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Abstract

We present the calculation of the leading contribution to the quark Sivers function at
small-Bjorken x as in [1]. This calculation uses the high energy scattering approximation
and operator formalism developed in [2, 3] to obtain a dominant contribution to the
quark Sivers function coming from the spin-dependent odderon, in agreement with the
results of [4]. We then calculate this dominant contribution in the diquark model of the
proton to obtain a small-x estimate for the Sivers function.
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1 Introduction

The Sivers function is an important object for understanding the transverse momentum dy-
namics of the proton in terms of it’s constituent quarks and gluons. In particular, the quark
Sivers function encodes information about the quark orbital angular momentum and the spin-
orbit coupling which produces an asymmetric momentum distribution in the transverse plane.
The small-Bjorken x asymptotics of the analogous gluon Sivers function was found to be dom-
inated by the spin-dependent odderon [5] in the eikonal approximation, and more recently it
was shown that the quark Sivers function has the same dominant odderon contribution [4]. In
light of the recent announcement by the D0 and TOTEM collaborations of the detection of the
odderon in pp and pp collisions [6], one might hope that the Sivers function will offer another
venue to detect the odderon in future collider experiments. Here we present the calculation of
the eikonal contribution to the quark Sivers function using the formalism developed in [2,3],
as well as an estimation of the spin-dependent odderon contribution to the Sivers function
in the diquark model of the proton. This calculation is presented in detail and extended to
sub-eikonal corrections in [1].
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2 Quark Sivers Function in the Eikonal Approximation

Here we construct the small-x asymptotics of the quark Sivers function. We begin with the
operator definition for the unpolarized quark TMDs as functions of the longitudinal momentum
fraction x and transverse momentum k (cf. [7])

f q
1 (x , k2

T )−
k× SP

MP
f ⊥ q
1 T (x , k2

T ) =

∫

dr− d2r⊥
2 (2π)3

eik·r〈P, S|ψ̄(0)U[0, r]
γ+

2
ψ(r)|P, S〉, (1)

where f q
1 is the unintegrated quark distribution, f ⊥q

1 T the quark Sivers function, MP the proton
mass, SP the proton spin, kT = |k|, and U[0, r] the ‘staple’ gauge link. Here we use the
future pointing gauge link corresponding to SIDIS and take the proton to be moving in the
light cone ‘+’ direction with momentum p+1 . We work in A− = 0 light cone gauge of the
projectile where the gauge link is a product of two straight, fundamental light-cone Wilson
lines, U[0, r] = V0[0,∞]Vr[∞, r−], with light cone coordinates x± = t±z, x = (x , y). These
Wilson lines have the form

Vx[∞, a−] = Pexp

�

i g
2

∫ ∞

a−
dx− A+(x−, x)

�

, (2)

with Aµ the gluon field of the proton and g the strong coupling constant. This operator product
can be rewritten in the saturation/CGC formalism as

f q
1 (x , k2

T )−
k× SP

MP
f ⊥ q
1 T (x , k2

T ) =
2p+1

2(2π)3
∑

X

∫

dξ− d2ξ⊥ dζ− d2ζ⊥ eik·(ζ−ξ)
�γ+

2

�

αβ
(3)

×
¬

ψ̄α(ξ)Vξ[ξ
−,∞]|X 〉〈X |Vζ[∞,ζ−]ψβ(ζ)

¶

,

where we have inserted a complete set of states |X 〉 between the Wilson lines and the angled
brackets denote a semi-classical averaging of the operator over the wave function of the proton
[2, 8]. Note that the Wilson lines are semi-infinite, connecting the quark fields at ζ and ξ to
infinity along the ‘−’ direction. Taking the complete set of states as a final state cut, we can
calculate the operator product diagrammatically, working to leading order in inverse powers
of the center of mass energy for the scattering of a quark propagating through the proton (the
eikonal approximation) and positive powers of αs, and show that the two contributing classes
of diagrams are those in Fig. 1, named classes B and C after the convention in [2]. In these
diagrams the thick horizontal lines represent the ordinary Wilson lines, the thin horizontal
lines represent the propagating anti-quark with momentum k1,2 and transverse position w,
and the vertical lines represent the final state cuts. The propagating particle is an anti-quark
as this is the only contributing final state |X 〉 at leading order.

