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Abstract

Colour evolution and parton branching at the amplitude level have become important
theoretical frameworks to improve parton showers, and are algorithms in their own
right: They complement shower development by resummation algorithms capable of
including interference effects and subleading colour contributions at an unprecedented
level. I summarize recent development in the field, focusing on soft gluon evolution,
hadronization, and the CVolver framework.
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1 Introduction

Event generators are central to phenomenology at colliders. Parton showers are the central
component of event generators which describe the build-up of jets through energy loss of
primary partons with large momenta of the order of some hard scale Q down to typical scales
of µS ∼ 1GeV, where phenomenological models of hadronization describe how a partonic
ensemble is forming the observed hadronic final state.

The accuracy of parton shower algorithms can only be assessed for certain (classes of)
observables. Coherent branching algorithms such as the one underpinning the Herwig event
generator [1] are known to predict global observables at next-to-leading logarithmic (NLL)
accuracy, and dipole-type showers e.g. the Herwig implementations following [2, 3], predict
non-global observables at leading logarithmic (LL) accuracy. While all of these algorithms
are based on the large-Nc limit (with Nc = 3 the number of colours in QCD), the structure of
coherent branching is actually able to account for subleading colour provided that the structure
of the hard process is sufficiently simple [4]. Dipole showers have recently been improved
to reproduce properties of coherent branching and are thus now able to also predict global
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observables at the NLL level, work which had been initiated in [5, 6]. With an additional
algorithmic tweak [7,8] they can even reproduce the full-Nc colour factors as dictated by QCD
coherence.

Several of the above mentioned refinements are based on approaches which analyse prop-
erties of amplitudes as they build up through successive radiation: Parton branching at the
amplitude level [9,10] originates from the study of multiple soft gluon emission [11,12] and
has become both a theoretical method as well as an algorithm in its own right which im-
plements evolution at the amplitude level, or more precisely at the level of the cross section
density operator which we shall introduce later. In this contribution, we will focus on how
these algorithms can be constructed (at least in the soft gluon case), how we can use such
constructions to assess the accuracy at which the evolution can predict certain observables,
and how hadronization models could appear and be constrained within parton branching at
the amplitude level.

2 Cross sections and cross section density operators

The aim of parton branching at the amplitude level is to calculate cross sections for a hard pro-
cess accompanied by an additional number of partons which are either soft (with momentum
components≪Q), or collinear by building up the according scattering amplitude and squaring
it at the end of the evolution. This is contrary to standard parton showers, which would iterate
additional emissions in a probabilistic manner so long as they factorise at the level of the cross
section for each individual additional radiation. Amplitude evolution is required whenever
we cannot constrain the kinematics of additional radiation in a way that coherence arguments
would allow to simplify the cross section. Colour correlations then unavoidably persist and
can only be simplified further if one resorts to the large-Nc limit. The large-Nc limit itself is
problematic since in a parametric counting for a logarithmic enhancement of αS L2 ∼ 1 (with
L a large logarithm of the observable quantity), subleading logarithmic corrections might ap-
pear at the same level as subleading colour corrections since also αsN

2
c ∼ 1. Effects due to the

exchange of gluons in the Glauber region can also not be accounted for in the large-Nc limit.
Amplitude evolution algorithms rest on a decomposition of amplitudes in colour space,

|M〉=
∑

σ

Mσ|σ〉 , (1)

where the abstract vectors |σ〉 (not to be confused with a true quantum mechanical state)
span a space of colour structures, i.e. tensors of SU(N). In general, other quantum numbers
as well as spin might be considered in a similar manner and we have recently been pointing
out how such a formalism would be carried over to the entire Standard Model [13]. For n
additional emissions on top of a hard process, amplitude evolution then considers the cross
section density operator An, which relates to the amplitude |Mn〉 and the cross section with n
additional partons as

An = |Mn〉〈Mn| , dσn = Tr [An]dφn . (2)

The trace is taken over colour structures, and the phase space integration dφn is schematically
only referring to the radiated partons in order to avoid notational clutter. The cross section
density operator for producing n+ 1 partons at a scale q can iteratively be built up as

An+1(q) =

∫ Q

q

dk
k

Pe−
∫ k

q
dk′
k′ Γn(k′)Dn(k)An(k)D

†
n(k)Pe−
∫ k

q
dk′
k′ Γ

†
n(k
′) . (3)

Several choices of evolution variables are possible. Dn describes the emission of the n + 1st
gluon (subject to the ordering variable, e.g. energy) for which the colour structures ’grow’
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Simulations

