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Abstract

We present a method for computing the classification groups of topological insulators
and superconductors in the presence of Z;‘” point group symmetries, for arbitrary natural
numbers n. Each symmetry class is characterized by four possible additional symmetry
types for each generator of Z;", together with bit values encoding whether pairs of gen-
erators commute or anticommute. We show that the classification is fully determined by
the number of momentum- and real-space variables flipped by each generator, as well as
the number of variables simultaneously flipped by any pair of generators. As a concrete
illustration, we provide the complete classification table for the case of Z;‘Z point group
symmetry.

Copyright K. Shiozaki. Received ~ 2025-09-27 ®
This work is licensed under the Creative Commons Accepted  2025-11-17 ekt
Attribution 4.0 International License. Published 2025-11-28 updates.
Published by the SciPost Foundation. doi:10.21468/SciPostPhysCore.8.4.088
Contents
1 Introduction 2
2 Formulation 2
2.1 Notation for symmetries and K-groups 2
2.2 Non-chiral class — chiral class 4
2.3 Chiral class — non-chiral class 5
2.4 Reduction to zero dimension 6
2.5 Complex AZ classes with unitary additional symmetries 6
2.6 Complex AZ classes with antiunitary additional symmetries 7
2.7 K-groups on tori 8
3 Classification tables with additional Z;‘z point group symmetry 9
3.1 Computation of effective AZ classes in zero dimension 9
3.2 Periodic tables for additional unitary Z;z point-group symmetry 11
4 Conclusion 15
References 15



https://scipost.org
https://scipost.org/SciPostPhysCore.8.4.088
http://creativecommons.org/licenses/by/4.0/
https://crossmark.crossref.org/dialog/?doi=10.21468/SciPostPhysCore.8.4.088&amp;domain=pdf&amp;date_stamp=2025-11-28
https://doi.org/10.21468/SciPostPhysCore.8.4.088

e SciPost Phys. Core 8, 088 (2025)

1 Introduction

The classification of topological insulators and superconductors was initially understood in
terms of internal symmetries such as time-reversal and particle-hole symmetries [ 1-3]. It was
later extended by incorporating crystalline symmetries [4-6], leading to the establishment
of the concept of higher-order topological insulators and superconductors, characterized by
boundary gapless states localized not on surfaces or edges but at corners or hinges [7-13].
These developments have greatly broadened the understanding of symmetry-protected topo-
logical phases.

In this direction, the K-theoretic framework developed by Freed and Moore [14, 15]
has provided a general setting for the classification of topological insulators and supercon-
ductors with arbitrary crystalline symmetries. As a computational tool for K-theory, the
Atiyah-Hirzebruch spectral sequence has been refined into a powerful and systematic method
for deriving classifications [16-18]. On the other hand, for topological insulators and su-
perconductors protected solely by (magnetic) point group symmetries without lattice transla-
tions, Cornfeld and Chapman introduced the on-site reduction of point group symmetries [19],
which, together with subsequent developments [20], established a concrete method to com-
pute the classification groups.

In this paper, we pursue this comprehensive line of study and focus on the classification of
topological insulators and superconductors with multiple Z, point group symmetries. While
the case of a single Z, point group symmetry has already been understood [21], a system-
atic understanding of the situation with several simultaneous Z, symmetries has been lacking.
Although general computational methods for classification groups with arbitrary point group
symmetries have been established [19, 20], our approach provides a way to determine the
relevant K-groups explicitly in terms of a small number of parameters. This offers practical
utility, for example, in systematic classification calculations of higher-order topological insu-
lators and superconductors under Z, point group symmetries [22]. Specifically, by employing
suspension isomorphisms in K-theory [23], we reduce the problem to the classification groups
in zero dimension, thereby revealing the hierarchical structure of the classification with arbi-
trary numbers of Z, point group symmetries. As a concrete example, we explicitly compute
and present the classification table for the case of Z;z point group symmetry.

2 Formulation

2.1 Notation for symmetries and K-groups

We first compute how the K-group in the presence of the real Altland-Zirnbauer (AZ) class and
n additional unitary Z, symmetries can be reduced to the corresponding zero-dimensional K-
group. As the full parameter space, we consider momentum-type variables k = (kq,...,k )
and real-space variables surrounding a codimension (D — 1)-defect r = (r4,...,rp), and com-
pactify R¥*P into the (d 4+ D)-dimensional sphere SI*P,

The eight real AZ classes are labeled by an integer s € {0,...,7}, and we introduce the
binary representation s = (555;5g)5, i.€.,

s=4sy+2s; +59, Sg,51,55 €{0,1}. @)
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The Hamiltonian H(k, ) has the following symmetries depending on the AZ class:

so = 0 (non-chiral class) : AH(k,r)A™' = (—=1)"H(—k,r), A%=(-1)%, 2)
AH(k,r)A™ = (=1)"H(=k,r), A*>=(-1),

sg = 1 (chiral class) : TH(k,r)I '=—H(k,r), I?=1, 3
AT = (—1)"'TA.

