate p = ,/X#X,. The components of the field strength are expanded at
large p, i.e., in a neighborhood of spatial infinity i®. Maxwell equations are found to impose
hyperbolic second order differential equations on the resulting tensor fields, among which
equation (5.10) in [29], namely

n
D*F,=0, [D*+(n*—2)]F,=0. (B.2)

n
Here F, is a vector field on the unit dS; hyperboloid, with D, the corresponding covariant

n
derivative. It is denoted F ,, in [29] and appears in the asymptotic expansion near i% as men-

tioned above. Instead of the coordinates used in [29], we now cover the unit dS; hyperboloid
with coordinates x* = (7, x*) and corresponding metric

hop dx® dxP = —dt? + cosh® Ty, dx*dx5, (B.3)

where x? are generic coordinates on the unit sphere with metric y,5 and covariant derivative

V,. We then need to explicitly solve the dynamical equations (B.2), which we do following
the methodology of [50]. The non-zero Christoffel symbols are given by

I, =tanh T hyg, FI’;‘T =tanh~ 5‘3 , FACB = FACB[}/] , (B.4)
such that
n 1 n n n
Dy = =0, (v “h haﬂpﬁ) — cosh2 ¢ [—af(coshz TE)+ VAFA] ., (B5)
and

n n n
D’F_ = (—33 —2tanh 1 3, +2tanh® 7 + cosh 2 7 Vz) F.—2tanhtcosh™ 7 VAF,. (B.6)
Hence, the equations (B.2) imply
An 2 n
V#F, =cosh“7 (9, +2tanhT)F ., (B.7)

and .
[—33 —4tanh 1 3, —2tanh® T + cosh 2 7 V2 + (n? — 2)] F.=0. (B.8)

We now change the time variable s = tanh T € (—1, 1) such that the latter becomes

F.=0. (B.9)

2s2+2—n%]n
|:(1—52)852+2585—V2+51—2n]
—3S

n
To solve this equation, we decompose F . in spherical harmonics,
n n .
Fo=(1—-5%) ) Fiu(s)Y"(n'), (B.10)
Im

such that the coefficients must satisfy the ordinary differential equation

2 n
[(1—52)352—2535+l(l+1)—#]1~"lm(s)=o, (B.11)

whose solutions are the Legendre functions P;'(s) and Q] (s). In the limit T — oo and forl > n,
they have the asymptotic behavior

Pi(s)=0((1—s)"H=0(e™), QNs)=0((1—s)"™*)=0(e""). (B.12)
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As suggested by the analysis in [29] we discard the growing solutions Q}'(s). The parity prop-
erties of P/'(s) and Ylm(ni) then implies the antipodal matching relation

n . n .

F.(—7,—n')=(—1)"F (7,n"). (B.13)
To explicitly compare with [29], we need to use their time coordinate 7 = sinh 7. We thus find

n 1 n 3

F:=cosh™TtF_ =0(7"""), (B.14)

whose behavior at large time is in agreement with the findings of [29]. Dropping tildes and
following these authors, we introduce the late- and early-time expansions

o= F (nl) (z — 00)
F. =1 " "F(n)+... T — 0Q),
- . (B.15)
F,=1 "3 Fm)+... (T —» —00),
such that the parity relation (B.13) now reads
n,— . n+ .
F(—n')=—F (nY). (B.16)

As a last step, we turn to retarded and advanced coordinates
R=pV1+12, U=p(T—\/1+T2), V=p(T+ 1+72), (B.17)

such that the components Fyr and Fyy of interest are related to F,,; by

P P
F_ =———Fp; = ———Fpy. (B.18)
Ve Y vire
In the limit T — oo we have
-1 -1 1
U =p (—27+...), UR=——+..., (B.19)
272
while for T — —o0 we have
-1 -1 1
vi=pl(=2t+...)), V/R=—+... (B.20)
272

Plugging this in the expansion (5.17) in [29], namely

Fry = Z Z(l/u)e+2(u/")k+2 ’%iw(ni) , Fpy = Z:Z:(l/\/)IZJ“Z(l//r)kJr2 I%ERV(ni) , (B.21)

(=0 k=( =0 k=(

one makes the identification

n,+ . n,n . n,— . 1 n,n .

F (n') = Fgy(n'), F (n') = (—1)""! Fgy(nh). (B.22)
Thus, the antipodal matching (B.16) amounts to

n,n . n,n .
Fry(—n') P (=1)" Fry(n') P (B.23)

+

thereby confirming our result (60) in the case k = n.
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C Maxwell equations at null infinity

Combining the results of the Appendix A, we find the following field strength components up
to order O(e>):

1,1

1 /0,0 3 1 1 1,0 1,In 3 .0
FUR:I?(FUR‘FO(C ,U™ ))+1¥(FUR+UFUR+IH|U| FUR+O(e ,U ))+O(1/R4), (Cl)

~~

0 1

Fur Fyr
3 —2 1Ll 3 -1
FUAZO(G,U )+§ FUA+O(e ,U )

Fua }
Fya

1 /22 2,1 2,In s o 5

+}§ Fya+UFys+In|U| Fya+0(e”’,U”) | +O(1/R%), (C.2)

2
Fya

0,0 S 1/ 10 1,1 1In 3 0 )
Fpp = Fag|,+ +0(,U") 2 UFag| o + Fap| o + 10 |U| Egg| . +0(e%,U%) | +O(1/R?),

0 1

Fag Fag
(C.3)
1 /11 1,0 1,ln s o
Fpa = ]@(FRADj +U Fra| 4+ +In|U| Fga| .+ +0(e?,U ))
e
Fpa
1 (22 2,1 52,0 2,ln 5 .
+ ( Fpal gt U Fra| ot U Fra| ot UIn|U| Frg| .+ +OCe ,U)) +0(1/RY). (C.4)
2
Fpa
In retarded spherical coordinates, flat space is described by the metric
ds* =—dU?—2dUdR +R*dQ3, (C.5)

with dQ% the standard metric on the two-sphere. In these coordinates, the Maxwell equations
Ve q, = ezju become

—3R (RZFUR) + R2 aUFUR - DAFuA - 62R2]U N (C.6)
—3(R®Fyg) + D Fgy = ?R%jz, (c.7
—R?8 Fpy + R%0g (Fra— Fyn) — DBF 5 = €®R%j,. (C.8)

These equations are supplemented by the Bianchi identities ¢, F,,1 = 0. They match in stereo-
graphic coordinates with Eq. (2.3) of [24]. They match with [29] after inverting the convention
for the current j, — —j,. We also have current conservation

Or(R%jr +R%jy) + R*0yjg + D*ju=0. (C.9)

Assuming the falloffs

0 0 0
ju=R2jy,+0R™®), jr=R*jR+0R™), js=R?2%j,+0R™), (C.10)
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the leading order of the Maxwell equations is given by

0 40 50
—3UFUR+D FUA:_e JU’ (C.].l)

1 4l ,0

1 1 BO 20
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