The present work is structured as follows: In Sec. 2 we will first review basic principles

of soft gluon evolution in colour space, and in particular at the leading order using one-loop

soft exchanges and single emission Eikonal currents. We will also review that the colour

structures obtained at this level give rise to a systematic expansion around the leading-N

limit. In Sec. 3 we will then perform a detailed analysis of the colour structures encountered

in the two-loop, and the one-loop one-emission cases using the colour flow basis which has

proven to be computationally advantageous; it also closely connects to the language actual

parton shower algorithms are formulated in. In Sec. 4 we will then outline our approach to

the virtual contributions, and in particular we will detail the algorithmic way of casting the

virtual corrections into phase-space-type integrals by means of the Feynman tree theorem

[36, 37], which we generalise to account for Eikonal propagators, as well as complications

appearing at two loops such as propagators raised to higher powers. Detailed formulae of

our results are collected in several appendices and will serve as input to future work which

we discuss in a summary and outlook in Sec. 5.

2 Soft gluon evolution and the colour flow basis

Amplitude evolution algorithms like the approach outlined in [7], and the resummation of

non-global logarithms [3], proceed through evolution equations in colour space which govern

the contribution to the cross section originating from n hard partons. They generically are

expected to be of the form

E
@

@E
An(E) = �n(E)An(E) + An(E)�†

n(E) �
X

k

R(k)
n (E)An�k(E)R(k),†

n (E) , (2.1)

while the final cross section is a trace over the hard function An and a soft function

Sn, which determine the final state configurations on which the observable can then be

evaluated,

�[u] =
X

n

Z
Tr [AnSn] u(q1, ..., qn)d�(q1, ..., qn|Q) . (2.2)

Here q1, ..., qn denote the final state particles and d� is the associated phase space mea-

sure which can be approximated for soft emissions for which momentum conservation is a

sub-leading e↵ect. The evolution equation (2.1) comprises the soft anomalous dimension

matrices �n as well as emission operators R
(k)
n which describe how k partons are emitted

from an n � k parton state. Both � and R have perturbative expansions and originate

after diagrammatic recursions in the soft limit have appropriately been subtracted and

renormalised. Upon taking matrix elements in between di↵erent colour flows ⌧,� [5, 14],

the virtual corrections can be expressed as an expansion in the ’t Hooft coupling

[⌧ |�|�i = (↵sN)[⌧ |�(1)|�i + (↵sN)2[⌧ |�(2)|�i + ... . (2.3)

For a jet cross section at leading order Sn is the identity operator in colour space, and the

evolution of An is driven by iterating single, soft emissions and the one-loop soft anomalous

dimension, which results from a combination of the real emission and virtual contributions
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FIG. 4. The jet veto cross section in (a) H ! gg and (b)
V ! qq̄ for di↵erent gluon multiplicities. Results are shown
for d = 0 and d = 2. We show the contributions from n = 0
up to 4 emissions, however the complete result sums over
all emissions (in practice we have limited the simulation to
n  40 emissions).

to experimenters and theorists interested in performing
percent-level simulations for current and future colliders.
For the future, we intend to go beyond the soft approxi-
mation and include incoming hadrons.

Acknowledgements – The authors want to thank the
Erwin Schrödinger Institute Vienna for support while
this work has been finalized. JRF thanks the Institute
for Particle Physics Phenomenology in Durham for the
award of an Associateship. This work has received fund-

ing from the UK Science and Technology Facilities Coun-
cil, the European Union’s Horizon 2020 research and in-
novation programme as part of the Marie Sk lodowska-
Curie Innovative Training Network MCnetITN3 (grant
agreement no. 722104), and in part by the COST ac-
tions CA16201 “PARTICLEFACE” and CA16108 “VB-
SCAN”. We are grateful to Thomas Becher, Jack Hol-
guin, Mike Seymour, Malin Sjödahl, and René Ángeles
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[8] R. Á. Mart́ınez, M. De Angelis, J. R. Forshaw, S. Plätzer,
and M. H. Seymour, (2018), arXiv:1802.08531 [hep-ph].

[9] J. R. Forshaw, J. Holguin, and S. Plätzer, JHEP 08, 145
(2019), arXiv:1905.08686 [hep-ph].

[10] Z. Nagy and D. E. Soper, Phys. Rev. D 100, 074012
(2019), arXiv:1905.07176 [hep-ph].

[11] Z. Nagy and D. E. Soper, Phys. Rev. D 99, 054009
(2019), arXiv:1902.02105 [hep-ph].

