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Abstract

Formulating a quantum theory of gravity lies at the heart of fundamental theoretical
physics. This collection of lecture notes encompasses a selection of topics that were
covered in six mini-courses at the Nordita PhD school “Towards Quantum Gravity”. The
scope was to provide a coherent picture, from its foundation to forefront research, em-
phasizing connections between different areas. The lectures begin with perturbative
quantum gravity and effective field theory. Subsequently, two ultraviolet-complete ap-
proaches are presented: Asymptotically safe gravity and string theory. Finally, elements
of quantum effects in black hole spacetimes are discussed.
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1 Introduction

The formulation of a quantum theory of gravity is one of the most challenging and fascinating
questions in fundamental physics. It has attracted increasing interest since the middle of the
previous century. Especially in the last decades, new theoretical progress has been made in de-
veloping different quantum gravity (QG) approaches and gaining new insights into quantum
aspects of gravity. In addition, the new trinity of gravitational observations — precision cos-
mology, gravitational wave (GW) astronomy, and black hole (BH) shadows — has opened up
a unique possibility for testing new physics beyond classical General Relativity (GR), thus of-
fering concrete hopes of detecting quantum-gravitational signatures with future observations.

In a broad and diverging research field such as QG, it can be hard to keep up. On the one
hand, working on different approaches and following orthogonal directions hinders construc-
tive communication across communities. Indeed, experts disagree not only on the answers,
but even on the questions that one should ask. On the other hand, researchers who are not yet
familiar with the topic may find it difficult to grasp the big picture, the main essence under-
pinning specific approaches, and the reasons behind apparently contradicting ideas. In such a
state of affairs, it becomes essential to debate, learn from the developments and milestones of
other approaches, and find common grounds.

The Nordita Scientific Program “Quantum Gravity: From gravitational effective field theories
to ultraviolet complete approaches” was a one-of-a-kind event in the field of QG. It included
not only an intensive three-week workshop with talks and extensive discussion sessions [1], but
also a one-week PhD school titled “Towards Quantum Gravity” that kicked off the program. The
school was structured into six mini-courses consisting of six hours of lectures each, for a total
of 36 hours. The aim was to provide students and early-career researchers with a broad (yet
partial) overview of the basics of QG, enabling them to follow more advanced and specialized
talks during the subsequent three-week workshop.

These “Lectures in Quantum Gravity” collect and unify the content of five of the mini-courses
taught at the PhD school, including some extra material. An important aspect is that the var-
ious sections are not disconnected from each other: A great effort has been made to provide
a coherent picture, connecting topics that often appear disconnected in forefront research.
Special care has been taken to use the same conventions and notations across sections. Addi-
tionally, where useful, references to other sections have been made in the hope of highlighting
how different topics are connected or even build on one another. We hope that these arrange-
ments contributed creating a pedagogical and coherent set of lectures, thus facilitating the
reader in studying the material and grasping the subject as a whole, rather than in discon-
nected patches. All mini-courses were recorded and are available on the YouTube channel
@Quantumgravity.nordita. The links to the individual lectures are given at the beginning of
each section.

The lectures start with an introduction to perturbative QG, where GR is quantized in the
framework of perturbative quantum field theory (QFT). The degrees of freedom, the graviton
propagator, and the failure of perturbative renormalizability are analyzed in detail. The last
part of this first mini-course exploits these basics to discuss a first approach to QG: Quadratic
gravity as a perturbatively renormalizable QFT. Subsequently, in the second mini-course, grav-
itational effective field theory (EFT) is introduced, presenting both applications and limita-
tions. Consistency constraints from the requirements of unitarity and causality are derived.
More advanced topics related to scattering amplitudes are then discussed as necessary tools
to study the implications of EFT in QG. Perturbative QG and EFT are the building blocks that
different QG approaches must recover at low energies.

The third and fourth mini-courses focus on two examples of ultraviolet (UV)-complete
approaches to QG. The third mini-course introduces the general notion of non-perturba-
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tive renormalization and its application to QG, resulting in a theory known as asymptotically
safe quantum gravity (ASQG). Advanced computational methods to study non-perturbative
renormalization group (RG) flows and the existence of interacting fixed points are presented,
such as the heat kernel technique and the functional renormalization group (FRG). In particu-
lar, an explicit FRG calculation and fixed-point analysis are performed for the Einstein-Hilbert
truncation. Some more advanced topics and physical consequences of ASQG are then dis-
cussed. The fourth mini-course presents a QG-oriented introduction to string theory (ST).
After motivating ST as a proposal to address QG problems, the lectures focus on weakly in-
teracting closed strings, introduce the worldsheet formulation and study the implications at
both low and high energies. In the low-energy regime, the connection with gravitational EFTs
is outlined. Furthermore, high-energy scattering between closed strings is studied, including
the derivation of the Virasoro-Shapiro amplitude for graviton scattering and a discussion of
the BH transition.

The last mini-course is devoted to the study of quantum effects in BH spacetimes. The
phenomenon of particle creation in a gravitational collapse is presented. After introducing el-
ements of QFT in curved spacetime, the lectures concentrate on the derivation of the Hawking
radiation in the case of a collapsing null shell. Different choices of vacuum states are analyzed,
and the distinction between the physical understanding of Hawking radiation in static and col-
lapsing BHs is explained. In the final part, the information loss problem is also discussed.

The sections reflect the structure of the PhD school, and are organized as follows.

Sec. 2: “Introduction to perturbative quantum gravity” by Luca Buoninfante.
Sec. 3: “Gravitational effective field theory and positivity bounds” by Anna Tokareva.

Sec. 4: “Non-perturbative renormalization group and asymptotic safety” by Benjamin Knorr and
Alessia Platania.

Sec. 5: “Introduction to string theory” by Ivano Basile.
Sec. 6: “Quantum effects in black hole spacetimes” by Francesco Di Filippo.

Sec. 7: Several FAQ on aspects of QG are answered, especially in relation to the topics that
were covered in the lectures.

Sec. 8: Overall thoughts about the PhD school are jointly shared by all the lecturers and con-
cluding remarks are drawn.

We hope that these lecture notes will become a useful reference on QG for experts who might
use them as a manual to refresh their minds on some specific topics when necessary, for lec-
turers who need a pedagogical and modern exposition of the subject to complement other
textbooks, and for researchers who are less familiar with the basics or want to learn more
about QG. Having said that, it is now time to wish the reader a great journey into the QG
universe!
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Conventions and notation

Units. We work in natural units (unless otherwise stated) that are defined by setting the
reduced Planck constant and the speed of light equal to one:

h=1=c. (1.1)

In this system of units the reduced Planck mass is related to Newton’s constant by the formula

1
V/8nGy

To avoid carrying factors of 87, we will find it useful to work in terms of My, instead of Gy .

My = (1.2)

Metric signature. In these lectures we adopt the mostly plus convention for the metric sig-
nature. This means that the flat line element in Cartesian coordinates in a d-dimensional
spacetime is given by

ds? = —(dx®)? + (dx1)? + (dx?)? + (dx*) % +... = Nyydxtdx”, (1.3)
where the Minkowski metric reads
(nyy) = diag(—1,+1,+1,+1,...). 1.4

In the mostly plus convention, timelike separations are negative definite and spacelike sepa-
rations are positive definite.

Fourier transform. The function f (x) and its Fourier transform f (p) are related by

ddx

flx)= @)

Fp)e™™, f(p):Jddxf(X)e_ip'x, (1.5)

where p - x =p,x* =n,,p"x".
Given the definitions in (1.5), the Fourier transform of the partial derivative is

dp . a s .
Iuf(x)= (2n)d(1pu)f(p)e = gy ipy. (1.6)

This implies that the Fourier transform of the d’Alembertian in Minkowski spacetime, i.e.
0= nl“’auav, is given by O — _pz.

Curvature tensors. The Christoffel symbol is defined as

1
J— (o
Fpuv - Egp (augav + avgpw - aaguv) .
The covariant derivatives for contravariant and covariant vectors are defined as

v _ v v Jo) — —_TP
v, v'=9,Vv"+T oV and Vv, =9V, =T" V,,
respectively, and with these formulas the generalization to tensors with a generic number of
lower and upper indices can be easily obtained. Here we always assume that metric compati-
bility holds true, i.e. Vg, =0, and that torsion is zero. Therefore, we always work with the
Levi-Civita connection, i.e. the Christoffel symbol.
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The commutation relations for two covariant derivatives acting on contravariant and co-
variant vectors are

[V,,V,1Vo =VHR® and [V,,V,]V,=-V,R’

wvp? (1.7)

uvp’

respectively, where the Riemann tensor with one index up is defined as

o _ o _ o o a _ 1o a
R Wp—é’vl" up T W+1" avl 1p r apl" wy

Lowering the upper index with the metric tensor we obtain the completely covariant Riemann
tensor:

1 p p
Ruspo = 5 (8185 810 + 3P0 8vp — B0 B481p — 8uBp & ro) + Zup (T4, o~ T4, T Hp) . (1.8)
Finally, the Ricci tensor is defined by

R,; =R vpo 5upRvao = 8" Ryvpo > (1.9)
and the Ricci scalar by
R=R" =g"R,,. (1.10)

v
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2 Introduction to perturbative quantum gravity

Lecturer: Luca Buoninfante, Radboud University Nijmegen
Email address: luca.buoninfante@ru.nl

Lecture recordings:

Lecture 1:  https://youtu.be/hVrlbQLAbck.
Lecture 2:  https://youtu.be/6aiJPDf-y4g.
Lecture 3:  https://youtu.be/ySYiNvuiLsI.
Lecture 4:  https://youtu.be/uY5vnB19BtQ.

Abstract:

In this set of lectures we will challenge the framework of perturbative quantum field
theory by applying it to the study of gravitational interaction. First, we will analyze
quantum aspects of general relativity: We will identify on-shell and off-shell degrees
of freedom, derive the graviton propagator and show the failure of perturbative renor-
malizability. In particular, we will determine the form of the propagator in covariant
and non-covariant gauges, and provide a detailed study of one-, two- and higher-loop
divergences. Second, we will demonstrate that by adding quadratic curvatures to the
Lagrangian it is possible to achieve strict renormalizability. We will discuss several fea-
tures of quadratic gravity, including uniqueness and predictivity. At the same time, we
will highlight the open questions. These lectures are also intended for anyone interested
in other approaches to quantum gravity, since a good understanding of perturbative
quantum gravity is always a desirable starting point for doing something else.

Preface

The aim of this course is to study quantum aspects of gravity by applying the same tools and
methods that we usually use for other fundamental interactions such as the electromagnetic,
weak and strong ones. In other words, we want to formulate a QFT of the gravitational inter-
action to describe phenomena in which both gravitational and quantum effects are relevant.

In these lectures what we really mean by the expression “QFT” is “perturbative QFT”. This
means that we assume quantum field fluctuations to interact weakly and make an expansion
in powers of the interaction couplings. You may be worried that this is not a satisfactory way
to handle quantum aspects of gravity, but it is! Or, to put it more humbly, it is the best we can
do to start analyzing quantum features of the gravitational interaction. In the same way that
we quantize electromagnetic waves, we can ask whether a similar quantization prescription
can be used to quantize gravitational waves in regimes where the interactions are weak.

One of the successes of the perturbative QFT framework when applied to the Standard
Model of Particle Physics (SM) is that it is very restrictive in terms of selecting physical theories.
In fact, by assuming certain principles we can almost uniquely fix the kinetic and interaction
terms in a Lagrangian. This feature makes the QFT framework very predictive. At the same
time, these Lagrangians are the same ones that are inserted into a path integral to perform
non-perturbative analyses, such as studies of instanton configurations. In other words, the
perturbative QFT framework also provides a good starting point for non-perturbative studies
that may be needed in regimes where the perturbative approach may fail.

For these reasons I strongly believe that a good understanding of perturbative QG (i.e.
gravitational interaction quantized in the framework of perturbative QFT) is fundamental to
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deal with quantum-gravitational physics. One of the important messages of this course will be
that the expression “perturbative QG” does not just correspond to quantum GR, but it refers
to any possible consistent perturbative QFT of gravitational interaction. In particular, we will
show that in four spacetime dimensions there exists a unique gravitational Lagrangian that
is compatible with the symmetries (i.e. invariance under diffeomorphisms and parity) and
geometric structure (i.e. metric compatibility and zero torsion) of GR, and that at the same
time extends the Einstein-Hilbert Lagrangian with additional quadratic-curvature terms, giving
rise to a strictly renormalizable QFT of gravity.

The lecture notes are organized as follows.

Sec. 2.1: We introduce elements of classical GR by working in the Lagrangian formalism.

Sec. 2.2: We start analyzing quantum aspects of GR in the framework of perturbative QFT.
We consider metric fluctuations around the Minkowski background and focus on the free
theory (with no self-interactions). We determine the physical degrees of freedom, derive
the graviton propagator in different ways, and discuss the canonical quantization. We
will work in both cases of covariant and non-covariant gauges.

Sec. 2.3: We introduce self-interactions for the graviton field, explain the need to introduce
Faddeev-Popov fields, and discuss unitarity. Furthermore, we make a detailed analy-
sis of one-loop, two-loop and higher-loop divergences without going into complicated
technicalities. In particular, we show the failure of perturbative renormalizability in GR.

Sec. 2.4: We introduce operators of mass dimension equal to four in the action and show that
the resulting gravitational theory — known as quadratic gravity — is strictly renormaliz-
able in four spacetime dimensions. We discuss various features of quadratic gravity such
as degrees of freedom, propagator, power counting renormalizability, and make a com-
parison with the EFT of GR. We explain the success of this gravitational QFT in terms of
uniqueness and predictivity and, at the same time, highlight the open questions.

Sec. 2.5: We draw conclusions and share future perspectives for perturbative QG and beyond.

App. 2.A: We present a concise review of the fundamental fundamental principles on which
the standard perturbative QFT framework is based, in particular the notions of locality,
unitarity, and perturbative renormalizability.

App. 2.B: We provide additional details about the spin-projector formalism that will be used
for the computation of the graviton propagator in both GR and quadratic gravity.

I will not follow a single reference such as a review article or a book, but I will use various
sources scattered throughout the literature combined with a more personal (sometimes emo-
tional!) way of presenting the topic. However, review articles, lecture notes and textbooks
that I found particularly well-written and useful, and from which I have learned a lot about
perturbative QG, are

* M. J. G. Veltman, Quantum Theory of Gravitation, Conf. Proc. C 7507281 (1975) [2].
* G.’t Hooft, Perturbative Quantum Gravity, World Scientific (2003) [3].

* R. Percacci, An Introduction to Covariant Quantum Gravity and Asymptotic Safety, World
Scientific (2017) [4].

* J. E Donoghue, M. M. Ivanov and A Shkerin, EPFL Lectures on General Relativity as a
Quantum Field Theory, arXiv:1702.00319 [hep-th] [5].

* 1. L. Buchbinder and I. Shapiro, Introduction to Quantum Field Theory with Applications
to Quantum Gravity, Oxford University Press (2023) [6].

10
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2.1 Elements of GR

2.1.1 Action and field equations

GR has provided a fantastic description of classical aspects of the gravitational interaction over
a wide range of length scales. In fact, by introducing minimal couplings between gravity and
matter and assuming the existence of a small cosmological constant, GR predictions have been
tested from length scales of order 10™°m (through torsion balance tests of Newton’s law [7])
to distances of order 10%°m (through late-time cosmological observations [8]).

The starting point for the Lagrangian formulation of GR is the Einstein-Hilbert action

1
Seulgl= o2 f d*xy/—g (R—2A), (2.1)

where k2 = 8nGy, Gy being Newton’s constant, while A is the cosmological constant whose
measured value is of order 107>2m™2 [8,9]. The coupling between gravity and matter can be
described by introducing the matter action S,, which a functional of the metric and any type
of matter field such as scalars, fermions, and gauge bosons.

Using the relations

1
o(v—8)=—5v—¢ 8ur68"7, (2.2)

1
S8R, = Eg"ﬁ [VoV0u68py+ VoV088up— VoV 884 — VY8800 ] (2.3)

we can vary the total action with respect to g”” and obtain the Einstein’s field equations’

1 1 1
0=6 (SEH + Sm) = f d4X\/ —& I:ﬁ (R,uv_ Eg!“/R-i_Agl“’) - ET’LW] 6g'uv
= Gy +Agy, = KZTM, 2.4
where we have introduced the Einstein tensor, G, = Ruv_%gu »R, and the stress-energy tensor

—2 §Sp,
Ty = — 0,
V=g og”

which is conserved, V,,T#" = 0, consistently with the Bianchi identity, V,,G"” = 0.

(2.5)

2.1.2 Diffeomorphism invariance

The total action Sg +S,,, is invariant under diffeomorphisms, namely under the transformation
xH — x™M(x), (2.6)

such that both x*(x’) and x’*(x) are invertible smooth functions.
An infinitesimal diffeomorphism reads

xH = x™M(x) = x* + H(x), 2.7)

Rigorously speaking, to have a well-defined variational problem we have to add the well-known Gibbons-
Hawking-York boundary term to cancel total derivative terms containing covariant derivatives of metric variations,
ie. V,6g,,, which do not vanish on the boundary. For simplicity, we do not explicitly consider this term in the
action.
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where {*(x) is an infinitesimal vector that depends on the spacetime point x*. We can easily
find how the spacetime metric transforms under an infinitesimal diffeomorphism by recalling
that g,,,(x) is a (0, 2) tensor that under (2.6) transforms as

8x Ix°
XU axlv PU(X)

- (5“p B %) (5;; sga )gpa(X) (2.8)

= 8ur () = 8up (1)3,0P () = 84,p (x) 3P () + O(£?),

g,,(x")=

+ O({) and introduced the notation 8, =

3
where we used the fact that 377 = 577 xu =k x“'

On the other hand, if we Taylor expand the metric, we get
8, (') = 8, (%) + 3,8, (x)5P + O(2), 2.9)

where we used the fact that J, g (x)(p pgw(x’)(;’p +0(¢?) = Op 8uv(x)CF + O(?).

Combining (2.8) and (2.9) we can obtain the metric variation defined at the same space-
time coordinate x, which tells us how the metric field changes under an active infinitesimal
diffeomorphism:?

5§g,u,v(x) = gl/“;(x) - g,uv(x)
= —CP(X)angM,(X) - gup(x)avgp(x) - gvp(x)ay,gp (X) (2.10)
= —VMCV(X) - vvCu(x) .

Using the last equation we can derive the following Noether identity:

1 5 (V=g(R—2A)) 1
0=8¢Sm =7 J d*x 52 Seguv=——3 | dxv—g (v,.G")¢,, (21D

which must be true for any arbitrary ¢ ,, thus we get the Bianchi identity for the Einstein tensor,
V,G"” =0, as a consequence of diffeomorphism invariance of the action. If we demand the
invariance of the matter action under diffeomorphism, we consistently obtain that the stress-
energy tensor is covariantly conserved, i.e. V, T#"" = 0.

2.1.3 Degrees of freedom

The spacetime metric g,,(x) is a rank-two tensor, thus in four spacetime dimensions it has 16
components. We now want to determine the number of physically independent components.

First of all, since the metric tensor is symmetric in its two indices, we go from 16 to 10 com-
ponents. Then, we can use diffeomorphism invariance to further reduce this number. Indeed,
the invariance of the action under (2.6) or (2.10) tells us that we can gauge away four met-
ric components by making some suitable choice of the arbitrary vector ¢, with u =0,1,2,3.
This allows us to kill four unphysical degrees of freedom off-shell, i.e. without using the field
equations: 10—4 =6.

Since gauge invariance hits twice, we should be able to kill four additional unphysical met-
ric components on-shell, i.e. using the field equations. In fact, some components of Einstein’s
equations are not dynamical because they do not contain second-order time derivatives. This
can be understood by analyzing Bianchi’s identity more closely:

0=V,G" = aGOV+aGW+rM ,GPV+ T, GHP. (2.12)

2It is an active diffeomorphism because the metrics g”w(x) and g,,(x) are evaluated at two different spacetime
points P’ and P that are described by the same value of the coordinate x in their respective coordinate systems.
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The right-hand side can vanish only if G°” is of first order in time derivatives. This implies
that the (u = 0, ¥) components of the Einstein equations, i.e. G°” = x2T%”, are not dynamical,
but they are four constraints on the metric. Although this is not a rigorous proof, it suggests
that in the end we get 6 —4 = 2 independent metric components, i.e. two physical dynamical
degrees of freedom.

In the next section, we will show that in the language of QFT these physical degrees of
freedom correspond to the £2 helicities of the graviton.

2.1.4 Metric fluctuations and action expansion

To formulate GR as a QFT, the first thing to do is to identify the classical field fluctuation that
needs to be quantized and promoted to an operator. We separate the spacetime metric into
two parts:

g,u,v(x) :guv(x)"_z’(huv(x), (2.13)

where g,,(x) is treated as a background that in general can be position-dependent, whereas
h,,(x) is a metric fluctuation such that k|h,,| <1 in some coordinate system. The latter is
the field fluctuation which will then be quantized, and whose excitations give rise to quantum
states populated by particles called gravitons. The constant factor 2k has been chosen to have
a canonically normalized field as we show below. By convention, all the quantities computed
in terms of the background metric are indicated with a “bar”, e.g. the covariant derivative V 1w
the Riemann tensor R, and all its contractions. Consistency of the approach requires that
the indices of V,, R4, hy,, and all other fields (except g,,) are raised and lowered with
v, €.g. the trace of the graviton field is h = gV”h,,,. By contrast, the indices of g,,, the full
covariant derivative V, and the full Riemann tensor R are raised and lowered with the
full metric g,,,.

Our aim is to expand the Einstein-Hilbert action in powers of the fluctuations so that we
can identify kinetic and interaction terms, i.e.

uvpo

Senlg +2xh] = S91g1+ 583, k1 + P&, h] +... +S(g,h] +..., (2.14)

where

_ 1 — -
Sgﬂgkzzzjlfo—gmeaAL

Wr 5 1 4, _OSen

S h]=—=—2 dy ——— h ,

@) - 1 2 [ 44, 44 6Sgn

Sel&>h] = —(2x) fdydy Ry vy, YRy, 0, (32
B 2! T 58, (1), () |y R

" 5g,u1vl(y1) e 5g,u,nvn(yn)

hulvl(.yl)' ' 'hunvn(.yn)a

_ 1
S](;g[g,h] = E(ZK)HJ d*y,---d*
g8=8

(2.15)

therefore does not contribute to

uv>
any dynamics involving graviton fluctuations and can be neglected. The first order term SS{) is

proportional to the field equations evaluated on the background g, = &,,,, which we assume

The zeroth order term Sgg is a constant with respect to h
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to be a solution of the Einstein equations, therefore it gives a vanishing contribution:

stig h]——J [ﬁ f d4x,/—g(x)(R(x)—2A)]
uy

= KJd“y —g(y)[R‘”(y) “”(y)R(y)+g“v(y)A] huy(Y)

=0.

huy(y)
g=8

(2.16)

The higher-order terms are the relevant ones. Sg (2) is quadratic in hy,, and corresponds to the

kinetic part of the action from which we can derlve the propagator, whlle Sk (n) with n > 3 are
the interaction terms from which we can derive n-point vertices, i.e. cubic, quartic, and so on.

To calculate Sg{) it is simpler to directly consider the second order variation of the action,
ignoring the fact that we have four-dimensional Dirac deltas to take into account when taking
functional derivatives. Thus, we have

. 1 -
SGlg.hl= 56<2>SEH[g,hJ
1

=1z [((\/_)R+\/_5R)] (2.17)
=13 f d*x[6® (vV=g)R+25(v/~g)6R+—g5@R] _, .

Using the formulas for the expansions of the inverse metric and the Christoffel symbol

gh” = g"" —2kh"” + 4h! RP ... (2.18)
Moo = oy +58"" (Vphoo + Vol = Vilyo) (2.19)

we can derive the expansion of the curvature tensors, in particular that for the Ricci scalar (see
also refs. [4,6]):

_ 1
R=R+5R+§5(2)R+...,
6R=2x(V,V ,h*"—V*h—R""h,,,),

5(2)R=4:<2(2VphvahW+2h V2 — 2V kP Y hH (2.20)

+ 2V h? VPR —4h, VY Y + 2k, VIV R

- - 1_ - -
~Vyhy VPR = 0, h o+ 2R h“Ph”") .

uvpo

Moreover, the expansion of the metric determinant up to second order is given by
= 1
V=g =v=3+6(v/=g)+ ;6% (vV=¢g)+...,
5(v—g)=+v—gxh, ®(y=g)=v—gr?(h*—2hn,,h"").

We now have all the ingredients to explicitly evaluate (2.17). Indeed, substituting the
above expansions for the Ricci scalar and the metric determinant into (2.17), integrating by
parts and using commutation relations for the covariant derivatives, we get the following ex-
pression for the second-order contribution to the action:

(2.21)

sz, h fd“x\/ [——vphvahﬂuv hP ¥ hoH =V, A Y + ;v hVPh

uvpo
(2.22)

- L(R—2a) (hwh‘” - %hz) +(h¥PR,” —hhH")R,,, + hHPRR
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From the last equation we can now clearly understand the reason why we inserted a factor of
2k in the metric perturbation (2.13), so that the kinetic term is in canonical form, i.e. the field
h,,, is canonically normalized.

The interaction terms S](E'g[ g,h] with n > 3 can be derived in a similar manner, by consid-
ering the higher-order expansions of the inverse metric, determinant and curvature tensors.
The cubic order contribution is already too complicated, and its explicit form is not needed
for the purpose of these lectures. What we must observe is that an n-th order interaction term

has the following dependence on x and h,,:

uv

sMW[g,hl~O(x"2n"), n=3, (2.23)

namely the coupling of an nth-order interaction term is k™2 =1/ Ml?l_z.

2.2 GR as a QFT: Free theory

The main goal of this section is to formulate a perturbative QFT of the gravitational interaction,
i.e. to quantize the metric fluctuation h,, in the framework of perturbative QFT, compatible
with the standard principles of locality, symmetries, unitarity and strict renormalizability. For
readers unfamiliar with these concepts, especially that of strict renormalizability, we recom-
mend reading section 2.A before starting to study the quantization of GR.

In this and subsequent sections we only focus on metric fluctuations around the Minkowski
background, and analyze the free theory (no self-interaction) up to possible linear couplings to
matter. We will discuss graviton polarization and helicity, determine the off-shell and on-shell
degrees of freedom, and derive the propagator. It will be instructive to perform the analysis
in both covariant and non-covariant gauges. In particular, we will compute the propagator
in the Feynman gauge using the covariant de Donder gauge fixing, and in the Prentki gauge
using a non-covariant gauge fixing. Furthermore, we will derive the graviton propagator for
a generic de Donder gauge fixing using the spin-projector formalism, which will allow us to
identify both off-shell and on-shell degrees of freedom.

2.2.1 Linearization around Minkowski spacetime

We set A = 0 and g, = nm,.?’ This also means that the background covariant derivative
becomes the ordinary partial derivative,* ﬁu = J,, and all the curvature tensors vanish when

evaluated on the background, i.e. pra = Ryypo(n) = 0. Now the trace reads h = n*hy,,

and we simply use the box symbol for the flat d’Alembertian, O = n"”9,,0,.

Kinetic action. The quadratic action (2.22) around the Minkowski background reduces to
1 1
S0, h] = J d*x [—Eaphwaphw +8,hP 0, h7" — 3,hd,hH" + Eaphaph] L (229

It is convenient to recast the action (2.24) into an equivalent form up to total derivatives.
Integrating by parts and symmetrizing, we can write

1
s, h] = f d4x§th“”p"hpg, (2.25)

where the kinetic operator is defined as

3From a physical point of view, we are assuming that we are in a region of spacetime where the cosmological
constant is negligible and the background metric can be approximated by Minkowski.
“To be more precise, this is true in Cartesian coordinates that are the ones we use here.
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KMvPo = % (nup,r’va + ,r),ua,r’vp)lj _,n;w,r’pUD + nuvapaa + ,npaa,uav
1 Y0 g Y Y, o Vo (2.26)
—E(nw’a 9% +nH93879P + n*Paka% +n*?o+or),
and satisfies the following symmetry properties:
KWPT = K"MPO = KIOP = KPOHY, (2.27)

Matter coupling. We can also add a matter contribution S,, to the action and expand in
metric fluctuations up to linear order in h,,,

2h2)

Smln +2xkh]=S,,[n] +2Kf d* uy
(2.28)

=S,[nl+ J d*x T*"hy,, + O(x*h?),
where we have used the definition in (2.5) for the stress-energy tensor.

