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Abstract

These notes are intended to be a pedagogical introduction to higher-form symmetries,
which are symmetries whose charged objects are extended operators supported on lines,
surfaces, and etc. This subject has been one of the most popular and effervescent topics
of theoretical physics in recent years. Gauge theories are central in the study of higher-
form symmetries, with Wilson and ’t Hooft operators corresponding to the charged ob-
jects. Along these notes, we discuss in detail some basic aspects, including Abelian
Maxwell and Chern-Simons theories, and SU(N) non-Abelian gauge theories. We also
discuss spontaneous breaking of higher-form symmetries.
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1 Introduction

Recent years have witnessed incredible progress with the discovery of new forms of symme-
tries, usually referred to as generalized symmetries. Although the embryo of the generalized
symmetries is already contained in some previous works as in [1-8], and also in the splendid
Ref. [9], by Nussinov & Ortiz, the foundational paper recognizing all their glory is [10], by

Gaiotto, Kapustin, Seiberg, & Willett, providing a new status to this subject.

Intensive exploration of these new types of symmetries has led to a very deep and power-
ful framework, enriched with ideas from different sides of physics like quantum computing,
topological phases of matter, quantum field theory, strings, and quantum gravity. In addi-
tion to providing several new ideas and insights on a variety of physical systems, the study
of new forms symmetries has enforced us to rethink about certain pillars of modern physics.
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A remarkable example is the UV/IR mixing inherent to the so-called subsystem symmetries,
which is a feature defying one of the central organizational principles of physics, namely, that
physics is organized by scales and different scales are decoupled. Other popular types of gen-
eralized symmetries are higher-form and non-invertible symmetries. Recent overviews that
provide a valuable guide to the literature are [11,12]. A mathematically-oriented review can
be found in [13]. Since the first version of these notes other reviews have appeared in the
literature [14,15].

Higher-form symmetries are quite common and are present in many ordinary relativistic
theories, for example, in Abelian and non-Abelian gauge theories, and follow from the exis-
tence of completely anti-symmetric conserved currents JI*”~]. The anti-symmetric nature of
the indices implies that we can construct conserved charges by integrating over certain sub-
dimensional spatial manifolds, rather than in the whole space as in the case of an ordinary
symmetry. As a consequence, the charged objects are no longer local operators, but are in-
stead extended objects (line, surface, and etc). In addition, the charges are topological in the
sense that they are independent of coordinates. As we shall discuss extensively along these
notes, the topological meaning becomes more transparent by rephrasing the conservation laws
in terms of links between geometric objects.!

Subsystem symmetries are intrinsically connected with the subject of fractons [16-18],
which are excitations with restricted mobility appearing in certain exotic phases of matter
(recent reviews can be found in [19,20]). They are similar to the higher-form symmetries in
that they also lead to conserved charges along certain subdimensional manifolds, but with the
crucial difference that the charges are coordinate-dependent. In a discretized (lattice) system,
this implies that there are as many charges as the size of the system. This enormous amount
of conserved charges leads to a huge degeneracy of the states. In particular, the ground state
degeneracy, which is of course a low-energy quantity, is affected by the number of sites that
constitute the system. This is an example of the UV/IR mixing mentioned above.

The notion of a non-invertible symmetry lies in the existence of topological operators which
are non-unitary, and consequently do not have an inverse. This type of operator appears
abundantly in two-dimensional conformal field theories (CFT) in the form of fusion rules.
One of the simplest examples of this structure is the Ising CFT [21, 22], which contains a
non-invertible line N whose fusion is N' x N' = 1+ 1, where 7 is the Z, symmetry line.
Constraints on the renormalization group (RG) flow can be obtained from the existence of
such non-invertible symmetry [23]. More recently, the existence of non-invertible symmetries
has been discovered in four dimensional gauge theories like QED and QCD, where the chiral
anomaly operator can be attached to a fractional quantum Hall phase, turning it into a non-
invertible operator [24]. This construction leads to nontrivial selection rules in the theory.
Non-invertible symmetries in the full Standard Model are discussed in [25,26].

Generalized symmetries also have important consequences, leading in general to powerful
constraints on the dynamics. As in the case of ordinary symmetries, they can be spontaneously
broken [27,28], resulting in Goldstone excitations when the generalized symmetry is continu-
ous. They can also have anomalies, in particular, 't Hooft anomalies, which have implications
on the IR structure of the theory because of the anomaly matching [29]. This enables to un-
cover valuable information even in the strongly coupled regime, as in the case of SU(N) gauge
theory at 8 = 7, which has a mixed 't Hooft anomaly between time-reversal and the 1-form
center symmetry [30] (see [31] for a rigorous derivation of the anomaly from the point of view
of a five-dimensional invertible topological field theory).

These notes are entirely dedicated to the higher-form symmetries, and are intended to be a
pedagogical introduction to the subject. They are far from being a comprehensive account, but
instead focus specifically on certain basic aspects, providing a reasonably detailed exposition.

For example, in D = 4, a line has a nontrivial link with a two-dimensional sphere S2.
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They are organized as follows. In Secs. 2 and 3, we discuss briefly some aspects of ordinary
symmetries that are useful for the later sections. Sec. 4 presents a general introduction to the
higher-form symmetries. Secs. 5, 6, and 7 are dedicated to the study of higher-form symme-
tries in Maxwell theory in various dimensions. In Sec. 8, we discuss the 1-form Z; symmetry in
U(1); Chern-Simons theory. In Sec. 9, we discuss the 1-form center symmetry in SU(N) gauge
theories. Sec. 10 studies spontaneous symmetry breaking of the 1-form symmetry in Maxwell
theory. We conclude in Sec. 11 with some final comments. Two appendices summarize useful
properties of differential forms and Lie algebras.

2 Aspects of ordinary symmetries

In this section we review some basic aspects of ordinary symmetries in quantum field theory,
which will be useful in the generalization to the case of higher-form symmetries. This discus-
sion is quite standard and can be found essentially in every QFT textbook, so that we will be
brief.

2.1 Symmetries in classical field theory

Noether theorem deeply connects continuous symmetries to conservation laws. This relation-
ship can be derived in a simple way. Consider an action S = de xL(¢) involving a generic
set of fields ¢’s and assume that under an infinitesimal transformation of the fields,

> P+€69,, (1)

with e, being a set of constant (global) parameters,” the action is invariant. This corresponds
to a symmetry in the classical theory.

To find the associated conserved current we promote the global parameters €, to local
ones, €, — €,(x). In this case, the transformation

¢ — ¢ +e(x)6d, (2)

is no longer a symmetry. The variation of the action must involve the derivative of the pa-
rameters, J,€,(x), which recovers the invariance under global transformation in the case of
constant parameters. Then we can write

68 = J deJfl‘auea(x), 3)

with arbitrary coefficients J4'. It is interesting to note how the index structure of the parameters
€, is reflected in such coefficients (currents). Now, the local transformation ¢ — ¢ +€,(x)d ¢,
can be viewed simply as arbitrary variations of the fields, in which case (3) vanishes upon using
the equations of motion, i.e.,

6S = f deJ(‘l‘auea(x) =0 (eq. of motion). 4

With an integration by parts and using the fact that €,(x) are arbitrary, we conclude that the
coefficients J4 are actually conserved currents,

d
Q=0 = —Q=0, (5)

2The index a represents generically a set of indices which can be spacetime or internal.

4
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where we have defined the Noether charges

Q.= f dD_lic?, (6)

which remain constant along time evolution.
Note that the currents J4 are not uniquely determined, as we can always define a new
current
U — gy uy
Jir=Jl'+ 30,07, (7)

where Q" = —Q.", which are conserved and lead to the same Noether charges (6).

In the canonical formalism, the Noether charges (6) are the generators of infinitesimal
transformations in the sense that their Poisson brackets with some field furnishes the transfor-
mation of the field,

5¢q =1{¢,Q.}- (8

The quantum counterpart of this relation replaces the Poisson brackets by commutators. We
shall discuss this point in a moment.

2.2 Symmetries in quantum field theory
2.2.1 Canonical formalism

The celebrated Wigner theorem (see for example [32]) asserts that in quantum theory the
symmetries (not spontaneously broken) must be implemented through either unitary or anti-
unitary operators. Unitary operators accommodate both continuous and discrete symmetries,
whereas anti-unitary operators serve only for the discrete ones.

For continuous symmetries, the unitary operator implementing the corresponding trans-
formation can be systematically constructed from the Noether charge:

U — eieaQa . (9)
They act on the fields as
¢ - ' =UpU". (10)
For an infinitesimal transformation, this expression leads to
5(1¢ zi[QaJ ¢]> (11)

which is the quantum counterpart of (8).
For discrete symmetries, even though a Noether charge does not exist, the unitary operator
U is meaningful. For example, consider a real scalar free theory

2
s=dex (%auqsa%—m?(pz). (12)

This action has a discrete Z, symmetry, which acts on the field as ¢ — —¢. It is implemented
through the unitary operator U according to

P'=UopU'=—¢. (13)

An explicit form for U can be written in terms of creation and annihilation operators.
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2.2.2 Path integral and Ward identities

The quantum counterpart of the classical conservation laws (5) are the so-called Ward identi-
ties, which lead to relations among correlation functions of the theory. They can be derived in
a simple way using path integral. Consider the partition function

Z= f D¢ e'S. (14)
Correlation functions are expressed as
_1 is

where X represents a generic product of fields, X = | i ¢ (x;). As the fields are merely inte-
gration variables, we are free to rename them or to make changes of the integration variables.
First we rename the fields ¢ — ¢’ and then perform a variable changing in the path integral
according to (2). This amounts to

r .
D p(x1)... P xy)eSP]
f D’ ¢ (x1)...¢" (xy)eS#]

rp(j)J (X +Z¢(x1)...ea5¢a(xj)___¢(xN)) QIS +iES
j

[ D (1 +1i5A) (X + > T d(x1). . €abPalx))... ¢(xN)) (1+i58)e'S
j

- %f D¢ (X+Z¢(x1)---€a5¢a(xj)---¢(XN)+iX55+iX5A+---) . (1e)

J

We have admitted a possible Jacobian J = 1 +i5A, accounting for eventual anomalies.® Using
the variation of the action in the form (3), we obtain

0= f dPxe,(x) ZS(D)(x—xj)((l)(xl)...5¢a(xj)...qb(xN))iau(J(‘j(x)X) +i(0,()x) |, A7)
j

where we have parametrized the anomaly as A = f dPxe,O,. In the absence of anomalies
(O, = 0), the above relation enables us to find the Ward identities

B )XY =i D 6P (x —x)) (§(x1) ... 5ba(x)) ... p(xn)) , (18)
J

which provide a set of relations among correlation functions and conservation laws at non-
coincident points (x # xj,Vj). In particular, by integrating both sides over spacetime, we
obtain

5(¢p(x1)...¢(xy)) =0, (19)

3See [33] for a modern perspective on anomalies.
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which is the reflection of symmetry on the correlation functions. This is a nontrivial statement
about symmetry because it is computed as

j1’7¢5[¢(x1)~--¢(xzv)]eis=0- (20)

The path integral version of (11) can be derived as it follows. Taking X as a single field
¢ (y), the relation (18) with O, = 0 reduces to

3u ()P (1)) ==i6P(x — y)(8.9 () - 2D

By integrating x over the region V=[y%—e¢, y® + €] x RP~!, we get

(Qu(Y° + )P () — (P(1)Q(¥° —€)) =—i(5,0(¥)), (22)

because of the time-ordering inherent to the path integral. In the limit of € — 0 the left hand
side is identified with the equal-time commutator

([Qa’ d)(y)]) = _l<6a¢(y)> > (23)

which is the expectation value of (11).

2.3 Spontaneous symmetry breaking and Goldstone excitations

The Goldstone theorem states that when a global continuous symmetry is spontaneously bro-
ken, then there are massless excitations (Goldstone bosons) in the spectrum. This result can
be derived directly from the Ward identity (21). Taking the Fourier transform with respect to
x, it follows that

J dPxe'* 3, (JL(x)$ () = —zf d°xeP* 5P (x — y) (5,6 (1))

;i f 4P xePp, (ECIB()) = —ie™ (5,6 (1))

PuldH(P)p () =P (5,4(¥)),
PulTH(P)e Y ¢(y)) = (5,0(3)), (24)

where we have identified the Fourier transform of the current as J:(p) = f dPxeP*JH (x).
Then, integrating both sides over y,

pulJ(p)e(—p)) = f dPy(5,9(y)) = (6,¢(p =0)). (25)

The object (6,¢(p = 0)) in the right hand side is the order parameter characterizing the
possible phases of the theory [34]. The symmetric phase corresponds to (6,¢(p = 0)) = 0,
whereas (6,¢(p = 0)) # 0 implies spontaneous symmetry breaking. In the broken phase,
therefore, the correlation function (JX(p)¢(—p)) must have a pole at zero momentum,

TSP ~ 2 (26)
p

This, in turn, signals the presence of massless physical excitations in the spectrum. These
excitations are the Goldstone bosons.
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3 Rephrasing ordinary symmetries in terms of topology

Now let us discuss the ordinary symmetries in a language that is useful in generalizing to the
case of higher-form symmetries. Differential forms are helpful here and we have summarized
some of their properties in the Appendix A.
In terms of differential forms, the Noether current can be thought as the components of a
1-form,
J=J,dx", (27)

whereas its Hodge dual,

= Do € e XA A X, (28)

is a (D —1)-form. For simplicity, from now on we omit the index a of the current. The conser-
vation law in (5) is written as

d*xJ=0. (29)
This means that xJ is a closed form. In components the left hand side reads
1
d«J = DD (Budp)e y py dX Adxtt A= AdxcHr
1
= —(D D (anM)G“Mm“D_le““l'““’Dfldxo A--- AdxP1
=(—1)P71(0,J")dx A--- AdxPT, (30)
u

where we have used the convention €°*?~! = +1, and

e €M1 Mp-1 — (_1)D—1 (D _ 1)| nua , (31)

u
Hy.--Up—

with the metric n*¥ = (+,—,—,...,—). In the Euclidean, we simply drop out the factor (—1)"~*
on the right hand side and replace the metric n*” with 6*”. In this case, the conservation law
is simply

dxJ =23,Jdx"A---AdxP7T. (32)

3.1 Assigning topological meaning to charges

The Noether charges (6) can be written as an integral over a closed (D — 1)-dimensional sub-
manifold X:

1
QX)) = J; *J = J; Do 1)!J,u eﬂul'..HD_ldxm Ao AdxHo-1 (33)

To see this, we consider the Euclidean spacetime, where time and space coordinates are treated
on an equal foot. Then, more generally, we can integrate the Ward identity in (21) over a D-
dimensional region 5 so that its boundary is the (D — 1)-dimensional submanifold ¥, i.e.,
905, = .. With this, the left hand side of (21) becomes

f (dxJp(y)) = f (xJp(¥))
Q5 b))
=(Q(=X)¢ (), (34)

where in the first line we have used the Stokes theorem (A.6). According to (21), we obtain

QX)) =—lf dPx8P(x = y) (6.9 (1))- (35)

Q5
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s2 s3

Sl

Figure 1: Link of spheres S°~! and a point.