Here I and A denote unitary and antiunitary operators, respectively.

In addition, we consider unitary Z;" symmetries Uy,...,U,. According to the result
of [21], each Z, symmetry corresponds to four independent additional symmetry classes
t; €{0,1,2,3} fori = 1,...,n. For each t;, we use the binary representation t; = (t;;t;o)2,
ie.,

t; =2t;; +tip, tig,tip €{0,1}, i=1,...,n. @

Depending on the additional symmetry class t;, the following relations hold [21]:

UH(k, 1)U = (-1)"°H(Pk,Qir), U7 =1,

AU; = (_1)ti1+(1_51)ti0 UA, (5)
I'v; = (—1)ti° U (whensy=1).

Here P; and Q; represent diagonal Z, actions on the variables k and r, respectively, defined
by bit strings p; = (pi1, - - -, Pia) € {0,1}*¢ and q; = (qi1, .-, qip) € {0,1}*%:
Pik = ((—1)Pitky,...,(=1)Pilky) , (6)
Qir =((=1)%1ry,...,(=1)%Prp) . (7

See Table 1 for the correspondence with the notation used in [21], which describes algebraic
relations of additional symmetries. Within the sets of variables k and r, we introduce the
numbers of variables simultaneously flipped by U;:

d

dijiy = 2 Py Py, 1<ip <o <i <n, (8)
u=1
D

Dyiy= > 0@, 1<i < <i, <n, ©)
u=1

for r =1,...,n. The algebraic relations among U; are labeled as
UU; = (—1)%U;U;, u;€{0,1}. (10)

With these variables, the K-group can be expressed as
KR+nU(5: {t:}i, {Uij}i<j; d,{d;};, {dij}i<j: {dijk}i<j<k, s an
D,{D;};,{Djj}i<j» {Dyjiticj<ks - - - ) ,

where R denotes the real AZ class and nU indicates the presence of n additional unitary Z,
symmetries. Following [23], we then construct the suspension isomorphism of K-theory, which
raises the dimension of the sphere by one.
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Table 1: The relation between the real AZ classes, the additional symmetry classes,
and the corresponding symmetry operators. The notation follows [21]. Here U de-
notes a symmetry commuting with the Hamiltonian, while U denotes an antisymme-
try anticommuting with the Hamiltonian. The superscript of U indicates the sign of
U? = +1. For non-chiral classes (s = 0 mod 2), the subscript indicates the commuta-
tion relation with TRS or PHS. For chiral classes (s = 1 mod 2), the first and second
subscripts indicate commutation/anticommutation with TRS and PHS, respectively.

AZ class s\t; | O 1 2 3

Al o |Uuf Ut ut Ut
BDI 1 |Uf, UL, US UL

D 2 |Uuf Uf ut Ut
pur 3 (Ut Ut Ut UL
All 4 |ut ur ut Ut
CII 5 |Uf, U, Ut UL
C 6 | Uf Ut Ut Ut
CI 7 |Uuf, U, Ut Ut

2.2 Non-chiral class — chiral class

We construct the suspension isomorphism from a non-chiral class (s, = 0) to a chiral class
(so =1). Let 0,,0,,0, be Pauli matrices, and define the Hamiltonian on the sphere §4+P+1
as

y)

H(k,r,0)=cos@H(k,r)® o, +sinfo,, 6¢e[0,nr]. (12)

At 6 =0, 7, the dependence on k, r disappears, realizing the suspension SS¥+P = gd+D+1 1p
what follows, the dependence on k, r is not needed, so we omit these variables.
The Hamiltonian H(0) has the chiral symmetry

ayFI(G)oy =—H(H). (13)

The mappings of the TRS or PHS symmetry A and the additional symmetries U; are not unique;
they are specified by Z, values 6s;,6t1g,...,0t,o € {0, 1} within the freedom consistent with
the definitions of symmetries in the chiral class (3), (5). We define
A=A®(0,) "1 (0%, &5, €{0,1}, (14)
U, = U, ® (i)00t(g,) (0, )0, &t;ye{0,1}, i=1,...,n. (15)
A straightforward computation yields the following symmetry relations and algebraic con-
straints:
Aﬁ(Q)A_l — (_1)51+651H((_1)1—551 9) , AZ — (_1)sz+(1—51)651 ,
Aoy = (—1)51+5slo'yA,
0,(0)0; = (—1)oStofi((—1)%00), 2=1, 6
AU, = (—1)tin+{tio+851)0t0+(1=51=651)0tjo UA, (16)
O'in = (—1)ti0+5ti0 f]l'O'y N
lﬁj f— (_1)u,-j+t105tj0+5t,-0tj0 ﬁ]Ul .