We can calculate the contributions from diagrams in the classes B and C from Fig. 1 and
obtain the eikonal contribution to the Sivers function as [1]

�

f q
1 (x , k2

T )−
k× SP

MP
f ⊥ q
1 T (x , k2

T )

�

eikonal

=
4p+1
(2π)3

∫

d2ζ⊥ d2w⊥
d2k1⊥ dk−1
(2π)3

ei(k1+k)·(w−ζ)

× θ (k−1 )

¨

k · k1

(x p+1 k−1 + k2
1)(x p+1 k−1 + k2)

¬

T tr
�

Vζ V †
w

�

+ T̄ tr
�

Vζ V †
w

�¶

(4)

+
k2

1

(x p+1 k−1 + k2
1)2

¬

T tr
�

Vζ V †
w

�¶

«

.

Note that we have inserted time ordering operators into the angle bracket correlators, and that
these correlators are all traces of ordinary Wilson lines and are thus the familiar color dipole
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Figure 1: Diagrams of classes B and C with kinematics specified. In the diagram B
the antiquark propagates from ζ with momentum k1, undergoes a transverse
spin-dependent interaction with the proton target at the transverse position w, then
propagates to ξ with momentum k2. In the diagram C the anti-quark interacts with
the shock wave again to the right of the cut, before arriving at the point ξ with
momentum k2.

S-matrix. The Sivers function must be time-reversal odd, so we need to extract the term on
the RHS of Eq. (4) which changes sign under k → −k. Taking k1 → −k1, ζ ↔ w on the
right-hand side of the expression, we can see that the k→−k sign change requires a term on
the RHS which is odd under ζ↔ w. The dipole correlators can be decomposed [9, 10] into
a real Pomeron exchange Sζw which is symmetric under ζ↔ w and an imaginary odderon
exchange iOζw which in antisymmetric as

1
Nc

¬

T tr
�

VζV
†
w

�¶

= Sζw + iOζw, (5)

so we conclude that the Sivers function comes from the odderon piece as

−
k× SP

MP
f ⊥ q
1 T (x , k2

T )
�

�

�

eikonal
=

4i Nc p+1
(2π)3

∫

d2ζ⊥ d2w⊥
d2k1⊥ dk−1
(2π)3

ei(k1+k)·(w−ζ)θ (k−1 ) (6)

×

�

2 k · k1

(x p+1 k−1 + k2
1)(x p+1 k−1 + k2)

+
k2

1

(x p+1 k−1 + k2
1)2

�

Oζw.

This agrees with the spin-dependent odderon contribution as found in [4], which is propor-
tional to 1/x and thus grows as we take smaller values of x . Small-x evolution likely leaves
this growth unaffected until the nonlinear saturation regime sets in, as the odderon is known to
have an intercept equal to zero for linear evolution in various approximations for QCD [11–13],
and at strong coupling in N = 4 supersymmetric Yang-Mills theory [14].

3 Spin-Dependent Odderon Contribution in the Diquark Model

We need to establish that the odderon contribution to the Sivers function is nonzero. In [15]
it was shown that the spin-dependent odderon can survive impact parameter integration and
contribute to spin asymmetries using a diquark model calculation, assuming that the proton
has an asymmetric parton distribution in the transverse plane. Here we will calculate the
odderon contribution to the Sivers function using the same model, where the Lagrangian has
a spinor field ψP for the (point-like) proton, the usual spinor fields for the quarks ψq, and a
complex scalar diquark field ϕ which has mass M roughly equal to the proton mass M ≈ MP
and the color quantum numbers of an antiquark. The interaction term between these fields is a
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Figure 2: Diagram for the odderon exchange amplitude with the quark-diquark
model of the proton, where all possible connections of the three gluons to the quark
(solid line at the very bottom) and diquark (dashed line) and to the ζ, w dipole at

the top should be summed over and the gluons are in the symmetric dabc color
configuration.