In the right hand side we identify f a, dPx5(x — y) as the intersection number of Q. and y.
This, in turn, is equal the link number of ¥ and y,

Link(%, y) = f dPx6P(x—y), (36)
Q5
which is 0 or 1 depending whether y is inside the region Q5 or not. With this we can write
(35) as

(Q(X)¢(y)) = —iLink(Z, y)(6¢(¥)) - (37)

The link number defined in (36) is clearly topological since it is unaffected by deformations
of the surface X as long as the deformations do not cross the point y. We can understand that
the charge Q(X) is also a topological invariant by considering a deformation of the original
region Qy, to Oy, = Oy Uy, such that y does not belong to Q. This implies

25U

{dxJo(y)) =J

Q5

(dxJp(y)) +J {dxJp(y))

Qo

=J (dxJo(y)) =Q(%), (38)
ay,

where, as y & Q,, we have set d xJ = 0 inside the correlator in the last term of the first line.
Therefore, the conservation law is translated into the fact that the operator Q(X) is topological.
We notice that for any spacetime dimensionality D, a point can always link with a closed D —1
manifold like SP~! that surrounds it, as shown in Fig. 1.

We can also write the finite form of the relation (37), namely;,

(U(g,2)p(y)) =R(g)(o(¥)), (39)

if y and X are linked. U(g, X)) is the unitary topological operator associated with the symmetry
group g and R stands for the representation in which the fields transform,

U(g,Z)=¢€"%%, and R(g)=e%', (40)

with t, corresponding to the generators in the representation that ¢ belongs. For infinites-
imal parameters a, this recovers immediately the relation in (37), with the identification
6,9 = t,. We refer to this as a O-form symmetry, in the sense that the charged objects
under the symmetry are local operators ¢ (y) supported in a point, i.e., in a 0-dimensional
region. Equivalently, the parameter of transformation is a closed O-form, which is simply a
constant.

For discrete symmetries, even though a conserved charge does not exist, we can neverthe-
less define a topological unitary operator precisely as in (39). In fact, consider the unitary
operator for a discrete symmetry, U(g) (with no parameter involved), and the corresponding
action over a local operator,

(U(g)p (U () =R(g) (). (41)

9
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t t t
Ug) U(g, X)

U(g) 0 - e B
------------ e YU € T e B o

;y o . y :-‘ oy ::
"""""""""""""" y —¢€ e 77—1

U-\(g) > U (g) >

space space space

Figure 2: Sequence of deformations to associate a closed surface ¥ to U(g, X).

In this relation, the operator U(g) is interpreted as defined at a time y° + e and the operator
U~1(g) at the time y° —e. The equal-time is understood as the limit ¢ — 0. Furthermore, we
can associate a spatial slice with the operator U(g). Next we assume that [U(g), P, ], where P,
is the generator of spacetime translations. This implies that the spacetime region associated
with U(g) can be continuously deformed into a closed one, through the sequence of steps
shown in Fig. 2. In this case, the left hand side of (41) can be written as

(Ug)p(NU () = (U(g, D)p(¥)), (42)

when y and X are linked. This leads to the conclusion that the relation (39) is also valid for
discrete symmetries.

The above construction provides an interesting perspective on symmetries in relativistic
theories, namely,

Symmetry Generator < Topological Operator, (43)

with the charged operators corresponding to the objects with nontrivial link with the topolog-
ical operator. This perspective is illuminating and provides a natural way to generalize the
notion of symmetry to the case of higher-forms.

4 Higher-form symmetries

Now we generalize the previous discussion to the case of a 1-form symmetry.* To this, it is
useful to reconsider the case of an ordinary symmetry. It is referred to as a O-form symmetry,
in the sense that the involved parameter £ is a closed O-form, i.e., d£§ = 0 (since it corresponds
to a global symmetry). In terms of differential forms, the expression (3) becomes

5S:J xJ ANdE, (44)
MD)

where we have promoted & to a local parameter, i.e., d§ is no longer closed in this expression.
Upon an integration by parts, and using the equation of motion, the above expression leads to

d+xJ=0. (45)

Now let us study a generalization of the above setting by considering a global symmetry
whose parameter is a closed 1-form &; = £,dx", namely, d§; = 0. We emphasize that the
global nature of the transformation is translated into the flatness condition on the parame-
ter, 9,&, — d,&, = 0. The analogue of expression (44), obtained by removing the closeness
condition on the parameter &1, is

5s=f «J AE,, (46)
MD)

“We will discuss the general case of g-form symmetries a little later.

10
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where now *J is a (D — 2)-form or, equivalently, J is a 2-form,

1
J= 5Jde“ Adx”. (47)
In components, the conservation law d *J = 0 reads
3, J"" =0, with JW'=—J". (48)

As xJ is a (D — 2)-form, in analogy to what we did in the ordinary case (eq. (33)), we can
define the charge on a closed Xj_, submanifold,

QXp_n) = f *J . (49)
Xp-a

Next we look for the charged objects under this symmetry operator or, in other words, the
objects that possess nontrivial link with Xp_,.

4.1 Charged operators

We wish to understand now the nature of the charged objects under the 1-form symmetry.
To address this, it is convenient to reconsider the ordinary case but under a perspective that
is helpful in generalizing. We remember the case of a O-form symmetry, where under an
infinitesimal global transformation characterized by the constant parameter &, a local operator
transforms as

P(x) = ¢'(x) = p(x) +E5¢(x). (50)

In other words, we have assumed from the beginning that charged operators under the symme-
try are the local operators, i.e., operators with support in a 0-dimensional region of spacetime.

So the question is whether there is a unambiguous way to see that the charged objects are
in fact local operators. From the perspective of the Hilbert space, the transformation in (50)
can be interpreted as coming from the actuation of the charge operator defined over a spatial
D —1 = d dimensional slice (without boundaries) at a fixed time. Then we can use the notion
of Poincaré duality to associate a form with a manifold. More precisely, the Poincaré duality
provides a way to associate a (d — p)-form with a p-dimensional manifold. The components
of the Poincaré dual (d — p)-form are defined as

1 o .
Eipr.ig(X) = I;f eil...ipip+1...id5(d)(x —Y)dyt A Ady'r. (51)
5>

P

The paramater of the global symmetry is then identified as the (d — p)-form £;4_,(%,) con-
structed from the submanifold of dimension p. As we shall see, this automatically ensures
that £4_,, is closed, which is the condition for the symmetry to be global.

In this context, the parameter of the transformation of an ordinary symmetry is identified,
up to a constant factor, as the Poincaré dual of the %; spatial manifold, which is just a 0-form
constant. This follows simply by setting p =d in (51),

1 5 oy i
é(x)=5f €i,..;,0PDE =7y A---Adyt=1. (52)
s,

This means that the parameters of ordinary symmetries are closed O-forms, which are sup-
ported on O-dimensional regions (points) of the manifold. Accordingly, they can be associated
with the transformation of similar objects, namely, objects also supported on 0-dimensional
regions of the manifold - the local operators.

11
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Now it is easy to see how this picture generalizes for higher-form symmetries. If we have
a submanifold of dimension p = d — 1, then the Poincaré dual is a 1-form &;(%;_;) with
components

1
(a—1)!

i, (x)= J €iyip i, 0 DE =)y A Adylat (53)
P

Therefore, the objects that are charged under the 1-form symmetry are operators with support
along a line - the line operators. So given an operator supported along a line C, the parameter
of the transformation (up to a constant factor”) is

J 51(Zd—1):f gidxi- (54)
C C

More explicitly, the infinitesimal transformation of a line operator reads
W[C]—>W[C]’=W[C]+f €1(2q—1)0W[C]. (55)
c

It is worth to emphasize that, even when the line C is closed, the integral f c61(X4-1) may
not vanish in spite of the fact that d&§; = 0. Naively, if we use the Stokes theorem, we could
convert the line integral to a surface integral that has C as the boundary, fc E1(Z4-1) = f sdé&y.
However, this may not be true because of eventual topological obstructions to employing the
Stokes theory caused by %;_;, when C and X;_; intersect. We shall discuss this in a moment.

Now we can check that £&; = £;dx' is closed because ;_; has no boundary. In fact, we
first write it as

Ei(x)= f (=), (16D -7, (56)
X4

where (dz471), ,(¥) is the oriented integration element over the subspace %.;_; with coordi-
nates y. Then we take the exterior derivative

d&; = 37 E;(x)dx* A dx!

= f (A=), ()36 (% — y)dx* Adx'!
g1
=—J (d=t1).(y)8] 6% — y)dxk Adx'. (57)
X4

Suppose that ¥;_; dimensional manifold is the infinite space (without boundary) associated
with the directions x,...,x%7, so that the element (d Zd_l)i ,(y) is oriented along direction

x4, In this case, the above expression becomes

d&, = —f (=), (13} 8 D(x — 7)dx* A dx?
X1

=—J (A=), (Y, - (6 E - y)dx Adx?) =0, (58)
T4

i.e., it vanishes upon using the divergence theorem and taking into account that X;_; has no
boundaries.

>We can think that the parameter of the transformation is absorbed into the Poincaré dual &;.
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We can generalize the manifold in which the charge is defined X;_; and consider instead
Y p_o as an arbitrary closed manifold in spacetime. We can also generalize the notion of a
line operator (an operator that acts on the Hilbert space at fixed time) to a defect line, which
is an operator also extended along the time direction.® In this case, we have a more general
symmetry transformation acting on a defect line,

W[C]—>W[C]’=W[C]+J €1(Zp—2)oWI[C], (59)
C

where now the line C is extended along the time direction.
From this expression we can derive the corresponding Ward identities. Let us consider the
correlation function involving a single defect,

(W[C])=JD¢W[c]ei8[¢]
= f De'W'[CeiSte"]
= f Dé (W[C] +f 51(213_2)5W[C]) (1+168)eSte], 60)
C

with 68 given in (46), which in components reads

68 = J dPxJ"3,&, = —f dP’x¢&,0,J"". (61)

Relation (60) implies

if d?x&,(x)(3 " WIC]) = f dy”E,(y)(6W[C])

c

= J degv(x)J P x—y)dy " (BWIC]). (62)
C

By factorizing &,(x), it follows that

(0, 7" (X )W[C]) = —i f dy"5P)(x —y)(6WIC]), (63)
C

which is the Ward identity for a single line defect.
Now we are ready to explore further consequences of the 1-form symmetry.

4.2 Case study: 1-form symmetry in D = 2

Let us start with the simplest situation of a 1-form symmetry in D = 2 spacetime dimensions.
In this case, the conservation law is quite simple,

9J° =0, and 8,J%=0, (64)

implying that J%! is conserved in a zero dimensional subspace, since it does not need to be
integrated along the x!-direction. The presence of a line operator may lead to the violation
of the conservation law according to the Ward identity in (63), which can be written more
explicitly as

(8T (x)W[C]) = —i J dy's@(x —y)sw[C]). (65)
C

%In relativistic theories this distinction is tenuous.
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time

space

Figure 3: Intersection of the line C with the spatial point x*.

time

space

Figure 4: Link of the curve C with the S° sphere.

Assuming that W[C] is a true line operator, i.e., that the curve C is extended along the spatial
direction at fixed time y°, and integrating (65) along x° from y° —e€ to y° + ¢, we get

([J°,wlelly =—i f dy's(x' =y ) (sW[C]). (66)
C

The integral fc dy'5(x!—y')is the intersection of the line C with the 0-dimensional subman-
ifold in which the charge is defined, namely, the spatial point x'. Whenever they intersect, as
shown in Fig. 3, this integral is equal to one, and thus the Ward identity shows how the line
operator transforms under the symmetry.

Now we can take a different perspective and consider the 0-dimensional region where the
charge is defined as a sphere S°, which consists of two points, as illustrated in Fig. 4. We then
integrate the Ward identity on a 1-dimensional space £2;, whose boundary is 8Q; = S°,

J(dnl) 3, J" (x)W[C]) f (dQy), f dy"sP(x—y)(5WIC]),  (67)

where (d€2;), is the oriented element of integration on ;. With this, (67) can be written as
(JOY(sOYW[C]) = —i Link(S°,C){(sW[C]). (68)

On the left hand side, we have the charge defined on S°, whereas on the right hand side we
have the intersection number of Q; and C, which is equal to the link number of C and S°,

f dQy), f dy”6P)(x — y) = Link(s°,C). (69)
C

As long as the curve C is infinitely extended or closed, the Link(S°,C) has a topological mean-
ing, as shown in Fig. 5. Relation (68) is the analog of relation (37).

14
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0
time S

(« e

space

Figure 5: Topological meaning of Link(S°, C).

4.3 Case study: 1-form symmetry in D = 3

Now we consider a 1-form symmetry in D = 3 spacetime dimensions. The conservation laws
are

0 J"" =8I + 871 + 8, =0, (70)
which give rise to
It + 3,0 =0, and 38,J%%2+ 8, J12=0. (71)
It follows that the charges,
Ql= J dx?J%, and Q%= J dx1J%2, (72)

defined in spatial 1-dimensional submanifolds, are conserved. It is also interesting to notice
that the charge Q' does not depend on the coordinate x!, even though it is integrated only
along direction x2. This follows from the conservation law (70), by setting v =0,

a]_JlO + 32J20 =0 5 (73)
which implies that
Q!
—=0 74
Ixl (74)

The same reasoning applies to the charge Q?, implying that it is independent on x2. This is in
contrast with the subsystem symmetries mentioned in the Introduction, where the conserved
charges carry dependence on the coordinates of certain submanifolds, so that there are actually
an infinite number of charges (in the continuum limit). In general, this implies that the states
of the spectrum are infinitely degenerated.

The violation of the conservation law due to the presence of a line operator is dictated by
the Ward identity

(@, T (X)WIC]) = i f dy 6@ (x - y)(EWIC]) . (75)
C

The quantum counterpart of equations in (71) are

(80 (YWICY) + (8,7 COWICT) =—i | dy'6P(x—y)(EWIC]), (76)

b

and

(002 () WICT) + (8T 2O WIC]) =—i | dy*s®(x—y)(EWIC]). (77)

S
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time time

(‘gl 21(1)

// 2 ~ 2
Z,(2) 3
1 / 1 / 2

Figure 6: Intersections of lines at fixed time.

time

@ (b)

Figure 7: (a) Link of curves. (b) Link of two generic closed curves in D = 3.

Integrating these expressions on 1-dimensional spatial submanifolds ¥;(1) and ¥;(2) and over
the time coordinate x° from y° —e to y° + ¢, leads to

([Ql,W[Cl]])=—if dsz dy'6@(x—7)(EWIC,]), (78)
,(2) o

and

([QALWIC,]]) =—i f dxlj dy*5@ (% —7) (6WIC,]) . (79)
%:(1) Cy

The integrals on the right hand side of these expressions correspond to the intersection of the
lines, which are shown in Fig. 6.

By following the previous strategy in assigning a topological meaning to the conservation
laws, instead of integrating on 1-dimensional submanifolds ¥;(1) and %,(2) at fixed time,
we can consider a closed general curve in spacetime like a S'. In this case, we integrate both
sides of the Ward identity (75) over a 2-dimensional manifold Q, whose boundaryis 9Q, = S L
Denoting the oriented integration element on €2, by (df2,),, it follows that

J(dﬂz) 3, " (x)W[C]) f (dQy), J dy 5@ (x —y)(sWIC]), (80)

which can be expressed as
(Q(sHw[C]) = —iLink(S",C)(EWIC]). (81)
The link is shown in Fig. 7(a). Fig. 7(b) illustrates the link of two generic closed curves.

4.4 Case study: 1-form symmetry in D = 4

Next we consider a 1-form symmetry in D = 4 spacetime dimensions. The conservation laws

are
0" =8I0 + 81T + 8,0 + 85J%" = 0. (82)
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Figure 8: Intersection between a two-dimensional spatial slice (in red) and a curve
C at a fixed time.

