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Abstract

We investigate the entanglement structure of a generic M-particle Bethe wavefunction
(not necessarily an eigenstate of an integrable model) on a 1d lattice by dividing the
lattice into L parts and decomposing the wavefunction into a sum of products of L local
wavefunctions. Using the fact that a Bethe wavefunction accepts a fractal multipartite
decomposition - it can always be written as a linear combination of LM products of L
local wavefunctions, where each local wavefunction is in turn also a Bethe wavefunction
— we then build exact, analytical tensor network representations with finite bond dimen-
sion y = 2M_ for a generic planar tree tensor network (TTN), which includes a matrix
product states (MPS) and a regular binary TTN as prominent particular cases. For a
regular binary tree, the network has depth log,(N/M) and can be transformed into an
adaptive quantum circuit of the same depth, composed of unitary gates acting on 2M-
dimensional qudits and mid-circuit measurements, that deterministically prepares the
Bethe wavefunction. Finally, we put forward a much larger class of generalized Bethe
wavefunctions, for which the above decompositions, tensor network and quantum cir-
cuit representations are also possible.
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1 Introduction

Motivation: Integrable many-body Hamiltonians in one spatial dimension are a special class
of models characterized by an extensive number of locally conserved quantities. Using the
Bethe Ansatz, introduced by Hans Bethe in 1931 for the spin half Heisenberg model [1],
we can solve a variety of integrable models with particle number conservation, including the
XXZ model [2], one-dimensional Bose gas with delta function interactions [3], the Hubbard
model [4] etc. The coordinate Bethe Ansatz represents eigenstates of a quantum-integrable
Hamiltonian as linear superpositions of plane waves and provides explicit expressions for the
corresponding eigenenergies, scalar products, correlation functions, etc. An alternative char-
acterization is provided by the Algebraic Bethe Ansatz [5,6] (for recent reviews, see [7,8] for
Algebraic Bethe Ansatz, and [9-11] for integrability). In spite of the solvable character of inte-
grable models, the exact computation of their long-range and high order correlation functions
and of dynamical properties remains a challenging task [12-14]. Consequently, it makes sense
to attempt to compute such quantities using numerical and experimental approaches.

On the other hand, progress in our understanding of the structure of quantum entangle-
ment has led to remarkable insights into the universal properties of quantum matter [15-18],
as well as informed the development of numerical and conceptual tools such as tensor net-
works. Gapped ground states in one dimension can be often well-approximated by one-
dimensional tensor networks, namely, matrix product states (MPS) [19] of modest bond di-
mension [20, 21]. Generalizations of tensor networks for systems in higher dimensions such
as projected entangled-pair states (PEPS) [22], and with holographic geometries such as tree
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Figure 1. The kinematic constraints in a Bethe wavefunction lead to an exact tree
tensor network representation with bond dimension y = 2™ and a quantum circuit
with depth log,(N/M) (made of unitary gates on 2M-dimensional qudits and mid-
circuit measurements) for deterministically preparing such states using a quantum
computer.
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tensor networks (TTN) [23] and multiscale entanglement renormalization ansatz (MERA) [ 24,
25] have been used successfully to represent quantum many-body states of interest. Tensor
network representations of many-body wavefunctions are not only relevant for their classical
simulation, but they sometimes also provide a blueprint for preparing such states on a quantum
computer [26-30], some of which have also been explored in experiments [31-33].

In this work, we investigate the structure of Bethe wavefunctions from the perspective of
quantum entanglement, by investigating how to decompose them as a linear combination of
local wavefunctions when we partition the 1d lattice into two or more parts. In doing so, we
highlight a surprising property of Bethe wavefunctions, namely that we can write their bipartite
and multipartite decompositions in terms of local wavefunctions that are Bethe wavefuctions
themselves [6,34-36]. We show that these fractal decompositions of an M—particle Bethe
wavefunction, which are also seen to only require 2™ local Bethe wavefunction on each part of
the lattice, lead to simple analytical expressions for their (exact) tensor network representation
as an MPS and as a TTN. From the latter, we then build a short depth quantum circuit that
could be used to prepare the Bethe wavefunction on a quantum computer.

We highlight that our results are not specific to Bethe wavefunctions that are eigenstates
of integrable Hamiltonians, namely Bethe wavefunctions satisfying the relevant integrability
constraints, unlike the results indicated in the algebraic Bethe ansatz literature. Rather, our
results arise from the built-in kinematic constraints of the Bethe wavefunction itself, without
the need to further require that the integrability conditions be satisfied. This scenario has also
been recently considered by several authors in Refs. [37-39]. Finally, we also put forward
a generalized Bethe wavefunction that retains all the key properties exploited in this work,
including the fractal character of its bipartite and multipartite decompositions, which again
leads to explicit MPS, TTN and quantum circuit representations, see Fig. 2.

It is highly remarkable that, almost a century after its proposal by Hans Bethe, we are still
gaining new insights into the structure of Bethe wavefunctions, mostly thanks to the relatively
new lens of quantum information and quantum computation. Indeed, closely related questions
to the ones addressed in this paper have been previously studied by a number of authors over
the last 20 years [37-46]. Below we first provide a more exhaustive summary of our results,
followed by a comparison between our work and previous literature.

Results: Let the integers M and N denote the number of particles in a Bethe wavefunction
and the number of sites in the 1d lattice £ on which the wavefunction is defined. Each Bethe
wavefunction is specified by a set of parameters, the Bethe data, namely M quasi-momenta
and M(M — 1)/2 scattering angles. To investigate its entanglement structure, we decompose
a Bethe wavefunction as a linear combination of products of local wavefunctions according to
a partition of the lattice £ into L parts. We first find that Bethe wavefunctions have a very
particular bipartite structure (L = 2 parts). We then see that their multipartite structure (for
L > 2 parts) is also very special in a related manner.

To explain the bipartite and multipartite structure of Bethe wavefunctions, we must intro-
duce the concept of local Bethe wavefunctions, which are defined analogously to a global Bethe
wavefunction but supported only on a part of the 1d lattice £, namely on a subset of adjacent
sites. Given an M-particle Bethe wavefunction, we can build 2™ local Bethe wavefunctions
compatible with the global Bethe data. Each such local Bethe wavefunction has a fixed number
m of particles, ranging from 0 to M, with m corresponding quasi-momenta and m(m —1)/2
scattering angles. We find two key results. First, in any (contiguous) part of the lattice, a
Bethe wavefunction is locally supported on a subspace of dimension at most 2M. Second, this
subspace is spanned by the 2M local Bethe wavefunctions compatible with the global Bethe
data. These two results then have a number of consequences in how the Bethe wavefunction
can be expanded as a linear combination of product states.
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In particular, when we partition the lattice into two parts (L = 2), we obtain a bipartite
decomposition of the Bethe wavefunction as a linear combination of (at most) 2™ products
of two local Bethe wavefunctions. This fractal decomposition automatically implies that the
Schmidt rank, or minimal number of product terms in a bipartite decomposition, is upper
bounded by 2M. This is remarkable, as this number is independent of the number of sites N
in the lattice or in any of its two parts, in sharp contrast with what we would encounter when
considering generic wavefunctions with the same particle number, also when considering the
subset of such wavefunctions that are the ground state of a particle-preserving local Hamilto-
nian. More generally, for L parts, our fractal decomposition of a Bethe wavefunction consists
of a linear combination of (at most) LM products of L local Bethe wavefunctions. Again, this
implies that the multipartite Schmidt rank (minimal number of product terms in an L-partite
decomposition) is upper-bounded by L, independently of the size N of the lattice (or of the
size of any of its L parts).

Furthermore, a global Bethe wavefunction may be hierarchically decomposed, via sequen-
tial bipartite decompositions, according to a pattern of bipartitions organized as a planar tree
graph, which leads to a planar TTN representation of the Bethe wavefunction. In each such
bipartite decomposition, up to 2™ Bethe wavefunctions are simultaneously decomposed into
(at most) 2M products of two local Bethe wavefunctions. By capturing the corresponding bi-
partite decomposition coefficients in a three-index tensor, we arrive at an analytical expression
for the tensors in the exact TTN representation of the Bethe wavefunction. This includes tensor
networks such as an MPS and a regular binary TTN representations as prominent particular
examples, see Fig. 2b. The bond dimension y in these exact tensor network representations is
upper bounded by y < 2M. Moreover, for an MPS and regular binary TTN, one can choose the
tensor network to be homogeneous in space (i.e. the same tensors are repeated throughout all,
or parts of, the network), even when the underlying Bethe wavefunction is not translationally
invariant.

In particular, a regular binary TTN of a Bethe wavefunctions of M particles on N sites con-
sists of log,(N /M) layers of tensors, each one with bond dimension 2¥. In the homogeneous
case, this provides a compact representation in terms of just log,(N /M) distinct tensors and a
fast method for computing the norm of a Bethe wavefunction as well as the overlap between
two Bethe wavefunctions with computational time that scales as O(log(N)) in the system size
N.

Moreover, this regular binary TTN representation also provides, after we bring it into a
canonical form, an efficient quantum circuit that can prepare the Bethe wavefunctions on a
quantum computer. Specifically, to a local adaptive quantum circuit with depth O(log(N)), that
uses local measurements and local unitary gates conditioned on the measurement outcomes.
See Fig. 1 for a schematic summary of this application.

Finally, we introduce a larger class of wavefunctions that, obeying similar kinematic con-
straints as a Bethe wavefunction, have analogous properties in terms of accepting L-partite
decompositions as a linear combination of LM terms, each being the product of L local wave-
functions in the same class, and exact MPS and regular binary TTN representation with bond
dimension 2¥. This generalized Bethe wavefunctions are specified by M completely arbitrary
single-particle wavefunctions and M(M — 1)/2 complex scattering angles (instead of the M
plain wave single-particle wavefunctions and M(M — 1)/2 real scattering angles of regular
Bethe wavefunctions).

Comparison to previous works: Our results build on top of, and overlap with, several lines
of recent progress on this topic. From the perspective of our work, previous contributions can
be organized in three phases. First, MPS representations of constrained Bethe wavefunctions
were discovered in [40-42], where the authors used algebraic Bethe ansatz techniques for
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Figure 2: (a) Hierarchy of Bethe wavefunctions: constrained (fulfilling integrabil-
ity constraints), unconstrained (or simply Bethe wavefunctions; see definition 2.2;
not fulfilling integrability constraints) and generalized (see definition 7.1). (b) Our
explicit tensor network representations for Bethe wavefunctions cover any planar
tree tensor network (planar TTN), which includes the matrix product states (MPS)
and the regular binary tree tensor network (regular binaty TTN) as particular cases.
(c) In this work we propose fractal decompositions, as well as planar TTN repre-
sentations (including MPS and regular binary TTN representations) for Bethe wave-
functions, then also for generalized Bethe wavefunctions, thus covering the 12 en-
tries of this table. Several important particular cases had been previously covered in
the literature, most notably the MPS representation of constrained Bethe wavefunc-
tions in Refs. [40-42] and more recently of unconstrained Bethe wavefunctions in
Refs. [37,39] and a version of the generalized Bethe wavefunction in Ref. [39]. As
explained in a note added at the end of the paper, the fractal bipartite decomposition
for constrained Bethe wavefunctions (in the algebraic Bethe wavefunction formal-
ism) had been previously proposed in Ref. [6].

specific models satisfying the integrability conditions. They reached the conclusion that the
MPS has a bond dimension ¥ = 2M. Second, recent works have considered the prospect of
using quantum simulators to prepare Bethe wavefunctions [38,43-46], building on the earlier
results on the MPS representations. Such state preparation can be useful, in the context of
variational quantum eigensolver algorithms, to solve Bethe equations and extract correlation
functions and other static and dynamic properties of Bethe wavefunctions using a quantum
computer. These works provide a deterministic (unitary) quantum circuit of linear depth O(N).
Third, a set of recent works [37,39] have provided MPS representation and quantum circuits
for unconstrained Bethe wavefunctions, without requiring the integrability conditions to be
satisfied.

In our work we produce an explicit tensor network representation for an unconstrained
Bethe wavefunction for any planar tree tensor network. For the particular case of an MPS (that
is, when the tree graph is a 1d chain), our tensor network representation becomes equivalent
to the MPS representation previously proposed by Ruiz, Sopena, Gordon, Sierra and Lopez in
Ref. [37]. Furthermore, the notion of a local Bethe wavefunction can be seen to also emerge
(on the right side of a bipartition) in the MPS construction of Ref. [37] as well as in Ref. [39]
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by Ruiz, Sopena, Lopez, Sierra and Pozsgay, see Fig. 2c. Finally, our generalized Bethe wave-
function, which depends on a number of parameters that scales with N as O(MN ), includes as
a particular case the inhomogeneous Bethe wavefunctions (which depend on M + N param-
eters) recently and independently proposed in Ref. [39], and can be seen to actually equate
that proposal if we omit the integrability constraints imposed in Ref. [39].

We also highlight that our TTN representation, with bond dimension y = 2M is possible
thanks to a special property of Bethe wavefunctions and as such it could not be anticipated
from the MPS representation by applying the usual conversion procedure that maps an MPS
into a TTN. Indeed, such conversion procedure generically transforms an MPS with bond di-
mension ¥, into a TTN with bond dimension y,., = (¥ps)?, Which for y,,s = 2™ would have
been expected to lead to y, = 4", much larger than the bond dimension y,,, = 2™ in our
TTN representation. One can ultimately trace the significant reduction in the bond dimension
of the TTN representation to the two-particle factorization of scattering amplitudes in Bethe
wavefunctions. The quantum circuit derived from our exact tree tensor network improves
upon the depth of the existing deterministic quantum circuit to prepare such states exponen-
tially for constant number of particles, from O(N) to O(log N). This, however, comes at a cost
of requiring mid-circuit measurements and adaptive unitary gate control.

Outline: We provide an outline for the rest of the paper. In Sec. 2 we review the definition
of Bethe wavefunctions. In Sec. 3 we describe and derive a central result of our work: the
fractal decomposition of a Bethe wavefunction as a sum of products of local Bethe wavefunc-
tions, which we generalize to the multipartite case in Sec. 4. In Sec. 5 we use the fractal
decomposition to construct exact MPS and TTN representations of Bethe wavefunctions with
bond dimension y = 2. We use the TTN representation to construct a compact quantum
circuit to prepare such a state in Sec. 6. Finally, in Sec. 7 we introduce the generalized Bethe
wavefunctions, and we summarise the main results and conclude in Sec. 8.

2 Bethe wavefunctions

In this work we study Bethe wavefunctions, which are trial states for Bethe ansatz integrability
in one dimensional (1d) quantum systems with a U(1) symmetry. This symmetry often cor-
responds to the conservation of the number of particles (in fermionic/bosonic models) or the
number of magnetic excitations or magnons (in spin models). From now on we will simply
use the term particle to refer to all these cases.

Below we introduce a Bethe wavefunction with M particles, characterized by a set of quasi-
momenta and 2-particle scattering angles, which we call Bethe data. For specific values of these
parameters, a Bethe wavefunction can be an eigenstate of some integrable model Hamilto-
nian [1,11,47]. However, all the results presented in this work, including the bipartite and
multipartite decompositions of Bethe wavefunctions in Secs. 3 and 4, the exact tensor network
representations in Sec. 5 and the quantum circuit representation in Sec. 6, apply to generic
values of the Bethe data - that is, they do not assume that the Bethe wavefunction relates to
an integrable model.

We start by considering generic wavefunctions of M indistinguishable particles.

2.1 Generic M-particle wavefunctions

Consider a 1d lattice £ made of N sites, where the sites are labelled by an integer x, with
1 < x < N. Each lattice site hosts a 2-dimensional vector space C, (or qubit) spanned by
vectors |o) € {|0),|1)} corresponding to the absence or presence of a particle. We refer to this
basis as the occupation basis throughout the paper.

