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Mixed QCD-electroweak corrections to Z and W boson production
and their impact on the W mass measurements at the LHC
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Abstract

We report on recently computed mixed QCD-electroweak corrections to on-shell W and
Z boson production. We use these differential predictions to estimate their impact on
the W boson mass determination at the LHC.
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1 Introduction

The mass of the W boson, mW , has been measured with very high precision at both lepton
and hadron colliders. The most recent measurement by the ATLAS collaboration [1] quotes an
uncertainty of 19 MeV, which can be compared to 8MeV uncertainty from global electroweak
fits [2, 3]. A very precise knowledge of this and other Standard Model parameters allows to
cross-check the internal consistency of the Standard Model and to search for hints of new
physics. CMS and ATLAS aim to further reduce the uncertainty to about O(10MeV) which
would rival the precision from global electroweak fits. This corresponds to an astounding
precision of about 0.01%.

In order to measure the W boson mass at a hadron collider, one can use on-shell production
of a single vector boson and its subsequent decay into leptons, i.e., pp→W → `ν. Of course
we then need observables which are sensitive to mW . Two classic examples of such observables
are the transverse mass of the W boson, m`ν⊥ , and the transverse momentum of the charged
lepton from the decay of the W boson, p`⊥. Both observables have the appealing feature that
in the absence of higher-order corrections and with an ideal detector (and very narrow W
width) the distributions of these observables have sharp kinematic edges (at m`ν⊥ = mW and
p`⊥ = mW/2, respectively) that would be easy to measure precisely. These edges get washed
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Figure 1: Schematic Feynman diagrams illustrating the different types of contribu-
tions to the single vector boson production process.

out by detector effects in the case of the transverse mass and by higher-order corrections in the
case of the transverse momentum. This makes the two observables complementary since in
the former case the issue is mostly an experimental one while in the latter case the distribution
can be measured very precisely while more involved theory predictions are necessary to extract
mW .

The very high target precision for the W boson mass means that we also have to reconsider
the approach by which we deal with the theory predictions. The standard tools (collinear
factorisation, fixed-order perturbation theory, resummation, parton showers...) usually let us
reach uncertainties at the 1% level. We cannot hope to predict kinematic distributions at a level
of O(0.01%) uncertainty from first principles. As a way out, we can combine measurements
of W and Z boson production, parametrise the Z distributions in a QCD-motivated way and
transfer them to W distributions, arguing that the bulk of QCD does not distinguish between
W and Z bosons. This means that we have to focus on modelling effects that do distinguish
between W and Z boson production to the desired level of accuracy. However, this also implies
that we have to take into account effects that were previously deemed irrelevant. One such
example would obviously be electroweak corrections.

For the goal of measuring mW , we deal with on-shell W and Z boson production, which
allows us to use the narrow width approximation. Since then the production and decay pro-
cesses factorise, also the corrections can be classified as corrections to the initial or the final
state. At NLO QCD corrections can only occur on the initial state, while NLO electroweak
corrections affect both the initial and final state (Figs. 1a and 1b). In principle, there are
also non-factorising corrections where the initial and final state exchange a W , Z or photon
(Fig. 1c), but it has been shown [4] that these corrections are suppressed by ΓV/mV , which
parametrically corresponds to another power of α. At the next order of perturbation theory,
we can have mixed QCD-electroweak corrections for the first time. They can again be classi-
fied according to which part of the process receives corrections. The initial-final (Fig. 1d) and
final-final (Fig. 1e) corrections either factorise into NLO⊗NLO corrections or are only due to
renormalisation contributions, respectively, and they have been dealt with in Refs. [5,6]. There
it was estimated that they can amount to a shift in the mW measurement of about 15 MeV. On
the other hand, the initial-initial corrections (Fig. 1d) require a genuine NNLO-type calcula-
tion and have not been known until recently. They have generated a lot of activity, especially
in the in the past few years [7–15], and they are the subject of this proceedings contribution
and the papers on which it is based [16–19].
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A number of building blocks are required to complete the initial-initial mixed QCD-electro-
weak corrections to weak gauge boson production. We need amplitudes at tree-level with up
to two additional emissions of a photon and/or a gluon, one-loop amplitudes with one emis-
sion and finally also the two-loop form factors for on-shell W and Z bosons. Moreover, since
the additional emissions of massless bosons lead to infrared singularities if those particles be-
come soft or collinear to other massless partons, we have to use an NNLO subtraction scheme
to isolate the divergences and cancel them against the divergences from virtual corrections.
We adapt the nested soft-collinear subtraction scheme, which was developed for NNLO QCD
calculations, to QCD-electroweak corrections. In the following, we briefly highlight two as-
pects of the calculation, the two-loop on-shell W boson form factor as well as the subtraction
scheme, before discussing the results for the W mass measurements.