From these conservation laws it follows that the charges,
Ql = J dx2dx3J%, Q*= J dx'dx3J%, and Q°= f dx'dx2J%, (83)
defined in spatial 2-dimensional submanifolds, are conserved. As discussed in the case D = 3,

we emphasize again that Qlis independent on x1, Q% is independent of x2, and Q3 is inde-
pendent on x3, which follows from (82) with v =0,

I+ 3,02 + 8,530 = 0. (84)

By integrating on the respective 2-dimensional subspaces we get the above conclusion.
Now we consider the Ward identity (63) in D = 4,

(0" (x)WC]) =—iJ dy"6W(x — y)(EWIC]). (85)
C
Choosing, say, v =3, we have

(3o P (x)WIC]) +(81T P () WIC]) +(8J P (x) WIC]) = —i f dy*s@(x—y)(EWI[C]). (86)
c
Integrating both sides over f ' “dx°dx'dx?, it follows that

Q% wlc, 1) =—inx1dx2 J dy*s® & —y)swC]), (87)
C

where the integrals in the right hand side correspond to the intersection between the two-
dimensional surface in the plane x!-x2? and the line C in the direction 3, as shown in Fig. 8.
The same reasoning follows for curves along the remaining directions.

To assign a topological meaning to the charge we go back to the Ward identity (85) and
integrate both sides over a region 5, with Q3 = S2,

f (d©3),(0,7""(x)WI[C]) f (dQ3), de”5(4)(x YNSWIC]). (88)

As in the previous cases, we identify the intersection number as the link between the curve C
and S2,

f (d9s), f dy”6™W(x — y) = Link(S2,0). (89)
Q C
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B
P
1
Figure 9: The line C appears as a single point at the origin, which is linked with S2.

Therefore, we can write (88) as
(Q(SHWIC]) = —iLink(S*,C)H(EW[C]). (90)

For a line oriented along direction 3, for example, the S? surface is immersed in the three-

dimensional region x%-x!-x2, as depicted in Fig. 9.

4.5 Generalization: q-form symmetries

The generalization for the case of a g-form symmetry is straightforward. Given a (q + 1)-form
conserved current J, we can construct the charge by integrating the conservation law d * J
over a (D — q)-dimensional region Qp_,, whose boundary is dQp_, = Xp_,4. The Stokes

theorem leads to
J d+J = J +J 91)
Qp_, Yp—q-1

Q(ZD—q—l) = f *J . (92)
Xp—q-1

q

so that we identify the charge as

Given this (D — g — 1)-dimensional manifold, the Poincaré dual enables us to associate a
D—1—(D—q—1) = g-form, which is then identified as the parameter of the transformation.
Correspondingly, the charged objects are operators supported on a g-dimensional manifold.

5 Higher-form symmetries in Maxwell theory

The free Maxwell theory is the prototype of a physical theory with higher-form symmetries,
and we wish to discuss it in detail. The action is defined in terms of a compact U(1) gauge
field a with dimension [a] =1,

1

S[a]=f—ﬁf/\*f=dex—4?fo‘”, (93)

where f,, = J,a, — d,a, and the coupling constant e? has dimension [e?] =4 —D.

When we are working with a compact group U(1) rather than the noncompact one (R), the
gauge field a is an angular-type variable. An immediate consequence is that the U(1) charges
(electric) are quantized. A natural way to see this is to place the model in a lattice [35]. In
the continuum, a simple way to unveil the angular nature of the gauge fields is to define the
theory in a torus. In this case, we can construct large gauge transformations that compactify
the gauge field. We discuss this below.
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What are the observables of the theory (93)? The immediate answer is that they are related
to the gauge-invariant objects, which can be constructed from the field strength f,,,. These
are the local operators. Is it possible to construct extended gauge-invariant operators? The
answer is yes - they are the Wilson line defect/operators

W, [C]1=exp (iqejg a) , (94)
C

where the curve C must be infinitely long or closed in order to be gauge-invariant. The param-
eter g, € Z is the charge of the Wilson line. It is an integer because of the compactness of the
gauge group. A simple way to see this is by considering the time direction as a S! of length
Ly. Then, we can construct a gauge function that wraps around it,

0
A=2n2. (95)
Ly
This, in turn, leads to the compactness condition for the gauge field ay,
ao ~ ao + —. (96)
0

Picking a Wilson (94) along time direction, the requirement that is must be invariant under
such large gauge transformation leads immediately to the quantization of q,.

What is the physical interpretation of line operator (94)? It represents the worldline of a
probe charged particle, i.e., a particle that has no dynamics. We can see this by considering
the expectation value of the Wilson loop

(W [C]) = J Da exp (iqef a) e'Stal, 97)
c

Next we introduce a conserved current associated with a particle moving along a curve
parametrized by y(x°)

, . . 200 oy dYEO . .
P08 =050 (F-5(Y), and T, 0=, TEV50(z30),  o8)

which can be written as

0
dy*(x") 5@

U0 =2y _
J(X )x)—qe dxo

(—y(x9), (99)

with y° = x©. In this way, the Wilson line can be written as

0
exp (iqe§ dy”au(y)) = exp (lf dxo%a“(xo,j’/))
c

= exp (i J dix6D(x — y(xo))f dxowau(xo, f))

dx©

=exp (i f deJ“aH). (100)

The upshot is that the expectation value of the Wilson loop corresponds simply to coupling the
theory with non-dynamical charged matter, parametrized by the current J*,

(W, [C]) = J Dq eSlalt+i [ dPxI"a, (101)
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+n

Figure 10: Screening of charges due to the creation of virtual pairs.

The equations of motion of the action (93) are
1
—dxf =0, and df =d*(xf)=0, (102)
e

which, in components, read

1

=0, f""=0, and g, xffe-tr2=0. (103)
e

In the second expression, we have defined the components of the dual field strength, which is
a (D — 2)-form and hence can be written as

*f = m *f,ul‘..,UuD,de'ul ARERWAN dXMD_Z . (104)

Comparing this with the definition of the dual in (A.5), we find
— l U U2 (105)

*fvl...vD_2 - 2!fu1u26 V1...Vp_g *
The equations of motion in (102) or (103) imply that the theory has two types of higher-

form symmetries, namely, a 1-form electric and a (D — 3)-form magnetic symmetries, with the
currents J, = elz fandJ, = % * f, respectively. The corresponding charges are

1
Q(Z,) = f We==| f, (106)
Yp-2 € Xpo
and
1 1
Qu(E2) = f W = —f #(xf) = —f f (107)
5, 27 5, 27 5,

These symmetries will be referred to as

UM x u(1)P, (108)

We see that there is no magnetic symmetry in D = 2. In D = 3, the magnetic symmetry is an
ordinary O-form symmetry and in D = 4 both electric and magnetic are 1-form symmetries.

The unitary operators that implement the generalized symmetries can be obtained by ex-
ponentiation of the charges (106) and (107),

U,(atp, Sp_p) = €% 2(0-2) - and U, (a,,, T,) = e!%mm(Z2) (109)

where a, ~ a, +2n and a,, ~ a,, + 27 are the parameters of the transformations.

The presence of dynamical charged matter with charge n > 1 explicitly breaks the U (1)((21)
symmetry down to Zfll), because of screening of the charges due to the creation of virtual pairs.
Considering the electric charge Q,.(Xp_,) defined in a closed surface ¥,_,, it is able to detect
only charge mod n, since it can surround one of the partners of a virtual pair, as illustrated

20


https://scipost.org
https://scipost.org/SciPostPhysLectNotes.74

SCIl SciPost Phys. Lect. Notes 74 (2023)

in Fig. 10. Therefore, the unitary operator U,(a,,Xp_,) in (109) must act as the identity on
objects with charges that are multiples of n, i.e.,

e!%Q(p2) — piaenk =1 = p ez, (110)

This implies that the parameter of the transformation must have the form a, = 27” or, equiva-
lently, e'% is an element of the Z, group.
To further understand the magnetic symmetry it is convenient to parametrize xf in terms
of a new gauge field d, according to
xf =da, (111)

where @ is a D — 3 form, namely,

1
a= WdﬂlmﬂD—zd'xul A---dxHr-2 (112)

Relation (111) implies

— D—-1 ~
- (_1) a[Hufzaﬂl--#Dfs]

= a[Mlauz---lJ«D—z] . (113)

*f Yy.-bp—2

Next it is also convenient to express the action in terms of d@. This should be thought as a
change of variables (in the path integral sense) from a — d. We first change the variables
a — f, taking into account the Bianchi identity,

= D i
S[f’ Cl] f d”x — fl”’f " --Up—3 ettt aUD—ZfHD—IUD
dex——f fH 1f et-bog G
124 2 Up-1Mp Up—2 " H1.--p-3
de__f f,uv 1 f eb--tp i
124 2 (D 2) Up—1Mp [up—2“ph1---p_s]
1 ( 1)D 1
D ~
f d”x— fl“’f;” 2 (D 2) fHD mneul #o *fM1-~-HD—2(a)’ (114)

where d entered initially as a Lagrange multiplier ensuring the Bianchi identity. Now we can
integrate out the field f,, (treated as a basic field) using its equation of motion,

ufu_Z( ) bt
fDlD_ 1 D*fm

. 115
( D— 2) --Up—2 ( )
Plugging this back into (114) and using the identity
— [
ot e, g =20 (s 502 e
we finally obtain
, e* (=1t
stal= [ @xG C @@, a17)
This action invariant under the gauge transformations
a—d+da. (118)
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In addition to the local gauge-invariant objects obtained from the field strength *f, we can
construct gauge-invariant extended objects as

T, [Tp—s]=exp (ianmf &) , (119)
Ip—3

which are supported on a (D — 3)-dimensional manifold I},_3, and gq,, is the magnetic charge.
They are the so-called 't Hooft operators and are the natural candidates to be the charged
objects under the magnetic (D — 3)-form symmetry. We will discuss this explicitly in the four-
dimensional case below.

6 Maxwellin D =4

In D = 4 the higher-form symmetry is U (1)((21) X U(1)§).7 The conservation laws in (103)
acquire the nicer form

9,f""=0, and g, xf"" =0. (120)
The charges (106) and (107) become
Q.(2,) = J xJ, = J *f, (121)
and
1 1
Qm(Zy) = J k= —J *(xf) = —f f (122)
5, 21 5, 21 5,

where 3, is a closed manifold. The charged operators are Wilson and 't Hooft lines,

W, [C]=exp (iqe§ a) , and T, [C]=exp (i2nqm§ &) . (123)
c c

With the choice of the 27t factor in the 't Hooft operator, the magnetic charge g,, is quantized as
gm € Z, in the same way as the electric charge g,. This can be seen by considering the Wilson
line in a closed curve and using the Stokes theorem. In this case, the curve is the boundary of
two surfaces, say X, and Xé, so that

W, [C]=exp (iqejg a) = exp (iqef f) = exp (iqej f) . (124)
c X, x)

Taking into account the orientation of the surfaces X, and Xy, the last equality implies

1 =exp (iqe J f )
Ty=X,UX),

=exp(i27q,Q,(2,))=1. (125)

Thus, we see that the magnetic charges inside ¥, measured by Q,,(X,) are integers. With
this result in hands, we can find the periodicity of the field d@ by considering a large gauge
transformation. To this, we consider the way it was introduced in the first line of (114) with
D=4,

S[f,d]= J dPx — %fwf‘” + %auewpaavfpg . (126)

7As the coupling constant e? is dimensionless in D = 4, we set e> = 1 for simplicity.
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Placing this system in a manifold with periodic time S x 5, with 99, = S2, a large gauge
transformation of d that winds around time direction, d, — d, + Aq, yields

Ly 1
58 = JO dx® J deEAOeOUkaifjk

1, ("
=—)LOJ deJ ds;e*fi,
2 0 S2

Lo
=—kof dxof ds-B
0 S2

= —AoLozﬂ:Z. (127)

Invariance of the quantum theory under such a large gauge transformation requires then

e!%5 = 1, which implies that A, is of the form
n

Ao=—, nezZ. (128)
Lo

This shows that the large gauge transformations compactify the field @ as

+ -2, (129)

~da
u L,u

ay
Using this large gauge transformation in the 't Hooft line (123) leads immediately to the quan-
tization of the magnetic charge q,, € Z.

If we pick up =, = S? immersed in a purely spatial splice, then the above charges are

nothing else the electric and magnetic fluxes

-

Qe(Sz) = %f dslwe,uvpofpa = f as- E: (130)
S2 S2

and

2y_ 1
Y,

ds*f,, = %f dS-B. (131)
s2 52
The charged objects under such charges (objects that links with S2 in D = 4) are line defects
that are extended exclusively along time direction, that is, they correspond just to electric and
magnetic charges at rest (in space). Thus, in a particular instant of time, the charges in (130)
and (131) can detect the presence of electric and magnetic charges through the flux crossing

the surface S2.

6.1 Canonical quantization perspective

In the canonical quantization perspective we study genuine line operators, i.e., operators ex-
tended only along spatial directions. In the absence of charges, it is convenient to fix the
Coulomb gauge where a; = 0 and V - d = 0. The canonical momentum is

_ oL
-~ dat

This implies the following equal-time commutator

I =4 =—E'. (132)

[a'(x), B (y)] =—i676C) (% - 7). (133)

We still need to implement the Gauss law, V-E=0 (which is equivalent to V-d= 0). We
see immediately that the above commutation rules are not compatible with the Gauss law. To
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3,0
proceed, we can modify the commutation rule by replacing 6§ — &Y — <7 - Alternatively,

we can insist with (133) and impose the Gauss law not at the operator level, but instead as
selection rules for physical states,

V - E |Phys) =0. (134)

This is more convenient for our discussions.