Linearized diffeomorphisms. The metric transformation under diffeomorphism in (2.10)

can be written in terms of xh,,, as
6ch,, =V, 0,+V,C
AL ) o0 (2.29)
= 3,8+ 8,8, + 2k (hyp8,8° +h,, 8,LP + (PO, ),

where we have replaced {,, - —2x{, so that {, has mass dimension zero, consistent with a
canonically normalized field h,,, of mass dimension one.

It is easy to show that the action Sg{)[n, h] is invariant under the zeroth order of the field
transformation (2.29), i.e.

Schyy=0,0,+3,0, = 5:52n,h]l= (2.30)

This means that there is a gauge redundancy in the theory: Most of the components of the
symmetric tensor h,,, are unphysical, as we will explain in more detail below.

Furthermore, the invariance of the matter action at the linear level requires that the stress-
energy tensor satisfies the conservation law 9, T"” = 0.

Linearized field equations. The linearized field equations are given by

2

1 1
-3, (aphpv— Eﬁvh) -9, (aphpM - 5auh) = KT,

1 1
]Kwpahpa =—kT,, = Ohy, — = Nyy0h + 1,0, (aahpa—iaph) (2.31)

and the trace reads
—20h +23,38,hP7 = —«T, (2.32)

where T = n*"T,,. The solution to (2.31) is not uniquely determined because if h,,, is a
solution, then h,,, + 9,¢, + 9,{,, will be a solution as well. In fact, we need to impose a
gauge condition to eliminate this redundancy. In what follows we determine the independent
physical solutions of the field equations by performing the analysis in two different equivalent
ways: First, we impose the covariant de Donder gauge condition; second, we impose the non-
covariant radiation (or Coulomb) gauge.
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2.2.2 Graviton polarizations: Covariant gauge

A convenient covariant gauge is the de Donder one and is defined by the condition

1
Oph?,— 58k =0, (2.33)

which corresponds to the linearized version of the harmonic gauge g,,, 8" ort oo =0.
If we impose (2.33), the linearized field equations simplify enormously,

1
DhW—EnWDh =—kT,,. (2.34)

Let us now work in vacuum, i.e. in the spacetime region where T,,(x) = 0, and solve
the linearized field equations there. The vacuum trace equation is Oh = 0, which gives the
following wave equation:

Ohy,, =0. (2.35)

The solution is given by
hyuy(x) = €4, (p)e®* + €5 (p)e™P,  p*=—pi+p*=0, (2.36)
where €, is called polarization tensor, and it can in general depend on the momentum, and

the condition p? = 0 means that the field h,,, will be associated with massless particles when
quantized.

We now want to determine the independent components of the polarization tensor. To do
so, we can exploit the de Donder gauge condition expressed in terms of € Weip'x,

1
p“ew—Epvezo, e=n""e,,, (2.37)

that can be used to eliminate four components of the polarization tensor: 10 —4 = 6. More-
over, we can still make a gauge transformation h; » =huy+9,0,+ 0,0, as long as the condi-
tion (2.33) is preserved:

1 1
0=2; (aphpv— 5a‘vh) =0°(0,8,+3,¢,)— 53” (28,¢°)=0¢,, (2.38)
which is the so-called residual gauge condition and whose solution reads
{(x) =1, (p)e®* +ri(p)e™™™,  p*=—pi+p>=0. (2.39)

We can choose the vector r,, (i.e. {,) with v =0, 1, 2, 3 to eliminate four additional components
of the polarization tensor. Therefore, we get 10 —4 — 4 = 2 independent on-shell degrees of
freedom.

Let us explicitly find the independent physical on-shell components. To simplify the anal-
ysis, we can rotate the spatial vector p in such a way that it is parallel to the 2-axis, i.e. we
choose

p*=(%0,0,p>), p°=p°, (2.40)

for both h,,, and {, since they both satisfy a homogeneous wave equation.
The de Donder gauge condition (2.37) gives the following four equations:

1
vy=0: 600+630+§6:0,

vy=1: €g1 + €31 =0,
or T3l (2.41)
v=2: 602+€32:0,

1
y=3: 603+€33—§6:0.
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Then, we can make the gauge transformations €’ uy = €+ ip,ry+ip,r, and choose r, to set

some of the polarization tensor components to zero:>
Ip: €00 = 0, rq: €01 = 0, Iy : €02 = 0, rs: €33 = 0. (2.42)

The set of equations (2.41) and (2.42) give eight conditions which allow to express all com-
ponents of the polarization tensor in terms of two independent ones. Combining (2.41)

and (2.42) we get that the only non-vanishing components are €15 = €57 and €17 = —€95:
0 O 0 O
[ Qe a2 0w )
GHV N 0 €12 —€171 0 =€fn e,uv + €12 e‘l“; > (2.43)
0 O 0 O

where we have defined the two independent polarizations

00 0 O 0000
01 0 0 0010

+) — o0 =

o= 00 -1 0 [° Cw 0100 (2.44)
00 0 O 0000

In summary, working in the de Donder gauge, we found that the graviton field satisfies
a wave equation, is transverse and traceless, and propagates only two physical degrees of
freedom on-shell. In coordinate space, the transverse and traceless conditions are

g,h" =0,  h=n""h,,=0. (2.45)

Helicity. We are interested in finding the helicity of the two propagating degrees of freedom.
This can be done by finding the eigenstates of the rotation matrix around the 2-axis,

1 0 0
0 cosf sinf
0 —sinf cos6
0 0 0

R”H(O) = , (2.46)

— O O O

whose eigenvalues are ¢'*? | A = j, being the helicity.
We can easily check that el(:;) and e‘(fv) are not eigenvectors of (2.46). However, we can
make the change of basis

1
e(+2) — (+) (x) e(—2) — () _je(¥)
Cuv ﬁ ( + lew ) ’ Cuv ﬁ ( uv ey ) ’ (2.47)
and show that .
RP (0)elPR 0(0) = e™0e(™) A =+2, (2.48)

This means that the graviton field propagates two independent massless degrees of freedom
with helicity +2 and —2, respectively, i.e. the graviton polarization tensor can be expressed as
a linear combination of el(fvz) and ei(;,z):

1

- _ (+2) 4 = (-2) = (+2) (-2)
Euy = ﬁ(ell 1612)6 + [(611 +1612)e =€, T€, > (2.49)
where we have defined
1 : _ 1
61(;/2) = 7 (11— 1512)61(;)2) ’ eiwz) =7 (€11 + 1612)6( 2, (2.50)

>For example, we can choose r, = —¢€4,/(2ip,) to get €;, = 0; the analog procedure can be applied to the other
three components. Note that with an abuse of notation we continue to denote the gauge-transformed polarization
by the symbol €, and not with e:”.
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2.2.3 Graviton polarizations: Non-covariant gauge

It is instructive to determine the independent physical components of the graviton field consid-
ering a different gauge and to show that the result is the same as in the previous subsection, as
expected. In particular, we impose the following non-covariant gauge condition, also known
as radiation gauge,

oh',=0, p©=0,1,2,3, (2.51)

where the Latin index only runs over the spatial coordinates i = 1,2,3. In this gauge, the
vacuum field equations become

DRy, — NuyTh + Nyyhoo + 8,0,h + 3k, + 8,0, =0, (2.52)

where the dot stands for the derivative with respect to time, i.e. "= ;. Unlike the covariant
de Donder gauge, in the radiation gauge, some of the components of the field equations are
not wave equations, but constraints that are important to determine the number of indepen-
dent physical components of the graviton field. This also means that we cannot yet use the
dispersion relation p2 = 0, but we will derive it below after imposing various constraints.

To simplify our analysis, we choose again a frame in which p; = 0 = p, as in (2.40). For
the time being, we Fourier transform only in space, i.e. d; — ip;, and with an abuse of notation
we denote the Fourier-transformed graviton field by the same symbol, but now it is a function
of the time coordinate and the spatial momentum, i.e. h,, = h,,,(t, p).

The radiation gauge assumes a very simple form in the spatial-momentum Fourier space,

0= lp]h'L = ip3h3N = h30 = h31 = h32 = h33 = 0, (253)

thus four components are already killed: 10—4 = 6. We now have to inspect the field equations
and find the four constraints that will eliminate four additional components.
The (0,0) component gives

Then, since h = —hyg + hy1 + hyy = —hgy (with hz3 = 0) we also get hy; = —h,,.

Using ho, = —h, the components (0, 1) and (0, 2) of the field equations give hy; = hgy =0,
while the (0, 3) is identically satisfied.

The (1,1) and (2, 2) components are

- (Fl]l +p§h11) +p§h = 0, _(hzz +p§h22) +p§h = O, (2.55)

respectively. Using h;; = —h,, we get the constraint h = 0, which also implies hyy = 0, thus it
follows that h;; and h,, solve the same harmonic oscillator equation with frequency p; which
corresponds to a wave equation if we Fourier transform back to space. If we choose hy;, we
have

hyy + p2hy; =0. (2.56)

The (1,2) component is already in the harmonic oscillator form, i.e.
}:112 +p§h12 =0. (2.57)

The remaining components are (1,3), (2,3) and (3, 3) that are identically satisfied after im-
posing the other constraints that we have derived.

As expected, we have found that the graviton field has only two independent physical
components, i.e. h;; and hq,. If we Fourier transform also in the time coordinate and call the
fully Fourier transformed field €,,,, we get
(—pé +p§) €11 =0, (—pg —l—pg) €12=0, (2.58)
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that are satisfied if and only the massless dispersion relation holds, i.e. p* = —pZ + p3 = 0.
As done in the previous section, we can introduce the polarizations ef:;) and e‘(:;) or the

helicity eigenvectors el(j;z) and e‘(:vz), and reach the same conclusions as in the de Donder
gauge. Therefore, we have shown that imposing two completely different gauges, we get the
same result. This confirms that (on-shell) physics does not depend on the gauge choice.

Before concluding this part, it is worth mentioning that in the radiation gauge, it is not
necessary to explicitly impose a residual gauge condition because the radiation gauge together
with the on-shell constraints completely determine the physical polarizations. Indeed, if we
consider gauge transformations that leave the radiation gauge-invariant, we get

V3, +8,(87¢;))=0, (2.59)

which in Fourier space and in the frame p; = 0 = p, reads —p%rv —pyp3r3 = 0. It is easy to
show that, if p; # 0, the last equation is satisfied if and only if r, = 0 for u = 0,1,2,3. The
gauge redundancy always hits twice, but how the “twice” acts depends on the type of gauge
condition.

2.2.4 Graviton propagator: Covariant gauge

The propagator is defined as the inverse of the kinetic operator (K‘l )uvpo‘ However, the
kinetic operator in (2.26) or (2.67) is not invertible: This can be shown by noticing that there
exists a non-zero tensor V,,, such that K*"?9V,, = 0, which implies that the kernel of the
kinetic operator is not empty. It is easy to find such a tensor because we know that the theory

is invariant under the gauge transformation (2.30). Indeed, we have

Voo =086+ 3:C,, KHPoV,, =0. (2.60)

Covariant gauge fixing. To make the kinetic operator invertible, we have to add a gauge-
fixing term to the action. We now choose the de Donder gauge fixing defined as

1 1
Seeln,h] = - f d*x F, ¥, F,=0,h", — Eauh, (2.61)

where a is a gauge-fixing parameter.
Integrating by parts, the gauge-fixing contribution can be written as

1
Sgiln,h] = J d*x Shy Kt oo (2.62)
where
KPT = ' npon— - (g 8Pa° +nP7040”)
S a (2.63)
+ 50 (n*P378% +nh?979F 4+ n"Par3% +n*?oHar).
Therefore, the total quadratic action now reads
~ 1 o
8P, k] = Sgln. k] +Syln,h] = f d*x Shy, KPRy, (2.64)
where
RHMYPO = KHYPO 4 K{g‘fv"a = % (NP0 + o n"PYO— (1 — %) n*'nfonO
1
+(1——)(n“v398‘7+np"8“3”) (2.65)
a

—~ % (1 -~ 1)(17“%”30 +117878° + 1P 3% +1"7 51a) .
a
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The new kinetic operator including the gauge-fixing term is invertible, in particular

RHPOV,, #0. (2.66)

. . . 6
In momentum space (J, — ip,) the kinetic operator reads

3 1 1
RMP7(p) = —5 (P + ") p* + (1 - 5) n*'nP°p?

1
- (1 - 5) (n*"pPp? + 1?7 p¥p") (2.67)

1 1
a

Kinetic operator inversion. The propagator in momentum space G,,,,,(p) is defined as the
inverse of the kinetic operator (2.67) through the following relation:

G, P(PIR,,"(p) =117, (2.68)
or, equivalently,
g,uva/j (p)Kaﬁpg(p) = i]lpwpa > (2.69)
where
1 1
]l’”po = 5(5up5va + 51)/35“0), ]luvpa = E(nupnva + nvpn,ua), (2.70)

is the identity in the space of rank-four symmetric tensors, and the factor i is inserted accord-
ingly to our convention for the Feynman rules.

The propagator G,,,,,,(p) can be written as a linear combination of the elements of a basis
in the space of rank-four symmetric tensors. From Lorentz invariance, we can easily find a
basis given by the following five independent elements:

1
B( )Wpa(P) = NupNvo + NuoMvp > 2.71)
©) _
B po(P) = MusNpo s (2.72)
1
3
B P = = (MuvbpPo + MpoPuby) » (2.73)
3@ _ 1 )
uvpo(p) - E (nuppvpa + NuoPvPp + NvoPuPo + nvapupp) > (2.74)
(5) _ 1
B oo (P) = (pz)zpupvpppa' (2.75)

Thus, the propagator can be written as

5
Gunpo®) =D c;(PIBY (D), (2.76)
j=1
where c;(p) are momentum-dependent coefficients. To completely derive the propagator, we
have to substitute (2.76) into (2.69) and find the coefficients ¢ (p) that solve the tensor equa-
tion.

Since the brute-force calculation can be lengthy, in this subsection we compute the propa-
gator in the so-called Feynman gauge, in which the kinetic operator simplifies, thus rendering
its inversion easier. Then, in section 2.2.6 we will use a more efficient method to derive the
propagator for a generic de Donder gauge-fixing parameter by using the spin-projectors for-
malism.

5With an abuse of notation we call the momentum-space quantities with the same symbol of their position-space
counterparts, but we explicitly write the momentum dependence.
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Feynman gauge. The Feynman gauge corresponds to the choice a = 1 of the gauge-fixing pa-
rameter. From (2.67) we can notice that in this gauge, all the terms containing non-contracted
momenta (i.e. non-contracted derivatives) are set to zero, and only the contribution propor-
tional to p? (i.e. to 0) survive:

RU=DRPO (p) = —% (20" + 70" —n*"nP7) p?

2.77)
=a(p) ("0 + 0" n"") + b(p)n*"n"?,
where we have defined a(p) = —p?/2 and b(p) = p?/2.
We now make the following Ansatz for the propagator in the Feynman gauge:
Ga=(p) = AP) (MupMvo + Mpovp) +BOIMusMpor (2.78)

where the momentum-dependent coefficients A(p) and B(p) are two unknowns to be deter-
mined. Substituting (2.78) into (2.69) with the kinetic operator given by (2.77), we can find
the expressions for A(p) and B(p) that solve the equation. We have

Gge=D(pR=1 P (p)—2aA[mpma+nme]+[2bA+ 2aB +4bB11,,1 0

Waﬁ
(2.79)
5 (nupnvo + T)vpnuo) s
which is satisfied if and only if
240 ==, i
2’ & Alp)=-Blp)=—7. (2.80)
2bA+2aB +4bB =0, 2p
Therefore, the graviton propagator in the Feynman gauge reads
gl(;:;p?(p) - (nupnvo + nuanvp nuvnpo') > (281)

where we also introduced the Feynman prescription for how to shift the poles, i.e. p2 — p2—ie
with e — 0%,

Remark. A nice feature of the propagator in the Feynman gauge is that it is manifestly
Lorentz covariant and does not depend on uncontracted momenta, which makes computa-
tions more efficient in most of the cases. At the same time, one caveat of the covariant gauge
is that before contracting with some conserved stress-energy tensor and going on-shell, it is
not clear how many components of G,,,,,, are the physical ones. Furthermore, from (2.81) it
is not clear what is the spin structure of the propagator, i.e. what are the spin components of
the off-shell degrees of freedom. In the next two subsections we address these two points.

2.2.5 Graviton propagator: Non-covariant gauge

The propagator in (2.81) has many components with poles at p?2 = —(py)? + p2 = 0 and it
is not clear how many independent ones there are and whether any of them have negative
residues. A similar situation occurs in the case of Yang-Mills theory when using the covariant
Lorenz gauge fixing. In that case, it is possible to use a non-covariant gauge fixing and to work
in the Coulomb gauge to make the number of independent poles manifest. A similar procedure
can be implemented in Einstein’s gravity.
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Non-covariant gauge fixing. We now consider the following non-covariant gauge-fixing
term:

gf[nah] - f d4X.F ‘FM fu = ath > (282)

where the Latin index only runs over the spatial coordinates i = 1,2,3. Integrating by parts

we can write Sge = [ d xzth“vPUhpa, where
Kyt *% = o= (070" + 0" 0Pl + 0Pt + 0" nP7) 8,6, (2.83)

The full kinetic operator R¥?Po = KH?P9 + Kg pr ? in momentum space now reads

3 1
KPP (p,p) == (00" + "7 ") p* + n""n7p® — (n""pPp? + 07 pt'p”)

1 1. 1_.,_
+5[n“p (pvp”—ap ”p")+n‘“’ (p”p"—;p ”pp) (2.84)

+n"P (p“p" — %P“ﬁ") +n" (p“pp - %ﬁ“ﬁp)] ,

where we have defined p* = (0, p;, p2, p3) = (0, P).
To simplify our analysis, we choose again the reference frame in which p, = 0 = ps,
i.e. we rotate the spatial part of the four-momentum p along the 2-axis, so that we have
# = (—py,0,0,p3) and p* = (0,0,0, p3), and their squares are p? = —p(2)+p§ and p? = p%, re-
spectively. In this frame, the independent non-zero components of the kinetic operator (2.84)
are

2 2
RO101 _ 0202_ 1p2 go303_ P3 g1313 2323 _P” | 1 (l _ l)p
27 2a’ 2 2 3’
ROOUL — [g0022_ _p2 [RO113_ 70223 _ POZPB ’ K103 = {2203 p . (2.85)
- 9 1
RU22= p2 1212 _EPZ i RU133 = R2233= 2 p2

Kinetic operator inversion. Itis convenient to recast the kinetic operator and the propagator
into matrix form in order to make the inversion more efficient. We define the vector

h= (hoo> ho1, oo, hosgs Ryt Rya, iz, hog, hos, has) (2.86)

and the 10 x 10 symmetric matrix K whose elements are

KK = KRR k£ €{00,01,02,03,11,12,13,22,23,33}, k,0<{1,2,...,10},
(2.87)
where each value of the hatted indices correspond to unique values of the unhatted ones,
ie. k > kandl — £, for example 1 «<— 00, 2 «— 01, and so on.” The coefficients sk are
symmetry factors defined as s**”” = 1, s#"PP = 2 with u # », and s*”°? = 4 with u # »,
p # o. Thus, the quadratic action can be recast as

10
so=1 [ate 3wy =1 [ ateh o, (289

"Do not get confused by the notation in (2.87): KX are the components of a rank-four tensor, while K* is a
g y P!
10 x 10 matrix. For example, K!! = 500000000 — [g0000 " g12 — 500010001 — 9R0001 " and 50 on.
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where it" is the transpose of h and the kinetic matrix reads

( 0 0 0 0 —2p?
p2
0 3 0 0 0
2
0o 0 2 0 o
3
0 0 0 2a  2PoP3
k= —2p3 0 0 2pops O
0 0 0 0 0
0 —2pop3 0 0 0
—2p; 0 0 2pps P*
0 0 —2pops O 0
\ 0 0 0 0 p*-p?

0

—2p2 0 0 \

0 0 0

0 —2pop3 0

2pop3 0 0

p* 0 p*—p3

0 0 0

0 0 0

0 0 pz—pg

0 —2p2+2(1—§)p§ 0
—op2 )

p*—p3 0 =

(2.89)

Inverting (2.89) we can find the propagator for a generic gauge-fixing parameter a. In

matrix form we have

[apo(p +15p2 )—p2p?

0
8p3
0 2(P3*°‘Po)
p2BapZ+p)
0 0
2apg
0
»
-1
A i -1 0
G=i 4p?
0 0
0 72ap0
p3(3ap3+p2)
-1
— 0
4p§
0
apg
Wl 0
P3

2("3*‘11’0)
p2(Bapt+p3)

—2apg

0

0

0

0

p3(3ap3-+p3)

0

-1

0 E
—2ap0 0
p3(3apg-+p3)
0 0
0 0
1
0 m
. 0 0
—a
6ap% +2p§ 0
-1
0 2
0 0
0 0

2
0 i \
4p3
0 0
—2apg
p3(3apg+p3)
0 0
0 0
0 0
0 0
0 0
—Qa
6apg +2p§ 0
0

) )
2;7:/23

, (2.90)

where the imaginary unit was again inserted according to our convention for the Feynman

rules, i.e. CR=il.

Prentki gauge.

As done in the case of the covariant gauge fixing, we can further simplify the

propagator by choosing a suitable value of the gauge-fixing parameter. We take a — 0, which
corresponds to the so-called Prentki gauge [2,10], and obtain the following expression for the
graviton propagator in matrix form:

( -p*
8p§

0

OO OO0 O OO Oy o

OO0 OO0 O O OoORv O ©

OO OO O OO O o o

24

-1

4p3

0
0
0
—1
2p2
0
0
1
2p2?
0
0

co ocoof|Looc o o o

OO OO O OO O O o

OO OO O OO O o O

OO OO O OO O O o

(2.91)
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To determine the number of independent physical components in the propagator we can
compute its eigenvalues and check how many of them have a pole at p? = 0. The ten eigen-
values A; can be found by solving the characteristic equation

A% (14 Ap2) (1+24p%) (2— Ap2)* (1— Ap2—8A%p?)

det(¢*=0_21)=0 < =0,
( ) 2(p2)2p8
(2.92)
whose solutions are
2 4
2 p*+4/(p?)*+32p;
11:A2213:A4:O, A5:A6:—2, 7 == 7 ,
pg 4p3
2 4
—p“+4/(p?)*+32p 2 1
7(‘8 = ) 3 5 },9 = __2 5 7(,10 = __2 . (2.93)
4p3 p p

We can now explicitly see that only two eigenvalues, A9 and A;(y, have a physical pole at
p? = —pg + p3 = 0. This means that the graviton propagates only two degrees of freedom,
which is consistent with the counting of on-shell degrees of freedom performed above.

For the sake of completeness, we also show the tensor form of the physical part of the
propagator in the Prentki gauge and in the reference frame p, = 0 = p5. This corresponds to

the 3 x 3 subspace {11, 12,22} of the matrix (2.91):

P T S L
G O(p,p) = = (8,108 vo + B10Brp = 81vBpe) + -+ (2.94)

where we have defined

6,y = diag(0,1,1,0), (2.95)
and introduced the Feynman prescription. The dots stand for additional terms that do not have
poles at p? = 0 and are proportional to 1/ p§ and 1/ pg': These contributions are associated to
the remaining elements of the matrix (2.91).

The graviton field projected on the physical subspace {11, 12,22} is transverse and trace-
less, and propagates only two helicities. Indeed, we can obtain the on-shell graviton field by
acting with the residue of the propagator (2.94) at p2 = 0 on h*?:

. ) = - 1
i [19765700, |17 = 3 (050 + 0660 296

where we have used the relation

ucQvp — _,uv po = e,l(j;)e;(;c—r) + e!(;:,)el()i,) . (2.97)

It is worth noting that the structure of the propagator in the Prentki gauge which con-
tains the pole contributions is the same as in the Feynman gauge (2.81) up to the replacement
Nuy = 5 uv- This confirms what we alluded to above, that is, not all components of the propa-
gator in the Feynman gauge correspond to physical propagating degrees of freedom, and that
by switching to a non-covariant gauge we can manifestly reveal the physical ones.

2.2.6 Graviton propagator: Spin projectors

We now derive the propagator for a generic de Donder gauge-fixing parameter by using the
spin-projector formalism through which we can easily identify the spin structure of the off-
shell components. We introduce the spin projectors without giving too many details, but the
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reader is encouraged to check section 2.B for an expanded discussion. To warm up, we first
apply the formalism to the case of the photon propagator in quantum electrodynamics (QED)
and then move to Einstein’s gravity.

Warm up: Photon propagator
Consider the free action for a photon with the Lorenz gauge fixing:
1 1 2 1 -
Sp= J d*x [—ZFWF‘“’ 3 (9,4%) ] =3 f d*xA,K*A,, (2.98)

- 1

K“”En“vm—(l—g)a“a”. (2.99)
Here, £ is a gauge parameter that plays the same role as a in gravity. We want to rewrite
the kinetic operator in terms of its spin components and then invert it to find the propagator
whose spin structure will then be manifest.

Under the rotation group SO(3) the four-vector A,, can be decomposed into two irreducible
representations: A scalar (Ay) and a three-vector (4;), that is

A, €001, (2.100)

Working in momentum space, we can define the following projector operators

_ DuPv __ buPy
Ouy = Ny — 20 Cw= (2.101)
that are idempotent and orthogonal,
0,p0°, =0y, WP =Wy, 0o, =0, (2.102)
and form a complete set
6, "+w,"=6," = Opy + @py = Ny - (2.103)

Since the projectors are idempotent, their trace equals their rank. This means that the trace is
equal to the dimension of the corresponding irreducible representation (i.e. 2j + 1):

N0, =3=21)+1, 1w, =1=200)+1, (2.104)

which means that 6,,, projects along the spin-one component and w,,,, along the spin-zero.

Besides forming a complete set of projectors, {6, w} also form a basis in the space of sym-
metric rank-two tensors. Therefore, we can express the photon kinetic operator as a linear
combination of the spin projectors, and in momentum space we have

RHY — _pz I:e;w + %a)‘”] . (2.105)

The propagator can be found by solving the tensor equation QMPKP y = in,,. Making the
Ansatz G,,(p) = A(p)6,, + B(p)w,,, and using the idempotency and orthogonality proper-
ties of the projectors, we can easily determine the two unknowns, i.e. A(p) = —i/p? and
B(p) = —i&/p?. Thus we obtain

Gr(p) = —é (Oy+ ) - (2.106)
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Note that the propagator contains all four (physical and unphysical) degrees of freedom. How-
ever, w,,, is proportional to the four-momentum p,,, therefore it does not contribute to an am-
plitude when we contract the propagator with some external conserved current. By contrast,
6, does contribute and carries the off-shell propagating degrees of freedom of the photon
field. Indeed, the photon has three degrees of freedom off-shell. The longitudinal component
of 6, disappears on-shell due to gauge invariance. This counting of off-shell and on-shell
degrees of freedom shows that one component is killed purely off-shell, then another one is
eliminated on-shell: Gauge invariance hits twice.

Graviton propagator

We now apply the same procedure to the gravitational case where the graviton field is a sym-
metric rank-two tensor and the kinetic operator and the propagator are symmetric rank-four
tensors.