1
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From this, we obtain the mapping of the labels of symmetry classes:

So=0m—>s5=1,
s1 =581+ 0sq,
Sg > 89+ (1—s1)0sq,
| tio = tip+ Ot
ti >ty + (Lo +651)6ty0,
— U+ tipOtjo+ 8tiotjo-

(17)

uij

Equivalently, when s is even, this can be written as
s s+ (—=1)%,
£ £+ 5ti(—1)%, (18)
uij —> uij + ti05tj0 + 5ti0tj0 .
The presence or absence of inversion of the variable 0 is specified by 1— &s; for A and by 5t;,
for U;. From the above, we obtain the following K-group isomorphism for even s:
KR+nU(5: {titi {uijticss dAdi}i Adij iy {dijicbicj<ks - - -3 D5 ADi b {Dij }is {Dijk}i<j<k,~--)
— KR+HU(5 +1,{t; + 5t;p(—1)71},, {u;j + tioGtjo + Stiotjotic;s
d+(1—6s1),{d; + (1 —851)0tjo}i, {d;j + (1 — 651)6t;06 tjo}i<;s
{dijk + (1 —0651)6t100tj06tro}ticjcks - - -5
D + 6s1,{D; + 6510 tio};, {D;j + 6510 to0tjo}ic)y

{Dyji + 5515ti05tj05tk0}i<j<k’"')' (19)

As will be shown in the next subsection, this isomorphism also holds when s is odd.

2.3 Chiral class — non-chiral class

In the same manner, we obtain a suspension isomorphism from the chiral class (s; = 1) to the
non-chiral class (so = 0). Define the Hamiltonian on S*P+1 by

H(8)=cosOH +sinbT, 0 [0, n]. (20)

The mappings of the TRS or PHS operator A and the additional symmetries U; are not unique;
within the freedom compatible with the definitions of symmetries in the non-chiral class (2),
(5), they are specified by Z, values 6s1,0t1g,...,0tn0 € {0,1}. We set
A=T'%14, &5, €{0,1}, (21)
U, =itodtopdtoy.  §t,,€{0,1}, i=1,...,n. (22)

A straightforward computation yields

Aﬁ(@)A_l — (_1)51+5s1+11:1((_1)1—551 9) , A2 — (_1)52+sl(1—551) ,
0.H(0)T! = (—1)t0ttof((—1)0t00), T2=1,
Af]i = (—1)til+(ti0+551)§fi0+(81+551)5ti0 []iA,

01 UJ — (_1)uij+ti05tj0+§ti0tj0 0][71 .

(23)
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Hence the labels map as

So=1—57=0,
s s+ (1—0s;),
Sy > 89 +51(1—6s1),
| tio = tip+ Ot
ti =ty + (Lo +651)8ty0,
Ujj = Usj + tjoOtio + Otjotjo -

(24)

This is equivalent to (18) for even s. Therefore, we obtain the K-group isomorphism (19) for
odd s as well.

2.4 Reduction to zero dimension

From the isomorphism (19), the K-group reduces to that in zero dimension, i.e. d = D = 0:!

K]R+nU(5> {ti}i, {wijticss doAdi}i, {dij}icss {diji}icj<to - -5 Dy {Di}i> {Dijticjs {Dijicticjcics - - )
S Kpnu(s— 6, {ti— 8.}, (g + 85+ 65+ £;5:ic ). (25)
Here we introduced

5:d—D, 5i:di_Di> 51]:

d;i; —D;;. (26)
In the zero-dimensional case as on the right-hand side of (25), we will omit d,D from the
notation. As in the cases with only internal symmetries [23] and with a single Z, point-group
symmetry [21], the K-group depends only on the defect dimension (6 — 1) and on the labels
0;,0;; that characterize how the Z;" point-group symmetry acts on the 6-dimensional real
space whose boundary is the defect.

Consequently, the K-group does not depend on the numbers of variables flipped in common
by three or more generators, i.e. on d;ji, d;jk;, - - - and Djjx, Djjiys - - - - This follows from the fact
that, in the isomorphism (19), the labels specifying the symmetry class s, tj, u;; are insensitive
to the product 6¢; -+ 6t; o with r > 3 indicating triple or higher overlaps. A m1n1ma1 example
exhibiting independence of d;j is d = 4, d; = dy; = d3 = 2, D = 0, for which there are two
possibilities d;53 = 0, 1 but they give the same K-group.