6.1.1 Electric symmetry

The next step is to construct the unitary operators that act in the Hilbert space. Let us study
first the electric symmetry. The corresponding charge operator can be constructed from (121),
simply by picking up X, as purely spatial slices,

Q(Zz)— J(dzz) euvpaf

J (d%,),EL, (135)
where we have identified % = —E' and (d%,); = 5¢; ]k(dZZ)Jk We have three charges
Ql = J dx*dx’E', Q*= f dx'dx*E*, Q)= f dx'dx*E?. (136)

Let us choose one of them, say Qf, to study in detail. The corresponding unitary operator can
be obtained by exponentiation

U,(a,,3) =exp (iale) , (137)

where a, ~ a, + 21 is the parameter of the transformation. The charged object is the line
operator extended along the direction 3:

W, [C3] =exp (—iqe J dySaB). (138)
Cs

W, [C3]=U,(a., 3)W, [C51U] (a, 3). (139)

To this, we recall the BCH theorem in the form

We have to compute

efel = e[ABleBeA (140)

which is valid when [A, B] commutes with both A and B. The commutator in our case is
[iaeQi,—iqu dy’a®] = aeqef dxldsz dy?* [E3(x',x%, %), (y', y%, ¥)]
C3 C3
= iaequ dy35 (x3 —y3) s (141)
C

where we have used the commutation relations in (133). The integral sz dy36(x®—y®) is

the intersection of the curve C5 and the plane X, which is equal to one when they intersect.
Therefore, the transformation of the line operator is

Ue(ae,B)qu[Cg]U:(ae,S):exp{iaequ dy35 (x3— )} [C5]. (142)
Cs
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We notice that the factor in the exponential is essentially the line integral of the Poincaré dual
(56). In fact, in this case, it is given by

Eg(y)=de1dx25(3)(?<—J7). (143)
By integrating it along the curve C; gives
J dy®&s(y) = J dy®s (x*—y°). (144)
Cs Cs

For infinitesimal a, we see that (142) recovers the transformation given in (55). The same
reasoning goes for the remaining charges Ql and Qg.
6.1.2 Magnetic symmetry

Now we will study the magnetic symmetry. To this, it is convenient to write the Maxwell action
in terms of the dual field d. Putting D =4 in (117), we have

. 1 1 .. .
S[da]= J d*x — 7 s fuy* fHY = f d*x — Z(auav - 3vau)2. (145)
By proceeding with canonical quantization, we first find the momentum
.. JL . - .
II'=—=a"=—E'=-B', (146)
oat

where we have used that *f,, = %ewpa fP9. This implies the following equal-time commu-
tator

[a'(x),B/(y)] = —i676P)(x - 7). (147)

Now we can construct the charges of the magnetic symmetry according to (122),

1 i
Qn(Z2) = Py (d%,);B. (148)
X
Like in the electric case, we have three charges

QL= | dx?dx®B!, Q% =— | dxldx®B?, Q% =— | dxldx?B®. (149

mo 2 ’ mo 2 ’ mo 2 '

Let us consider the charge Qf’n. The corresponding magnetic unitary operator is

Un(am,3) =exp(ia,Q3), (150)

where a,, ~ a,, + 27 is the parameter of the transformation. The charged object under this
symmetry is the line operator

T, [C3]=exp (—ianmJ dy3d3) ) (151)
Cs

The computation of the transformation law of this 't Hooft operators is essentially the same as
that one of the electric case. The result is

Un(0tm, 3)T, [C3]UT (ay,,3) = exp{iamqu dy35(x3 —yB)}Tqm[cg] ) (152)
Cs
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6.2 Algebra of Wilson and ’t Hooft operators

It is interesting to study the algebra between Wilson and ’t Hooft operators in the framework
of canonical quantization. To this, we need to express both operators in terms of the same
canonical pair. Let us choose to write the 't Hooft operator in terms of electric field. This can
be done simply by considering the 't Hooft operator defined in a closed curve in space. Then,
using the Stokes theorem we can write

Tqm[C’] = exp (—ianmJ dy - 5) = exp (—iZthm J df(Z . E) , (153)
/ X2

where dX , is the oriented integration element on the surface X,. The Wilson operator along
a closed or infinitely long purely spatial curve is

qu[C] = exp (—iqej dx- Ez’) . (154)
c

By using the BCH theorem (140) and the commutation (133), the algebra of Wilson and 't
Hooft operators follows immediately

w, [CIT, [C']=exp (iZﬂ:qeqm f dx} L dxis® (% — y)) T, [C'TW, [C]. (155)
Xs

The object f X, dXé f c dx'6®) (% — 7) is the intersection of the curve C and the surface X,
which in turn is equal to the link between the curves,

f dX;f dx'6®) (% — ) = Link(C,C") = Z. (156)
Xy C

Therefore, the relation (155) can be written as
W, [C1T, [C']= e2MeantinkCAIT [, [C]. (157)

Due to the quantization of the charges g, and q,,, it turns out that the phase factor is equal to
one, and the above algebra is commutative.
6.3 Path integral perspective

Now we want to derive the transformation of line operators that can be eventually extended
along time direction. It is convenient to consider the path integral to compute the correlation
function of interest, namely, the correlation function of the unitary operator associated with
the charge Q.(%,) acting on a general Wilson line,

(eiaeQe(ZZ)eiqe fﬁc a) — J Da eiaeQe(Zz)qu fc a+iS , (158)

where X, is an arbitrary closed 2-dimensional manifold. The basic idea is that we can absorb
Q, into the action through a redefinition of the gauge field [36]. The first step is to use the
Stokes theorem to write the charge as

Qe(ZZ):f *f:J dx*f, (159)
T, Q
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Figure 11: A closed region £, in terms of very large spatial surface X. In the limit of
€% — 0, we take the surface ¥ to be infinitely large.

where Q is a 3-dimensional volume whose boundary is X,, i.e., 2 = Z,. In components, it
reads

1
Qe(zz) = ZJ aaf“vell-vp(fdvapg . (160)
Q

We can express the volume element as

1
AV =e*Tn.dV <  n,dV dvere, (161)

r4V = 3y €rapo

where n, is a unit vector normal to the volume dV*°?. With this, the charge becomes

Y
1
Qe(zz) = ;J evpoya,uf“vdvpo-y . (162)
FJQ

Next we turn this expression into an integral over four dimensions with the help of a delta
function,

Qe(ZZ) = J d4X3MfMV(X)JV(X; Q)
=L e [0, 059 — 0,,059)] (163)
- 2 Xf uv v X; »wu X35 >
where we have identified
1
']v(X; Q) = 5 J evpa}/5(4)(x —}’)deUY(}’), (164)
“Ja

which is nonvanishing only when x € Q. Notice that this is nothing else the Poincaré dual
(51) but with the crucial difference that here the manifold 2 has a boundary (it is immersed
in the four dimensional spacetime). Consequently, J, is not a closed form. This is the local
version of the global 1-form symmetry transformation, like we have used to derive the Ward
identities. If we set ¥ =i and choose the region Q2 as depicted in Fig. 11, the expression (164)
reduces to

Ji(x;9) =J e8P (& —7)dvk(y), (165)
M

which is precisely equation (53) with d = 3.
With the charge expressed as in (163), the correlation function in (158) reads

. . . 1 Ao . 1un .
(e1®eQe(Pa) it fc“) = f Da exp |:1J d*x — quzv — Ef“ [8MJ1,(Q) — 8VJ“(Q):| + lqe§ dx“au] .

c
(166)
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Then, under the shift in the gauge field

a, = a,—aJy, (167)
the expression (166) becomes
<eiaeQe(Z}2)eiqe $o a> (168)
— e idea §o dx"J,(2) f Da exp |:lf d*x — 1 + a_g [3 J,(2)—0,J (Q)]Z +iq § dx"a ] .
2 w5 L%y wu ‘7. u

The term proportional to f d*x [EMJ H(Q)—3,J H(Q)]z is just a local contribution independent
on the curve C and also independent on the dynamical gauge field, so that it can be absorbed
into the integration measure. Therefore, we obtain

<eiaeQe(22)eiqe §c a> — o ide fﬁc dx™J, () <eiqe §c a> ) (169)

Notice that the factor in the exponential outside the correlation function is the intersection of
the curve C and the volume 2, which in turn is equal to the link between the surface X, and
the curve C,

f dx*J,(92) = Link (%,,C) . (170)
C
The relation in (169) is the transformation for a general curve C in spacetime. We can recover

the results of canonical quantization by specifying the curve C along the spatial directions at
fixed time. For example, take C to be along direction 3. In this case, (170) reduces to

f dx®J5(0) = J deJ630126(4>(x—y)dv°12(y),
Cy Cs Q

=—J dx35(x®—y?), 171)
Cs

where the volume Q was taken as [ x°—e®, x°+€%]xR;, and we have used €59, = —€%123 = —1.

Plugging this into (169) reproduces precisely the result obtained in (142).

7 Maxwellin D =3

Free Maxwell theory in D = 3 possesses a 1-form electric and a 0-form magnetic symmetries.
The action is

1 1
S[a]ZJ_Z_@fA*f:fdgx_ﬁf’”fw’ (172)

where now e? is dimensionful ([e?] = 1) so that we cannot set e? = 1.
In this case, the dual field strength xf is a 1-form,

1 1
*f = @fw*dx“/\dxv= @fwe’”pdxp. (173)
Relation (105) gives
1 wy 2 P
*fy = 262f €uva & fuv=e €uvp x fP. 174
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The electric and magnetic charges are

Qe=l2 «f, and Qm=ij f- (175)
e Js, 21 5,

We wish to discuss the 't Hooft operators, which in this case turn out to be local operators.
In fact, the parametrization (111) implies that a is a O-form,

xf =da = *f,=9

d, (176)

and the comparison with (174) provides the relation ﬁ fH¥V€,vq = 04d. Consequently, the 't
Hooft operator (119) is local 4 )
T, (x) = e[2mdma(x) @a77)

It is usually called a monopole operator, with d referred to as the dual photon. Being a local
operator it is conceivable that it can be included in the action, in contrast to the case D = 4,
where it is an extended object and thus cannot enter the action. To appreciate this point, we
consider the action in terms of the dual photon given in (117) for D = 3, with the inclusion of
the monopole operator through a Hermitian combination,

2
S[a] = f d3x %(8“&)2 + Acos(27q,,d). (178)

A simple dimensional analysis shows an interesting feature of the low-energy limit of this
model. In the deep IR, where E < e? and E < A%, which in effect corresponds to e? — oo
and A — 00, we see that d is pinned at 0. Small fluctuations around this point are governed
by the action

2
S[d] = J de%(aua)Z - %A(anm)zdz, (179)

which shows that the theory is gapped! Therefore, the existence of monopole operators
changes drastically the low-energy behavior of the theory, opening a gap in the spectrum.
A consequence is that the theory is confining [35, 37].

Now we can proceed with canonical quantization. The momentum is

oL 9
1= =e20.d =B 180
EEN B (180)
implying the equal-time commutation
[a(%),B(7)] = is®(x - 7). (181)

This relation shows that the monopole operator is charged under the magnetic symmetry,
whose charge can be written as

1
Qn=— J d?xB. (182)
2m
The corresponding unitary operator is
U, (a,,) = el®nQn Ay ~ Ay + 27 (183)
The transformation of the monopole operator is

T, ()= Un(an)Ty, (U (ap) = e?™ninT, (x). (184)
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In terms of the field @ this corresponds to

d—a+a,. (185)

The presence of the monopole operator with charge g,, breaks this symmetry down to a Z_,
since the parameters of the transformation must be of the form a,, = =, with n € Z.

As a final comment, it is interesting to express the electric symmetlTy in (175) in terms of
the scalar field a. It reads

1 1
Q.= _ZJ of = —zf 3,adx" (186)
e 5 e

We see that it measures the winding number of the field d@ around a closed path. Therefore,
the charged operators are vortices of d, which are configurations carrying nontrivial winding
(vorticity). This is a manifestation of the particle-vortex duality (see [38, 39] for modern
perspectives).

8 Chern-Simons theoryin D =3

The Chern-Simons theory in D = 3 is defined by the action

k k
Scslal = J 4—nada = J d3x4—ne“°’pau3vap , (187)

where k € Z is the level of the theory. In general we do not use to think of the gauge field
a as the electromagnetic one, but instead as a sort of emergent® U(1) gauge field, referred
to as a U(1), field. An electromagnetic field, denoted here by capital A, can couple to the
emergent field and this enables us to associate electric charge to the probe excitations. The
corresponding gauge group is represented by U(1),.

The quantization of the level k follows from large gauge transformations. We place the
system in a manifold M = S! x §2, and define the flux due to the presence of a monopole as

in (107),
if fez. (188)
27 g

We can make large gauge transformations that wind around time direction as in (95), with
0
the gauge function A = 27r)£—0. This leads to the compactness of the gauge field

ag ~ Qg + —. (189)

To see the changing of the action under this transformation it is convenient first to write it as

k iy
Scslal = J d*x——ageVfij+---, (190)
4r
and then compute the variation,
LO
dx®( 1 1 .
6Scslal = 2nkf0 55 (ﬂ L2 dzxie inj) = 2mkn, (191)

~

~
nez

which implies that k € Z in order e'?5csl?] (quantum theory) to be invariant.’?

8This is a common nomenclature in condensed matter.
°A careful discussion on level quantization can be found in [40].
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The equations of motion are simply

fuy=0. (192)

This means that there are no local physical degrees of freedom. The only physical (gauge-
invariant) degrees of freedom are encoded in the line operators.
The above equations of motion imply that 2-form current

JH =el"Pa,, (193)

is conserved and consequently the theory has a 1-form symmetry, with charge

Q) :J *J = J a. (194)
pB] %}

The corresponding unitary operator is

Wn[C]zexp(in§ a) , NEZ, (195)
c

which is nothing else a Wilson line. Notice that invariance under large gauge transformations
enforces the parameter n to be an integer, so that the 1-form symmetry is a discrete one. As
we shall discuss below, there are further restrictions on the values of n.

To further understand the structure of the theory, we proceed with canonical quantization.
We write the action as

k
S = J dSX%azaoal +--- B (196)

where we have done an integration by parts, and with the dots representing the terms that do
not involve time derivative. The canonical momentum is

oL k

1, = =—a,, 197
! 0 aoa]_ 21 % ( )
which implies that a; and a, form a canonical pair,
o - 2mi a o
[,(%), ax(7)] = = =8P - 7). (198)

The consequences are interesting. Let us study the algebra of the lines

W, =exp (lf dxlal) , and W, =exp (1J dxzaz) . (199)

Using the commutation (198), it follows that
Wy W, = e~ F WyWy, (200)
which is precisely a Z;-symmetry algebra. More generally, we have
W) (Wo)' = e 2 (Wo)" (W)™, mnez. (201)

From this relation we see that (W;)* and (W,)* behave as the identity (more precisely, a trans-
parent line) in the sense that both commute with (W;)™ and (W,)™, for all m. In a unified

way, the line
Wi [C]=exp (ik§ a) , (202)
C
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s

Figure 12: Link between curves as the exchange operation.

behaves as the identity from the point of view of the algebra (201) (it does not induce nontrivial
holonomy). This implies that the unitary operators associated with the 1-form symmetry are
in fact Z; operators, thus realizing a discrete Zg) symmetry.

At first sight, it seems that the lines that induce the same holonomy can be identified,
i.e., the lines n and n + k can be identified, but we have to be careful.'® To understand the
identification among lines, we need to study their quantum numbers. For this, it is convenient
to express the algebra (201) in terms of the link of curves,

2m

W, [CIW,[C'] = e~ “FHnkCCyy 7], (203)

The spin s or, equivalently, the statistics v = 2s of a probe particle whose trajectory is repre-
sented by a line operator can be derived from this relation. The exchange of particles in the
definition of the statistics corresponds to the operation in which one particle goes around the
other by an angle of 7 (up to a translation). The statistics is defined in terms of the phase
e*™ that the wave function acquires under exchange. We see that v is defined mod 2. When
we consider a line infinitely extended along time and the another curve encircling the first one
at some fixed instant, as in Fig. 12, this corresponds to the operation in which a particle goes
around the other by an angle of 27t. Thus, the statistics is half of the value in the exponent in
(203),

n? n?
v=?mod2 = szﬂmodl. (204)
From this it follows that the curves n and n + k can be identified when k is even,
2 2
:_(”*I‘{k) =T rantk. (205)

The theory with k even possesses k independent lines. In contrast, when k is odd, the curves n
and n+k have distinct statistics (spin) differing mod 1 (mod %) and hence cannot be identified,
in spite of the fact that they have the same holonomy. In this case, the identification is among
the curves n and n + 2k, implying the existence of 2k independent lines. In particular, a line
with n = k odd is a fermion with spin s = % mod 1. This is important in the description of the
fractional quantum Hall effect [38,41].

8.1 Coupling to electromagnetic field

Further quantum numbers can be assigned to the line operators. In particular, they are en-
dowed with electric charge. We can see this by coupling the theory with a U(1) electromag-
netic field A with the same flux condition as a, % 2 F € Z. A gauge invariant coupling is of
the form A,J", where J" is a conserved current. The only available (1-form) current in the
Chern-Simons theory is the topological one,

1
JH = ﬁe‘“’p 9,a,, (206)

19A comprehensive discussion can be found in [41].
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where the normalization is chosen so that the coupling term is invariant under large gauge
transformations of both a and A.