Under the rotation group SO(3) a symmetric rank-two tensor h,,,, can be decomposed into
two scalars (the spatial trace §; jhij and h%9), a spin-one (h%) and a traceless spin-two (hi):

Weoo0ole?2. (2.107)

For these four irreducible blocks we can introduce the following four spin projectors

@) 1 1
P uvpo 5 (QHP QVU + Q.U«UGVP) - ngWQPU ’
1
pW =—(0,w,s+0,,0,,+60, w,;+60,;0,,),
uvpo % ( upPvo T Yuc@yp T YypLuc T Yvo up) (2.108)
(0,5)
P uvpo §9MV9PU >
(ow) —
P uvpo @ur®po
They are idempotent and orthogonal, that is
P(i,a)uvaﬁp(j,b)aﬂpo_ — 5ij5ab73(i,a)uvpo' , (2109)

and form a complete set

’P(z) + P(l) + 7)(0,5) + P(O;W)

uvpo uvpo uvpo uvpo = ]lMVPU : (2'110)

Since the projectors are idempotent, their trace equals their rank. This means that the trace is
equal to the dimension of the corresponding irreducible representation (i.e. 2j + 1):

1vpo p(2) =5=2(2)+1,
uvpo
1veop) =3=2(1)+1,
uvpo (2.111)
]l;,wpafp(o’s) =1=2(0)+1,
wvpo
luvparp(o’w) =1=2(0)+1,
uvpo

which means that P® projects along the spin-two component (the traceless hij), PD along
the spin-one (hg;), P**) along one of the spin-zero (spatial trace) and P**) along the other
spin-zero (hgg).

Unlike the case of the photon, the complete set of projectors is not sufficient to form a
basis in the space of symmetric rank-four tensors. Indeed, we can notice that the basis element
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B(S)Wpa in (2.73) cannot be obtained from the four projectors introduced above. This means

that we need to add an additional element to close the basis, and we choose it as follows

(0,x) _ (0,sw) (0,ws)
P wvpo = P wvpo +P wvpo (2.112)

where

(0,sw) _ 1 (0,ws) _ 1
P wvpo Eglwwpg ) P uvpo ﬁwwepg ) (2.113)

from which we can reconstruct the missing element B(S)Wpa to close the basis.

Let us emphasize that the operators P(%**) and P("*) are not projectors, indeed they are
not idempotent, do not contribute to any completeness relation, and are not orthogonal to the
spin projectors. However, they satisfy some relations which together with those in (2.109) can
be written in the following compact form:

(i,ab) afp(j,cd) po _ cijsbepliad) po
plean) abplad 0o = giigbepliad po, (2.114)

where the notation and conventions for the labels is explained in the appendix below (2.274).
Using the completeness relation (2.122) and the identities

'r),uvnp(f = (37)(0’3) + ,P(O,W) + 1/E,P(O’X))/.,vacr ’
— 0, 0,
n,uvaa + ,r’pO'wMV - (1/573( X) + 27)( W))Mvpo' 2 (2.115)

1
2 (nupa’vo T Nuoc@yp + Ny @up + Nyp “)uo) = (P(l) + ZP(O’W))mpa ’

we can rewrite the momentum-space kinetic operator with the de Donder gauge fixing (2.65)
as

RIPO (p) = _pZ[p(z)uvpo + %p(l)HVPU 4 (% _ 2) POurpo

(2.116)

+ ip(O,W)WPU _ ﬁp(O,X)uvm )
2a 2a

The propagator can be found by first expressing G,,,,,(p) as a linear combination of the
basis elements with with some unknown coefficients, i.e.,

2 1 0,
guvpo_(p) — A(p)P( )MVPU +B(p)'P( )HVPU + C(P)P( S)Mvpa (2.117)
0, 0,% '
+ D(p)P( W)uva' + E(P)P( ).uva' ’

substituting the latter into (2.69) and solving the tensor equation for the unknown coefficients.
The relations (2.114) make this computation very straightforward, and it can be shown that

i i i
Al =—, B =——a, C =—,
(p) 2 (p) 2% (p) 202 o)
D( )__i (4(1—3) E(p) = i v3 '

which give the following expression for the graviton propagator in a generic de Donder gauge
fixing:

__1|p® L 505 )
g.U«VPU(p) - _F[P uvpo - EP uvpo +aP uvpo
(2.119)
n 4o — BP(O’W) _ \/gp(o,x)
2 uvpo 9 pvpo |
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Note that the propagator contains all ten (physical and unphysical) degrees of freedom.
However, P, PO and also P©*), are proportional to the four-momentum p,,, therefore
they do not contribute to an amplitude when we contract the propagator with some external
conserved stress-energy tensor. By contrast, P and P©*) do contribute and carry the off-
shell degrees of freedom of the graviton field. Indeed, the graviton has six degrees of freedom
off-shell: Five coming from the spin-two (j, = +2,4+1,0,—1,—2) and one from the spin-zero.
What happens when going on-shell is that, due to gauge invariance, the contribution of the
Jj, = £1 helicities vanish and the longitudinal component j, = 0 is canceled by an equal term
coming from the spin-zero projector, thus only the two helicities &2 contribute on-shell. Sim-
ilarly to the case of the photon propagator, this counting of the off-shell and on-shell degrees
of freedom is consistent with the fact that gauge invariance hits twice: Four degrees of free-
dom are killed purely off-shell (that is why we have six of them off-shell) and additional four
degrees of freedom are eliminated on-shell.

Therefore, the gauge-independent spin structure of the graviton propagator is given by

( Dpy=__— | p (0,5)
G ) = =5 [ P2, = 5P| (2.120)

Let us also observe that the spin-zero component comes with a minus sign unlike the spin-
two that comes with the usual positive sign (up to our convention for the Feynman rule that
requires the factor —i). In general, such type of opposite signs in the propagator may create
troubles. However, in this case the minus sign is harmless because the spin-zero is not a
propagating degree of freedom on-shell and, moreover, its opposite sign is actually necessary
to cancel the longitudinal component of the spin-two projector [11], and to consistently obtain
the correct counting of degrees of freedom on-shell,® as explained before. In section 2.4 we will
encounter propagators with additional components carrying opposite signs that can propagate
on-shell. In this case, a more careful analysis is needed in order to understand whether such
type of propagator can be physically viable.

2.2.7 Canonical quantization

We can implement the canonical quantization for the free graviton field h,, by following sim-
ilar steps as in the case of the photon field. Since we have already identified the independent
field components, for example those in (2.49) if we work in the helicity basis, we can pro-
mote h,,, to an operator and decompose it in terms of creation and annihilation operators by
summing over the two physical helicity eigenvalues 2.

Commutation relations

The quantum graviton field can be written as an infinite superposition of plane waves weighted
by the polarization tensors in the helicity basis and the annihilation/creation operators:

_ (0] le T (l)* —ip-x
hMV(X)_A:%: ZJ (2m)3 2@ ( Ple +a; A uv € )’ (2.121)

where w; = +/p2 = |p| and el(fvz) were defined in (2.50). The annihilation and creation

operators aj ; and a- , respectively, satisfy the following commutation relations:

[a@l,aﬁ/’w] =0= [a;’l,a;,w] , [aﬁ’l,ag,w] 20)»(27‘5)35;\”5(3)@ "/). (2.122)

81t is worth to mention that in theories of massive gravity, the flat propagator is given by (— l)P(Z)W oo /(p?+m?),
where m is the mass of the massive graviton. In this case, the number of off-shell and on-shell degrees of freedom
coincides and is equal to five. We can notice that the naive massless limit m — 0 does not recover the graviton
propagator in GR because there is no spin-zero projector to start with. This is the well-known Van Dam-Veltman-
Zakharov discontinuity [12,13].
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We can define a unique Poincaré-invariant (non-interacting) vacuum |0) as

a5 10) =0. (2.123)

Furthermore, we can construct states populated by free particles called gravitons by acting
with the creation operator on the vacuum. The first state on the top of the vacuum is the one
containing a single graviton with momentum p and helicity A, and it is given by

1B, A) = a;,A 0) . (2.124)

Issues with self-interactions

The above quantization procedure works very well in the case of a free theory, but things might
get very complicated and unclear when self-interactions O(x" 2h?) are included. Complica-
tions are due to both non-linearities and gauge symmetry. It is true that we have managed
to identify the physical on-shell degrees of freedom, i.e. the states that would be attached to
external legs in a Feynman diagram. However, degrees of freedom that do not propagate on-
shell can still contribute to virtual processes and appear off-shell in an internal line propagator.
Furthermore, to prove the unitarity of the S-matrix, generally speaking, we have to show that
imaginary parts of loop diagrams (left-hand side of the optical theorem) are equal to the sum
over cut diagrams of lower order (right-hand side of the optical theorem); see section 2.A.3.
In the cutting procedure, internal lines become external, and unwanted degrees of freedom
could appear on-shell. This situation would be catastrophic for the consistency of the theory
and its viability.

This type of difficulties were first noticed by Feynman in both Yang-Mills and GR [14]. He
realized that unitarity could be restored by manually adding new diagrams containing loops
of spin-zero particles carrying —1 factors as if they obeyed fermionic statistics. Soon after, de
Witt [15], Faddeev and Popov [16] realized that these fields with the opposite statistics arise
naturally from a path integral construction in gauge theories. They are now named Faddeev-
Popov ghost fields: They were probably called ghosts because they only appear as internal lines
and never contribute as external on-shell degrees of freedom.’

It is worth mentioning that it is possible to find a gauge in which the Faddeev-Popov fields
fully decouple, and the canonical quantization becomes more doable. This gauge is sometime
called axial gauge. While this could be useful in Yang-Mills theory, working with the axial
gauge in the gravitational case is horrible because the renormalization procedure becomes
more obscure due to the appearance of non-covariant counterterms that one has to carefully
take care of [17,18].

In this section, we do not really need the Faddeev-Popov fields. However, since in the
next section we will start introducing gravitational self-interactions, for completeness we will
briefly introduce them by mentioning some of the relevant features and explicitly show that
they never appear as propagating on-shell degrees of freedom.

2.3 GR as a QFT: Interacting theory

So far we have mainly focused on the quantum structure of the kinetic term and degrees of
freedom in GR. However, to do physics we need to take into account interactions, and that
is what we are going to do in this section. In section 2.3.1 we introduce the Faddeev-Popov
ghost fields in both cases of covariant and non-covariant gauge fixing. In section 2.3.2 we
discuss some aspects of unitarity. Finally, in section 2.3.3 we prove that GR is perturbatively
non-renormalizable, and analyze the structure of UV divergences.

°In section 2.4 we will use the word “ghost” with a different meaning, i.e. for fields whose kinetic term (or their
propagator) has the wrong sign. So, please, do not get confused by the two different meanings!
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2.3.1 Faddeev-Popov fields

The action for the Faddeev-Popov fields can be found by determining how the gauge-fixing
term transforms under a gauge transformation, i.e. under the diffeomorphism (2.29) in the
case of Einstein’s gravity. The full gravitational action including gauge fixing Sqr and Faddeev-
Popov ghost term Sgy, is given by

a

1 1
S[g’ 'f)’h] = ﬁ f d4x Vv _gR_ J d4x "FMT’PWFV +Sgh[g; mn, h]: (2125)

where!?
Senlg,n,h]= | d*xc*
ghter b o¢,

¢y is called ghost field, while ¢, is the anti-ghost field, and they are anti-commuting. Here we
only consider the Minkowski background, but the same construction can be easily generalized
to a generic background metric g, (see section 4.2.7).

We can rewrite the functional derivative of the gauge fixing as

oF,

cy. (2.126)

6F, 6h oF,
u p Ppo Y
= =— 6 "V, +6 "V,_.]|. 2.127
6¢, 6hy, 60, 5hpo( c P P U) ( )
Substituting this into the action (2.126), we obtain
oF,
Sanlg,mhl=— | d*x e — (V,co + Voc,) - (2.128)
6hyo

5F, , . i . .
To evaluate 5 we need to first tell which gauge fixing we are working with. Let us
po
now consider both cases analyzed above when we derived the propagator: First, the covariant
gauge fixing in (2.61) and second, the non-covariant one in (2.82).

Covariant gauge fixing. To take the functional derivative it is convenient to first symmetrize
JF,, in (2.61) as follows

1 1
Fu= [5(5uaaﬁ +5uﬁaa)—5naﬂau]ha,5. (2.129)
Then, the derivative with respect to h,, is
o0F, [1 1
=—|=16,0°+6 0% |—=-nr°0 } (2.130)
5hp0 2 ( w w ) 2 K

Substituting this into the action (2.126) we get the following expression for the Faddeev-Popov
action:

Sgh=Jd“xa“(apvpcﬁapvucp—auvpcp). (2.131)

If we expand in metric fluctuations, we can identify the zeroth order kinetic term of the
Faddeev-Popov fields around the Minkowski background:

Seh = J d*xe#0c, + O(xh). (2.132)

10To be more precise, we should write (2.126) as a double integral fd“xd4 ¥ because the functional derivative
. . . 5F . .
depends on two spacetime points x and y, i.e. #((yx)), and Dirac deltas 6 (x —y) need to be taken into account to
v
kill one of the integrations. However, as already mentioned when we expanded the gravitational action in metric
fluctuations, for simplicity we neglect the four-dimensional Dirac deltas coming from the functional derivatives

and assume that the additional integrations are carried out.
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The interaction contribution O(xh) contains only terms that are linear in h,,,, ¢, and c*, that
is, the graviton, the Faddeev-Popov ghost and anti-ghost fields couple only via a cubic vertex
that is linear in the coupling k. This fact becomes manifest if we use (2.29) for the expression
of V¢ + Vs, in (2.128).

Non-covariant gauge fixing. In the case of the non-covariant gauge fixing in (2.82), sym-
metrizing we get

1 B :
Fu=5(6,6"+5,05)5,0"hep. (2.133)
and the derivative with respect to h, gives

o0F,
oh

1 ;
=3 (5,,6.7+6,°5")8,1a". (2.134)

Substituting into the action (2.126) we get
Sen = J d*xe#(8'V,c;+0'Vic, ), (2.135)
and if we expand in metric fluctuations we can identify the zeroth order kinetic term:

Sen = f d*x¢,(8,70'0% +n""3'8,) c, + O(xh). (2.136)

2.3.2 Unitarity

In our gravitational QFT, we expect quantum probabilities to be conserved, for example the S-
matrix operator should be unitary. One can actually show that the optical theorem is satisfied
order by order in perturbation theory [19]. Unitarity also requires that no gauge and Faddeev-
Popov degrees of freedom propagate on-shell; instead, depending on the selected gauge fixing,
they can propagate off-shell as internal lines in loop diagrams.

In what follows we show some tree-level computations to convince ourselves that unitarity
is indeed preserved.

Tree-level optical theorem

From section 2.3.2 we know that one of the implications of the optical theorem is that the
imaginary part of an elastic amplitude must be positive. Let us verify this property for the
simplest type of elastic amplitude we can imagine, that is, a graviton going into itself:

A151(p%) = (D) (=12 €M Gpp 0 (pP)eP7 (2.137)

where (—i)? comes from the two vertices and the third —i comes from the overall multiplicative
factor of the amplitude according to our convention for the Feynman diagrams.

We can choose any gauge we like for the propagator. For example, let us choose the ex-
pression in the Feynman gauge obtained in (2.81). Then, using the Sokhotski-Plemelj formula

1
pZ—ie

1

=P.V.(—2) +in5(p?), (2.138)
p

where P.V. stands for the Cauchy principal value, we obtain

1
Im [Al_d(pz)] = n5(p?) [e*’“’ew— §|77W6m|2] = Tr5(p2)e*“”ew >0. (2.139)
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In the last step we have used the fact that the Dirac delta §(p?) makes the graviton on-shell, and
this implies that the trace of the polarization tensor is zero because €,, = —e;;. Therefore, we
have shown that the imaginary part of the amplitude is positive, in agreement with the optical
theorem.

Faddeev-Popov fields are unphysical

As mentioned above, Faddeev-Popov fields are very important for the consistency of the the-
ory, in particular their off-shell contribution is needed to cancel unwanted intermediate states
on the right-hand side of the optical theorem, and thus to preserve perturbative unitarity.
In fact, the contributions coming from the Faddeev-Popov ghost and anti-ghost fields always
compensate the ones of the (non-residual and residual) gauge components of the graviton
field [14, 15]. This also means that the ghost and anti-ghost states, together with the non-
physical polarization states of the graviton, can be projected out of the physical Hilbert space
in a way compatible with gauge invariance and unitarity.

Looking at the expression of the kinetic term in the covariant gauge (2.132), it seems that
a 1/0 pole could arise after the inversion of the kinetic operator. However, this pole is not
physical but a gauge artifact, similarly to the poles of the unphysical gauge components of the
graviton propagator in the de Donder gauge (2.119). The crucial point is that Faddeev-Popov
ghosts can propagate off-shell through loops, but they never appear as on-shell degrees of
freedom, otherwise unitarity would be violated.

As done for the graviton propagator in section 2.2.5, we can work in the non-covariant
gauge where the Faddeev-Popov propagator can be shown to have no pole at p? = 0 [2,10].
Choosing the frame p* = (p°,0,0,p>), the kinetic term of the Faddeev-Popov fields in the
non-covariant gauge (2.136) can be written in the following form

Seh = J d*x EMK;‘JCV + O(xh), (2.140)

where
p; 0 0 —3p}
0 —-pi O 0
TP 0 0 —p3 O
i 0 0 23
Since the kinetic operator of the Faddeev-Popov fields in the non-covariant gauge does not
depend on p,, its inverse cannot depend on p? = —p(z) + pg, therefore no pole at p? can appear
in the propagator. Since this is an on-shell result, it will be valid in any other gauge. Thus, no
Faddeev-Popov particle can ever appear on-shell.

(2.141)

2.3.3 Failure of perturbative renormalizability

To determine whether a local QFT is perturbatively renormalizable, we just need to look at
the mass dimension of the interaction couplings (see section 2.A). From (2.23) we know that
the gravitational couplings in GR are proportional to inverse powers of the Planck mass, i.e.
K"2=1/ MP’}I_2 with n > 3, therefore the mass dimensions are always negative and the theory
is perturbatively non-renormalizable:

A, =[k"?]=2-n<0, n>3. (2.142)

Given a loop diagram G containing E external legs and V,, vertices with n > 3 legs, the corre-
sponding superficial degree of divergence is given by (see (2.249))

5(G)=4—E— Y VoA, (2.143)
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and increases with the number of vertices since A, < 0.

To check the failure of perturbative renormalizability even more explicitly, we can con-
sider a generic L-loop integral and compute how it scales with the internal momenta at high
energies. If we do that, we have

1 1
f d4k ... d4k % ﬁ . ﬁ X kz . k2 ~ k2L+2(L—I+V) — k2L+2 , (2-144)
L-loops — V-vertices

I-internal propagators

where we have used the fact that the graviton propagator goes like 1/k?, that the vertex
contains always two powers of momenta, and we chose the most divergent case for which all
vertex momenta are internal. Thus, from (2.144) we see that the UV divergence of the integrals
become worse if the number of loops increase, implying that the theory is perturbatively non-
renormalizable.

We now analyze the structure of one-loop, two-loop and higher-loop divergences.

2.3.4 One-loop divergences

Loop computations in QG are very hard, and an explicit derivation cannot be shown easily.
However, thanks to symmetry and power counting arguments, we can easily guess the tensor
structure of loop divergences without performing tedious computations which, instead, are
needed to determine the exact numerical coefficients.

Let us start with one-loop corrections to the graviton propagator in pure GR, i.e. with no
coupling to matter, for the time being. In particular, we are interested in one-loop diagrams
with two external graviton legs and either graviton or Faddeev-Popov propagators as internal
lines (they both behave as 1/p? in de Donder gauge). The loop will contain either one or
two internal propagators, namely we can have either a tadpole (fig. 1a) or a bubble (fig. 1b)
diagram. Depending on the number of vertex momenta that are associated to internal lines,
we can have different types of UV divergences.

* The tadpole only contributes with power-law divergences. If all momenta in the vertex
are internal, we have a quartic divergence; if only one vertex momentum is internal,
we have a cubic divergence; if no vertex momentum is internal, we have a quadratic
divergence.

* The bubble contributes with both power-law and logarithmic divergences. If all mo-
menta in the two vertices are internal, we have a quartic divergence; if three vertex
momenta are internal, we have a cubic divergence; if only two vertex momenta are in-
ternal, we have a quadratic divergence; if only one vertex momentum is internal, we
have a linear divergence; if all vertex momenta are external, we have a logarithmic
divergence.

The power-law divergences are set to zero if we work in dimensional regularization,!

therefore we only need to focus on the logarithmic divergences coming from the bubble dia-
gram which have the following schematic form:

11
ppppf d*k— = k*k* ~ pppp | —. (2.145)

This means that the counterterm needed to cancel the divergence has to contain four pow-
ers of the momentum, i.e. in coordinate space fourth order derivatives acting on the metric

'with other types of regularizations (such as a cutoff regularization), some of the power-law divergences con-
tribute to the renormalization of Newton’s constant and the cosmological constant, while others do not appear
because of symmetry reason (e.g. the cubic and linear divergences would violate parity invariance).
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(a) b)

© ()
Figure 1: (a) Tadpole diagram; (b) bubble diagram; (c) one-loop three-vertex di-
agram with external lines attached to three-vertices; (d) one-loop three-vertex dia-
gram with one external line attached to a three-vertex and two external lines attached

to a four-vertex. Wavy external lines correspond to gravitons, while the solid internal
lines correspond to either graviton or Faddeev-Popov propagators.

fluctuation. Since the Einstein-Hilbert Lagrangian only contains second-order derivatives, the
structure of the counterterm associated to (2.145) is not contained in the original bare La-
grangian.

Furthermore, we can consider one-loop n-graviton vertex corrections with n external gravi-
tons. For example, the one-loop contributions to the three-graviton vertex are shown in fig. 1c
and fig. 1d. Also in this case, we can make a power counting analysis, and find the logarithmic
divergences whose functional structure contains fourth order derivatives acting on the metric
field.

The question we need to ask now is: What local terms containing fourth order derivatives
and respecting diffeomorphism invariance can we add to the action? Answering this question
is easy, and the possible fourth order terms contributing to the one-loop divergent part of the
effective action are

1 1
Féiv)[g] == | d*% V=8 ClR2 + CZR,uva} + CBRMVPURMVPU
€
(2.146)

+ C4R[.H/p0'

RMPY? +¢5V, V ,R* + C6DR] ,
where ¢y, ..., cg are constant coefficients and 1/e = 1/(4 —d) is the simple pole divergence in
dimensional regularization. We now show that only two out of the six terms may contribute.
The sixth term is a total derivative and can be neglected up to surface terms. The fifth
is also a total derivative and, actually, is equal to the sixth due to the Bianchi identity, i.e.
V,V,R"” = 0OR/2. The fourth term can be written in terms of the third by using the cyclic
identity R[50 = O which implies R, ,,R*F"™ = %RWWR‘”F’ 9. Furthermore, using the fact
that in d = 4, the Gauss-Bonnet combination y/—g(R,,sR""?? —4R,,,R"” + R?) is locally a
total derivative,'? we can express the square of the Riemann tensor in terms of R? and R, R
plus boundary terms. Thus, in end we can recast the divergent part of the one-loop effective
action into

125ee [4] for a pedagogical proof that the Gauss-Bonnet term is locally a total derivative.
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Féllv)[ 1= % J d*xy/—g[aR?*+ bR,,R*"], (2.147)

where a = ¢y —c3—c4/2 and b = ¢y + 4(c3 + c4/2) are two redefined coefficients.
The exact numerical factors were computed for the first time by 't Hooft and Veltman in
the de Donder-Feynman gauge [10], and they found
1 1 1 7

__ 1 1t 7 2.148
T T @n2120 (47)2 20 (2.148)

Although we are neglecting the boundary terms in (2.147), it is worth to mention that
they are important for the renormalization of the theory, as they do contribute to the one-loop
effective action [10,20,21]. For example, the Gauss-Bonnet invariant appears with coefficient

1 4;)% 5o and can be computed from the one-loop three-graviton vertex diagrams in fig. 1c
and fig. 1d [21]. In fact, the Gauss-Bonnet and OR divergences also have important physical
implications due to their contribution to the conformal anomaly when gravity is coupled to

conformal matter [4,6].

One-loop finiteness in pure gravity: Field redefinition

It can be shown that in pure gravity, the one-loop divergent terms in (2.147) can be absorbed
by a “renormalization” of the metric field due to the fact that the integrand in (2.148) is
proportional to the vacuum field equations of the classical theory. More precisely, given a
metric field g,, and the action

S'Tg]= Selg]+ 15, L8], (2.149)
we can find a field redefinition
8uv = 8,,,(8,a,0) = g,y + Agy,(ab), (2.150)
such that, perturbatively in a and b, we have
Seulgl+T, le Vigl= Seulg + Agl+ O(a?, b* ab) = Sgu[g'1+ O(a?, b, ab), (2.151)

where the terms O(a?, b2, ab) are expected to contribute to higher-loop and higher-curvature
orders. While the bare metric g,,, and the counterterm Ag,,, are infinite, the one-loop renor-
malized metric field g; , is finite.

The expression of Ag,, can be found by imposing that the first-order variation of the

Einstein-Hilbert action under the metric transformation (2.150) is equal to F(l)[ g], ie.

=1W[g]. (2.152)

div

ASgylg] f d“x\/_

Making the Ansatz Ag,,, = Ag,,,R+BR,,,, where Aand B are two coefficients to be determined,
we find

1
ASpylgl= f d*x v (RW - EgWR) (Agm,R + BR!»W)
=— | d*x+/— i — A+lB R?>+ BR, ,R*”
& o2 2 |

(2.153)
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which equals Féilv)[g] if

1 B §
9:—2(A+—), A="(2a+b),
gooAN 2 & £ (2.154)
— = B=—"12p
€ 2x2° - e o

Therefore, the field redefinition needed to absorb the one-loop divergence in pure gravity reads

2
K
8y = Buv T — [(2a+Db)g,,R—2bR,, |
(2.155)

= +K—2(E R—7R)
~ 8T J0(amyze 3 5 wr ) -

. J

Note that, strictly speaking, we never imposed the field equations, but only used the fact
that F(gilv) is proportional to them, i.e. the field redefinition was performed off-shell. Another
way to rephrase the one-loop finiteness is saying that the one-loop divergent contribution
vanishes on-shell, i.e. F(gilv) onsheg = 0 When G, =0=R,, =0.

In the presence of a non-vanishing cosmological constant A # 0, pure Einstein’s gravity is
still one-loop renormalizable because the one-loop divergence can be absorbed by a logarith-
mic renormalization of the metric field and the Newton’s constant off-shell. In this case, we
would have

A#0 1 A#0 23
Sl a1+ T[] =581 Grogg | 4V =g/AR), (2156
where the last term can be absorbed into a renormalization of the Newton’s constant. Another
way to rephrase this argument is to say that on-shell (i.e. R, = g,,A) the one-loop diver-

gence becomes I‘(gilv) onushell = —m % f d*x /—gA?, which can be absorbed by a logarithmic

renormalization of the cosmological constant.

Remark. Although the field redefinition (2.155) does not change the physics at the level of
the action, one may still wonder whether it changes the quantum properties of the theory, for
example by introducing new terms in the path-integral through the generation of a non-trivial
Jacobian from the transformation of the path-integral measure. The Jacobian associated to the
field redefinition (2.155) has the schematic form det(1+X) where X takes into account deriva-
tives of Ag,,, with respect to g,,. Introducing anti-commuting fields g and g, the Jacobian
can be written as

det(1+X) = J DGDq e J d'xa1+X0q (2.157)

from which it follows that the propagators of § and g are constant. Since the field redefinition
is local, X is also local and the interactions involving q and q are local as well. Therefore,
all loops made with ¢ and g contain integrals of polynomials which vanish in dimensional
regularization. It follows that the Jacobian is equal to one, which means that perturbatively
the local field redefinition (2.155) does not affect the path integral.

One-loop finiteness in pure gravity: Gauge-fixing dependence

Remember that the one-loop result in (2.148) was obtained in the de Donder-Feynman gauge.
In fact, the divergent part of the one-loop effective action depends on the gauge fixing, and
this is the key feature behind the one-loop finiteness of pure Einstein’s gravity, because there
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(1)
Fdiv off-shell

exists a gauge choice such that = 0. In other words, if we generalize the de Donder

gauge fixing (2.61) to

a,h, (2.158)

1 1+
Sgrlnh]=—— J dxF P, Fu=oh, -

the quadratic-curvature coefficients in (2.148) turn out to be gauge-fixing dependent, i.e.
a = a(a,B) and b = b(a, ). Then, there exist specific values of the gauge parameters a,
and f, such that [22]

(1 _
Faiw (2er B [t ghen = 0 (2.159)

This fact related to the one-loop finiteness via the field redefinition discussed above. Since
on-shell physics is independent of the gauge-fixing parameters, the difference of the one-loop
divergent effective action evaluated for two different choices of gauge parameters must be
proportional to the field equations, i.e. it must vanish on-shell. Indeed, it can be shown
that [6,22]

1 1 1 6Sgn
Fc(hv) ((11, ﬁl)_r(glv) (aZJ /52) = ; d4xfuv5 > (2160)

Euv

where f,, is some symmetric tensor function that depends on a;, f3;.