6
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The Hilbert space H* = (C,)®N decomposes into a direct sum of subspaces ’Hf/[ with well-
defined particle number M,

r_ r r_ (N _ N!
W= @ di=(y) = ®

where dlﬁ denotes the dimension of 7—[1‘\:4. For instance, in the M = 0 particle sector, with
d&_, = 1, we find the unique vacuumsstate |§) = |00, - - o) witho, =0fora =1,2,---,N.
In the M =1 particle sector, with dzﬁ:o = N, a basis {|x)} of single particle states is labeled by
the location x of the particle, namely |x) = |0,04- - 0y), where o, = 1 only if a = x and the
rest of o, vanish, thatis o, = &, ,. More generally, for M (indistinguishable) particles, we can
specify their locations by a vector X = (x1, Xy, -, Xy ) with M ordered integers {x;}, where
1<x; <x9<--<xp <N. We call the set of such vectors the domain Dﬁ. Then a basis
{|X)} of M particle states is labeled by the M ordered positions X € D]\[/:[ of the M particles,
namely |X) = |0,0,---0y) where only o0, = 1 if a € X, that is 0, = Zj 8x,,q- Notice that
there are (AI\/][) inequivalent ways of placing M indistinguishable particles in N sites, as reflected
in the dimension dlﬁ = |Dz\£/1| in Eq. (1). For fixed particle number M and large number of sites
N we have, to leading order in N,

L_IV_M_M+ ]V_M
M 2(M —1)! M’

(2)

Definition 2.1. We denote a generic wavefunction of M particles on lattice made of N sites by
|W,,), and refer to it as a generic (M, N) wavefunction. It can be expressed in the basis |X) as

W)= D Uy (R)IF), 3)

2 L
XDy,

where the number of complex amplitudes ¥,; (X) is |DI€I} = dlﬁ = (ﬁ) Therefore, for fixed
particle number M, the wavefunction is specified by a number of complex amplitudes that scales
with the number of sites as dlﬁ ~ NM /M1, see Eq. (2).

2.2 M-particle Bethe wavefunction

A Bethe wavefunction |®,,) is a restricted class of M-particle wavefunction |¥,,) € 7—[161 that
can be intuitively thought of as some form of a multi-particle 1d plane-wave wavefunction
with generalized scattering angles that describe interacting particles.

A note on notation: Throughout this section and also Sec. 3 we use ¢ to denote a Bethe
wavefunction, and thus differentiate it from a generic wavefunction, denoted by W. This may

include a number of additional subscripts and superscripts, such as in ‘¢§0> or |<I>fn>, which

we use to specify the particle number and the Bethe data. [Starting in Sec. 4, we will use a
more compact notation, such as ﬁ), to denote a Bethe wavefunction. ]

Although a non-trivial Bethe wavefunction requires M > 2 particles, it is useful to include
the cases M = 0,1 in the same formalism. They correspond to the vacuum and to a single-
particle 1d plane wave with quasi-momentum k,

|®p—0) = 10) , ‘¢§\§):1> = Z e |x) . 4)
xeL
Note that <<I>$):1

4)5\5):1> = N, that is ¢$)21> is not normalized to 1. In most of this work we

will consider unnormalized wavefunctions such as ‘<I>(Mk):1> [In Sec. 5 we will explain how to
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efficiently compute the norm of a Bethe wavefunction (more generally, the overlap between
two Bethe wavefunctions) using an exact TTN representation. ]

For M = 2, the first non-trivial case, a two-particle Bethe wavefunction is given in terms
of two quasi-momenta k; and k, and a scattering angle 6,; as

Z (eiklxleikzxz _ ei9216ik2X1eik1xz) |X1X2> . (5)

(xl,xz)eDé:

M=2 />
It is instructive to note that for the choices of scattering angle 6,; = 0 and 6,; = 7, namely for

We denote such a 2—particle Bethe wavefunction as <I>_’2’9 > where k = (ki,ky)and 0 = {6,,}.

Z (Cikl"leikzxz F eikleeiklxz) lx1x2) , ©)

(x1,%,)€DE

we recover a plane wave state of two fermions (minus sign) or two bosons (plus sign), respec-
tively.

-

More generally, a Bethe wavefunction d)lltf> for an arbitrary number M of particles is

characterized by the Bethe data (fé, 0), consisting of M quasi-momenta k= (ki ko, kyr)
and M(M — 1)/2 scattering angles § = {6;; } for 1 < j; < j, < M. In order to build the
wavefunction from its data (7%, 0), first we introduce the set S;; of permutations of M symbols,
namely the symmetric group. The symmetric group S, contains |Sy;| = M! permutations, each
represented by a vector P = (Py, Py, - - -, P);) whose components P; are M distinct integers, with
1< P; <M. For M = 3, the 3! = 6 permutations are described in Fig. 3.

Given the vector k = (kq,kq, -+, ky) of quasi-momenta and a permutation P, we denote

by k¥ = (kp,,kp,, - ,kp, ) the vector of quasi-momenta obtained from k by permuting its M
components according to permutation P. In particular, if e!** = 1—[?/1:1 e’k is the amplitude
of an M-particle plane wave where the particle in position x; has quasi-momentum k;, then

- now has

i*P.x _ TIM  ikp.X; . . . ..
e X = ]_[].:1 e 7”7 corresponds to the amplitude where the particle in position x;

quasi-momentum kp]_ instead.

Definition 2.2. A Bethe wavefunction of M particles on a 1d lattice £ made of N sites and Bethe
data (k, @) is an (M, N) wavefunction of the form

‘@1’;’[">E ST S erple® Fx) %)
¥eDEL PESu

where the scattering amplitude ©[ P] factorises into a product of a subset of the two-particle scat-

tering phases —e'%2i1, namely

M-1 M
G[P]Zl_[ l_[ fp(1,J2), where fp(j1,j2) =

Jj1=1jo=j1+1

{1’ pr]l < sz’ (8)

i6p. p. .
—e 12 lfP]l >P]2

The above amplitude ©[ P] for permutation P can be understood in terms of the crossings
of two quasi-momenta during the permutation: starting with the originally ordered quasi-
momenta ky, ks, - ,kys, a relative phase —e'%i1 for jo > j; is included as a factor in ©[P] if
the permutation P reverses the order of k;, and k;, (that s, if k; , which is to the left of k;, in
k, appears to the right of k;, in the permuted vector k).

For instance, for M = 2 particles, the trivial permutation P = (1,2) produces a trivial
amplitude O[P = (1,2)] = 1, whereas the permutation P = (2,1) leads to the amplitude
[P =(2,1)] = fp=(2,1)(1,2) = —et%1 and we recover Eq. (5).

8
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P=(123) (132 (213 (2 3 1) (3 12) 3
©p= 1 —elfha  _pibh1  ,iba1,i03 6193261931_319323193131921

Figure 3: Example of permutation diagrams. All the permutations for M = 3 symbols
are described using strands and their crossings, and their corresponding scattering
amplitudes are noted below.

a)elklx 1k2x lk3x b) 921

L

x € £
¢) Set of choice vectors {c} :

{0,(1),(2),(3),(1,2),(1,3),(2,3),(123)}

Figure 4: A Bethe wavefunction for M particles on lattice £ (here for M = 3) is
characterized by (a) M quasi-momenta k = (kq,kq, -+ ,ky) and (b) M(M —1)/2
scattering angles 6; ; . From each quasi-momentum k; we generate a single-particle
plain wave with amplitude e?/*, and to each pair of plain waves we associate a scat-
tering angle 6, ; . () Set of choice vectors for an M = 3 particle bethe wavefunction,

as described in Sec. 2.3.

As an additional example, for M = 3 particles, the amplitudes ©[P] for the 3! = 6 permu-
tations P € S; are depicted in Fig. 3. Accordingly, for M = 3 particles, the Bethe wavefunction
in Eq. (7) reads

¢(k1,k2,k3),{921,932,931}> _ (ei(k1x1+k2x2+k3x3) — oi032 pilkixy+ksxytkoxs)
M= = 2 :
(xl,xz,x3)€D§

_ei021 ei(k2x1+k1x2+k3x3)+ei921ei031 ei(k2x1+k3x2+k1x3) (9)

+ ei93zei931 ei(k3x1+k1x2+k2x3)

_ 619326193161921 el(k3x1+k2x2+k1x3)) |x1x2x3) .

Note that the data (k,0) for an M particle Bethe wavefunction |®,;) consists of just
M + M(M — 1)/2 real parameters (a number that is independent of N) compared to
(AA,[[) ~ NM/M! parameters for a generic (M, N) wavefunction |¥,,). Thus, for large N, Bethe
wavefunctions |®,,) are a relatively small subset, depending on O(N°) parameters, within the
set of (M, N) wavefunctions |¥,,), which depends on O(N™) parameters.
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2.3 Bethe data and choice vectors

In preparation for the next section, we explain how the data (k, 8) for a Bethe wavefunction

b
for m < M. Given a vector ¢ = (cy, ¢y, ", ¢p) With m distinct positive integers c; such that
1 < ¢; < M, where we also enforce that the components are increasingly ordered, namely
1<¢; <cy<---<c, <M, we define reduced Bethe data (K¢, 6°) for an m particle wavefunc-

tion by

> of M particles can also be used to define other Bethe wavefunctions with m particles,

=~
ol
1l

( €12 czy"':kcm)J (10)
{6 }, for 1<j;,<j,<m. (1D

%o i

That is, we collect the m quasi-momenta {k. } that are found in positions {c;} of k, as well as

the m(m —1)/2 scattering angles {QC - } in positions {c] ,¢j, } of 8. We call the vector ¢ with

a choice of m symbols (out of the M symbols 1,2,---,M) a choice vector, or simply a choice.
For instance, for M = 4 particles and m = 2, the choice ¢ = (1, 3) leads to the reduced

data k¢ = (ky,ks) and € = {63,}, corresponding to the m = 2 particle Bethe wavefunction
‘ ¢(k1,k3),{931}>
m=2 :

Given M particles, there are (]T\Z) possible choice vectors ¢ with m particles.We denote the
set of choices with m particles CT]T\;I , and write ¢ € C’fr\f .

Thus, by considering all possible choices ¢ or, equivalently, all possible reduced
Bethe data (KE Oﬁ) for different number m = 0,1,---,M of particles, we can generate
Z oleMp =M (M) = 2M different Bethe wavefunctions from the original Bethe data
(k, ). Notice that for m =0 particles we always have the trivial, zero-component choice vec-
tor ¢ = f, corresponding to the vacuum |@), whereas for m = M particles we have the unique
M -component choice vector ¢ = 1, where we define 1 = (1,2,---,M), corresponding to the
original Bethe wavefunction with full data (E, 0).

Let us exemplify the above for the cases of M = 0,1,2,3 particles. First, for M = 0
particles, the only choice is the zero-component vector ¢ = @, corresponding to |#). Next,
for M = 1 particles, where the Bethe data consists of a quasi-momenta (k), we find that m =0
and m = 1 correspond to the choice vectors ¢ = @ for the vacuum |@) and ¢ = T = (1) for the

original Bethe wavefunction ‘<I>( ) > respectively.

The first non-trivial case is M = 2 particles, with Bethe data ((k;, k), {65;}). Form=0,1,2
we find 1,2,1 choices, respectively, namely

m=0, 82@) |(I)m O):|®>:
m=1, ¢=(1), ‘@“‘1)
o ) (12)
i= @), 202)),
_ 2 (k) 01}
m=2, -7=01,2), ‘@m;; 21}.

Finally, for M = 3 particles, with Bethe data ((kq, kq, k3), {621,631, 632}), m = 0,1,2,3
leads to 1, 3, 3, 1 choices, respectively. They are:

m:O) 820’ |q’m 0) >

m=1, &=(1), [0,
2=(2), ":b(kZ) ).
2=(3), 202,

10
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m=2, ¢=(1,2), g o),
¢=(1,3), g0l
¢=(2,3), g0
m=3, t=1=(1,23), [eluj)lninbal) (13)

3 Fractal bipartite decomposition

The first result of this paper, Theorem 3.1, is a bipartite decomposition of a Bethe wavefunction
as a sum of 2M terms, where each term is a product of two local Bethe wavefunctions.

Before we present this decomposition, we review the structure of a Hilbert space of a
bipartition made of parts A and B in the presence of particle conservation and the bipartite
decomposition of a generic (M, N) wavefunction. We also introduce a decomposition of a
permutation P = R S Qa’b in terms of local permutations R and S for parts A and B and a
global permutation Q% that depends on local choices @ and b. We then explain how the Bethe
wavefunction amplitudes factorize into products of amplitudes for parts A and B and a global
scattering amplitude @[Qa’b], and introduce local Bethe wavefunctions. We then present the
bipartite decomposition in Theorem 3.1, followed by a few simple examples.

3.1 Bipartition with particle number conservation

Consider a partition of the 1d lattice £, made of N sites, into two regions A and B comprising
N, and Nj sites, respectively, with Ny + Nz = N. When the N, sites of part A are to the left of
the Ny sites of part B, we call the bipartition a left-right bipartition (see Fig. 5).

Left-right bipartition Left-right L-partition
1 T2 TN 1 X2 N
—0—0—0 00 0 0 0
Ny Np Na,  Na,  Na,
b
A B Ay Az As
Contiguous bipartition Contiguous L-partition
1 T2 TN 1 T2 TN
NA NA1 NAz
— e e [ TR
B A B As Ay Ay As

Figure 5: Types of multi-partitions we consider in this paper.
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Given a choice of left-right bipartition, we can express the position vector X of M particles
as a direct sum of two position vectors X, and Xy, where X, contains the position of the M,
particles in part A and X contains the position of the My particles in part B,

}:{xlﬂ'“’xMAixMA-i-l'“’xM}:}A®5EB' (14)
v
Xa

Xp

We can then replace the basis vector |X¥) with the tensor product of two basis vectors |X,)|X5)
on parts A and B and the sum Y. with the three sums

IEDIND DI a5

2Pl My=0 3 % B
XDy A xAE'DAMA xBEDMB

where D‘R/IA is the domain of M, ordered positions in part A and DBMB is the domain of Mjp

ordered positions in part B, with Mz = M — M,. The cardinalities of the reduced domains
_ (N, B _ (N . . L

are I%AI = (Mi) ‘and |2?MB| = (MBB ), respectlvel}‘r. In other words, the Hilbert space HM for

M particle states in lattice £ decomposes as a direct sum of tensor products of local Hilbert

spaces with M, =0,1,--- ,M and My = M — M, particles in subregions A and B respectively,

namely

M
Hy = P Hfy onp, (16)
Mp=0
with dimensions dﬁA = |D’£‘/IA| = ]I\\,]a ) and df;[B = |DBMB| = 1]\\/,15; ), respectively.

A generic (M, N ) wavefunction can be decomposed as

M
1) ag = Z |\II(MA’MB)>AB

M,=0
M XMy (17)
:I\@Z:O;AMA# \IJI?/IA>A’\P$[B >B ’

where the wavefunction {\I’MA,M3> € H‘I?/IA ® HBMB has M, and My = M — M, particles on
parts A and B, respectively, and in the second line we introduced its Schmidt decompo-
. X
sition Y. aﬁ’*l AM,a \III?ZA>A
min (dAAJA,dﬁB) of the dimensions dl‘;‘/IA and df,[B of 7—[}% and ”Hde. For fixed M and large
N > M (and assuming for simplicity below that N and M are even), these dimensions are
maximized for Ny = Nz = N/2, where df\‘/[A ~ (N/2)Ma/(M,!) and df;[B ~ (N/2)Ms /(Mp").
We thus see that for large N, d]‘;‘/[A < dﬁ_MA if My < M/2, so that y), ~ (N/2)"/(m!)
where m = min(M,, M — M,). We conclude that, for constant M and large N, the
Schmidt rank y = Z%A:o xwm, for a bipartition with Ny, = N = N/2 is dominated by
AM=M/2 ™~ (N/2)Ma/M,!, which results in

\111‘3‘43 >B. The (partial) Schmidt rank y,, is generically given by

NN

(3)

O

(18)

to leading order in N. This upper bound for the Schmidt rank is seen (e.g. numerically) to be
saturated for a generic (M, N) wavefunction. Next, we study the bipartite decomposition of
Bethe wavefunctions, which will be seen to contain a number of terms independent of N, in
sharp contrast with Eq. (18).

12
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/
X

a,b
elp=tami= [ )| Feea
©%[R],
R=(43)
eP[s],
S=(21)

M,=2 My=2

Figure 6: Example of factorization of global permutation into local permutations, as
well as the corresponding factorization of the scattering amplitudes

3.2 Factorization of Bethe wavefunction amplitudes

To study the bipartite decomposition of Bethe wavefunctions, we need to understand how the
scattering amplitude ©[P] in Eq. (7) factorizes. We do this in multiple steps; first we discuss
the decomposition of permutation P.