The expectation value of the Wilson line is equivalent to inserting a term nauj " in the
action, where the current J, of the proble particle can also be parametrized likewise (206),
but with a new gauge field b,

. 1
J“ = EGIJWPavbp . (207)
Thus we consider the action
3 k uvp 1 uvp 1 uvp
S=|d x4—ne a,0,a, + %e Aud,a, + %e a,0,b, . (208)

The electric charge of the probe particle can be determined from the coefficient g,, of the term
anMj # in the action after the field a,, is integrated out. The result is

n ~
deXEAMJ“ +o (209)

showing that the line W,, has electric charge

n
0 =7 (210)
which is in general fractional. These excitations are identified as the anyons of the Laughlin

phase of the fractional quantum Hall phase [42,43].

8.2 Monopole operators and bosonization in D = 3

We have seen that the 1-form symmetry is a discrete ZS) symmetry. Comparison with Maxwell
theory, where the U(1){" is broken down to a Z{!) by the presence of n-charged dynamical
matter, suggests that there should be k-charged dynamical objects in the Chern-Simons theory.
They are precisely the monopole operators ('t Hooft operators). To understand this, we recall
the definition of an ’t Hooft operator in D = 3 given in (177), which we repeat here,

T(x) =e?™a, (211)

where we have set q,, = 1. The scalar field d enters as a parametrization of the dual field
strength, according to e?d%d = eH'P d,a,. With this, we can naively think that the terms
ada and Ada in the action (208) represent the couplings J,d a" and J,aA" of the monopole
operator with both gauge fields a and A. This implies that the monopole operator is charged
under both U(1), and U(1),. The respective charges can be determined by using the equations
of motion.

To do this, we first introduce in the action (208) a Maxwell term for the a field as — L f2

4g2/ pw>
with the coupling constant g2 (we reserve e for electromagnetic coupling). The equations of
motion are

1 k .
po Hf“”+§emﬂaaa,5 +JV=0. (212)
Picking up the component v = 0, we get
1. k . .
Vet —elq +J°=0. (213)
g i

This relation shows that the Chern-Simons term provides charge k under U(1), to the
monopole operator.
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Next we introduce a Maxwell term for the electromagnetic field and proceed similarly. The
equations of motion are

1 1
e_zaHFXv + ﬂemﬁ aaaﬁ = 0, (214)

which show that the monopole operator has charge 1 under U(1),.

We can use the above results to unveil an interesting perspective that leads to a special
type of duality in D = 3, namely, a bosonization duality. Suppose we turn the probe particles
associated with J in (208) into dynamical ones, and assume that they are represented by a
complex scalar field with charge 1 under U(1),. The corresponding Lagrangian reads

. k 1
L=100,— laM)<i>|2 + 4—7_56“”pau3vap + %e‘“’pAMa,,ap +... (215)
We can construct the following object,

o' T(x), (216)

which is the monopole operator dressed by the complex field. It represents a bound-state of a
¢-particle and a monopole. Notice that this object is charged under U(1), with charge 1, and
uncharged under U(1), for k = 1. Moving one bound-state around another one induces an
Aharonov-Bohm phase

ei(charge under U(1),4)x (flux unit of By) _ ei(l)x(2ﬁ) , (217)

where B, = €V 0;A;, from which we can extract the statistics v = 1. Therefore, the composite
object ¢ T(x) possesses precisely the quantum numbers of an electromagnetically charged
fermion, which suggests the following duality relation

I(BM—iaH)d)lz-l-%e“mauavap+%e“”pAM8vap—|—... = Y@ —idyYy+... (218)

With the proper refinements (relegated to the dots), this is the bosonization duality in D = 3,
and it figures as the heart of the so-called web of dualities [44-46].

8.3 Bosonization in D = 2

The Chern-Simons action (187) in gauge-invariant up to boundary terms. Therefore, in a man-
ifold with boundary, the gauge freedom cannot be used at the boundaries to remove degrees
of freedom so that it is expected physical modes living at the boundaries. This fact can be used
to understand bosonization in D = 2.

We consider the manifold defined in the semi-plane x? € (—o0, 0], so that there is a phys-
ical boundary at x? = 0, and parametrize the solution of (192) in terms of a scalar field as
a, = J,¢, i.e., a pure gauge configuration in the bulk. Next, we take the Wilson line along an
open curve coming from infinity and ending at the boundary, and use this parametrization to

write it as
0
W, [x% x1]=exp (inJ dxzaz)
—00

= exp(inqb(xo,xl)) . (219)

This edge operator is usually referred to as a vertex operator in CFT language [49].

11See [47,48] for detailed discussions on bosonization in D = 2.
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In the commutator (198), we set x2 = 0 and integrate both sides in y2 in the interval
x2 € (—00,0], which gives

[216 0, 90M] = 2260 (x - 1) (220)
This implies '
[6(c), ¢ ()] = Tsign(x! —y1), (221)

which is the commutation relation for a chiral boson [50] (more recent discussions can be
found in [51]).
Comparing (220) with the commutation rule for a chiral system, namely,

[eCe), )] = 560 (' = y), (222)
we see that the momentum is identified as IT = —% o19.
Now we look for a Lagrangian that gives this relation. It must contain
k
4r

If we do not include any other term in the dots, the theory has no propagating degree of
freedom. A sensible choice is

L=—"(@pard +1(@9Y), (224)

where we have included a new parameter v that represents the velocity of propagation in the
boundary. The equation of motion is

(80 + Va]_)a]_¢ = 0, (225)

which shows that ¢ is indeed a chiral field, i.e., one-way propagating.
The corresponding Hamiltonian is

H= J dx14%v(31¢))2. (226)

It is positive definite only if kv > 0. Thus, the sign of the Chern-Simons level k determines the
sign of the velocity v.

Let us study the statistics of the vertex operators in (219). According to the commutation
in (221),

end ) gimp ()  axp (_m"msign(x1 _y1)) oimP(r1) pind (<) (227)

i

2
. { . L. —qi = .
This means that a vertex operator ™) has statistics e ™ . In particular, the vertex operator

with n = k is a fermion if k is odd (e~™* = —1 for odd k).
In the simplest case k = 1 (at the compactification radius equal to one), an explicit version
of the fermionized theory can be achieved. In this case, we can write

Y =cel?, (228)

where ¢ is some normalization constant. Dimensional analysis shows that ¢ must have dimen-
sion [c] = % in mass units. Thus we write is

1

2na

ei"’

P = , (229)
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where a is a short-distance cutoff. Let us compute

1 Lo
1/)T(X/)1/J(x) — ﬁe—uﬁ(x Jeid(x)

=1 i), Fsign(x'—x) (230)
21a

We are interested in the limit x’ — x, but this should be done carefully. We then set x’ = x +a,

1
2na

P Np(x) =

T : iaz a2
¢ 7 sign(a) 1-iad.¢p——-070 ——(0,¢)" +--- |. (23D)

Next we apply a derivative with respect to x in both sides, taking into account that in the right
hand side a is now dependent on x, so that d,a = —1. The only nontrivial contribution comes
when the derivative acts on the factor ﬁ, resulting in

DTN = —i (B )+ ... (232)
4r

The terms in the dots can be neglected since they are constants (divergent), total derivatives,
or even vanish in the limit a — 0. With this, we have obtained essentially the bosonization
formula for the Hamiltonian (226), which in terms of fermionic field becomes

H= —f dxivaT(x)d,P(x). (233)

The corresponding Lagrangian is
L=iy (8, +va Y, (234)

which is the Lagrangian of a chiral free fermion [50,51].

8.4 ’t Hooft anomaly and ground state degeneracy in the torus

Let us go back to the algebra (201) to discuss some further implications. It is a projective
representation of the Abelian algebra, in the sense that it fails to reduce to a commutator
because of a phase. A projective representation signals the existence of an 't Hooft anomaly,
i.e., an obstruction to gauging, and has consequences on the spectrum of the theory. In fact,
an 't Hooft anomaly famously leads to the so-called matching conditions [29]. Specifically, an
't Hooft anomaly in the UV cannot be matched by a trivial gapped theory in the IR, so that the
IR must be nontrivial.
Let us write generically the projective representation of an algebra involving two unitary
operators as
U Uy = e *U,U;5 . (235)

Next consider the following two states,
h/)/) = U1U2 h/)) > and hbl/) = U2Ul |,l/)> > (236)

constructed out the same original physical state |1). According to the algebra (235), we see
that

') =e'® ") . (237)

As the two states differ only by a phase, they belong to the same ray and are actually identified
as the same physical state.
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Now suppose that we gauge the global symmetries associated with U; and U,. This means
that physical states must be invariant under action of such operators, i.e., U; |[3) = |) and
U, [¢) = |4). Thus, the algebra in (235) implies

(1—e*) ) =0. (238)

As in general e!® # 1, it follows that there are no notrivial physical states left behind in the
theory, |3) = 0. In particular, the partition function vanishes.

Now we turn to the Chern-Simons theory. In this case, the gauging of the Z}({D symmetry
can be done in the following way. We introduce in the action the coupling c,,,J"”, where J*”
is the 2-form current (193) and ¢, is a flat gauge connection for the Zg)-symrnetry,12 and

sum over c,,,, in the partition function. Being a flat connection, we can write it as

1

Cuv = 4—na[ucv] . (239)

Let us treat initially the gauge field as a background one. In this case, the partition function
reads

k 1
Z[c]= f Daexp [IJ d3x (4—6“”pa“8vap + ge“”pauavcp)] . (240)

Y4

Identifying the current J* = %e‘“’” 0,¢,, we can express the term f d3xa“J ¥ 'in the action in
terms of a line integral ff a, as discussed in the derivation of (101). In this way,

k
Z[cl= f Daexp [lf d3x4—ﬂe“v”au8vap + injgc a]

= (W,[C]). (241)

Now we convert to the Hilbert space perspective. To this, we choose the line C to be purely
spatial, say infinitely extended along direction 1,' and rotate to the Euclidean periodic time
T (imaginary time formalism),

Z[n] =Jz>awn[1]e—foﬁdfd2xﬁ. (242)

The information of the background gauge field remaining in this expression is encoded in n.
Therefore, gauging the theory means sum over all possible operators W, [1], namely,

k=1
Zgauged = ZJ Daw,[1]e o 7L (243)
n=0
This expression, in turn, can be written as
k—1
Zgaugea = Tt (e‘ﬁH > Wn[l]) , (244)
n=0

where H is the Chern-Simons Hamiltonian, which in turn vanishes, but this is innocuous in
the present derivation. Then, picking up a basis that diagonalizes the unitary operators W,[1],
that is, [m) = (W,)™|0) (see the discussion after (251)), the partition function is written as

k—1
2mim 2mi2m 2mi(k—1)m
Zsquged = Z (mlePHQ+e™ % +e k +-ote £ )|m), (245)
m=0

12In gauging a continuous symmetry, there is also curvature.
13 According to the notation of (199), W,[1] = (W;)".
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which vanishes for any k > 1.

The above discussion shows that there is an obstruction to gauging the Z(kl)-symmetry
due to an ’t Hooft anomaly. Now we discuss the consequences of it in the spectrum. We
wish to compute the ground state degeneracy of the Chern-Simons theory in a spatial torus,
M=Rx T2

Let us consider a torus as a rectangle of sizes L, and L, with the identifications x! ~ x!+1L;
and x? ~ x2 + L,. In this case, we can decompose the gauge field in Fourier modes as

a,(x°, %) = Z e*%q, (x,%), (246)

k

where k! = 27'5% and k% = 271:%. To study the ground state degeneracy, we need to consider
only the zero modes,
au(xo,?c) = au(xo, k=0)+---, (247)

since the nonzero modes are separated by gaps of the order i, i.“ Then, the Chern-Simons
theory reduces to a simple quantum mechanical system. We redefine the zero modes to absorb
the lengths of the torus a; = ai(xo, k = 0)L' (no sum). The line operators (199) around the
two holonomies of the torus reduce to
Wy =e®, and W,=e'%, (248)
with the algebra given by (200),
WyW, =" F Wy, (249)

representing the algebra of the ground state. Thus, the ground state degeneracy follows from
the size of the representation implied by (249). Suppose we choose to diagonalize the opera-
tor Wy,

W, [0) =e'*|0) . (250)

Then, the operator W, plays the role of creation operators,
lp) = (W,)”[0) . (251)

The algebra in (249) leads to

2mip

Wy (Wo)P [0) = e & e*(W,)P|0), (252)

which shows that there are k distinct states |p), labeled by p =0,1,...,k—1. Using (249) we
can see immediately that they are linearly independent,

(plp’) = (0] (W) P(W,)?"|0)
= (0 (Wo)PW Wy (W,)P' [0)

2ri(p—p’)

=e” £ (0] (Wo) (W) |0), (253)

i.e., the scalar product vanishes unless p = p’. Therefore, the ground state degeneracy in the
tours is k. This result can be easily generalized to the case of a g-torus, i.e., a surface with
genus g. It is equivalent to the composition of a number g of torus, so that the ground state
degeneracy is simply
kx---xk=k8. (254)
~—_——

g times

14In the strict case of pure Chern-Simons theory the nonzero modes are in fact gauge modes since the vacuum
solutions of the equations of motion are of the form a; = 9,¢ + a;(t)/L".
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9 1-form symmetry in non-Abelian gauge theories

Our main concern here is the case of four-dimensional non-Abelian gauge theories with gauge
group SU(N), governed by the Yang-Mills action

Syulal= f ST Axf) = J dx= 5T (") (255)

where the non-Abelian field strength is defined as
fuv=0,a,—0,a,—1ila,,a,]. (256)
The gauge field a,, is algebra-valued,
a, = Taaz, (257)
with the Hermitian generators T satisfying
[T TP]=if**T¢, and Tr(T°T®)= %5“”. (258)
Under a gauge transformation

a, — a;, = U(x)a,U"(x) +iU(x)3,U" (x), (259)

i

with U € SU(N), the field strength transforms as

fuv = fry = U fuUT (), (260)

which leaves the action (255) invariant.
The equations of motion of the action (255) are

D fH" =3, f* + 1% a)f# =0, (261)
In terms of matrices, this can be written as
D,f*"=29,f"" —ila,, f*"]=0. (262)

More generally, the covariant derivative of any object ¢ = ¢*T? belonging to the adjoint
representation is

D,¢ =3,¢ —ilay,, ¢]. (263)
As in the Abelian case, here we also have the Bianchi identity. In terms of the Hodge dual
wr = Lwwpo 264
*f - 56 f po > ( )
it is given by
D, f¥=0. (265)
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9.1 Wilson lines

With this basic setup, we are ready to investigate the Wilson line operators in the non-Abelian
case [52]. It requires a slight generalization compared with the Abelian case. To see this, we
consider first the Wilson operator along an infinitesimal path of length €,

W(x+e,x)=ew) =14 ie at(x)+... (266)
Upon a gauge transformation (259), this object transforms as

W(x+ex)>Wi(x+ex)=1+ ie“U(x)aMUT(x) — e“U(x)@MUJ((x) +---
=1+ e“BMU(x)UT(x) + ie“U(x)aMUT(x) +---
=[(1+ e“au)U(x)]UT(x) + ie“U(x)aHUT(x) +---
=U(x+e)(1+ ieua“(x))UT(x) +... (267)
Therefore, we see that

W(x+ex)—>Wi(x+ex)=U(x+e)W(x+ex)U (x). (268)

Note that W'(x +¢€,x) = W(x —e¢, x). On the other hand, W(x —e, x) is equal W (x, x +€) up
to second order terms in €, so that we can write

Wilx+e€,x)=W(x,x +e€). (269)

This implies that the Hermitian conjugate reverses the orientation of the path.