If we choose a, = a, and 3, = f3, such that Féilv) (aq, By) =0, we get
1 1 6S
LGy (a0, B) = < | dhcf ot (2.161)
€ gMV

namely the divergent part of the one-loop effective action is proportional to the field equations.
In particular, if we work in the de Donder-Feynman gauge a; = 1, 3; = 1 we get the result in
(2.148) with f,,, = Ag,,R + BR,,,, where A and B are those in (2.154).

In summary, since there is a choice of gauge parameters such that the divergent part of
the one-loop effective action vanishes, it follows that Féilv) is zero or proportional to the field
equations of the classical theory. However, it should be remarked that the coefficient of the one-
loop divergent contribution proportional to the Gauss-Bonnet invariant is gauge-independent
and never vanishes.

One-loop divergences and coupling to matter

The previous discussion strongly relies on the fact that matter couplings were absent. However,
if the interactions with matter are switched on, then Einstein’s gravity turns out to be one-loop
non-renormalizable. In fact, the one-loop divergence (2.148) is no longer proportional to the
field equations since

5(SEH+Sm) :_L —g (R/.w_lg,uvR_KZTuv) . (2.162)
08uy 2k2 2
In this case the field redefinition of the metric would generate terms like ’%ZRWT‘“’ and KE—ZRT
that cannot be absorbed in the initial bare action Sgy; +S,,, and that on-shell would be propor-
tional to squares of the stress-energy tensor, i.e. T, T"” and T2. This also means that there is
no choice of the gauge-fixing parameters that would make the one-loop divergence vanish.
One may hope that some special combinations of matter fields make the one-loop diver-
gence disappear, but this generically does not happen, especially if we consider the physical
scenario of SM Lagrangians coupled to GR.
In summary, pure Einstein’s gravity is one-loop renormalizable but Einstein’s gravity cou-
pled to matter is not.
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2.3.5 Two-loop divergences

One might hope that the same cancellations could also occur at higher loops, but this is not
the case. In fact, pure GR is perturbatively non-renormalizable starting from two loops, as we
now explain.

Making again a power-counting analysis, we can understand that the two-loop divergences
can appear in different ways: Sextic divergences that renormalize the cosmological constant,
quartic divergences that are proportional to R and renormalize Newton’s constant, quadratic
divergences proportional to four-derivative terms, i.e. R?> and R,,,R"?, and logarithmic diver-
gences multiplying terms with six derivatives acting on the metric. The latter is the only type
of two-loop divergence that would show up in dimensional regularization. Since the vertices
contain only two powers of momenta, the logarithmic two-loop divergences will come from
two-loop diagrams containing three external gravitons on-shell.

The tensorial structure of the two-loop divergence as a function of the metric perturbation
h,,, and the derivatives d,, with the three external gravitons taken on-shell, can be fully de-
termined up to a numerical coefficient. Indeed, if we work in de Donder gauge, the graviton
field is traceless and transverse (see (2.45)), thus the only functional structure which contains
six derivatives acting on the metric perturbation and does not vanish on-shell is [20,21]

x°h®l 8,8,0,hP° 833, 0,h"" . (2.163)

Note that other functional structures depending on the d’Alembertian O = J,3" do not
contribute because they vanish on-shell. The five powers of x in (2.163) can be understood
as follows: Three powers are needed for the canonical normalization of the graviton field (i.e.
xh,, is dimensionless), while the remaining two powers are needed to give the right dimension
to the divergent part of the two-loop effective action. Therefore, we expect the covariant form
of (2.163) to be proportional to curvature invariants of mass dimension equal to six multiplied
by x?=1/ M}%.

All possible diagrams that could give a non-vanishing contribution proportional to (2.163)
are those with three external gravitons attached to three distinct vertices, and are shown in
fig. 2. Two-loop diagrams with two external lines attached to the same vertex cannot generate
two-loop divergences proportional to (2.163), thus we do not show them. Moreover, one can
find that the divergent part of the two-loop diagram in fig. 2h vanishes, whereas the diagram in
fig. 2g only contributes with a double pole divergence in dimensional regularization [20,21].
However, we will show below that double pole divergences are absent on-shell.

As done in the one-loop case, we can find the covariant tensor structure of the divergent
part of the two-loop effective action using the locality of counterterms and diffeomorphism
invariance, whereas the exact numerical coefficient can only be determined by performing an
explicit computation. Furthermore, without much effort, we can also determine the pole order
of the two-loop divergence in dimensional regularization, i.e. whether it is a simple pole 1/¢,
or a double pole 1/g2. We first derive the tensor structure of the two-loop divergence, and
then focus on the order of the pole.

Tensor structure of counterterms

The two-loop counterterm must be proportional to something like
r®g]oc Kzf d*xy/—gR, (2.164)

where R is an invariant of mass dimension six that contains contractions of metric tensors,
Riemann curvatures and covariant derivatives. The possible contractions, neglecting irrelevant
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(a) (b) (©
(d) ®
©® (h)

Figure 2: Set of diagrams that contribute with logarithmic divergences to the diver-
gent part of the two-loop quantum effective action. Wavy external lines correspond
to gravitons, while the solid internal lines correspond to either graviton or Faddeev-
Popov propagators.

boundary terms, are [23]
w PRuY 3 wy upp v
V.RVFR, VR, VPR*, R®, RR,R", R,RR, RR

pftuy
wy
R, R,oRP" , RPR™PRg ., RyypoR"" ,RPOYP, R

vpo
MVPURH P ,
uw p praoP
R P R"P.

(2.165)

uvpo B uvpo

First, we note that all terms except the last two are proportional to the classical vacuum field
equations. This means that they can be absorbed by a redefinition of the metric field that gen-
eralizes (2.155) with additional terms of mass dimension four, e.g. gWRZ, 8uvRooRP7, RR,,,,
V. V,R, and so on. Moreover, it can be shown that the last two cubic invariants in (2.165) are
linearly dependent. This follows from the identity

R Reo R o, (2.166)
po af vy

that in four spacetime dimensions is always true due to antisymmetrization over five indices.
More explicitly, it reads [4]

0= 4RWWRPU°‘/5RWQ/5 — SRWPUR“apﬁRWUﬂ + (terms proportional to R,,,, and R). (2.167)
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This means that up to contributions proportional to the vacuum field equations the last in-
variant in (2.165) can be expressed in terms of the next-to-last one. Therefore, the tensor
structure of the two-loop counterterm is given by

T L8] o< KZJ d*x /=g RyypoR""  gRP7F . (2.168)

What still remains to be determined is the pole order of the two-loop divergence and, of course,
the exact numerical coefficient.

Absence of double pole divergence

In general, in the framework of perturbative QFT, a two-loop divergence can appear with both
simple (1/¢) and double (1/ £2) poles in dimensional regularization; the latter is determined
by one-loop subtractions that must be implemented correctly to avoid the appearance of in-
consistent non-local UV divergences. It can actually be shown that if a QFT is finite up to N
loops, then the N + 1 loop divergence will contain only a simple pole [24,25]. This means that
since Einstein’s gravity (without matter) is finite at one loop, the two-loop divergence must
contain only a simple pole.

This result can be proven as follows. Since pure gravity is finite at one loop, if we im-
plement the field redefinition we can then calculate the two-loop contribution to the effective
action without using counterterms and one-loop subtractions. This means that the two-loop
divergence will have the following schematic form:

c, C
;ﬂf(—l + —j) (2.169)
& £

where u is the renormalization scale whose power 2¢ is needed to compensate the 2(4 — ¢)
dimension of two-loop integrals in dimensional regularization, while C; and C, are local func-
tions.

The two-loop calculation can also be performed in an alternative way, using counterterms
and one-loop subtractions, i.e. without making any field redefinition. In this case, the expres-
sion of the two-loop divergence will not contain any u® and schematically reads

c, c!

—+2, (2.170)

€ €

where C; and C; are local functions.
Since the two computations must give the same result on-shell, we have
C C Vol c!
(1+281n,u+...)(—1+—2)=—1+—2. (2.171)

e g2 e g2

Equating equal powers of 1/¢, it follows that C, must vanish because Cé is a local function and
cannot contain any logarithmic dependence. We get C; = C; # 0 and C, = C; = 0, so double
poles are absent in the two-loop divergence of pure Einstein’s gravity.

This result was confirmed by an explicit calculation of the diagrams in fig. 2, and the final
expression of the gauge-independent divergent part of the two-loop effective action, including
the exact numerical coefficient, is given by [20,21,26]

209 2
r® K

— 4 uv
aiv 81= 2880(4n)4?f A /=g Rupo R 4R, (2.172)
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and is also known as the Goroff-Sagnotti counterterm. It is worth to mention that the full off-
shell expression of the divergent part of the two-loop effective action contains double poles,
but their tensor structure is proportional to the classical vacuum equations and vanishes on-
shell. In other words, a field redefinition can be performed to reabsorb these divergences in a
renormalization of the metric tensor, thus the only true gauge-independent divergence at two
loops is the one in (2.172).

2.3.6 Higher-loop divergences

No explicit computations of loop divergences higher than two have been performed in the
perturbative QFT approach to GR. However, it is still possible to determine the covariant form
of the leading divergences up to numerical coefficients. Indeed, it can be easily shown that
the leading divergent contribution to the L-loop effective action in d = 4 is given by [27]

r'Ylg]oc KZHJ d*xy/—g R, (2.173)

where now R is a local function of mass dimension equal to 2L +2, independent of x, and con-
structed in terms of L —k + 1 Riemann tensors and 2k covariant derivatives, where 0 < k < L.
The power of k can be determined as follows. Since an n;-leg vertex is proportional to

k"2 an L-loop diagram with V vertices will be proportional to k to the power
1% 1%
D in—2)=> n;—2v. (2.174)
i=1 i=1

Using the fact that an internal propagator is always connected to two vertices, we can write

14
D> im=20+E, (2.175)
i=1
where I is the number of internal propagators and E the number of external graviton legs.
Substituting the last equation into (2.174), we get

v
> in—2)=20+E—2V=2L—2+E, (2.176)
i=1
where in the last step we used the topological identity I —V = L — 1. Since E powers of k
are needed for the canonical normalization of E external graviton fields, we are only left with
2L — 2, which is exactly the power of k shown in (2.173).

Let us emphasize that the structure (2.173) is only valid for the leading L-loop divergences,
while power law divergences are not captured. For example, in the case of two loops we can
have quadratic power-law divergences that are proportional to R? and R,,R*". Furthermore,
it is also worth to mention that, while at two loops the double pole divergence is absent due
to the one-loop finiteness of pure GR, at loops higher than two similar cancellations do not
happen, and all possible pole orders are expected to be present.

2.3.7 What to do next?

At this point, several questions could be raised: What does the failure of perturbative renor-
malizability of GR mean? Are we implementing the quantization of gravity in the right way?
Is the perturbative approach insufficient for the quantization of GR? Is the QFT framework
not suitable to describe quantum aspects of gravity? Are we working with the wrong set of
degrees of freedom? Are we missing some enhanced or broken symmetry? Can the quantum
and gravitational worlds be compatible at all?
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EFT of GR

First of all, let us clarify that QFT and GR are compatible, at least in the low-energy regime: The
failure of perturbative renormalizability does not imply that GR cannot be treated as a QFT.
In fact, one can formulate a consistent EFT of GR that is valid up to some cutoff energy scale
(e.g., the Planck mass Mp; ~ 108 GeV in pure gravity), in such a way that QG predictions can
be trusted up to finite errors proportional to inverse powers of the cutoff [28,29]. In this case,
the local part of the gravitational Lagrangian will contain all possible infinite counterterms
that are compatible with the symmetries of GR:

1
SEFT = f d4x v —& |:_2 5 (R_ ZA) + ale + azRHvR'uv
K

Ry ],

(2.177)

23 2 po
+a3k“R” + a4k“Ryp0 R aff

where the dots stand for all possible local contractions of metric tensors, Riemann tensors and
covariant derivatives. If matter is absent, we know that all terms proportional to the classical
field equations can be removed by a metric field redefinition, while if matter is present, the
EFT of GR can also capture corrections coming from terms like R?, R,,R"?, R3, etc. The co-
efficients a;, a,, as,ay, ... are dimensionless, and their renormalized value can be determined
up to errors proportional to powers of E/Mp), where E is the characteristic energy scale of the
physical process. When the coupling with matter is switched on, it can be shown that the UV
cutoff of the EFT becomes lower than the Planck scale [30]; see also section 5.1.

It is important to observe that in the EFT of GR, the additional operators in (2.177) do
not introduce new degrees of freedom, that is, the massless graviton remains the only physical
particle in the gravitational spectrum.

One approach to QG is to be (temporarily) happy with a low-energy EFT description and
to forget about any specific form of UV completions and/or non-trivial departures from GR.
See section 3 for applications of the EFT of GR.

Non-perturbative renormalizability?

Although GR is perturbatively non-renormalizable, it might happen that the quantum theory
possesses an interacting UV fixed point. This would imply that the Einstein-Hilbert action
supplemented with all possible infinite tower of higher-curvature contractions that are com-
patible with diffeomorphism invariance is non-perturbatively renormalizable, a property that
the perturbative QFT approach would fail to capture. In this case, quantum aspects of gravity
would be better described in the non-perturbative QFT framework, and the corresponding QG
approach is known as ASQG [31]. Both continuum FRG techniques [4,32] and lattice meth-
ods [33] have been proposed as computational tools to prove the existence of an interacting
fixed point. One such lattice method is known as causal dynamical triangulations (CDT), and
it is sometimes also seen as a different QG approach.

In section 4, the general notion of non-perturbative renormalization and the FRG method
are introduced, and their application to QG is discussed.

Beyond-QFT approaches?

Another possibility could be that the framework of QFT is not suitable for capturing quantum
aspects of gravity at the fundamental level. While the EFT treatment, which is QFT-based,
could be trusted to study quantum-gravitational physics at low energies, it might happen that
the high-energy behavior of the gravitational interaction cannot be consistently described with
the tools of QFT. Along this direction, there are several types of proposals. On one side, there
are approaches that try to formulate a theory of quantum spacetime at a full non-perturbative
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level: These include loop quantum gravity [34], causal set theory [35], and non-commutative
geometry [36], and in some of them spacetime is fundamentally discrete. On the other side,
there is the framework of ST [37, 38] where the concept of a spacetime metric is somehow
emergent from more fundamental stringy degrees of freedom in terms of which one aims at
formulating a unified UV-complete quantum theory of all interactions.

An introduction to ST is given in section 5.

Insist a little more on the perturbative QFT framework?

While we might be strongly tempted to immediately abandon the perturbative QFT framework
after learning that GR is perturbatively non-renormalizable, there is actually an obvious ques-
tion we should still ask ourselves before starting to think about other approaches to QG: is the
perturbative QFT framework applied to gravity only useful for describing GR as an EFT in the
low-energy regime? In the remainder of this section, we will show that the answer is negative.

In fact, a similar story happened for the other forces of nature, for example the weak
interaction. In this case, Fermi theory turned out to be perturbatively non-renormalizable.
Was this a problem for a consistent quantization of the weak interaction in the framework
of QFT? Obviously not! Indeed, the real story is that Fermi theory is a non-renormalizable
EFT valid at energy scales below 100 GeV] and its perturbative completion is the electroweak
theory which is a “strictly” renormalizable QFT [39]. Let us recall that in this context the word
“strictly” means that the interaction couplings that govern the UV behavior of the theory are
dimensionless (see section 2.A.4 for a detailed discussion of power-counting renormalizability
and the definition of strict renormalizability).

It should be noted that in the last century, a very important theoretical achievement in fun-
damental physics has been the realization that “strict” renormalizability can be a powerful and
predictive criterion for selecting fundamental Lagrangians in the framework of perturbative
QFT. In fact, all SM interactions (electromagnetic, weak and strong) are described as “strictly”
renormalizable QFTs. Therefore, the most logical and conservative question to ask is:

[ Is there any “strictly” renormalizable QFT of gravitational interaction?

The answer is positive: In d = 4 there exists a unique “strictly” renormalizable QFT of
gravity that is metric compatible, has zero torsion and preserves the symmetries (diffeomor-
phism and parity invariance) of GR. Its Lagrangian contains operators of mass dimensions up
to four, in particular these include curvature invariants up to quadratic order. This theory is
known as quadratic gravity [40-45].

Hence, it is important to understand what perturbative QFT and strict renormalizability
can still tell us about gravity at a more fundamental level and, in particular, whether they can
still be considered a powerful framework and a predictive criterion to describe new physics
beyond GR. These are the questions we are going to critically assess in the last part of this
section.

2.4 Quadratic gravity

In this section, we aim at exploring several features of quadratic gravity. We will first introduce
the classical action and the field equations. We will then move to quantum aspects, derive the
propagator, determine the degrees of freedom, and show power-counting renormalizability.
We will make a comparison between quadratic gravity and the EFT of GR in order to clarify
some points that are sometimes misunderstood. We will also highlight the uniqueness and
predictive power of the theory as consequences of strict renormalizability. Finally, we will
discuss the main open questions in relation to the massive spin-two ghost and the high-energy
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behavior of the theory, around which debates are still ongoing. Due to the lack of “spacetime”,
in this last section we will provide less computational details than in previous ones. However,
we will touch on all the relevant conceptual points and also make contact with experiments,
while trying to keep the explanations pedagogical.

2.4.1 Action and field equations

We want to consider the general gravitational action that contains invariants of mass dimen-
sion up to four. From the analysis of one-loop divergences in GR performed in section 2.3.4,
we already know that the general expression in (2.146) can be reduced to two independent
curvature invariants up to boundary terms, these are R? and R,,R"”. However, instead of
working with the square of the Ricci tensor, it is now convenient to introduce the squared
Weyl tensor, as we will explain below.

The Weyl tensor is defined as the trace-free part of the Riemann tensor, and in d = 4 it
reads

1 1
C,uvpa = R,u,vpa + 5 (guaRvp - gupRvo + gvauo - gvoRup) + 6 (g,u,pgva - g,u,ogvp)R-
(2.178)
Using the relation
1
CuvpoC*"P7 =RypcR*"P7 — 2R, R*” + §RZ, (2.179)

and the fact that the Gauss-Bonnet term,

v—g €= /=g (RyypoR""P7 — 4R, ,R*” +R?), (2.180)

is locally a total derivative, we can replace R,,R*” in terms of R?>and C CHYPY plus bound-

uvpo
ary contributions:

1 1 1
R,,R" = ECWPUCWW + §R2 -3¢ (2.181)

Therefore, the classical action of quadratic gravity can be written as'®

1 1 Co Co
Sez = Efd4x\/—_g[§(R—2A)+ ERZ_ECMVPOCMVPU]; (2.182)

where ¢, ¢, are dimensionless constants; the numerical coefficients and signs have been cho-
sen for convenience, as will become clear when the propagator is derived and the masses of
the degrees of freedom are determined.

The quadratic gravity action is still invariant under diffeomorphisms: If we perform the
metric transformation & ¢&uv I (2.10), we get 6 ¢Sqg = 0.

The classical field equations are given by [46]

% (RW — %gwR + Agw) + %0 (gWElR— V,V,R+RR,,— %gsz) —2¢,B,, =Ty,
(2.183)
where B, = (VPV7 + %RW)CHP vo 18 the so-called Bach tensor, which is traceless. Since in
four spacetime dimensions, the Bach tensor can be written solely in terms of Ricci scalar and
Ricci tensor,

1 1 1 1 .
Bl“’_ 5DRMV+6 ZVHVV—EgWD R—EVPVHR »
1

1 1 1.,
_EVPVVRPM_§RRH7’+RMPRPV_Z(RPGRPU_§R )g,uv:

13The subscript “qg” stands for “quadratic gravity” and should not be confused with “QG” which is used as the
acronym for “quantum gravity” in these lecture notes.

(2.184)
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then we can also rewrite the field equations solely in terms of the Ricci scalar and the Ricci
tensor, without Riemann or Weyl tensors, i.e.

1 1 2 (¢ 1,
E R‘“, — EguvR + Aglﬂ’ + 5 (E + CZ) guvDR_ vuvvR+RRuv — Zgl“,R

1 1 (2.185)
—c, (DRM + 5 8uOR— V,VuRP,—V,V R’ +2R PR, — ngRpgRP") =T,y
The trace equation does not depend on c, because the Weyl tensor, and thus also the Bach
tensor, is traceless. Indeed, it reads

1
—E(R—4A)+CODR= T. (2.186)

The presence of operators with mass dimension equal to four implies that the dynamics of
the metric in quadratic gravity is determined by fourth-order derivative field equations. This
means that more boundary conditions are needed to find the solutions, and we may also expect
the appearance of new degrees of freedom in addition to those of GR.

2.4.2 Propagator and degrees of freedom

As done in the case of GR, we can formulate quadratic gravity as a perturbative QFT by quan-
tizing metric fluctuations around some background and in a regime in which interactions are
sufficiently weak. Then, we can identify kinetic and interaction terms, derive the propagator,
determine the physical degrees of freedom, and investigate the UV behavior of the theory to
understand whether the criterion of (strict) renormalizability is satisfied.

Since the action contains fourth order derivatives acting on the metric, we expect two types
of contributions to the kinetic term: A standard two-derivative term dhdh, and an additional
one with four derivatives 22hd2h. This means that we have two options to normalize the
mass dimension of the field and define the expansion in fluctuations: We can choose a mass
dimension equal to one as done in GR, or we can work with a dimensionless field. It turns
out that the former option is more suitable for low-energy physics, while the latter captures
the essence of the high-energy behavior of the theory. Having a dimensionless field in the UV
regime drastically distinguishes quadratic gravity from the EFT of GR, as we will explain in
section 2.4.4.

Expansion in metric fluctuations. Assuming that the cosmological constant is negligible, let
us expand around the Minkowski background and, for the time being, choose the following
form of the metric perturbation:

8uv = Nuv+2hy,, (2.187)

where h,,, is dimensionless.
The action can be expanded as

Sqgln +2h] =520, k] + S, h], (2.188)
where the kinetic term is given by
S@[n,h]= | d*x Ly oL o) —we (L —ca)a,an
qg mn, - 2 uwy K2 Ca w2 2 pYy
+h i—1(2c +c,)0 |3 o, — Lh i—1(2c +c,)0 |Oh (2.189)
k2 30T )Ty 2 \xk2 37077
1
+§(c0 —cz)hwa“avapa"hpg] ;
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while the interaction part Sé’;g)[n, h] contains terms of different type. Schematically, we have

%azh", cod*h™,  c,d%h". (2.190)
Note that the first two lines in the kinetic term (2.189) contain the same tensor structures as
in GR, while the third line contains a new type of structure with four uncontracted derivatives.
If we take the limits ¢, — 0 and ¢y — 0, while keeping all the other parameters and the field
fixed, we recover the expression for the kinetic term in GR derived in (2.24) up to a canonical
normalization factor for the graviton field.

Kinetic operator. Since we are interested in deriving the propagator, it is convenient to
rewrite the kinetic term as a bilinear form, so that we can identify the kinetic operator. After
symmetrization of the various terms in (2.189), we obtain

1
(2) — 4, = uvpo
Seg [n,h]= f d*x ShyKeg" hoo (2.191)
where the kinetic operator is defined as
Voo — 1 vo o,V 1 v o0 1 1
K{PT = — (P "7 + 9 n"P)| — —coO0 |O—n*"nP7 | — — =(2¢o +¢,)O | O

+(n*"ora% + nPooH3") (iz — %(Zco + C2)|:|)
K

2.192
L wpgvgao o uogvae 4 owgugo 4 pvogugey( L ( )
—E(n 0797 +nM9379P +n"P o497 + n¥?oHaP) E—CZD
2
+§(c0—c2)8“8"8paf’,
and satisfies the following symmetry properties:
Kggvpa =Kggpa =Kgg”"p =Kgg‘”“’. (2.193)

In terms of the spin-projector operators introduced in section 2.2.6 (see also section 2.B), the
kinetic operator in momentum space can be written as

2
Kg‘;po = —% [77(2)‘“"” (1 + chzpz) —2p0siuvpo (1 + chopz)] . (2.194)

Propagator. Similarly to the GR case, also here the kinetic operator is not invertible. This
means that we need to introduce a gauge fixing. The same de Donder gauge used in GR
would already be enough to invert the kinetic operator but, since we now have derivatives up
to fourth order, other types of covariant gauge-fixing terms could also be chosen. A generic
local form for the gauge fixing is given by [4, 6]

1
Sgtln,h]=——— d*x F, V" F,, (2.195)
where
— v 1 + /3 Y — v v
fuzavh “—Tauh, y“ :’)’)u (1+y|:|)+co8“3 , (2196)

a, B, v, and w being gauge-fixing parameters. For example, if one is interested in studying
the UV behavior of the theory, then a gauge fixing containing fourth-order derivatives may be
computationally more suitable.
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Rewriting (2.195) in terms of the spin projectors and adding it to (2.194), we obtain an
invertible operator which can be easily inverted by using the orthogonality properties of the
spin projectors. Since the procedure is similar to that performed in the case of GR, we will
skip the details of the calculation here. In particular, we are mainly interested in the gauge-
independent part of the propagator which contains also information about the particle content
of the theory. Up to a normalization factor of k2, the propagator is given by [40]

7

25(2) 25(05)
mZP uvpo mOP uvpo

p2(p2+m3) 2p2(p2+m3)

gqguvpa(p) =—i

. - p(0s) (2)
_ _L 2) . 1 (0,s) . i P uvpo P uvpo
- 2 P P 5T >t
p wvpo 9 uvpo 9 p2 +m? p2 +m?

where the dots represent gauge-dependent terms whose spin structure would not contribute
if we multiply the propagator by a conserved stress-energy tensor.
Let us now make some comments.

* Because of fourth-order derivatives coming from the quadratic-curvature terms in the ac-
tion (2.182), the UV behavior of the propagator in quadratic gravity is more suppressed
than the GR one, that is, it falls off like ~ 1/p* instead of ~ 1/p?. This aspect is crucial
for the renormalizability of the theory, as we will explain in section 2.4.3.

* Using a partial-fraction decomposition, in the second line of (2.197) we split the prop-
agator into three terms: The GR one (with massless poles) plus two additional contri-
butions. The second term corresponds to a massive spin-zero degree of freedom, while
the third term to a massive spin-two. Their squared masses are respectively given by

1 M? 1 M2
mi=——=—"2 mi=——=""0 (2.198)
K CO CO K C2 C2

To avoid tachyons we must have ¢, > 0 and ¢, > 0, which explains the chosen convention
for the signs in front of the quadratic-curvature invariants in the action (2.182).

* The additional degrees of freedom are not gauge artifacts and, in general, all contribute
to the gravitational particle spectrum. In total, quadratic gravity has 2+1+5 = 8 on-shell
degrees of freedom.

* We could have guessed the gauge-independent part of the propagator just by looking at
(2.197). Indeed, since the additional modes are massive, their individual contributions
in (2.194) can be (formally) inverted without requiring any gauge fixing. Therefore,
knowing the gauge-independent part of the massless graviton propagator in GR, then
the two additional massive components can be found by inverting the terms proportional
to ¢ and ¢, in (2.194).

* While the additional spin-zero component has the standard sign in front, the additional
spin-two component has the opposite sign. This also means that the individual kinetic
term corresponding to this massive spin-two field will have a sign opposite to standard
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two-derivative fields.!* Fields characterized by an opposite sign in front of their kinetic
term and propagator are called ghosts. In section 2.4.5, we will discuss the significance
and implications of the presence of such a massive spin-two ghost, and in section 2.4.6
we will highlight the open questions in relation to unitarity and stability.