2 Two-loop amplitudes

Since we work in the narrow-width approximation, we need the two-loop on-shell form factors
for W and Z productions. This is a simplification compared to the more general off-shell
case where also complicated two-loop four-point functions are required (see [20–23] for some
recent developments). The mixed QCD-EW corrections to the on-shell form factor for Z boson
production have already been known for over a decade [24]. For W production, to the best of
our knowledge, the form factor has not been publicly available. Therefore, we have calculated
the missing integrals and completed the form factor.

For the W boson form factor, we have to calculate 44 Feynman diagrams which we reduce
via integration-by-parts relations to 35 master integrals. Of those integrals 25 are already
available in the literature [20, 25, 26]. They all fall into the category where there is at most
one internal mass, i.e., when there are only either W or Z bosons on internal lines. These
integrals are sufficient to calculate the Z boson form factor. Additionally, the W boson form
factor requires 10 integrals in which W and Z bosons appear on internal lines simultaneously
and which were not available in the literature.

In order to calculate them, we derived differential equations in the mass ratio z = m2
W/m

2
Z ,

d
dz

I(z,ε) = A(z,ε)I(z,ε) , (1)

and use the equal mass case, z = 1, as boundary conditions. The required boundary constants
then fall into the class of integrals that are already available in the literature.

The differential equation can be solved in terms of GPLs if we use the rational variable
transformation z = y

(1+y)2 . An even more compact representation of the result can be found if
we use the original mass ratio variable z and iterated integrals, defined recursively via

Ha,~b(z) =

∫ z

0

fa(t)H~b(t)dt , H;(z) = 1 , H0, . . . , 0
︸ ︷︷ ︸

n times

(z) =
lnn(z)

n!
, (2)

over the alphabet

f1(t) =
1

1− t
, f0(t) =

1
t

, f−1(t) =
1

1+ t
, fr(t) =

1
p

t(4− t)
. (3)

We presented the result for the form factor in Appendix B of Ref. [18].
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3 Subtraction scheme

Fixed-order calculations beyond tree level develop infrared singularities in real corrections
which lead to 1/ε poles after integrating over the phase space and which cancel against cor-
responding poles in the virtual corrections. Since the phase space integration is often carried
out numerically, e.g., to include non-trivial phase space constraints, the infrared poles have
to be extracted and cancelled before numerical integration becomes possible. A common way
to do that is to use subtraction schemes. The basic idea of this method is to introduce a term
that behaves exactly like the infrared singularity in singular regions of phase space but which
can still be integrated explicitly. By subtracting this term, singularities of real-emission ma-
trix elements become regulated. This part can be integrated numerically. In the second part,
one adds back the subtracted term and integrates it explicitly over the singular phase space
region, thereby exposing the 1/ε poles. Since we add and subtract the same term, the overall
expression stays unchanged. There has been a lot of progress with NNLO subtraction schemes
for QCD over the past decade. We build on this progress by adapting the nested-soft collinear
subtraction scheme [27–30] to mixed QCD-electroweak corrections. For the Z boson, it is suf-
ficient to take an implementation of the subtraction scheme for NNLO QCD corrections and to
replace colour factors according to simple abelianisation rules [7,16]. For the W boson, on the
other hand, new contributions arise due to the fact that W bosons can radiate photons which
in turn gives rise to new types of infrared singularities compared to the NNLO QCD case.