Decomposition of permutations

Assuming there are M, and Mj particles in parts A and B, we introduce a canon-
ical decomposition of a permutation P € S, of M symbols with components
P =(Py,Py, Py, Prpy15 7+ » Pyr) @s the product

P=RS Q% (19)

of three permutations R, S and Q%". Here R € Sy, and S € Sy, are local permutations of M,

and Mg symbols (with M = M, + Mp), whereas Qaj’ € Sy is a global permutation of the M
symbols chosen to have components

Qa’_l; = (al)a2)"' ’aMA’ bls bZ’”' ’bMB) Ea@z (20)

Specifically, vector d = (ay,ay, - ,ay,) results from increasingly ordering the first M, com-
ponents Py, P,,---, Py, of permutation P and vector b= (bq, by, -+, by, ) is obtained by in-
creasingly ordering the last My components Py, 1, , Py of P. Notice that d is a choice of
M, symbols out of the M symbols (in the language introduced in Sec. 2.3) and b is a another
choice with the remaining My symbols. To summarize in words, in the canonical decomposi-
tion (19) of a permutation P of M symbols in the presence of two parts A and B containing M,
and Mj, particles, the global permutation Q% determines which subset of the symbols belongs
to each part, and then the local permutations R and S further permute the selected symbols
within each part.

A simple example of such factorization is shown in Fig. 6, for the M = 4 permutation
P = (4321), and the decomposition corresponding to M, = 2 and My = M — M, = 2, with
d=(3,4) and b = (1,2), and local permutations R = (4,3) and S = (2, 1).

13
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Following decomposition (19), the sum ZP over permutations P € Sy, in Eq. (7) can be

organized as three sums
)IEDIND WD W o

PeSy aecj\l\//IIA ReSy, SESuy

where we assumed that part A had M, particles and the sum over choices d is a sum over

corresponding global permutations Qaj’ (where choice b is fully determined by choice d, see
below).

Choices, choices

Let us introduce some more notation. Given two choices d and b, we define their union,
denoted d U b, as the vector resulting from sorting, in increasing order, the components of the
direct sum d @ b of the two choices d and b,

dub= sorty (Ei ® B) . (22)

Notice, for instance, that d U@ = d, and that if two choices d and b have components in
common, then @ U b is not a choice, since it will have repeated components (recall that the
components of a choice ¢ are distinct positive integers between 1 and M, by definition). We
then say that two choices d and b are complementary, if their union is (1,2,---, M), that is,

dub=T1. (23)

As an example, the choices d and b characterizing the global permutaion Q%? in Eq. (20) are
complementary, and therefore bis fully determined by d — which is why we only need to sum
over d in Eq. (21). )

To illustrate what terms go into the sum over global permutations Q%? in Eq. (21), that is,
in the sum over choices d, we consider M = 0,1, 2, 3 particles and show the possible choices
de CZI‘V’I[A and their complementary b are, as a function of the number M , of particles in part A.

For M = 0 particles, or vacuum state, we have that T = @ and the only option is M, = 0 with
d = b = (). For a Bethe wavefunction with M = 1 particles, that is for a single-particle plane
wave, we have

M, =0, i=40, b=1=(1),
! L . (24)
M,=1, i=1=(), b=0.
For a Bethe wavefunction with M = 2 particles we find:
M, =0, a=9, b=1=(1,2),
My=1, a=(2), b= (1),
A ) b ( (25)
a=(1), b=(2),
M,=2, i=1=(1,2), ©b=¢.
Finally, for M = 3 particles, we have:
MA:31 a:@) B:i:(lazyg):
My=2, a=(1), b=(23),
i=(2), b=(1,3),
i=(3), b=(1,2),
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My,=1, d=(1,2), b=(3),
i=(1,3), b=(2),
i=(2,3), b=(1),
M,=0, d=1=(1,2,3), b=0. (26)

Factorization of amplitudes

For fixed values of M4 and My = M —M,, the quasi-momenta vector k can also be decomposed
as a direct sum of two quasi-momenta vectors kA and kB,

k= {ky, kg kg ok} = ka @ kg, (27)

kg

ks

and the plane-wave amplitude e!** factorizes as
eik~x — eikA-erikB-xB . (28)

Similarly, under a permutation P € Sy, the permuted quasi-momenta vector k” can be de-
composed as

kP = {kp,, -~ kp,, skp, o kp, ) = (K@ (KP)p . (29)

= (k") = (k)

Using the decomposition P = R§Qa’_’5 in Eq. (19), we first notice that kP = (EQa’b)RS (first
apply the global permutation Q%P on k, then apply the local permutations R and S) and that

. - 3, b - -7 . . -
we can write k" as k% @ k?, that is, as the direct sum of reduced momenta vectors k% and
k® by the complementary choices @ and b. Next, since R and S only permute the first M, and

. 2 odb . . . .
last Mz components of the quasi-momenta vector k¢, respectively, which are contained in
k% and k° , We can write

kP = (k)R e (kD)S. (30)
Accordingly, plane-wave amplitude elK"% factorizes as
RIS ei(%ﬁ)R.fAei(ﬁ)S-fB . 31)
Finally, the amplitude ©[P] can be seen to factorize as
o[P]=0[Q*"] ©7[R] ©7[S], (32)

where we define ©4[R] and eb [S ] as the scattering amphtude assigned to local permutations R

and S for the reduced data (k%, 8%) in part A and (kb 6°) in part B, respectively. For instance,
in the example in Fig. 6 for P = (4,3,2,1), where Q = (3,4,1,2) (that is d = (3,4) and
b=(1,2)) and R = (4,3) and S = (2, 1), the scattering amplitudes read

OLP] = (—e!%)(—e ) (e %) (—e ) (e *)(—!®),
O1Q™] = (e ")~ ) (e %) (—e!™), (33)
O[R] = (—¢%),  ©P[s]=(—e®),
which indeed agrees with Eq. (32).
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Local Bethe wavefunctions

Using the notation introduced above, we are ready to announce a key property of a Bethe
wavefunction for M particles with data (k,8). Given a left-right bipartition of the lattice into
parts A and B, with fixed particle numbers M, and My and a choice vector d for the M, symbols
in part A (which uniquely determines the complementary choice vector b of Mg symbols in
part B), we can partially sum the contribution @[P]eikp"? |X) over all position vectors X and
permutations P compatible with the above constraints (namely the particle numbers in parts
A and B must be M,, My, and permutations must decompose as P = RS Q%P for fixed choice
Ei)ato find a product of two local Bethe wavefunctions on parts A and B with data (k%,0%) and
kb, 0", respectively:

Z Z Z Z O[P] ei_lép-)‘c' |)_f> :GI:Q&,_I;] Z Z @a[R] ei(_léa)R')?A |5(’A)

X‘AeDflA g eDde ReS, Sesp X’AeDj\*/IA ReS,
x > > s zy) (34)
;BepﬁB SeSg
— ab]| k0% |5kb07
=e[] el o),
where the local Bethe wavefunction in part A is
k%0%\ _ a i(RR-%, 1=
\¢MA >= D1 > e%R] ez, (35)

)?AGDAMA ReS,
and the local Bethe wavefunction in part B is
0P 5 00 X
‘@M; >z SN ks ez, (36)
)‘c’BeDﬁB SeSp

Notice that these Bethe wavefunctions are consistent with Eq. (7) if we think of part A (re-
spectively, part B) of £ as defining a 1d lattice on its own.

3.3 Fractal bipartite decomposition

We can finally announce our main result.’

Theorem 3.1 ((Fractal bipartite decomposition of a Bethe wavefunction). Given a biparti-

tion of the 1d lattice L into left and right parts A and B, the M-particle Bethe wavefunction |®,;)

in Eq. (7), with data (k, @), can be decomposed into a sum of products of two local Bethe wave-
2 o 75 g% 2a g 5% 0%

functions .fbfn’g > and ’@fn,’e > on parts A and B, with data (k%,0%) and (k®, 8°) as described in

Egs. (10)-(11). Concretely,

1. The Bethe wavefunction can be decomposed as,

i) Z57 S e[ [ef) [ae") | @)

m=0deCM
where the first sum is over particle number m in part A (with corresponding m’ = M —m
particles in part B), the second sum is over the choice d of m symbols on part A (with

complementary choice d of m’ symbols on part A) and the scattering phase @[Qa’b ] is given
in, and described after; Eq. (32).

!We reiterate that this result has been known for special examples, such as the XXZ chain, using Algebraic Bethe
ansatz method [6]. Our result concerns the most general Bethe Ansatz wave function, as defined in the paper.
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2. The number of terms in the bipartite decomposition is at most 2M.

Proof. To prove the theorem, in Eq. (7) we simply split the sum > into 3, > >.- accord-
ing to Eq. (15) and the sum ),, over permutations into »;; >, > according to Eq. (21),
while at the same time using the factorization of amplitudes K™% and ©[P]in Egs. (31) and
(32), namely elk"% — QiK% pi(kK*) %5 5 O[P]= @[Qaj’] ©4[R] @B[S], which yields

o) = > el )

xeDf PESy
M -

=>1 >l > > @Rl uz,)
m=0 gdeCM xAED}?,IARESA

(38)

where in the last line we used the expressions (35) and (36) defining the local Bethe wave-
functions.

Recall that the cardinality |Cn1\f| = (I,\ﬁ) of an‘f corresponds to the number of possible choices
of m symbols out of M. Adding contributions for different values of m, we find that decompo-
sition (37) has >M_ (M) = 2M product terms.

Above we assumed that each part A and B could host up to M particles, that is, Ny, Ng > M.
We note that if the size of the parts A and B are such that one of them can’t host all M par-
ticles, then the sum over particle number m on part B runs from m,,;, = max(0, M — Ng) to
Myax = min(M, N,) in Eq. (37), and subsequently the number of terms in the decomposition
will be lower than 2M. O

This theorem provides an upper bound on the rank y of the Schmidt decomposition accord-
ing to the left-right bipartition (since the Schmidt decomposition has the minimum possible
number of terms over all possible bipartite decompositions as a sum of product states).

Corollary 3.1. The Schmidt rank y for a left-right bipartite decomposition of an M-particle Bethe
state on a lattice £ made of N sites is upper-bounded by 2M,

y <2M, (39)

This upper bound is independent of the number N of sites in lattice L or the number N4 and Np
of sites in parts A and B of the bipartition.

If the local Bethe wavefunctions in decomposition (37) are all linearly independent, then
the Schmidt rank saturates the upper bound, that is y = 2¥. We emphasize once more that
this constant-in-N (upper bound for the) Schmidt rank is a remarkable property of Bethe wave-
functions, in sharp contrast with the Schmidt rank of a generic M-particle wavefunction, which
scales with N as NM, see Eq. (18).

Examples

Let us discuss some simple examples of the left-right bipartite decomposition (37). We start
with the trivial cases of M = 0, 1 particles before considering M = 2, 3.
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M=73
1 2 3
M,=0 My =3 M, =2 Mg =1
1 2 3 1 2 8
M, =1 My =2 ) 3 5
1 2 3
2 3 1

2 1 &

M, =3 My =0

3 1 2 1 2 3

Figure 7: The terms for the M = 3 Bethe state left-right decomposition according to
Thm. 3.1, which represents the organization of terms in Eq. (43).

For M = 0 particles, we have the vacuum state |®,,_,) = |#) representing N empty sites.
This is an unentangled state between parts A and B, namely the product of two local vacuum
states

[®r=0)as = 0)410)5 = |®p=0)a |®Pm=0)5 - (40)

For M =1, the one-particle plane wave is decomposed into two product terms, corresponding
to having m = 0 particles or m = 1 particles in part A, namely

’(1)5\1;):1 >AB — i plkx |X>

x=1

- |@>A(Ze“<x |x>) + (Z ek |x>)|w>3 e

X€B X€EA

_ (k) (k)
- |(I)m=0)A ‘q)m/:1>B + ’¢m:1>A |(I)m’:0>B .

Notice that each term consists of the product of a local vacuum state and a local plane wave
state. For M = 2, direct re-organization of Eq. (5) produces the following linear combination
of terms, with each term being indeed the product of two local Bethe states,

Z (efkrxigikaxs — g0 gikoxt gih1X2) | )

(Xl,xz)EDZE

— M)A Z (eiklxleikzxz _ ei921eik2xleik1x2) |X1X2> + (Z eiklxl |X1>) (Z eik2x2 |X2>)

(x1,%2) X1€A X,€B
€D’
_ei921 (Z eikle |x1>) (Z eik1x2 |x2)) + Z (eiklxleikzxz _ei921eik2xleik1x2) |x1x2> |Q>B ,
x1€A Xo€B (x1,%3)
eDs

2
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or, equivalently,

(ky,k2),{6 (kq,k2),{6
"I)Mlzz2 { 21}>AB = |<I’m:0)A"I’m/1:22 { 21}>B
(k1) (k2)
q)m1=1>A <I>m’2=1>B
i0) (k2) (k1)
—eltn (I)m221>A ‘I’m,l:1>B

(k1,k2), {621}
+ ’<bm1:22 “ >A|‘I’m/:o>3 >

m=1 (42)

where we have organized the 4 product terms in the decomposition according to growing
number m = 0, 1, 2 of particles in part A, which contributed 1,1,1 product terms to the decom-
position, respectively.

For M = 3, a tedious but otherwise straightforward re-organization of terms in Eq. (9)
according to Fig. 7 leads to

(I)gl/;ikz,k?:);{@zl,%z,@m}>AB _ | q,m_()) ’ q)(kl k2,k3), {921,932,931}>

(k1) (kg,k3),{632}
+q)m1=> (I)23 32

m'=2

>B
—elfn q)g:i)> (I)(kl’kfi) {931}>
)

m’'=2

+ei6326i931 @(kS_) > (b(kl’kz) {921}

m’'=2

s~

(k1,k2),{021} (ks) ' (“43)
+ q>m1:’22’ “ > (:I)m/3 1

)
—el032 @&:53),{921}> q)(kz) >
)

s~

m’=1

+ei02101031 q)(kz:’2<3),{921}> (I)(kl)
m=

m’=1

s~

B
+ ¢(k1,k2,k3),{9217932,931}> |<I> >

m=3

where we have again organized the 8 product terms in the decomposition according to growing
number m = 0,1,2,3 of particle in part A, which contributed 1,3,3,1 product terms to the
decomposition, respectively.

4 Fractal multipartite decomposition

In this section we generalize the bipartite decomposition (37) of a Bethe wavefunction to the
multipartite case, in which the 1d lattice £ is divided into more than just two parts A and B.
We consider the L—partite case with an arbitrary number L of parts {A;} = {A;,A,, AL},
such that each partition is made of contiguous sites and ordered such that A; is to the left of
A; 1. We call this partition {A;} a left-right L—partition (see Fig. 5).

We will see that it is again possible to decompose a Bethe wavefunction for M particles
as a sum of products of local Bethe wavefunctions on the L parts, with a total of L™ product
terms, and the result follows from repeated applications of the bipartite decomposition.

