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Abstract

The £; — £y decays, with y a boson associated to the U(1), symmetry, have not been
described satisfactorily so far for light spin-one y. In particular, observables exhibited
an unphysical divergence in the limit of massless g, associated to its longitudinal polar-
izations. Based on gauge symmetry, we show how to correct this issue. To this end, we
consider two general models realizing the effective field theory description. Being the
LFV generated either at tree level or at one loop, these processes are well behaved for
light m . We discuss the most salient phenomenological consequences and its relevance
in the searches for this kind of decays.
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1 Introduction

Lepton flavor is conserved in the original version of the Standard Model [1-3], where only
left-handed neutrinos are present. Neutrino oscillations [4—6] constitute undeniable evidence
for lepton flavor violation, although, for the charged sector, no lepton flavor violating process
has been observed so far.

The simplest Lagrangian describing the lepton flavor interaction is £y py = g€, 7" xpljthc,
with y,, the 4-potential associated to the U(1), symmetry. Due to the emission of the longl-
tudinal component of the gauge boson, we have terms proportional to g2/m?2 into the rate
for {; — £;x. At first sight, observables diverge as m, — 0, preventing the matching of the
effective theory to the well studied ¢; — {;y decay. Moreover, the decays into several gauge
bosons £; — £;x -+ x, could also contribute overwhelmingly to the total decay width, remind-
ing the “hyperphoton catastrophe” for the electron decay into a neutrino and an ultralight
photon [7-9].

We aim to present a detailed analysis of the decay rate {; — {;y, emphasizing the m,, — 0
regime (see also [10-12]). We have focused on the light y case, associated with the sponta-
neous breaking of an Abelian gauge symmetry, U(1), (for the case where y is a light spinless
particle, see e.g. [13-27]).

This contribution is based on [28], where we consider the two-flavor case (u — e transi-
tions). Here we extend it to three flavors. In Section 2, we present the most general effective
interaction leading to the decay {; — £y in terms of form factors. In Sections 3 and 4, we
present two gauge invariant and renormalizable models where the lepton flavor violation is
generated either at tree or at the one-loop level. We calculate the rate for £; — £;x and we

explicitly show it remains finite as m, — 0. Finally, in Section 5, we conclude.

2 Effective theory

We start with an effective theory description of the ¢; — {;y decay, where i, j are lepton
flavor indices and y is a light gauge boson with m, < m;. The transition amplitude is given by
M =u(p;)T%p;, pj)u(p;)e;(p,), where T*(p;, p;) can be written in terms of six dimensionless
scalar form factors Fk(pi ), Gk(p)zf ), k=1,2,3, as:

P,p o®p B 2p,
ra:(ya ;" PO+ L2 + R (p2)
3

P j ml+mJ
P,py ap 2p7

+| e =2 |56, (p2 )+1MG2( )+—XY5G3(P2)- (1
px x m; +m; m; +m; x

The conservation of the U(1), charge requires the form factor F3(p)2() to vanish and the
Ward identities imply that p;‘ -€5(p,) =0, so the decay rate can then be expressed in terms of
four form factors and reads:

Al/z[m ,m ] 2 m?
Tl — )= {(1_E) (1——X)(2’F1(mi)—F2(mi)’2 2

16nml~ m; (m; —m;)?

(m; +m;) m 2 m: \? m?
2 T 2 X m; _ X
+ Fl(mx) - Fz(mx) . ')’ )+(1+ m]-) (1 o +mj)2)

(2|G1(m) Gz(mx)(—m‘ |y my ) J)+Gz(m2)L2ﬂ.

( mx x (ml+m])
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Table 1: Spins and charges under SU(2), x U(1)y x U(1), of the particles of the
model described in Section 3. All fields are assumed to be singlets under SU(3). and
the subscripts i, j =1,2, 3.

L; er, | Pij
spin 1/2 1/2| 0
sU2), | 2 1| 2
U(l)y | -1/2 -1 | v
Uy | 9, e | 99,

To all appearances the rate has an unphysical divergence in the limit m,, — 0 on account
of the term coming from the emission of the longitudinal component of the vector boson.
Therefore, in an effective field theory approach, great care should be taken when considering
decays into ultralight gauge bosons, since in a gauge invariant and renormalizable theory, the
{; — ;x rate must be finite and continuously matched to the result from ¢; — £;y [29-31].