In this paper, we do not explicitly compute the K-groups and periodic tables for three or
more additional Z, point-group symmetries. The computation is straightforward and proceeds

in the same manner as in Sec. 3.1.

2.5 Complex AZ classes with unitary additional symmetries

For complex AZ classes (A, AlII) in the presence of additional Z;" point-group symmetries,
the K-group isomorphism (25) also holds. In this setting, both the label s specifying the com-
plex AZ class and the labels t; specifying the additional symmetry types have period 2, i.e.,
s,t; € {0,1}. Table 2 summarizes the relation between (s, t;) and the symmetry operators.

ITo derive (25), it is convenient to use the transformation rule for the suspended variables ﬁ =y + ity
namely {i;; — @i;; + 6 t;,6t ;o following (18). Applying (19) a total of d + D times, the symmetry class in 0D changes
as ({t; }[,{uu}lq) = ({t;—6;};, {ti;;—6;;}i<;)- Since u;; —t;t;, we getu; —(t;—6;)(t;—6;), which
yields (25).
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Table 2: Complex AZ classes, additional symmetry classes, and the corresponding
symmetry operators. The notation follows [21]. Here U denotes a symmetry com-
muting with the Hamiltonian, while U denotes an antisymmetry anticommuting with
the Hamiltonian. For the chiral class (s = 1), the subscript of U indicates commuta-
tion/anticommutation with the chiral operator. Since there is no antiunitary symme-
try, one can always redefine U so that U? = 1, hence superscripts are omitted.

AZ class s\t; 1

0
A 0o |U U
AllI 1 |U, U_

2.6 Complex AZ classes with antiunitary additional symmetries

For complex AZ classes (A, AIIl) with additional antiunitary Z;" point-group symmetries, the
problem reduces to the case of real AZ classes with Z; (n=1)
manner as in [21].

To avoid cumbersome notation, we present the case n = 2 for clarity. Since the product of
two antiunitary symmetries is unitary, without loss of generality we take the first generator of
Z3" to be antiunitary and the second to be unitary. We denote the antiunitary symmetry by A
and the unitary one by U;. Combining the complex AZ class with the antiunitary symmetry A
yields eight symmetry classes, which we label by s € {0, ..., 7} with the binary representation
s = (555150)2, in analogy with (1), (2), and (3). Let P, = diag((—1)Pa1,...,(—1)P4d) be the
7 action of A on momentum coordinates and Q, = diag((—1)%1,...,(—1)%r) that on the
defect (real-space-like) parameters. Taking into account the momentum inversion due to the
antiunitarity of A, the symmetries of H(k, r) read

additional symmetries, in the same

5o = 0 (non-chiral class) : AH(k,r)A™! = (=1)"H(—P,k,Q,1), A2 =(-1)2, (27)
AH(k,r)A™ = (-1 H(—Pak,Qqr),  A*=(-1),
so =1 (chiral class) : TH(k,r)I ' =—H(k,r), =1, (28)
AT = (—1)"1TA.
For the additional unitary symmetry U; we introduce an additional class t; € {0,1,2,3} and
use the binary representation t; = (t11t1g), to specify the algebraic relations, in analogy with

(5).

Define the numbers of momenta flipped by A and U; as

d d
dy = ZPA,H > d; = Zpl,u ) (29)
u=1 u=1

and similarly the numbers of defect parameters flipped by A and U; as

D D
Dy= Z dap> D= Z Q1 - (30)
u=1 u=1
The numbers of variables flipped simultaneously by A and U; are
d D
dy = ZPA,MPLN > Dy = Z qapdi,p - (31)
u=1 u=1
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We denote the K-group by

Keiatru(s,t; d,da,dy,dag; D,Da, Dy, Dyy). (32)

Now, the symmetry of Ain (27), (28) can be viewed as TRS or PHS of a real AZ class if we
define the effective numbers of momentum-like and real-space-like variables flipped by A as

d D
&:Z(]‘_pA,M)JquA,,u:d_dA+DA’ (33)
u=1 u=1
D d
D:Z(]‘_qA,M)+ZpA,H:D_DA+dA’ (34)
u=1 u=1

as explained in [21]. With this effective partition (d, D), the numbers of variables flipped by
U, become

d D
d; = Z(l —Pap)Piyut Z dapdry =d1—da +Da,s (35)
p=1 p=1
D d
D, = Z(l — Qo) t ZpA,upl,p, =D;—Dp +dy - (36)
u=1 u=1

Therefore we obtain the isomorphisms

Keraru(s, t; d,dy,dy,dar; D, Dy, Dy, Dpy) = Kyy(s, t; d,dy; D, Dy)
> Kpoy(s—d+D, t —dy +D;) (37)
=Kpy(s—6+26,, t—61+264),

wherewe set 8 =d—D, 64 = dy—D,, 61 =d;—D;, and 647 = dyy —Dy,- The groups Kg, ;(s, t)
are computed in [21] (see Table 3 below).