4.1 Revamped notation for bipartite decomposition

In order to proceed, it is important to both simplify the current notation and introduce a new
one. We start by rewriting the bipartite decomposition (37) of Theorem 3.1 in the previous
section.
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Recall that the Bethe data (R 0), identified with the unity choice 1=(1,2,---,M), char-

acterizes a global Bethe wavefunction ‘@ﬁo >, whereas all possible reduced data (723, 05), iden-

tified with choice vectors ¢ containing an increasingly ordered subset of the components of
1, characterize all possible local Bethe wavefunctions ‘¢§’05> that appear in the bipartite de-
composition (37). It is then clear that the choice ¢ contains enough information to identify
the corresponding local Bethe wavefunction ‘¢§’08> (with the particle number m being the

number of components in choice ¢ = (¢q, ¢y, -, Cp), that is m = |¢]). We can therefore denote
the above local Bethe wavefunction simply as |¢), and make the replacement

S 7

kb,6°
m,’ —
B

We say that a choice ¢ is contained in another choice d, denoted ¢ < d, if all the components
of ¢ are also components of d. Notice that by construction, ¢ < 1. We then say that the local
Bethe wavefunctions are characterized by choice vectors € such that § < ¢ < T, and replace
the sums over particle number m and choices having that particle number with a single sum

over choices, 3
M 1
22 (45)

where in the last step we further simplified the above notation by not indicating the summation
domain, which is assumed. We can now also make explicit the dependence between the choices
d and b for the local wavefunctions on parts A and B, namely d U b =1, which we can impose
through the delta function, & dub.i> SO that

a
Z N Z 51051 - (46)
d ab

We also simplify the notation regarding the scattering amplitude

d,b). (44)

¢%5,96>A ®

m

e[Q**1—-e[d,b], (47)

for which we rewrite the definition here,

/

old,bl=[ [[ [fas(e.B).
a=1h= (48)
1 5 if a, < b[j B

apl®h)= { —e'%ats | ifq > bg ,

and remind the reader that it is a product of scattering phases —e'%abs for each pair of symbols
(aq, bg) in d and b such that a, > bg, implying that the order of these two symbols in d ® b is

the opposite to their original order (namely a, < bg) in 1. Putting all these changes together,
the bipartite decomposition (37) reads

1) =2 6a7 ©[a.b][a.b). (49)

A crucial observation is that such an analogous bipartite decomposition also applies when
we decompose a local Bethe wavefunction |i) defined by a choice vector fi < 1, as long as the
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decomposition involves choices d and b that are consistent with the delta function constraint
0. 7 -, in which case we write

dub 0

d,b). (50)

Moreover, anticipating the multipartite case, where the use of a diagrammatic notation

helps significantly in guiding the discussion, we represent the delta function 6 dub, constrain-

ing choices d and b so that their union @ U b equates i, as
5aul7,ﬁ =H
(51)

ST
S8

where outgoing arrows are used for the choices d and b and an incoming arrow is used for g.
Using this notation we can succinctly write the bipartite decomposition (37) of a Bethe

wavefunction as,
‘ \ I (52)

where the scattering amplitude ©[d, b] decorates the delta function.

4.2 Fractal tripartite decomposition

In order to prepare for the derivation of the multipartite decomposition for an arbitrary number
L of parts below, as well as to introduce the key steps in a simplified context, we first describe
how to extend the bipartite decomposition of |T> for a left-right bipartition £L = AUA’ of the
1d lattice £ into parts A and A’ to a tripartite decomposition of |T> for a left-right tripartition
L =AUBUC of the same 1d lattice, where the region A" has further been left-right partitioned
into parts B and C, thatis A’ = BUC. Note that indeed this tripartition is left-right; A is to the
left of B, which is to the left of C.

We start from the bipartite decomposition in (49) for parts A and A’, which we rewrite as

Zéauul [, 7], i) , (53)

where |d) and |fi) are local Bethe wavefunctions on parts A and A’, and proceed to further
decompose the local Bethe wavefunction |fi) on A’ into local Bethe wavefunctions |b> and |¢)
on parts B and C.

—»

5305 ©[D,€1]D,2) . (54)

Ue, i
Combining these expressions we obtaln

1) = 25&‘Uﬂ1 el[d, ] 25 U ji G[B’E]’

4, b,

a,b,c), (55)

which is a linear combination of products |&, b, 6) of local Bethe wavefunctions. In our final
tripartite decomposition, we re-express the global Bethe wavefunction as

1) =" 6450:1 ©0d.5,81 |a,5,2)., (56)
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namely in terms of (i) a tr1part1te delta 6+

aubuz that ensures that the product of the three local

Bethe wavefunctions , > contains all the M symbols in T without repeating any, and (ii)

a tripartite scattering amplitude ©;[d, b, ¢], which will next be seen to factorize as a product
of bipartite scattering amplitudes. Indeed, comparing Egs. (55) and (56) we have,

i (57)
=&, 3,:1 ©Ld, buT] ©[b,7]
Then, using the important bipartite property
e[d, buc]=e[d,ble[d,z], (58)

which follows from the definition of © in (48) and states that when a choice [i can be expressed
as the union of two choices, i = b UZ¢, then the scattering amplitude ©[d, ii] factorizes as the
product of two scattering amplitudes ©[d, b] ©[d, ¢], we arrive at

©,[d,b,¢]1=©[d,b] e[d,c] e[b,c], (59)

(for eligible choices d, b, ¢, that is, for choices fulfilling d U bu = 1) which expresses the
tripartite scattering amplitude ©5[d, b,¢lasa product of three bipartite scattering amplitudes.

In summary, we have obtained our tripartite decomposition (56), which we can diagra-
matically represent as,

63 [dv 57 E]

(60)

by combining the bipartite decompositions (53) and (54), a process that we can diagramati-
cally represent as

i edn  ebd T ©sdb,d
> > >— =—> ,
i (61)
a b i b oz

which is equivalent to Eq. (57). Here we use the convention, standard in the tensor network
diagrammatic notation, that there is a sum over the bond index {i connecting two nodes.

Let us analyze the number of independent terms in the tripartite decomposition above.
Assume there are totally M particles, and each subregion A, B, C is such that it can host M
particles itself (i.e. Ny, N3, No > M). Since the number of choices for M symbols is 2/, naively
— 93M _ gM

. 3
it would seem that the number of terms can be as large as (2M ) . However, the

tripartite delta function 6y, 7 imposes the global constraint dubut =1, which reduces
the number of allowed terms. More concretely, consider an allocation of M,, My and M,
particles on A,B and C respectlvely Due to constraint that M, + My + M = M, the number

of independent choice vectors d, b,¢is W Therefore, if each of the parts can host up
M’ M

to M particles, then there are ZMA,MB,MC MM Vg1 = 3 (where My + Mg + M. = M) terms

in the tripartite decomposition, a number that is significantly lower than 8¥.
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4.3 Fractal multipartite decomposition

We can extend the above discussion to a left-right partition made of any number L of parts
{A;} so as to decompose a Bethe wavefunction into a sum of tensor products |d;,d,, - d)
of local Bethe wavefunctions {|d;)} supported on each part. Such decomposition can be dia-
grammatically represented as,

—

- Opld,- - ,drL)

- 1 o -
|1>: |a17"'7aL> ,
filwz;fiL (62)

in terms of a delta function 6; 5 ..z, establishing that all the symbols in 1 appear once
and just once in the product |d;,d5,- - d; ), and an appropriately defined L-partite amplitude
©.[d;,dy, -+ ,d;]. We state the result in the form of a theorem,

Theorem 4.1 (Fractal multipartite decomposition of a Bethe wavefunction). Given a left-
right partition of the 1d lattice L into L parts {A;}, L =1,- -, L, an M-particle Bethe wavefunction
|T> on L can be expressed as a sum of tensor products |d;,--- ,d;) of local Bethe wavefunctions
|d;) supported on each part. More concretely,

1. The multipartite decomposition is,

|T> = Z 651U-~~U5L,T @L[alﬁ. o ,aL] |als e :aL> 5 (63)

dy,,dy,

where the amplitude ©; [d,, -+ ,d; ] is given by,

L—-1 L
o ldy,a.-.a 1= ] ] ela,.d,l. (64)

L=1 ly=l,+1

2. The number of terms in the multipartite decomposition is at most LM, which is independent
of the number N of sites in the lattice L or the number {N;} of sites in each of its parts {A;}.

Proof. We prove this by induction, by constructing a (p + 1)-partite decomposition from a p-
partite decomposition. [For pedagogical reasons, the p = 2 case (constructing the tripartite
decomposition (56) from the bipartite decomposition (49)) was already demonstrated prior
to stating the theorem. Notice that the postulated form of the multipartite amplitude ©; in
Eq. Eq. (64) is consistent with the tripartite amplitude ©5 in Eq. (59).]

Consider a p-partite decomposition of a Bethe wavefunction |T> according to a left-right

partition of the lattice £L=A; U---UA,_; UM,_, into parts A, - ,A,_;, M,_;, namely

|1> = Z 5a1U---Uap_1UﬁP_1,T®p[al’ Tt Eip—l) ﬁp—l] ’51, Tt a)p—lj ﬁp—l) 5 (65)
al;""apflaﬁpfl

where the p-partite scattering amplitude ©, is given by Eq. (64). Consider now dividing part
M,,_; further into two parts A, and M, and the bipartite decomposition of the local bethe
wavefunction | ﬁp_1>,

Fip1)= D 82,03, Oldp, Ay |dps ) (66)

Ap>tp
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Replacing Eq. (66) in Eq. (65) we obtain,

1) = Z 5a‘1u~~~ua’p_1uﬁp_1,i ep[al’ T )ap—luap—l]
d

1" 5Ap—1,Mp—1

X z Sapuﬁp’ﬁpfl @[apJ Au’p] |a11 T >ap—1)ap) nu’p> >
ap"ap

(67)

which is already a decomposition in terms of products \Eil, e, dp_q,0p, ,Eip> of p+1 local Bethe
wavefunctions. To prove the theorem, we would like to re-express the above decomposition
as

|1> = Z 5a’lu~--ua'p,1ua’puﬂpj®p+l[ala"' ;ap—l)apa .‘_j’p] |ala'” 1ap—laap> ﬁp) ) (68)

a1,y

in terms of the product of a global delta function and (p + 1)-partite scattering amplitudes
©p41 that in turn decompose as the product of bipartite scattering amplitudes in Eq. (64).
Comparing Egs. (67) and (68), we find

5a‘1u~~~uapuﬁpj ®p+1[al’ T ,6p,ﬁp] = (Z 65puﬁp,ﬁp_1 ®p[?11, Y ’ap—l’ﬁp—ljéﬁpuﬁp,ﬁpq)@[ap’ﬁp]
ﬂp*l
= 651U~-~Uapuﬁp,f e[al’ Tt ap—l; ap u ﬁp] G')I:Eip’ ﬁp] . (69)
In our last step, we explicitly expand

G[alj"' ;ap—lzapu‘ap] @[apuap] :( @[Eil,iij] @[ak;apuﬁp])@[ap’ﬁp]

~ ja~]
I |
N
~
T—
+ =
-
a1
Il |
R [a

1
p—2 p-1
=( G[a*if,-]x 9[5k,5p]9[6k,ﬁp])®[5p,ﬁp]
i=1 j=i+1 k=1

p—1 p p
:(‘ r[e[ai,ajj)]_[e[ak,up] (70)

where we used Eq. (58) to make the replacement ©[dy,d, U fi,] = ©[dy,d,] O[dy, i, ]-
Notice that expression (70) is equivalent to Eq. (64) if we replace b w1th d;, then set

p = L —1, and re-organize the resulting products (]_[ ]_[J i+1 ©Ld;,d; ) L eld,d;]
. L-17L
mto 1_[1:1 l_lj:m a[ap ]]

The crucial observation of the relation between the amplitudes ©, and ©,,, is encapsu-
lated in the following diagram,

T 917[61;"' 7617—17/119—1} @[&’p,ﬁp]

AN \ AN 7
7 7 7 Hp
A Hp—1 $

f @p+1[617"’ v‘_ip’ﬁp]

(71)

A4
1

- e //Lp 4
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which is equivalent to Eq. (69) and is the L-partite generalization of the Eq. (61).

Now we analyze the number of terms in the decomposition, Eq. 63. As for the tripartite
case, the multipartite decomposition imposes the global constraint U;d; = 1. Given the alloca-
tion of M; symbols on part A;, there are m independent sets of [ choices d;,d,, -+ ,d;

such that U,d; = 1. Therefore, if each of the parts can host up to M particles, meaning the
number of sites N is at least M, then there are ZMl"'Mk m = LM (where Y, M; = M).
If some parts are not capable of hosting M symbols, the decomposition contains less than LY
terms, hence the upper-bound on the number of terms.

O

We also have a direct corollary bounding the multipartite Schmidt rank measure of entan-
glement from the bound on the number of terms in the multipartite decomposition,

Corollary 4.1. For any left-right L—partition, the L—partite Schmidt rank y; (and related en-
tanglement measure log(y;) [48]) of an M—particle Bethe state is upper-bounded by L™ (and
M log(L)), independent of N.

4.4 Contiguous multipartite decomposition

So far we have highlighted the multipartite decomposition of Bethe wavefunctions for a left-
right partition of a 1d lattice, namely for a partition consisting of L parts A;,A,,--+ ,A; each
made of contiguous sites in a 1d chain with open boundaries, where the sites in part A; are to
the left of the sites in part A; when i < j. A natural question to ask is whether similar results
hold when the L parts are made of contiguous sites on a ring, that is, when the last site of the
lattice is considered to be nearest neighbor of the first site of the lattice and one of the parts,
say part A;, contains sites both at the beginning and at the end of the chain, see Fig. 5. This
is relevant since Bethe wavefunctions are often used to represent ground states of integrable
1 dimensional Hamiltonians on a ring (e.g. with periodic boundary conditions). On a ring,
there is no natural ordering for the sites, so it is natural to consider also a partition where one
of the parts includes both the left-most and right-most sites of the chain, see Fig. 8.

Left-right tripartition Left-right (L+1)-partition
1 T2 IN T1 I9 IN
s | e | | i i
AL B AR AL B C AR
Contiguous bipartition Contiguous L-partition
T T2 N Tl I9 TN
—0—0—0—0 00 00— —0—0—0—0—0 0060
i i it
A B A A B C A

Figure 8: Converting a left-right L + 1 partition to contiguous L partition.
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We now show that the a similar decomposition, as a sum of only L™ terms (where each
term is the product of L local wavefunctions) is also possible in this case, thus extending to
contiguous partitions on a ring the validity of corollary 4.1 that controls the Schmidt measure
for multipartite decompositions. In this case, however, each term in the sum is the product of
L —1 local Bethe wavefunctions and a local wavefunction that is not of that type.

We consider first a contiguous bipartition on the ring with two parts A and B, where part
A = A; U Ay further breaks into left and right subparts A; and Ay containing left-most and
right-most sites and B contains the rest of sites in between. Our goal is to produce a bipartite
decomposition for an M -particle Bethe wavefunction %> according to the partition A, B. Since
the three parts A;, B, Ay define a left-right tripartition, we can use Theorem 4.1 to decompose
an M-particle Bethe wavefunction |T> as

Z SaLuBuaR,T ©s[dy, b,dg] \aL; b:aR> 5 (72)

dp,b,dg

where the delta o, Ubua,,1 ensures that only 3" product terms |Ei I b, &R) appear in the decom-

23M

position, even though the sum is over (2M)3 = choices @, , b, dg. Using that

aLUbUaR Z 65 ub,1 83, Udig,d » (73)

we can readily re-organize this decomposition as

1) =261 |%a3), [B)s (74)
a,b
where .
aB> Z 5aLUaRa [dy,b,dr]ldL,dR) - (75)
d;dg

Decomposition (74) is a linear combination of at most 2 product states

i3 >A | b > 5> Namely

one for each value of the choices 4, b such that & aubi= =1, as we wanted to show. Notice that
|W(d)) is in general not a local Bethe wavefunction on part A.

Similarly, for a partition into L contiguous parts, we can obtain a decomposition with LY
product terms. We explain it explicitly for L = 3, with parts A, B, C where part A = A; U Ay
again decomposes into left and right subparts A; and Agz. Our starting point is now the left-
right 4-partite decomposition

> 64 bueva, 1 ©alds. b.E,dR]|d;, b, ¢, dr) (76)

dr,b,c,dp

of the Bethe wavefunction T) according to the four parts A;, B, C,Ag, which contains at most

4M terms (instead of (2M)* = 2*M) due to the delta & _Ubuzua, 1+ Using that

5aLUbUcUaR Z o; O, Udp,d » 77)
we rearrange this expression as

|T> = Z Saubuz i ‘IJE,T),E>A |_B:E>Bc > (78)
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‘I’a,B,z>A = Z 064, uay,a ©4Ldr, b,C,dglld;, dg) - (79)
drdr
Decomposition (78) has indeed 3% terms (instead of (2")3 = 23™ terms) because of the delta
5HUBUE,T'
The above argument can be generalized to L parts. We arrive at the result,

Theorem 4.2 (Contiguous multipartite decomposition of a Bethe wavefunction). Given a
contiguous multipartition of lattice L into L parts {A;}, L =1,---,L, an M-particle Bethe wave-
function ’1) on L can be expressed as a sum of tensor products of local wavefunctions supported
on each part. More concretely,

1. The multipartite decomposition is,

ﬁ) = Z 5&’1u~~~uaL,T |‘I’{61}>A1 |da, -+ ’aL>A2"'AL ’ (80)
al’."ﬁaL

where {|d;)} are local Bethe wavefunctions defined on parts {A;} and the state |‘I’{al}> is a
local wavefunction defined on part A; = Ay; UAqg, which is not a Bethe wavefunction but
can be built from local Bethe wavefunctions |d,;,dg) and scattering phases as

|‘I/{al}> = Z 8y, dpd, ©r+1[d1r,d2s "+ Ay, dir]ldy L, d1R) - (81)

dyr,d1r

2. The number of terms in the multipartite decomposition is at most LM, which is independent
of the number N of sites in the lattice L or the numbers {N;} of sites in each of its parts
{Ar}.