* The GR propagator is recovered in the limits ¢, — 0 and ¢, — 0, that in terms of the
masses translate into m%/MI%l — 00 and m% /lel — 00, respectively. From a more
physical point of view, the GR limit can be understood as a low-energy regime where we
can expand in |p?|/ m% < 1 and |p?|/ m% < 1, so that the additional massive degrees of
freedom are integrated out.'®

2.4.3 Renormalizability

We now want to show that quadratic gravity is strictly renormalizable by power counting. To
do so, we already know that we have to look at the mass dimension of the interaction couplings
that are relevant in the UV regime (see section 2.A.4). At high energies, the terms with four
powers of momenta dominate in both the propagator and the vertices in quadratic gravity.
This means that the UV behavior of quadratic gravity is governed by a dimensionless field h,,,
and dimensionless couplings c, and c,.

Power counting

Given a loop diagram G containing E external legs, the corresponding superficial degree of
divergence in quadratic gravity is given by (see (2.249))

6(G)=4—-E, (2.199)

which is independent of the number of vertices because the relevant couplings are dimension-
less, i.e. A, = 0 in the general formula (2.249) derived in the appendix. Therefore, only
Green’s functions with E < 4 external legs need to be renormalized, and the renormalization
of these has to be implemented at all loop orders. This implies that quadratic gravity is strictly
renormalizable (not super-renormalizable).

More explicitly, let us consider a generic L-loop integral and calculate how it scales with
the internal momentum at high energies. If we do that, we have

1 1
fd“k---d“k X Gt X k4o ket~ AETTHV) = gt (2.200)
L-loops — V-vertices

I-internal propagators

where we have used the fact that the propagator goes like 1/k*, the dominant vertices con-
tain four powers of momenta k*, and we chose the most divergent case for which all vertex
momenta are internal. From (2.200) we see that the degree of UV divergence of the loop
integrals do not become worse if the number of loops increases, it actually remains the same.
This implies that the same counterterms can be used to renormalize the theory at any loop
order. Therefore, the theory is perturbatively (strictly) renormalizable.

141t is possible to introduce auxiliary fields and rewrite the action (2.182) in terms of an Einstein-Hilbert term
plus contributions containing kinetic terms for the additional spin-zero and spin-two fields plus interactions. In
particular, it can be shown that the kinetic term of the massive spin-two is equal to a Fierz-Pauli Lagrangian with
a minus sign in front [47,48].

15In general, in theories with ghosts, the vacuum may be unstable, and the notion of integrating out a ghost may
not be justified. For example, even if the ghost is very heavy, but has negative energy, it could be easily produced
at very low energies, thus destabilizing the vacuum. However, by implementing alternative quantizations that
are compatible with unitarity and renormalizability (see section 2.4.5) one can avoid this problem and prove the
stability of the vacuum (at least perturbatively).
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Tensor structure of counterterms

Some skeptics might still wonder whether loop divergences require counterterms not con-
tained in the initial bare action. For example, since UV divergences are local, then someone
could still ask why no local higher-curvature counterterm, such as R, RWPURP Ua ﬁR“ﬁ‘“’, .
is generated by renormalization. Although the answer to this question is already contained in
(2.199) and (2.200), we can explicitly show that no operator of mass dimension greater than
four appears at any loop order.

In d = 4 spacetime dimensions, operators of mass dimension higher than four need to be
multiplied by couplings of negative mass dimension. Since the quadratic-curvature coefficients
are dimensionless, [cy] = 0 = [c,], the only dimensionful scales that could possibly appear
as coefficients of higher-dimensional operators generated at some loop order are k = 1/Mp,
and A. However, we know that in the UV regime the most dominant part of the propagator
contains four powers of momenta. Schematically, the UV behavior of the propagator, including
the cosmological constant, can be written as

1 uv 1
AMZ + M2 p2 + cop* + cop*  cop* + cop* '

ey

(2.201)

Moreover, the possible vertices are schematically proportional to Alel, Mglpz, cop* and c,p*.
Therefore, the UV-divergent contribution of any loop diagram can only be proportional to
combinations of the couplings A, My, ¢y and ¢, that have mass dimension equal or greater
than zero. In particular, no combination which has an overall negative mass dimension can
appear.

Therefore, the possible counterterms have the same form as the terms already contained
in the initial bare action (2.182), i.e. they are given by

AL, R, R?, C

uvpo CHPY (2.202)

where A is a constant of dimension four which renormalizes the cosmological constant AM}%I,
the second term renormalizes the Planck mass, and the other two renormalize the dimension-
less couplings ¢y and c,. It is important to mention that the renormalization procedure also
generates boundary terms, i.e. the Gauss-Bonnet invariant € in (2.180) and OR [4, 6,49-51],
but since these in turn do not feed back into the renormalization of the other terms, they can
be safely neglected.

We have thus confirmed that quadratic gravity does not require additional counterterms to
be renormalized, and is therefore perturbatively renormalizable. For completeness, we should
note that the full proof of renormalizability also requires showing that the renormalization
procedure does not break the gauge symmetry of the theory, and this can be done by proving
the Becchi-Rouet-Stora-Tyutin (BRST) invariance of the effective action at any loop order. This
was proven for the first time in [40]; see also [45] for a recent review.

Loop expansion

While in GR, the loop expansion is controlled by inverse powers of the Planck mass at both
low and high energies, i.e. (1/ MSI)L_1 where L is the number of loops, in quadratic gravity
it is controlled by dimensionless couplings in the high-energy regime. Indeed, if we consider
an L-loop diagram whose integrand contains I, spin-zero and I, spin-two components of the
four-derivative propagator, V;, vertices proportional to ¢, and V, vertices proportional to c,,
we can check that the loop expansion in the UV is controlled by the following dimensionless

combination of parameters:

Io—Vo r 1 \L1 L=V r 1 \L1
) G =@ G 2209
Co C2 C2 Co
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where we have used the relations I = Iy +1,, V = V; + V,, and the topological identity
L —1 =1—V. The smaller this dimensionless quantity, the better the behavior of the per-
turbative expansion.

If we define the couplings g, and g, via the relations

1 1
g0= > &= (2.204)
Co C2

the quantity in (2.203) can be written as

In—Y% L=V,
( % ) gl = ( g_j ) gl (2.205)

If gy and g, (i.e. ¢y and ¢y) are not too different in order of magnitude, then the loop expansion
is controlled by gé_l and gé_l. Therefore, the larger the quadratic-curvature coefficients, the
better the behavior of the perturbative expansion.

Because of this kind of high-energy behavior, in quadratic gravity the following canonical
normalization for the metric perturbation is often used:

1
h —h 2.206
pv 75 ( )

which would give the following schematic expansion for the action:

Co MI%I 1 Co MI%I
Seg ~ J d*x [h@‘*h + path+ —Hhah+ — (ha“h2 + Opan2 4+ —h&‘zhz)

C C C C C
1 2 2 Ve 2 2 : (2.207)
+...+(—) (ha4h”_1+c—°h84h”‘1+—Plh82h”‘1)+... :
e €2 €2

Running couplings

One-loop computations of beta functions in quadratic gravity have been performed by various
authors [49-52]. The Planck mass (i.e. Newton’s coupling) and the cosmological constant
do not exhibit a physical running since no unique momentum dependence in physical ob-
servables can be identified and no momentum-dependent form factors can be derived for the
Einstein-Hilbert part of the action [53,54]. On the other hand, the coefficients ¢, and c, (or,
equivalently, g, and g,) do run as a function of the physical momentum.'®

The beta functions of the quadratic-curvature couplings were initially computed in [49-
51]. In particular, [51] concluded that quadratic gravity can be asymptotically free at the price
of having a negative R? coefficient. This means that the couplings g, and g, would flow to zero
in the UV regime if and only if the additional massive spin-zero is a tachyon (cy = Mgl / m% <0).
However, a recent calculation [52] has argued that the old results do not capture the physical
running, and cannot be relied upon to study the momentum dependence of g, and g,. This
criticism is based on the fact that previous calculations included contributions from tadpoles
that have no dependence on the physical momentum, and left out finite infrared terms due
to the four-derivative nature of quadratic gravity. The main outcome of the new computation
in [52] was that asymptotic freedom could be achieved without tachyons.

It is believed that further investigations are needed to definitely answer the question of
what the physical and gauge-invariant running couplings are in quadratic gravity.

16Beta functions can also be computed for the boundary terms ¢ and OR [6, 50, 51,55]. Even though they are
usually neglected when boundary effects are not important, they still contribute to the conformal anomaly [6].
While the beta function for & has been fully computed, for the surface term OR only partial results exist in the
literature [50].
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Coupling to matter

So far we have not considered the matter contribution and its coupling to gravity. In fact, we
must ask whether the property of renormalizability is preserved also when matter is coupled
to gravity. It can be easily understood that if we couple the SM to quadratic gravity, we can still
obtain a strictly renormalizable QFT of gravity and matter if we also introduce the following
non-minimal coupling between the Higgs field H and the metric field [40,41]:

J d*x+/—g £ |H|’R, (2.208)

where £ is a dimensionless interaction coupling. Here we assume that the SM also includes
renormalizable mass terms and Yukawa interactions to take into account the non-zero masses
of neutrinos. In this strictly renormalizable QFT of quadratic gravity coupled to the SM with
the inclusion of the non-minimal coupling (2.208), the free parameters that have to be renor-
malized and fixed by experiments are finite in number: They are given by those of SM plus
Gy, A, g, ¢, and &.

2.4.4 Quadratic gravity vs. EFT of GR

We now want to address a simple question regarding the difference between the EFT of GR
and quadratic gravity, which sometimes causes confusion and misunderstanding.

Let us consider a characteristic energy E < Mp, such that we can reliably truncate the EFT
expansion in (2.177) up to quadratic order in the curvatures by committing errors proportional
to (E/Mp)*:

1

where we have again neglected the cosmological constant as it is not important for our dis-
cussion. In addition, couplings to matter can also be present. Up to boundary terms, the
expression (2.209) has the same structure as the action of quadratic gravity in (2.182). So,
the question we want to ask is: Since these two actions have the same structure, do they
describe the same physics at energies of order E < Mp;? The short answer is: No!

Let us make some remarks and explain the crucial differences between the EFT of GR and
quadratic gravity.

* Perturbative renormalizability: First of all, we emphasize again that while the EFT
of GR is perturbatively non-renormalizable, quadratic gravity is strictly renormalizable.
This crucial distinction between the two theories can be understood in several ways and
brings completely different physical implications.

* Perturbation theory: The perturbative expansion in the two theories is defined in two
drastically different ways. In the EFT, the kinetic term is still given by that of GR, i.e.
it only contains second-order derivatives. On the other hand, in quadratic gravity the
kinetic term contains both second- and fourth-order derivatives. This difference also
implies that only in quadratic gravity it makes sense to describe the UV regime in terms
of a metric fluctuation with mass dimension equal to zero.

* Quadratic-curvature coefficients: In the EFT of GR, the quadratic-curvature terms can
be generated by loop corrections or could also have a microscopic origin (e.g. see sec-
tion 5.3.2). If we are in the regime of validity of the perturbative QFT framework, we
expect the renormalized value of the dimensionless coefficients a; and a, to be of order
one or smaller. On the other hand, the coefficients ¢, and ¢, in quadratic gravity are free
parameters that in principle could be renormalized to any value, even very large ones.
In fact, the larger their value, the better the behavior of the loop expansion.

52


https://scipost.org
https://scipost.org/SciPostPhysLectNotes.98

SC|| SciPost Phys. Lect. Notes 98 (2025)

* Weak vs. strong coupling: While a; and a, appear only in the vertices in the EFT,
the coefficients ¢, and ¢, appear also in the propagator due to the four-derivative struc-
ture of the kinetic term. This means that the loop expansion in the UV regime in the two
theories is defined in terms of two different expansion parameters. Indeed, as partly dis-
cussed in section 2.4.3, the loop diagrams in the EFT of GR are proportional to powers
of a;, a; and to (1/ MSI)L_l, where L is the number of loops. By contrast, loop diagrams
in quadratic gravity are proportional to (1/cy)!™?, (1/c5)*!, and other types of dimen-
sionless combinations; see (2.203). This difference makes the meaning of weak and
strong coupling depend on whether one considers one theory or the other. In particular,
what is perturbative and weakly coupled for quadratic gravity (large ¢, and c,) would
be non-perturbative and strongly coupled for the EFT (large a; and a,).!” Vice versa,
what is non-perturbative and strongly coupled for quadratic gravity (small ¢, and c,)
would be perturbative and weakly coupled for the EFT of GR (small a; and a,).

¢ Field redefinition: From the last items, it becomes clear that the same field redefinition
used in section 2.3.4 to remove the quadratic-curvature terms in pure GR at one loop,
does not work in the case of quadratic gravity. This latter theory, in fact, is characterized
by classical field equations different from Einstein’s, and contains additional degrees of
freedom that can be understood as non-perturbative modifications with respect to the
propagator in GR: New physical poles appear.

* Degrees of freedom: In the EFT of GR, the massless graviton is the only active degree
of freedom at energies E < Mp,. By contrast, in quadratic gravity, additional degrees of
freedom can become active at energy scales E of the order of or larger than the masses
mg = Mp,/ /¢y and m, = Mp,/ /¢, defined in (2.198).

All these differences can also have important physical implications. Indeed, besides higher-
curvature corrections, the EFT of GR in (2.209) with its coupling to matter does not really
introduce new physics at energy scales E < Mp;. On the other hand, quadratic gravity could in
principle describe new physical phenomena beyond GR thanks to the presence of the additional
degrees of freedom that could give rise to a new dynamics. In particular, if c; > 1 and ¢, > 1,
which is indeed necessary for a well-behaved perturbative expansion, we get my, my, < Mp
and hence new physics may arise in the sub-Planckian regime; see section 2.4.7 for more
details on physical implications of quadratic gravity.

2.4.5 Ghost puzzle

So far so good. However, it is time to discuss some important open questions in quadratic grav-
ity for which debates are still ongoing. Let us start with the “ghost puzzle” and its implications
for unitarity.

The improved UV behavior of the propagator in (2.197) is obtained at the price of intro-
ducing an additional massive spin-two ghost in the spectrum. Typically ghosts are considered
pathological because they could give rise to classical Hamiltonian instabilities and break uni-
tarity at the quantum level [56]. We will now show why unitarity can be violated when ghosts
are present in the theory, and discuss recent proposals to address the problem. Our philosophy

71t is worth emphasizing that here, large values of a; can be seen as a sign of strong coupling only if the EFT
cutoff is Mp, (or slightly lower due to matter), since the energy E at which the couplings would become large is
below the cutoff. However, if the cutoff is not actually given by My, the large values of a; could indicate that in
fact, the cutoff is much lower and no strong coupling would arise. For instance, if quadratic gravity is considered
as a perturbative completion, the cutoff of the EFT of GR would be the lower of the two masses m, and m,. In
this case, the theory would still be weakly coupled for energies of order m;, and even above, despite the fact that
a; ~ M2/ ml.2 > 1. Another example is perturbative ST (see section 5) where the gravitational EFT is still weakly
coupled, because the Wilson coefficients a;, when expressed in terms of the correct cutoff M, < My, are order-one.
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will be to first try to solve the ghost problem in the quantum theory, and then discuss the clas-
sical limit and its stability. Different proposals correspond to different types of quantization of
quadratic gravity.

Ghosts and unitarity violation

To explain why unitarity can be violated in the presence of ghosts, we can neglect the tensor
structure of the propagator and work with a simpler scalar version that has the same pole
structure as that of the spin-two component in (2.197). This is given by

o —im* 1 1
Gg(p )_pz(p2+m2) = l[p2 p2+m2] , (2.210)
where 1/p? and —1/(p? + m?) can mimic the massless spin-two graviton and the massive
spin-two ghost, respectively.

From section 2.A.3, we know that the unitarity condition on the S-matrix, i.e. S's =1,
can be expressed in terms of the transfer matrix T defined through the relation S = 1 +iT,
so that one obtains the well known optical theorem i(T" — T) = T'T. Introducing in and
out states |a) and |b) belonging to the Hilbert space H, and using the completeness relation
1= Z|n> <% |In) (n], where all physical states have positive norms, we can write'®

i[(b|T7|a)—(b]T|a)]= D (b|T7|n)(n|T]|a). (2.211)
[nyeH

For an elastic process, i.e. |b) = |a), we have 2Im[(a|T|a)] = 0. This positivity constraint must

also be respected by the propagator, as the latter can be seen as a 1 — 1 tree-level amplitude.

In particular, we should have Im[—i(—i)?G(p?)] > 0, where the (—i)? comes from the two

vertices, and —i from the overall multiplicative factor in the definition of the transfer matrix.

If we prescribe both components of the propagator in (2.210) with the standard causal

Feynman shift, i.e. p> — p?—ie with e — 07, the imaginary part of the propagator multiplied
by i reads

1 1

Im[iGp(p?)] =Im |:p2 S ie] = n[6(p?)—&(p? + m?)]. (2.212)

Because of the relative minus sign caused by the ghost component, the imaginary part of the
amplitude can also be negative, and therefore the unitarity condition is not respected.
In such a situation, we can introduce a pseudo-unitarity equation given by

i[(b|T"|a)—(b|T|a)]= D ou(b|TT|n)(n|T|a), (2.213)
nyeH
where o, = 1 for normal (non-ghost) states, while o, = —1 for ghost states. In general, the

pseudo-unitarity equation (2.213) is not equivalent to S'S = 1. However, the two conditions
can be made equivalent by implementing an alternative quantization, as we now explain.

Three approaches to the ghost puzzle

It is important to note that the above argument leading to the violation of unitarity relies
heavily on two assumptions: The causal Feynman prescription for the propagator, and positive
norms for physical states. We now want to show that by modifying one or both assumptions,
the unitarity condition can be recovered. In the following, we will only consider a tree-level
analysis, and briefly comment on what happens at loop orders, referring to the original works.

18To be more precise we should introduce the Feynman amplitude A as done in section 2.A.3. However, to make
the formula simpler, we now intentionally work with T and neglect phase-space integrals as well as momentum-
conserving Dirac deltas.
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Feynman prescription and negative norms. By looking at the expression for the pseudo-
unitarity equation (2.213), the first thing that might come to mind is that, by admitting some
negative coefficients o, from the beginning, we could recover the unitarity condition. In fact,
this can be done by assuming that some physical states populated by ghost particles have
negative norms [40,41,44]. In this case, the standard concept of a Hilbert space is replaced
by a vector space with an indefinite metric [57], whose completeness relation reads

1= > o,ln)(nl, (2.214)

|[n)eH

where the coefficients o, are defined via (n|m) = ¢,,6,,,. If the (squared) norms of states
containing an odd number of ghost particles are negative, i.e. 0,,,; < 0, then unitarity
would be preserved. This means that the minus sign appearing in (2.212) would correspond
to another minus sign on the right-hand side of the optical theorem due to the negative norm
of a one-ghost state. We refer to the ghost quantized in this way as a Feynman ghost.

In this type of quantization, probabilities are conserved and sum up to one, but their sign
can be negative. While from a standard perspective, the presence of negative probabilities
(e.g. negative cross sections) is a pathology, some recent work investigated whether a new
quantum interpretation can solve the ghost puzzle in this type of quantization [58-62]. On
the other hand, since the poles of the ordinary and ghost propagators are shifted according
to the Feynman prescription, the standard rules for computing loop integrals in perturbation
theory still apply, including the Wick rotation.

Anti-Feynman prescription and positive norms. Another possibility to satisfy the unitarity
condition in the presence of ghosts is to keep all norms positive, but to shift the poles in the
ghost propagator according to the anti-Feynman prescription, i.e. p? — p? +ie with e — 0*.
The propagator now reads

1 1
2 .
i =—i — . 2.215

gann—F(p ) I:pz—iG p2+m2+ie] ( )
In this case, the imaginary part of the amplitude iG,,; z(p?) will be positive, because the sign
of the anti-Feynman shift compensates the minus sign of the ghost propagator:

1 1
Im [iGaneir(p?)] =Im[ e v ime HJ =n[6(p*)+6(p*+m?)].  (2.216)

Thus, the optical theorem is satisfied with o, > O for all n, but at the price of admitting both
Feynman (for ordinary particles) and anti-Feynman (for ghost particles) shifts in the same
theory. We refer to the ghost quantized in this way as an anti-Feynman ghost [43, 63].

Recall that, as also reviewed in section 2.A.3, the Feynman shift physically means that
positive (negative) energies propagate forward (backward) in time. By contrast, the anti-
Feynman prescription describes positive (negative) energies propagating backward (forward)
in time. This means that, if both types of prescriptions are introduced in the same theory, then
two arrows of time are simultaneously present, and some form of causality is violated [64].
Furthermore, the presence of both shifts introduces non-analyticity in Feynman diagrams and
loop integrals, complicating the proof of renormalizability: For example, the standard Wick
rotation cannot be applied in this case. It is not yet clear whether alternative deformations
of the integration contour that are consistent with both unitarity and renormalizability can be
implemented at any loop order. Some attempts have been made up to one loop [63].
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Fakeon prescription. The third approach is to implement a quantization such that the ghost
can be converted into a purely off-shell degree of freedom, which does not appear as an on-
shell particle but propagates only through internal lines in Feynman diagrams. In this case,
the ghost becomes a fake particle [42,45,65]. According to the fakeon prescription, the ghost
propagator is defined as an average of Feynman and anti-Feynman propagators, i.e.

i . p*+m? i [ 1 1 ] 2.217)
p

- - L == —+ -
p?+m? (p2+m?2)2+e€2  2|p2+m?2+ie p2+m?—ie
Thus, the full propagator reads
. 1 1 1 1
Grae(p?) = —i [ - = (p + )] . (2.218)

p2—ie 2\p2+m2+ie p2+m?—ie

If we now compute the imaginary part of the amplitude, i.e. the left-hand side of the optical
theorem, the ghost does not contribute and we get

Im[iGeue(p?)] = 15 (p?). (2.219)

The fact that there is no Dirac delta associated with the ghost component means that indeed
no ghost particle can appear on-shell. To satisfy unitarity, we should also ensure that the
right-hand side of the optical theorem gives the same result. This can be done by projecting
the ghost-like states out of the “physical” Hilbert space. In practice, the projection is made
by imposing that only normal (non-ghost) states appear in the completeness relation, so that
the sum on the right-hand side of the optical theorem runs over the states belonging to the
“physical” subspace Hy, C H, which does not contain any ghost state. In a formula, we
have [66]

1= > oudn)(nl - 1up= > )l (2.220)

nyeH |n)€7—[ph

where 1, is the identity on the Hilbert space H,p, and all normal states have been chosen
with unit norm. We refer to the ghost quantized in this way as a fakeon ghost.

Since both types of %ie shifts appear in the same theory, analyticity is lost, in particular the
standard Wick rotation cannot be performed. Unlike the anti-Feynman ghost case, however,
for quadratic gravity with the spin-two ghost quantized as a fakeon, renormalizability and
unitarity have been proven at all orders in perturbation theory by implementing alternative
rules for the definition and deformation of the integration contour in loop integrals [67, 68].
In particular, this quantization defines the theory in the Euclidean signature, and then an
appropriate non-analytic continuation to Lorentzian signature is made. Also in this approach
causality is violated, but in a different form [67].

Open questions

Each of these unitary quantizations of quadratic gravity leave several questions open. It should
be clear by now that reconciling perturbative renormalizability with unitarity in the presence of
the spin-two ghost requires giving up something. For example, we have already mentioned that
some form of causality is violated by the anti-Feynman and fakeon ghosts. In fact, causality
is also violated by the Feynman ghost because the resummed propagator contains a pair of
complex-conjugate poles on the first Riemann sheet. This feature modifies the analyticity
property of the ghost propagator and the amplitudes in a non-trivial way [41,43,69-71]. It is
important to ensure that no macroscopic violation of causality occurs in these quantizations.
On the other hand, acausal effects on microscopic scales (i.e. on energy scales of the order of
the ghost mass) could be in principle allowed and it is interesting to explore this further.
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Unlike the case of the Feynman ghost, the anti-Feynman and fakeon prescriptions can
preserve unitarity without introducing negative norms. However, it is still unclear whether
they are compatible with the operator formalism of QFT [62]. The presence of both +ie shifts
in the same theory makes it unclear how to compute the amplitudes in terms of expectation
values of “ordered” products of field operators. In particular, it is unclear what “ordered”
means, since in principle both time-ordering and anti-time-ordering would be available as
options. It is also worth to mention that a definition of non-time-ordered products was recently
proposed at least in the case of fakeons [66].

Even if these approaches manage to solve the ghost puzzle of quadratic gravity at the
quantum level, it is still important to ask what the classical limit of the theory is. Lagrangians
containing ghost fields are typically considered pathological because of classical Hamiltonian
instabilities and potential runaway solutions. It has been argued that both Feynman and anti-
Feynman spin-two ghosts can decay due to a non-vanishing width, so that they could disappear
from the set of asymptotic states [63,69]. If true, this would imply that the spin-two ghost will
not propagate on macroscopic scales, ensuring the classical stability of the theory. However,
these claims have been criticized because the would-be unstable pole of the spin-two ghost
propagator does not appear on the second Riemann sheet as in the case of ordinary unstable
particles, but it shows up on the first Riemann sheet [71, 72]. This seems to suggest that
the spin-two ghost does not decay, but still belongs to the set of asymptotic states. In this
regard, it is interesting to further investigate the properties of a (stable) ghost-like resonance in
contrast to that of an (unstable) ordinary resonance [72]. Furthermore, if the spin-two ghost is
quantized as a fakeon, then it is not an on-shell degree of freedom from the start. The classical
limit is taken consistently with the fakeon prescription by solving the field equations for the
spin-two ghost field and integrating the latter out with appropriate boundary conditions [65].
In this case, the classical dynamics becomes non-local, and its stability has not yet been proven.

2.4.6 More open questions

In addition to the ghost puzzle, there are also important open questions related to the high-
energy behavior of quadratic gravity.

First of all, despite the property of renormalizability, it can actually be shown that the tree-
level amplitude of the 2 — 2 graviton scattering is still the same as in GR [44,73], i.e. it grows
with the square of the center-of-mass energy as ~ E2/ Mgl. This situation is very different from
what happens in standard renormalizable QFTs. For example, in the SM the introduction of
the Higgs boson is not only important to ensure renormalizability, but also to suppress the
cross section of the W-W scattering. However, in the case of quadratic gravity, the additional
spin-zero and spin-two degrees of freedom make the gravitational theory renormalizable, but
they do not improve the behavior of the tree-level scattering amplitudes.

In [44,74] it has been argued that the only relevant physical quantities that can be mea-
sured in quadratic gravity are the totally-inclusive cross sections.'® These can be shown to be
suppressed in the UV regime due to special cancellations among contributions coming from
the massless graviton and the massive spin-two ghost. This result applies only to the Feynman
ghost case because negative norms are needed to have negative exclusive cross sections that
can allow for cancellations in the totally-inclusive one. While this may shed new light on the
high-energy behavior of quadratic gravity as a UV completion and help distinguish between
different approaches to the ghost puzzle, there are still ongoing debates about whether the
only physical cross sections should be totally inclusive in this context.

°In a totally-inclusive cross section, not only are all possible final states summed over, but also all possible initial
states. For example, in the case of quadratic gravity, one would add an amplitude with two ingoing gravitons to
an amplitude with two ingoing spin-two ghosts, and so on.
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Furthermore, even if the tree-level exclusive cross section grows, one may hope that loop
effects could improve the high-energy behavior if the interaction couplings are asymptotically
free, i.e. if g, and g, tend to zero in the UV limit. However, it is not at all clear whether
this would then imply that the amplitudes get suppressed at high energies. For instance, at
least in a higher-derivative toy model [75], it has been shown that the scattering amplitudes
at one loop continue to grow despite the fact that the interaction couplings tend to zero. This
feature is due to the fourth-order derivative nature of the model: Higher positive powers of
momentum appear in the vertices and always overcome the logarithmic suppression of the
couplings. It is still important to perform an analog calculation in the case of quadratic gravity
and understand how loop effects influence the graviton-graviton scattering

So far, we have mainly considered pure gravity without matter. In fact, another question
that could be asked is whether the coupling of quadratic gravity to matter can help solve the
Landau pole problems in the SM. The answer appears to be negative. Indeed, despite the prop-
erty of renormalizability of the gravity-matter system and the possibility to have asymptotic
freedom in the gravitational sector, it can be shown that in this theory the SM gauge couplings
do not receive any gravitational correction [76,77]. Thus, the hypercharge gauge coupling
will still hit a Landau pole in the trans-Planckian regime, leaving the question of quantum
triviality open. However, it should also be noted that it is generally not known whether this is
a problem that should be solved by QG or by physics beyond the SM.