However, we also profit from simplifications in mixed QCD-electroweak corrections com-
pared to NNLO QCD. One such example are the triple collinear limits, which have overlapping
singularities in NNLO QCD due to the fact that the two emitted partons can become collinear
at different rates: the parton emitted earlier can become collinear to the emitting parton faster
than the parton emitted later or vice versa, or they can become collinear to each first and only
then collinear to the emitting parton. In the original formulation of the nested soft-collinear
subtraction scheme, four sectors are introduced to disentangle these singularities. In the mixed
QCD-electroweak case, when a gluon and a photon are emitted, the collinear limit of these two
bosons does not give rise to a singularity. Therefore, we can drop two sectors and thereby sim-
plify the construction. Moreover, no new collinear limits arise in the mixed QCD-electroweak
case compared to NNLO QCD.

An even more dramatic simplification occurs in the double-soft limit. At NNLO in QCD the
double-soft eikonal function has non-trivial overlapping singularities due to the fact that the
emitted partons can become soft at different rates. One way to deal with this is to introduce
an energy ordering by inserting a partition of unity via 1= θ (Eg1

− Eg2
)+θ (Eg2

− Eg1
), where

Eg1
and Eg2

are the energies of the two gluons, respectively, and then use different sector de-
composition transformations in each of the two sectors. However, for mixed QCD-electroweak
corrections, soft photons and soft gluons are not entangled and the double-soft limit factorises
into a NLO QCD part and a NLO QED part. As an example, if we take the squared matrix
element for W production with the emission of a gluon and a photon, |MW gγ|2, and take the
soft limit of the gluon and photon, we obtain

lim
Eg ,Eγ→0

|MW gγ|2 ' g2
s Eikg(pu, pd̄ ; pg) e

2Eikγ(pu, pd̄ , pW ; pγ)|MW |2 , (4)

where |MW |2 is the squared matrix element for W production and the QCD soft eikonal func-
tion reads

Eikg(pu, pd̄ ; pg) = 2CF
(pu · pd̄)

(pu · pg)(pg · pd̄)
. (5)

Thus, there is no need to distinguish whether the gluon or the photon becomes soft faster and
we do not have to introduce an energy ordering. This simplifies the soft limits tremendously.
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The fact that the W boson is electrically charged and, therefore, can radiate photons, leads
to new contributions that do not have a correspondence in the NNLO QCD calculation. The
mass of the W boson screens against collinear singularities from this photon, but the photon
can still become soft and cause a singularity that way. To construct a subtraction term for
this limit, we need the soft eikonal function for massive emitters. But since QCD and QED
factorise in the soft limit, as discussed above, only NLO eikonal functions are necessary. The
corresponding NLO QED soft eikonal function reads

Eikγ(pu, pd̄ , pW ; pγ) =

�

QuQd
2(pu · pd̄)

(pu · pγ)(pd̄ · pγ)
−Q2

W

p2
W

(pW · pγ)2

+QW

�

Qu
2(pW · pu)

(pW · pγ)(pu · pγ)
−Qd

2(pW · pd̄)
(pW · pγ)(pd̄ · pγ)

��

. (6)

More details about the subtraction scheme for mixed QCD-electroweak corrections to on-
shell W production are presented in Ref. [18].