We present below two specific models in which, due to gauge invariance, the rate for
{; — ;x is finite in the limit m, — 0.

3 {;— Ly attree level

The particle content of the model, and the corresponding spins and charges under SU(2); x
U(1)y x U(1),, are summarized in Table 1.1
The kinetic terms of the particles of the model read:

3

3
Lin =D i(L;BL;+p Ber )+ Y (D) (D ), 3)

j=1 k=1

where D,, denotes the covariant derivative, given by
D, =0,+igW T, + ig'YB, +ig,qy,, forthe SU(2), doublets,
D,=0,+ig'YB,+ig,qx,, for the SU(2); singlets, 4

with g, ¢” and g, the coupling constants of SU(2),, U(1)y and U(1), respectively.
Assuming that Yj, = 1/2, then, for j,k such that Aoy = q1; — ey the following Yukawa
couplings arise in the Lagrangian:

3
_ﬁYuk = Z yjij¢jkeRk +h.c.. (5)
j.k=1

In full generality, we consider that the charges of the particles allow all Yukawa couplings
and that all ¢ j; acquire a non-zero vacuum expectation value, (¢ i) = vj; so that ¢ j generate
a mass for the y boson:

2 2 2 2
ml - gl Zq¢ijvij : (6)
l’]

!The model can be made anomaly-free adding heavy particles with suitable charges, without modifying the
discussion that follows.
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After rotating Eq. (3) to the mass eigenstate basis (assuming CP-violating phase 6 = 0),
the charged lepton masses satisfy (m; > m, > m, is used):

2 2 2 2 2 2 2 2 2 2
M, X YVi] T YV, T YVi3 Tt YV T YVyy T YVoa + Y Ve +YV35 +YV3s,
1
2 2 2 2 2 2 2 2 2 2 2
u = E(yvﬂ(yvlz TYVi3 T YV3 +yv33) +yv31(yv12 TYVi3 T YVay +yv23)
T

+ yV121(yV222 + yvés + y"'a%z + )’Vs%s) + yvzzg(yvlzz + yvez.z) + yV123(yV§2 + yve%z)

+ J’ngg(yvlzz + }’ng) —2YVo1Y V22 Y V31Y V32 — 2Y V1Y Va3 Y V31 Y V33 — 2Y Va2 Y Va3 Y V32 Y Va3
- 2)"’12}"’13(}"’22}"’23 + J’Vszyvss) - 2)"’11(}"’12}"’21)"’22 T YV12YV31Y V32

+ YVi3YVva1YVvas + )’V13J’V31)’V33)) )

2
m? ~
e 2112
mzmg

(J’V31(}’V13J’V22 — YV12YVa3) + Y V32(¥YV11Y Va3 — Y V13Y Va1)

2
+ Y33 (¥ V12¥ Vo = ¥yVyvaz)) (7)
where yvji = yjivjk, with j,k=1,2,3 and the flavor violating terms have the form

LL

—L> ZiRiggRypxpéjR +ZiLigij P xptj, +he., (8)

with £;,£; =e,u, T and

RR _ 2 2 2 2 2
geu =8y (C12R312R (ClgRqel + C23R(qe3513R - qez) + 523R(qe2513R - qeg))
+ €23,523,(Qe, — e, )S13, C05(2912R)) ,
RR _ 2 2
8er = 8xC13; (C23R523R (qe3 —de, )SlzR + C12513, (qe1 - Cz3Rqe3 _SzgRqez)) 5
RR _ 2 2
8ur = 8y (023R323R(qe2 — e, )C12, T 512,513, (q.e1 = €33, e, _323Rqe2)) , 9
where we have defined s;,, = sin 6, and cj, = cos 0. The effective couplings g%, g,
LL . . . . . .
and 87> are defined analogously to the 1T1g.ht couplings in eq. 9, sub.stltutmg Oiky - Oik,
and qe; = qy,;- Here 0, and 6}, are mixing angles which can be written as a function of

vacuum expectation values, v;;, and Yukawa couplings, yji, as well as, the tau, muon, and

electron masses in eq. (7). We note that all giL.L/ RR vanish for intergenerational universality of

j
the U(1), charges, thus forbiding the {; — £y decays in this tree-level model.
The rate for {; — £;x then reads:

m; LL|2 RR|2 mi2 mf{ ’
:%ng +gR )(2+F)(1_W)' (10)