Yukawa couplingLint = Gϕ∗ i ψ̄i
qψP+c.c., with effective coupling constant G for the splitting

of the proton into a quark and a diquark.
We construct the odderon amplitude Oζw by calculating the diagram shown in Fig. 2,

where the proton splits into a quark-diquark color dipole and exchanges three gluons in the
symmetric color configuration dabc = 2Tr[ta{t b, t c}] with the quark-antiquark dipole at ζ and
w. We need the light-cone wave function in the transverse spin basis for a proton at transverse
position u and with transverse polarization X , with the quark carrying the fraction γ of the
proton p+1 momentum and the transverse polarization X ′ [16]

ψX ,X ′(r, 0, u,γ) =
Gm̃γ
p
γ(1− γ)

2π
δ(2)

�

r − u− γ r
�

(7)

×
�

δX ,X ′K0(m̃γr⊥)−
iX r i

r⊥
K1(m̃γr⊥)(iδX ,X ′δ

i2 −δX ,−X ′δ
i1)

�

,

where m̃2
γ = (1− γ)m+ γM2 − γ(1− γ)M2

P ≈ γ
2M2

P in the limit of massless light quarks. We
also need the amplitude for the triple gluon exchange [17]

Ôζ,w = c0α
3
s ln3

� |ζ− 0| |w− r|

|w− 0| |ζ− r|

�

, (8)

with

c0 = −
(N2

c − 4)(N2
c − 1)

4N3
c

. (9)

Colvoluting the triple gluon exchange amplitude Eq. (8) with the square of the light cone wave
function Eq. (7) yields the spin-dependent odderon amplitude, which we can insert in Eq. (6)
to obtain

−
k× SP

MP
f ⊥ q
1 T (x , k2

T )
�

�

�

eikonal
=

1
∫

0

dγ
4iNc p+1 G2(1− γ)m̃2

γc0α
3
s

(2π)6

∫

d2r⊥
SP × r

r⊥
(10)

× K0(m̃γr⊥)K1(m̃γr⊥)

∫

d2ζ⊥ d2w⊥

∫

d2k1⊥ dk−1
(2π)3

θ (k−1 )e
i(k1+k)·(w−ζ) ln3

�

ζ⊥|w− r|
w⊥|ζ− r|

�

�

2 k · k1

(x p+1 k−1 + k2
1)(x p+1 k−1 + k2)

+
k2

1

(x p+1 k−1 + k2
1)2

�

,
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where the factor of SP comes from the spin quantization axis S multiplied by the proton po-
larization X . We can evaluate Eq. (10) using several approximations as in [1], yielding the
estimate

f ⊥ q
1 T (x , k2

T )
�

�

�

eikonal
=

1
x

NcG
2 c0α

3
s

2(2π)5
M2

P

k2Λ2
, (11)

where Λ is in infrared cutoff. We have obtained a nonzero, eikonal contribution to the Sivers
function from the spin-dependent odderon, similar to the results of [15]. We note that this
result has interesting behavior in the ΛQC D, MP → 0 limit. Since the IR cutoff Λ must be
proportional to ΛQC D, we conclude that Λ∼ ΛQC D ∼ MP . Therefore, M2

P/Λ
2 ratio will remain

constant in the ΛQC D, MP → 0 limit and the Sivers function Eq. (11) will not vanish in the limit
of zero proton mass. This may be a feature of using the quark–diquark model of the proton,
but it calls for further analysis.

4 Conclusion

We have calculated the leading order contribution to the quark Sivers function at small-x ,
obtaining a contribution from the spin-dependent odderon as in [4]. This is an eikonal contri-
bution, which grows as 1/x as one probes the Sivers function at smaller and smaller values of
x . This means that spin asymmetries generated by this eikonal contribution which are propor-
tional to x f ⊥q

1T will be constant, providing a possible route for detecting the odderon in single
spin asymmetries such as in SIDIS at a future collider like the EIC.

This calculation is shown in detail in [1], where we expand upon this result and calcu-
late the sub-eikonal contribution to the quark Sivers function and derive and solve its small-x
evolution equation. This is accomplished by first calculating a general ’polarized Wilson line’
operator which gives the couplings of the S-matrix for a quark with arbitrary polarization scat-
tering off the background fields of a target proton to the arbitrary polarization of the target
proton. The operator is comprised of sub-eikonal and sub-sub-eikonal corrections to the usual
eikonal Wilson lines, and can in principle be used to construct the small-x asymptotics of all
eight leading-twist quark TMDs.
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