Now we can consider the Wilson line operator along a finite path through the composition
of many infinitesimal connected pieces. Consider two points x and y, with y reached after
n infinitesimal displacements from x, i.e., y = x + €; + €5 + -+ + €,. We define the string of
infinitesimal Wilson operators as

Wo(y,x)=W(y,y—€e, ) W(y—€,,Yy—€p—€pn_1).. - W(x+e;+e€y, x+e)W(x+e€,,x), (270)

where P stands for the path ordering specified by the right hand side. The path ordering is im-
portant to ensure a nice transformation property of Wp(y, x). Under the gauge transformation
(259), Wp(y, x) transforms as

Wp(y,x) = Wy (y,x) = U(y)Wp(y, x)U"(x). (271)
In view of (269), it follows that
W;(J’;X):W—P(x;.)’), (272)

where —P means the reverse of the path P.
With the above results, we can construct a gauge invariant Wilson line operator. We just
consider the continuum limit of a closed oriented path and then take the trace,

W[C] = TrPeife, (273)

where P inside the trace stands for path ordering. It is important to emphasize that implicitly
there is an assumed representation in this expression, because the generators are given in
some representation and the trace must be taken accordingly. We shall discuss more about
this below.
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9.2 1-form center symmetry

9.2.1 Fundamental representation

The center subgroup of SU(N) can be constructed in a simple way [53]. Let us consider
the fundamental representation and we choose one of the generators, say the last one, to be
diagonal. It can be written as

N 11 1 1
V1o Vg (—,—,...,—,—1+—), 274
aN—1) B\NNUN N (279

with the diagonal elements ensuring that its trace vanishes.
Then consider the group element

. 2_
U=elfT" (275)
and choose the parameter as 6 = 274/ % It is immediate to see that this group element
is proportional to the identity, being an element of the Zy group,

2mi

. N2
U=e2mt" 7 =% g, (276)

where we have defined the rescaled generator

Ja2v—1 11 1 1
N1 = gTNZ—l:diag(—,—,...,—,—1+—). 277)
N N N N N

Note that the matrix U in (276) has unit determinant, as it should be.

To unveil the global center symmetry of the SU(N) gauge theory it is convenient to consider
a manifold with periodic time S!, which amounts to the identification x° ~ x° + L°. In this
case, a large gauge transformation that winds around the time direction reads

2 N-xo N2-1
U(x%) =™t (278)
This is well-defined under x° — x° + L? in the sense that
Ux*+ L) =U(x"), (279)

. (N2 - .
which follows because e2™Vit = 1. Therefore, it is a true (large) gauge transformation.

Now we can consider a modification of (279), involving the twist by an element of the
center Zy of SU(N), i.e.,

Ux°+L% =0, hezy. (280)
An explicit matrix-valued function U(x?) satisfying this condition is
%0 N2
0(x%) =™ 0" " k=0,1,...,N—1. (281)

It is immediate to see that it satisfies

2mik

U+ LY =0(x%e™~ . (282)
Notice that a transformation with U,
ap— a, = U(x9)agU7(x®) +i0(x%)8,U07 (x°)
= U(x®)aoU7(x°) + 2Li0ktN2—1, (283)
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does not correspond to a gauge transformation, since it cannot be removed by any kind of
gauge transformation (not even a large gauge one). Using (260), it is immediate to see that
it is a true global symmetry of the Yang-Mills action. As we shall see, it is a 1-form symmetry
since it acts on the Wilson line operators.

Consider a Wilson operator extended along time direction,

peifio ™ dx%a (284)
According to (271), we see that under (283), this object transforms as
Peif;é)ﬂo dx"ay _, 0(x° + Lo)Peifjf“O dx"aq 7t (XO)
e U(xO)Peif;(? " dxq, 0" (x%), (285)
where we have used (282). Then, taking the trace leads to

0,70
i . (X +L
2mik d /Oa

. xO+L0d 0
TrPe Jx0 X% — "N TrPe'Jx0 (286)

In other words, the Wilson line in the fundamental representation is charged under (283),
with the charge being an element of the center Zy.

9.2.2 Adjoint representation

Let us construct now a Wilson line with the generators taken in the adjoint representation.
To this, we can use the fact that the direct product of fundamental and anti-fundamental
representations of SU(N) can be decomposed into irreducible parts according to

N ® N =1 & A . (287)
N~~~ 7 ~——
dim=N dim=N dim=1 dim=N2-1

This expression provides us a useful relation for the indices of the adjoint representation in
terms of fundamental indices, known as double-index representation. To see this, we consider
fields ¢’ and ¢; transforming according to the fundamental and anti-fundamental represen-
tations, namely, ¢! = U’ jqu and ¢! = (U*); i j- In terms of components, (287) reads

895 = 0107+ (810,- 15162, (258)

The term inside the brackets corresponds to the tensor product that transforms in the adjoint
representation. We define

ij — 2
¢adj =¢l¢j_ﬁ5;¢ . (289)
With this, we notice that fields belonging to the adjoint representation are invariant under the

center symmetry, since their transformation involve the product of U and U*.
Under a generic SU(N) transformation, it follows that

= /: 1 ..
1y _ 2
bty = 09— =51
i * 1 i
= U0, 9y - 6192
_Ui (U*)l ¢k¢_l5k¢2+16k¢2 _151'51 ¢k¢_16k¢2+l5k¢2

) 1 . 1
= (vt - o8 ) (65— w5k (290)
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where we have used that

1 . 1 _.
NUlk(U*)jl5f¢2—m5;5;<5lk¢z=0. (291)
Relation (290) implies that any SU(N) matrix in the adjoint representation can be written as
- . 1 .
{1 ¥y I _ - sigl
H_U k(U )] N5j5k’ (292)
so that _ —
"ij _ rij 4kl
Pugj = Uz Pag; - (293)

Let us use the above results to construct a Wilson line in the adjoint representation. In the
fundamental representation, we can write

[Peif ), € SU(N). (294)
According to (292), it follows that the Wilson line in the adjoint representation is
i §aqij i§anqi i§ay 1
[Pelfa]k_Jl:[pef 1 [(Pei )]jl—ﬁcsjé,’(. (295)
Finally, taking the trace amounts to setting i = k and j =1,
Troq; (Pe'$ ) = [Pe'f 4T [(Pe'$ )], — 575

. 2
- ‘pelfa _1. (296)

Therefore, we see that the Wilson line in the adjoint representation is invariant under the
1-form center Zy symmetry.

9.3 ’t Hooft lines

Now we study ’t Hooft lines, which represent the trajectory of “magnetically” charged probe
particles [54] (see also [55]). Perhaps the simplest way to introduce the 't Hooft lines in the
non-Abelian case is to take a line extended along time direction, and then consider its effect
on a S? surface that links with such line. As there is no electric flux, f,; = 0, and the magnetic
flux is produced by a magnetic field imitating the Abelian case,

1 i xk

bi=Zelikf, =——_Q(x) & fU=¢k
2€ ik = mp ™ I

Q(x). (297)

The algebra-valued object Q(x) = Q%(x)T*“ plays the role of the magnetic charge of the 't Hooft
line. It must carry in principle dependence on coordinates since under gauge transformations
fij = Ufij U', and consequently Q must transform accordingly, i.e., Q — UQU".

The equations of motion (262) and (265) reduce to

DifY=0, and €Y D;f; =0, (298)
which, in turn, imply that
D;Q=0Q—i[a;,Q]=0. (299)

Potentials producing the configuration in (297) can be constructed in a simple way in
spherical coordinates. We recall that we need two charts to cover S2. Considering first a chart
covering the north pole, we can take the potential as

Q. (1—cosB)
4nr  sin6

N_ N _ N _
a, =a, =0, and a, =

(300)
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with a constant matrix algebra-valued Q. This is consistent with (299), namely,
DyQ = 03,Q—i[a,,Q] = 0. In terms of differential forms, this reads

aV=agVv.dx = a’rvdr + rag’dQ + rsin@agjdqb = 4%(1 —cos0)dg. (301)

Notice that we can write the magnetic field in (297) as
bl = eijkajak - ieijkajak. (302)
Then we convert this to spherical coordinates. The term €'/ kajak vanishes for the fields given
in (300) because only the component ag is nonvanishing. The contribution of the curl,

IO 1 Kol aal
hb=vVxagVl=r —(sin @ Ny__"6 +o--, 303
d rrsin@[ (sin a¢) P (303)
produces the magnetic field in (297). The same reasoning applies to the chart covering the
south pole. In this case, the potential reads

S _i(1+c059)

S S _
0, and a; =

ar=a9=

4nr  sinf (304)
which also gives the magnetic field (297). In the overlapping region (6 = 7) they can differ
at most by a gauge transformation.

With a suitable gauge transformation Q — UQUT we can diagonalize Q, so that it can
be written as a linear combination of the Cartan generators'® since the diagonal form is still
algebra-valued,

Q=im-H, (305)

where the coefficient m; are determined by consistency. To see this, we can proceed in analogy
to the equations (124) and (125) of the Abelian case or, alternatively, we can consider a Wilson
line along the overlapping region (6 = 7). In this region, a closed path should lead to the

same result using either aV or a®,

2r 27
TrP exp (i f ag =TrPexp (i f a;) s
0 0

TrPe>7 =TrPez , (306)

where in the last step we have discarded the path ordering since all the Cartan generators
are simultaneously commuting. Taking the trace in the basis that diagonalizes the Cartan
generators, this leads to a consistency condition in terms of the weights [i of the corresponding
representation,

eml=1 = H-G=2nZ. (307)

At this point is useful to recall the relation between weights and roots of the SU(N) algebra,

G- p

2—
a2

€Z. (308)

For convenience we review the derivation of this relation in appendix B. Therefore, condition
(307) is satisfied for any representation labeled by i provided that
2a

m= 27’[72 , (309)
a

15A nice book on Lie algebras can be found in [56]. In Appendix B, we review some useful properties.

44


https://scipost.org
https://scipost.org/SciPostPhysLectNotes.74

SCIl SciPost Phys. Lect. Notes 74 (2023)

i.e., the magnetic charges are associated with the roots. In other words, the t' Hoot lines must
be taken in the adjoint representation. Summarizing, while the Wilson lines can be taken
in any representation, the ’t Hooft lines must be taken in the adjoint one. This leads to an
imbalance of the number of electric and magnetic line operators.

9.4 SU(N)vs SU(N)/Zy

With the previous understanding of Wilson and ’t Hooft operators, we can address the impor-
tant question about the difference between SU(N) and SU(N)/Zy gauge theories. From the
point of view of the (local) action, both theories are the same. However, the spectrum of line
operators is different. To highlight the differences, it is convenient to proceed similarly to the
Abelian case and parametrize the field strength and its Hodge dual as

f=da—iaAa, and xf=dd—idaAa. (310)
In terms of the fields a and d, we construct the Wilson and t'Hooft operators as
WI[C] =TrRePei§a, and T[C] =TrRmPei9€&, (311)

with R, and R,,, corresponding to the representations in which they are taken. In this way, we
may have in general electric and magnetic Zy 1-form symmetries,

Zy)", and (Zy). (312)

Now we specify the gauge group. In the SU(N) case, as we have discussed above, the
Wilson lines can be taken in any representation R, labeled by the weights [i, whereas the
magnetic charges are labeled by the roots m, meaning that the t" Hooft operators must be
taken in the adjoint representation. In the case of SU(N)/Zy gauge group, any object that
is charged under the center symmetry is not allowed, restricting so the possible Wilson lines.
In fact, only Wilson lines in the adjoint representation (more generally, tensor products of the
adjoint representation) are acceptable, which means that they are labeled in this case by the
roots. Consequently, the consistency condition (307) implies that the t Hooft lines are labeled
by the weights, so that they can be taken in any representation R,,. The role of the weights
and roots is exchanged in SU(N) and SU(N)/Zy groups.

We can summarize the above picture in terms of the 1-form symmetries in each case,

SUN): (zy), and SUN)/Zy: (Zy)D. (313)

10 Spontaneous breaking of higher-form symmetries

The last topic of these notes is the spontaneous symmetry breaking of higher-form symme-
tries [10,27,28]. For concreteness, we shall consider the case of 1-form symmetries in gauge
theories, whose charged objects are Wilson and ’t Hooft lines.

The key point is to identify the vacuum expectation value of the Wilson loop as the order
parameter for the electric 1-form symmetry, which distinguishes different phases. Given a
closed curve C, the expectation value (W[C]) typically depends on geometric properties like
the area enclosed by C or its perimeter,

(W[C]) ~ e—Area[C] . or (W[C]) ~ e—Perimeter[C]. (314)

Distinct decaying behaviors naturally signal different phases. For a large loop C, the area law
decays much faster than the perimeter law, so that effectively we have

(W[C]) ~ e ArealCl 5 0, (315)
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Figure 13: Wilson line describing a pair of static particles.

while .
(W[C]) ~ e—Perlmeter[C] 7& 0. (316)

Another typical dependence, with a decay even weaker than the perimeter law is the so-called
Coulomb behavior, which is a scale-invariant dependence on the parameters of the loop. We
shall consider this explicitly a little later.

In analogy with the case of ordinary symmetries, the perimeter and Coulomb laws are
interpreted as implying a nonvanishing value of the order parameter and then are associated
with phases where the 1-form symmetry is spontaneously broken. As we shall see, when
the 1-form symmetry is continuous, this leads to the existence of Goldstone excitations (the
photon!). On the other hand, the area law is interpreted as meaning a vanishing value of the
order parameter, corresponding to a symmetric phase. This perspective is quite illuminating
and, in particular, allows to reinterpret the problem of confinement in terms of spontaneous
breaking of a 1-form symmetries.

To appreciate this, let us start by discussing the relation of the expectation value of the Wil-
son loop in Euclidean spacetime with the static potential between two charged probe particles.
The idea is to consider a loop as shown in Fig. 13, which has a simple physical interpretation: a
pair of opposite charges is created in the remote past by a source which is adiabatically turned
on, and then they are slowly separated apart from each other at a distance R. After a long time
T the pair is annihilated, again adiabatically.

We are interested in the corresponding vacuum expectation value

(W[C]) = (TrPeife), (317)

computed in the Euclidean spacetime. We will follow here [57]. As this object is gauge invari-
ant, we can choose a convenient gauge. Let us pick up the axial gauge, a; = 0, so that there is
no contribution of the pieces of C along the time direction T. Also, without loss of generality,
we consider that R is along direction 1. In this situation, the above expression reduces to

<W[C]> = <|:Pelf§ dxlal(T,xl’__,)]l JI:PelfRO dxlal(o,xl,_..)]l i> . (318)

To simplify the notation, it is convenient to define

(319)

wij(T) = [Peifé{dxlal(T,xl,...)]l s

With this, (318) becomes . _
(Wich) = ' (T)p" (0)) . (320)

Recalling that the Euclidean time T is related to the real time according to t — —iT, the
time evolution is Y' ;(T) = e"T4p’ ;(0)e . With this, and inserting a complete set of energy
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eigenstates |n) in (320), it follows that
(Wiel) =D e TB® (it (0)|n) (n| 9™ (0))
= > e B0 [n) |2 (321)

In the limit T — oo, only the lowest-energy state provides a significant contribution,
(W[C]) ~ e T, (322)

As the charges are static, the energy reduces to the potential, and we finally find
1
V(R)=— lim —In(W[C]). (323)
T—-o0 T
So the behavior of the loop Wilson dictates the form of the static potential between charges.

10.0.1 Phases of gauges theories

We discuss now the typical behaviors of the expectation value of the Wilson loop associated
with Fig. 13. Suppose it behaves as the area law,

(WIC]) ~ e TF, (324)
where ¢ is a dimensionful constant. According to (323), this leads to a linear potential,
V(R) = oR. (325)

Therefore, the energy required to separate charges grows linearly with the distance R, so that
the charges turn out to be confined. In other words, the area law for (W[C]) is an indicative
of confinement.