[12] J. R. Forshaw, J. Holguin, and S. Plätzer, (2020),
arXiv:2003.06400 [hep-ph].

[13] For processes with two or more coloured particles in
both the initial and final state of the hard process,
Coulomb/Glauber exchanges are also needed.

[14] S. Plätzer, Eur. Phys. J. C74, 2907 (2014),
arXiv:1312.2448 [hep-ph].

[15] The improvement is only relevant if there are quarks in
the hard process since ⇢ always vanishes for purely glu-
onic states.

[16] J. Holguin, J. R. Forshaw, and S. Plätzer, (2020),
arXiv:2003.06399 [hep-ph].

[17] S. Platzer and M. Sjodahl, Eur. Phys. J. Plus 127, 26
(2012), arXiv:1108.6180 [hep-ph].

[18] R. Kleiss and R. Verheyen, Eur.Phys.J.C 76, 359 (2016),
arXiv:1605.09246 [hep-ph].

[19] One notable exception being the numerical summation
of the hemisphere jet mass in e+e� collisions in [20].

[20] Y. Hagiwara, Y. Hatta, and T. Ueda, Phys. Lett. B 756,
254 (2016), arXiv:1507.07641 [hep-ph].

Agrees with [Hatta et al. — Nucl.Phys.B 962 (2021) 115273] using equivalent Langevin formulation.
Much more to come … thanks to Patrick Kirchgaesser, first and foremost.

Figure 1: Example results from amplitude evolution in the colour flow basis. We
calculate the gaps-between-jets cross section with a veto scale ρ for cone-like jets.
The evolution proceeds by a Monte Carlo over colour flows resulting from gluon ex-
change and emission in the amplitude and conjugate amplitude, allowing all histories
to interfere with each other. Here V denotes the insertion of the virtual evolution op-
erator resulting from the exponentiation of Γ and H is the initial condition provided
by the amplitude of the hard scattering process. Figures amended from [15].

into a larger colour space, and Γn encodes one-loop virtual exchanges, which mix different
colour structures into each other [11, 14]. These exchanges are taken into account to all
orders by means of the ordered exponential. In practice we resort to the colour flow basis in
colour space, which allows for a convenient organization of an expansion around the large-
Nc limit [11,12], including in principle arbitrary higher orders in 1/Nc . The process of gluon
emission and exchange in the colour flow basis is now known to two emissions, and two loops,
respectively [14]. The CVolver library [11,15] has been developed to solve amplitude evolution
equations in a new kind of parton shower algorithm, and we have recently provided first results
for jet vetoes in Z and Higgs decays, with further applications in progress. We illustrate some
results and the basic principles in Fig. 1. The work on amplitude evolution has also brought
up the question to what extent the mixing of colour structures through soft gluon exchanges
can be related to colour reconnection models. In fact, in [16], we have demonstrated that this
might be the case and the kinematic dependence, and the mechanism of Baryon production
through colour reconnection introduced in [17] have a one-to-one correspondence with the
picture of soft gluon evolution. How we could include hadronization effects in the amplitude
evolution paradigm has up until now remained elusive, and will be addressed in the remainder
of this contribution.

3 Constructing amplitude evolution

The cross section and evolution equations we have been advocating above are relevant to jet
cross sections where we can democratically sum over colour configurations. This also implies
that infrared divergences, for infrared safe observables, will always cancel subject to the cyclic-
ity of the trace (see [4] how the cyclicity and multi-parton colour correlations can be used to
extract subleading-Nc radiation patterns). We will now generalize this picture by addressing
exclusive final states, which is the target of event generators and detailed predictions at the
hadron level. Since now projections of partonic systems onto certain hadronic systems come
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into play, the most general from of the cross section should be considered to be

dσm =
∑

n

∫

αn
0Tr [MnUnm]dφndφm . (4)

In this case Unm will be the operator which projects onto the observed hadronic systems (la-
belled by m) and contains the observable function, and Mn is the cross section density oper-
ator before any infrared and ultraviolet divergences have been removed. In this expression,
we integrate over possible partonic momentum configurations dφn and sum over partonic
multiplicities n. In case of a jet cross section, say, Unm would be proportional to the unit op-
erator in colour space and would relate partonic to hadronic final states directly assuming
that hadronization would be a small correction. In the analysis below we shall work with the
effective measurement on parton level, thus introducing

Un =
∑

m

∫

Unmdφm and σ =
∑

m

∫

dσm =
∑

n

∫

αn
0Tr [MnUn]dφn . (5)