The corollary on the multipartite Schmidt measure follows:

Corollary 4.2. For any contiguous L—partition, the L—partite Schmidt rank y; (and related
entanglement measure log(y;) [48]) of an M—particle Bethe state is upper-bounded by L™ (and
M log(L)), independent of N.

5 Tensor network representation

In this section we show that an M—particle Bethe wavefunction in a 1d lattice £ made of
N sites can be expressed as an exact tensor network state with bond dimension at most 2M.
We consider explicitly a matrix product state (MPS) and a tree tensor network (TTN) on a
regular binary tree as particularly important examples. However, such an exact tensor network
representation with upper bounded bond dimension can be obtained also for any network
geometry corresponding to a planar tree with one root and L leaves (for L < N) representing
L local parts, see Fig. 9. As mentioned in Sect. 1, for an MPS we recover a representation
equivalent to that in Ref. [37]. This will be further explained below, see homogeneous MPS
representation in Sect. 5.8.

Our explicit construction of exact tensor network representations for a Bethe wavefunction
is based on two types of tensors, denoted T and S, which we describe next. Their origin will
become clear when we describe the MPS and regular binary TTN representations.
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a) b) c) |

—-0—0—0—0 VAN AN

Figure 9: Three planar trees: (a) chain, leading to an MPS tensor network, see Fig.
10; (b) regular binary tree, leading to a regular binary tree tensor network (regular
binary TTN), see Fig. 11; and (c) example of a more general planar tree, leading
to a more general planar tree tensor network (planar TTN), see Fig. 13. Given
a Bethe wavefunction on a 1d lattice £ and a nested partition of £ according to
one such planar tree, in this section we explain how to produce a tensor network
representation of the Bethe wavefunction where the network geometry is given by
the planar tree.

5.1 Tensor T

Tensor T has one incoming index and two out-going indices, with each index labelled by a
choice vector. It is of the form

e[d,b]= , (82)

a Tp

namely the product of a delta 6, that enforces that choice ¢ in the incoming index is equal

dub,e
to the sorted union @Ub of the choices @ and b for the two outgoing indices, see Eq. (22), and
the scattering amplitude ©[d, blin Eq. (48) involving the choices d and b of the two outgoing
indices. Notice that tensor T simply encodes the amplitudes of the bipartite decomposition in
Eqg. (50). Since each choice index can take up to 2M values, this tensor has (2M )3 components.
We emphasize, however, that T is a decorated delta function and thus a sparse tensor.
Sparsity of tensor T goes well beyond that of a particle preserving tensor. To illustrate this,
let us assume all three indices @, b, ¢ run over the 2™ choices compatible with the global Bethe
data. Notice that there are (Ir\:{) incoming choices ¢ with m particles, that is with |¢| = m for
0 <m < M. For any of those choices ¢, there are (nT ) compatible choices d with m; particles,

that is with |d| = m;, for 0 < m; < m. For each pair (¢, @) of eligible choices, the delta Saubz

indicates that there is only one choice b leading to a non-zero coefficient T Z in T. Therefore
a,

the number of non-zero coefficient in tensor T is

2 Z (- 20k

In contrast, if only particle conservation was enforced, then non-zero coefficients would cor-
respond to the cases where |¢| = m, |d| = m; and |b| = mpg with m = m; + myg, in which case
there would be (Invf)(n]‘i )(,ﬁ ) non-zero elements. Adding over all possible values of m and m;
(with 0 <m; <m <M and mp = m—m;) leads to

m

S50,
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which can be a substantially larger number of non-zero coefficients than we found in Eq. (83)
for tensor T. It is also easy to check that T satisfies the normalization

- >/
T . T¢
PILELH

d,b

= &z2. (85)

o ¥

Examples

For illustrative purposes, next we describe the explicit form of ’]I‘Z Z in Eq. (82) for a system

with M = 0,1 and 2 particles. Recall from previous sections that in a system with M particle,
where () refers to the null choice of quasi-momenta, and 1=(1,2,3, -+, M) refers to the choice
of all M Bethe quasi-momenta, a choice index [i typically runs over all 2™ possible choices
compatible with the global Bethe data. Below, these 2V choices are ordered by increasing
number of particles m = |{i|, according to the convention used in Sec. 2.3, which we restate
here

v
m=1 m=2 m=M

We present the tensor T¢ z for M = 0, 1, 2 particles as a set of 2M x 2M matrices after fixing the
a

top index ¢. The basis elements are indicated next to the matrices, according to the convention
in (86). For M = 0 particles, with 1 = ), we simply have

0
T™=(1) ¢ . 87)

For M =1 particles, with T = (1), tensor T has components

g (1)
™_ (1 0\ 0 ’
b o)
0 (1) (88)

= o) o

Finally, for M = 2 particles, with T = (1,2) and scattering angle 6,,, tensor T has components

(1) (2 (1,2)

1 0 0 0 0
™—[(0 0 O ol (D

0O 0 0 o] (2 °

0 0 O 0/ (1,2)

g (1) (2 (1,2)

0 1 o0 0 0
Tw—[1 0 0 ol (1

0 0 O o] @ °

0O 0 O 0/ (1,2)
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g 1 2 (1,2
0o 0 1 0 0

T@ — 0 0 0 0 (1)
1 0 0 o] @ °
0O 0 O 0/ (1,2)
0 1 @ 1,2
0 0O O 1 0

T2 — 0 .0 1 0 (D ‘

0 —ei®22 0 o] (2 (89
1 0 0 0o/ (1,2)

As these examples make manifest, tensor T only depends on the two-particle scattering angles
0, and not on the quasi-momenta k. Notice also that the tensor for M — 1 particles can be
obtained from that for M particles by simply restricting our attention to a subset of its entries
(namely those entries labelled by choices d, b,¢ containing only the first M — 1 symbols).

5.2 Tensor S

Tensor S implements a (non-unitary) change of basis that expresses a local Bethe wavefunction
|d), specified by choice d, in terms of the occupation basis |G) (see discussion before Eq. (1)).
Let A denote the part of the 1d lattice £ on which |G) is supported, and let N, be the number
of site in A. Then G is a bitstring of length N,. Recall that the local Bethe wavefunction |d) is

given by )
@)= > ©%R] Y. T |z) . (90)

ReS,, XeD4

Then tensor S has components

si= (@)= > eR] > % (5]%) | (91)

ReS,, XeD4

Notice that index @ runs over 2 choices (when all possible choices are included, as is the case
when both part A and its complement A’ in £ can host M particles), whereas index & runs over
2N bitstrings. Accordingly, tensor S has 2 x 2N+ components. Tensor S is also sparse, due to
particle number preservation: Sg is non-zero only if the particle number |d| associated with
choice d matches the number of ones in &. Two local Bethe wavefunctions |d), |Ei’ > are or-
thogonal if they have a different number of particles |d| and |d@’|, that is <Ei’ {Ei) = 8313 <Ei’ |Ei>,
and generically not orthogonal, i.e. (6’ |& ) # O g, if their number of particles is the same. We

thus have, L

25885 =2 (@|6)(51a) = bjaa (@']a) (92)
) G

Examples

Let us use Eq. (91) to write down the explicit form of S‘;A when the choice d corresponds to
0,1, or 2 particles in a system with M particles. We use the notation S[i] to indicate that this
tensor explicitly depends on the part A; of the 1d lattice £ in which it is defined. Below G,
denotes a bitstring of length Ny , which is the number of sites in part A;.

For O particles, that is d@ = (}, we obtain

S[l]g_A = 5_>Ai’(0’0"”’0) 5 (93)
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whereas in the one-particle sector, namely d = (a) fora=1,--- ,M, we find
S[l]gl)l = Z el aX 56Ai>(0>0a""1x""’0) . (94)
X€EA;

Finally, in the two-particle sector d = (a;,a,) (for 1 < a; < a, < M) we have

.q(ag,az) _ i| kg, x1+kq, x 10, 4, il ka, X1+kq, x
S[l]a-Ali 2) — Z (6 ( a;”1 2 2)—6 a2 16( 21T Ray 2)) 55Al-;(0;0"“’1x1""’1x2>""0)’ (95)
J?GDQi

and so on.
Notice that in contrast with tensor T, which only depends on the two-particle scattering
angles 0, tensor S[i] depends on both the quasi-momenta k and the two-particle scattering

angles 6.

5.3 Combining tensors T and S into a tree tensor network (TTN) representation

Our next step is to explain how these two types of tensors T and S can be customized and put
together into a tensor network representation of an M—particle Bethe wavefunction |T>, for a
planar tree tensor network.

Given a left-right partition of the 1d lattice £ into L parts A;,A,, -+ ,A; (where part 4; is
to the left of part A;, ), we choose a tensor network geometry consisting of a planar tree with
one root and L leaves, labelled byi =1,2,-- , L, see Fig. 9. Here leaf i is associated to part A;
of lattice £. We then build a tensor network representation for the Bethe wavefunction |T) in
two steps: first (i) we use tensors T to build a tensor network representation of the amplitudes
o) d, U0l 1 ©,[dy, - ,d; ] of the multipartite decomposition (63); then (ii) we dress each leaf
with a tensor S[i] that expresses the local Bethe wavefunction |d;) in Eq. (63) in terms of the
local occupation basis |5 Y >

For clarity, below we explain these two steps in more detail for two simple, yet particularly
important cases of planar trees, namely for a linear chain (leading to an MPS) and a regular
binary tree (producing a regular binary TTN), before briefly returning to the general case.

5.4 Matrix product state (MPS)

We consider first the case where the planar tree is a chain of L nodes, labelled byi =1,2,:--,L,
see Figs. 9(a) and 10. For 1 <i < L, node i has three edges: two bond edges connecting it to
the nodes i —1 and i + 1 and a physical edge whose other vertex is leaf i of the tree, which is
assigned to part A; of the lattice £. The left-most node, node i = 1, has a left edge connecting
it to the root of the tree, in addition to a right bond edge and a physical edge connecting it
to leaf i = 1. The right-most node, node i = L, has a right edge that we added for notational
consistency in the final tensor network (but which can be otherwise omitted) as well as a left
bond edge and a physical edge connecting it to leaft i = L.

Our first step is to build an MPS representation of the amplitudes 6; ...z, 7 ©1 [dq,---,d; ]
in Eq. (63) using tensors T. We proceed sequentially from left to right as follows. First we
consider a bipartition of the lattice into parts A; and M; =A,U---UA;, and the corresponding
bipartite decomposition (49) in terms of local Bethe wavefunctions |d;) and |fi;) for A; and
M;, which we express as

|T> - Z |C_il7/’_':1> . (96)
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Next, we bipartite decompose the state |i;) into local Bethe wavefunctions |d,) and |fi,) for
parts A, and M, = A3U---UA; respectively, which we also express using a tensor T, and obtain

) P i i
H=> > >—0O0—>—0O—> |a1,d /i)

S ) 7
1,1 2,12 :F“ ¢ (9 )
aiy 62

After iterating bipartite decompositions L — 1 times, we end up with the following decompo-
sition,

W il

- i T 0
D=2 2 2 O—>—O—>  —>—O—> i, ,z)
G1,fi1 G2,fi2 ar, { ?_a {
1 L
(98)
Here, the label d; at the right-most end of the chain is equivalent to fi;_;, as enforced by

m
which is introduced for notational consistency. This completes our construction of an explicit

MPS for the Bethe wavefunction |T> when expressed in terms of products of L local Bethe
wavefunctions |d;,d,, -+ ,d; ), which we can also express as

L—1
LN Ay | o
Say0ua, 1 Ouldn 8] =D T} 5 (l_[ Tai,ﬁi) T - (99)
i=2

(o}

the right-most tensor T, with components ’]I“;LL,‘Q)1 = 65, a0 ©d,,0], with ©[d,,0] = 1,

Our second step is to transform the above MPS representation of ﬁ) in the local Bethe
wavefunction basis {|d;,d,,---,d;)} into an MPS representation in the original, local occupa-
tion basis |G) = |6A1, Gay**»04, ) To do so, we simply append a change-of-basis tensor S[i]
to the outgoing downward index d; of each tensor T in Eq. (98). In doing so, we produce L
new tensors R[i] of the form

a;,Ur

R[iJ; ™ = Z T, SUTG, - (100)
a;

Then the MPS representation for the Bethe wavefunction

|T): Z \IlL[a-Al>”')6.AL:||5-A13""6-AL>3 (101)
Fayra0a,
reads L
- . 1 - 1,0 fip—1,0
¥[G4, 54 1= DRI (]_[ R[iT5" )R[L]g;Ll . (102)
{0} =2 '

Note, the bond indices in this MPS are labeled by a choice vector fi;. Given a global Bethe
wavefunction of M particles on N sites, the number of independent choice vectors is at most
2M: thus the bond dimension is upper-bounded by 2™, independent of N. Let us summarise
the result in the form of a theorem,

Theorem 5.1 (MPS representation of Bethe wavefunctions). Given an M—particle Bethe
wavefunction with Bethe data (7%, 0) on a 1d lattice £ made of N sites, and a left-right partition
of lattice L into L parts {A;}, one can explicitly construct the exact matrix product state repre-
sentation in Eq. (102), made of L tensors R, which has bond dimension upper-bounded by 2M,
independent of N.
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T
R[] = Y
1
R[1] R[2] R3] R[4]

Figure 10: Starting from the chain in Fig. 9a, we build a MPS representation of
a Bethe wavefunction in three steps. First we replace each node of the chain with
a tensor T in Eq. (82), which already produces an MPS representation of the Bethe
wavefunction when expressed in a local basis made of local Bethe wavefunctions, see
Eq. (99). Our second step is to introduce change-of-basis tensors S[i] in Eq. (91),
which leads to a tensor network description of the Bethe wavefunction in the local
occupation basis. Finally, the MPS is naturally expressed in terms of the tensors R[i]
in Eq. (100), which result from multiplying tensors T and S[i] together.

For a proof, see how we constructed the exact MPS representation (102), written in terms of
MPS tensors R[i], by reviewing the definitions of the tensors R, S, T and the bipartite scattering
amplitudes ©, Egs. (48), (82), (91), and (100) (see also Fig. 10).

Two remarks are in order. First, here we chose to present the explicit MPS representation in
terms of a single tensor R[i] for each site, as this is how a MPS is usually expressed. However,
in practical applications one can also directly use the pair of tensors (R, S[i]) instead of R[i],
which may have advantages in terms of storage and computational costs due to their sparsity.
Second, in an MPS representation one often chooses L = N, so that each part A; corresponds
to a single site of the 1d lattice £. Our MPS representation is more general. For instance, for
an integer p such that N /p is also an integer, we could set L = N/p and have each part A;
correspond to p contiguous sites of the lattice, instead of just one site.