X i

Il —¢€x)

m;—0

Apparently, the term m? / mi would enhance the rate as m, — 0. However, if the gauge and
fermion masses arise as a consequence of the spontaneous breaking of the U(1), symmetry,
the limit m,, — 0 requires v;; — O for all j, k, which in turn implies m; — 0. One can explicitly
check from Egs. (6) and (7) that indeed when m, — 0 the term ml.2 / mi is finite (as expected
from the Goldstone boson equivalence theorem [32-35]), and depends on a function of the
Yukawa couplings, the gauge coupling, and the charges and vacuum expectation values of the
fields ¢ jk_z

2An analogous behaviour occurs in the top decay t — bW™. The decay rate is ['(t — bW™*) ~ mf / mﬁ, and
naively diverges when m;, — 0. However, since both masses arise as a consequence of the spontaneous breaking
of the electroweak symmetry, I'(t — bW*) ~ m,y?/g* and is finite.
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I'(p—3e)
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I'(7—30)
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1 4
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my, [MeV] my, [MeV]

Figure 1: T'(u — ey)/T(u — 3e) (left plot) and I'(t — £y)/T(t — 3¢) with{ =e,u
(right plot) as a function of m, for the tree-level model, for the cases described in the
text q;. = 0, g, = Ge, = 0, 8,9, = 2, and tan 6;,, = 1 (magenta line); and 4., =0,
qr, =q1, =0, &,91, =2, and tan 0, = 1 (blue line).

A complementary probe of the ¢;-{; flavor violation is the three-body decay £;” — £ i E;FEJ_,S
which is generated in this model at tree level via the exchange of a virtual y. This process
is generated through a flavor violating interaction vertex described in eq. (8) and a flavor

conserving interaction vertex a form:

—L D, ig™yP gl + 0 igE P 0t (11
where
RR 2 2 2
8ee = 8y (C 12,613, 9e; T (ConeS12, F C12,513,523,) ey + (C12,C23,513, — 512,523,) qeg) ,
8un = 8&x ( 13R512 Qe, T+ (C12RC23R 512R513R523R) Qe, + (C23R512R513R + 512R523R) qeg) )
8rr =8 ( $13,e; T 013R (szquez + C23RQe3)) ) (12)

where the left couplings, g© s L gw, and gT -» are obtained with obvious substitutions in eq. (12).

We focus in what follows in a scenario where 1 MeV < m, < m;. For m; = my, the

dominant decay channels are y — e”e™, V1, V1,5 VL, Vi, Vi, Vi,- Using the electron interaction

vertex from Eq. (11) and the neutrino interaction vertex from Eq. (3), we find that the total
decay width of the y-boson is:

LLj2 RR 2 2

(Ig >+ 185 |

+1g,ar, > +18,a1, 1 +18,q1,1%) » (13)

and for m; = m, the decays y — u u*,u"e’ + h.c. can also be generated, with widths:
Ty - ppt)=my, (g5 + g% 2) /(24m) and T(y — pe) = m,, (18512 +185%1%) /(24m).
We show in Fig. 1 the ratio between I'(¢; — £;y) and I'({; — SZ j) as a function of m,, fora
representative case where y couples only to the right-handed leptons or when y couples only to
the left-handed leptons. This result can be understood using the narrow width approximation
(NWA), which holds when y is produced close to the mass shell. Under this approximation,

*As well as processes of type {; — Z E*Z and {7 — Z EW‘ For simplicity and for the purposes of this work

we will only analyze the decay {; — é} EJ*ZJ’
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Table 2: Spins and charges under SU(2), x U(1)y x U(1), of the particles of the
model described in Section 4. All fields are assumed to be singlets under SU(3). and
the subscripti =1,2,3.