Next we consider the perimeter law,

(WICT) ~ e PR, (326)
where p is a dimensionful constant. This behavior leads to a constant potential
V(R) =p. (327)

Since the energetic cost to separate charges at large distance is finite, this potential does not
confine charges. We rephrase this by saying that the perimeter law corresponds to a deconfining
phase.

Finally, we consider the Coulomb or scale-invariant law. In this case, (W[C]) decays slower
than the perimeter law, depending on the dimensionless ratios T /R or R/ T,

(W[C]) ~ e @ PT (328)
where a and 3 are dimensionless constants. The corresponding potential is

a
V(R) = R’ (329)

which is precisely the Coulomb potential. Naturally, this also corresponds to a deconfining
phase.
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10.1 Continuous 1-form symmetry and Goldstone excitations

To find the Goldstone excitations, we can follow precisely the same reasoning we did in the
case of ordinary symmetries in Sec. (2.3). The starting point is the Ward identity (63), which
we rewrite here with (6W[C]) = —iq,(W[C]),

(3, J"" (x)W[C]) = —q, J dy 8P (x — y)(WIC]). (330)
C

Taking the Fourier transform f dPxe'P*, this leads to

ip (J*(PIWIC]) = q.f "(p; CYWIC]), (331)
where we have defined

f¥(p;C) Ef dy”e?. (332)
C

This object has some important properties. First, it is in general nonvanishing at p =0, i.e.,

f”(O;C)EJ dy” #0. (333)
C

Second, it satifies

p,f"(p;C) =J dy"p,e?’
C

¢

for any closed curve C.
With this, we consider (331) in the limit p — 0,

lim ip, (*(p)WIC]) = q.f "(0:C)WICY). (335)

Whenever (W[C]) # 0, as it happens in the case of Coulomb and perimeter laws, the correla-
tion function (J*”(p)W[C]) must have a pole at p =0,

p"f’(p,C)—p"f*(p,C) .

T (PIWICT) ~ _
P

(336)

This, in turn, implies that there are massless excitations in the spectrum. These excitations are
the Goldstone bosons following from the spontaneous breaking of the 1-form symmetry.

10.2 QEDinD =4

The expectation value of the Wilson loop in four-dimensional free QED behaves according to
the Coulomb law, leading to the deconfinement of charges. The above discussion then implies
that there are Goldstone excitations in the spectrum. We can understand in a very simple
way that the photons are precisely the Goldstone excitations coming from the spontaneous
breaking the 1-form symmetry. In fact, we know that the corresponding conserved current
JM” creates Goldstone excitations from the vacuum in the broken phase, '

|Goldstone) ~ J*”(x)|0) . (337)

16A very nice exposition on spontaneous symmetry breaking can be found in [34].
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We recall that J*” = f#”, To proceed we need to enter a little bit into the canonical quantiza-
tion structure. For the theory covariantly quantized in the Feynman gauge, i.e., we consider
the Lagrangian with the addition of the gauge-fixing term —%(@a“)2 and set & = 1, the free
field expansion satisfying d2a = 0 is

1 d>p 4 . . .
U - - I —ipx 4 T lpx , (338)
at(x) = o] f 2051 e (p)[ax(p)e al (p)e'?” ]

where eg(p) are four linearly independent polarization vectors. Not all polarizations are phys-
ical since some of them produce states that do not satisfies the selection rule J,a" [phy) =0,
or correspond simply to gauge degrees of freedom (zero norm states). Let us say that the
physical polarizations are A = 1,2. Then, a single photon state is created by

2B =aq,(@)I0),  A=1.2, (339)
with the creation and annihilation operators satisfying

[a,(p),ab, (PN =2Ipl6 2 6P(FB—F), A1 =1,2. (340)

Now we can compute the matrix element between |A, p) and |Goldstone) ~ f*”(x)|0),

. i .

(01 F*(x) 12, B) = —— [e4(P)p” — e} (p)p* ] e P* #0, (341)
(2m)?

which shows that the Goldstone excitation has nonvanishing overlap with (and only with) a

single photon state. Therefore, this implies that the Goldstone excitation is the photon itself.

11 Final remarks

As we have tasted along these notes, higher-form symmetries pervade gauge theories and thus
figure as a fundamental ingredient in the modern perspective of effective field theories, which
are largely grounded on the gauge structure. In a broader context, the subject of generalized
symmetries (encompassing higher-forms and the other forms of symmetries) possesses some
features that place it as one of the cornerstones of modern physics.

Generalized symmetries have been a source of new advances and new results in several
directions. New forms of symmetries naturally lead to more constraints in the underlying
theories. At the same time, they provide a deeper understanding of many known results and
also shed light on some hard problems. For example, as we have discussed, they enable us to
understand the photon as a Goldstone excitation and lead to a reformulation of confinement
problem in terms of spontaneous breaking of a higher-form symmetry.

In addition, generalized symetries are a meeting point of different areas of physics, plac-
ing them under a unified perspective. A remarkable example is fracton physics, which brings
together aspects of quantum field theory, quantum computing, and topological phases of mat-
ter, whose exotic patterns of higher-form symmetries challenge the construction of effective
field theories. Nevertheless, much progress has been done in this direction (see for exam-
ple [58-67]). Still in the context of topological phases, generalized symmetries lead to an
enlargement of the Landau paradigm (based on symmetry breaking) to encompass topolog-
ical order, which can then be interpreted as spontaneous breaking of higher-form symme-
tries [68, 69].

Naturally, that type of interplay is a hallmark of deep ideas in physics, reflecting its uni-
versality across the fields. The result is a very fruitful cross-fertilization with far-reaching
consequences.
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A Differential Forms

In a D-dimensional manifold, a p-form (p < D) is expressed as

1
Q,=—

b dx*t A--- Adxte. (A.1D)
p!

Ottty

Let us recall some basic operations with differential forms [70,71]. The exterior derivative is
defined as

1
dQ = Eé’awuluz._.updx“/\dx“l A= Adxtr. (A.2)
The Hodge dual operation * is defined through
Q :i dxM A AdxcMe (A.3)
*lp = p!“’uluz...up dx X :

with the dual of the antisymmetrized product being

wxdxP A Adxtr = mem"'“”ul,ﬂ...u[,dx“l’“ A== Adxtr. (A.4)
—p)!
Plugging this back in (A.3), we find
1 1
*0) dxtet A - AdxHr, (A.5)

= - Ur--Mp
p! (D _p)! wuluzmupe Mp+1--Up

Finally, we recall the Stokes theorem, which establishes the relation

f deJ w, (A.6)
M oM

where M is a manifold with boundary d M. The Stokes theorem encompasses the usual
theorems of calculus. For example, in R®, if we pick up a 1-form w = w,dx", the Stokes
theorem gives

J V x&-dS =}5 &-dl (Stokes’ theorem), (A.7)
S c

Lo, ,dx* Adx”,

where the curve C is the boundary of the surface S. For w = 5w,

J V-&dv =j( &-dS (Gauss theorem), (A.8)
14 S

where o = e""Pw,,, and the surface S is the boundary of the volume V.
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B Quick review of weights and roots

The analysis of line operators in the non-Abelian case requires going through a little further
on the Lie algebra structure and representations [49,56]. We need to consider the so-called
weights of the representation. They are the eigenvalues of the so-called Cartan subalgebra,
which is the maximum set of self-commuting generators T¢, denoted by H',

[H,H']=0, i=1,...,r, (B.1)
where r is the rank of the algebra. They can be simultaneously diagonalized,
Hi |‘U,R> =Y |.U‘7R> B (B'z)

where the eigenvalues are called weights of the representation. All such weights span a lattice,
referred to as the lattice weight A, (g).

Special representations are the fundamental and the adjoint. The fundamental represen-
tation is N-dimensional. In general, matter fields are in this representation. In the adjoint
representation, the generators are

[Ta]bc - _ifabc . (BB)

This is a (N2 — 1)-dimensional representation. Acting on a state in the adjoint representation
T? |1, adj) amounts to

Z[Ta]bc |¢Jadj)c > (B4)

C

namely, the states are specified by generator indices. This implies that we can associate gen-
erators with states,
T" < |TY, (B.5)

with components |T%), = &,,. Naturally, the scalar product is expected to be
(T TP) ~ Tr(TT?).
Linear combinations of the generators correspond to linear combination of states
aT*+BT? o |aT?+BTY). (B.6)

With this, we see that

TO|T) = > |T°) (T¢| 7 |T*)
= > [T% 1T

= —if,., |T¢) (sum convention)

= |ifabc TC)

=[T%,T"]). (B.7)
Restricting to the Cartan subalgebra, this leads

H'|H’) =|[H),H’])=0. (B.8)

As all the Cartan generators can be simultaneously diagonalized, we can choose specific (in
general, non-Hermitian) linear combinations of the generators outside the Cartan subalgebra
as E%, so that the corresponding states satisfy

H!'|E*) = a; |EY) , (B.9)
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with the scalar product

(E*|EP) = ATH(E“EP) = 6,45 = | [ 6, - (B.10)

where the constant A is chosen to ensure the normalization of the scalar product. The weights
a; of the adjoint representation are called roots, and also span a lattice, A, (g) C A, (g)-
According to (B.7), this means that

[H',E*] = a;E“. (B.11)
Taking the Hermitian conjugate of (B.11), it follows,
[H,E*T] = —a;E*T, (B.12)
so that we can take
E*"=E° (B.13)

All roots come in pairs +a;.

This is the analogue of the algebra of creation and annihilation operators of angular mo-
mentum algebra. The pair of operators E* and E* plays the role of creation and annihilation
operators, i.e., H — J, and E* <> J*,J~. Relation (B.12) yields to

HE**|u,R) = (u; £ a;)E**|u,R) . (B.14)

This equation is true for any representation R, but it is particularly important for the adjoint
representation. In fact, it implies that the state E* |[E~*) has vanishing weight, and thus it must
be a linear combination of the Cartan generators,

E*|E™%) =|c;H') . (B.15)
The constants ¢; can be determined by taking the scalar product with |H’) in both sides,
c;=(H/|E*|E™%)
= (H'|[E*,E™*])
= ATr(H/[E*, E~%])
= ATr(E"*[H’,E*])
= A/ Tr(E"*E*) = ;. (B.16)
Therefore, this implies that _
[E*, E™%]=o;H'. (B.17)

With this, we see that the operators

| =

1. 5
E** and E’=-—d-H, (B.18)

Ef= —
| a2

QU

form a SU(2) subalgebra. For any given representation R, this has an important consequence

i
E*|u,R) = =L R) (B.19)
a
which implies that
22 ez, (B.20)
a


https://scipost.org
https://scipost.org/SciPostPhysLectNotes.74

SCIl SciPost Phys. Lect. Notes 74 (2023)

References

[1] M. G. Alford and J. March-Russell, Discrete gauge theories, Int. J. Mod. Phys. B 05, 2641
(1991), d0i:10.1142/S021797929100105X.

[2] M. G. Alford and J. March-Russell, New order parameters for non-Abelian gauge theories,
Nucl. Phys. B 369, 276 (1992), doi:10.1016/0550-3213(92)90387-Q.

[3] M. G. Alford, K.-M. Lee, J. March-Russell and J. Preskill, Quantum field theory of
non-Abelian strings and vortices, Nucl. Phys. B 384, 251 (1992), doi:10.1016/0550-
3213(92)90468-Q.

[4] M. Bucher, K.-M. Lee and J. Preskill, On detecting discrete Cheshire charge, Nucl. Phys. B
386, 27 (1992), doi:10.1016/0550-3213(92)90174-A.

[5] T Pantev and E. Sharpe, Notes on gauging noneffective group actions, (arXiv preprint)
doi:10.48550/arXiv.hep-th/0502027.

[6] T. Pantev and E. Sharpe, String compactifications on Calabi-Yau stacks, Nucl. Phys. B 733,
233 (2006), doi:10.1016/j.nuclphysb.2005.10.035.

[7] T Pantev and E. Sharpe, GLSMs for gerbes (and other toric stacks), Adv. Theor. Math. Phys.
10, 77 (2006), doi:10.4310/ATMP2006.v10.n1.a4.

[8] M. Ando, S. Hellerman, A. Henriques, T. Pantev and E. Sharpe, Cluster decom-
position, T-duality, and gerby CFTs, Adv. Theor. Math. Phys. 11, 751 (2007),
doi:10.4310/ATMP2007.v11.n5.a2.

[9] Z. Nussinov and G. Ortiz, A symmetry principle for topological quantum order, Ann. Phys.
324, 977 (2009), doi:10.1016/j.a0p.2008.11.002.

[10] D. Gaiotto, A. Kapustin, N. Seiberg and B. Willett, Generalized global symmetries, J. High
Energy Phys. 02, 172 (2015), doi:10.1007/JHEP02(2015)172.

[11] J. McGreevy, Generalized symmetries in condensed matter, Annu. Rev. Condens. Matter
Phys. 14, 57 (2023), doi:10.1146/annurev-conmatphys-040721-021029.

[12] C. Cordova, T. T. Dumitrescu, K. Intriligator and S.-H. Shao, Snowmass white pa-
per: Generalized symmetries in quantum field theory and beyond, (arXiv preprint)
d0i:10.48550/arXiv.2205.09545.

[13] E. Sharpe, Notes on generalized global symmetries in QFT, Fortschr. Phys. 63, 659 (2015),
doi:10.1002/prop.201500048.

[14] S. Schafer-Nameki, ICTP lectures on (non-)invertible generalized symmetries, (arXiv
preprint) doi:10.48550/arXiv.2305.18296.

[15] T. D. Brennan and S. Hong, Introduction to generalized global symmetries in QFT and
particle physics, (arXiv preprint) doi:10.48550/arXiv.2306.00912.

[16] C. Chamon, Quantum glassiness in strongly correlated clean systems: An ex-
ample of topological overprotection, Phys. Rev. Lett. 94, 040402 (2005),
doi:10.1103/physrevlett.94.040402.

[17] J. Haah, Local stabilizer codes in three dimensions without string logical operators, Phys.
Rev. A 83, 042330 (2011), doi:10.1103/physreva.83.042330.

53


https://scipost.org
https://scipost.org/SciPostPhysLectNotes.74
https://doi.org/10.1142/S021797929100105X
https://doi.org/10.1016/0550-3213(92)90387-Q
https://doi.org/10.1016/0550-3213(92)90468-Q
https://doi.org/10.1016/0550-3213(92)90468-Q
https://doi.org/10.1016/0550-3213(92)90174-A
https://doi.org/10.48550/arXiv.hep-th/0502027
https://doi.org/10.1016/j.nuclphysb.2005.10.035
https://doi.org/10.4310/ATMP.2006.v10.n1.a4
https://doi.org/10.4310/ATMP.2007.v11.n5.a2
https://doi.org/10.1016/j.aop.2008.11.002
https://doi.org/10.1007/JHEP02(2015)172
https://doi.org/10.1146/annurev-conmatphys-040721-021029
https://doi.org/10.48550/arXiv.2205.09545
https://doi.org/10.1002/prop.201500048
https://doi.org/10.48550/arXiv.2305.18296
https://doi.org/10.48550/arXiv.2306.00912
https://doi.org/10.1103/physrevlett.94.040402
https://doi.org/10.1103/physreva.83.042330

SCIl SciPost Phys. Lect. Notes 74 (2023)

[18] S. Vijay, J. Haah and L. Fu, Fracton topological order, generalized lattice gauge theory, and
duality, Phys. Rev. B 94, 235157 (2016), doi:10.1103/physrevb.94.235157.