Examples

Let us build explicit MPS tensors R[i] for Bethe wavefunctions with M = 0, 1, 2, 3 particles, for
the special case where each part A; is a single site of the 1d lattice £, corresponding to local
occupation basis {|0),|1)}, for an arbitrary number N of sites or, equivalently, for an arbitrary
number L of parts (with L = N), where we can use the site label x =1,2,--- ,N instead of the
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fir i
(o

partlabeli=1,2,---, L. We interpret tensor R[x ] as a collection of two 2M x 2M matrices
R[x],, one matrix for each value o = 0,1 of the on-site physical index. Each entry of these
matrices is labeled by [i;, iz, where the basis is organized according to convention (86). We
then have

Rlx]" =65, (103)
-/ M .
R =" 65 m00) OL(), &1 €%, (104)
j=1

and the number of non-zero coefficients is obtained from Eq. (83) by properly restricting the
range of the second sum:

g(;\f) ngo(,:) - i (lnv,l[)(mnt D). (105)

m=0

More specifically, for M = 0 particles, the matrices are,
Rlxlo=(1), Rx};=(0). (106)

This corresponds to an MPS with bond dimension y = 1, representing the product state
|#) =|00---0) in Eq. (4).
For M = 1 particles, the matrices are

R[x10=((1, ‘1’) R[x11=(efix 8) (107)

This corresponds to an MPS with bond dimension y = 2, which can be seen to indeed represent
a plane wave with quasi-momenta k in Eq. (4).

For an M = 2 particles with quasi-momenta k, k, and scattering angle 0,;, the matrices
R[x]° and R[x]! are of the form R[x], = I,

0 0 0 0
etkrx 0 0 0
0 _ei921eik2x eiklx 0

This corresponds to an MPS with bond dimension y = 4, which can again be checked to
represent the two-particle Bethe wavefunction in Eq. (5).

For M = 3 particles with quasi-momenta k;, k,, k, and scattering angle 05, 65;, 055, We
have 8 x 8 matrices R[x ], = Iy and

0 0 0 0 0 0 0 0)
elk1x 0 0 0 0 0 0 0
etkax 0 0 0 0 0 0 0
eiksx 0 0 0 0 0 0 0
R[x]; = 0 —eiflpikax oikix 0 0 0 0 0
0  —elfpiksx 0 elk1x 0 0 0 0
0 0 —elOsn2plkax  plkax 0 0 0 0
k 0 0 0 0 ei9316i9326ik3x _ei921eik2x eiklx 0 j

(109)
This corresponds to an MPS with bond dimension y = 8 that can be seen to represent the
three-particle Bethe wavefunction in Eq. (9). .
Notice that the matrix elements R[x]gb“ ® and ]R[x]’f““ R for M —1 particles can be obtained
from those for M particles by restricting our attention to a proper subset of choices fi;, tig.
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5.5 Tree tensor network (TTN): regular binary tree

We now consider a tensor network where the network geometry is that of a regular binary
tree, see Figs. 9b and 11. As in the MPS case discussed above, the tree has L leaves labelled
by integer i, with i = 1,2, --- , L, where now we assume that L = 27 for some integer Z > 1,
and the graph is organized in Z layers of nodes, each labelled by a pair of integers (z,1),
where 2 = 0,1,---,Z — 1 denotes the layer or scale of the node and i = 1,2,---,2* denotes
the position of the node within that layer. Each node has three edges. Forz =1,2,--- ,Z —2,
the three edges of node (z,1) consist of a bond edge connecting it to node (z —1, (i + 1) div 2)
of the layer z — 1 above (here i div 2 denotes integer division of i by 2) and two bond edges
connecting it to nodes (z + 1,2i — 1) and (z + 1, 2i) of the layer z + 1 below. At the top layer
z = 0, node (z = 0,i = 1) has an edge representing the root of the tree and two bond edges
connecting it to nodes (z = 1,i = 1) and (z = 1,i = 2), see Fig. 9b. At the bottom layer
z =7 —1, we have 227! nodes. Each such node (z = Z — 1, i) has one bond edge connecting
it tonode (z =Z —2,(i + 1) div 2) of layer z = Z — 2 and two physical edges connecting them
to two leaves 2i — 1 and 2i.

As we did for the MPS case earlier on, our first step is to build a TTN representation of
the amplitudes 65 ... 3,7 ©,[dq, - ,d; ] in Eq. (63) using tensors T, but now for the above

regular binary tree. We proceed by first bipartite decomposing the Bethe wavefunction |1)

into two local Bethe wavefunctions |fif; 17) and |fif; »7) supported on parts M 1] = Ule/ ?Al-
L .

and M(; o) = Ui:L/2+1Ai respectively,

T

T
n= >

H[1,1]5H1,2]

\L |10, Hp1,2)) (110)
A2

i) ]

Here we have introduced the choice vectors fi,;; with z = 1 and i = 1,2 that label Bethe

wavefunctions {ﬁ[z’iﬁ supported on the two parts. Next, we bipartite decompose each | ﬁ[l’i]>
further as,

T\
-, 4 — —
1) = Z ol f2 (i, 2,2, Fi2,3)5 A2,4)) |
" T T 111)

2

Hi2,1)  Hp2,2) H2,3)  Hi2,4)

T
O

in terms of the next set of local Bethe wavefunctions |ﬁ[2,2i_1]> and |,Ei[2)2i]>. Here we

have divided lattice £ into four subregions M, ;) for i = 1,2,3,4, with M, = U1L=/ ‘IAI-,

— 1 |L/2 . - .
PN Ul.: 1441415 €, and > () refers to sums over all choice vectors i, ; in the diagram.

This process of hierarchical bipartite decompositions can be iterated Z times, until the
Bethe wavefunction ’1) is expressed in terms of L = 27 local Bethe wavefunctions suppported
on the original L parties {A;}. For notational consistency, we label the lowest layer choice
vectors as d;, and the diagrammatic representation of the regular binary TTN decomposition
of coefficients 5a1u---uaLI ©,[dy, - ,d;]in Eq. (63) using tensors T is

35


https://scipost.org
https://scipost.org/SciPostPhysCore.8.4.067

SC|| SciPost Phys. Core 8, 067 (2025)

6&'1U~~-U6L,T@L[61’ o C_I:L] = Z
{A}
Ly Tf\
4 — —
Hi1,1) Hi1,2]
T T
\L i’ (112)
Hz-1,1] Hiz-1,2]
T T
a1 s ..

The above TTN representation has depth Z = log, L, that is, we used Z layers of tensors,
with a total of 1 + 2+ --- 4+ 271 = L — 1 tensors T. Its bond dimension for an M—particle
Bethe wavefunction is upper-bounded by 2™. As with the MPS, this tensor network can be
converted into a TTN representation for ﬁ> in the local occupation basis by the local basis
transformation using the matrices S as defined in Eq. (91), see Fig. 11, where tensor S[i] acts
on leaf i and depends on the position vector X, € A;, see Fig. 11.

We summarise the above result in a theorem,

Theorem 5.2 (Regular binary TTN representation of Bethe wavefunctions). Given an
M —particle Bethe wavefunction with Bethe data (k,0) on a 1d lattice £ made of N sites, and
a left-right partition of lattice L into L parts {A;}, one can explicitly construct the exact regular
binary TTN representation in Fig. (11), made of L — 1 tensors T and L tensors S[i], which have
bond dimension upper-bounded by 2™, independent of N.

For a proof, see preceding discussions.

Examples

Consider a Bethe wavefunction of M = 2 particles on a 1d lattice £ made of N sites (for
N = 4p, for an integer p > 0), left-right partitioned into L = 4 parts A;,A,,A3,A,, each made
of p = N/4 contiguous sites. In this case, we obtain a regular binary TTN representation
made of 2 layers of T tensors (with a total of 1 4+ 2 = 3 tensors T) and one layer of tensors
S[i] (with a total of 4 tensors S[i]). Let the Bethe data be the two quasi-momenta k;, k, and
the scattering angle 6,;. Then the TTN is given by Fig. 11, where each tensor T, with M = 2,
is given in Eq. (89). The relevant tensors S are given in Egs. (93), (94) and (95).

5.6 Tree tensor network (TTN): generic planar tree

Finally, let us consider a generic planar tree made of some number K of nodes interconnected
by bond edges, L physical edges and a root edge. For instance, Figs. 9c and 12 show an
example with K = 2 nodes and L = 4 physical edges). We unambiguously assign a direction
to each edge of the planar tree graph by defining a flow from the root to any of the leafs. As
a result, each node has one in-coming index and a number of out-going indices. We assign to

36


https://scipost.org
https://scipost.org/SciPostPhysCore.8.4.067

SC|| SciPost Phys. Core 8, 067 (2025)

=

%Oy
+
~—O<—
+

—

1. T

{

O
4
T T
v g

st [s[2] [S3] [S[4]
r T T 1

Figure 11: TTN representation of Bethe wavefunction in local occupation basis.
Starting from the regular binary tree in Fig. 9b, we build a TTN representation of
a Bethe wavefunction in two steps. First we replace each node of the tree with a
tensor T in Eq. (82), which already produces a regular binary TTN representation of
the Bethe wavefunction when expressed in a local basis made of local Bethe wave-
functions, see Eq. (112). Our second step is to introduce change-of-basis tensors S[i]
in Eq. (91), which leads to our final regular binary TTN representation of the Bethe
wavefunction in the local occupation basis.

each of the K nodes a (generalized) tensor T with one incoming index @i and the corresponding
number, say g, of out-going indices 71, ¥y, -+ , ¥,, defined by

T

=T

1 V2, 7y = 5?)1U?)2U---U_1‘/q,ﬁ eq[vl’ Vo, ot vq] . (113)

Then a TTN representation of the amplitudes & d,0--ud,1 © pldy, -+ ,d;]in Eq. (63) for a Bethe

wavefunction |T> is obtained by setting to choice 1 the index corresponding to the root of
the tree. Furthermore, by dressing each of the L leaves with a corresponding tensor S[i], we
obtain a TTN decomposition of the same Bethe wavefunction ’1) expressed in the occupation
basis.

Theorem 5.3 (General planar TTN representation of Bethe wavefunctions). Given (1) an
M-particle Bethe wavefunction |T> with the Bethe data (E, 0) on a 1d lattice £ made of N sites,
(2) a left-right partition of lattice L into L parts {A;}, and (3) a planar tree with K nodes, one
root edge and L leaf edges (see text above for further description), one can explicitly construct an
exact TTN representation of |T> made of K tensors T (of appropriate degree, see Eq. (113)) and
L tensors S[i] in Eq. (91), with bond dimension upper-bounded by 2M, independent of N.
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Figure 12: Given a planar tree with K nodes, a root (red leg) and L leaves (blue legs),
we build a corresponding planar TTN representation for a Bethe wavefunction on an
N-site 1d lattice £ partitioned into L parts {A;} in two steps. First we define a flow
from the root to the leaves, which gives each edge a direction, and assign a tensor T
in Eq. (113) to each node. This already results in a TTN for the Bethe wavefunction
when expressed in terms of products of L local Bethe wavefunctions. Then we assign
a change-of-basis tensor S[i] in Eq. (91) to each leaf of the tree, resulting in the final
TTN representation of the Bethe wavefunction in the local occupation basis.

For a proof, see preceding discussion.
Note that this theorem includes both Theorem 5.1 for MPS and Theorem 5.2 for a regular
binary TTN as special cases.

5.7 Computation of norms and overlaps

[t!]

Given a tensor network representation of Bethe wavefunctions, as the ones provided earlier
on in this section, an important question is how to extract quantities of interest. Two examples
of quantities we would like to compute from the tensor network representation are:

7./ ! 7 Y
k.0 <I>k’0> and ’éllfd’e >; this

. k0 .
(i) The overlap <<I>M ’<I>M > between two Bethe wavefunctions iy

4

includes the squared norm <<I>';,’[0 ‘(I>]I§,’I0> of a single Bethe wavefunction ‘@I’;’IG > Notice that so

far all decompositions and tensor network representations presented in this work were for a
Bethe wavefunction that had not been normalized.
(ii) The expectation value

(52| osCerdoate) - opCx) e

of a product of local operators 01(x1),02(x2), -, 0(xg)-
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a) b)
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I

B2  [B2] Bl [BRN

Figure 13: (a) Tensor network representing the overlap between two wavefunctions
expressed as a MPS, see Eq. (114). (b) Typical tensor contraction required in order
to contract the MPS overlap tensor network. (c) Tensor network representing the
overlap between two wavefunctions expressed as a regular binary TTN. (d) Typical
tensor contraction required in order to contract the regular binary TTN overlap tensor
network, see Eq. (124).

The second computation can be seen to be closely related to the first one, which is the only

. 0| %0 . . .
one that we will analyze here. To compute the overlap <<I>M ‘@M >, we first build a single

L .
tensor network by merging together the tensor networks for <<I);<vf9 ‘ and "1)1];’19> through their

physical indices, see Figs. 13a and 13c, then contract all the indices using a standard contrac-
tion order specific to that tensor network. Bellow we outline the computational cost involved
in such calculations for the specific cases of an MPS and a regular binary TTN. We assume that
both Bethe wavefunctions have the same particle number M (otherwise the overlap vanishes)
but possibly different Bethe data.

MPS

7 ./ g’
Consider an MPS representation of ‘@IIL’IG> and "I’IX/I’O > where, for simplicity, we assume that

each physical index corresponds to a single site of the 1d lattice £ (that is, the number L
of parts in the multipartition coincides with the number N of sites in lattice £, L = N, as
discussed in a previous example). Let the tensors of the two MPS representations (which

are of the form of the tensor R[x] defined in Eq. (100)) be denoted by A[x] and B[x],
k.0

w )» we build a

where x = 1,2,--- ,N labels lattice sites. To compute the overlap <<I>];//[’e/’d>

Y
one-dimensional tensor network by joining the MPS representation of <I>§f> and of <©§4’0
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through their physical indices as in the example of Fig. 13a. A key step in the computation of
this overlap by following the standard (left-to-right) contraction order is the product of three
tensors, see Fig.13:

plx +11% = > plx] 1% AL BT, (114)
PRA

where p[x]’;‘ represents the result of having previously contracted all tensors to the left of
A[x] and B[x] and has the form

p[x]‘i = O3l P[X]g, (115)

namely it vanishes unless the particle number is conserved, that is unless || = | 7|, and where
from Egs. (103)-(104) we have

o’

Alx], H i (116)

Alx}" =Zéﬁ,w]~) o[, '] e, 117)
=1

BLx]; =655, (118)
M v

Bx]}"" = Z sug) ©TG), V] e hix. (119)

Therefore p is block-diagonal in particle number m = |fi|, with blocks of size (’r\ﬁ ) X (I:{ ) and

thus contains
M

M 2
> (m) i (120)

m=0
non-zero coefficients, whereas each of A and B contains

M

Z(A’:)x(m+1), (121)

m=0
non-zero coefficients, see Eq. (105). The product p times A (namely the sum over index { in

Eq. (114)) involves a sum over particle number m = |fi| of the product of a (Invf ) X (IT\;[ ) block
of p with a (In\f) x (m+ 1) block of A and thus requires a number of operations that scales as

M

Z (i‘g)z x(m+1). (122)

m=0

(And so does the product of the resulting tensor with B*, namely the sum over index ¥ in
Eq. (114)). This is less than Zln\f:o (1:1[)3 — which is what would follow from particle number

conservation alone. Computing the overlap between two Bethe wavefunctions on N sites
requires O(N) contractions of the form (114) and thus scales as

O(Ni (lnvi)z x(m+1)), (123)

m=0

that is, the computational cost is proportional to the lattice size N. In contrast, the overlap
between two generic M—particle wavefunctions scales as (AA/’[) ~ NM/M!, and thus as a higher
power of the system size for M > 1 particles. Similar expressions can be obtained for the
expectation value of local observables.

40


https://scipost.org
https://scipost.org/SciPostPhysCore.8.4.067

SC|| SciPost Phys. Core 8, 067 (2025)

TTN

Fig. 13c shows an example of tensor network describing the overlap <<1>§;’9/‘<I>ﬁ0> between

7. 7./ g’
two Bethe wavefunctions ’¢1ﬁ9> and ‘@ﬁl’e > expressed as regular binary TTNs, where tensors

A are used to represent either tensors T or change-of-basis tensors S for the first wavefunction
and tensors B do the same for the second wavefunction. A typical computation encountered
in contracting this overlap tensor network is of the form (see Fig. 13d)

A i B iR i
Pi= D A (05 (on)! B (124)

L
HUr>UR, VL, VR

where now A and B are tensors T in Eq. (82), which have a number of non-zero coefficients
given by Eq. (83). However, p; and py are only particle-number conserving, meaning that
they mix different choices i and 7 with the same particle number, that is such that || = ||. To
obtain an upper bound for the cost of performing the above sum, we will only assume that the
tensors are particle-number conserving, which leads to a computational cost Zl\nf:o 2%m ~ M,
Computing the overlap involves L/2+L/4+---+2+1 = L —1 contractions of the form (124)
(namely L/2 for the lowest layer of tensors, L/4 for the next layer, etc) and thus the total
computational cost is upper bounded by

o(L8M). (125)

Again, similar expressions can be obtained for the expectation value of local observables.