2.7 K-groups on tori

The isomorphism (25) holds when the (d + D)-dimensional parameter space is a sphere. For
a torus, contributions from all sub-tori appear as direct summands.

For example, when the momentum space is a two-dimensional torus T2 and the defect
parameter space is a one-dimensional circle S!, the total space is T2 x S'. Denoting the coor-
dinates by kq, ky, 1, the following eight subspaces contribute as direct-sum components:

(53 (k1,ka,11),
S?: (kq,ka),
§%: (ky, 1),
§%: (ky, 1),
St: (k1),

S': (ka),

St (r),

(38)

On each subspace, the K-group (11) is defined according to the numbers of variables flipped
by the additional symmetries U;, and the explicit classification groups are determined via the
isomorphism (25).
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Table 3: Classifying spaces in the presence of a single additional Z, point-group
symmetry of class t, in addition to a complex or real AZ class labeled by s [21].

Complex/Real | Additional symmetry class t | Classifying space
Complex 0 (C)*?
1 Cs1
0 (R,)*2
Real ! R
2 C,
3 Rot

3 Classification tables with additional Z;‘Z point group symmetry

In this section, the 0-dimensional K-groups are explicitly computed for the case with addi-
tional Z;z point group symmetry, and the results are summarized in classification tables. For
comparison, the case with a single additional Z, symmetry was calculated in [21], and the
corresponding results are collected in Table 3.

3.1 Computation of effective AZ classes in zero dimension

Due to the hierarchical structure, it is sufficient to determine the AZ classes for s = 0; the
classifying spaces for arbitrary s are then obtained by shifting the index accordingly. The
procedure for computing AZ classes has already been established in [16]. In that approach,
one first decomposes the unitary symmetry group into its irreducible representations and then
applies the Wigner criteria, which provides a systematic calculation. Here, we instead perform
the computation explicitly by a more elementary hand calculation.

For each set of additional symmetry classes (t;, t9,u;,), We introduce the following con-
venient notation. We denote the two unitary Z, symmetries by U; and U,. As in Table 1,
we specify the signs of (U;)? and (U,)?, their commutation relations with TRS and/or PHS,
and whether they act as symmetries U (commuting with the Hamiltonian) or antisymme-
tries U (anticommuting with the Hamiltonian). The mutual relation is encoded in the sign of
U,U, = (—1)"“12U,U; so that the algebraic data of the additional symmetries can be summa-
rized by the triple

(U1, Uy, (=1)"2). (39)

For example, in the case (t;, t5, u15) = (1,2,0), the notation reads (U;F, U,*, +).
We now compute the AZ classes for s = 0. Note that the AZ class is invariant under the
redefinitions

(U1, Us) = (Uy, Uy), Uy, (1)"12U,Uy), ((D)12U, U, Us). (40)
These redefinitions generate equivalences among the symmetry labels,

(t1,to,ugp) ~ (tg, t1,upp) ~ (tq, ty+1tq +2t1t5 + 2uqy, Ugp)

41
~ (t1+t2+2t1t2+2u12, tz, ulz). ( )

Hence, in the following, it is sufficient to restrict to the case t; < t,.
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Complex AZ classes with additional unitary Z;‘z symmetries—

(t1,ta,u12) =(0,0,0) : (Uy, Uy, +).

The system splits into four one-dimensional sectors labeled by U; = %1, U, = £1. Thus,
(A)X4.

(tlﬂ t2’ u12) = (O, 1’ O) : (Ulz l_]z, +)> with (05 1: 0) ~ (1> 1: 0)

The system decomposes into blocks with U; = £1. Since U, U, = U,U,, the operator U,
acts as a chiral symmetry in each sector. Thus, (AIII)*2.

(tq, ta,u12) =(0,0,1) : (Uy, Uy, —).
Since U,U, = —U,U;, the pair forms a nontrivial two-dimensional projective represen-
tation of Z, x Z,. Thus, A.

(t1, to,u10) = (0,1,1) : (Uy, Uy, —), with (0,1,1) ~ (1,1,1).

Because U, U, = —U,U;, the operator U, exchanges the sectors U; = £1 and acts as an
antisymmetry. Thus, A.

Real AZ classes with additional unitary Z;Z symmetries—

(tlﬂ tZ’ u12) = (O’ 0) O) : (Uli: UZi; +)
In the four one-dimensional sectors U; = £1, U, = £1, TRS T closes. Thus, (AI)**.