These open questions still make it unclear whether quadratic gravity can be considered a
valid UV completion of the gravitational interaction. An alternative point of view might be
that these facts are merely indications of the breakdown of the local perturbative description.
In such a case, some new non-perturbative and/or non-local mechanism should then play a
role. For instance, we know that gravity is more special than other interactions due to the
existence of BHs, which are also expected to be present in quadratic gravity [78, 79]. The
growth of the tree-level amplitude might suggest that a non-perturbative phenomenon, such
as the formation of BHs by the scattering of energetic particles, should be taken into account
as we approach the Planckian regime, and might play an important role for the UV completion
of the theory. However, these last words are not supported by any calculation. But perhaps
some readers might find them interesting, or at least think about them and then conclude that
they make no sense.

2.4.7 Uniqueness and falsifiability

Despite our critical assessment of the open questions about quadratic gravity, before conclud-
ing this section, let us mention something of which the theory could be proud of.

It is important to emphasize that in d = 4 spacetime dimensions, quadratic gravity is the
only strictly renormalizable QFT of gravity that is metric compatible, torsion-free and preserves
the symmetries of GR. This uniqueness property makes the theory predictive and falsifiable.
Indeed, if an experiment will prove that the theory is wrong, then no other Lagrangian based
on the same principles can be chosen, but one or more of the starting assumptions, for example
that of strict renormalizability, must be changed.?°

The natural questions to ask now are: How can we in principle falsify quadratic gravity? Is
there any new physical phenomenon beyond classical GR that could be explained by quadratic
gravity? Does the theory make predictions that could be tested with future observations? We
can provide positive answers to these questions.

207t is worth mentioning that this is not the case for super-renormalizable QFTs of gravity, which can be con-
structed in terms of Lagrangians containing sixth- or higher-order derivatives of the metric field [42,80]. In this
case, we have an infinite number of super-renormalizable QFTs. This means that even if an experiment proves one
of them wrong, then we can still play the same game by choosing another super-renormalizable Lagrangian and
still keep the starting principles unchanged. In this respect, the super-renormalizability criterion is less falsifiable.
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The most interesting application of quadratic gravity is to the evolution of the early uni-
verse. Indeed, the R+R? part of the action corresponds to the Starobinsky Lagrangian [81-83],
where the additional massive spin-zero can represent a natural candidate for the inflaton field,
and is sometimes called scalaron. The observation of cosmic microwave background (CMB)
anisotropies can be explained by fitting the mass of the scalaron to a value of the order of
mg ~ 10'3 GeV or, equivalently, c, ~ 10'° [82,84]. This large value of the R?-coefficient is
consistent with the validity of the perturbative expansion.

The next step would be to study the effects of the Weyl-squared term. The latter can influ-
ence the dynamics of the primordial GWs and thus the tensor power spectrum. An important
observable quantity that experimentalists hope to measure in the near future is the so-called
tensor-to-scalar ratio, which is defined as the ratio of the tensor power spectrum to the scalar
one. In quadratic gravity, its leading contribution in the slow roll expansion has been computed
in various works and reads [85-88]

24 my 24 g

r=— - 1o )
N2m2+2m2 N2c,+2c

(2.221)

where N, ~ 55-65 is the number of e-folds. The Starobinsky prediction is recovered in the
limit m,/Mp — 00 or, equivalently, ¢, — 0, and is given by r — 12/Ne2 ~ 0.003.

Since ¢y is already fixed by experiments, then a future measurement of r could be used to
fix the value of c,. If the value of ¢, turns out to be too large, meaning that the mass of the
spin-two ghost m, is too small, then we may get contradictions with other well-established
low-energy experiments, such as solar system observations. In this respect, quadratic gravity
is falsifiable. Furthermore, once c, is fixed through the measurement of the tensor-to-scalar
ratio, then all the other cosmological parameters (such as the tensor tilt and running of the
scalar spectral index) can be predicted by the theory.

From a high-energy point of view, since no additional effect has been observed yet, it is
natural to expect that the mass m, is at least of the same order or larger than m, ~ 103 GeV.
The hierarchy m, 2 m, (or, equivalently, ¢, 2 c,) would also be consistent with the fakeon
prescription whose consistency in the inflationary background requires m, > my/4 [87]. If
we impose m, 2 my/4 in (2.221) and take N, ~ 55-65, we would obtain r ~ O(1074-1073).
Therefore, the expectation in quadratic gravity for the tensor-to-scalar ratio would still be of
the same order or very close to Starobinsky’s.

Current experimental constraints give r S 1072 [84], while future satellite missions, such
as LiteBird [89], aim to look for values of the tensor-to-scalar ratio of the order of @(1072).
This means that in ten years or so we may already be able to test Starobinsky’s prediction and
quadratic gravity as a UV completion of the Starobinsky model.?!

2.5 Conclusions

It is now time to conclude this “perturbative” journey in QG. Before we say goodbye, let us
briefly summarize the main encounters made during this trip and what we learned. After in-
troducing key elements of classical GR, we quantized Einstein’s theory in the framework of
perturbative QFT. First, we analyzed the free theory (i.e. without interactions). Off-shell and
on-shell degrees of freedom were identified and counted by exploiting the gauge freedom of
GR due to diffeomorphism invariance. The graviton propagator was derived in three differ-
ent ways: In the covariant Feynman gauge, in the non-covariant Prentki gauge, and in the

21 Among the many exciting and fun things that happened during the Nordita Scientific Program, there was a bet
between me and my dear friend, co-author and co-organizer Benjamin Knorr. If in the future no tensor-to-scalar
ratio is measured in the range r ~ O(107#-107%), then you will know that I have lost the bet. We thank Ivano
Basile and Alessia Platania for acting as bet commissioners.

59


https://scipost.org
https://scipost.org/SciPostPhysLectNotes.98

SC|| SciPost Phys. Lect. Notes 98 (2025)

covariant de Donder gauge (keeping the gauge-fixing parameter generic) by using the spin-
projector formalism. Second, we introduced (self-)interactions and showed that GR as a QFT
is perturbatively non-renormalizable. Without going into sophisticated technicalities, we have
managed to determine in detail, up to numerical coefficients, the structure of one-loop and
two-loop divergences, and we have also briefly commented on the higher loops. In particular,
we showed that pure Einstein’s gravity is one-loop finite.

One of the messages of this section was that the expression “perturbative QG” does not
just refer to the perturbative QFT of GR, but to any possible consistent perturbative QFT of
the gravitational interaction. Indeed, we presented quadratic gravity, which in d = 4 space-
time dimensions is a unique strictly renormalizable QFT of gravity that is metric compatible,
torsion-free and respects the symmetries of GR. We studied its main features, such as degrees
of freedom, propagator and power-counting renormalizability, discussed the falsifiability and
predictive power of the theory, and highlighted the open questions. In particular, we explained
that a future measurement of the tensor-to-scalar ratio of primordial inflationary fluctuations
can provide a way to test or rule out the theory. Therefore, the interplay between theory and
experiments could play a very important role for the field of QG in the coming years and give
rise to new surprises.

Despite the end of this journey, the QG adventure is not over yet. In fact, this first set
of lectures also provides the basics for the EFT treatment of GR whose formalism and appli-
cations will be studied in section 3 and, at the same time, establishes a common ground on
which other QG approaches can build. Indeed, ASQG and hence the idea that gravity could be
perturbatively non-renormalizable but non-perturbatively renormalizable will be discussed in
section 4. Furthermore, the possibility that ST might be needed beyond the QFT framework to
consistently describe quantum aspects of gravity in the high-energy regime will be presented
in section 5.

We hope you have enjoyed this QG experience so far and that you will continue to have
fun with the next sets of lectures. Ciao!

2.A Elements of perturbative QFT

In this appendix, we take a quick tour through some of the fundamental principles on which the
perturbative QFT framework is based. Our aim is not to be very detailed, but to transmit the
main features and physical understanding behind these principles. Examples using toy models
and known theories such as QED will be provided in order to illustrate the basic aspects.

2.A.1 Locality

The principle of locality states that all bare Lagrangians must depend polynomially on the
derivatives acting on the fields. This means that we can only have differential operators of
finite order, i.e. given a generic tensorial field ¢ (x) we can only have

£=L(¢,00,0%p,...,0MW¢), n<oo. (2.222)

Therefore, the bare Lagrangians in local QFT cannot contain non-polynomial differential
operators like 1/0, e,In0, etc. However, non-localities can arise in the quantum effective
action due to loop corrections. For example, it is very natural to generate logarithmic non-
localities at one loop.

The name “locality” comes from the fact that if we go to momentum space, the derivatives
become momenta, and the Fourier transform of a polynomial of the momenta would generate
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terms involving a Dirac delta and its derivatives, which are distributions localized at a single
point.

All SM interactions are described in terms of local bare Lagrangians. The kinetic terms of
bosons contain second order derivatives (e.g. J,¢9"¢ and 9,A,3"A”) and those of fermions
contain first order derivatives (e.g. Ql_)i}f'uaulﬁ). The interaction terms contain up to first order
derivatives. In this section, we studied two local gravitational QFTs: GR and quadratic gravity.
The latter contains derivatives of order up to four.

2.A.2 Symmetries

Strong constraints on the type of Lagrangians we can write down arise from symmetry re-
quirements. Actions can be characterized by spacetime symmetries as well as global and local
internal symmetries.

Poincaré symmetry. Standard local QFTs in Minkowski spacetime are invariant under the
action of the global Poincaré group (also called inhomogeneous Lorentz group) that includes
proper Lorentz transformations (spatial rotations and boosts) and spacetime translations:

xt - xM=A¥ x"+a",  detA=1, (2.223)

where A", is the matrix of proper Lorentz transformations with det A = 1, and a* is a con-
stant four-vector. In four spacetime dimensions the Poincaré group is denoted by ISO(3,1)
where the “I” means “inhomogeneous” and SO(3, 1) is the proper Lorentz group: Spacetime
translations make the Lorentz transformations inhomogeneous.

The group SO(3, 1) has two disconnected components: Orthochronous (AO0 =1) and non-
orthochronous (AOO = —1). The latter can also be seen as the composition of the former with a
discrete inversion of the time coordinate. Therefore, it is sufficient to focus on orthochronous
proper Lorentz transformations.

The requirement of invariance under the action of the Poincaré group is very important for
at least two reasons.

* We can define tensorial fields as functions of coordinates with well-defined transforma-
tion properties under the Poincaré group. All fields are invariant under spacetime trans-
lations, but transform in different ways under SO(3,1) depending on their spin value.
Invariance of the action under the Lorentz group non-trivially constrains the form of
kinetic and interaction terms in a Lagrangian, in particular time and space derivatives
must appear with the same order in a manifestly Poincaré-invariant description.

* Using the Hilbert space of one-particle states as representation basis of the Poincaré
group, we can classify massive particles in terms of their mass m and their spin j, and
massless particles in terms of their helicity A, which is defined as the projection of the
angular momentum along the direction of the particle momentum, i.e. A = p-J. In four
spacetime dimensions, massive particles have 2j + 1 on-shell degrees of freedom (e.g.
a massive vector field has 3 degrees of freedom), while massless particles have one on-
shell degree of freedom associated to each helicity state. Since the helicity transforms
as a pseudoscalar under parity, to each particle with helicity A we can associate another
particle with opposite helicity —A. In a theory that is invariant under parity transfor-
mations, these two helicity components must appear in a symmetric way. Therefore, in
such situations it is convenient to assemble the two states with opposite helicities. For
example, this is what is done with photons and gravitons, which are defined as particles
with two values of helicity, A = £1 and A = %2, respectively.
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The above considerations are valid for fields defined in Minkowski spacetime. Around less
symmetric curved backgrounds, the above considerations do not generally follow. In other
maximally symmetric spacetimes, such as de Sitter (dS) [90], we still have enough symmetry to
define the concept of a particle and make a classification. Furthermore, in a generic spacetime
the global Lorentz invariance is replaced by a local version.

In this section we have considered metric perturbations around the flat Minkowski space-
time. Therefore, the metric field fluctuation h,,, lives on a Minkowski background, and the
corresponding one-particle states can be classified according to the global Poincaré group.

Internal symmetries. Inaddition to spacetime symmetries, actions in QFT can also be invari-
ant under symmetry groups that only act on the fields, while leaving the spacetime coordinates
unchanged. We can have global and local internal symmetries. The latter are also known as
gauge symmetries. These are not true physical symmetries, but rather a redundancy regarding
the number of physical degrees of freedom needed to describe the system in a local fashion.
Gauge symmetries are also very important to constrain the structure of the interaction terms
in a Lagrangian.

Example. QED is a gauge theory describing interactions between photons (A,) and electrons
(¢, ). The action is given by

S= f d*x [—%FWF‘” —(iy*9, + mhp — elﬁy”wAM] , (2.224)

where F,,,, = J,A, — 0,A,, and it is invariant under the gauge transformation

. _ . _ 1
P — % Yoy, A oA+ gﬁua(x). (2.225)

2.A.3 Unitarity

Unitarity in quantum mechanics is the statement that quantum probabilities are conserved.
Given an isolated quantum mechanical system, we cannot suddenly lose information about
some of its degrees of freedom, nor can we gain new information from nothing.

We now define the concept of unitarity with respect to the S-matrix operator. Given an
initial state |a) and a final state |b) that belong to some physical Hilbert space, we define the
S-matrix as an evolution operator that acts on |a) at t = —oo and evolves it to |b) at t = +00:
|b) = S |a). Probability is conserved if {(a|a) = (b|b) = <a|S"'S|a), which is true if and only if S
is a unitary operator:

s's=1. (2.226)

It is convenient to divide the S-matrix in two parts as S = 1 +iT, where T is known as
transfer matrix. In terms of T, the unitarity relation (2.226) becomes

—i(T-TH=T'T, (2.227)

which is the optical theorem in operator form. In practice, we work with matrix elements,
therefore we would like to obtain the optical theorem in terms of the elements of T. This can
be done by using the completeness relation

1= 0,n)(nl, (2.228)

where the coefficients o, are defined via (n|m) = 8,,,,0,, and sandwiching (2.227) with an
initial and a final state:

—i[(bITIa)—(bITT|a)] = > ou (bIT |n)(nITa). (2.229)
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The optical theorem (2.229) is still not written in an explicit form because the definition of
T hides Dirac deltas that take into account momentum conservation, and the completeness
relation (2.228) hides the phase-space integration.

If we introduce the Feynman amplitude A as (b|T|a) = (21)*6® (P, —P,) (b|Ala), P, and
P, being the total final and initial momenta, and use the more explicit form of the completeness

relation,
o [ Pl
Jl—{zn}]!;[ Gy 30 1t ({ka (2.230)

where the summation is over all possible sets {n} of intermediate states |{k;}) containing [

momenta, and w; = \/_1512 + ml2 are the frequencies (energies) for each single momentum k;,
we can recast (2.229) into the following form:

) N Bk 1
{ou1e) ol = S ] [ e oo

{n}

><6(4)( Zkl) b|AT| {k} ) { {ki} |A]a),

\. J

(2.231)

which must hold order by order in perturbation theory.

The evaluation of the two sides of the optical theorem in (2.231) requires some more input
about the sign of o, and the prescription for shifting the singularities of the propagator, which
is also related to the type of contour deformation needed to compute the matrix elements
at a generic loop order. The sign of o, is linked to the sign of probabilities, such as cross
sections, while the prescription for the propagator is connected to the arrow of causality. These
two choices have to be made compatibly with the condition of unitarity. Let us make some
additional remarks.

Signs of the norms. Unitarity (i.e. the optical theorem) does not say anything about the
sign of the probabilities. Indeed, some of the coefficients o, can be negative and the unitarity
relation can still hold: The total probability can be conserved even if some of the states have
negative (squared) norm.?? In most of this section we considered physical states to have
positive norms normalized to one, i.e. o, = 1. However, in section 2.4 we saw an explicit
example of a situation where negative norms may be needed to preserve unitarity, indeed this
may happen in the context of QFTs where the kinetic term contains higher-order derivatives,
i.e. theories with ghosts,?? such as quadratic gravity.

Positivity constraint. Unitarity plus the assumption of positive-definite norms imply positiv-
ity constraints on the imaginary part of an amplitude. Indeed, if we consider an elastic process
({b} ={a}) and 0, =1, (2.231) becomes

22Strictly speaking, o,, = (n|n) is a squared norm since the norm is defined as |||n)|| = +/(n|n). However, in this
section we refer to o, simply as the norm, as is often the case in the literature.

ZRemember that here a ghost is defined as a field whose kinetic term has a sign that is opposite to ordinary fields.
Despite the same name, do not confuse this notion of ghost field with the Faddeev-Popov ghost fields introduced
in section 2.3.1.
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n 3 n
2im[{alAla)]= > [ | %%(27‘5)45(4) (Pa—Zkl) ({3 |A|a)* = 0. (2.232)
{n} 1=1 ! =1

Arrow of causality. The notion of causality we adopted in this section is that according to
which particles with positive energy propagate forward in time, while particles with negative
energy travel backward in time. The second part of the statement means that anti-particles
propagate positive energy forward in time. This notion is associated with the time-ordered
structure of the propagator, which is also related to the Feynman prescription that tells us how
to shift the propagator poles in the complex energy plane to avoid singularities on the real
axis.

Given a scalar field ¢ and a free vacuum |0), the non-interacting causal Feynman propa-
gator reads

Gy (x—y)=(0IT {¢(x)(¥)}0)
= 0(x%—y°) (01 (x)p (¥)]0) + 6(y° — x°) (0l () (x)[0)

[0 = y)emi ") 1 9(y 0 — xO)elert" 3] (2.233)

") @rP 20
d*p ;
- | b,

where wj = 4/p2+ m? and 6(x) is the Heaviside function defined as

1, x>0,
0(x)=1< 1/2, x=0, (2.234)
0, x<0.

In the last line of (2.233), we have introduced the Feynman propagator in momentum space

Gy(p,€) = 5 - (2.235)

24+m2—ie’

where the shift p? — p2 —ie with € — 0" is the Feynman prescription that displaces the poles
in the complex energy plane as p, = wz — +(wp —i€). In the third line of (2.233), the term

proportional to e st (where t = x° — y° > 0) is associated to the propagation of positive
energy as i%e_“"ﬁt = tw; e '“st while the second term is associated to negative energy

propagating backward in time (t < 0).

The Feynman prescription is accompanied by the Wick rotation when evaluating diagrams
at higher-loop orders. If we use this prescription together with the assumption of positive
norms for the physical states in the Hilbert space, then it can be shown that in ghost-free
theories, the optical theorem can be satisfied. This is indeed the case for the QFTs of SM
interactions.

Example. To understand how the Feynman prescription and positive norms can coexist in
ghost-free theories, let us show tree-level unitarity of A¢> theory as a toy example. The prop-
agator with Feynman prescription is given by —i/(p? + m? —ie) and the three-vertex by —iA.
We want to show that the following tree-level 2 — 2 scattering amplitude is unitary:

i A2

(P34l Alpy,p2) = (—i)(—il)lm(—il) = 2 rmi—ic =(plAlp),  (2.236)
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where pq, py (p3, p4) are the initial (final) momenta, while p = p; +p, = p3+p4. The left-hand
side of the optical theorem (2.231) reads

2Im[{p|Alp)] = 2nA26(p% + m?), (2.237)

where we have used the Sokhotski-Plemelj formula

1 — =P.V. (1) Find(x). (2.238)
x *ie X

We now want to show that the right-hand side of (2.231) coincides with (2.237). Since we
have only one set of intermediate states, namely only one intermediate state (one internal leg)

n=1{k}H=lk),w =w="V k2 + m2, we can write the right-hand side as

ek 1 )
f B 20 2 800 =) (pa. Pl AT[I) (K| Al 1. o). (2.239)

Using (k|Alp1,py) = (=D)(=id) = =2, (p3,p4lAlk) = ((klAlps, p4))" = (-A)" = —A and
%% = %27[5(1(2 + m?), we obtain

4
A? f %2“5%—@5&2 +m?) =2nA%5(p? + m?), (2.240)
TT

which is equal to (2.237), consistently with unitarity.

Remark. It isimportant to emphasize that in standard QFTs, the definition of a causal propa-
gator with positive (negative) energy propagating forward (backward) in time is a convention.
In fact, we could flip the overall sign in front of the Lagrangian and choose the opposite ar-
row of causality. In this case, unitarity with positive norms would force us to implement the
so-called anti-Feynman prescription with p? — p?+ie, € — 0%, which would physically imply
that positive/negative energy propagates backward/forward in time. However, this freedom
in terms of conventions for the flow of energy and the overall sign in front of the Lagrangian
is not available anymore when both normal and ghost fields are present in the theory. In such
a case, two opposite arrows of time, one associated to ordinary (i.e. non-ghost) particles, and
the other to ghost particles, could be considered simultaneously, and would lead to a violation
of causality at the energy scale of the ghost mass. This kind of situation can arise in higher-
derivative theories: Depending on the quantization prescription adopted, an example could
be quadratic gravity as discussed in section 2.4.

2.A.4 Renormalizability

In perturbative QFT, we are interested in computing various quantities such as correlators,
form factors and S-matrix elements, from which we can extract physical observables. Quantum
corrections computed in perturbation theory are usually divergent in the UV regime because
of divergent integrals. For instance, S-matrix elements (b|.A|a) can diverge at some or any
loop order.

The standard way to deal with UV divergences is to assume that all quantities in the starting
Lagrangian are bare and divergent. Then, we can apply renormalization theory that consists
in two main steps: (i) implement a regularization method to isolate the divergent part of a
diagram/integral; (ii) absorb the divergences into a redefinition of the quantities in the La-
grangian (i.e. masses, couplings and fields). Powerful theorems ensure that for local theories,
the renormalization procedure can be carried out consistently at all orders in perturbation
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theory [91]. In particular, if the starting bare Lagrangian is local, then the divergences are
also local in the momenta (i.e. in the derivatives). In other words, the functional form of the
counterterms needed to cancel the divergences is guaranteed to be local if the bare Lagrangian
is also local [91-93].

This procedure is predictive for renormalizable QFTs because only a finite number of terms
in the Lagrangian is needed to completely renormalize all physical quantities and make pre-
dictions up to energy scales where the perturbative regime is valid. In what follows, we first
give some examples of common UV-divergent integrals in QFT, and then define the concept
of power-counting renormalizability.

Superficial degree of divergence. We can check whether a diagram diverges at a certain
loop order by computing the superficial degree of divergence. Let us consider a diagram G
with the following associated loop integral

MG = f d*ky - --d*k, Z({k;)), (2.241)

where L denotes the number of loops, k; withi =1,..., L the internal momenta, and Z({k;}) is
the integrand that can also depend on the external momenta. We define the superficial degree
of divergence 6(G) of the integral (2.241) via the relation

lim ALT({Ak;}) ~ 22D (2.242)
— 00

If 6(G) < 0 the integral is convergent; if 6(G) = 0 we have a logarithmic divergence; while if
6(G) > 0 the integral has a power-law divergence.

Examples. The tadpole diagram
1
f d*k (2.243)

k2 +m2’

has 6(G) = 2 because Alim A4 (A%k? + m?)~! ~ A? (power-law divergence).
— 00
The bubble diagram
1 1
d*k , 2.244
f k? +m2 (k —p)? + m? ( )

has 6(G) = 0 because Alirn A (A2k2)2 ~ A0 (logarithmic divergence).
—00

Power-counting renormalizability. We now want to find a formula that expresses 6(G) in
terms of the mass dimensions of couplings and fields in the Lagrangian. This will allow us to
distinguish different types of QFTs based on their UV properties.

Let us define the following parameters:

* ny: Number of different types of vertices that are relevant in the UV,
* d;: Number of derivatives in the i-th vertex.
* f: Type of field.
* n;¢: Number of fields of type f in the i-th vertex.
Then, a generic diagram G is characterized by the following quantities:

e L: Number of loops.
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* I¢: Number of internal propagators of type f.

* E¢: Number of external legs of type f.
* V:: Number of i-th vertices.

Consider a generic Lagrangian density £ = K —), whose kinetic and interaction terms can be
written in the following schematic form:

K~ Do, (0@20) ¢p, vy gdh] [¢), (2.245)
f i f

where s; = 0 for bosons and s; = 1/2 for fermions, and r takes into account the possibility
to have kinetic operators that contain higher-order derivatives. The propagator for a field of
type f behaves as

Gy, (p) ~ p&r =217, (2.246)

Equipped with all the above definitions, a generic diagram G can be written as

dk--dk x k@@= o gl ged (2.247)
—~ —~ \W_/
L-loops I¢-internal propagators V;-vertices of type i

The UV behavior is given by
where we have used the topological identity L = Iy —V; + 1.2% The exponent in (2.248) is the
superficial degree of divergence for a single type of field f and a single type of vertex i. To

obtain the total superficial degree of divergence of the diagram G we have to sum over f and
i, thus we get

5(G)=4| D L= > Vi1 |+ > I (25, —2)rp + D dV,
f i f i
f i

(2.249)

Note that each internal line is always attached to two vertices, while each external line is
attached to one vertex. This means that we can write

1 1
2If +Ef :ZVini’f =4 If :_EEf-i_EZVini’f, (2.250)
1 1

which implies

f f

i

We now want to show that the expression in the first square bracket corresponds to the
mass dimension of the field of type f, and that the expression in the second square brackets

24This can be easily proven as follows. The number of independent momenta flowing through the legs of a
generic loop diagram is (E — 1) + L, where the —1 is needed because the external momenta satisfy a conservation
law. At the same time, the number of independent momenta can also be written as E + I —V where E + I is the
total number of legs (external plus internal) and V takes into account the fact that not all the momenta flowing
through the legs are independent because of momentum-conserving Dirac deltas in the vertices. Thus, equating
these two expressions we get the desired topological identity.
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is equal to the mass dimension of the i-th coupling constant g;. If we call F; = [¢(] and
A; =[g;] the mass dimensions of ¢ and g;, respectively, from (2.245) we get

Fp=(sp—rp+2, and  Ay=4—d;— > ns[(s; —r +2]. (2.252)
7

Then, using (2.252) we can write the superficial degree of divergence as

5(G)=4— Y EfF;— > Vi, (2.253)
f i

It is worth emphasizing that the quantities A; are the dimensions of the couplings g; that
are relevant for the UV behavior of the theory, and ny counts the number of these vertices. For
example, mass parameters are usually not important and do not contribute to the superficial
degree of divergence. In theories with vertices containing different powers of derivatives, the
couplings that are relevant in the UV are those associated with the highest derivative order.

Non-renormalizability and strict/super-renormalizability. We can now distinguish two
different cases.

e If 3isuchthat A; <0, then the superficial degree of divergence increases with the num-
ber of vertices. In this case, there is an infinite number of divergent Green’s functions Gg ’
that need to be renormalized. These QFTs are called (perturbatively) non-renormalizable.

e If A;>0foralli =1,...,ny, then the superficial degree of divergence decreases with
the number of vertices or remains constant. In this case there is a finite number of
divergent Green’s functions Gy ’ that need to be renormalized, i.e. those for which E;

satisfies the inequality 4 — ). s EfFy 20. These QFTs are called renormalizable.

Perturbatively non-renormalizable QFTs need an infinite number of counterterms to be
fully renormalized, this means that infinite number of couplings need to be introduced. This
implies that an infinite number of experiments need to be performed in order to measure this
infinite number of couplings. Therefore, predictivity is lost at very high energies. However,
perturbatively non-renormalizable QFTs can still be considered legitimate physical theories by
treating them as EFTs in some low-energy regime. In this case, predictions can be made up
to errors proportional to inverse powers of the cutoff at which the EFT description is expected
to break down. In contrast, renormalizable QFTs only need a finite number of counterterms
to be renormalized, therefore only a finite number of couplings needs to be measured. This
means that this type of QFTs have a higher predictive power. Note that these statements only
hold in perturbation theory — a theory can be perturbatively non-renormalizable but non-
perturbatively renormalizable, see section 4. For the sake of readability, in this section by
renormalizable we mean perturbatively renormalizable.