4 Estimates of the impact of mixed corrections on the W mass

Once all required building blocks are available it becomes possible to calculate fiducial cross
sections and differential distributions for on-shell W and Z boson production. In Refs. [17,18]
it was shown that mixed QCD-electroweak corrections to these processes are very small, about
O(0.05%), but not obviously irrelevant for mW measurements at the LHC. Therefore, it is
interesting to estimate the impact of the newly-computed initial-initial mixed QCD-electroweak
corrections on the W boson mass measurements. There were a number of considerations that
guided us when we devised how to derive these estimates:

• The method should combine W and Z measurements, since, as discussed above, this
models what is being done in experimental analyses and also makes use of the precision
that is available for the Z mass measurements at LEP.

• The method should be physically and conceptually simple and transparent. The exper-
imental collaborations use an intricate template-fit-based method which would require
a careful implementation of all relevant effects besides the new corrections.

• The method should be accessible with our calculations. Since we work in fixed-order
perturbation theory and employ the narrow-width approximation, we cannot use the
transverse mass as it is sensitive to off-shell effects which are not appropriately captured
by this description. Instead, we use the transverse momentum distribution of the charged
lepton below.

Let us stress again that the goal here is to derive estimates for the shifts caused by these partic-
ular corrections and not to assess all possible effects or to propose this method for performing
the measurement.

We use the average transverse momentum of the charged lepton from the decay of the
weak gauge boson (V =W, Z), calculated according to

〈p`,V⊥ 〉=

∫

dσV × p`⊥
∫

dσV
, (7)

where the phase space integration may be subject to constraints, e.g., from fiducial cuts. Thus,
we effectively calculate the first moment of the p`⊥ distribution normalised to the fiducial cross
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Table 1: Estimates for the shifts of mW due to the NLO electroweak and the mixed
QCD-electroweak corrections for different values of the factorisation and renormali-
sation scales µ = µR = µF . For details on the three sets of fiducial cuts (“inclusive”,
“fiducial” and “tunded fiducial”) see the main text.

δmW [MeV] µ= mV/4 µ= mV/2 µ= mV

Inclusive
NLO EW −0.1 0.3 0.2
QCD-EW −5.1 −7.5 −9.3

Fiducial
NLO EW 0.2 2.3 4.2
QCD-EW −16 −17 −19

Tuned fiducial
NLO EW −4.4 −2.5 −0.8
QCD-EW 3.9 −1.0 −5.7

section. Since the p`⊥ distribution has a peak, which results from the smeared edge at p`⊥ =
mV
2 ,

the first moment is of course highly sensitive to the value of mV . At leading order, when the
only cut on the final state is a minimal p`⊥, the observable takes the form

〈p`,V⊥ 〉= mV f

�

pcut
⊥

mV

�

, with f (r) =
3

32
r(5− 8r2)

1− r2
+

15
64

arcsin(
p

1− 4r2)

(1− r2)
p

1− 4r2
. (8)

This illustrates that there is a strong dependence of the observable on the vector boson mass.
If we ignore the influence of the cut ( f (pcut

⊥ /mV )) the dependence is linear. With this in mind,
we now construct the observable

mmeas
W =

〈p`,W⊥ 〉
meas

〈p`,Z⊥ 〉meas
mZ Cth . (9)

The average lepton transverse momenta 〈p`,V⊥ 〉 are taken as measurements from the LHC. As
we just discussed, they each are proportional to mV . The Z boson mass mZ is taken from the
measurements at LEP, making use of the precision that is available from there. Finally, there
is a theoretical correction factor Cth, which models all the details that distinguish between W
and Z bosons, including, for example, different fiducial cuts in both cases. The theoretical
correction factor can be calculated by solving Eq. (9) for Cth and replacing 〈p`,V⊥ 〉

meas by theory
calculations, i.e.,

Cth =
mW

mZ

〈p`,Z⊥ 〉
th

〈p`,W⊥ 〉th
. (10)

Therefore, if we add a new contribution, like the mixed QCD-electroweak corrections, to the
theory, the value of Cth changes and hence also the extracted W boson mass mmeas

W . In order
to quantify the size of the shift induced by the new correction, we have to use

δmmeas
W

mmeas
W

=
δCth

Cth
=
δ〈p`,Z⊥ 〉

〈p`,Z⊥ 〉
−
δ〈p`,W⊥ 〉

〈p`,W⊥ 〉
. (11)

The last step also highlights the fact that the shift of mW is sensitive to differences between
the W and Z boson cases: if the observable changes in exactly the same way in both cases, the
change cancels out in the final shift.