(t]_) t2) u]Z) = (O) 13 O) : (Uli: Uzi, +); Wlth (03 1)0) ~ (13 1) 0)

Since U; commutes with both U, and T, the system decomposes into blocks with
U, = 1. In each sector, TRS with T2 = 1 exists, together with a PHS (U, T) satisfying
(U,T)? = —1. Thus, (CI)*2.

(tq,t9,u;5)=1(0,2,0): (Uli, U,*,+), with (0,2,0) ~ (2,2,0).

Since U; commutes with U, and T, the system splits into blocks with U; = £1. Because
TU, =—U,T, TRS T exchanges the sectors U, = +1. Thus, (A)*2.

(t1, tp,u15) =(0,3,0) : (U, 1, U7, +), with (0,3,0) ~ (3,3,0).

Since U; commutes with U, and T, the system splits into blocks with U; = £1. In each
sector, TRS with T2 = 1 and PHS with (U,T)? = 1 are present. Thus, (BDI)*2.
(t1,ta,ur0) =(1,2,0) : (U, Uy, +), with (1,2,0) ~ (1,3,0) ~ (2,3,0).

Since TU, = —=U,T, TRS T exchanges the sectors U, = +1. Because U;U, = U,Uj, the
operator U, acts as a chiral symmetry within each U, sector. Thus, AIII.

(tla t29 u12) = (O, 0’ 1) : (Ulia UZI,_), Wlth (05 O) 1) ~ (05 2: 1)

Since TU; = U; T, TRS T closes in the sectors U; = £1. Because U;U, = —U,Uj, the
operator U, exchanges the sectors U; = +1. Thus, Al

(t]_) t2’ u]Z) = (O’ 1) 1) : (Uli: l_JZt: _), Wlth (0, 1) 1) ~ (03 3’ 1) ~ (1: 3’ 1)

Since TU; = U; T, TRS T closes in the sectors U; = £1. Because U,U, = —U,Uj, the
operator U, exchanges the sectors U; = £1 as an antisymmetry. Thus, Al.

(tla tZ) ulZ) = (1) 2: 1) : (L_Jlia UZiJ _)1 Wlth (11 2> 1) ~ (17 1) 1)'

Since TU, = —U,T, TRS T exchanges the sectors U, = £1. Because U;TU, = U,U T,
the operator U; T closes within each U, sector and acts as a PHS with (U;T)? = —1.
Thus, C.

10
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Table 4: Classifying spaces in the presence of additional 252 symmetries specified by
(tq,t9,u;5), on top of an AZ class labeled by s. Since the results are invariant under
exchanging t, < t,, only the cases with t; < t, are shown.

Complex/Real Additional symmetry class (t, to,Uu15) AZ class for s =0 Classifying space
(0,0,0) (A< ¢y
Complex (0,1,0)~(1,1,0) (AIID)*? (Ceq)*?
(0,0,1),(0,1,1) ~(1,1,1) A C
(0,0,0) (A (R)**
(0,1,0) ~(1,1,0) (cn*? (Ry_1)"?
(0,2,0)~(2,2,0) (A) (c)**
(0,3,0) ~(3,3,0) (BDI)*? (Ry41)*?
Real (1,2,0) ~(1,3,0) ~(2,3,0) AIIl Csi1
(0,0,1)~(0,2,1),(0,1,1) ~ (0,3,1) ~(1,3,1) Al R,
(1,1,1)~(1,2,1) C R, 5
(2,2,1) All Rsi4
(2,3,1)~(3,3,1) D Rsio

® (tla t2, u12) = (2) 2: 1) : (Ulia Uzta _)'

Since TU; = —U; T, TRS T exchanges the sectors U; = £1. Because U,TU; = U;U,T,
the operator U, T acts as a TRS with (U,T)? = —1. Thus, AlL.

¢ (t15 t2’ ulZ) = (21 3’ 1) : (U].iJ [_]215 _): with (25 3> 1) ~ (3’ 39 1)
Since TU; = —U; T, TRS T exchanges the sectors U; = 1. Because U,TU; = U,U,T,

the operator U,T closes within each U; sector and acts as a PHS with (U,T)? = 1. Thus,
D.

From the above analysis, we have obtained the effective AZ classes realized for each ad-
ditional symmetry class at s = 0. For a general s, the classifying space is obtained by shifting
the AZ index by s, that is, by taking s + s, where s, corresponds to the effective AZ class. The
results are summarized in Table 4.

The Abelian groups indicating the number of connected components of each classifying
space (denoted by 7;) are listed in Table 5. From these results, the complete classification
table is obtained for the case of real AZ classes with two additional unitary Z, symmetries. In
the following sections, we classify the cases according to the number of variables flipped by
U; and U,, and present the explicit classification tables.