Renormalizable QFTs can be divided in two main subclasses:

e If A; >0foralli=1,...,ny, the Green’s functions become superficially finite for suffi-
ciently large values of V;. These QFTs are called super-renormalizable.

e If A; > 0foralli =1,...,ny, and 3 i such that A; = 0, the superficial degree of
divergence does not decrease with the number of vertices, and divergences need to be
renormalized at every loop order. In particular, when all the interaction couplings that
are relevant in the UV are dimensionless, i.e. A; =0 foralli = 1,...,ny, the QFT is
called strictly renormalizable.
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Therefore, we have learned that the superficial degree of divergence is a very important
quantity that can be easily computed by looking at the mass dimensions of fields and interac-
tion couplings. In particular, it captures the main features of the UV behavior of a QFT and tells
us whether perturbative renormalizability can be achieved or not. However, we should also
mention that the superficial degree of divergence does not always capture the true divergence
of a loop diagram because at higher loops there could be sub-divergences. In the case of local
QFTs, it can be shown that it is possible to handle sub-divergences in a consistent way by first
renormalizing the lower-order divergences and substitute the renormalized result into the the
higher loop orders. In the end, the superficial degree of divergence is still a good indicator to
measure UV properties of a perturbative QFT at a generic loop order [91,93].

Examples. Consider the following Lagrangian in four spacetime dimensions:

1
L= —Eaugi)&“qﬁ —V(¢p). (2.254)
An example of a super-renormalizable QFT is given by the above Lagrangian with the potential
equal to V = % 3, since [A3] = 1. A strictly renormalizable QFT is given by the quartic
potential V = % 4, since [A4] = 0. While perturbatively non-renormalizable QFTs are given

by higher-order potentials V = %gb” where the couplings have negative mass dimensions, i.e.
[A,]=4—n<0forn>4.

Fermi theory with a four-fermion interaction is an example of a perturbatively non-renor-
malizable theory that works well up to energy scales of the order of 100 GeV, but at higher
energies it is completed by the Glashow-Salam-Weinberg theory of the weak interaction, which
is strictly renormalizable. The important aspect to highlight is that all SM interactions are
described in terms of strictly renormalizable QFTs [93]. In this section we have pushed the
criterion of strict renormalizability to the last drop. In particular, in section 2.4 we studied a
gravitational QFT that is strictly renormalizable and known as quadratic gravity [40,41,43-45].

2.B Spin-projector formalism

In this section we found that the spin-projectors formalism is very useful for writing the grav-
itational propagators in GR and quadratic gravity in a form that makes the spin structure and
the off-shell degrees of freedom explicit. However, we have not provided enough details on
how the formalism is constructed. The aim of this appendix is to present a more detailed treat-
ment of the spin projectors. Useful references are [94] on tensor representations and [95-97]
on the spin projectors; see also the textbooks [4, 6].

2.B.1 Lorentz tensor representation

If we speak of tensors, what we usually mean are representations of SO(3,1). For example,
vectors transform as V¥ — A" ,V”, contravariant rank-two tensors as T*” — A" o A", TPY and
so on. The vector representation is irreducible under SO(3, 1) because the action of A*, mixes
all the four components. The rank-two tensor representation is reducible because its symmetric
and antisymmetric parts do not mix, and the trace is an invariant. Thus, the 16 components
of T*” can be decomposed as a direct sum of a scalar, an antisymmetric tensor representation
and an irreducible traceless symmetric representation (16 =6+10=6+(1+9)). Let us show
this explicitly.
Consider a rank-two tensor ¢*” in Minkowski spacetime. Under Lorentz transformations,
it transforms as
=AM N pPT (2.255)

This 16-dimensional representation of the Lorentz group is reducible. First, the symmetric
and antisymmetric parts do not mix, i.e. if ¢ is symmetric (antisymmetric) then also ¢’ will
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be symmetric (antisymmetric), which implies that the 16-dimensional representation can be
decomposed as

e CASTI0N
P = R pH, 2 (2.256)
P = 2 (= )
2 b

where h*"” is a 10-dimensional symmetric representation, and ¢*” a six-dimensional antisym-
metric representation.
Furthermore, since trace and traceless components of the symmetric representation do not
mix, i.e.
/ /
=m0,k =y, A A GhPT = mpehP7 =, (2.257)

we can decompose the symmetric representation into a nine-dimensional irreducible symmet-
ric traceless representation (h’#”) and a one-dimensional scalar representation (h = 7 Wh‘“’):

1
RTHY = pHv — anh. (2.258)

Therefore, a rank-two tensor can be decomposed into the direct sum of three irreducible rep-
resentations. From (2.255) it follows that ¢*" is a tensor product of two four-vector represen-
tations since the two indices transform separately as four-vector indices.

2.B.2 Decomposition of Lorentz tensors under SO(3)

The decomposition of Lorentz tensors under the SO(3) subgroup allows to reduce a Lorentz
tensor representation into multiple irreducible representations of SO(3) that are labeled by
integer values of the angular momentum j =0, 1,2,.... The dimension of each representation
is 2j + 1 and the states are labeled by j, = —j,...,j. If we name each representation as j, a
four-vector V* can be decomposed into a scalar 0 and a three-vector 1:

Vheool. (2.259)
From (2.259) we can also obtain the decomposition of a rank-two tensor under SO(3):

e (001)®(001)=(020)0(0®1)0(1®0)®(1®1)

2.260
=0ol1o10(00162), ( )

where we have used the fact that the composition of two angular momenta j; and j, is given
by all angular momenta between |j; — jo| and j; + j, i.e.

0®0=0, 01=1®0=1, 1®1=00102. (2.261)

Therefore, "*” decomposes into two spin-zero, three spin-one, and one spin-two representa-
tion under SO(3).

Let us now explain how the various representations are spread over the symmetric and
antisymmetric parts. Since the trace is a Lorentz scalar, it will transform as a scalar under
SO(3),

heo. (2.262)

The antisymmetric part 1)*” has six components, and it can be written as the direct sum of the
two three-vectors?® 1% and 3e/kapik:

Y elel. (2.263)

%In the case of the field strength in QED, i.e. F,, = 9,A,—0d,A,, the two three-vectors are the electric and
magnetic fields, respectively given by E' = —F% and B' = —3e"/*F/¥.
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Since we have identified the trace h with 0 and Y*” with 1@ 1, from (2.260) we understand
that hT#” decomposes as

K ecoo1e2. (2.264)

2.B.3 Spin projector operators

The next two tasks are: (i) introduce a complete set of projection operators through which we
can project the tensor ¢*” along its scalar, vector and tensor components; (ii) find a basis in
the space of rank-four tensors in terms of which we can express the tensor O*”P? appearing
in a parity-invariant kinetic term, i.e.

1
L= Ecpw,(’)“”p"gopo. (2.265)

The kinetic operator satisfies O*”P9 = OP9%Y but, in general, it is not symmetric under the
exchange of the indices in the individual pairs (uv) and (o). In this section, we only worked
with symmetric rank-four kinetic operators. However, in this appendix, we make the discussion
more general and also allow for the presence of an antisymmetric part.

In section 2.2.6 we showed that a generic four-vector A* can be projected along the two
irreducible representations of the SO(3) group (A* € 0 & 1) by using the set of projector
operators {Ouv’ ww}, that project along the spin-one and spin-zero components, respectively.
The same projectors also form a basis in the space of rank-two symmetric tensors, and this
property is very useful to decompose kinetic operator and propagator of a spin-one gauge
boson into its spin components. We now want to show how to find spin projectors that can
form a complete set for the decomposition of a rank-two tensor, and a basis for rank-four
tensors.

Since a rank-two tensor behaves like the tensor product of two four-vectors, we can find
the projection operators for ¢*” by decomposing each of the two indices in terms of 6,,, and
w,y- Let us first focus on the symmetric part, and then move on to the antisymmetric one.

Symmetric decomposition

The symmetric rank-two tensor h,,,, can be seen as the tensor product of two four-vectors and
can be decomposed in its irreducible representations under SO(3) as follows,

hyy = (0p + ©,p) (015 + @,5) RPC
= (0,000 + 0,y W1 + 0,0 005 + @@, ) APC

1 1 1

= 5 (Qup 6,5 + Gua QVP)hpU - gewepohpa + gewepohpo + wm"’pahpa (2.266)
1 o

+ > (Qprw +60,0Wyp + 0,0, + QWco“p)hp

— p2) (1,m) (0,5) (o,w)
=P Wpohpo +P Wpahpa +P nghpOv +P Wpahpa R

where we have introduced four spin projectors that are defined as®

2We are labeling the spin-one projector operator with the additional letter m in order to distinguish it from
the other spin-one operators that will be introduced in the case of the antisymmetric decomposition. When only
symmetric tensors are present, then we can simply call it P! (without the m), as we have done in the main text
of this section.
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@ _1 1
P uvpo 5 (GNP 61’0 + QHUQVP) - ge,uvepa 5
(1,m) . 1 9
=z Wy +0,,0,,+0, w,c+0,;0 ,
o %( 102+ Our @+ Orp @y + vy o) (2.267)

(0.5) _
P uvpo geuvepo 5

(o,w) _
P uvpo WyyWpo -

The label m stands for “momentum” as the operator projects along the h® components, the
label s stands for “stress” as the corresponding operator projects along the trace of the stress
scalar hii, and the label w stands for “work” (energy) as the projection is along the h°® com-
ponent [27].

The projectors are idempotent and orthogonal, that is

(i,a) app(jb) po ij sabp(i,a) po
P " P ” siigabp R (2.268)
and form a complete set,

73(2) + P(l,m) + 7)(0,3) + P(O,W)

uvpo uvpo uvpo uvpo = jl!“"PU ’ (2'269)

where 1,,,,, = %(n upMvo T MusMyp) is the identity operator in the space of symmetric rank-
four tensors, that was already defined in the main text in (2.70).

Since the projectors are idempotent, their trace equals their rank. This means that the
trace is equal to the dimension of the corresponding irreducible representation (i.e. 2j + 1):

(2) —c — i
187Pop o = 5=2(2)+1, (spin-two)
(1,m) —q_ i
147%Po P vpo = 3= 2(1)+1, (spin-one) 5970
]luvarP(O,s) =1=2(0)+1 (spin-zero) @ )
uvpo = 1= > P
(o,w) — 1= i
149Pop oo =1= 2(0)+1, (spin-zero)

which means that P® projects along the spin-two component (the traceless h; s PE™ along
the spin-one (hy;), P05) along one spin-zero (spatial trace) and P>") along the other spin-
zero (hyg). As an exercise, let us verify the first identity for the spin-two projector:

1
2
]l,uvpoP( )MVPU — ILMVPUQHP Qvo — §]LHV)009‘”;9,)0'

1 1
_ E(guugvueu“)—g(wu“) (2.271)

1 3
=—-(B3x3+3)—=

2( ) 3
=5.

The next question to ask is whether the complete set of projectors also forms a basis in
the space of symmetric rank-four tensors. Using Lorentz invariance, a set of basis elements
constructed in terms of 1, and p, can be easily found and was given in (2.76). However, as
already explained in section 2.2.6, the projectors in (2.267) are not enough to form a basis
because they cannot generate the terms 7,,p,p, and 1,,p,p,. Indeed, we need to add an
additional element to close the basis, and we choose it to be
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(0,%) _ p0sw) (0,ws)
P e P N5 +P TT66 (2.272)
where
pom L po) L8 (2.273)
uvpo V3 uv@po > uvpo ﬁwl“’ po - :

Note that the operators P*) and P©"*) are not projectors, indeed they are not idem-
potent, do not contribute to any completeness relation, and are not orthogonal to the spin
projectors. However, they satisfy some relations that together with those in (2.109) can be
written in the following compact form:

P(l,ab)waﬂp(bcd)aﬂpcf — 51]5bc73(l,ad)mp0 i (2.274)
where the various indices can take the values i, j € {2,1,0} and a, b, c,d € {m,s,w}. Note that
when one of the indices a, b, ¢, d is absent, i.e. for the spin-two projector, the quantities P
and PZ) would correspond to P?). Moreover, the notation P%%®) means P9, Therefore,
the set {P@, pLm) p(0s) pOW) p(0.X) 5 closed, i.e. the product between any two operators
does not generate a new one that is not already included in the set, and also forms a basis in
the space of symmetric rank-four tensors.

As an exercise, let us verify that P projects h,,, along the spin-two component which is
traceless and transverse:

1 1
n“v(P(Z)Mvpghpo) — E(nuveupem +nuv9M09m)—gnuveuvepg:lhpo

1 1
=3 (60,76, +6,76,,)— S@-1) ep(,} hPo (2.275)

M1
=13 (6po +60,p0) — epa}hfw =0,
and

1 1
p* (P(Z)Mvpahpa) = |:§ (p“@up 0y +p'u9ua 9vp) - gp'ueuvepo] h*? =0, (2.276)

where we used p*6,,, = 0.

Antisymmetric decomposition

Let us now focus on the antisymmetric part ¢)*” € 1@ 1. Following steps similar to those of
the symmetric case, we can write

Yy = (eup + “)up) Oy + @y ) PP?
= (0,000 + 0p Wy + @y 0y + @y W ) YPT

1 1
=3 (04p0v0 — 050 ) P + 3 (0up@ro = O @rp = Orp@po + 015 @, ) PP

— p(1,b) (Le)
i Wpcfl'bpa +P uvpawpa’
(2.277)
where we have defined the two projector operators
(1,b) 1
P uvpo E (QHP GVU - Guaevp) 5
(2.278)
P 1(9 v — O 02— By 0+ Bry )
uvpo 9 \THPTTVO uo == vp vp Puc vo@up ) -
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They are idempotent and orthogonal, that is

(1,¢) afp(1,d) po _ scdp(le) po
P " P N _5C P e 5 (2.279)

B

where c,d € {b, e}. Thus, they form a complete set

(1,b) (1,e) _1
P uvpo +P uvpo 5 (nNPnVU - nMUnVP) ’ (2.280)
where %(nwnw — NuoTyp) is the identity operator in the space of antisymmetric rank-four
tensors.

As before, since the projectors are idempotent, their trace equals their rank. This means

that the trace is equal to the dimension of the corresponding irreducible representation (i.e.
2j+1):

1 1,b .

5 (nup”flw — nw”r)vp)P( )Wpa =1=2(1)+1, (spin-one) (2.281)
1 . . :

> (nupnm - nWT)vp)P( ’e)wpa =1=2(1)+1. (spin-one)

Both operators project onto spin-one components: The so called magnetic (%eijkw jx) and
electric (%) components of the antisymmetric tensor 1*”. The use of the letters b and e is
inspired by the magnetic field B and electric field E in QED.

Full decomposition

We can now decompose any rank-two tensor p*” into its irreducible SO(3) representations
by using the complete set of projectors {P3), P(Lm) p0s) pOw) p.b) ple)} The full com-
pleteness relation is

1
2 1, 0, 0, 1,b 1, —
(P@ 4 pm 4 p0s) 4 pOw) 4 pLb) 4 pl e))wpa—i(mpma+nwmp)

L 2.282
+§(nupnvo_nuonvp) ( 82)

= NupNvo -

Furthermore, we can also find a basis to decompose any rank-four tensor O*”P¢ that could
play the role of a kinetic operator in a parity-invariant Lagrangian as that in (2.265). However,
all the operators introduced so far, including P(>**) and P(®"%), are not enough to form a basis.
Indeed, we need an additional basis element that can allow to write rank-four tensors that are
symmetric in the first pair (uv) and antisymmetric in the second pair (po), and vice versa.
This additional element can be chosen to be

(1,%) _ p(1,me) (1,em)
P e =P e TP e (2.283)
where

(1,me) _ 1
P uvpo 5 (GMPwVU - euova + Q’pruc' - Qvga)up) ,

o) 1 (2.284)

l,em _
P wrpo 9 (Q“Pw”" +Ouoyp = Ohp Wpo — waup) c

Note that, similarly to P©") and PO also P(1-¢™ and P are not projectors.
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The full basis of rank-four tensors can be written in the following compact form:%’

{(’)(i)} = {P(Z),/P(l,m)’P(O,s),/P(O,w)’rP(O,sw),P(O,Ws)’P(l,b)’7)(1,6),7)(1,8"1),73(1,"15)} , (2.285)

where i = 1,...,10. Let us remark that the operators POsw) and POWS) are not two inde-
pendent elements because they always come in the combination P©*). However, working
explicitly in terms of P©") and P©Ows) simplifies the various product relations. The same
reasoning is true for the operators P(1-me) plem) apg P>,
Indeed, the operators in (2.285) satisfy the following relations:
p(i,AB) vaﬁp(j,CD)
a

g po _ 6ij5BC73(i,AD) PU, (2.286)

B wy
where now i,j € {2,1,0}, A,B,C,D € {m,s,w, b, e}, P?AB) = P(2) and pliA) = p(iA)

We can now finally express the parity-invariant kinetic Lagrangian (2.265) in momentum
space in terms of the full basis of rank-four tensors in (2.285):

10
1 1 ,
L= E(Puvolwpacppa = E‘p,uv ( E Ci(p)o(l)uvpcr) Ppo> (2.287)

i=1

where c;(p) are some coefficients that can be either constant or depend on p2.

In this section, we only worked with symmetric kinetic operators, in GR and quadratic
gravity; see (2.27) and (2.193). Therefore, we only needed the four symmetric spin projectors
in (2.267) plus the operator (2.272) to form a basis in the space of rank-four symmetric tensors.

3 Gravitational effective field theory and positivity bounds

Lecturer: Anna Tokareva, HIAS, ICTP-AP Beijing/Hangzhou, Imperial College
Email address: tokareva@ucas.ac.cn

Lecture recordings:

Lecture 1:  https://youtu.be/5Ns78W_Dhgk.
Lecture 2:  https://youtu.be/PyND_7IxEt4.
Lecture 3:  https://youtu.be/HYWqZMsz4Cs.
Lecture 4:  https://youtu.be/Mw1v9vXi2vo.

Abstract:

In these lectures I introduce an EFT approach in field theory and its application to
gravity. I show the relation between the EFT and scattering amplitudes, and give several
examples of the techniques based on the general properties of scattering amplitudes. I
derive analytic results for positivity bounds and show that under certain assumptions
they lead to a compact allowed space for the Wilson coefficients. I finish the discussion
of EFT and amplitude methods by eikonal resummation of GR amplitudes and positivity
bounds for the amplitudes involving graviton exchange.

?’Note that no operators that connect electric and magnetic spin-one spaces, i.e. P(*?) and P(-?®) nor operators
of the type P1:P™ and PUmb) | are present. Their absence is due to the fact that we are considering the case of
parity-invariant Lagrangians for which these types of spin-one transitions are not allowed. On the other hand, if we
admit parity-violating operators, we could write terms like €,,,,,¢"” ¢ or €,,,,9"”d°1)?, and so the operators
Ped) pLbe) plmb) and PLbm) would appear. See [97] for more details.
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Preface

GR being a perfect description of classical gravity certainly requires a completion at higher
energies than the Planck mass. Curiously, all efforts to build a field theory-based complete
description of gravity show at least one conceptual problem among this list:

* Lack of unitarity: Quadratic gravity (described in detail in section 2.4) is a renormaliz-
able weakly coupled theory. However, it suffers from the inevitable presence of a ghost
state in the tensor sector. Moreover, this ghost state is coupled to normal gravitons, which
leads to either classical instabilities, or negative probabilities for certain processes. This
makes it impossible to consider quadratic gravity unless some revisiting of quantum-
mechanical laws is done.

* Strong coupling: Gravity can be non-perturbatively renormalizable, as it is assumed in
the program of ASQG introduced in section 4. However, it means that it is necessary
to use non-perturbative approaches in the UV which is a dramatic complication from
the point of view of the computations and consistency checks. Moreover, in a complete
theory, in general, an infinite number of terms can play a role in the RG running. Some
luck is needed, in order to get just a finite set of relevant operators which is enough for
computations.

* Non-locality: Locality of field theory means, in simple words, that the theory admits a
description in terms of operators with a finite number of derivatives. It is not fully clear
at this moment whether this property can be preserved at all in a unitary and ghost-
free field theory description of gravity. An infinite-derivative version of quadratic Stelle
gravity [98] represents an example of a theory where unitarity is restored by means of
sacrificing locality.

* Violation of Lorentz invariance: Projectable Horava gravity represents an example of
a Lorentz-violating four-dimensional theory of gravity flowing from an asymptotically
free fixed point in the infrared (IR) to the asymptotically free fixed point in the UV [99].
Thus, sacrificing Lorentz invariance, one has a chance to get weakly coupled ghost-free

QG.

It seems that, in order to get a complete description of gravity, one always has to give up
some desired property. Even in ST (described in detail in section 5), a lot of complications,
uncertainties, and a whole landscape of possibilities emerge. In general, EFTs coupled to
gravity have landscapes. In that case, it is much easier to pinpoint a good realistic sector and
vacuum and control the whole landscape. In ST, the complications arise because it is not a
QFT in spacetime and, thus, it requires a different framework (infinite towers of states, etc.),
and controlling the landscape is much harder than in QFT. Thus, it seems there is no simple
solution here. So, what is wrong with gravity? This is a good question but, perhaps, it is more
fruitful to address a different question instead:

[ What to do with gravity? ]

Fortunately for us, gravity admits a good description for almost all observed phenomena,
such that low energy EFT remains valid. The reason for that is related to the extremely high
value of the Planck mass Mp; = 10'® GeV, compared to all energy scales of particle physics. The
highest energies which can be directly probed in collider experiments (including the LHC at
CERN) are at most 10 GeV. Thus, we have a gap of 15 orders of magnitude in energy, allowing
us to live safely and be well protected from any QG effects in ordinary life and in laboratory
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experiments. For all applications, just GR or the EFT of GR seems to be enough. Why should
we care at all about the UV completion of gravity?

This section has an answer to this question. The main observation done in recent decades
is that

[ Not all EFTs are consistent with QFT principles.

Naively, one may expect that we are supposed to measure the Wilson coefficients in front of
all counterterms that we have to add to the action, and there is no fundamental principle
telling us which values are allowed. However, the QFT rules are more restrictive. Not all
EFTs can be UV-completed by a good theory which satisfy the general principles of unitarity,
locality, symmetries, and causality. These principles can be formulated even beyond the QFT
framework, for example, as the properties of non-perturbative S-matrix, when ST is assumed
to be a UV completion for gravity.

How can we verify whether a given EFT can be completed by something nice, say, ST, or a
consistent QFT? The main tool which makes it possible to classify EFTs is related to the scat-
tering amplitude, or S-matrix formalism. In this formalism, we study the scattering process
of the asymptotic states. The above-mentioned QFT principles are conveniently encoded in
mathematical properties of the scattering amplitude, such as their fixed analyticity structure
in the complex plane of momenta. Due to these properties, it is possible to use complex analy-
sis theorems which would literally relate the UV completion to the IR theory where scattering
amplitudes can be directly computed from low-energy EFT. The UV-IR relations of this type
lead to constraints on Wilson coefficients of EFTs which are often called positivity bounds. His-
torically, the first constraints were formulated in [ 100] as only positive signs for a set of Wilson
coefficients, hence the name. These constraints were further generalized and optimized, thus,
nowadays they form compact islands in the parameter space of Wilson coefficients after the
mass scale is fixed.

The other application of UV-IR relations imposed by analyticity of the scattering amplitude
is a partial reconstruction of the UV completion through the scattering amplitude beyond the
regime of validity of the EFT. Remarkably, this can be a meaningful procedure in graviton-
mediated scattering because in this case, the saturation of the full unitarity (FU) condition is a
good approximation (especially in higher dimensions) leading to the possibility of an eikonal-
based unitarization of tree-level scattering.

I am deeply indebted to several colleagues of mine, discussions and collaboration with
whom shaped my understanding of EFT, amplitudes and positivity bounds: M. Carrillo Gonza-
lez, C. de Rham, S. Jaitly, M. Herrero-Valea, A. Koshelev, K. Mktrchyan, A. Tolley, P Tourkine, A.
Tseytlin, A. Zhiboedov, S.-Y. Zhou. I have to remember here my great teacher Valery Rubakov
who unfortunately passed away too early. He has never been working on amplitudes but
somehow it happened that I am still trying to give more and more rigorous answers to his
sharp questions on loop positivity bounds and issues with the graviton pole. I am grateful to
the MSc students from my group in HIAS, GuangZhuo Peng and YongJun Xu?® for motivating
me to make a more systematic review on EFT and positivity bounds, for correcting my mistakes
and misprints and for guiding me through a variety of delicious Chinese food. I am delighted to
appreciate recent very deep discussions with my PhD student Long-Qi Shao (with his insights
from low energy quantum chromodynamics (QCD)), which, in fact, formed a significant part
of the FAQ on EFT (section 7), as well as my current understanding of causality. I wish to see
in the near future that, despite certain IR divergences, his research career will come to a very
good UV completion.

These lectures are organized as follows:

B0rder is alphabetical.
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Sec. 3.1: We go all the way from GR to the EFT of GR, explaining some steps with the use of a
shift-symmetric scalar field as a toy model. We show how to reduce the tensor structure
in the EFT action to a very limited number of contractions of the Riemann tensor. We
will also discuss the relation between the EFT action and the amplitude.

Sec. 3.2: We review several important properties of scattering amplitudes, such as partial
wave unitarity (PWU) and polynomial boundedness. We derive one of the crucial con-
sequences of unitarity — the Martin-Froissart bound — which makes it possible at all
to use dispersion relations to constrain EFT Wilson coefficients. In addition, we briefly
introduce the idea of the amplitude’s bootstrap techniques, and show how it works in a
very simple toy model where it allows us to get a loop correction in a two-line compu-
tation.

Sec. 3.3: We introduce the techniques of the dispersion relations in non-gravitational theories,
and derive constraints on Wilson coefficients for generic EFTs following from unitarity,
causality and the Martin-Froissart bound. We go from the simplest positivity bounds to
more advanced techniques based on non-linear integral inequalities and partial wave
expansions.

Sec. 3.4: We concentrate on the applications of the dispersion relations for UV-IR relations
in graviton-mediated scattering. In addition, we introduce the gravitational eikonal
and show how to obtain an analog of the Martin-Froissart bound in dimensions higher
than four for graviton-mediated scattering via the unitarization of the tree-level graviton
scattering amplitude. We also discuss the fate of positivity bounds based on a twice-
subtracted dispersion relation in the presence of graviton exchange.

Sec. 3.5: We describe the general view on relations between UV and IR theories, and prospects
for future studies.

Sec. 3.A: We provide a dictionary of important concepts in the field of EFT and amplitudes.

3.1 EFT of gravity: Vertices, amplitudes, field redefinitions

In this section, we make a relation between the EFT of gravity and scattering amplitudes. We
start with the explicit computation of the graviton exchange amplitude in GR with a minimally
coupled scalar field, based on the result for the Feynman graviton propagator obtained in
section 2.2.

The Einstein-Hilbert action, as it is a non-linear functional of the metric, contains vertices
with an arbitrary number of gravitons after a perturbative expansion around flat spacetime. In
this section, we will mainly concentrate only on the contributions to 2 — 2 scattering process.
We will also go beyond GR, extending it by a sequence of higher curvature terms inevitably
emerging as counterterms required to cancel loop divergences in GR [29, 101, 102], see also
the detailed discussion in section 2.3.5.

3.1.1 The concept of EFT

EFT is a powerful tool for the description of low energy physics. It is useful as a dramatic
simplification in computations even if a complete theory is known. In the case when the
ultimate theory is unknown or too complicated, it represents a solid ground and organizing
tool for experimental measurements, predictions and computations.
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Figure 3: EFT description, range of validity, properties and proposals for UV comple-

tions.

The first step in the construction of any EFT is related to defining the low-energy degrees
of freedom on top of flat spacetime and in the vacuum.