L  ep ¢ Y

spin 1/2 1/2 0 1/2
sU@), | 2 1 2 1
Uy | —1/2 =1 |+1/2 Y
UM, | @0 9 | 49 4y 4y

3"<1»—IC>3

the decay rate for {; — 3(; reads:

2 22
m;my L2 L2 mi My
M —36)| m(lgﬂl 1P ) (181 +1gfP) | 2+ — -

J
2
m
(|gJL| IgLH2 + 1R 21 gRR 1) .(1 zm—;‘) (14)

1

As for the decay {; — {;y the rate apparently diverges as m, — 0, but is in fact finite
since m; and m, are both generated after the breaking of the U(1), symmetry. Further,
and using Eq. (10), one reproduces the result I'(u — ey)/T(u — 3e) ~ 1 or ~ 17, and
I'(t = £y)/T(r — 3£) ~ 3 or ~ 19, that we obtained numerically for our two representative
scenarios. As m, becomes larger, the ratio becomes sensitive to the underlying model param-
eters, although this sensitivity is suppressed by a factor mi / ml.z, and is hence typically weak,
in agreement with the numerical results of Fig. 1.

4 {; — Ly at the one loop level

Now we turn to a renormalizable model with generation-independent U(1), charges. Lepton
flavor is now violated through a new Dirac fermion 1) and a new complex scalar 1, which
generate the process {; — {;y at one loop. Charged lepton masses are generated via a doublet
scalar, with U(1) ,-charge q4 = q;—g,, so that the Yukawa coupling yjkfjeRk ¢ +h.c. is allowed.
The spins and charges of the particles of the model are listed in Table 2.

As required by U(1), charge conservation, g, = q,, +q,. We assume Y, =Y, +Y,, for
the Yukawa couplings y;eg 1n to be allowed. We also assume that ¢ acquires a vacuum
expectation value, but 1 does not, thereby y acquires a mass: m, = g,q4 (o).

Rotating the Lagrangian to the mass eigenstates basis, we find that the interaction terms
with the y boson are:

L>—ig,q; (ELYveL oLy uL + Ty T vy v, Ly v, +T)L3YVVL3)XV (15)
—ig,qe (ery"er + By "Ur + TrY"Tr) Xy — 18, QWY "V 1y — iqy 8, [*(3"0) = (3" 0" N1 1y,

as well as a Yukawa coupling to the right-handed leptons £ D thkRmp +h.c.withf =e,u, .

The y interactions and the Yukawa terms generate the process £; — {;x in this model at
the one loop-level, through four diagrams, with y emitted from either charged lepton, or from
the heavy particles in the loop, ¥ and 7 (see fig. 2 in [28]). The form factors are finite and
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read:
2 2 2
g hh; m M2 M2
2y _ 2y _ ox'HM Ty
Flm)= Glm) =g M_s[qnfln(M_% +ay iy Mz )|
2 2
g, hih; m? Mw Mw
2y 2y __©9x )t i
Fz(mx)——Gz(mx)—WM—%[%}—%(M—%)"‘%}-M(M—%) , (16)
where
—2+49x —18x2 4+ x3(11—61Inx)
fl’r](x): 4 5
3(1—x)
16 —45x +36x2 —7x% +6(2—3x)Inx
Fryp(x) = ) >
3(1—x)
1—6x +3x%(1—2Ilnx) +2x3
Fopnl) = (-2 ,
(1—x)
—2—3x(1+2Ilnx)+6x%—x3
Foy(x) = , (17)
2 1—x)*

which are regular at x = 1.
Using Eq. (2), and that F; = G;, F, = —G,, the decay rate can be recast as

I'(t; —>£;x)

252
m; My ‘ 24 M 2y |2 ‘ 2 2 ’2
=—|1——= F — —F —| +2|F —F . (18

- 8n( miz) [ 1(m) 7 — Ryl ) \(m2) = Fy(m?)|” |. (18)

In this rate, the factors from the emission of the longitudinal polarization cancel with the
factors mi implicit in the form factors F; and G4, thus the rate for £; — {; x is finite in the limit
m,, — 0. Further, Fym;/m,, o< m,m;/M?, and Fym, /m; o< m,m;/M2. As My, My, > m;, it
follows that the rate in the limit m,, — 0 will depend mostly on the form factors F, and G,.