[19] R. M. Nandkishore and M. Hermele, Fractons, Annu. Rev. Condens. Matter Phys. 10, 295
(2019), doi:10.1146/annurev-conmatphys-031218-013604.

[20] M. Pretko, X. Chen and Y. You, Fracton phases of matter, Int. J. Mod. Phys. A 35, 2030003
(2020), d0i:10.1142/S0217751X20300033.

[21] J. Frohlich, J. Fuchs, I. Runkel and C. Schweigert, Kramers-Wannier duality from confor-
mal defects, Phys. Rev. Lett. 93, 070601 (2004), doi:10.1103/PhysRevLett.93.070601.

[22] J. Frohlich, J. Fuchs, I. Runkel and C. Schweigert, Defect lines, dualities and generalised
orbifolds, in XVIth international congress on mathematical physics, World Scientific, Sin-
gapore, ISBN 9789814465052 (2010), doi:10.1142/9789814304634 0056.

[23] C.-M. Chang, Y.-H. Lin, S.-H. Shao, Y. Wang and X. Yin, Topological defect lines and
renormalization group flows in two dimensions, J. High Energy Phys. 01, 026 (2019),
doi:10.1007/JHEP01(2019)026.

[24] Y. Choi, H. T. Lam and S.-H. Shao, Noninvertible global symmetries in the Standard Model,
Phys. Rev. Lett. 129, 161601 (2022), doi:10.1103/PhysRevLett.129.161601.

[25] J. Wang, Z. Wan and Y.-Z. You, Cobordism and deformation class of the Standard Model,
Phys. Rev. D 106, L041701 (2022), doi:10.1103/PhysRevD.106.1.041701.

[26] P Putrov and J. Wang, Categorical symmetry of the Standard Model from gravitational
anomaly, (arXiv preprint) doi:10.48550/arXiv.2302.14862.

[27] E. Lake, Higher-form symmetries and spontaneous symmetry breaking, (arXiv preprint)
doi:10.48550/arXiv.1802.07747.

[28] D. M. Hofman and N. Igbal, Goldstone modes and photonization for higher form symme-
tries, SciPost Phys. 6, 006 (2019), doi:10.21468/SciPostPhys.6.1.006.

[29] G. ’t. Hooft, Naturalness, chiral symmetry, and spontaneous chiral symmetry breaking,
in Recent developments in gauge theories, Springer, Boston, USA, ISBN 9781468475739
(1980), doi:10.1007/978-1-4684-7571-5 9.

[30] D. Gaiotto, A. Kapustin, Z. Komargodski and N. Seiberg, Theta, time reversal and temper-
ature, J. High Energy Phys. 05, 091 (2017), doi:10.1007/JHEP05(2017)091.

[31] Z. Wan, J. Wang and Y. Zheng, Quantum 4d Yang-Mills theory and time-reversal sym-
metric 5d higher-gauge topological field theory, Phys. Rev. D 100, 085012 (2019),
doi:10.1103/PhysRevD.100.085012.

[32] S. Weinberg, The quantum theory of fields, Cambridge University Press, Cambridge, UK,
ISBN 9780521670531 (1995), doi:10.1017/CB09781139644167.

[33] R. Arouca, A. Cappelli and H. Hansson, Quantum field theory anomalies in condensed mat-
ter physics, SciPost Phys. Lect. Notes 62 (2022), doi:10.21468/SciPostPhysLectNotes.62.

[34] A. Beekman, L. Rademaker and J. van Wezel, An introduction to spontaneous symmetry
breaking, SciPost Phys. Lect. Notes 11 (2019), doi:10.21468/SciPostPhysLectNotes.11.

[35] A. M. Polyakov, Gauge fields and strings, Routledge, New York, USA, ISBN
9783718603930 (1987).

54


https://scipost.org
https://scipost.org/SciPostPhysLectNotes.74
https://doi.org/10.1103/physrevb.94.235157
https://doi.org/10.1146/annurev-conmatphys-031218-013604
https://doi.org/10.1142/S0217751X20300033
https://doi.org/10.1103/PhysRevLett.93.070601
https://doi.org/10.1142/9789814304634_0056
https://doi.org/10.1007/JHEP01(2019)026
https://doi.org/10.1103/PhysRevLett.129.161601
https://doi.org/10.1103/PhysRevD.106.L041701
https://doi.org/10.48550/arXiv.2302.14862
https://doi.org/10.48550/arXiv.1802.07747
https://doi.org/10.21468/SciPostPhys.6.1.006
https://doi.org/10.1007/978-1-4684-7571-5_9
https://doi.org/10.1007/JHEP05(2017)091
https://doi.org/10.1103/PhysRevD.100.085012
https://doi.org/10.1017/CBO9781139644167
https://doi.org/10.21468/SciPostPhysLectNotes.62
https://doi.org/10.21468/SciPostPhysLectNotes.11

SCIl SciPost Phys. Lect. Notes 74 (2023)

[36] R. Yokokura, An introduction to higher-form symmetries, IBS seminar, online (2020),
https://indico.ibs.re.kr/event/373/attachments/2167/2411/2009241BShfsym.pdf.

[37] A. M. Polyakov, Quark confinement and topology of gauge theories, Nucl. Phys. B 120, 429
(1977), d0i:10.1016/0550-3213(77)90086-4.

[38] D. Tong, Lectures on the quantum Hall effect, University of Cambridge, Cambridge, UK
(2016), https://www.damtp.cam.ac.uk/user/tong/gaugetheory.html.

[39] T Carl, Dualities in 2 + 1 dimensions, Proc. Sci. 349, 0001 (2019),
doi:10.22323/1.349.0001.

[40] E. Witten, Three lectures on topological phases of matter, Riv. Nuov. Cimento 39, 313
(2016), d0i:10.1393/ncr/i2016-10125-3.

[41] N. Seiberg and E. Witten, Gapped boundary phases of topological insulators via weak cou-
pling, Prog. Theor. Exp. Phys. 12C101 (2016), doi:10.1093/ptep/ptw083.

[42] X.-G. Wen, Theory of the edge states in fractional quantum Hall effects, Int. J. Mod. Phys.
B 06, 1711 (1992), doi:10.1142/S0217979292000840.

[43] X.-G. Wen, Topological orders and edge excitations in fractional quantum Hall states, Adv.
Phys. 44, 405 (1995), doi:10.1080/00018739500101566.

[44] A.Karch and D. Tong, Particle-vortex duality from 3D bosonization, Phys. Rev. X 6, 031043
(2016), doi:10.1103/PhysRevX.6.031043.

[45] J. Murugan and H. Nastase, Particle-vortex duality in topological insulators and supercon-
ductors, J. High Energy Phys. 05, 159 (2017), doi:10.1007/JHEP05(2017)159.

[46] N. Seiberg, T. Senthil, C. Wang and E. Witten, A duality web in 2+1 dimensions and
condensed matter physics, Ann. Phys. 374, 395 (2016), doi:10.1016/j.a0p.2016.08.007.

[47] J. von Delft and H. Schoeller, Bosonization for beginners - refermionization for experts,
Ann. Phys. 7, 225 (1998), doi:10.1002/andp.19985100401.

[48] D. Sénéchal, An introduction to bosonization, (arXiv preprint) doi:10.48550/arXiv.cond-
mat/9908262.

[49] P di Francesco, P Mathieu and D. Sénéchal, Conformal field theory, Springer, New York,
USA, ISBN 9781461274759 (1997), d0i:10.1007/978-1-4612-2256-9.

[50] R. Floreanini and R. Jackiw, Self-dual fields as charge-density solitons, Phys. Rev. Lett. 59,
1873 (1987), doi:10.1103/PhysRevLett.59.1873.

[51] Y. Frishman and J. Sonnenschein, Non-perturbative field theory, Cam-
bridge University Press, Cambridge, UK, ISBN 9780521662659 (2010),
doi:10.1017/CB0O9780511770838.

[52] M. Srednicki, Quantum field theory, Cambridge University Press, Cambridge, UK, ISBN
9780521864497 (2007).

[53] V. P Nair, Quantum field theory: A modern perspective, Springer, New York, USA, ISBN
9780387250984 (2005), doi:10.1007/b106781.

[54] P Goddard, J. Nuyts and D. Olive, Gauge theories and magnetic charge, Nucl. Phys. B 125,
1 (1977), do0i:10.1016/0550-3213(77)90221-8.

55


https://scipost.org
https://scipost.org/SciPostPhysLectNotes.74
https://indico.ibs.re.kr/event/373/attachments/2167/2411/200924IBShfsym.pdf
https://doi.org/10.1016/0550-3213(77)90086-4
https://www.damtp.cam.ac.uk/user/tong/gaugetheory.html
https://doi.org/10.22323/1.349.0001
https://doi.org/10.1393/ncr/i2016-10125-3
https://doi.org/10.1093/ptep/ptw083
https://doi.org/10.1142/S0217979292000840
https://doi.org/10.1080/00018739500101566
https://doi.org/10.1103/PhysRevX.6.031043
https://doi.org/10.1007/JHEP05(2017)159
https://doi.org/10.1016/j.aop.2016.08.007
https://doi.org/10.1002/andp.19985100401
https://doi.org/10.48550/arXiv.cond-mat/9908262
https://doi.org/10.48550/arXiv.cond-mat/9908262
https://doi.org/10.1007/978-1-4612-2256-9
https://doi.org/10.1103/PhysRevLett.59.1873
https://doi.org/10.1017/CBO9780511770838
https://doi.org/10.1007/b106781
https://doi.org/10.1016/0550-3213(77)90221-8

SCIl SciPost Phys. Lect. Notes 74 (2023)

[55] D. Tong, Lectures on gauge theory, University of Cambridge, Cambridge, UK (2018), https:
/ /www.damtp.cam.ac.uk/user/tong/gaugetheory.html.

[56] H. Georgi, Lie algebras in particle physics, CRC Press, Boca Raton, USA, ISBN
9780429499210 (2019), doi:10.1201/9780429499210.

[57] Y. M. Makeenko, Brief introduction to Wilson loops and large N, Phys. Atom. Nuclei 73,
878 (2010), doi:10.1134/S106377881005011X.

[58] K. Slagle and Y. B. Kim, Quantum field theory of X-cube fracton topological or-
der and robust degeneracy from geometry, Phys. Rev. B 96, 195139 (2017),
doi:10.1103/PhysRevB.96.195139.

[59] D. Bulmash and M. Barkeshli, Higgs mechanism in higher-rank symmetric U(1) gauge
theories, Phys. Rev. B 97, 235112 (2018), doi:10.1103/PhysRevB.97.235112.

[60] M. Pretko, The fracton gauge principle, Phys. Rev. B 98, 115134 (2018),
doi:10.1103/PhysRevB.98.115134.

[61] A. Gromov, Towards classification of fracton phases: The multipole algebra, Phys. Rev. X 9,
031035 (2019), doi:10.1103/PhysRevX.9.031035.

[62] Y. You, T. Devakul, S. L. Sondhi and E J. Burnell, Fractonic Chern-Simons and BF theories,
Phys. Rev. Res. 2, 023249 (2020), doi:10.1103/PhysRevResearch.2.023249.

[63] N. Seiberg, Field theories with a vector global symmetry, SciPost Phys. 8, 050 (2020),
doi:10.21468/SciPostPhys.8.4.050.

[64] K. Slagle, Foliated quantum field theory of fracton order, Phys. Rev. Lett. 126, 101603
(2021), doi:10.1103/PhysRevLett.126.101603.

[65] N. Seiberg and S.-H. Shao, Exotic symmetries, duality, and fractons in 2+1-dimensional
quantum field theory, SciPost Phys. 10, 027 (2021), doi:10.21468/SciPostPhys.10.2.027.

[66] N. Seiberg and S.-H. Shao, Exotic Zy symmetries, duality, and fractons in 3+1-dimensional
quantum field theory, SciPost Phys. 10, 003 (2021), doi:10.21468/SciPostPhys.10.1.003.

[67] W.Fontana, P Gomes and C. Chamon, Lattice Clifford fractons and their Chern-Simons-like
theory, SciPost Phys. Core 4, 012 (2021), doi:10.21468/SciPostPhysCore.4.2.012.

[68] X.-G.Wen, Emergent anomalous higher symmetries from topological order and from dynam-
ical electromagnetic field in condensed matter systems, Phys. Rev. B 99, 205139 (2019),
doi:10.1103/PhysRevB.99.205139.

[69] N. Igbal and J. McGreevy, Mean string field theory: Landau-Gingburg theory for 1-form
symmetries, SciPost Phys. 13, 114 (2022), do0i:10.21468/SciPostPhys.13.5.114.

[70] R. A. Bertlmann, Anomalies in quantum field theory, Oxford University Press, Oxford, UK,
ISBN 9780198507628 (2000).

[71] M. Nakahara, Geometry, topology and physics, CRC press, Boca Raton, USA, ISBN
9781315275826 (2017), doi:10.1201/9781315275826.

56


https://scipost.org
https://scipost.org/SciPostPhysLectNotes.74
https://www.damtp.cam.ac.uk/user/tong/gaugetheory.html
https://www.damtp.cam.ac.uk/user/tong/gaugetheory.html
https://doi.org/10.1201/9780429499210
https://doi.org/10.1134/S106377881005011X
https://doi.org/10.1103/PhysRevB.96.195139
https://doi.org/10.1103/PhysRevB.97.235112
https://doi.org/10.1103/PhysRevB.98.115134
https://doi.org/10.1103/PhysRevX.9.031035
https://doi.org/10.1103/PhysRevResearch.2.023249
https://doi.org/10.21468/SciPostPhys.8.4.050
https://doi.org/10.1103/PhysRevLett.126.101603
https://doi.org/10.21468/SciPostPhys.10.2.027
https://doi.org/10.21468/SciPostPhys.10.1.003
https://doi.org/10.21468/SciPostPhysCore.4.2.012
https://doi.org/10.1103/PhysRevB.99.205139
https://doi.org/10.21468/SciPostPhys.13.5.114
https://doi.org/10.1201/9781315275826

	Introduction
	Aspects of ordinary symmetries
	Symmetries in classical field theory
	Symmetries in quantum field theory
	Canonical formalism
	Path integral and Ward identities

	Spontaneous symmetry breaking and Goldstone excitations

	Rephrasing ordinary symmetries in terms of topology
	Assigning topological meaning to charges

	Higher-form symmetries
	Charged operators
	Case study: 1-form symmetry in D=2
	Case study: 1-form symmetry in D=3
	Case study: 1-form symmetry in D=4
	Generalization: q-form symmetries

	Higher-form symmetries in Maxwell theory
	Maxwell in D=4
	Canonical quantization perspective
	Electric symmetry
	Magnetic symmetry

	Algebra of Wilson and 't Hooft operators
	Path integral perspective

	Maxwell in D=3
	Chern-Simons theory in D=3
	Coupling to electromagnetic field
	Monopole operators and bosonization in D=3
	Bosonization in D=2
	't Hooft anomaly and ground state degeneracy in the torus

	1-form symmetry in non-Abelian gauge theories
	Wilson lines
	1-form center symmetry
	Fundamental representation
	Adjoint representation

	't Hooft lines
	SU(N) vs SU(N)/ZN

	Spontaneous breaking of higher-form symmetries
	Phases of gauges theories
	Continuous 1-form symmetry and Goldstone excitations
	QED in D=4

	Final remarks
	Differential Forms
	Quick review of weights and roots
	References