A very frequent confusion in quadratic gravity (or in the Starobinsky model) with the EFT
of gravity is related to the fact that the quadratic part of the EFT action in four dimensions
is trivialized, as we will see later. However, in quadratic gravity, these terms are supposed
to improve or restore renormalizability! The origin and the resolution of this confusion is
related to the proper definition of degrees of freedom. The EFT of GR is a theory of a single
massless spin-two particle, while quadratic gravity has more degrees of freedom (a scalar, and
a spin-two ghost, see section 2.4.2).

After determining the degrees of freedom from the linearized action, one can construct
interaction terms in the Lagrangian which respect all the symmetries. In the case of gravity,
general covariance must be preserved, so all interactions are different contractions of Riemann
tensor. This way, the EFT is organized as an infinite sum of all terms allowed by symmetries of
the action, with Wilson coefficients which are supposed to be measured in experiments. Why
is it still predictive?

The expansion can be ordered by mass dimension (or the power of the cutoff in the de-
nominator) of the EFT terms. Remarkably, only the first few terms are needed in most cases,
if the relevant energies are far away from the scale of the EFT breakdown — the cutoff scale.
Due to that, one compute scattering amplitudes and other observables just in an EFT with a
few terms, and it is expected to be a very good approximation in most cases.

We discussed how to construct an EFT bottom-up. However, if we know a complete theory,
the EFT expansion can be obtained by means of integrating out heavy degrees of freedom and
keeping the light ones. Let us show how this works in a simple example of integrating out a
heavy scalar field. We start from the Lagrangian

1

Lo ) =3 (39) 3 mP6% + pF )+ G (¥), R)

where ¢ is a heavy field, and 1) represents light degrees of freedom. A partition function can
be written in the form of a functional integral over the fields ¢ and 1),

z= f DDy el f Lo (3.2)
We can use an equivalent form for the Lagrangian:

L) =39 (0-m2) g+ 9F () +G (). (33)

Now we want to integrate out the heavy scalar ¢. We define a shifted field ¢,

p(x)= w(x)+Jd4yDF (x=y)F( (), (3.4)
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where Dy (x — y) is the Green’s function of the field ¢ defined by the equation

(I:l—mz)DF (x—y)=86*(x—y). (3.5)
In terms of the field p, we obtain
~e(@-m) e+ oF @) = 7 (O-m)7 - f @'y FQ O (= IF G (). (3.6)

This transformation is just a shift of the field, so it does not affect the measure in the functional
integral, Dy = Dy. Thus, we obtain the partition function in the form

z = J Do eifd“x G(w)e—%(FDF) , (3.7)
where we defined
(FDF) = f d*xd®y F (4 () D (x = y)F (4 () - (3.8)
The Green’s function can be expanded in a series in momenta if the mass is large,
d%g e~ ia(x—y) a4 . 1 2
Dr(x—y)=— 1:  __ d g4y —_L U (3.9)
(2m)* ¢2+m?2 (2n)* m2  m*
or )
1 O O
DF(x—y)z—(—Z+—4+—6+...)64(x—y). (3.10)
m2 m* m

Thus, in this limit, the effective low energy Lagrangian can be written as a local expansion in
powers of the d’Alembertian operator O acting on F(v(x)), instead of the non-local integral
form (3.8),

Lar (W) =G (W)= 3F () —F ()= > F ($)OF (§)+ .. 31D

The partition function (3.7) within this expansion is given by the functional integral of the
local effective Lagrangian L.,

Z= f D et ] d*x L) (3.12)

This Lagrangian represents a derivative expansion of all interactions, which can be ordered by
the mass dimension of each term. Clearly, it looks like a non-renormalizable theory, although
we obtained it by integrating out a heavy state in the theory which could be also renormaliz-
able.

We have just found that an EFT can be obtained as a derivative expansion after integrating
out heavy states. Does it mean that any EFT corresponds to a UV completion with a finite
number of states? The answer is — no! For example, the low energy expansion of the ST
effective action certainly contains an infinite number of states in the UV. There are recent
results arguing that the EFT of GR cannot be completed by a finite number of states [103].
Moreover, not all EFTs admit a good UV completion, as we will see in the next sections. And,
even more, not all EFTs are consistent with causality requirements formulated only in the
low-energy domain of their validity [ 104, 105].
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Figure 4: Feynman rules for minimally coupled scalar.

3.1.2 Scattering amplitudes in GR with a minimally coupled scalar

We start examining the structure and allowed space for EFTs from building a relation between
the effective action and scattering amplitudes. In this section, we compute a graviton-mediated
scattering amplitude, and present the result for graviton-graviton scattering in pure GR.

We first recall the Feynman graviton propagator in Fourier space. In harmonic gauge (also
called the de Donder gauge, (2.33)),

1
V= v,n, =0, (3.13)

we have the graviton propagator (recall (2.81))

1
guvpa(q) = quj (n,upnva + NpoMvp — nuvnpa) . (3.14)
If we introduce the tensor
1
pabrs — 3 (narn% + naénﬁr _ naﬁnrc‘?) , (3.15)
we get .
—i
g,uvpa(q) = @ iepaﬁyﬁ . (3.16)

The vertices with three and four gravitons are very long and complicated expressions derived
years ago in [15,106-108], and summarized, for example, in [5]. They can also be easily
reproduced with the use of computer algebra packages, such as xAct [109-113], dealing with
tensors in covariant form.

We will show the main properties of graviton-mediated scattering amplitudes using the
example of a massless scalar field minimally coupled to gravity. Let us introduce

2
Mle 1
2 2 ¢

S=fd4x\/—_g( Lp)z). (3.17)

The Feynman rules for this theory are given in fig. 4 [114,115]. The propagator was given
above in (3.16), whereas the scalar-scalar-graviton vertex is

i
Vou(p1,p2) = T (P1uPay + P2uP1v — Myl P2y ) - (3.18)
P
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p3 D4
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Figure 5: t-channel graviton exchange diagram contributing to (3.26).

Combining the Feynman rules from fig. 4, we can find the matrix element corresponding
to the graviton-mediated scalar scattering. The t-channel Feynman diagram is shown in fig. 5.
For the s-channel, we have

i

As = Wi (ProP2) Gy P70 Vap (Pospa) (3.19
By direct substitution, we find
i
Viy (p1,p2) PP = My (psph +ppg) . (3.20)

Contracting with the second vertex, we obtain

2p1aps, (504 +P5ps =0 (ps - ps)) (3.21)
=2(p1-p3) (P2 P4) +2(p1-ps) (P2~ p3) =2 (P2~ p1) (P - p4) -

It is convenient to express the amplitude in terms of Mandelstam variables defined as

s=—(pr+pl =—(ps+ps)°,
t=—(p;+p3)’ = —(Pz +p4)2 ) (3.22)
u= —(Pz JrP4)2 =—(py+ps)°,

for all-ingoing momenta. For the scattering of the massless states, we have s + t +u =0, and

s==2(p1-p2)=—2(ps-p4) ,
t =—2(p1-p3) =—2(p2-pa4) (3.23)
u=-2(p1-ps)=—2(p2-ps) -

Here s has the meaning of the total energy of the particles in the center-of-mass frame, and

t determines the momentum exchange. Also, we can find the scattering angle 6 between
ingoing and outgoing spatial momenta as

2t
cosf=1+—. (3.24)
s

Therefore, we get

1 1t
A =——— (t2+u2—52): —2—u. (3.25)
2MPIS MPI S

The two other crossed diagrams will contribute similarly (we need to changes — t and s —» u
for t and u channels, respectively). The final result for the total amplitude is
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Figure 6: Matter loop correction to graviton propagator (3.28).

1 tu su ts
A—A5+At+Au—W(?+—+—). (3.26)

Pl t u

Notice that in the forward limit t — 0, the amplitude has a pole s2/t. This behavior is a
typical feature of a graviton exchange. This type of singularity appears in all scattering ampli-
tudes obtained from the exchange of a massive (in this case, a pole coming from the propagator
is located at the value of the squared mass) or massless particles. However, graviton-mediated
scattering is different from scalar, spinor or vector particles mediating the interaction. For
example, in massless (> theory, the pole contribution has a form

L (3.27)
t s u
There is no s2/t contribution. Even derivative couplings in a scalar theory would never com-
bine into that structure. This behavior is a feature of the exchange of a spin-two particle.
Another problem of the amplitude (3.26) is emergent in the limit of fixed scattering angle 6
defined below in (3.30).
The one-loop diagram describing the contribution of matter particles to the graviton prop-
agator, fig. 6, will be reduced to

a*t i i i i
Ay = — U+ + (U +q)y) s ——=——Us(L+q), +L, L+ .
(3.28)
The divergent part has the form
2 1 4
Inq 2 ) 995995 <9 (3.29)

which means that counterterms with four derivatives are required for renormalization [10,
116,117], as discussed in section 2.3. This result is a reflection of the well-known fact that GR
is a non-renormalizable theory [10,21], and has to be embedded into some other UV-complete
theory at energies larger than the Planck mass.

3.1.3 Graviton-graviton amplitudes in GR

The kinematics of graviton scattering can be described through the scattering angle 6 and the
total energy p. It is convenient to use all-ingoing momenta explicitly defined as

p! =(p,0,0,p),
py =(p,0,0,—p),

3.30
py =(—p,—psin6,0,—pcosh), (330

py =(—p,psinH,0,pcosh) .
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ijﬁ»jﬁ

Figure 7: Diagrams contributing to 2 — 2 graviton scattering.

The momentum p and the scattering angle 0 are connected to the Mandelstam variables via

2t
p=£, cosf =1+ —. (3.31)
2 S

The graviton polarization tensor must be traceless and orthogonal to the corresponding mo-
mentum. Also, it should transform according to its helicity with respect to rotations around
the momentum vector. Tensors with these properties can be composed from the four-vectors
orthogonal to the corresponding momentum p:

e"*(py) = % (0,1,%i,0),
1
V2
e"*(p3) = % (0,cos0,+i,—sin ),

eui(pz) = (05_15 :l:l, 0) >

e"*(py) = % (0,—cos0,+i,sinf) . (3.32)

Polarization tensors can be obtained simply as a tensor product of the corresponding polariza-
tion vectors,

ek"(p;) = " (p)e”™(py)- (3.33)

There are many different combinations of graviton polarizations, however, there are only three
independent scattering amplitudes among all the combinations of polarization states, as the
others can be related to them with the use of parity symmetry and crossing symmetry. For
example, exchanging particles labeled ’1’ and ’2’, we get

A+—+—(5> t’ u) :A++——(t15)u)~ (334)

Parity symmetry implies the invariance of the amplitude with respect to flipping the helicity of
all particles. Thus,

A___+:A+++_, ./4++++:./4____, e (3.35)

These transformations allow us to express all the amplitudes through three independent struc-
tures, represented for example by

Aviiss Ao Ay (3.36)

The result of computing graviton scattering in pure GR is

1 s8
A=

—Wa, Apsre=Api_=0. (3.37)
Pl
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This computation can be done straightforwardly in Mathematica with the use of the xAct
package [109-113], see e.g. [118]. The idea of the computation is based on obtaining vertices
from the perturbed Lagrangian, and further substituting explicit expressions for polarization
tensors (realized in the xCoba sub-package). The same computation, of course, can be easily
extended to the EFT of GR.

3.1.4 EFT of a shift-symmetric scalar: Field redefinitions

In this section, we show how an EFT can be constructed and reduced to a lower number of
terms with the use of perturbative field redefinitions. For simplicity we use a shift-symmetric
scalar field theory.

What could be the structure of the low energy theory of massless shift-symmetric scalar?
One can write down a derivative expansion containing plenty of different combinations of
fields and derivatives:

5= f a5 (2 (3 +a(@0) e +8((80)) +1(2° () +.. ). B3)

However, many of these combinations are not independent. Several couplings that are left can
be eliminated using perturbative field redefinitions. Consider the example

p=x—a(8,2). (3.39)

Substituting this, we obtain for the Lagrangian

)()2 +2a0, 3, x3"3" y + 2a> (3,0)()2 (8“81,)()2 +ady (5‘“)()2

1
EZ_E (au

(3.40)
+aaO (8px)2 (8“)()2 +2aa0yd,x0"8,x 3" y + O(x°)+...

Adjusting the value of a, we can get rid of the cubic interaction. Indeed, under the integral
sign, we can rewrite

1
8,x0,x0"8° y =—0Oy (apx)z —9,x0"3,3" y = —50% (apx)z (up to a total derivative) ,
(3.41)
such that there is only one ¥ combination left. Demanding a = —a, we eliminate all cubic

interaction terms, moving them to higher point terms. Thus, the minimal set of operators
contributing to the 2 — 2 scattering amplitude reads

1 2
L= 2 (au‘P)z + % ((au“P)Z) + % (au‘P)z (apao‘ao)z +484 (apaa‘voapaaw)z t... (3.42)

Here we introduced the couplings g,, g3, g4 in the same way as in [119], which we will
use further in the amplitude computation. Notice the most important general rule helping to
dramatically reduce the number of terms in each order of the derivative expansion:

The terms proportional to the free equations of motion can
always be eliminated by field redefinitions.

For this reason, there are no terms containing O¢ in (3.42). We can generalize this observation
noticing that if the Lagrangian contains a term proportional to the free equations of motion,

A 1 4 A
£=F[go]E<p+£goEap, Ep =0, (3.43)
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this term can be eliminated by the following perturbative field redefinition,

(p:X—F[X], (3.44)

Indeed,
.1 . . .
L=F[ylEy+ ExEx +F[ylE(F[yD—Flx]lEx+..., (3.45)

one can see that the terms linear in the equation of motion get canceled. As the operator
F[ x ] contains at least two fields y, the residual terms contribute to higher point vertices. This
way, terms proportional to the equations of motion can be moved to the vertices which do not
contribute to 2 — 2 scattering processes.

Let us stress here that the term does not disappear completely from the theory, as this field
redefinition would also modify other terms in the action. Instead, it contributes to higher order
and higher point operators. Even though the latter do not affect tree-level 2 — 2 scattering, we
should remember about their possible presence because they can affect the loop corrections
to the amplitude.

In addition, these terms can be important outside the framework of the S-matrix, for exam-
ple, if one is searching for the classical background solution in such a theory. If the background
values of the fields are not too large compared to the cutoff scale, this problem is well-posed,
and perturbations around the classical solution can be studied. This procedure is very com-
mon when cosmological backgrounds are considered. But one should remember that before
the splitting into the background and perturbations, the degrees of freedom and canonical
fields (with respect to which we integrate in a functional integral) should be uniquely deter-
mined.

How can we check whether the terms left in the EFT action after field redefinitions indeed
represent a minimal set of couplings which cannot be reduced further? In fact, physical ob-
servables which are invariant under field redefinitions are scattering amplitudes, that is why
they play an important role in the context of the EFT construction. For the Lagrangian (3.42),
we obtain a tree level amplitude (recall that s + t + u = 4m?)

A(s, t) = go(s2 + t2 +u?) + gastu+ g4 (s + 2 +u?)? + ... (3.46)

It has a crossing-symmetric form, and a polynomial structure in Mandelstam variables, thus,
the further terms can be constructed as crossing-symmetric polynomials of the proper power
of energy. From this observation, we can find the number of independent EFT operators in
each power of energy. It is interesting that the number of these independent terms grows
slowly. Thus, finding an irreducible set of EFT couplings can be efficiently done through the
construction of the amplitude and matching it to a proper number of operators in the EFT
where their form can be just guessed.

3.1.5 Structure of the gravitational EFT and amplitudes

The action of GR is 5
M
S = 71’1 J d*x+/—gR. (3.47)

It is known to be non-renormalizable at one loop in the presence of matter, and at two loops
without matter, see section 2.3. Thus, for the low energy description of gravity, only an EFT
expansion makes sense. What could be the most general action? In fact, it can have all pos-
sible contractions of Riemann tensors with derivatives. However, many of these terms are
redundant. For example,
4 MF%I 2 v voo € s 3
r= f d*x+/—g [7R+aR + bR, R*” + R, 0o R*"P7 + dOR + ATRlem +} ,

uv
(3.48)
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where Ayy is the EFT cutoff. Recall that the equations of motion are

1 1
RM"_ERg.‘“’ - M—P%IT‘“,. (349)

Thus, all terms having at least one R, can be rewritten as matter couplings. If we consider
only graviton couplings, we can set

R,»,=0, R=0, (3.50)

wy

in the EFT Lagrangian. In this way, the couplings a and b can be set to zero. Moreover, the term
with coupling d is a total derivative. In four dimensions, the Riem?-term can be written as a
combination of R?, RWR‘”, and a total derivative — the Gauss-Bonnet invariant (cf. (2.180))

¢ =R*—4R,,R" +R,,,,R"""7 . (3.51)

uvpo

For these reasons, all quadratic terms can be eliminated in the EFT, and rewritten as terms

of higher order in curvature. Therefore, the first non-trivial contribution starts at Riem>. The

general rules allowing to construct non-redundant operators are related to Hilbert series [120].
We also have the following properties:

=0, (3.52)
=0. (3.53)

Ruvoo T Rypov + Ruovp

+V_ R,0a+ VR

VaR,uva' puvoa

uvap
The last relation is known as Bianchi identity. One can define the traceless Weyl tensor (see
also (2.178))
1
Cuvpo = Ruvpo — (gu[pRU]v - gV[pRo]u) + 38ulp 8a1vR- (3.54)

Here, we used the antisymmetrization over indices defined via

1
Ay = 5 (Auy —Aw) - (3.55)

We can see that the Weyl tensor is the same as the Riemann tensor, up to terms that vanish on
the equations of motion. In addition, up to the equations of motion we have (cf. (4.172))

=0, OC ~ C? (3.56)

u
ViC uvpo uvpo *®

uvpo

Thus, indices of derivatives should be contracted only with each other, avoiding O combina-
tions. We get the following building blocks for the EFT of gravity:

Cuvpo > Vi, Cuyvpo 5 Vi, Vi, Cuyvpo » e (3.57)

The Weyl tensor can be further decomposed into
1 . ~ 1
CL/R= E(C:l:lC) ) CHYPo — Eeuvaﬂcaﬁpv. (3.58)

Thus, the action can be constructed in terms of C; and Cy and their symmetrized derivatives.
In this form, it is also easy to see which terms are CP-even (they contain an even number of €
tensors) and CP-odd.

Including terms that are suppressed by the cutoff scale as up to A8, the action generalized
to d dimensions can be found to be of the form [120,121]

a ds =~
Mdzfddx,/ { e+ B3y M2, U

2 A2 Af Aoy AR

v b (3.59)
a s ~ =
+ATSFaaC+ATSFaaC+"'}’
v uv
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where C =C

Lpo CHPY and C= CWPUC’WP". We leave here the Gauss-Bonnet term €, as it
will remain a non-trivial operator in d > 4. The tensors F,g and F,g are defined as

Fop =VuCripoVeCH"P7,  Fup=V4Cpypo VsCHP7. (3.60)

The corresponding scattering amplitudes for gravitons are [121]

3 2
8(d—4) a a
TR CET PR B
tu -2 AUv oV

8s* 4
+ %aépr + ——as,s°, (3.61)
AUv Agy
_ 12 2(d—4)
Mgl 2A++++ = AT(SCI:S—WCI%)X

uv
2 (9(12—d) , 16 5
_ A%V ( = az + 10a5_) xy+ ATa4_x s (3.62)

uv
6 2
Ayt % . (3.63)
AUV AUV

d—2

s%+2st + 2t2)

d—2 —
My, Appyo=

Here we defined the triple crossing-symmetric variables
y =stu, X =st+tu+tus. (3.64)

The term y above corresponds to an operator suppressed by A%I(\’,. We also use a,. = a, £ d,.
From the form of the amplitude, we can see that the basis of the EFT operators is not redundant,
as all coefficients which we introduced lead to different structures in the amplitudes. But it is
interesting to note that it is not always possible to write an EFT operator providing the given
structure in the amplitude. It is clearly seen that in d = 4 no local operator that contributes
to the s3-term in A, , __ can be constructed. Thus, the relation between the EFT action and
the amplitude may be more subtle, and the structure of even tree-level amplitudes is more
constrained than it is expected from crossing symmetry alone. Another source of constraints
may be related to the locality requirement for EFT Lagrangians which does not follow from
crossing symmetry either. It is a separate constraint on the IR action.

3.2 Scattering amplitudes: Analyticity, unitarity, Martin-Froissart bound, boot-
strap

3.2.1 Analyticity properties of the scattering amplitudes

Scattering amplitudes of Lorentz-invariant theories are functions of two Mandelstam variables
s and t on shell. Physical scattering corresponds to the values of s > 0 and t < 0. However, it
is still important how the amplitudes are analytically continued to the whole complex plane of
s and t. As an implication of causality, the amplitude must be an analytic function away from
real values for s and t. We will use the following property in further derivations of dispersion
relations:

[ For fixed t < 0 and Ims # 0, the amplitude is an analytic function of s. ]

This analyticity property was originally derived from the fact that the commutators of the
fields must vanish outside the light-cone by the definition of S-matrix causality [122] (also
referred to as Bogolyubov causality [123,124]). It can also be derived from the requirement
of causal propagation of the signal [125] (see also [126] for a more pedagogical derivation of
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Im[s]

Rels]

Figure 8: Analyticity structure of a scattering amplitude of equal mass particles at
fixed t < 0. Red areas represent branch cut singularities, red circles are poles. If
there are interacting massless states in the theory, branch cuts are intersecting with
each other, and the complex plane is split into two pieces.

the dispersion relation). Thus, the strict condition of the absence of a time advance in signal
propagation (also referred to as asymptotic causality, or as the Gao-Wald condition [127] in
more recent literature [ 128]) implies the analyticity of the amplitude.

Even though the amplitude is physically defined only for real s > 0, it can be analytically
continued through the upper half of the complex plane to negative s. This will correspond to
crossing relations and complex conjugation [129]. The analyticity structure of the amplitude
at fixed t < 0 is summarized in fig. 8. For theories with a mass gap, there is an analyticity
region between s = 0 and s = 4m? where the amplitude can have only pole singularities
corresponding to an exchange of other massive or massless particles. For large s, amplitudes
typically have a branch cut singularity along the real axis with a discontinuity given by its
imaginary part.

3.2.2 Partial wave expansion

The amplitude describing the scattering of plane waves with definite values of momenta can
be decomposed into the scattering of angular momentum eigenstates — partial waves. In the
center-of-mass frame, this corresponds to the decomposition of its scattering angle dependence
into the eigenfunctions of the angular momentum operator. If we consider scattering of scalars
in four dimensions, these functions are Legendre polynomials P;(cos 6),

o
A(s,0) = 32712(1 + 1)fl(s)Pl(cos 0). (3.65)
1=0 2
Legendre polynomials form an orthogonal system of functions,
! 2
J_ldCOSQPj(COS 6)P(cosB) = méﬂ(' (3.66)

The PWU requirement implies for each partial wave

All EFT amplitudes have partial wave amplitudes growing with s, which means that the
first condition must be violated when s is large enough. The minimal value of s when this
condition is violated can be taken as the definition of the EFT cutoff scale Ayy.
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There is a stronger non-linear unitarity condition which can be derived from the optical
theorem. The total cross section can be found as a sum of partial wave amplitudes,

1
1
atot=%fldc059|A(9)lz. (3.68)

Substituting the partial wave decomposition, we obtain
1 ! 1 1
Ot = o %: J;l dcos6 (3277:)2fj (s) fi (s) P;j (cos 0) Py (cos 0) (j + 5) (k + 5)

39 1 (3.69)
T . 2
= j (]+§)|fj(5)’ -

The optical theorem (see also (2.231) in section 2) implies for the scattering of scalars with
the same mass m

ImA(s,0 =0) > %\/s (s —4m2) oy (s), (3.70)
SZHZImfj (s) (j + %) > 12—n\/s(s—4m2)2(j + %) |f]~ (s)\2 . (3.71)
j j

Thus, for each partial wave in the sum one can obtain the FU condition

s —4m?2
s

2Imf; (s) = |f; (5)|” (3.72)

Let us mention here that the FU condition tells us that unitary amplitudes must have an
imaginary part! Thus, it is not possible to find a theory where the amplitudes have only real
tree-level contributions, while all loops are zero due to some symmetry.

The partial wave decomposition is crucial for implementing non-perturbative unitarity con-
ditions and the reconstruction of the amplitudes based on unitarity requirements. It allows to
derive a plethora of non-trivial, model-independent results following from the basic properties
of the QFT.

In d-dimensional theories, the eigenfunctions of the angular momentum are given by
Gegenbauer polynomials, such that the amplitude can be decomposed as

1 2
A(S,f)= EZn(l,d)fl (S)Pl(d) (1+ﬁ) 5 (373)

where Pl(d) are related to the Gegenbauer polynomials C* by

() _F(l+l)l"(d—3) 3
P(z)= T+d—3) c* (2). (3.74)
They are normalized as
1
1 AT @ p@ oy O
2J<_ dz (1 Z ) P (2) P, (Z)_N(d)n(l,d)’ (3.75)
1
where b )
N(d)= %, n(l,d)= 402 +(12_lz—3)1—‘(d+l—3). (3.76)
r(4%2) T (42)T (1 +1)
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Another expression for d-dimensional Legendre polynomials relates them to the hypergeomet-
ric function:

d—2 1—
PD(x) = ,F, (—z,z +d—3,—Z2, x). (3.77)
2 2
The corresponding partial wave amplitudes can be found as
1
_ 27 p(d)
fis)=N(d) | dx(1—x*)7 P (x)A(s, t(x)). (3.78)
—1
In d dimensions, the PWU conditions get modified,
z)‘%3
—4m V2s
2Imf; (s) = 117, i) < ——. (3.79)
Vs (s—4m2) 2

The partial wave decomposition can also be generalized straightforwardly to the scattering
of particles with spin. In this case, the eigenfunctions of the angular momentum are given by
Wigner d-functions (WignerD in Mathematica),

Ayghoh, =327 Y (2L +1)d} , (cos 0) it nnn, ) 5 (3.80)
l
where
A=hy—hy, p=hy—hs, dp,(—=0)=(1""d,,(0). (3.81)
For the scattering of gravitons, we always have
(- =1, (3.82)

therefore the amplitudes are even functions of 6,

Apighshy =167 > 21 +1)(db, (0) +d}, (=0)) £ )y 4 (5). (3.83)
l

The latter combination can be simplified,

l
Py T TT
d, (0)+dL, (—6)=26F01 d;v(a)d;v(a)cos V0. (3.84)
v=—I

In this way, the Wigner d-functions are expressed through elementary functions.

3.2.3 Martin-Froissart bound

One of the important consequences of unitarity and analyticity is a bound on the scattering
amplitude at fixed t and large s [130-132]. In this section, we present its detailed derivation
illustrating the practical use of PWU and analyticity based on the review in [133]. Consider
the scattering of massive scalars with the same mass m? for simplicity. The amplitude can be
decomposed into partial waves,

A(s,t) =167 Y (2L +1) fi () P, (1 + 2—;2) , (3.85)
=0

where we defined

1
q=§\/s—4m2. (3.86)
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Figure 9: The integration contour y on the complex z-plane should include the points
(—1, 1), while its precise form is not important.

Given the expression for the amplitude, one can compute partial wave amplitudes using the
orthogonality of the Legendre polynomials. However, we can have a better estimate of the
values of the partial wave amplitudes expressing them through Legendre functions Q,(z) be-
cause they decay exponentially for large [, unlike P;(z) which oscillate at large I. Recall that
Legendre functions Q;(z) can be expressed as

1

1 P

Q (Z)=5f du == W (3.87)
-1 zZ—U

We can compute an integral of an amplitude multiplied with Q;(z) over a contour which we
will specify a bit later, based on the convenience of further computations:

t(Z)) P () (3.88)

) 1
ﬁdzA(s,t(z))Qn(z)Z52(21+1)f1 (S)J_1d‘u£dzpl(1+ﬁ P—y

Given the analyticity of Legendre polynomials, we can compute the integral over z as a
residue at the point 2 = u on the real axis placed in the interval (—1,1), see fig. 9. Thus,
v should include this interval, and for further derivations it is essential to have analyticity
properties of the amplitude inside this contour. We obtain

‘ (“)) . (3.89)

L1 !
ﬁ dz A5, ¢ (2))Qu (2) = (2710) Zl](zl +1)£,(s) L duP, (W) P (1 o

We c