In general Un defines an infrared unsafe cross section, as implied by the hadronic final state
we want to probe to formulate how hadronization can enter the amplitude level evolution
paradigm. In [18] we have detailed how a redefinition of the measurement operator Un in
terms of a finite, though possibly non-perturbative, measurement operator Sn, along with the
standard redefinition of the bare coupling α0 in terms of the renormalized αS(µR) provides
both UV and IR subtractions for Mn. A further redefinition of the density operator Mn in
terms of a then finite density operator An provides an expression of the cross section in terms
of resummed and finite quantities. The cross section is in particular renormalization group
invariant both with respect to the UV renormalization scales µR and the resolution scales µ⃗s
which separate out unresolved radiation. In an event generator, there would be one scale
µS which is the parton shower infrared cutoff at which hadronization takes over from parton
shower evolution, but this is a certain choice and needs to be looked at more general. If the
redefinitions have not been truncated at fixed order in αS(µR), the resulting cross section is

σ =
∑

n

∫

αn
S(µR)Tr [An(µR, µ⃗S)Sn(µR, µ⃗S)]dφn , (6)

and thus is independent of any of the resolution scales. A residual resolution scale dependence
arises at fixed order, and can be related to a tower of subleading logarithms in the evolution
[18]. Evolution equations in all of the separation scales are implied. Within our formalism,
we have the advantage that we can relate these infrared resolution criteria to the classes of
observables in question and thus judge how accurate our algorithm will be able to generate
resummed predictions. More importantly, the RGE evolution of An,

∂SAn = Γn,SAn +AnΓ
†
n,S −
∑

s≥1

αs
SR(s)S,nAn−sR

(s)†
S,n , (7)

exactly resembles the parton branching at amplitude level algorithm we have been introducing
in the first part, where R(s)n now describes emissions of s partons on top of n already radiated
partons and does itself include virtual corrections, e.g. a one-loop correction to emission of a
single gluon. The subscript S on the derivatives simply indicates the relation to the specific
component of µ⃗S we have been differentiating to. The evolution equation for a non-trivial
Sn (with a similar notation as in Eq. 7, [dpi]δ̃(pi) indicating the phase space of an emitted
parton i),

∂SSn = −Γ̃
†
S,nSn − SnΓ̃S,n +

∑

s≥1

αs
S

∫

R̃(s)†S,n+sSn+sR̃
(s)
S,n+s

n+s
∏

i=n+1

[dpi]δ̃(pi) , (8)
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can be seen as an evolution equation of a hadronization model: the hard density matrix An
evolves from a large scale Q down to the infrared scales, and from lower to higher multiplicity,
while Sn evolves from small scales, and thus in principle a non-perturbative initial condition,
and from larger to smaller multiplicities. Both objects also do evolve in opposite directions in
colour space dimensionality. In the evolution of Sn, we recover in particular the mechanism of
colour reconnection mentioned in the first part. Other features depend on what model is used
to express the non-perturbative initial condition needed for Sn. If, in particular, the a cluster-
model like Ansatz is used, then additional gluons can be absorbed in the evolution of Sn in
the form of soft qq̄ pairs, thus resembling the cluster fission mechanism [19]. The picture
which emerges puts the parton shower infrared cutoff (if there is a single resolution scale)
onto the same conceptual level as the factorization scale for parton distribution functions,
and indicates that the hard parton shower evolution, and the evolution of the hadronization
model shall be matched at this scale. Any residual dependence on µ⃗S would then serve as a
measure of uncertainty. In fact, by perturbatively expanding out the evolution equation of Sn,
one can quantify how accurately a given observable, subject to some infrared resolution, will
be predicted by the algorithm, see [18] for more details. In a first step towards precision [18]
also calculates all relevant structure up to the second order and all anomalous dimensions and
emission operators are known to the two-loop level in the soft case [14], and we have made
first steps to extent this beyond the soft limit to systematically include collinear contributions,
as well [20].

4 Conclusion

In this contribution we have presented an overview of parton shower development centred
around the amplitude level evolution paradigm. This framework is used both as a theoreti-
cal tool as well as an algorithm in its own right, which is able to calculate observables in a
subleading-Nc accurate way. We have focused on how such an approach can be derived from
a renormalization group point of view, which gives rise to identifying how a hadronization
model can be included and constrained from amplitude evolution. Colour reconnection mod-
els based on such an approach are directly reproduced, as are features of cluster fission. We
plan to further use this insight to extent the hadronization models in Herwig, and to supple-
ment the CVolver approach by hadronization corrections.
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