5.8 Homogenous tensor networks

In the above MPS and TTN representations, tensor T is the same in all locations (up to possible
restrictions in the range of its indices), whereas tensors S[i] depend on the part A; of lattice £
in which they act. In some cases, however, we can re-organize the content of the wavefunction
into tensors in such a way as to be able to use copies of the same tensor throughout an entire
MPS or throughout an entire layer of a regular TTN. These homogeneous tensor networks can
be stored using less memory and their manipulation has lower computation cost. We note that
being able to represent a wavefunction using a homogeneous tensor network does not imply
that the wavefunction itself is translation invariant, as the shape of the tensor network (e.g.
the existence of a left-most tensor and a right-most tensor in the MPS representation) breaks
translation invariance explicitly. [One can still obtain a translation invariant Bethe wavefunc-
tion by fine-tuning the Bethe data with respect to the size N of the 1d lattice £, but this is
independent of whether its tensor network representation is chosen to be homogeneous]. As
mentioned below in more detail, our homogeneous MPS representation can be seen to coincide
(up to normalization factors) with the MPS representation previously presented in Ref. [37].

We will next see that we are able to produce homogeneous MPS and TTN representations
of a Bethe wavefunction when the following two conditions are fulfilled:

(1) The underlying 1d lattice £ is regular, i.e. the position x of n'"* site of £ (where
n =1,2,--- ,N labels the N sites of £) is equal to kn, where the constant « is the lattice
spacing, which for simplicity we assume to be k = 1 from now on.

(2) The partition {A;} of the lattice is also regular, meaning that the number of sites N,
is the same for all parts A; for i = 1,---, L, with Ny, = N /L. (For a regular TTN, we also
need that all the effective sites in a layer of the tree be equivalent in terms of the number of
original sites of the lattice that they represent). In particular, condition (2) is satisfied when
the number of partitions L is the same as the number of sites N, which we used above in our
example of MPS representation.
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To get started, we will only assume that condition (1) is satisfied and use it to build an
alternative bipartite decomposition of a Bethe wavefunction for a left-right bipartition £ = AUB
of the 1d lattice £ made of N sites, £ = {1,2,---,N}, where the N, and Ny sites in parts A
and B are A= {1,2,--- ,Ny} and B = {Ny + 1,Ny +2,--- ,Ny + N; = N}. In the previously
discussed bipartite decomposition (49), the local Bethe wavefunction |_l3) on part B implicitly
depends on the embedding of the Ny sites of part B within the lattice through the position of
its particles. Concretely, IT)) for a choice vector b with corresponding to My = |?)| particles is
given by (see Eq. (36)),

b= > > el ), (126)

xeDB PeS
XGDMB Mp

where each coordinate x; in X = (x1,x,+, Xy, ) knows about the absolute position of the
site in B as embedded in £, in that each position x; fulfills Ny +1 < x; < N. However, we

can express the local Bethe wavefunction |B> above as a product of a global phase QA(B) and
a shifted local Bethe wavefunction ‘_5> that only depends on the relative position y = x — N, of
the sites within B. Indeed, let us define the shifted region B as B = {1,2,--- , Nz} and introduce

the local Bethe wavefunction |B) defined on B as

By= > > el &7 |5 | (127)

yGDBB PGSMB

Since by definition y € DIL\T"/IB and X € Df/IB satisfy ¥ = ¥ —N,(1,1,---,1), it follows that |_5)

and IB) are related by an overall phase factor,

~ Mg Na
) = 2,(B)IB), QA(_B)E(I_[elk”J) : (128)

j=1

We thus arrive to an alternative bipartite decomposition of a Bethe wavefunction,

Ze[ 194(0) 65031

a,%> , (129)

which is also a sum of products of local Bethe wavefunctions as in decomposition (49) and
where |d) is the same local Bethe wavefunction on region A as in decomposition (49), but

where now |T)) is a local Bethe wavefunctions on the “shifted” region B that replaces I_B), and
the amplitude ©[d, b1s dup,i in (49) has been accordingly replaced with o[d,b] QA(_B) 8aub.i-

We can use this alternative bipartite decomposition as a basis for an alternative multipartite
decomposition

)= > euldy, a1, 88 05,1 |G L), (130)

dy,m,dy,

where the new complex phase Q(dy,---,d;) = Q1(d;)2(dy) -2, (d;) is the product of L
Nay Ny,

1 .
. More importantly for our current pur-

My,

=1¢

poses, we also obtain alternative explicit tensor network representations. In particular, the

new decomposition gives rise to new tensors T and S, with components

=0[d,b] Qu(b) 5, ; (131)

(G ;) =D 0% R] Z E13(34)7), (132)
yeD)i

RESyy,
1

complex phases ©;(d;) = (1_[ ik,

Emf_gl Ql'%ﬁzl
o
I

2

y
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where now both T and § depend on the quasi-momenta k and the two-particle scattering
angles 6. The motivation to introduce this alternative formulation becomes clear if condition
(2) is also fulfilled, namely if the parts A; in a multipartition of lattice £ are all of the same size
(meaning that Ny, is independent of i). Then for an MPS and a regular TTN, both tensor T and
tensor S above are independent of the region(s) on which they act. Indeed, on the one hand
QA(E) in Eq. (128) only depends on region A through the number of sites N4, so by condition
2 QAI,(T)) is the same for all choices of part A;, since Ny, is constant. Then tensor T in Eq.

(131), where @ and b refer to two consecutive parts A=A; and B = A;, 4, is also independent
of A;. On the other hand, the shifted local Bethe wavefunction |fl’i> for a region A; again only
depends on the choice d; and the number of sites N, in part A;. Since by condition (2) Ny,
does not depend on i, the overlap <5-Ai |3i> depends both on the bitstring G4, and choice d;,
but not on the part A;, so tensor § is the same for all parts A;.

MPS

Let us first apply the above considerations to an MPS. Repeating the construction of an MPS
in Sect. 5.4 but using the alternative bipartite decomposition, one can see that if conditions
(1) and (2) are met, then we can fully characterize the wavefunction in terms of a single pair
of tensors (T, S) or, equivalently, in terms of a single MPS tensor R defined as

~ Oy Op ~ 1 ~3d.
REVPR =% b §% (133)
Oa; - ai,MR - Op;

a;

also independent of part A;. For example, for an M —particle Bethe wavefunction and a par-
tition made of L = N parts with each part A; consisting of a single site of the 1d lattice L,
instead of the site-dependent tensor R[x ] of Eq. (103) we obtain the site-independent tensor
R with components

Jjen
P M .
R’lm = Z O, iu() QAi(ﬁ/)@[(j)> '] e’ (135)
j=1

Specifically, for M = 0 particles it reads
Ro=(1), ®=(0); (136)

for M =1 particles we have

o 1 O - 0O O
R0=(0 eik): Rlz(eik O); (137)

for M = 2 particles we have

[ 1 0 O 0

3 0 ef1 0 0

Ro=1 0 0 ek 0 ’ (138)
L0 0 0 -ekeh

0 0 0 0

. elkr 0 0 0

Ri=1 ik 0 0 o | (139)
K 0 —eifpikapiki  oikigiky
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Figure 14: Homogenous MPS for Bethe wavefunctions.

and so on. We reiterate that in this MPS representation, the N tensors are all copies of the same
tensor IR, but the first (left-most) copy of R has its left bond index fi set to 1 and the last (right-

most) copy of R has its right bond index i’ set to §. Importantly, the overlap <<I>I’t,’19 ‘d)]lf//[’a/> of
two Bethe wavefunctions each represented by a homogeneous MPS can now be computed by

studying the eigenvalue decomposition of the mixed transfer matrix Y. A? a2 -]E}"W instead of
having to iterate N times the product in Eq. (114). Particle number conservation implies that
the above transfer matrix can be numerically brought into a block diagonal form (where each
block is an upper-triangular Schur matrix). This leads to the evaluation of the scalar product
with a cost that is independent of the number L of parts or, equivalently, the number N of
sites of lattice £. This is a significant reduction compared to the linear cost in Eq. (123) for
non-homogeneous MPS. Similar manipulations are possible for the computation of expectation
value of local operators.

We note that matrices R, and R, in Eqs.(138)-(139) above correspond, up to normalization
and notational variations, to matrices A° and A! right after Eq. 116 and in Eq. 119 of Ref. [37].
Thus our formalism for a generic planar TTN representation recovered, when applied to a
homogeneous MPS, the MPS representation previously proposed in Ref. [37].

TTN

Next we repeat the derivation of a regular binary TTN representation in Sect. 5.5 for a 1d
lattice £ divided into L = 27 parts, but now using the alternative bipartite decomposition.
One can see that, if conditions (1) and (2) are met, then we end up with a TTN representation
made of a set of scale dependent tensors T[z]

=@ b [ 5@ aub), (140)

for z=0,1,---,L — 1 together with the change-of-basis tensor § in Eq. (132) at scale z = Z,
all of which are independent of position, meaning that layer z of the TTN consists of 2% copies
of the same tensor (either T[z] forz =0,1,---,Z—1 or S for z = Z). That is, we obtain a TTN
that is homogeneous within each layer, see Fig. 15a. Note that tensor T[z] depends on the
scale z because the size (in terms of the number of sites in L) of each part at scale z is N /27,
and thus not constant. As with the homogeneous MPS representation, we emphasize that this
homogeneous TTN representation does not imply that the Bethe wavefunction it encodes is
itself translation invariant.
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a) . qp
T[1] (1]
T[Z —1] ¥T[Z —1] [Z —1]
sl 101 1L [E]
r T T T T ]
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Figure 15: (a) Scale-dependent, homogeneous TTN for Bethe wavefunctions, made
of Z ~ log(N) layers of tensors. Layer z of this regular binary TTN is characterized
by copies of the same tensor T[z] (forz =0,1,---,Z—1) or change-of-basis tensor §
(for z = Z at the bottom). (b) The overlap of two homogeneous TTN representations
can be computed hierarchically, starting at scale 2 = Z and moving towards scale
gz =Z—1,---,1,0. The contraction of the sub-trees (colored rectangles) can be
performed only once per layer due to the homogeneity of the TTN. This reduces the
complexity of computing the overlaps to O(logN).

The homogeneous TTN representation only requires storing Z = log, L tensors in memory
(instead of O(L) tensors in the non-homogeneous case). In addition, the cost of computing the

overlap <I>]lt,’[0 ‘@I@’o > of two Bethe wavefunctions each represented by a homogeneous TTN is

M
0 (logz(L) Z C‘Z )3) ) (141)
m=0

see Fig. 15b, in contrast to the space dependent TTN introduced earlier, with cost proportional
to the number L of parts, Eq. (125). This reduction is possible because the overlap of the
wavefunctions can be done hierarchically, starting from the lowest layer. Since tensors are
homogenous at each scale, we need to perform only one computation to contract the sub-tree
per layer (see Fig. 15b). One can obtain similar reductions in the computation of expectation
value of local observables.

significantly reduced to
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Figure 16: (a) Transformation used to bring a TTN into its canonical form using a QR
decomposition. Using this transformation, we can bring a layer of the TTN into an
isometric form. Notice that the resulting tensor W is isometric and matrix Sy is fed
as either S; or Sy for the next iteration of this transformation on the layer above. (b)
The isometric tensor W can be regarded as a unitary tensor (either U or U) with one
incoming index set to the empty/vacuum state |@) of a qudit. (c) After sequentially
applying trasformations (a) and (b) above to each layer of the TTN starting from
the bottom one and moving upwards, the original TTN is mapped into a quantum
circuits with long-range gates. (d) A long-range, two-qudit gate between qudits Q1
and Q2 can be implemented with a number of nearest-neighbor two-qudit gates that
scales proportional to the distance between Q1 and Q2. This involves preparing pairs
of nearest-neighbor qudit Bell pairs, applying qudit Bell measurements, and single-
qudit unitaries that are conditioned on the measurement outcomes. The two circles
connected by a wide line indicate a Bell pair, the “Bell” boxes refer to measurements
in the 2 qudit Bell basis, and the dashed horizontal line indicates that the single-qudit
unitary u or u’ must be conditioned on the measurement outcomes, which requires
classical communication between distant parts of the circuit.

6 Bethe quantum circuits

In the previous section we have discussed how to exactly represent an M —particle Bethe wave-
function on a 1d lattice £ made of N sites using a planar tree tensor network, including an MPS
and a regular binary TTN as particular cases. For certain tensor networks, one can transform
the tensor network representation into a quantum circuit that maps an initial unentangled
state into the Bethe wavefunction, thus paving the way for the experimentally preparation of
the Bethe wavefunction on a quantum computer [37,38,43-46]. Prior works have highlighted
the usefulness of the MPS representation of such wavefunctions [46], which naturally leads to
a sequential unitary quantum circuit of depth O(N), that is, depth proportional to the lattice
size N [26]. Other deterministic approaches to prepare a generic M—particle wavefunction on
N sites require depth O(( II\\,II)) [38], which scales as O(N™), that is polynomially in the system
size N.

In this section, we show that our TTN representation leads to a different quantum circuit
with depth O(log(N)), just logarithmic with the system size N, which may therefore be advan-
tageous over previous circuits based on an MPS representation. For concreteness, we consider
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the scale-dependent, homogeneous TTN representation of a Bethe wavefunction described in
Sec. 5.8, for a partition of lattice £ into L = N/M parts each made of M contiguous sites.
As before, we assume the number of parts to be L = 2¢ (equivalently, the number of sites
N = M2%). These conditions can be relaxed easily.

From now on we refer ti a set of M sites (or M qubits) as a qudit of dimension 2M. Our first
goal is to transform the TTN representation in Fig. 15a, which is written in terms of tensors
T[z] and §, into its canonical form [23], which is written in terms of isometric tensors W[z],
see Fig. 16a. Then we will transform each isometric tensor W[z] into unitary gates U[z] and
U[z]), see Fig. 16b. Fig. 16¢ shows the complete transformation from the initial TTN to the
final quantum circuit.

6.1 Canonical form of the TTN representation

Recall that the QR decomposition of an m x n matrix F (with m > n) is the product F = WS of
an isometric m x n matrix W (meaning that W satisfies W W = I) and an n x n upper-triangular
matrix S. The computational cost is O(mn?).

Consider now a tensor F : Cou — Cou ® Gy with components IF"‘W which maps states
of one qudit into states of two qudits. We can apply the QR decomposition to tensor F
by regarding it as a matrix F with components Fgy,), = ng and QR-decomposing it as
Flgxy)a = D W(p xy),aSara- The final result is the decomposition

ZW s2, (142)

where W : Cou — Cym ® Cou is an isometric tensor, meaning that Zﬁngy(w*)g'y = Ouu>
and S : Cyu — Cym is a one-qudit linear map. The cost of this QR decomposition scales as
o(2*™M),

To bring the TTN in Fig. 15a into its canonical form, we start at the bottom layer of the tree
and apply the transformation outlined in Fig. 16a, namely we first multiply tensor T[Zz—-1],
with components T[Z — 1]ﬁ iy with two copies of the change-of-basis tensor § (denoted S;

and Sy in the figure), with components S#L and S* i’ by contracting the indices d; and dg,

which results in an intermediate tensor F[Z—1]. We then QR decompose F[Z—1] into tensors
W[Z—1] and S[Z—1], namely

D83 8% M[z—1); , =Flz—115 5 (143)
aL’aR
—ZW[Z 108 s[z—11%, (144)

or, using more compact notation,
S§T[z-1]1=F[Z—-1]1=W[Z-1]S[Z—-1]. (145)

Notice that since the TTN is homogeneous, we only need to apply this transformation once
for the entire lowest layer of the TTN. For the next layer of the TTN, we again apply the
transformation outlined in Fig. 16a, namely we multiply two copies of S[Z — 1] with a copy of
T[Z —2], creating an intermediate tensor F[ Z —2], which we then QR decompose into tensors
W[Z — 2] and S[Z — 2], which we write in compact form as

S[Z—1]S[Z—-1]T[Zz—2] =F[Z-2]

=W[z—2]S[Z-2]. (146)
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We represent this transformation in Fig. 16a. After applying such transformation to each layer
of the TTN from its bottom to its top, we are left with a new scale-dependent, homogeneous
TTN representation in terms of isometric tensors W[z], and a top vector |¢) that results from
setting the incoming index of the top matrix S[z = 0] to 1.