In this toy model, {; — E;K}r@j_ arises at one loop, through y-penguin and box diagrams.*

The y-penguin are proportional to h7h?g} while the box diagram to h®h?, so assuming that
h; < g,, the decay will be dominated by the penguin diagrams (this happens unless there is
a big mass hierarchy among the loop particles).

Focusing on the region 1 MeV < m, < m;, in the case when m; = m,,, the dominant decay
modes are y — e~e*, vy v,V vy, , 7V, vy, with width:

2
8y M™x 2 2
L= (0P + 4l ), (19)

and for the m; = m, case, in addition to the above modes, we must consider the decay mode
x — wut? with width: T(y — u™ut) = g2 my, (Ig.1* + 9. 1*) /(2470).

We show in Fig. 2 the ratio of rates T'(¢; — £;x)/T(¢; — 3{;) as a function of m, for
two representative choices of charges, g, = 1 while ¢, = 0, and g, = 0 while q,, = 1,
and a mass choice of 500 GeV for the particles in the loop, M, and M,,. These values are
compatible with the current searches for exotic charged particles [36,37]. For cases where
M, > M, or My, > M, (as long as the values of M, and M,, are compatible with current
searches) the results are analogous. We find that the ratio is ~ 2, for both muon and tau

4Similarly, the wrong-sign decays I EJ.‘E ZKJ‘ are generated. For simplicity, we will only focus on the decays
t; — €67 here.

>The one-loop decay, y — u~e* +h.c., could also be generated in this mass range, however, it is negligible with
respect to tree level decays.
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My, = M, = 500 GeV

2.0k My = M, = 500 GeV

2.0r

I'(p—ex)

T(i—3¢)
—
2

T(t—£x)
T(1—3¢)
—
o

<
o

—qy=1,q,=0 —a=1,qy=0
—q, =0, qp =1 0.5 —agy =0, gy =1
5 10 50 100 I 510 50 100 500 1000
my, [MeV] my, [MeV]

Figure 2: Ratio of rates T'({; — £;x)/T'(¢; — 3¢;) as a function of m,, for the one-loop
model presented in Section 4, assuming q; =1+ q,, h;h; =1 and g, = 1. The solid
lines show the full result obtained from Eq. (18), while the dashed ones neglect the
contribution from F;.

decays. As in Section 3, this result can be understood analytically employing the narrow width
approximation. Under it, the decay rate for £, — K;E;Lﬁj_ reads

2 2 .2 2 2
81" m m m
T(¢; — 3¢, =2 — L1122 || 2(|F;(m?)]? — Fy(m2)Fy(m2)) + |Fy(m?)>—2
=3 = om mi( " (IF1(m2)12 = Fy (m2)Fy(m?) ) + | Fp(m2)| -
m;m, g2 m2\” m
vxex 2 2 X 2 i 2y X
+—967r21“x (Ige1* + lq. )(1__"1?) {F1(mx)—mx Fy(m;, e
+2|F1(m§)—F2(mj)|2]. (20)

Again the seeming divergence when m, — 0 is cancelled by the factor m, implicit in the
form factor F, ergo, the rate for £; — 3(; is finite in the limit m, — 0 and comparable to the
rate for {; — {;x, quite independently of the masses and charges of the particles in the loop.

5 Conclusions

We have studied in detail the lepton flavor violating process £; — £;y, with y a massive gauge
boson arising from the spontaneous breaking of a local U(1) symmetry. We have given the
most general effective parametrization of the interaction between two charged leptons and a
massive gauge boson, yielding the decay rate in terms of the corresponding form factors. This
decay width presents terms inversely proportional to the y-boson mass, corresponding to the
decay into the longitudinal component of the y-boson, which naively lead to an unphysical
enhancement of the rate when y is very light.

We have provided two gauge-invariant and renormalizable models where the decay
€; — Ly is generated either at tree level or at one loop. We focused on the scenario where
the y boson is light, and we have explicitly checked that the rate remains finite. We have also
calculated the expected rate for the process {; — 3(;, mediated by an off-shell y. For these
two models, the ratio of rates of £; — {;x and {; — 3(; is O(1 —20) in the range of y-masses
considered. Taking into account that the limits of the latter decays are much more stringent
than those on the former, it is evident that the upper limits on £; — £; ¥ decays need to improve
by 5-6 orders of magnitude to potentially observe a signal.
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