3.2 Periodic tables for additional unitary Z;z point-group symmetry

In this subsection, we present classification tables for the case where, in addition to complex or
real AZ symmetries, an additional unitary Z;z point-group symmetry is present. The K-group
isomorphism is given by

Keyriou(s, t1, ta,uy2;d, dy, dy, dy2; D, Dy, Dy, Dyo)

o (42)
= Keyreou(s — 0, t1 =061, ty— 09, Uy + 812+ 105+ £261).

Although in principle all possibilities of (61, 65, 812) may be considered, only the seven cases
listed below are physically realized in spatial dimensions up to three.
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* Z, onsite + Z, onsite.

This is the case where §; =6, = 0.

* Z, onsite + reflection.

This is the case where 6; = 0,65 = 1.

* Z, onsite + C, rotation.

This is the case where §; = 0,6, = 2.

* Z, onsite + inversion.

This is the case where §; = 0,6, = 3.

* Reflection + reflection (with a different reflection plane).

This is the case where 6; = 1,6, = 1, and 61, = 0. Note that the two reflections have
different reflection planes; otherwise, the redefinition of U; as U;U, is recast as a Z,
on-site and reflection. This case is possible when the defect dimensions are larger than
two.

* Reflection + C, rotation where the reflection plane is perpendicular to the rotation axis.

This is the case where 6; = 1,6, = 2, and 6,5, = 0. Note that when the rotation axis is
parallel to the reflection plane (6,5, = 1), then the redefinition of U, as U, U, is recast
as two reflections with 6,5 = 0. This is only possible for bulk classification in three
dimensions.

* C, rotation + C, rotation (with the rotation axes perpendicular to each other).

This is the case where 6; = 2,6, = 2, and 6,5 = 1. This is only possible for bulk
classification in three dimensions.

The classification tables depend only on the four parameters obtained from the isomor-
phism (42),

523—6, E1:t1—51, fz=t2—52, ﬂ12:u12+512+t152+t251. (43)

Therefore, it is sufficient to provide classification tables for the twelve cases of (fy, fs,1i15)
listed in Table 4. The results are summarized in Table 6.

Table 5: AZ classes and classifying spaces. The periodicity of s is 2 for complex AZ
classes and 8 for real AZ classes. 1, denotes the number of connected components.

AZ class s Classifying space T,
A 0 Co zZ
Al 1 C, 0
Al 0 Ry z
BDI 1 R, Z,
D 2 R, Z,
DIl 3 R, 0
Al 4 R, z
CI 5 Rs 0
cC 6 R 0
ca 7 R, 0
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Table 6: Periodic table for unitary Z;z point-group symmetry. Here, 6; and 6, de-
note the numbers of variables flipped by U; and U,, respectively, while 6,, denotes
the number of variables flipped simultaneously by both U; and U,. For each AZ class,
the additional symmetry classes t;, t, associated with U;, U, are determined by Ta-
bles 1 and 2. The parameter u;5 € {0, 1} specifies whether U; and U, commute or
anticommute. Given the data 6,,0,, 01, t1, ty, Ujy Of the unitary Z;Z point-group
symmetry, one computes the triple (t; — &, ty — 8y, U1y + 819 + t105 + t567), and
the corresponding classification result is obtained from the relevant row in the first

column.
Classifying
(t1 =81, ty— g, Uuyy + 8qp + £185 + £557) AZ class 5§=0 6=1 =2 6=3 6=4 6=5 6=6 &6=7
space
( ) " A z* 0 z4 0 z* 0 z* 0
0,0,0 Ci_s
AIII 0 74 0 z* 0 z* 0 z*
A 0 7?2 0 72 0 72 0 7?2
(1,0,0) ~ (0,1,0) ~ (1,1,0) (Cor1-5)
AIII 72 0 72 0 7? 0 7?2 0
(0,0,1), A Z 0 Z 0 Z 0 Z 0
Csfﬁ
(1,0,1) ~(0,1,1) ~ (1,1,1) AIII 0 Z 0 Z 0 Z 0 Z
Al z* 0 0 0 (2z)* 0 z3 z3
BDI z3 z* 0 0 0o @n* o z3
D z3 z} z4 0 0 0 (2z)* 0
( ) " DIII 0 z3 z3 z* 0 0 0 (22)*
0,0,0 R,_5
4 4 4 4
Al (2z) 0 z} z3 Z 0 0 0
cI 0o 2z 0 z3 z} z4 0 0
¢ 0 0 (22)* 0 z3 z3 z4 0
4 4 4 4
I 0 0 0 (27) 0 z4 z3 Z
Al 0 0 0 (22)* 0 72 72 72
BDI z? 0 0 0 (22 o0 73 73
D z2 z? 0 0 0 (22)* 0 z2
2
) DIII zz 7y 7 0 0 0 (z o
(1,0,0)~(0,1,0) ~(1,1,0) (Rs-1-5)
All 0 73 72 z? 0 0 0 (2z)
cI (22)* 0 72 z2 z? 0 0 0
C 0 (2z) 0 z3 73 7?2 0 0
o 0 0 (22> o0 73 73 z? 0
2 2 2 2
(2,0,0) ~ (0,2,0) ~ (2,2,0) (C5)? ALDALLE 2 o ¢ F ¢ °
BDLDILCILCI 0 7?2 0 72 0 7?2 0 7?2
Al 7% z? 0 0 0 (22)* 0 72
BDI z2 z2 7?2 0 0 0 (z?* o
D 0 z2 72 z? 0 0 0 (2z)?
) DIII (22)* 0 72 73 VA 0 0 0
(3,0,0)~(0,3,0) ~ (3,3,0) (Rg11-5)
All 0 2z o z2 z2 7?2 0 0
CII 0 0 (22)? 0 72 72 z? 0
C 0 0 0 (22)* 0 72 72 7?2
CI z? 0 0 0 (2z) 0 z2 72
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Continuation of Table 6.