6.2 Quantum circuit from the TTN representation

Recall that an isometry W : Cou — Cou ® Cou from one qudit to two qudits can be aug-
mented into a two-qudit unitary tensor U : Cou ® Con — Cou ® Cou, with components U%2

By
such that Ugizo = WEY- We can think of W as the result of multiplying the vacuum state

10) = |0)®M € C,u of a qudit (that is, of M qubits) with the new incoming index of U, namely
W = U(Iyv ® |@)). Alternatively, we can build a unitary U : Cou ® Cou — Cou ® Cyu with
components @g‘; such that @g?o’a =W, with W = U(10) ® Iom).

Accordingly, we replace each isometric tensor W[z] by a unitary tensor U[z] with state |0)
acting on its incoming second index, or by a unitary tensor U[z] with state |#) acting on its
first incoming index, see Fig. 16b. The net result is the quantum circuit depicted in Fig. 16c.

This quantum circuit, made of unitary gates acting on pairs of qudits, has depth
Z =log, L =log,(N /M), which is exponentially shorter than the depth of circuits based on an
MPS. However, it involves long-range gates, which may be perceived as off-setting any gains
due to the circuit’s logarithmic depth. Fortunately, it is well-known how to use mid-circuit
measurements and short-range entangled ancillary systems to perform these long-range gates
in constant depth [49]. This strategy is sketched in Fig. 16d and reviewed next.

Consider a two-qudit gate U[z] [a similar derivation applies to U[z]] acting on qudits
Q; (with input state |+))) and Q, (with input state |@)), which are L/2°7! — 1 qudits apart.
To perform this gate in constant depth, we introduce a chain of L/2°! qudits initialized in
alternating nearest neighboring qudit Bell pairs (indicated as a bond in Fig. 16¢). The quantum
state on qudit Q; can be teleported to the rightmost qudit (Q3) of the chain by alternating two-
qudit measurements in the Bell basis, followed by a single qubit unitary u conditioned on the
measurement outcomes (indicated by dashed horizontal line in Fig. 16c). Next one performs
the nearest neighbor two-qudit gate U[z] on qudits Q3 and Q2. The state of qudit Q3 then has
to be teleported back into the original qudit Q, by using the same chain of qudits, which is now
in a shifted alternating Bell pair state after the previous round of measurements. To teleport
the state we again perform alternating two-qudit Bell measurements and a conditional single
qudit unitary u’.

Above we have provided a local circuit for 2/ dimensional qudits. For a qubit-based local
circuit, we need to decompose each gate above into a subcircuit of two-qubit gates; however
the depth of each gate decomposition does not scale with N. In particular, each two-qudit Bell
measurement can be compiled as M two-qubit Bell measurements along with the requisite
swap gates. This protocol performs the long-range gate with a constant overhead, at the cost
of non-local classical communication and adaptive quantum gates. [For simplicity, we applied
the long-range gate protocol to U[z] in its standard form, which works for any input states.
Notice that we could have saved the initial teleportation round by exploiting that one of the
inputs of the non-local gate U[z] is the state |@), although this does not alter the scaling of the
circuit’s depth with the lattice size N.]

The TTN circuit is particularly useful for fixed M, when N is large. Each scale z requires
O(N) two-qubit gates, and therefore it takes O(N log(N)) two-qubit gates to prepare such
states, arranged in a circuit of depth O(log(N)). This provides an exponential advantage in
depth for constant M, compared to the previous strategies for exact preparation of such states
using a circuit of depth O(N).
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Note, the advantage of our circuit over MPS-based circuits is comparable to that in recent
work [30] showing that generic matrix product states can be approximately prepared using
adaptive (measurement-controlled unitaries) protocols with very short depth circuits. That
proposal essentially amounts to transforming the MPS representation into an approximate
TTN representation.

7 Generalized Bethe wavefunctions

In this section we introduce a generalization of the Bethe wavefunction, dubbed generalized
Bethe wavefunction, which we build such that it also accepts the multipartite decompositions,
and tensor network and quantum circuit representations for Bethe wavefunctions that we
have derived in this work. This generalization is possible by identifying the specific properties
of a Bethe wavefunction that were essential in our preceding derivations. Our generalized
Bethe wavefunction, which depends on a number of parameters that scales in N as O(MN),
includes as a particular case the inhomogeneous Bethe wavefunctions (which depend on M+N
parameters) recently and independently proposed in Ref. [39], and can be seen to actually
equate that proposal if we omit the integrability constraints imposed in Ref. [39].

Let us start by briefly recalling how an M-particle Bethe wavefunction is constructed, see
Sec. 2 for more details. It is built with two ingredients:

(i) a set of M single-particle wavefunctions, namely M single- partlcle plane waves with
amplitudes {e/*} for 1 < j < M, as specified by M quasi-momenta k= (kqi, ko, -+, ky), and

(ii) a scattering amplitude ©[P] (where P = (P;,P,,---,Py) is a permutation of the M
symbols representing the above M single-particle plane waves) that factorizes as the product
of two-symbol scattering amplitudes —e'%2i1 . The latter are specified in terms of M(M —1)/2
scattering angles 6 = {6, ; }, with 6; ; €[0,2n) and 1 < j; < j, < M.

A possible recipe to build a Bethe wavefunction with these ingredients starts with the
introduction, given the vector k= (kq,ky, -+, k) of quasi-momenta, of a spatially-ordered
M —particle plane-wave state, namely

1) = Z elkixy pikaXy . pikyxy lx1 %5 - X3) (147)

2L
XDy,

which represents a system of M distinct particles, labelled by j = 1,2,---, M. Particle j, in
position x;, is constrained to be spatially located between particle j —1 (in position x;_;) to
its left and particle j + 1 (in position x;4) to its right, and is in the jth plane-wave state (with
amplitudes e'*i%/). One can thus think of wavefunction |I) as corresponding to M particles,
properly ordered from left to right in lattice £, that propagate as free particles except for the
constraint that they cannot hop over each other and alter their relative order in £ (e.g. particle
j = 1 is always to the left of the rest of particles). More generally, we introduce M! differ-
ent such spatially-ordered M—particle wavefunctions, each characterized by a permutation
Pe Sy,
P)= > efn® gt efhon i |xx, ) (148)
XeD5
which corresponds to now having changed the ordering of the M distinct particles from
(1,2,--- ,M)to(Py,Ps,- -, Py) (e.g. particle j = P; is always to the left of the rest of particles).
Then the M—particle Bethe wavefunction is finally obtained as a linear combination of
such spatially-ordered M—particle wavefunctions,

‘@fﬁ{’>: > e[l p). (149)

PeS)y,
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In this linear combination, the M particles can now be thought of as appearing in any order
in the lattice (e.g. the left-most particle can correspond to any value of j = 1,2,--- ,M). In
addition, there is a scattering amplitude ©[ P] that only depends on the order of the M particles
and not on their specific positions. We could think that this phase occurs as the result of having
two particles in nearest neighbor position exchange their locations.

Our generalized Bethe wavefunctions consider also two ingredients, which generalize the
ones above:

(1) a set of M completely general single-particle wavefunctions {|<p j >} (as opposed to plane-
wave states), where

o)) =D 0nlx),  j=12-,M, (150)
xel
as specified by an M x N matrix ¢ with complex coefficients ¢;,, and

(ii) a scattering amplitude ©[P] as in Eq. (8), which factorizes as the product of two-
symbol scattering amplitudes —e'%2i1 depending on M (M —1)/2 generalized scattering angles
0 =0, ,with 1 S J1 <Jo <M, where now the angle 6, ; can be complex, in such a way that
the amplitude —e'%i1 € Cis an arbitrary complex number (as opposed to being restricted to
being a complex phase).

We then build a generalized Bethe wavefunction from these ingredients in close analogy as
how we built a regular Bethe wavefunction. We again introduce a spatially-ordered M—particle
wavefunction

1) = Z 1, Pox, """ PMxy, 1X1 X2 Xpg) (151)
D5
which represent M particles j = 1,2,--- , M spatially ordered from left to right in lattice £,
where particle j is in the single-particle wavefunction ’(p i ), in the sense that the amplitude for
the position basis vector |X) has a multiplicative factor ¢ jx; when that particle is in position
x;, but particle j still needs to be to the right of particle j —1 and to the left of particle j + 1.
We can again defined M! spatially-ordered M —particle wavefunctions

|P) = Z ©pix; PPyxy " PPyxy 1X1X2 7 Xpp) (152)

2L
XeDy;

where the order of the M particles is determined by the permutation P, and finally define our
generalized Bethe wavefunction as the linear combination

5%} = > elP1 IP), (153)

PeS)y,

where particles are no longer restricted to appear in spatial order and ©[P] can be interpreted
as contributing a generalized scattering amplitude when the order of two neighboring particles
is exchanged.

Our definition of this generalized class of wavefunctions is simply a rewrite of Eq. (153).

Definition 7.1. Generalized Bethe wavefunctions: Given an M x N matrix ¢ = @;, represent-
ing M single-particle wavefunctions on lattice £ and M(M — 1)/2 (complex) scattering angles
0 ={0;,;,} for 1 < j; < j, < M, an M—particle generalized Bethe wavefunction on lattice L is

defined as,
M
’@,“;;0)5 > e[P](]_[gopjxj)m, (154)
j=1

XDk PESu

where the complex coefficient ®[P] are defined as in Eq. (8) for the Bethe wavefunctions (see
Fig. 17).
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a)P1x> Poxs Pax b) 60y
X € £

Figure 17: An M—particle generalized Bethe wavefunction on a 1d lattice £ is de-
scribed by M single-particle wavefunctions {|cp ; >} (not necessarily plane waves) and
M(M —1)/2 scattering angles 0, ; (possibly complex). In this example, M = 3. This
is to be compared with Fig. 4 for a standard Bethe wavefunction.

Note, the Bethe wavefunctions are a subclass of the above generalized Bethe wavefunc-
tions, where the single particle states are plane-wave states and the scattering angles are real.
These generalized Bethe wavefunctions can also be obtained from the inhomogeneous Bethe
wavefunctions recently proposed Eq. 3.25 of Ref. [39], by omitting the parameterization in
Egs. 3.13 and 3.26 in that reference (which was used to ensure that the Yang-Baxter equation
of integrability holds).

As it can be readily verified by inspecting the corresponding proofs or adjacent derivations,
most of the results for multipartite decompositions and tensor network and quantum circuit
representations presented in this paper can be extended to a generalize Bethe wavefunction,
including Theorems 3.1 and 4.1 for the left-right bipartite and multipartite decomposition as
a sum of 2™ and LM products of local Bethe wavefunctions, Theorem 4.2 for the contiguous
multipartite decomposition, and Theorems 5.1, 5.2, and 5.3 for exact MPS, regular binary TTN
and a generic (planar) TTN representations with bond dimension 2M. An important exception
is that we can no longer produce a homogeneous MPS or TTN representation as we did in
Sect. 5.8, since general single-particle wavefunctions lead to change-of-basis tensors S[i] that
necessarily depend on their position in the network].

We briefly exemplify these generalizations. Let us first consider the left-right bipartite
decomposition in Theorem 3.1. Eq. (38) becomes

o)== e[P](]_[sopjxj)m
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where the only changes are that we replaced the plane-wave amplitudes RGO RIPY PO S
with the more general amplitudes [ | jea ¥R,x, and Il jeb ¥s,x, and, accordingly, the generalized
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local Bethe wavefunctions in parts A and B read
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Here (pg is the m x N, matrix (where m is the number of symbols in choice d and N, is the
number of sites in part A) that is obtained from the M x N matrix ¢ by keeping the N, first
elements in the m rows indicated by the components of d, whereas ¢ g the m’ x Np matrix by
keeping the Ny last elements in the m’ rows indicated by the components of b.

For the construction of exact MPS and TTN representations, tensor T in Eq. (82) remains
unchanged except that it now depends on possibly complex scattering angles. On the other
hand, Egs. (90) and (91) for a local Bethe wavefunction |d;) in part A; and the corresponding
components of tensor S[i] are now simply replaced with

@)= Zeﬁi[R](l_[ijxj)lfA), (157)
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and
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In summary, we have generalized the Bethe wavefunction by introducing generalizations
of the two ingredients (M distinct single-particle wavefunctions and M(M — 1)/2 scattering
angles) used to build them, and by then following essentially the same recipe to turn those in-
gredients into an M -particle wavefunction, namely gluing together parts of the single-particle
wavefunctions using a scattering amplitude ©[P] that factorizes into products of 2-particle
scattering amplitudes. Since a number of derivations in this paper were based on that recipe,
they are also valid for the resulting generalized Bethe wavefunction introduced in this section.

Identifying in which systems the generalized Bethe wavefunction may result useful as an
exact or approximate ansatz is beyond the scope of this work. However, it is natural to spec-
ulate that it may find applications in the study of particle-preserving systems that are not
translation invariant, where plane-wave states do not represent single-particle eigenstates.

8 Concluding remarks

The Bethe wavefunction was originally introduced almost a century ago by Hans Bethe in
order to solve the spin half Heisenberg chain, and has since become key to solving a number
of integrable one dimensional systems [1-6,9-11]. Our work is based on applying the lens of
quantum information and quantum computation [15-30] to such wavefunctions and builds
upon, and overlaps with, a number of other recent, related contributions [31-33,37-46].
Here we have uncovered a remarkable property of a Bethe wavefunction, namely that it
accepts a fractal decomposition that expresses it as a linear combination of products of local
Bethe wavefunctions. For an M-particle Bethe wavefunction on a 1d lattice £ made of N sites,
the fractal bipartite decomposition includes at most 2 terms, leading to an y = 2M upper
bound on the bipartite Schmidt rank that is independent of the size N of the lattice as well
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as the size of the two parts. More generally, when lattice £ is divided into L parts, the fractal
multipartite decomposition is also always possible and contains at most L™ terms, leading
to a y = LM upper bound on the multipartite Schmidt rank. This signals at a particularly
restrictive entanglement structure, when compared to generic M-particle wavefunctions or
even M-particle ground states of particle-preserving local Hamiltonians.

The existence of such fractal decompositions has non-trivial consequences for the tensor
network representability of Bethe wavefunctions. We provided exact tensor network repre-
sentations, with bond dimension y = 2™, for any planar TTN, which includes an MPS and
a regular binary TTN as particular examples. From the regular binary TTN, we obtained a
log(N) depth adaptive quantum circuit to prepare Bethe wavefunctions on a quantum cir-
cuit. This logarithmic depth is an exponential improvement over previous linear depth unitary
preparations based on the MPS representations.

It is natural to ask how our results may contribute to solving many-body problems - the
original purpose of Bethe wavefunctions. The following three lines of investigation deserve
further attention. On the one hand, the tensor network representations provided here, includ-
ing the homogeneous MPS and TTN representations, open the path to highly efficient ways
of computing overlaps and norms, as well as long-range and high-order correlation functions
- and we provided some partial analysis of such possibilities. Such exact tensor network rep-
resentations can also be useful in order to benchmark the performance of novel algorithms to
optimize a tensor network to represent a ground state or an excited state, since it provides
exact solutions that the optimization algorithm should be able to find.

Secondly, the O(log(N))-depth proposed quantum circuits may boost the interest in real-
izing Bethe wavefunctions on a quantum computer, given that they require significantly less
time/gates than previous proposals and, as a result, may be significantly easier to implement
in current and short-term NISQ devices, where they could be used to explore dynamical prop-
erties that are otherwise challenging to simulate classically. Notice that, additionally, the quan-
tum circuit based on our TTN representation can be very significantly simplified (by only im-
plementing the gates in the past causal cone of pre-selected lattice sites) in order to compute
long-range or high-order correlation functions.

Finally, the generalized Bethe wavefunction that we put forward, which also accepts ex-
act tensor network and quantum circuit representations, may become useful as an ansatz for
models that are not translation invariant, including those obtained by local deformations of
translation invariant, integrable models.
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