If we use Eq. (11) to derive estimates for the shift of the measured value of the W boson
mass due to the inclusion of NLO electroweak or mixed QCD-electroweak corrections, we find
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the results presented in table Table 1. If we consider the inclusive case, i.e., we do not impose
any cuts, we find shifts of about −7 MeV for the mixed QCD-electroweak corrections. These
are much larger than the shifts induced by the NLO electroweak corrections, which are below
1 MeV. One reason for this is that the NLO electroweak corrections are particularly small
due to our choice to work in the Gµ input parameter scheme, which is known to reduce the
size of NLO electroweak corrections in Drell-Yan-type processes. The other reason is a strong
cancellation between the changes in the W and the Z boson cases. To illustrate this point,
we have also calculated the shifts that would arise if we artificially set δ〈p`,Z⊥ 〉 to zero. Then
we would find δmW ≈ −31 MeV for NLO electroweak corrections and δmW ≈ 54 MeV for
mixed QCD-electroweak corrections. Comparing these values to the results in the table, we see
that there is a particularly strong cancellation between 〈p`,Z⊥ 〉 and 〈p`,W⊥ 〉 for NLO electroweak
corrections.

The qualitative picture remains the same if we apply fiducial cuts to both the W and the Z
boson observables. However, the size of corrections increases by about a factor 2.5. The cuts
are inspired by the ATLAS analysis [1] and involve, among other things, a cut on the transverse
momentum of the charged leptons: pe+

⊥ > 30 GeV for W production and pe±
⊥ > 25 GeV for Z

production. This difference is sufficient to explain the larger size of the shifts in this setup. The
average transverse momentum is sensitive to the ratio pcut

⊥ /mV , as can also be seen in Eq. (8).
However, ATLAS applies larger cuts on p⊥ for W production than for Z production, while the
Z boson is of course heavier than the W boson. This leads to a decorrelation between the W
and Z boson observables and therefore disturbs the cancellation in Eq. (11).

Since the size of the shifts strongly depends on the fiducial cuts, we can also try to use this
to “tune” the cuts such that the size of the mixed QCD-electroweak corrections is minimised.
The results in Table 1 for the “tuned fiducial” setup show that this is indeed possible. We
start from the same cuts as in the “fiducial” setup and adjust the cut on pe+

⊥ for W production

such that Cth = 1 at leading order. To achieve this, we have to require pe+
⊥ > 25.44GeV for

W production. With these cuts, the impact of the mixed QCD-electroweak corrections gets
substantially reduced. This serves to show that fiducial cuts are an important factor when
assessing the impact of mixed QCD-electroweak corrections.

5 Conclusion

We have calculated the mixed QCD-electroweak corrections to fully-differential on-shell W
and Z production at the LHC. This became possible due to progress on amplitude calculations
and subtraction schemes. We found that these corrections are small, in line with the expec-
tations, but they are not obviously irrelevant for the W boson mass measurements. Since
experimental measurements of mW rely on the similarity of W and Z distributions, we have
built a simple model to estimate shifts on mW using the average transverse momentum of
the charged leptons. We find that the mixed QCD-electroweak corrections induce shifts on
mW that are comparable to or even larger than the target precision of O(10 MeV). Moreover,
the size of the shifts is strongly dependent on the fiducial cuts. Further investigations on the
impact of mixed QCD-electroweak corrections to mW are clearly warranted, and they should
reflect all relevant details of the experimental analyses.
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