Classifying
(t;1—01,ta—0g,Uujp+ 819+ 165+ t567) AZ class 6=0 6=1 6=2 6=3 6=4 6=5 6=6 6=7
space
(2,1,0)~(1,2,0) ~(3,1,0) ALD,AILC 0 Z 0 Z 0 Z 0 Z
Cs+1—§
~(1,3,0)~(3,2,0)~(2,3,0) BDLDILCILCI  Z 0 Z 0 Z 0 Z 0
Al Z 0 0 0 27 0 Zy Z,
BDI Zy Z 0 0 0 27 0 Zy
D Z, Z, Z 0 0 0 27 0
(0,0,1)~(2,0,1) ~(0,2,1),
DIII 0 Zy Z,y Z 0 0 0 27
(1,0,1)~(0,1,1) ~(3,0,1) Rys
All 27 0 Z, Z, Z 0 0 0
~(0,3,1)~(3,1,1)~(1,3,1)
CII 0 27 0 Z, Z, Z 0 0
C 0 0 27, 0 Z, Z, Z 0
CI 0 0 0 27 0 Z, Z, Z
Al 0 0 27 0 Zy Zy Z 0
BDI 0 0 0 27 0 Z, Zy Z
D Z 0 0 0 27 0 Z, Z,
DIII Zy Z 0 0 0 27 0 Zy
(1,1, 1)~(2,1,1)~(1,2,1) Ry o
All Z, Z, Z 0 0 0 27 0
CII 0 Z, Z, Z 0 0 0 27
C 27 0 Z, Z, Z 0 0 0
CI 0 2Z 0 Zy Z, Z 0 0
Al 27 0 Z, Z, Z 0 0 0
BDI 0 2Z 0 Zy Zy Z 0 0
D 0 0 27 0 Z, Z, Z 0
DIII 0 0 0 27 0 Z, Zy Z
(2,2,1) Roia-s
All Z 0 0 0 27 0 Z, Z,
cl Zy Z 0 0 0 27 0 Z,
C Z, Z, Z 0 0 0 27 0
CI 0 Z, Zy Z 0 0 0 27
Al Z, Z, Z 0 0 0 27 0
BDI 0 Zy Z, Z 0 0 0 27
D 27 0 Z, Z, Z 0 0 0
DIII 0 2Z 0 Zy Z, Z 0 0
(3,2,1)~(2,3,1)~(3,3,1) Rsins
All 0 0 27 0 Z, Z, Z 0
cl 0 0 0 27 0 Z, Z, Z
C Z 0 0 0 27, 0 Z, Z,
CI Zy Z 0 0 0 27 0 Zy
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4 Conclusion

In this paper, we have systematically studied the classification of topological insulators and
superconductors with multiple additional Z, point-group symmetries. By employing suspen-
sion isomorphisms, we showed that higher-dimensional classification groups can be reduced
to lower-dimensional data, thereby revealing a hierarchical structure of the classification. Fur-
thermore, for both real and complex AZ classes, we derived a general classification formula in
the presence of an arbitrary number of unitary Z, point-group symmetries, and demonstrated
that the classification groups are uniquely determined by a finite set of Z, and Z, parameters.
As a concrete example, we carried out detailed computations for the case of Z;z point-group
symmetry, and confirmed the effectiveness of the method by presenting the complete classifica-
tion tables. These results contribute to a systematic understanding of higher-order topological
insulators and superconductors realized under multiple Z, point-group symmetries, and serve
as a practical framework for explicit classification in the presence of crystalline symmetries.
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